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The asymptotic behaviour of elementary symmetric polynomials S0 of order k, based on n independent
and identically distributed random variables X1,....X, , is investigated for the case that both k and n get
large.

If k = o(n"), then the distribution function of a suitably normalised S is shown to converge to a stan-
dard normal limit. The speed of this convergence to normality is of order ©(kn—%) , provided
k = 6log—'n logz'n n*) and certain natural moment assumptions are imposed. This order bound is
sharp, and cannot be inferred from one of the existing Berry-Esseen bounds for U-statistics.

1 k—»oo at the rate n* then a non-normal weak fimit appears, provided the X‘/z s are positive and St is
standardised appropriately. On the other hand, if k—o0 at a rate faster than n”* then it is shown that for
positive X; 's there exists no linear norming which causes s to converge weakly to a non degenerate
weak limit.

1980 Mathernatics Subject Classification: 60F05. :
Key Words & Phrases: elementary symmetric polynomials of increasing order, normal and non-normal weak
{imits, Berry-Esseen bound, one-term Edgeworth expansion.

1. INTRODUCTION AND RESULTS
Let X, , X3 ,... be independent and identically distributed random variables with

p=EX, %0, 0 < & = ¢(X;) < . (BY
Letforanyl < k < n,
-1
S = [Z] 22 X, - X, (1.2)

1<i, <i,<..<iy<n
and let
n* (S® —p)
kit~ o)
for real x. Let ® denote the standard normal distribution function (df).
Clearly S®) is a U-statistic of degree k with kernel h given by A(Xy,....%) = XXk If k is fixed,

then Hoeffding’s CLT for U-statistics (Hoeffding (1948)) yields that F&) converges in distribution to
@, as n—o0, provided assumption (1.1) is satisfied. We shall show that the result remains valid if

k = k(n)—>o0, whenever k = o(n*).

FPx) =P ({ <x}) (1.3)

THEOREM 1. Ifp = EX, #0,0<¢* = o’(X)) < wand k = o(n*) ,then
lim sup|F®(x)—®(x)| = 0. (14)
n—-w X

The speéd of convergence to normality in (1.4) is determined in
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2 Elementary symmetric polynomials of increasing order

THEOREM 2. Ifp = EX; #0,0 < o® = o*(Xy), E| X, |*<c0 and k = O(log™'n log5'n n*),
then, as n—>c0,

sgp|F$,k)(x)—-(I>(x)| = Okn™%). (1.5)

If k is fixed, then (1.5) yields the classical rate n ™% for the accuracy of the normal approximation.
For this very special case Theorem 2 is a simple consequence of the Berry-Esseen theorem for U-
statistics of degree k given by van Zwet (1984). On the other hand , if k = k(n)—»oo but
k = 6(og™'n logy'n n*), then - perhaps somewhat surprisingly - the orderbound (1.5) cannot be
inferred from one of the existing Berry-Esseen bounds for U-statistics. Application of Corollary 4.1

of van Zwet (1984) yields the bound O(k?(1+=)n %), for the Lhs. of (1.5), which is of course

" much worse then the bound given in (1.5). A relgted Berry-Esseen bound for U-statistics of Friedrich
(1985) also does not give us (1.5). It appears that the dependence on k in these bounds is not optimal.
In contrast , the bound O(kn ") established in Theorem 2 is sharp. To see this we note that, if
k = k(n)—co at a rate slower than log™'n log; 'n n* and the moment assumptions of Theorem 2
are satisfied, then FJ admits an valid oneterm Edgeworth expansion F, (x) = ®(x)
+%n-%¢(x)(1—x2){a-3E(X1—u)3+3(k—l)o,rl} with uniform remainder o(kn~%). A proof of
this assertion may be found in the appendix. There is no need for the usual requirement that F is
non-lattice. However, if k is fixed, then we must add the assumption that F is non-lattice, in order to
guarantee that our expansion is valid uniformly. This latter statement can be inferred from a recent
paper of Maesano(1984), where an Edgeworth expansion for U-statistics of fixed degree k is esta-
blished. For the case k=2 we also refer to Theorem 1.2 of Bickel, Gotze and van Zwet(1986), whereas
the classical case k=1 is of course well-known and treated, e.g., in Feller(1971).

We do not know whether the assumption & = 6(log~!'n logy 'n n*) in Theorem 2 can be relaxed.

In any case this requirement is only slightly stronger than k = o(kn~*), which is already needed to
establish asymptotic normality. In section 2.5 we supplement the foregoing discussion, by an example
establishing the sharpness of the bound (1.5) for zero-one random variables X, X>,... in a more direct
way.

