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A Note on Rates of Convergence in Least Squares Estimation

Sara van de Geer

Centre for Mathematics .and Computer Science
P.O. Box 4079, 1009 AB Amsterdam

In the regression model yx=g(xx)+ex, the regression function g is regarded as the unknown parameter. it
is shown that entropy conditions on the class § of possible regression functions imply rates of convergence
-in L2-sense- of the least squares estimator. For finite-dimensional models, this reproves the (‘)p(n”'/’)—rate
of convergence, for other models, a slower rate is obtained. In general, the rates cannot be improved.
Some examples illustrate this.
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1. Introduction

For any estimation problem, the speed of estimation depends on the “size” of parameter space. As
BIRGE (1983) shows, the so-called metric structure of parameter space determines the minimax risk. In
a regression model, the class § of possible regression functions g, can be considered as parameter
space. We shall investigate the behaviour of the least squares estimator, so that an obvious choice for
the metric on § is an L?-metric. We obtain the rate in L?-norm in which the least squares estimator
converges to the true underlying regression function go. In general, this rate depends on go.

For the regression model

yr=g(x;)te, k=1,..,n, ges§,

we assume that ¢, . . . ,¢, are i.i.d. with expectation zero and finite variance. The x;, k=1,...,n are
vectors in RY. They may be random, but should be independent of the ¢, k=1,...,n. The least
squares estimator based on n observations, denoted by gn» is a -not necessarily unique- solution of

n
inf > (7 —g0xk »°.
ge@k =1
Let H, be the empirical distribution function generated by x,, . . . ,x,, and write

gl = [|g|*dH,.

Then |I.II, is a (pseudo-)metric on §, which we shall call the L*(R?,H,)-metric, or the empirical metric.
For g, being the true underlying regression function, we study the behaviour of llg, —goll, as n
tends to infinity. Throughout, we assume that

£o 8.

The main results are given in Section 2. In the remainder of this section, we settle the rest of the nota-
tion. ‘
A concept which one can encounter in many fields, and which is very important in empirical
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process theory, is the entropy of a set. For >0, let N,(8,H,,6) be the smallest value of m such that
there exist g1,...,gm, such that for each g€§ there exists a g;, je{1,..,m} such that

llg —gjll, <.

The functions gy, ...,g, form a minimal S-covering set of § endowed with L?(R? H,)-norm.
N,(8,H,,9) is called the 8-covering number of § and its logarithm is the 8-entropy of §, all with respect
to the empirical norm |l.|l,. In VAN DE GEER (1986), it is shown that you can obtain consistency of g,
from conditions on the entropy of (a rescaled and truncated version of) 6.
We now focus on neighbourhoods of go. Let B,(p,6,g0) be a ball with radius p for [|.{l, around g,
intersected with §, i.e.
B.(0,8,80) = {g€8: lig—goll.=<p}.

Moreover, let N,(8,0,6,2¢) be shorthand notation for the 8-covering number of B,(p,8,8¢):

Nn(65p’g1g0) - NZ(a)Hn’Bn(p,g9g0))‘

Call § of finite metric dimension (at gy, with respect to the L2(RY H,)-metric), if for some
A =0, r=0

N,(8,28,8,g0) < A2

for all j sufficiently large and & sufficiently small. For instance, if §={gy: #€R"} and if for some
0<K|<K,<o

Ki16—6pli<ligo—ga,ll, <K 10—y,

with ||.|| the Euclidian norm of a vector in R’, then § is of finite metric dimension. Inspired by BIRGE
(1983), we assume for a general class of regression functions that for some M =0, »=0

logNn(& 218’ Q’g())
Jlog2

If >0, the § is possibly infinite-dimensional, e.g. the class of monotone functions on R.

< M§&™.

2. Main results

It is well-known that, under regularity conditions, the speed of estimation of a finite-dimensional
parameter is Op(n ~*). In Theorem 2.1 below, we express sufficient conditions in terms of the entropy
of 8. For the proof of this theorem, we use the following lemma.

LemMA 2.1: If for some p=1, E|¢ |# <oo, then there exists a C>0 such that for all constants
by,...,b, and all a>0

1 &
(= 2 bY
P(|L 3 e | =) < c—<!
ng= K nfa%
Proor: Apply Chebyshev’s inequality to the results of WHITTLE (1960). O
THEOREM 2.2: Let for all j =]y, n=ng, §<§;
N,(8,278,8,0) < AY".

