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Summary. The asymptotic behaviour of elementary symmetric polynomials
S® of order k, based on n independent and identically distributed random
variables X, ..., X, is investigated for the case that both k and n get large.
If k=0(n?), then the distribution function of a suitably normalised S% is
shown to converge to a standard normal limit. The speed of this convergence
to normality is of order @(kn~ %), provided k= 0(log™ *nlog; * nn?) and cer-
tain natural moment assumptions are imposed. This order bound is sharp,
and cannot be inferred from one of the existing Berry-Esseen bounds for
U-statistics. If k—oo at the rate n?® then a non-normal weak limit appears,
provided the X;s are positive and S® is standardised appropriately. On
the other hand, if k—>oo at a rate faster than n* then it is shown that for
positive X ’s there exists no linear norming which causes S to converge
weakly to a nondegenerate weak limit.

1. Introduction and Results

Let X,, X,, ... be independent and identically distributed random variables
with common distribution function F and

u=EX, +0,0<c?=0c%(X,)< 0. (L.1)
Let for any 1<k<n,
-1
Sf,"’=(n) voY X, .X, (1.2)
k 15i3<...<ixSn
and let
(S —
8) () = n < 1.3
m=r ([T =) ¢

for real x. Let @ denote the standard normal distribution function (df).
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Clearly S¥ is a U-statistic of degree k with kernel & given by h(x,, ..., X))
=x, ... X¢. If k is fixed, then Hoeffding’s CLT for U-statistics (Hoeffding (1948))
yields that F® converges in distribution to &, as n— oo, provided assumption
(1.1) is satisfied. We shall show that the result remains valid if k=k(n)— oo,
whenever k=5 (n?).

Theorem 1. If u=EX, +0,0<¢?=0%(X,)< 0 and k= »(n?), then

lim sup|F®(x)— ®(x)|=0. (1.4)

n>wo Xx

The speed of convergence to normality in (1.4) is determined in

Theorem 2. If p=EX,+0, O0<o¢’=0*(X,), E|XP<w and k
=0(log™*nlog; *nn?), then, as n— oo,

sup|F9 (x)— @ (x)| =0 (kn™*). (1.5)

If k is fixed, then (1.5) yields the classical rate n™* for the accuracy of the
normal approximation. For this very special case Theorem 2 is a simple conse-
quence of the Berry-Esseen theorem for U-statistics of degree k given by van
Zwet (1984). On the other hand, if k=k(n) o0 but k= 0(log™ ' nlog, *n?*), then
— perhaps somewhat surprisingly — the order bound (1.5) cannot be inferred
from one of the existing Berry-Esseen bounds for U-statistics. Application of

2\k
Corollary 4.1 of van Zwet (1984) yields the bound O(k? (1 +3§) n~%), for the
u

Lh.s. of (1.5), which is of course much worse then the bound given in (1.5).
A related Berry-Esseen bound for U-statistics of Friedrich (1985) also does not
give us (1.5). It appears that the dependence on k in these bounds is not optimal.
In contrast, the bound @(kn™?*) established in Theorem 2 is sharp. To see this
we note that, if k=k(n)—oo at a rate slower than log™*nlog; 'nn¥ and the
moment assumptions of Theorem 2 are satisfied, we obtain a valid one-term
Edgeworth expansion F®(x)=®(x)+in To(x)(1—x*){o 3EX,—u*+3(k
—1)op~'} for F® with uniform remainder «(kn™%). A proof of this assertion
may be found in the appendix. There is no need for the usual requirement
that F is non-lattice. However, if k is fixed, then we must add the assumption
that F is non-lattice, in order to guarantee that our expansion is valid uniformly.
This latter statement can be inferred from a recent paper of Maesono (1987),
where an Edgeworth expansion for U-statistics of fixed degree k is established.
For the case k=2 we also refer to Theorem 1.2 of Bickel, G6tze and van Zwet
(1986), whereas the classical case k=1 is of course well-known and treated,
e.g., in Feller (1971).

