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The regression model y = g(x) + ¢ and least-squares estimation are
studied in a general context. By making use of empirical process theory, it is
shown that entropy conditions on the class ¢ of possible regression functions
imply L%-consistency of the least-squares estimator g, of g. This result is
applied in parametric and nonparametric regression.

1. Introduction and summary of results. Consider the regression model
y=g(x) +e,

where x is a R%valued random vector with distribution function H, e is
independent of x and has expectation zero and finite variance and g is a member
of a class ¢ of regression functions on R? Boldface symbols will represent
random quantities. For an estimator of the unknown g to be statistically
meaningful, it should at least be consistent in some sense. In the least-squares
context, the most natural requirement is L2 consistency. In this paper we show
that entropy conditions on a (rescaled and truncated version of) ¢ imply strong
L2-consistency of the least-squares estimator. A result from empirical process
theory is used to prove this.

In this section we shall motivate our approach and present the main theorem.
The proofs are postponed to Section 2. Section 3 deals with a few examples, such
as (non)linear regression and isotonic regression. Some nonparametric regression
estimators can also be considered as least-squares estimators, or modifications
thereof (for instance penalized least squares).

Let L*(R¢, H) be the Hilbert space of measurable H-square integrable func-
tions on R?. Writing K for the distribution of ¢, let L¥R¢ X R, H X K) be the
Hilbert space of measurable H X K-square integrable functions on R X R with
norm || - ||. Denote by x and & the first and second coordinate projections into R¢
and R, respectively, and write g = g(x), &o = 8o(X), ¥ =&y + & where we
assume that g,, the true state of nature, is in L*R¢, H). We have, for g,
H-square integrable,

lgll® = [g(x)” dH(z)
and
Iy — &l = E(y - g(x))" = llel® + 12 ~ &%,

since x and & are independent.
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Let (X,, ¢,), (X5, &),... be independent copies of (X, &) with y, = go(Xp) + €.
Write P = H X K, let P, denote the empirical distribution function based on
(X1,8,),---»(X,, €,) and let H be the marginal distribution funct2iondgenerated
by X,,...,X,. We write | - ||, for the corresponding random L*R® X R,P,)-
norm. Thus

1 n
lgllz =~ Y &%(xx)s
n 1

I~ gl- - (0= )’ =l - (8 - &0l

The least-squares estimator g, is—not necessarily uniquely—defined by
ly = 8all.= éiréfglly ~ &lln-

The estimator g, is strongly L%(R¢, H)-consistent if

(1) I8, — 8ll » 0 almost surely.

Strong L%(R H ,)-consistency is defined in a similar manner. We concentrate
on convergence with respect to these metrics because the information on the
regression function is determined by the distribution of the data. The additional
knowledge that g is in a class of regression functions ¥ can sometimes be used to
prove that convergence in || - |-norm or | - || -norm implies convergence in, for
instance, sup-norm.

Observe that g, is the essentially unique minimizer of ||y — g||, whereas &,
minimizes the empirical counterpart ||y — g||,. By the strong law, ||y — &l
converges for each fixed g € L%(R¢?, H) to ||y — g|| almost surely, and if this
convergence is uniform, consistency in both | - ||- and || - || ,-norm follows almost
immediately. The almost sure convergence, uniformly over a class of functions ¢,
is one of the topics of study in empirical process theory [see, for instance, Vapnik
and Cervonenkis (1971, 1981) and Pollard (1984, Chapter II)]. Since ¢ is in
general uncountable, some conditions are needed to guard against possible
measurability difficulties. We leave these unspecified and assume throughout
that ¢ is permissible in the sense of Pollard (1984). Then one can formulate the
results as follows: For a permissible class ¢

(1.2) sup||igll, — llgll| = 0 almost surely,
g9

if an envelope condition and an entropy condition are fulfilled. The envelope
condition is the assumption that

(1.3) fsupIg]de < 0.
8EY
The function
G = sup|g|
8E€EY

is called the envelope of 4.
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The entropy condition is related to the usual compactness assumption. For
8> 0,let 95 be a §-covering set of ¢ equipped with LAR? H ,)-norm, i.e., &, is
a class of functions such that for every g € ¢ there exists a g s € 9; such that

g — gsll, < 9.