Suppose that [E | |# <oo for some p>r. Then ||g,—goll,=0(n""), and there exists an A’>0, a
L'>0 and an ny’ €N such that for all L>L' and n>ny’

P(lg, —goll,=Ln~ %) < A'L~@ ™,

n n
PrROOF: Define lly—g,I2=1/n3 (. —g.(x))%, lleli2=1/nD e and the inner product
k=1 k=1




b

3
n
(6880 =1/n 2 &(g(xc)—go(x)). Then
k=1

ly—2all7 = Nl — 2.8 —g0)a + 11 —goll7
Since gy €6,

ly —gallz < llell?,
or

2e2n—g0) = lga—goll7.
Thus, the theorem is proved if we show that for all n, L sufficiently large

: ez —g0), —llg— 2>}< n=LGp—r)
i P [llg—gull,,iuzpn'v', ge8 (€g gO)n ”g go”" 0 A2

Clearly,

P —go)n—llg—goll= } < .

[llg—-go?sgﬂr?“", g<8 2(€’g gO)" ”g gOHn 0 (2 1)
2 '8 —Hg 2> ] =
ngP [2’n_"<llg~gf|'|‘f22’“n'”, g<8 (Eg gO)n ”g gO”n 0
— > 2j,,—1 .

,ELP en @ gg 268 B0 ]

Write for jeN

— — > 2,1 . .
pj P [geB.(y%“l’I’)_%,g,go) 2(€,g gO)n 29n le, ’x"]

Let {g®} be a minimal n ~*%-covering set of B,(2 *'n""%,8,g,), i.e. for each geB, (2 *'n"%,8,g0)
there exists a g@(=g@(g))e{g®} such that llg—g@|l,<n ™", and for j, n sufficiently large

card({g©@}) < 420+,
Then

P,<P [{sgtg; [(€g©@ —go)n | =20 " Vn 71| x,, ... ,x,,] +

J g0 2200 x1, ) =
LEB.(Z’S}‘IIIP—“,Q,gO) ](E,g g )n l 2 n le’ s Xn
1 2
P + P,
where in p§2), g(0)=g(°)(g). Since llg‘°’—go|l,,<2f 2%,
(2 2n ">
n”(22(i“)n‘1)2p 5

P < (420D

by Lemma 2.1. Tidy this up to
P < 4C2r ¥, 2.2)

Next, we consider P{®. Let for keN, {g®} be a minimal 27*n~"%- covering set of
B,(¥*'n""%,6,g0). Then

B g__g(o) = kzlg(k)._g(k"l),

. 0
pointwise on {x;,...,x,}. Define 7n=20"Dp"1. Take s=1-(/p), E=Dk2™% and
k=1

% =(k2"% / Ey. Then 3)n;=n, and
K=

£




PO = p —gO) | =[x, ..., ]<
J eB,,(z’S”l‘er“,Q,g,,) [(6.g—&n| =1 x Xn

o0
2 P [g(k)suR—l) I("g(k) _g(k—l))n l =1 |x1’ .. ’xn]’
k=1 > 8
with the supremum over all pairs g®, g® =D with [|g®) —g®* ~D||,<27¢ 2, =%, Hence,

PO < SN, *n~*2+n"" 8¢ peXt0nh @.3)
J & n [} s3I 50 nP-mch .
k=D,
np((kz—ks /E)22(j—l)n—1)2p

Q
2 (Az(j+k+l))2C
k=1

A2Cr Y EwYTYG ) § k7.
k=1

Returning to (2.1), we see that (2.2) and (2.3) imply
— o — o 12
P [Ilg—goll.szulpn'“, ges Aeg—go)n~ llg=golln=0]x1, - .. ,x,,] =<

S EP+PP) <
j?L

S (ACY ¥ 4 42C2* PR EY S k=PI < gL,
j=L k=1

which completes the proof. [

If, for example, §={g4: 0cR"}, and
K 0—8l1<ligs—gs, Il <K 11880l

for all n sufficiently large, then, under the appropriate moment condition on ¢, we have from
Theorem 2.2,

18, — 8,1l = Op(n—*).

The merit of first showing the Op(n ~*#)-rate, is that now, asymptotic normality can be obtained under
fairly weak conditions. We shall not go into details here (see e.g. LECAM (1970)).

For the infinite-dimensional case, stronger conditions on ¢; are necessary.
LEMMA 2.3: Suppose that for some >0

EexpBle |2 < oo.

Then there exists an o such that for all constants by, . . . ,b, and all a >0

ana 2

1 4.5
—— bk
n k§1

1 n
P(]-;kzlekbk | =a) < exp|—

Proor: For all A >0

1.2 S
P(|;k§:‘,lekbk | =a) < exp(—hna)E [exp(h |k§l€kbk l)} <

exp(— hna)kIn_IllE [exp(h | exby | )] .