If k = k(n)—>oo at the rate n* or faster, then the asymptotic behaviour of S® becomes com-
pletely different from the one described in the theorems 1 and 2. From a weak limit theorem for the
k-th root of S® due to Székely (1982), which considers only strictly positive X;'s , we derive for posi-
tive X;'s the following two results.

THEOREM 3. If P(X,>0) =1,0 < ¢® = 6*(X;) < o0, and k ~ cn* for some constant ¢ > 0
and n->o0 , then there exists a sequence of positive numbers {s,} ,such that s,—p. and

57%S® s exp [ﬂN} (1.6)
q b
where - denotes convergence in distribution and N stands for a standard normal random variable.

THEOREM 4. If P(X1>0) = 1,0 < &® = ¢*(X}) < o0, and kn™" — o0, as n—>o0 , then there
exists no linear norming which causes S to converge in distribution to a nondegenerate limit distribu-
tion.

Theorem 4 tells us that for positive X; there exists no linear norming of S& that converges in dis-
tribution to a nondegenerate limit if kn ™% — oo . In view of Székely’s (1982) result (see Lemma 2 in
the next section) it turns out that for positive X; if kn~"% — oo taking the k-th root is essentially

uired to obtain nondegenerate weak limits, while if k = o(n*) there exist linear normings of both
S® and its k-th root that converge to a nondegenerate limit. The border case k ~ cn” (¢ >0) is
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treated in Theorem 3. Again Székely’s (1982) result can be used to find that for positive X; the ran-
dom variable S&) can be appropriately scaled to yield a nondegenerate weak limit.

The limit behaviour of S® in the case k ~ cn (0<c<1) was investigated in detail by van Es
(1986), Halasz and Székely (1976), Székely (1974,1982) and Moéri and Székely (1982). In the latter
paper it is shown that in the degenerate case (1=0) nondegenerate limit distributions exist of linear
normings of S&) even if k ~ cn (0<c<1).

2. PROOFS

2.1. Proof of Theorem 1 _
The Hoeffding decomposition for elementary symmetric polynomials yields
k

Sslk) —p = 2 Hr(XI 9'--’Xn) (2'1)
r=1
where
-1 — r
B Xy = [} R3] e 3 X, 1) @2
1<), <..<j,<n i=1
as given by Karlin and Rinnott (1982), page 496. Define
o (H, +1) :
, = ———— ,r=12,.,k—1 2.3
q 2d,) 23)
A simple computation using (2.2) yields
g = —‘12-2—(k =2 /(r+Dn—r) ,r=12,..k—1 2.4
I

Since the summands of the r.h.s. of (2.1) are uncorrelated we find

o?(SP) = ﬁoz(Hr(X 1eer X)) = (2.5)
r=1

Uz(Hl(Xl,,Xn))(l +q1 +q1q2 +--~+41<I2---¢1k—1)-

Because of (2.4) and the assumption k = o(n*) we see that for fixed k and n, and n sufficiently large,

k2

g < e r=1,2,..,k—1, (2.6)

for some constant ¢ > 0. This implies
k & 1 ck? ol L
0< qu-"qr~l < 2 (r——l)' —n-— = " -] = 0(1) (2.7)
r=2 r=2 ‘

as n—oo. In view of (2.5) this yields that

(S5 ~ FH (X0, X)), (2.8)
In other words :

n
H (X150, X,) = kn 1 3 (X —p) 2.9
i=1

is the dominant term in the decomposition (2.1). Application of the CLT of Lindeberg-Levy to

&




4 Elementary symmetric polynomials of increasing order

H(Xy,...,X,) shows that (1.4) is valid if S® —p* in (1.3) is replaced by H(Xj,...,X,). This com-
pletes the proof.

2.2. Proof of Theorem 2
To establish (1.5) we rewrite (2.1) as

SE — uk = U, + R, (2.10)
where
U, = Hi(Xy,...,X,) + HyXy,...,X,) 2.11)
with H; as in (2.9), ' , _
k(k—1) ,_
HyXy,...,X;) = 3 IS (X=X —p) (2.12)
n(n—1) 1<i<j<n
and
k
R, = S H(Xy,...,X,) (2.13)
r=3

is a remainder term of lower order. Clearly U, is a U-statistic of degree 2 with kernel

Yo ket ey —2m) + % k(e — Dt T2 (x—p)y —p). 219
It follows directly from (2.10) that to prove (1.5) it suffices to show that both
| P({ "l }) — ®x) | = OknH) (2.15)
su —_— < X — ®(x) | = O(kn .
P ko)
and
P{ | R | =kn"'}) = Okn") (2.16)
(kp* ~'o)
are satisfied.