Without loss of generality, we shall always let &; be a subclass of 4. Adopting
the notation of Pollard (1984), we define the covering number Ny(8,H,, %) as
the number of elements of a minimal covering set. The logarithm of Ny(8,H ,, %)
is called the 8-entropy of ¢ with respect to the L*(R< H ,)-metric. Note that
N,(8,H,,¥) depends on the empirical measure H, and is thus a random
variable. With the entropy condition we refer to the assumption that the
8-entropy does not grow too fast with n:

1
(1.4) —rzlog Ny(8,H,,%) »p 0, foralld > 0.
Our discussion so far is summarized in the following proposition:

PROPOSITION 1.1. Suppose that % is a permissible class with g, € 4, and
that (1.3) and (1.4) are fulfilled. Then

I8, — &ll » 0 almost surely,

as well as
g, — &ll, = 0 almost surely.

The uniform convergence (1.2) is certainly not necessary for consistency and it
is clear that conditions (1.3) and (1.4) from empirical process theory will hardly
ever be satisfied for a class of regression functions ¥. For example, for ¥ =
{(8(x,0)=0'x =0,x, + --- +0,x,: 0 € R?)} (1.3) and (1.4) do not hold. This is
partly due to the fact that ¢ is a cone (i.e., if g € ¥ also ag € ¢ for all a > 0).
Therefore, we consider a class of scaled functions

: 2%
T+gl &€ }

Then || f|| < 1 for all f € %, and & is often essentially smaller than ¢, e.g., if 4
is a cone. In smooth enough models, (1.3) and (1.4) will hold for #. This is, for
instance, the case in linear regression, provided x has a nonsingular second-
moment matrix. Still, the envelope condition on # seems to rule out many
interesting models. Therefore, we propose to weaken (1.3) to uniform square
Integrability of # and to impose the entropy condition on a class of truncated
functions.
A class # is uniformly square integrable if

ﬁ'=<f=

(15) lim sup f2dH = 0.
C—oo feF°|fI>C

The class of truncated functions from % is defined as follows. Let C be a
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positive number and denote

¢, iff>¢C,
(Fle=(f il =G,
-c, itf<-C.

Take (F)¢ = {(f)c: f € F). Note that for each C > 0 the envelope condition
on (F ) is certainly fulfilled.

THEOREM 1.2. Suppose that 9 is a permissible class with g, € 9, that & is
uniformly square integrable and that for each C > 0

1
(1.6) ;l—log Ny(8,H,,(F)c) »p 0, foralld>0.
Then &, is strongly L¥R?, H)-consistent.

It is easy to see that the conditions of Theorem 1.2 are implied by those of
Proposition 1.1, but that in general they do not imply L3%(R% H,,)-consistency.
Consistency properties of regression estimators for more specific models have
been studied by other authors. In nonlinear regression, ¢ is a class of functions
of the form {g(x, §): § € ®} with © some metric space and g(x, §) continuous in
0 for H-almost all x. It is shown in Section 3 that condition (1.6) is fulfilled for
this ¢ if © is compact. Jennrich (1969) proves consistency under the assumption
that © is compact and that the envelope condition on ¢ holds:

fsuplg(x,0)|2dH(x) < o0.
[ X=1¢]

Huber (1967) imposes an envelope condition on a rescaled version of 4. He allows
for more general scale transformations, but there appears to be not much loss of
generality if we restrict ourselves to the choice of %#. If the envelope F of #
belongs to L%R¢, H), then it can be shown that if (1.6) holds, g,, is also strongly
L*(R% H,)-consistent. And, moreover, the truncation device becomes redundant.

In nonparametric regression, there is usually no parametrization such that the
regression functions are continuous in the parameter for H-almost all x. In
Theorem 1.2, this continuity assumption is not required. The relation with the
assumption of compactness of parameter space is made clear in the following
lemma. A class & is called totally bounded if for all § > 0, the §-entropy with

respect to the LXR?, H)-norm is finite. The closure of a totally bounded % is
compact.

LemMa 1.3. The conditions of Theorem 1.2 imply that % is totally bounded.
Moreover, a totally bounded class F is uniformly square integrable.

