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ABSTRACT

For discrete phase groups we prove that there are no non-finite distal
maximally highly proximal minimal transformation groups. Without conditions
on the group we shoﬁ that if two homomorphisms of minimal transformation
groups are relatively disjoint then their extensions to the maximally high-

ly proximal transformation groups are relatively disjoint too.
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A topological transformation group (ttg) is a triple (T,X,m) with T a
topological group, X a compact Hausdorff topological space and
m: T x X > X, the action, a continuous map such that w(t,n(s,x)) = m(ts,x)
and m(e,x) = x. Since T will be fixed for the rest of this paper and con-
fusion with resbect to the action will be unlikely, we shall denote the
ttg only by its phase épace and we shall write the action as a left multi-
plication of elements of X with elements of T. A homomorphism of ttg's
¢: X > Y is a continuous map between two ttg's such that ¢(tx) = t¢(x) for
every t € T and x € X.

We will assume basic knowledge about topological dynamics as can be
found in [G1] and [E1] and we adopt the notation of [G1].
Let X be a ttg, then 2X denotes the hyperspace of X with the usual (Vietoris)
topology. For a homomorphism of ttg's ¢: X - Y we put 2¢ :=
= {a e 2% | |$[a]| = 1}. In order to circumvent confusion between the (ex-
tended) actions of the universal ambit A for T on X and on 2x we will write
the latter as the "circle operation", cf. [G1]. Recall, that for a net
t; Tpin T and A € 2X P°A = lim tiA (in ZX); for arbitrary A € X we put
p°A := p°A.

In this paper we will mainly be interested in irreducible maps (a
homomorphism ¢: X - Y of ttg's is called irreducible if ¢[A] = Y implies
A = X) and in the preservation of properties under irreducible extensions.
Among the properties which are preserved are minimality, point-transitivity,
ergodicity and the existence of a dense set of almost periodic points,
proofs of which are easy exercises for the reader.

The following lemma shows the connection between the topological and

dynamical properties of irreducible homomorphisms of minimal ttg's.

LEMMA. Let ¢: X > Y be a homomorphism of minimal ttg's. Equivalent are
. ¢ is irreducible,

: 2¢ > Y is proximal ($(a) := ¢[Al),
¢
2

-1

1o |o

has a unique minimal sub ttg,

e o

<
. There is a y € ¥ and a net {ti} in such that {ti¢ (v)} converges in 2%

to a singleton,

< <
e. For all y € Y, p €A, x € ¢ (y) we have p°¢ (y) = {px}.



PROOF. The equivalence of a,d and e is wellknown (e.g. [AG]) e = Db = c is

trivial and ¢ = d follows from the fact that X and T¢+(y) are. sub ttg's in
¢
2

<~
, and T¢ (y) contains a minimal sub-ttg which has to be X by the unique-

ness. U

-

A homomorphism ¢: X > Y is called highly proximal (h.p.) if it satis-
fies one of the conditions in the lemma above. From b it is clear that a
h.p. map is proximal and it is not difficult to see that it is even strong-
ly proximal [G2]. If X is metric then ¢ is h.p. iff it is almost-one-to-
one ([3]).

We can define a h.p. equivalence relation on the family of minimal
ttg's by defining X and Y h.p. equivalent if they have a common h.p. exten-
sion, i.e. there are a Z and h.p. extensions ¢: Z - X and y: Z > Y. Every
equivalence class has a unique maximal element, which projects onto every
element of that class. The maximal element in the equivalence class that
contains X will be denoted by X*. Let M be the universal minimal ttg for T
and J the collection of idempotents in M. If y: (M,u) - (X,xo) is an ambit-
morphism (a homomorphism that preserves base points) for some u € J and
X = uxg € X then X* 1= QF(uOI%(XO)fM)' the minimal subset of 2 (quasi-
factor of M) generated by uy (xO). Such a maximal element in a h.p. equiv-

alence class will be called a maximally highly proximal ttg (m.h.p. ttg).

For more details and proofs we refer to [AG] or [S].