To prove (2.15) we shall need characteristic functions (ch.f) arguments. We shall only treat the case
that k—oco. If k is fixed then Theorem 2 is a simple special case of Corollary 4.1 of van Zwet(1984).
Let p®)(¢) denote the ch.f of n* U, / (kp* o), i.c.

pi() = Eexp(im” U, / (kp*~'0)). @2.17)
The usual argument based on Esseen’s smoothing lemma implies that
[t |7 (D) —e ™ |dt = O(kn™*) @.18)
|| <k™n'*
and
[ 0@ —e ™" |dt = o(kn ™) (2.19)
T | <k 0"

together will yield (2.15). The statements (2.18) and (2.19) may be proved by modifying the proof of
Theorem 2.1 of Helmers and van Zwet (1982). Our proof of (2.19) will require the assumption
k = 0Qog™'n logz'n n*). For details of the proof the interested reader is referred to the appen-
dix.
It remains to establish (2.16). An application of Chebychev’s inequality yields :
| R |

P( {m =kn' }) < n?k "% 267 264(R,) (2.20)
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Using (2.13) and an argument like (2.5)<(2.7) yields

k
(R,) = 2_:302(H,(X Lyeer Xp)) = (2.21)

k
= UZ(HI(XI,--an)) 23‘11---%—1 =

k
= k*n W2 Ngiqo1 <
r=3

_ — s 1 ck? =
< k2n— 1% B S <. 2 <
kin e °2,§3(r—1)! n
_ - J 1 ck-2 3
< kS 32k 242 oK™ <
c’kinw ,§3(r—1)! n
< k-3 25201 S L e | <
=C n 1) r§l (r—l)! n =Y
&
< 2kSn 326227l * =
= @(k6n~3p2k—2)
Together with (2.20) this gives
| R, l -1 2,-1
P({—2t =k = Ok 2.22
({ Uk 1a) n~"})=0k"n"") (2.22)

which implies (2.16). This completes the proof.

2.3. Proof of Theorem 3
The following result of Székely (1982) will be used.

LEMMA 1. IfP(X;>0) = 1,0 < ¢®* = 0*(X;) < o and k = o(n) , then, as, n—>o0
n* (S * =s,)=N(0,0%) (2.23)
where {s,} denotes a sequence of positive numbers, such that s,~—>p., and N (0,6%) stands for a normal
random variable with expectation zero and variance o>
Define
Vo = n#((S©)/*—s,) : 229

and note that because of (2.23) ¥, is asymptotically N(0,0>). In addition we have that
s,+n""V, = 0. A Taylor expansion argument yields

S® = explklog(s, +n %V,)] = 2.25)
= explk(logs, +n % W,)] =
= skexp(kn " W,)

where W, is asymptotically N(0,6%p~2) distributed. This directly yields (1.6) and the proof of the
theorem is complete.

&
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2.4. Proof of Theorem 4
In view of (2.25) it suffices to prove the statement of the theorem for the random variables

Z, = exp(kn™%W,) (2.26)
p

Let us suppose that there exist sequences {a,} and {b,} with @,>0 such that a,(Z, — b,) con-
verges in distribution to a nondegenerate limit distribution F. Then there exist three points
—o <u; < u; < u3 < oo, continuity points of F, with 0 < F(uy) < F(uy) < F(u3) < 1.

It follows from this and (2.26) that

]jﬂlP( { an(zn - bn) <Y } ) = (227)

i+ nbn
= lim P(U, < n*k~'log(———"")) = F()

n—o n
for i = 1,2,3. This implies

. -1 uy + a,b, uy + ayb,
Jimn k™ (log(—————) — log(——_—— ) = (2.28)

- % (@' (Fup) — @ '(F1)) } >0

and hence

+ a,b
limn%k_llog(ﬁz———-an—"

> 0. .
n—o0 Uy + a,,b,, ) 0 (2 29)

Since n*k~'—0, evidently a,b,——u,. But the same argument also holds for u,, and us,
implying a,b,——u, , which is in contradiction with a,b,——u; . This completes the proof of the
theorem.