After the present paper was submitted for publication Dr. K.O. Friedrich
informed us that a different proof of our Theorem 2 can be obtained by applying
the very general Theorem 2.1 — a Berry-Esseen theorem for arbitrary statistics
— of his PH.D. thesis (cf. Friedrich (1985)). In fact, Friedrich’s approach leads
to a slightly improved Theorem 2: the restriction k= 0(log™'n log; ' nn*) can
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be replaced by the weaker requirement k=0(log™'nn?). On the other hand,
in view of the remarks concerning the one-term Edgeworth expansion for ele-
mentary symmetric polynomials of increasing order, we can strengthen the order
bound (1.5) to obtain a more precise assertion:

sup | E® ()~ B(x)|~c & < (L6)

- “Y/n

provided k—oo at a rate o(n*log™'nlog; 'n). The constant ¢ is equal to
(2me®)"#=0.089 ... Thus, to first order, the deviation from normality depends

only on the coefficient of variation —E of the underlying distribution of the X’s.

In Sect. 2 we supplement the foregoing discussion, by an example establishing
the sharpness of the bound (1.5) for zero-one random variables X,, X,, ... in
a more direct way.

If k=k(n)—oco at the rate n* or faster, then the asymptotic behaviour of
5% becomes completely different from the one described in the Theorems 1
and 2. From a weak limit theorem for the k-th root of S® due to Székely
(1982), which considers only strictly positive X /s, we derive for positive X's
the following two results.

Theorem 3. If P(X,>0)=1, 0<g?=0%(X,)< 0, and k~cn* for some constant
¢>0 and n— o, then there exists a sequence of positive numbers {s,}, such that
S, — u and

co
~k g(k) _, hid
Sn Sy p exp(# N\) (1.7

where?denotes convergence in distribution and N stands for a standard normal
random variable.

Theorem 4. If P(X,>0)=1, 0<c?=02(X,)< 0, and kn"* -0 as n—oo, then
there exists no linear norming which causes S to converge in distribution to
a nondegenerate limit distribution.

Theorem 4 tells us that for positive X; there exists no linear norming of
S® that converges in distribution to a nondegenerate limit if kn " *—c0. In
view of Székely’s (1982) result (see Lemma 5 in the next section) it turns out
that for positive X; if kn~*—oo taking the k-th root is essentially required
to obtain nondegenerate weak limits, while if k= o (n?) there exist linear normings
of both S%® and its k-th root that converge to a nondegenerate limit. The border
case k~cn*(c>0) is treated in Theorem 3. Again Székely’s (1982) result can
be used to find that for positive X; the random variable S can be appropriately
scaled to yield a nondegenerate weak limit.

The limit behaviour of S® in the case k~cn(0<c<1) was investigated in
detail by van Es (1986), Halasz and Székely (1976), Székely (1974, 1982) and
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Mori and Székely (1982). In the latter paper it is shown that in the degenerate
case (u=0 and P(].X|=constant)=1) nondegenerate limit distributions exist
of linear normings of S® even if k~cn(0<c<1).

Proofs

Proof of Theorem 1. The Hoeffding decomposition for elementary symmetric
polynomials yields

k
SW—pt= 3 B Xy, s X)) &1

r=1

where

H,<X1,...,Xn>=(',§)~1(z:r)u"-' ¥ fI X—d) @2

r 15j1<...<jrSni=

as given by Karlin and Rinott (1982), page 496. Define

62 (Hr+ 1)
q,—uo_—z(-ﬁ-,)—,r-l,Z, ,k"‘l (2.3)
A simple computation using (2.2) yields
0,2
"=z (k=rPAr+D)@n-r), r=1,2,.. k-1 (2.4)

Since the summands of the r.h.s. of (2.1) are uncorrelated we find

k

o> (SP)= 3, *(H Xy, ... X))

r=1
=0*(H,(Xy, ..., X)(A+q,+9,9:+ 49192 ... g5 —y)-

Because of (2.4) and the assumption k=4(n?) we see that for fixed k and n,

and n sufficiently large,
2

k
q,<c;, r=1,2,...,k—1, 2.6)

for some constant ¢ >0. This implies

II/\

k ) k2r—1 Ck_2
gg ; 1)'< ) =7 —1=0(1) 2.7

as n—00. In view of (2.5) this yields that

o? (S~ o (H( (X4, ..., X). 2.8)
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In other words:

Hy (X, o X)=kn g Y (=) 29

i=1

is the dominant term in the decomposition (2.1). Application of the CLT of
Lindeberg-Levy to H,(X,, ..., X,) shows that (1.4) is valid if S®—g* in (1.3)
is replaced by H, (X4, ..., X,). This completes the proof.