2. LEMMA.

a Let X be a minimal ttg. Then X = X* iff X is an open image of M (and so
iff every extension of X is open).

b If T is a discrete group then the m.h.p. ttg's are just the minimal ttg's
with extremally disconnected phase space (A topological space is ex-

tremally disconnected if the closure of any open set is again open) .

The following theorem shows that there are nontrivial highly proximal
extensions in case the group is discrete. Another example of that fact is,
that the locally almost periodic minimal ttg's are just the minimal ttg's
that are h.p. extensions of almost periodic minimal ttg's ([MW1], the topol-

ogy of the group is not important here).



3. THEOREM. Let T be a discrete group. If X is distal and m.h.p. then X is

finite.

PROOF. Let X be distal and m.h.p., then the maximal almost periodic factor
Y of X is extremally disconnected (any map ¢: X - Z is distal and so open).
Since Y as an élmost periodic ttg has a homogeneous phase space ([Eljp.23)
it follows that Y is finite (e.g.[C]Thm.8.3).

By the Flirstenberg structure theorem [E2] X can be built up by a suc-
cession of almost periodic extensions so there is a factor Y' of X which is
an almost periodic extension of Y. But then by [MW2] 2.1 Y' is an almost

periodic minimal ttg and so Y' = Y and X = Y. [

Let ¢: X =~ Y be a homomorphism of minimal ttg's, then we can define

commutative diagrams

X! o) X X X X
¢'l AG(9) ¢ ¢ l *(9) l¢
Y?! Y Y* Y
—_—— —_—

T KY

where KX,KY are the canonical maximally h.p. extensions of X and Y and (of
*
course) ¢ 1is an open map.

< <
For AG(¢) we define Y' := QF (u°¢ (yo),X) = {vep (y)ly = vy € Y, v € J},
-(—.
the quasifactor of X generated by u®¢ (yo) for some u € J and YO = uyO €Y,
and X' = {(x,A) | x € A € ¥Y'}, ¢' and o are defined as the projections,

T: Y' >~ Y by T(p°¢+(y0)) = PY,- Then ¢ and T are h.p. and ¢' is open ([aGcl),
*
and ¢ = ¢' iff ¢ is open. In fact we could consider ¢' and ¢ as "irre-

*
ducible extensions" of ¢. Several properties of ¢ are lifted to ¢' and ¢ ,

*
for instance if ¢ is proximal then ¢' and ¢ are, if P, is an equivalence

¢

relation then P and P¢* are and moreover if ¢ is distal (almost periodic)

q)l
then ¢' = Y°6 where Y is distal (almost periodic) and 6 h.p..

In order to study other "lifting properties" we use the following notation:
For homomorphisms ¢: X - Z and ¥: Y - Z define R¢¢ = {(x,y) € X x¥Y [ ¢(x) =

= yP(y)} and R, :=R,,. Clearly R, is a ttg. We say ¢ L ¢ iff R, is minimal
o T ¢ Y Top ov ’

¢ =~ ¢ iff R¢¢ is ergodic (i.e. ¢ and Yy are disjoint respectively weakly



disjoint), (¢,y) satisfies the generalized Bronstein condition (g.B.c
R¢¢ has a dense set of almost periodic points ([V]) and ¢ satisfies the

Bronstein condition (B.c.) iff (¢,¢) satisfies g.B.c..
The following lemma will be usefull

4. LEMMA. Let ¢: X > Z and Y: Y > Z be homomorphisms of minimal ttg's and

let one of them be open. Let W be an open subset of R then there are open

P
sets U and V in X and Y such that
a UXVNR, €W and UXVDNR, #0¢
- ol oy ’
b for every x € U there is a y € V with (x,y) € R¢w.

PROOF. Let W be an open subset of R¢¢ and choose U and V open in X and Y

such that U x V N R #@ and U X VN R, < W.
P o

If ¥ is open, define U' =1U N ¢+w[V], then U' # ¢ and U' x V N R¢w #d,

<
U' xvoan R¢¢ S W, while U' € ¢ ¢[V] so U' and V satisfy the lemma. Let ¢ be

open, then define V' :=V n w+¢[U], V' # ¢ and open, since Y is minimal it
o < o

follows that (Y[v']) # @. Define U' := U n ¢ [(p[v']) I, then U' # @,

Uu' xv'n RW #£ @, U xv'n RW S Wand U' € 4>+[1p[v']]. Remark that if

(x,y) € W and ¥ is open we can find such a U and V with (x,y) € U XV N R¢w.