So far we did not consider classes of regression functions depending on n, %,
say. Such a situation arises for instance in spline regression, nearest neighbor
regression and some other nonparametric regression models. It can be deduced
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from Pollard (1984, page 31) that if ¢, is a permissible sequence of classes with
envelope G (not depending on n)in L%R¢? H), then

1
;;log N2(8, Hn, gﬂ) "")p 0
implies
sup |llgll, — llgll| = O.
g€y,

Note that the convergence is now in probability (almost sure results can only be
obtained if the entropy remains small). It is now not difficult to adjust Theorem
1.2 to this situation, assuming uniform square integrability of U%,, %, =
{g/(1 + ||gl): & € ¥,}, together with (1.6) for (F), C > 0.

2. Technical tools and proofs. For our purposes a slight modification of
results obtained by Vapnik and Cervonenkis (1971, 1981) and Pollard (1984,
Chapter II) is useful. Vapnik and Cervonenkis’ 1971 paper is on uniform
convergence of empirical measures over classes of measurable subsets of R
They use the entropy of ¢ with respect to the L*(R? H,, )-norm

sup |g(x,)l,

1<ksn

which makes sense since the indicator functions are in L®(RY H). Pollard
mostly considers entropies with respect to the LYR ¢ H,,)-norm

JleldH,,.

For further references, see also Pollard (1982) and Dudley (1984). We are working
mainly with the L*[R? H ,)-metric, although the class of truncated functions
introduced in Section 1 is, of course, a subset of L*. In the proof of the following
lemma, N;(§,H,, ¢) is the covering number of ¥ with respect to the
LY(R< H ,)-norm.

LEMMA 2.1. Suppose that 9 is a permissible class, that
(2.1) G € L*(R% H),
and that for all 6 > 0

1
(2.2) ;l—log N,(8,H,,9) —p O.

Then

sup |llgll, — Ilglll = O almost surely.
g8€¥

PROOF. For a permissible class ¢ with envelope G € LYR% H,,),

1
—log N,(8,H,,9) —»p 0, forall § >0,
n




592 S. VAN DE GEER
implies

sup

gEY
[see Pollard (1984, Chapter II, Theorem 24)]. Thus, the lemma is proved if we
show that (2.2) implies that for all § > 0

fgd(Hn - H)l - 0 almost surely

1
—log N,(8,H,,9?) —>p 0,
n

where 42 = {|g|% g € ¢). But, apart from some constants, a covering set of ¢
equipped with L2(R% H,)-norm corresponds for all n sufficiently large to a
covering set of ¢2 equipped with L'(R% H ,)-norm. To see this, note that for
8 E€Y,

[ligit - 122 |dH, = [llel - 121 [l + 121) ¢H,,

<2flg - §1GdH, < 2|g — &1ICI.-
And in view of (2.1) ||G]|,, = ||G|| < oo almost surely. O
Lemma (2.1) is the basic tooi for the proof of Proposition 1.1 and Theorem 1.2.
ProoF oF PRrOPOSITION 1.1. Obviously, conditions (2.1) and (2.2) also hold

for the class {y — g: g € ¢}, so from Lemma 2.1 we have

sup |||y — &ll, — Iy — &lll = 0 almost surely.
gE€Y

Now, ||y — glI> = [l¢l|* + |l§ — &lI%, and since g, € ¥, ||y — &,12 < l¢l|2. Hence,
for arbitrary # > 0, and for all n sufficiently large

lell® + 118, — &2 < lly — 8alI2 + n < |le|2 + n < ||g)|2 + 2m almost surely.
Or
€, — 8oll> <27 almost surely.

Thus, (g, — gl = 0 almost surely, and since ||g — gll, = |l& — &Il almost
surely, uniformly in g € ¢, this implies that also ||§, — g, — 0 almost surely.

O
PROOF OF THEOREM 1.2. We shall first construct a covering set of the class

€+go) ( g )
Hy = ( - : E?}.
c {1+uguc 1+ 2l) o &

Let f;, j=1,2,..., Ny(8,H,,(¥)c), be a covering set of (F),, i.e., for each
f=g8/(1 +]|g|) €% there exists an f; such that

(2.3) I(F)e—1], <8.
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Tor all ] =1,... N NQ(S, Hn’ (ﬂ')c), define
h; .= (kd(e+g))c—1, Ek=0,1,...,[1/8].