Proof of Theorem 2. To establish (1.5) we rewrite (2.1) as

S®—yk=U,+R, (2.10)
where
Uy=H{(Xy, ..., X))+ Ha(Xy, ..., X) @11
with H, as in (2.9)
k(k—1)
By XY= o2 Y )X (1Y
n(n—1) 15i<jgn
and
k
R,=Y H,(X,,....X,) (2.13)
r=3

is a remainder term of lower order. Clearly U, is a U-statistic of degree 2
with kernel

Tt e+ y—240) + 3k — 1) 472 (x— ) (y — ). (2.14)
It follows directly from (2.10) that to prove (1.5) it suffices to show that both

+
sup |P ({@—ZTE]{;_S_gx})—@(x)I:@(kn”*) (2.15)
and

are satisfied.

To prove (2.15) we shall need characteristic functions (ch.f) arguments. We
shall only treat the case that k—oco. If k is fixed then Theorem 2 is a simple
special case of Corollary 4.1 of van Zwet (1984). Let p%(z) denote the ch.f of
ntU,J(ku* o), ie.

p® ()= Eexp(itn* U,/(ku** o)) (2.17)

The usual argument based on Esseen’s smoothing lemma implies that

[ 1l e @ —e ¥ de=0(kn %) (2.18)

lt]Sk-tnt
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and
j’ [t p® (1) —e™ 2 |dt=0(kn"%) (2.19)

k-tnEZ(r| Sk int

together will yield (2.15). The statements (2.18) and (2.19) may be proved by
modifying the proof of Theorem 2.1 of Helmers and van Zwet (1982). Our proof
of (2.19) will require the assumption k= 0(log™'n log; *nn?). For details of the
proof the interested reader is referred to the appendix.

It remains to establish (2.16). An application of Chebyshev’s inequality yields:

R, e
F ({(km Tk 1}>§“2k fuTH267260(R,), (2.20)

Using (2.13) and an argument like (2.5+2.7) yields

o'Z(R'rl):." i O-Z(Hr(Xl: AR Xn))

r=3

k
“az(Hl(Xl’ EEES] Xn)) Z ql v Gr—y
r=3

k
=Kn 1p? 262 Y g g,

r=3

1 (ckz)"
r= 3( )
k k2 r—3
<c?kén~3 g ¢
sy o ()

hd 1 ck*\r-t
<c2kSn=3  2k-2g29-1
<c*k®n" u 62 ,=1(7"“1)!( )

k2
§62k6 3u2k 2 22 e n

=0 kSn~3 pu**"2), (2.21)
Together with (2.20) this gives
I nl > —1} — 2,1
P({(k,u" = kn )—(D(k n"t) (2.22)

which implies (2.16). This completes the proof.
Proof of Theorem 3. The following result of Székely (1982) will be used.
Lemma 5. If P(X;>0)=1,0<¢?=0?(X,) < 0 and k= o(n), then, as, n—o0

n¥((SY)* ~s5,) = N(0, o?) (2.23)
d
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where {s,} denotes a sequence of positive numbers, such that s, — u, and N (0, 6?)
stands for a normal random variable with expectation zero and variance >

Define

V,=n# () —s,) (2.24)

and note that because of (2.23) V, is asymptotically N(0, ¢%). In addition we
have that s,+n~*¥,>0. A Taylor expansion argument yields

SW=exp[klog(s,+n *V)]
=exp[k(logs,+n"*W,)]
=skexpkn W) (2.25)

where W, is asymptotically N (0, 6%~ 2) distributed. This directly yields (1.7)
and the proof of the theorem is complete.

Proof of Theorem 4. In view of (2.25) it suffices to prove the statement of the
theorem for the random variables

Z,=exp(kn™*W). (2.26)

Let us suppose that there exist sequences {a,} and {b,} with a,>0 such
that a,(Z,—b,) converges in distribution to a nondegenerate limit distribution
F. Then there exist three points — 00 <u; <u,<uz< 00, continuity points of
F, with 0L F(u,) < F(u,) < F (u3) £ 1.