5. PROPOSITION. Let ¢: X -+ Z and Y: Y - Z be homomorphisms of minimal ttg's
and let one of them be open. If ¢ is point distal, then (¢,y) satisfies
g.B.c..

PROOF. First remark that x € X is a ¢-distal point iff J(x) = J($(x)) where
z}.

Choose an open set W in R and open sets U and V in X and Y as in lemma 4.

oy
Then there is an x € U that is a ¢-distal point. Choose y € V such that

J(z) = {u €T | uz

$(x) = ¥Y(y) and let v € J be such that vy = y, then v € J(Y(y)) = J($(x)) =

= J(x) so v(x,y) = (x,y) and (x,y) is an almost periodic point in W. O

6. COROLLARY. An open point distal homomorphism of minimal ttg's is RIC
(i.e. is disjoint from every proximal homomorphism of minimal ttg's with
the same co-domain [Glj X.1.3). In particular if ¢ is point distal then
¢' (in AG(¢)) is RIC and point distal.



PROOF. Let ¢: X = Z be open and point distal and ¥: Y > Z proximal, then

by 5 R¢¢ has a dense set of almost periodic points, but since ¥ is proximal
R¢¢ has a unique minimal subset so R¢W is minimal and ¢ 1 ¥.

From the construction of AG(¢) it is clear that if x is a ¢-distal point and
u € J(x) then (x,u°¢+¢(x)) is a ¢'-distal point in X'. Since ¢' is open the

coroilary follows. U

This corollary in fact generalizes [V] 2.3.6 since it shows that for
a point distal homomorphism ¢ of minimal ttg's the diagram of AUSLANDER and
GLASNER (AG(¢)) and that of ELLIS, GLASNER and SHAPIRO coincide. [EGS(¢) is
constructed in the same way as AG(¢) but Y' is defined as QF(u°u¢+(yO),X)].
So the canonical PI tower for ¢ is an HPI tower and a point distal map is

an HPI-extension iff it is a PI-extension. ([V],[Glj,[AG]).

Consider the following commutative diagram of homomorphisms of minimal

ttg's

<
IS

We shall refer to it as diagram 7 and always use the same symbols.

8. PROPOSITION. Let in diagram 7 ¢' or Y' be open and ¢ and T be h.p. then
g X T: > g X TER@'W'] is an irreducible map.

Sy

PROOF. It is obvious that o x T[R |,

5 w'] < R&W. Now let W S R, be an open

o'y’

set in R¢'¢'. We shall prove that W contains a fiber under o X T; this will
imply that 0 X 1: R » o x 7[R 1 is irreducible. Choose U1 and V1 as
¢l¢l2 1 1

< -
o [x\o[x'\ul1] then U2 is open and nonempty for

0 is irreducible, also U2§E Ul. By the choice of U1

in Lemma 4 and define U

and V1 we know that



(¢'[U2])0 < w'[vlj and so V2 := w'+[¢'[U2]°] n V1 is open and non empty.

Define V3 = T+[Y\T[Y'\V2]]. Then V3 < V2 and V3 is open and non empty, more-
over w'[V3] < ¢'[U2]. So @ # U2 x V3 nNR, kB S l
u? x V3 = (GXT)+[OXT[U2XV3]] it follows g%ié W contains a fiber under

W, and since

g x T(=R¢,w,+OXT[R¢'w]).4 U
In several cases we know that o X T[R¢'¢'] = R¢w for instance
aIfz' =2
b If &: 2' » Z is proximal and R¢ has a dense set of almost periodic points;

for then, by proximality of &, o x tT[R ] contains the almost periodic

_ N
points of R¢w.