Then for all n sufficiently large, (h;,: j=1,...,Ny(§,H, (F)o), k=
), 1,...,[1/8]} is a covering set of /. To see this, choose f = g/(1 + | gl)), f; as
n (2.3) and & =[1/(8(1 + | g]))]. Then

e ) ()
1+lgl)e \1+iglle 7F

1
S“( 1+ gl ks)(e * &)

< 8”'E + gO”n + 8
< d|le — goll + 26
almost surely, for n sufficiently large. Thus, we can apply Lemma 2.1 to i,

which yields that
) (HEl el =)
L+lgll/e \1-llgll/c L+llgll/e \1+1i8ll/c
almost surely, for all C > 0.
Let 1 > 0 be arbitrary. Then from (2.4) we have that forall g€ ¢,C > 0 and
n sufficiently large
e~ (] ). (=
1+llgll)e \1+lgll/cll “I\L+1gl)e \1HIgle

almost surely. To get rid of the truncation in (2.5) we argue as follows. Obvi-

For the left-hand side of (2.5) we have

el
(1+ngnc 1+ gl

%gﬁ;ﬁé“'“(ﬁg?[gﬁ)c' 1 fngu“

s+g0) e+ 8
(1 +lgl)e 1+18l

Because of the assumed uniform square integrability,

I(g/(1 + lgl))c— &/ +1gD |

n

8
—f.
i (1+||g|l)c J

n n

(2.4) sup
gEY

n

2
+

n

(2.5)

e+g0—-g2

1+ llgll

n

(2.6) =
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can be made arbitrary small by taking C sufficiently large. Moreover, |le + gl is
finite, so {(e + &,)/(1 + ||8|): & € ¢} is also uniformly square integrable. Hence,
for C large enough

et g 8 ?
(1+ngn)c*(1+ugu)c -
Thus, (2.5) implies that for n sufficiently large

et g — &8 et gy~ 8
’ 1L +]&ll 1+]gll

Since ¢ and x are independent, this can be written as

2

e+ gy~ 8 .

L+gll

2 2

+ 27 almost surely.

n

(27) llel* + llg = &oll* < lle + & — £lI% + 2n(1 + [|g])” almost surely,

for all g € %.
For g, we have

lle + &0 — &alla < lléll2,
because g, € ¢. Hence, (2.7) implies that for all n sufficiently large
lell? + 118, — goll* < llel2 + 2n(1 + |g,I)”

<|lel®*+ 3n(1 + ||§n]|)2 almost surely,
or
2

gn - gO
L+ gl
Since n was arbitrary we can take 3y < 1. But then

((lgo = &a1) /1 + 11))° < 3m

for all n sufficiently large implies that for some constant K < oo
gl < K,

< 31 almost surely.

for all n sufficiently large.
This yields

lgo — &,1% < 3n(1 + K)* almost surely,
which completes the proof. O

Proor oF LEMMA 1.3. It follows from Giné and Zinn (1984, Remark 8.9) that

(modulo measurability) condition (1.6) implies that there exists a finite function
To(8) such that

(2.8) P(Ny(8,H,,(F)c) > To(8)) - 0.

Since in view of Lemma 2.1

sup [(F)el =[(F)cll,] > 0 almost surely,
feF
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for n 2n,a d-covering set for || - |, is almost surely a 28-covering set for || - ||
(ax}d vise versa for n > n}). This implies that (& )c is totally bounded. The
uniform square integrability now gives that % is also totally bounded. This
proves the first assertion.

Suppose now that & is totally bounded. Let § be arbitrary and let f,,..., .,
m=1,..., Ny, H, #), be a 8-covering set of #. Then for C sufficiently large

Furthermore, for f € &, || - f)| < §,

I e=FU<|(F)e= ()l +1CH) e = £ +1F = F1

<20 f = fl+]|(£), - ] < 38.
It follows that

lim sup ||(f)c—f]=0.