1t follows from this and (2.26) that

lim P({a,(Z,—b,) Lu;})

n—o

= lim P (W,, sntk'log (ﬂ%&éﬁ)) =F(u) (2.27)

n— o n

for i=1, 2, 3. This implies

Jim n# k= (log (~«-—»~“2 J;“" b")——log (—————“1 o b"))

n=o n n
4 - —
=;{<D MF ) — @7 (F(uy))} >0 (2.28)
and hence
lim n#k~log <-——~:212 :) >0, (2.29)
n-r oo 1 n“n

Since n*k~! -0, evidently a,b,— —u,. But the same argument also holds
for u,, and us, implying a, b, > —u,, which is in contradiction with a,b, ——u;.
This completes the proof of the Theorem.
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An example establishing the sharpness of the bound (1.5).
Consider iid. zero-one random variables X, X,, ... with P(X,=0)=P(X,
=1)=3. The elementary symmetric polynomial S® then reduces to S® =0 if

E,<k, SS,"’:([;:C") / (:) if E,=2k where E, denotes the number of ones in

X4, ..., X,. Of course E, is binomially distributed with parameters n and 1.
This example is also treated in van Es (1986) for the case k~cn (0<c<1).
We prove the following lemma.

Lemma 6. If P(X;=0)=P(X,=1)=1% and k=0(n?) then there exists a sequence
X,, n odd, satisfying

Xy=1(k+1)n"¥ 1+ o(1) (2.30)

and
E®(x)— ®(x,)=02n) *+(k+ )n"* (1 + (1) 2.31)
as n—oo.

To prove Lemma 6 we first note that (1.3) can be rewritten as
F¥(x)="P(gi,n(En)—n* k™' <x) (2.32)

where the function g, ,: IN— R is defined by

-1
Zinm=0 if m<k, gk.,,(m)=n*k‘12"(2) (r;:) if mzk. (233)

Since g, , is increasing on the set {k, k+1, ...} it follows that
FP(gy,n(m)—n*k™")=P(E,<m), m= k. (2.34)

But this probability is exactly equal to % if we take m=1(n—1) (for n odd).
Thus defining

Xo=8pa(d(n—1)—nt k™" (2.35)

we obtain
FP(x) — B (xz)=%—P(x,). (2.36)

In the appendix it is shown that (x,) satisfies (2.30). A simple Taylor expansion
argument then directly yields, in view of (2.36), relation (2.31). This completes
the proof of Lemma 6. Note that (2.31) can also be deduced from the Edgeworth
expansion type result, mentioned in Section 1, for the case that k—oo but at
a rate slower than n*log™*nlog; 'n. For k is fixed this is not true, because
F is lattice.
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Appendix

Proofof (2.18) and (2.19 ). We will indicate how (2.18) and (2.19) can be obtained
by modifying the proof of Theorem 2.1 of Helmers and van Zwet (1982).
Define functions g and y by

g =3ku* " (x—p) (A1)
and
Y(x, ) =kle—1) 2 (x— ) (y—p) (A
and note that the U-statistic U, (cf. (2.11) and (2.14)) can be written as
U,=2n"' Y g(X)+20an—1)"" TY ¥(X, X). (A3)
i=1 12i<j=n

We first prove (2.18).
Let y denote the chf. of ¢~ (X, — ), thus
x(t)=Eexp{ite™ (X, —p)} (A4)

and let
ae E|lg(X,)? _ElX, —ul?
(Eg* (X)) a’

(A.5)

To proceed we follow the argument given in Helmers and van Zwet (1982),
with some minor changes. Using (2.17) and the elementary inequality |¢'*—1
—ix|£2x? for all real x, we find

p(t)=E exp(itn*U,/(k*~* 0))
= Eexp {itn? (U, — A, (m))/(k it o))
(L+itnt A, (m)/(k =1 6)+ R, (A.6)

where
Am=26n=1)" T 3 WX, X)

and

IR,|=0 (mrr2 o BV X1 Xo) XZ)) (A7)

Egz(Xl)

uniformly for any integer m=1, 2, ..., n—1 and for all real ¢.
Taking m=(n-1) first and using the fact that

EW(Xy, X)) X,)=EW(X,, X,)| X;)=0as,
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and the independence of X, X,, ..., we obtain after a little calculation
|[Ent(kp*~to) 14, (n—1) exp{2itn~ 2 (kut~10)™ Y g(X)}
i=1

