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Technical Note TN 14

The generalized potential of an cellipnsoild
by

H. A . Lauweriler

;1, Ellipsoid

The Newtonian attraction of an e¢llipsoid has been a famous

L

problem of The past to which Ncecwton, MaclLaurin and 1Ivory have pald
« ?;: - & ) —3 } 3

much attention )w The usual derivation of the votéential of an

cllipsolid at elther an 1nternal or an e¢xternal polnt makes use of

geometrical argumnents. In the followlng lines a simple analytical

derivatlon will be giliven by using the technigue of Laplace trans-
formatlion.

et the ellipsold be given by

- 2 - -
e 7 z
(1.1) s by b Ty =T
i o -
= D C

and let the generalized potential at P(x,y,z) due to a unit mass
at (§5ﬁ,jﬂ be given by

e

. - 2, -8
(1.2) (x-5)" + (y=-2° + (2-1)° 177,

P, - .
where O ¢ 6@«%-, Then the generalized notential at P of the ellip-
soi1d 18
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(1.3) V(r7) = ,jff Uir = 55 - =5 ““”g'}giim(f““§) i d3 d% df
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where U(t) is the well-known unit Tunction

(1.4) u(t) = 4 tor T >0,
e for £t <O.

Tf upon (1.3) Laplacce transformation is applied with respect

7

- #
to r we obtailn

O > . »
s . f* ;" l*'* Lo - F- ;{,L""’ . 2 “8 ) ,3
(1«.5) V(p) = L L / f/! e:;pmp(% -+ '2*?" T ""L}‘;E) {}“(:{MF) } d? U dg
jé; a b C
By making the substitutlion
O Sl AP 2
(e N2, =B ] -1-6_ (=3 (x-F)" )
(1.0) P2 (=) f o= (8] of S exp —— | ds,

the last expression can be written in the form
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*y ¢f, A.S. Ramsay. Newtonian attraction. Cambridge 1940,
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(1.7) F(@) TJ(D) = p f S as /jf expﬂ_?‘ p:} _2..2_. - E _(.w__m_“iwnjdﬁdw?@},

The triple integral on the right-hand side is a product ol tThree
integrals, the integration of which i1s elementary. The integratlon
with respect to j gilves e.g.

00 5 5 2
(o= 1 /- 2 ) : TTCa S° N
(1.8) / expmagaﬁ-j + = (f-%) A = : L eXD- 4 =
-0 L a - (a“+sp)* S +3
so that (1.7) becomes 1”2
c -1 0o CAD - » T o
P(8) T(p) = v Cabcp [ s27% — 801 g5 o
0 T (a“+sp)-
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(1.9) 3/,& CO S“‘j ~ & v %?-;- =
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O T (a“+s)~ T a“+s
Inverse transformation glves finally, - s 2 22 5 /29
0/ © [FT- = - o - > ;
(,l /]O) V( PE) :ﬁ T abce f \ a S 1 +5 C +8 Sg“edB,
r(e)r(3 -e) <V (a%+s)(p2rs)(ces)
where the interval (S,00) is determined by the reguirement
‘ 2 c Q
(1.11) 2 + __%..._. A+ __?)i L e
a +8 b +s C +8S

with the equality sign for s=3.

The last expression holds for external points as well as for

internal points, However, for an internal noint it follows at once

?hat S=0. The expression (1.710) holds for external points also if

%*56‘“2 . For 6=5/2 the result may be obtained at once by 1nversion

of (1.9) viz.
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= T abc
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‘%2 Sphere
de:’? - = -
1T a=b= cs“lewmiff; =" x"+y"+z" the expression (1.10) becomes
for external poilnts -
| - Tfji/g j}o g ~ Rg J /m“@ 3
(2‘4) V<r‘ ) _— T [ S.‘im- (]?imw .........._........__) = (§%S>mw’f‘;dg
"(8) P(%me é’ 1+8 5

" 2
where S = R /r“-1.
ﬁ @ 2, c
Substitution of s=R"/r“u-1 transforms this into
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S/a | — s _E
2 T £ r')“) r 6__#} ? - Pm <
(2.2) V(irT) = - u (1-u) (1- == u)  du
(8)r(2 -8 )RZD 5 R- ﬁ
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; - 2 5 J g N E’ PL‘
(2.3) V(r") = —=—— F(8,8-.; 5 ; =) , rsR.
2@ L Raﬂ.
R
For 8=; thils reduces to the well-lknown Newtonian result
- ‘%’ - 1C P.)
(2.4) V(r<) = el
R

which eguals tThe poTtentlial of a masspoint at the origin wherc the
total mass of tTthe sphere 1s concentrated,

For internal points the constant 3 in (2.1) equals zero.

Substitution of s=1/u-1 gives

B/’D .28 g 3 3 8
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so that
- 5 -26 - 2
e 2 M o < o~ s "2* R ™
(“’5*6) V(r‘ ) ﬂ”ﬂ*ﬂWF(dﬁ@# ﬁé}* -:"5*_, -“’2'); r e n.
= I &
At the surface 5) € (2.6) have the common value
(2.7) r = R.
For €=5 the expression (
(2.8) rz R,




%3, Rectangular block
Let the block be determined by

(3*/1) l}ii‘iaﬁ %}]}*’:b_, EEE«:C

then the generallzed potential at (x,y,z) is given by

,. Nes, - S
(3.2)  V(a“,p%,c%) = Jff U(a“-5T)U(bT-%")U(c - %)
- (O

Repeated Laplace transformation with respect toa“}bﬁ,c; Fives

> 2 .z
= Q ,-Pi -a7 -rj§

(3.3) V(p,a,r) = [J[ =
- 00

par

The substitution (1.6) changes this into

(3.4)  F(8) V(p,a,r) =

0
(.
JfJ e - a5 .
- CD
Integration with respect tO ; gives in view of (1.8)

OO ,;i-, ;_ﬁ s
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(3.5) / expmﬂip +s” (5-x)71 A = ——— exp - =
- OO ? 3 ; ("H—gp)d /%-%“bij ?

sO that with a similar result for v and 7 the exXprcssion (3.4)

reduces to B
= 3 CO 1 — MZIJ - Zﬂj L “?
(3*“6) P(6> V(pﬁQ.ﬁr’) = N /2 j{ S“"E'W8 — 1+8p ds.
c MNWp(-i+sp)*

The 1nversion with respect to p inyvolves The factor

- )%
SAP T+8P

(3.7) —

p(ﬂ+sp)§

Tt can be verified without difficulty that the corresponding original

1S

X Q=3
(3.8) ,ﬁ_{ ert -‘E?‘-»ta:— + erf : } -
g = S2

Hence the total inversion of (3.6) gives

3/2 QO ‘1 ,L
":E'E;“ | +dfﬁ. WK 3
(3.9) " (&) V(anggjcz) = lg V=5 @T?{er’f “ + erf —— | ds.
' ® S S

Differentiation of V with respect to a,b and c gives
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5 miwm-‘f S - XD =S 1«{(xi@)2+(yib) +(3i¢)2} ds =
r(e) | -

(3.10) = ¥ {(x#a)® + (yrb)© + (Z__t,O)g}“@ ;

¥
e

which represents the sum of the generalized potentials from the
eight corners of the block, By inverting thec argument the expression
(3.9) may be obtained by integration of (3.10) with respect to a,b
and ¢, which is another proofl of The result.