2.5. An example establishing the sharpness of the bound (1.5)
Consider i.i.d. zero-one random variables X, X5,... with P(X; = 0) = P(X; = 1) = %. The ele-
mentary symmetric polynomial S% then reduces to S& = 0 if E, <k, S® = l;i" / [Z] if E,=k

where E, denotes the number of ones in X,...,X,. Of course E, is binomially distributed with param-
eters n and ‘4. This example is also treated in van Es(1986) for the case k ~cn (0 < ¢ < 1). We
prove the following lemma.

LEMMA 2. IfP(X; = 0) = P(X, = 1) = Y and k = o(n") then there exists a sequence x,, n odd,
satisfying

x, = Yk +Dn %1+ (1) (2.30)
and .

FP )= @(x,) = 2m) ™"k +1n ™A (1+ (1)) | (2.31

as n—o0.

To prove Lemma 2 we first note that (1.3) can be rewritten as
FO(x) = P(gn(E,) — nk1<x) (2.32)
where the function g, : N — R is defined by

-1
Ben(m) =0 if m<k, goa(m) = n%k12¢ [,’;] {’,’c’] it m=k 2.33)
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Since g; , is increasing on the set {k,k+1,...} it follows that ; :
F (g a(m) — n¥k~1) = P(E,<m),m>k. g o (2.34)

But this probability is exactly equal to % if we take m = %(n —1) (for n odd). Thus deg

Xy = gra(hn —1)—n*k™! (2.35)
we obtain ’

FO06)—®(x,) = %= 0(x,) BRCED

In the appendlx it is shown that (x,) satisfies (2.30). A simple Taylor expansion argument then
directly yields, in view of (2.36), relation (2.31). This oompletes the proof of Lemma 2. Note that
(2.31) can also be deduced from the Edgeworth expanswn type result, mentioned in section 1, for the

case that k—>oo but at a rate slower than n* log™'n log; 'n. For k is fixed this is not true, because
F is lattice.

3. APPENDIX
3.1. Proof of (2.18) and (2.19)

We will indicate how (2.18) and (2.19) can be obtained by modlfymg the proof of Theorem 2.1 of
Helmers and van Zwet (HZ)(1982).

Define functions g and ¢ by
g(x) = Ykt~ (x —p) A1)
and |
Yx,y) = Yok (k — D "2 —p)(y —p) (A2)
and note that the U-statistic U, (of (2.11) and (2.14)) can be written as
U, = 217 Sg(X) +2m(n-1)"' I WX, X)). A3)
i=1 1<i<j<n
We first prove (2.18).
Let x denote the ch.f. of 6~ !(X, —p), thus
x(t) = Eexp{ito™ (X; —p)} (A4)

and let

E|gxp|? E|X,—p|?
_ ElgGl _ ElXiopl’ s
(Eg* (X)) o
We now simply follow the proof of relation (3.6) of HZ(1982) (taking their p equal to 2), except that
we don’t use the second bound given in Lemma 3.1 of HZ(1982) in the strings of inequalities on page
504 of their paper, to find that (cf(2.17)) uniformly for all |7 |<a~'n”*

Ey (X, X
‘1/2( 1 Z)n_ltz

(k) — —% =
[P —X"(n""0)| = & Fg?(Xy) (A.6)
E |g(X1)g(X2)¢(X1aX2)l —1 3 -, !n “'2! 2
YT wgeayr TR
as n—oo. In view of (A.1) and (A.2) it is easily checked that
EYA(X1,X;) = o), E |g(X1)g (X X1,X0)| _ o) AT

Eg*(Xy)

(EgX(X1))*/?
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as k—o0.
The proof of the classical Berry-Esseen theorem for sums of i.i.d. random variables ensures that
[ 117 e —e % dt = on %) (A-8)
jt}<a”'n
as n—co.

Together the relations (A.6)-(A.8) directly imply (2.18). It remains to prove (2.19). In stead of (A.6)
we now employ the following bound: Uniformly for any integer m =1,..,n—2 and for all
|t|<a~'n*

Ey (X, X
4}2( 1 Z)mn_ztz

(k) —
L0l e | (A9)
2 E|¢X,X (m — 22
+ exp(— "31:1 )+ (Z(Z(;lm)z‘zl ™" |¢] exp(= manzt )

as n— oo.
The bound (A.9) follows directly from the proof of formula (3.7) of HZ(1982) similarly as (A.6) was
inferred from their relation (3.6). Using (A.1) and (A.2) once more we also have that

E | {¢(X1,X
l‘ll(2 1 zgl = o(k) (A.10)
(Eg*(X1))
as k— 0.
It follows now directly from (A.7), (A.9) and (A.10) that
2] o) —e ™" | dt | (A1)

k'“n"‘&(; | <k™'n*
va Vi

2
= ®{£;;-logn log(——l;r-'—)+n“c/3 log(T)+k3/2n’/4“°/3logn }

rovided we take m = cn logn in (A9) with ¢ sufficiently large and by requirin
P 2 Yy 8 y 1eq g

k = 0(log 'n logy'n n%). This completes the proof of relation (2.19).