KUELBS (1978) shows that for some A depending only upon EexpB|¢; |2,
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E [exp(h |ecbi 1)] < exp [h2bzA2].

Thus

n . n
p(%| S b | =a) < exp(—hna)exp(h?A2 S b2).
k=1 k=1

n
Take h =2aa /(1 /n S b}), with a=(4A%)"!, then
k=1

ana 2

n
1/nS b
k=1

n
p(%| S b | =a) < exp | — .0
k=1

1
—( )
We arrive at the rate Op(n  2**") for infinite-dimensional models.
THEOREM 2.4: Let for all j=jo, n=ny, <
longn (6a 2'189 g’gO)
Jlog2

Suppose that Eexp(B|¢; |2)<oco for some B=>0. Then there exist M'>0, L'>0, ny’eN such that for all
L=L and n=ny’

< M8V, Osp<2

1 14
- S
P(lg, —goll,=Ln ") < exp(—M’'L*n ***).

-1
PrOOF: The proof is along the same lines as the proof of Theorem 2.2. Define §,=n 2*” . As before,
we have

2Aeg—go)n—llg—goll2=0]x,, . .. ,x,,] < ¥P,

P [ sugL
lig —goll,=>2"8,, ge8 j=L
with
;= —go)p=2%82 .
P=P 0, Aeg—gh>Pa|xi,....x]
And also, for {g®} a minimal 8,-covering set of B,(2 *1,8,g¢),
P, < ©—g0),=220"D82 x4, ... ]+ L —g©),=2%-Dg2 }
<P [&“‘”‘3 (8™ —go)n=>2 n %1 Xa| + P 5. 6o (&g —8" =27 "8, [x1, .. ., X,
1 2
PP + p3,
Use Lemma 2.3 to see that

. an(2X ~D§2)?

PO < N, (3,2 *18,.8,go)exp [*W <
an(2¥ ~D§2)?
exp | M(log2)jd;” —— ———

(zj +28n )2

exp [-a2'922fnm],

for M(log2)j<'%a2782%. '
Let {g} be a minimal 27%8,-covering set of B,(2 *!8,,8,g¢). Define n=2%"D82, s =1—%, and
o0 o0

E; =kgl(k +j +1)#27% Take e =(k +j +1)#27%E; 'y. Then kglm =y, and




e

T T S

00
P§2) < 2 P [g(k)sgp—n ‘(€>g(k) __g(k'"l))n I >nk lxl’ ot ’x”] <
k=1 ’

ann} }

kgl(Nn(2—k8n’2j Han,@,go))ZCXP |:_ (2‘(/{ —2)8”)2

ann}

S 2M (log2)(k +j +1)2%"n 27 ——————
EICXP (log2)(k +j +1)2%n PRGETR?

® e P
kglexp [2M(log2)(k +j+ 120 2t —a(k +j +1)2278E;22Yn 20 }

o
Define E= 3 k27%, and take j sufficiently large such that
k=1

2Mlog2 < %(a2 3QE)22Y) / j2.
Then

© r.
P}” < 2 exp [_a(k +] + 1)2kv2—11E—2(24j /jZ)n 2+v ]
k=1

Adding up the P, yields
2P <
J=L
v . v
S {exp[—a272%n 2*7 1+ S exp[—a(k +j + D227 NETIQY / Hn ]} <
j=L k=1

vV

exp[—M'2*tn 2tY ). O

There is also a more general way to formulate the theorem, at the cost of transparency. For instance,
if § is a VC-graph class with envelope G———sug |g | (see PoLLARD (1984)), then
Be

N,(8lG,, H,,8)<A8™". 24
Using the recipe of the proof of Theorem 2.4 with 8, =n~*(logn)”, this results in

Igx—golla = Op(n ~"(logn)*),

provided that {[Gll, remains bounded. If § is of finite metric dimension, then (2.4) also holds, but
(2.4) need not imply that § is of finite metric dimension. In many infinite-dimensional situations,
logN4(8,H,,8) and 1ogN,(8,2/8,8,g0, are of the same order of magnitude (see the Applications).

If »>0, then under the appropriate distributional assumptions on x, k =1,2,..., the result of
Theorem 2.4 implies that I|g, —goll, =0(n ~'/?*") almost surely. On the other hand, the entropy con-
dition is sometimes difficult to check in the case of random x;, ...,x,. Moreover, the probability
inequalities of Lemmas 2.1 and 2.3 can be extended to non-iid. ¢, . . . ,¢,, and since they hold for
every n, the generalization to triangular arrays (i.e. € =€, K =1,..,n, n =1,2,...) requires little
effort. It should be noted however that, even in the i.i.d.-case, there may be measurability problems.