C—o0 feF

This is equivalent with uniform square integrability. O

3. Some applications. In this section we shall concentrate on conditions for
the entropy condition (1.6) on (%), to hold. The technique to prove the lemmas
is construction of a covering set and some combinatorics to count the number of
elements. The uniform square integrability of % imposes requirements on the
(unknown) H. Often, it has to be shown by separate means that g, /(1 + ||g .I}) is
eventually in a totally bounded subset of % [see, e.g., Huber (1967)]. To avoid
digressions, we shall not elaborate on the uniform square integrability condition
for specific situations, but only highlight that (1.6) is a common feature of
regression models.

An important special class of functions, that appears in several applications, is
the collection of indicator functions of so-called VC classes of sets [Vapnik and
Cervonenkis (1971)]. Let &7 be a class of measurable subsets of R Identify sets
A with their indicators 1,. The sup-distance between sets is either zero or one.
Therefore, for 8 < 1 the covering number does not depend on 8 and we write
A(x,,...,x,)=N_(§H,, &), § <1 One calls o a VC class if for any collec-
tion S, of n points,

Ad( Sn) < Anr’

for some r>0, A > 0. For instance, let & be the class of half-spaces
(x: 'x =0,x, + -+ +0,x,= 1} In R, then it is easy to see (take all hyper-
planes through d points from S,) that

A%(S,) < An“.
The graph of a function f is defined as the set
| {(x, t):0<t<f(x)orf(x) <t< 0}
[Pollard (1984, “polynomial classes”)]. A class of functions % is called a
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VC-graph class if the graphs of functions in & form a VC class. Application of a
result of Pollard (1984, Chapter II, Lemma 25) yields that for % a VC-graph
class, and @ a probability measure on R?, there exist constants A and r, not
depending on @, such that for all C > 0

Ny(8,Q,(F)c) <ACS™", 0<d8<1.
Examples of VC-graph classes will be given below.

3.1. Nonlinear regression. If the functions in ¢ form a (subset of a) finite-
dimensional vector space, then both ¢ and % are VC-graph classes [see Pollard
(1984, Chapter II, Lemma 28) and Dudley (1984)]. This is a consequence of the
fact that the collection of half-spaces is a VC class. Here is one more example
where the regression functions form a VC-graph class.

ExAMPLE. A model considered in Bard (1974) is
y= exp(—ﬁlxle"’ﬂ‘ﬁ) + €, 0,>0,x;,20,i=1,2.
The graphs are of the form
{(xl, Xy, 8):0<t< exp(—01x1e‘”2"2), 0;20,x,20,1= 1,2}

1
= {(xl, Xy, t): loglog—t~ >logl, + logx, — 6,x5,60,>0,x,>0,i= 1,2}.

Thus [use Theorem 9.2.2 of Dudley (1984)], ¢ is a VC-graph class and since ¢ is
uniformly bounded, this implies that % satisfies (1.6).

ExamMpLE. The p-compartment model

P
y=Yaer™*+e, a,20,A,20,i=1,...,p,x>0.
i=1

If p = 1, the class of regression functions ¢ forms a VC-graph class, so then we
have for some 4 and r

Ny(8,H,,(%)c) < ACT87, 0<é<1.
This yields for the case p > 1 (apply the triangle inequality)

N8, H,, (%)) < [AC’(%)—r]p,

and since ¢ is a cone, the same holds for the (F),.

In general, let ¥= {g(-,0): § € ©}, with (0, || - ||) some metric space. If F is
not a VC-graph class, one can handle the entropy condition by assuming
compactness of the parameter space.

LEMMA 3.1.  Suppose that g(x, §) is continuous in 6 for H-almost all x, and
that (@, || - |)) is compact. Then forall C> 0,8 >0,

ZIOg NZ(S’Hm (g)C) ~p 0’




LEAST-SQUARES ESTIMATION 597

as well as
1
;]‘Og N2(8,Hn,(.97)c) ~p 0.

Proor. The proof shows that for all § > 0 there exists a finite 8-bracketing
set, i.e., a set of functions {gJ(L), gJ(R)} such that for each g € ¢ there exists a

?air []g}“, g1 with g <()c < g(® and ||g{¥ — g®)| < § [see Dehardt
1971)].