9. COROLLARY. Let in diagram 7 ¢' or y' be open and ¢ and T be h.p. and let
o x t[R 1 =R,,. Then
o'y oy
a ¢ Ly iff ¢' LY
b ¢ =y iff ¢' = y';
c (¢,y) satisfies g.B.c. iff (¢',Y') satisfies g.B.c..

PROOF. Follows immediately from 8, the discussion above and that just before

lemma 1. O

There are two canonical ways to obtain diagrams as in 7, both of them

with £ h.p. and ¢' and y¥' open
*

* * * * *
a *(¢,¥) in this case ¢' :=¢ : X > Z and Y' =9y : Y T Z
b AG(¢,y) where Z' := {(p°¢+(zo), p°w+(zo)) | p € M} for some zy € Z and
x' :={(x,(8,B)) | x en, (a,B) €2'}, ¥' :={(y,(a,B)) | y € B,(a,B) € 2'}.

The maps 0,T,¢' and Yy' are then the projections.

Clearly *(¢,¢) = *(¢) and AG(9,9) = AG(¢).

In fact we just proved the following theorem.

. * %
10. THEOREM. With notation as before and ¢',Y' as in AG(¢,¥); ¢ ,¥ as in
*(¢,9):

* *
if ¢ L ¢ then ¢' L Y' and ¢ L ¢ ;
* %
if (¢,y) satisfies g.B.c. then (¢',¥') and (¢ ,¥ ) do.

o je

*

If (¢,Y) satisfies g.B.c. or 2 = Z then
* *
¢ LY iff ¢'L Q' iff ¢ L Y ;

|Q



* *
d ¢ - Y Iff ¢' - Y' Iff ¢ - Y .
In particular this means for AG(¢) and *(¢) (¢: X = Z) that

*
if ¢ satisfies B.c. then ¢' and ¢ do,

e
- *
f if ¢ satisfies B.c., or if Z = Z then ¢ is weakly mixing iff ¢' is
*
weakly mixing iff ¢ is weakly mixing,
M
g if ¢ is RIC then ¢ 1is RIC, moreover if ¢ is point distal then ¢' is

*
RIC and so ¢ 1is RIC.

PROOF. a until f follows.from g; g follows from b and the observation that
if ¢ is RIC then (¢,V) satisfies g.B.c. ([V] page 814). U

*
Question: is 10 £ true without the additional condition of B.c. or Z = Z

REFERENCES

[A] ARMSTRONG, T.E., Gleason spaces and topological dynamics, Indiana
Math. J. 27, 283-292, 1978.

[AG] AUSLANDER, J. & S. GLASNER, Distal and highly proximal extensions of
minimal flows, Indiana Math. J. 26 731-749, 1977.

[c] COMFORT, W.W., Ultrafilters: some old and some new results, Bull.
Amer ., Math. Soc. 83, 417-455, 1977.

[El] ELLIS, R., Lectures on topological dynamics, Benjamin, New York, 1969.

[E2] ELLIS, R., The Furstenberg structure theorem, Pacific J. Math. 76,
345-349, 1978.

[G,] GLASNER, S., Proximal flews, Lecture Notes in Math., vol. 517, Sprin-

ger Verlag, Berlin and New York, 1976.

'[G.] GLASNER, S., Relatively invariant measures, Pacific J. Math. 58,
393-410, 1975.

[MW1] MCMAHON, D.C. & T.W. WU, On weak mixing and local almost periodicity,
Duke Math. J. 39, 333-343, 1972.

[MW2] MCMAHON, D.C. & T.S. WU, On the connectedness of homomorphisms in

topological dynamics, Trans. Amer. Math. Soc., 217, 257-



[s] SHOENFELD, P., Regular homomorphisms of minimal sets, Fh.D. thesis,
Univ. of Maryland, 1974,

[V] VEECH, W.A., Topological dynamics, Bull. Amer. Math. Soc. 83, 775-830,
1977.

’ v
[W] WALKER, R.C., The Cech-Stone compactification, Erg. Math. u. Grenzge-

biete 83, Springer-Verlag, Berlin New York, 1974.



%4
B £

ok o

&
N

NTVA

9