The-condition »<<2 comes up quite naturally. It is closely related with one of the sufficient condi-
tions for § to be a so-called Donsker class (see POLLARD (1982), DUDLEY (1984)). If x,x,,... are i.i.d.
and ¢ is a Donsker class, then Ilg, —goll, =op(n ~!/*).




3. Applications

3.1. Isotonic regression
LemMa 3.1.1: Let §={g:R—R, g increasing ,|g | <C}. Then for all §<8;, n=n,,

logN»(8,H,,,8) < M8™1,
PROOF: Wlthout loss of generality, we assume that 0=<<g <1 for all geé’) Let >0 be arbitrary and
g€8. Write T(8)=[1 / 8]+ 1, and consider the partition {<a® ™D, a(’)> 3 of the real line, induced by
g in the following way:

<a® Va0 >={(x: (i —1)d<gx)<ib}, i =1,..,T@®).
Take

T®)

glx) = i§1<a«-",aw>(x)i8- 3.1

Then g approximates g in sup-norm:

sup| gx)—gx)| <.

Consider all possible partitions {<a¢~ b a(')> } of the real line, and let § be the class of func-

tions of the form (3.1). We shall show that for arbltrary probability measure Q, logN 2(6,0, §)<M8'

Let {x,,...,x,} be an independent sample from Q. Define F()=t%, 0<t<1, and given
(X1, .., %0}, let t1,...,t, be an independent sample from F. Furthermore, let gy,...,g, be a
maximal collection of functions in 8 such that

[, —g.rdQ = &
for all pairs j;=%j,. Certainly

N 2(8’ Qaé) =m
The graph of a function g; is defined as the set

A; = {(x,1): 0<r=<g;(x)}
(see POLLARD (1984)). The probability that (x;,%4)€4; AA;, is equal to
P [gj. (e )<tp=<gj,(xx) or gj, ()<t <gj, (xk)] =
JP [, Cor<tk =g,05) or g, ) <te g, Cx0) | k| Q) =
/P& Fe|de =

[1g:—82140 = [(g;, —g,dQ = &

for all j;54j,. Thus, the probability that the graphs of some g; and g;, pick out the same subset of
{(x1,21), - . . ,(xn,1,)} satisfies

P [there exist (j;,j2) such that tk>_n_1%gj,(xk) or tk<.n_1ilnzgj‘(xk) for all k = l,..,n] <

[31](1—32)" < Ym?(1— 82",

Take n in such a way that %m?(1—8%)"<1, but




Ym?(1—8%)y "1 =1. 3.2

Then, the probability that all graphs of gy, . . . , g, pick out different subsets of {(x,¢1), . . . ,(*n,2:)}
is positive:

P [there exists a (x4 )€4;, Ad;, for all jﬁ!:jz] > 1—1hm?(1—82)" >0, (3.3)

T()

this implies that {<ag-v»,ap> }

i=1

T® , y
Let g;=>) <a}’_”,a}')>i8. If there is a point (x;,4)€4;, A4,

—_— jz,
SRR () .
and {<ag-v,ap >iil form different partitions of {x,, ...,x,}, so (3.3) yields that there are at least

m different partitions of {x;,...,x,}. On the other hand, The number of partitions of the form

. L T(
(<a® V,a0> }, of n distinct point is equal to
2

-1
Hence,
= —1}.
m [n +T0) 1]
But from (3.2),

< 2logm —log2 1< 2logm
log(1—#8%) 8

k4

so that

21 1
m < —gzgﬂﬂg] . (3.4)
(5141

Application of Stirling’s formula gives that

log | M /18”” =M /8log((-(1§)l+"—M)+o(%log%),
B
where o(—;-log—;-)/(%log-;—)—»O as 8—0. Thus, (3.4) is fulfilled for logm=M8‘1 (and not for

logm=M8"", v<<1).
To conclude, for & sufficiently smail

1ogN 5(5,0,8) < logm = M8™"
and so
logN,(28,0,8) < M5,

Since Q was an arbitrary probability measure, this completes the proof. [

Thus, under the moment condition on ¢;, the rate of convergence in isotonic regression is Op(n /3,
This rate also appears in density estimation (see GROENEBOOM (1984)).




3.2. Smooth functions
LeMMa 3.2.1: Let

8 = {g:R?>R, g has m derivatives, | g™ (x)—g™(x)| <Llix—xI%, |g|<C},

then for all n and for & sufficiently small
__d
logN,(8,H,,8) < M§ ™*=.