Define for all x € R¢, § € 0,

w(x,0,p) = _ Sup |(g(x,0))c~ (g(x,é'))cl.
{6:116-8)|<p)}
Then

lim w(x,8,p) =0,
p—0

for every 6 and H-almost all x. Since (g(x,8)); < C for all x, dominated
convergence implies that also

lim [|w(-, 6, p)[* = 0.

p—0

Hence, for arbitrary 6 > 0 there exists a finite covering set of © by balls with
radius p; and centers §;, such that
2
lw(-, 6:, 0| < § 8%
For all n sufficiently large, also

" w(' s ai’ pz)“i < 82’
But then {(&(-, ,))¢) is a finite covering set of (¢) with LXR% H,,)-norm
||(g(', 9))0 - (g(-, ei))c”,, < ||w( , 0, pi)"n <39,

In the same way, one can construct a finite covering set of &, since the class
{ag: a €[0,1], g € ¥} also satisfies the assumptions of Lemma 3.1. O

If the regression functions are not continuous in 4, one can often split them up
into continuous parts. An example is multiphase regression [see, e.g., Quandt
(1958)].

In the next three applications ¢ is always a cone. Thus, to check the.e.ntropy
condition for the (%), it certainly suffices to verify the entropy condition for
the (¢),. In the proofs, the order symbol O(-) holds for n — co.

3.2. Monotone functions (isotonic regression).

LEMMA 3.2. Let 9= {g:R — R, gis increasing}. Then for all 8>0,C>0,

1
-);log N,(8,H,, (%)c) 2o O.
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ProoF. For g€ ¢, define k=[C/8] and AY = {x: i§ < (g(x))¢ <
(i+1)8),fori= —(k+1),—k,..., k. Take g) = i8 and approximate (g). by
2.8 4. The {A®) form a partition of R with T = 2(k + 1) elements. As g
varies, the A® are in a class /¥ of intervals, for which

AM(xy,...,x,) = O(n?).
Thus, we have O(n?T) functions of the type ;g1 4. Also,
sup [(g(x)) ¢ — Zg(i’(x)lA(i) < 8.

x

Thus,
N, (8,H,(9)c) = O(n?T). u
The result can be extended to functions of bounded variation and unimodal
functions. If d > 1, further conditions are in general necessary to make sure that

the entropy condition is fulfilled, e.g., assumptions on H or the condition that ¢
is a class of distribution functions of bounded Stieltjes—Lebesgue measures.

3.3. Smooth functions. Let ¢,, n > 1, be a sequence of classes such that the
elements of U9, have all partial derivatives of order s < m, m > 0.

LeMMA 3.3.1. For x € R, let |x|| denote the Euclidean norm of x. Suppose
there exists an a < 1 and L, = o(n‘™*%/?) sych that

lg™(x) - g(£)| < Lyllx — £)1°,
forallx, %, g € 9,. Then for all § > 0, C > 0,

1
;l()g N2(8’Hn’ (gn)C) ~p 0.

Proor. Without loss of generality we can assume that H has compact
support K. If this is not the case, take a K with H(K) > 1 — §2/C2. Then for
any £

I(81k)c— (&)cll, < C(1 - H(K))"* > C(1 — H(K))"* <& almost surely.

Let {B®} be a covering of K by balls with centers x® and radius
m!(8/L,)"/"**) The number of balls needed is O(L,,/8)%/™* %, Construct from
the {B™} a partition {A®} of K, e.g., take A = {x € BY, x ¢ BY, j < i}.

Let g € 9, be arbitrary, and expand g(x) for x € A®) in a Taylor series
around x®,

g(x) = g®(x) + R9(x), x e AO,

where g(!(x) is the mth order Taylor expansion. The Lipschitz condition tells us
that

|RO(x)| < L/ml||x — x|+ < §.
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Thus, we have that

sup
X

(g())c ~ (L (89) ()]

i

< 4.