3.2. Proof of the validity of the Edgeworth expansion Ff,k)

We derive the one-term Edgeworth expansion for F¥, referred to in the discussion after Theorem
2, for the case k—»o00. Suppose that the moment assumptions of Theorem 2 are satisfied and, in addi-
tion that k = o log™'n logy'n n*). .

To begin with we note that the argument leading to (2.22) can easily be modified to find that

| R |
(kp* o)
'[l}cus, R, is of negligible order of magnitude for our present purposes as well. It remains to show that
Ff, )i an Edgeworth expansion for n*U, /(kp*~'6), where U, is as in (2.11), with uniform
remainder o(kn~*). To prove this we again employ Esseen’s smoothing lemma and find that it
suffices to show that (2.18) and (2.19) remain true, if we replace the region of integration
|t] <k %n'/% in (218) by |f]| < (logn) %k~ %n!/4, and, similarly in (2.19) the interval
k7™%n1/% < |t| < k™ 'n* by (logn) k%n'/* < |t| < Mk~ 'n", for any fixed constant M >0,

P( >(logn) %kn~1) = o(kn %) (A.13)

&
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and the two big O’s on the r.hs. of (2.18) and (2.19) by little o’s. Finally we replace the term e H
appearing in the common integrand of (2.18) and (2.19) by

- in?
50 = e (14 L B Gt~ + 3~ Do) (A.14)
Note that p,, is the Founer-StleltJes transform of F( )

Let (2. 18) and (2.19)° denote the above mentioned modifications of (2.18) and (2.19). We first
prove (2.18)". Taylor expanding p*)(¢) we find that uniformly for all |¢ | < (logn)~ %k *n'/*

162 —p )] = (A.15)

EY*(X1,X2)
Eg*(X1)
as n—>o00, where P is a fixed polynomial.
To check this we follow the pattern of the proof of Theorem 1.2 of Bickel, Goétze and van
Zwet(1986) (see also Callaert, Janssen and Vcraverbeke(1980)) with some shght modifications. Com-
bining (A.15) with the first part of (A.7) directly yields (2. 18)". To prove (2. 19)° we simply follow the
calculations leading to (A.11) and the argument following it, to find that with minor changes the same
proof also yields (2.19)°, provided we tequire k = o(log™'n logy'n n*) instead of
k = O(log™'n log;'n n*). Since Mk ~'n* = o(n*), as k — o0, we do not ne%gka non-lattice con-
dition here. This completes the proof of (2.19)" and the validity of the expansion F, ) is established.

= ( n~1?) + o(kn™% |t | P(|t |)exp(——r2))

3.3. Proof of (2.30)
We first treat the case k—oo. Using the refinement of Stirling’s formula given on page 54 of
Feller(1968), we find, for odd n,

BenC(n — )= k12 (7] 7 [HO7D) (A16)
— n%k—lzkn -n —Vz(n _k)n -k +‘/z(%(n — 1))‘/&(71 -—1)+‘/&(1/2(n _ 1)___k)-—‘/z(n -D+k -‘/z(1 +®(_1_))
= n%k~exp{(n —k +%)log(1 —-’5) + l/znlog(l—"lT) — (%n—k)log(1— 21 )}(1+®( )

= n*k lexp( —‘/z-lf’-}(l +o(l))}(1 +9(';t‘))
= nhk - 4E oy +ocky)

= n%k 1 —%kn %1 +o(1))+0(n 2k 1)
and therefore |
Xy = gea(hn —1D))—n%k~1 = =%k +Dn %1 +o(1)) (A.17)
and (2.30) is proved. If k is fixed the calculation simplifies to
n%k ~126((n — D)% —D—1)...(%0 —1)—k +1)

gn(Va(n —1)) = n(t =D —E +1) (A.18)

_ k(k+1) , o 1
= n%k ‘(1—1/2—1—n—1+e(;5-))
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= n"k " =Yk +Dn " +0(n"3/2)

which also yields (2.30) in this case.
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