Sn¥(kpt o) THEY(X, X)) ﬁ [expitn~¥(kpu*1o) "  g(X))—1]]
i=1

|Eexp(itn 0™ (X —p)I"?
SnT ko) P Elg(X ) g (X ) ¥ (X1, Xo)|- |Eexp(itnto ™ (X —p)l" 2.
(A.8)
Using (A.1) and the well-known inequality

2
|Eexp(itn™ 0™ 1 (X, — p)| Sexp (ué;)

for all |t|<a”!n* we easily conclude that, uniformly for all |t|<a~'n?, the
quantity in (A.8) is of order

2 -3 Elg(X1)g(X ) v (Xy, Xo)l (=2,
(9(”‘ (Ee(X )} ( Tan f))

Combining this with (A.6) and (A.7) directly yields

2
100+ ol=0 (s T2 ey EEENETANC T

-n" P exp (__(n_?’—n_Zl tz)) (A.9)

as n—o0. In view of (A.1) and (A.2) it is easily checked that

Ey*(X,, X,) Elg(X)g(X )Y (X4, X))l
=22 k), ’ =0(k A.10
By ) (Es*(X,)°" © &9
as k— co.
The proof of the classical Berry-Esseen theorem for sums of ii.d. random
variables ensures that

{1t ) —e P dt=0(n %) (A.11)

le[sa~tnt

as n—o0.
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Together the relations (A.9)+A.11) directly imply (2.18). It remains to prove
(2.19). Instead of (A.9) we now employ the following bound: Uniformly for
any integer m=1, ..., n—2 and for all [t|<a™ ' n?

EY*(X,, X;) _
W =@{_~Ji_zmn 22
[pa(®)] Eg*(X,)

2 Y42
+exp (~£)+W mn~¥[t] exp(—gf—m%)i—)}(A.u)
as n—»co.

The bound (A.12) follows by an argument similar to the one leading to
(A.10). For any fixed m<n—2 we employ, instead of (A.8), the inequality

E Gkt ™0)™ 4, xp{itnt (U, = 4, m)e ™ o)

ézn—*(n—l)'l(kﬂk-lo)z Z EYy(X;, X))
i=1 j=i+1
exp{Zztn‘é(k;z" 1g)~ (Z gXp+n-17" Yy l//(Xk,Xz))}’
k m<k<lZn
Ely(X,, P -
<;W|Eexwm Yo (X —pw)m? (A.13)

from which (A.12) is easily verified. Using (A.1) and (A.2) once more we also
have that

Ely(X,, X5)|
— =0k A.14
Egy W 419
as k—co.
It follows now directly from (A.10), (A.12) and (A.14) that
[t eP@—etdr

k=4nl/AZ|t{<k- Lt

2
=0 {% logn log (@) +n"log (-——]{j) +k*2 43 jog n}
=0 (mk ) (A.15)
I/n

1 . .
provided we take mz.—[fig—g—'i] in (A.12) with ¢ sufficiently large and by requir-

ing k=0 (log 'nlog; * nn*). This completes the proof of relation (2.19).

Proof of the validity of the Edgeworth expansion F&®

We derive the one-term Edgeworth expansion for F®, referred to in the discus-
sion after Theorem 2, for the case k — 0. Suppose that the moment assumptions
of Theorem 2 are satisfied and, in addition that k= s(log™'n log; ' nn?).
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To begin with we note that the argument leading to (2.22) can easily be
modified to find that

R, P -3
P((E,‘IF—'TGSgOOg") *kn ‘):o(kn 5, (A.16)

Thus, R, is of negligible order of magnitude for our present purposes as well.
It remains to show that F® is an Edgeworth expansion for n*U,/(ku*~!0),
where U, is as in (2.11), with uniform remainder »(kn~%). To prove this we
again employ Esseen’s smoothing lemma and find that it suffices to show that
(2.18) and (2.19) remain true, if we replace the region of integration |¢| <k ¥ nt/4
in (2.18) by |t|S(ogn)" ¥k~ ¥n'/4, and, similarly in (2.19) the interval k™ #pn'/*
S|t|Sk™ nt by (logn) Tk~ a4 <|t| S Mk~ *n#, for any fixed constant M >0,
and the two big @’s on the r.h.s. of (2.18) and (2.19) by little »’s. Finally we
replace the term e~ * appearing in the common integrand of (2.18) and (2.19)
by

501 = e—*t‘{u(”)a( “3E(X, — ;L)3+3(k—1)au‘1)}. (A.17)

Note that p® is the Fourier-Stieltjes transform of F®.