As g varies in ¢, the g form a class of polynomials of fixed degree, ¢ say.
This class is a finite-dimensional vector space, so there exist constants A and r
such that for arbitrary measure @

NZ(aa Q’ (g)C) < ACT8T.
For each i with H (A®) # 0 we make the choice for @,

Q==

—_n (i)
H"(A(i)) on AW,

This shows that there is a covering set {g{”} of (¥); with at most AC™8"
elements, such that for arbitrary g € ¢ there is a g{" with

(89 et = gftaol, = [ e - g am,

= H,(49) [|(9)c - g9 dQ, < H,(4D) 82,
H,(AD) =+ 0.
But then

. . 2 ‘ . 2
T(gM)elao — Teflao| = L H AV [|(e®)c -] 4Q.

no i H (A0

< 82

and

“(g)c - Zg}?lAm < 28.

i n

Hence, the functions {T,g{"1 4} form a 28-covering set of (%,)¢. The number of
different functions in this covering set is

o((ACs )XY,
ie.,

1 1
" log Ni(5,H,,(9,)) = O 7247+ = a(0). .

If the functions in ¥, are uniformly bounded and H has compact support,
then ¢, is totally bounded with respect to the sup-norm [see Kolmogorov and
Tikhomirov (1959)]. In our situation, ¥, need not be uniformly bounded. The
functions in (%,) no longer have m derivatives, except in the case m = 0.

The result of Lemma 3.3.1 can be applied in penalized least squares. pet d=1
and let the penalized least-squares estimator £, be obtained by minimizing

Iy = gl + N, J(g),
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where J(g) is the penalty

J(g) = f(g"""]‘)(x))2 dx, m=0

[see, e.g., Wahba (1984)]. We use Lemma 3.3.1 with d = 1 and « = 1 to establish
the following:

LEMMA 3.32. Suppose J(g,) < o and n™*'\,, = co. Then there exists a
sequence 9, such that g, € 9, almost surely for all n sufficiently large, and
such that for all § > 0, C > 0,

1
~log Ny(8,H,,(9,)c) = 0.

Proor. The penalized least-squares estimator g, has 2m continuous deriva-
tives [see Wahba (1984)]. We have

|g(x) — gm(%)| < IV2(8,)llx — £
[see Ibragimov and Has’'minskii (1981, page 81)]. Also

Iy = &l + N J(&,) < e} + N JI( &),
which implies that for all n sufficiently large,

£
IV g,) < 2%\J + J*?(g,) almost surely.

n

Take
9, = (&: sup|g™(x) - g™(#)| < L, - I,
x, X

with L, = 2|jg]|/A, + J*(g,) = o(n™*') and apply Lemma 3.3.1 with a =1
and d=1.0

34. Nearest neighbor regression. We consider the nearest neighbor regres-
sion estimator of the form

p’l
gn = 2 gg)lA‘,f”
i=1
where the g{) are polynomials of fixed degree and AY i=1,..., p,, forms a
random partition of R For instance, one may take the Al") as the set containing
the N = [n/p,] nearest neighbors of some x z- In general, let

P’l
G, = { 2 g(i)lA;:‘)Z gVe 9 AV ew,
(3.1) =1
. . pn
APDNAY =g,i+j, UA;">=R"}.

i=1
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In a sense, this is an extension of a p-phase regression model to P,-phase
regression.

LEmMMA 3.4. Suppose that in (3.1) 9 is a VC-graph class and < is a VC
class, and that p, = o(n/log n). Then forall § >0, C > 0

1
;].Og N2(8’Hn7 (gn)C) ~p 0.
PRrROOF. Since ¢ is a VC-graph class, we have

) S\ 77
N, —,H,,(9).| <ac|—| |,
2(17" ( )C) (pn)

for some constants A and r.

Let {g,} be a (8/p,)-covering class of (¢), such that for arbitrary g € ¢
there is a g; € {g,} such that

) 8
I(g)c~ 25, < o
Then
Pr _ Pn i .
El(g‘”)clm“ - -‘Z“lgﬁlA“’ = E:l (g™)c~ g, <8

For a fixed partition AD, ..., AP»), there are at most (AC"(8/p,) )P~ different
functions of the type Lf2,g;1,. Since # is a VC class,

A(x,,...,x,) = O(n®),

for some s > 0. Thus the number of L*(R¢ H ,)-different partitions is O(n*?=).
The total number of L*(R¢ H,,)-different functions Lfz,g;1, is thus

(Acr(-‘s—)_r)p"owpn).
pn

And (1/n)log Ny(8, H,,,(%,)c) = O((1/n)p,log(np,)) = o(1). O
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