ProOOF: KOLMOGOROV AND TIHOMIROV (1959) show that this § is totally bounded with respect to the
sup-norm:

__d
logN ,,(8,9)<M8 ™*=.

Hence, the lemma follows. O

The rate n~ 0/ @m+a+d) coincides with the optimal rate obtained for a related problem ( STONE
(1982)).

3.3. Two-phase regression
In this subsection, we investigate a piecewise linear model with unknown breakpoint (see e.g. FEDER
(1975)). The regression functions are of the form

a4V if x<y
8(x) = go(x) = 1,01 g0y if x>y

with 8=(aV, 80,a?, P v) in whole or in part unknown. For simplicity, we take
k
Xy = Xpp = Py k=~[(n—1)/2},..[n /2]
LemmA 3.3.1: Let

8 = {gg(x)=(aV + BVx)_ o0 () + (@ + BDx)y o0)(x), O€R®}.

Suppose that 8y =(afd, B, e, BP,v0) satisfies vo=0 and of) — a0, and that E | | ¥ <oo for some
p>5. Then

Ign—golln = 6p(n™"),

|6 —af)| = Op(n™"), By —B| = Op(n %), i=1,2
and

[¥2—Y0| = Op(n~").

Proor: Consistency of the parameters can be verified using the results of VAN DE GEER (1986). The
entropy condition now only needs to hold in a neighbourhood of gg. Define

G = {ge: I0—0boli<m},
then we have by straightforward computation for 9 sufficiently small
N,(5,28,6,,80) < A2Y

for some A4, and for all n sufficiently large. Thus llg, —goll, = Op(n %) and this immediately implies
- Ali) oD . A
the rates for a,, ,8,, i=1,2and y,. O

Note that the functions in the class § of Lemma 3.3.1 are discontinuous in the parameter and that
go is discontinuous too. For gy continuous, we have the following lemma.
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LemMa 3.3.2: Suppose that of) =a) =BP =v,=0, that B"+0 and that E |€; | ¥ <oo for some p >5.
If 8 is defined as in Lemma 3.3.1, then

lg.—goll. = Op(n™"),
&) —ad| = 1), |By —BP| = 0p(n ™), i=12
and

1% —=Y0] = 8p(n /7).
Furthermore, if

8 = {go(x)=(aV +BVx) 0, 3(x)+(@® + BOx)y oo (x), &P + By =0 + Py},
i.e. if the regression functions are restricted to be continuous, then

g —goll, = Op(n™*),

&' —ad| = 0pn™"), |By —B| = Op(n ), i=12

which implies that also

[¥a—Yo| = Gp(n™").
Proor: This is again straightforward computation of the entropy in a neighbourhood of go . U

1t can also be shown that under thel:) conditions ot('z)Lgr(rzljma 3.3.1 or 3.3.2, the &ff’ and ,lA%E,') ,i=1,2 are
asymptotically normal and that (a, ,B, ) and (a, ,B, ) are asymptotically independent. The asymp-

totic distribution of ¥, depends on g, and on the continuity restriction.

In both previous lemmas, it is assumed that the underlying true regression function gy actually
obeys two different regimes. If there is in fact only one phase instead of two, then the Op(n ~*)-rate
need not hold.

LemMA 3.3.3: Suppose go=0. Let

8 = {gg=al— > 0=(a,7)ER?).
Then

N,(8,28,8,80) = A"2¥logn.
ProoF: Define for / =1,..,n

& = all(— 00,%]»

with o, =2/ \/—-';—_8. Then llg;—goll, =%a%=221'82, so that g;e B,(2/8,8,g¢). Moreover, if

..1.1_ < (1 _2—(2j+1))2,
b

j l
lgr, g, I = 29 *18%(1~ \/,—‘_>2 > 8.
2

Hence, the number of functions in a §-covering set is at least

logn /log(1—2"@%*H)~2 = 4/2¥10gn.O1

then

It is easy to see that under the conditions of Lemma 3.3.3, also N,(8,28.6, go) = A2 logn. One can
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explore the idea of the proof of Theorem 2.4 with 8,=n"*(loglogn)* to derive that under the
moment condition on ¢, , lig, —goll, = Op(n ~*(loglogn)*). In fact, since

1,1 4 o
2R T2

g —goll3 =

we have that if E ||} <o,

a +2loglogn +%logloglogn — Ylogn
n*(2loglogn)*

mP |lig, —goll,<
n->00

exp(—2e™ %), —ow<a<owo

(see the results of DARLING AND ERDOs (1956) on partial sums).
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