Let (2. 18)* and (2.19)* denote the above-mentioned modifications of (2.18)
and (2.19). We first prove (2.18)*. Taylor expanding p®(¢) we find that uniformly
for all [t|<(logn)~*k~#nl/*

[P X)— P (¢)]

= Elp (X1=X2) -1 42 s ~% 142
0(——-~—Egz(xl) n )+ olln”He Pt exp(~27) (ALY

as n— o0, where P is a fixed polynomial.

To check this we follow the pattern of the proof of Theorem 1.2 of Bickel,
Goétze and van Zwet (1986) (see also Callaert, Janssen and Veraverbeke (1980))
with some slight modifications. The details of the proof of (A.18) are as follows:
Because of (A.3) we know that

PP (t)=E exp(itn® U,/(ku*™* o))

=Eexp(it{2n“5’ i gX)+2n "t m-1"t Yy l,b(X,,Xj)}/(k,u" 10’)

i=1 1£Li<jEn

with g and ¥ as in (A.1) and (A.2). Taylor expanding p{(t) now yields

PP =E exp 1120~k 1) (X))

i=1
it2n"*(n—1)"!
_[1+1t n *n—1)

(k”k-—lo.) ZZ l//(Xi’ XJ)}

1gi<jsn

t2 -3
+0 (o BC T3 W X)F)

1gi<j<n
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After some easy calculations, exploiting the independence present, this reduces
to

PO =)+ it(k— D p~ o= nt2 12 (en)
- Eexp{itn=* o™ (X, — 1)+ (X2 — i)} -(X s — 1) (X5 — )
EVA(X,, X3)
”9( E ) " 1t>‘

By a simple Taylor expansion argument

Eexp{itn 307 (X, — )+ (X, — )} (X, — (X, — 1)
= —fni G2(1+68(1) for |t|=8(n?).

We also need the well-known fact that (cf. Feller (1971), p. 539) for all |t|<en?

and some £>0,
e — _ip (1) E(X, —p)®
X (tn *ir)_._e t {1+W

+8(n"Eje| Pt e )

where P is a fixed polynomial. Also note that y~*(tn"¥)=14+0(t*n" ) for |t]
=5(|/r7). Combining all these results we obtain

p0=enp(— 4 {1+ 80 LI

6n* o
+ittkk—Du o tn¥27t
g;i a2(1+5(1)) exp(—3%1?)

+6(n”Ft| P(t) exp(—31?)

EY? (X0 X5) , .
w( Eg(xy " )

from which (A.18) directly follows. Combining (A.18) with the first part of (A.10)
directly yields (2.18)*. To prove (2.19)* we simply follow the calculations leading
to (A.15) and the argument following it, to find that with minor changes the
same proof also yields (2.19)*, provided we require k=os(log™ 'nlog; ' nn?)
instead of k=0(log™ ! nlog; 'nn?). Since Mk~ 'n*=,(n?), as k -0, we do not
need a non-lattice condition here. This completes the proof of (2.19)* and the
validity of the expansion E® is established.
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Proof of (2.30). We first treat the case k —c0. Using the refinement of Stirling’s
formula given on page 54 of Feller (1968), we find, for odd n,
g 0)=ntkm 22 () (H070)

=nfkT1 2% H(n— kTR (L (n— 1)) D

Bn—1)—k) Fe- D4 (1 +0 (1))

n

=n*k™!exp {(n~k+%) log (1—%)+%" log (“%)

~n—itog (1-2 0 (10 ()
ke exp {_% k_nz (1+o(1))} <1+0 (%))

=nik"! 1—%-’2?; A+esN)t1+0 l
N n ‘ n
=ntk ' —3kn i1+ +On k™) (A.19)
and therefore
Xn=grad(n—1)—rfk™ = —3(k+1)n"* {1+ (1) (A.20)
and (2.30) is proved. If k is fixed the calculation simplifies to

kT G- )= D—1)...Gm—1)—k+1)
Ll (1—1)= n(n—1)...(n—k+1)

ik (144 o (1)

n

=ntk l—Lk+Dn t+0mn 33 (A.21)

which also yields (2.30) in this case.
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