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Abstract

While quantum computers hold the promise of significant computational speedups, the
limited size of early quantum machines motivates the study of space-bounded quantum compu-
tation. We relate the quantum space complexity of computing a function f with one-sided error
to the logarithm of its span program size, a classical quantity that is well-studied in attempts
to prove formula size lower bounds.

In the more natural bounded error model, we show that the amount of space needed for a
unitary quantum algorithm to compute f with bounded (two-sided) error is lower bounded by
the logarithm of its approximate span program size. Approximate span programs were intro-
duced in the field of quantum algorithms but not studied classically. However, the approximate
span program size of a function is a natural generalization of its span program size.

While no non-trivial lower bound is known on the span program size (or approximate span
program size) of any concrete function, a number of lower bounds are known on the monotone
span program size. We show that the approximate monotone span program size of f is a lower
bound on the space needed by quantum algorithms of a particular form, called monotone phase
estimation algorithms, to compute f. We then give the first non-trivial lower bound on the
approximate span program size of an explicit function.

1 Introduction

While quantum computers hold the promise of significant speedups for a number of problems,
building them is a serious technological challenge, and it is expected that early quantum computers
will have quantum memories of very limited size. This motivates the theoretical question: what
problems could we solve faster on a quantum computer with limited space? Or similarly, what is
the minimum number of qubits needed to solve a given problem (and hopefully still get a speedup).

We take a modest step towards answering such questions, by relating the space complexity of
a function f to its span program size (see Definition 3.3), which is a measure that has received
significant attention in theoretical computer science over the past few decades. Span programs
are a model of computation introduced by Karchmer and Wigderson [KW93] in an entirely clas-
sical setting; they defined the span program size of a function in order to lower bound the size
of counting branching programs. Some time later, Reichardt and Spalek [RS12] related span pro-
grams to quantum algorithms, and introduced the new measure of span program complexity (see
Definition 3.4). The importance of span programs in quantum algorithms stems from the ability to
compile any span program for a function f into a bounded error quantum algorithm for f [Rei09].
In particular, there is a tight correspondence between the span program complezity of f, and its
quantum query complexity — a rather surprising and beautiful connection for a model originally
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introduced outside the realm of quantum computing. In contrast, the classical notion of span
program size had received no attention in the quantum computing literature before now.

Ref. [1J19] defined the notion of an approximate span program for a function f, and showed
that even an approximate span program for f can be compiled into a bounded error quantum
algorithm for f. In this work, we further relax the definition of an approximate span program for
f, making analysis of such algorithms significantly easier (see Definition 3.6).

Let Sy(f) denote the bounded error unitary space complexity of f, or the minimum space
needed by a unitary quantum algorithm that computes f with bounded error (see Definition 2.2).
For a function f : {0,1}"™ — {0,1}, we can assume that the input is accessed by queries, so that
we do not need to store the full n-bit input in working memory, but we need at least logn bits of
memory to store an index into the input. Thus, a lower bound of w(logn) on Sy (f) for some f
would be non-trivial. -

Letting SP(f) denote the minimum size of a span program deciding f, and SP(f) the min-
imum size of a span program approzimating f (see Definition 3.7), we have the following (see
Theorem 4.1):

Theorem 1.1 (Informal). For any Boolean function f, if Sy(f) denotes its bounded error unitary
space complexity, and SP(f) its approzimate span program size, then

Su(f) > log SP(f).

Similarly, if Sllj(f) denotes its one-sided error unitary space complexity, and SP(f) its span program
size, then

S (f) > log SP(f).

The relationship between span program size and unitary quantum space complexity is rather
natural, as the span program size of f is known to lower bound the minimum size of a symmet-
ric branching program for f, and the logarithm of the branching program size of a function f
characterizes its classical deterministic space complexity.

The inequality S};(f) > log SP(f) follows from a construction of [Rei09] for converting a one-
sided error quantum algorithm for f into a span program for f. We adapt this construction to
show how to convert a bounded (two-sided) error quantum algorithm for f with query complexity
T and space complexity S > log T into an approximate span program for f with complexity ©(T")
and size 299 proving Sy (f) > Q(log §|v3(f)) The connection between Sy (f) and log §|v3(f) is
tight up to an additive term of the logarithm of the minimum complexity of any span program
for f with optimal size. This follows from the fact that an approximate span program can be
compiled into a quantum algorithm in a way that similarly preserves the correspondence between
space complexity and (logarithm of) span program size, as well as the correspondence between
query complexity and span program complexity (see Theorem 3.1). While the preservation of the
correspondence between query complexity and span program complexity (in both directions) is
not necessary for our results, it may be useful in future work for studying lower bounds on time
and space simultaneously.

The significance of Theorem 1.1 is that span program size has received extensive attention
in theoretical computer science. Using results from [BGW99|, the connection in Theorem 1.1
immediately implies the following (Theorem 4.2):

Theorem 1.2. For almost all Boolean functions f on n bits, S{;(f) = Q(n).

If we make a uniformity assumption that the quantum space complexity of an algorithm is at
least the logarithm of its time complexity, then Theorem 1.2 would follow from a lower bound of
2(2") on the quantum time complexity of almost all n-bit Boolean functions. Notwithstanding,
the proof via span program size is evidence of the power of the technique.

In the pursuit of lower bounds on span program size of concrete functions, several nice expres-
sions lower bounding SP(f) have been derived. By adapting one such lower bound on SP(f) to
§I5(f), we get the following (see Lemma 4.6):



Theorem 1.3 (Informal). For any Boolean function f, and partial matrix M € (RU{x})! ™ (OxF71 (1)

with || M| < 1:
1 _rank(M)
S 2
Su(f) =z <log <InaXz‘e[n} rank(M o A;) ’

where o denotes the entrywise product, and A;[z,y] =1 if x; # y; and 0 else.

Above, %—rank denotes the approximate rank, or the minimum rank of any matrix M such

that | M|z, y] — M[m,y” < 3 for each z,y such that M[z,y] # . If we replace 1-rank(M) with
rank(M), we get the logarithm of an expression called the rank measure, introduced by Razborov
[Raz90]. The rank measure was shown by Gal to be a lower bound on span program size, SP
[Gal01], and thus, our results imply that the log of the rank measure is a lower bound on Sllj. It
is straightforward to extend this proof to the approximate case to get Theorem 1.3.

Theorem 1.3 seems to give some hope of proving a non-trivial — that is, w(logn) — lower
bound on the unitary space complexity of some explicit f, by exhibiting a matrix M for which
the (approximate) rank measure is 2¢0°87) In [Raz90], Razborov showed that the rank measure
is a lower bound on the Boolean formula size of f, motivating significant attempts to prove lower
bounds on the rank measure of explicit functions. The bad news is, circuit lower bounds have been
described as “Complexity theory’s Waterloo” [AB09]. Despite significant effort, no non-trivial
lower bound on span program size for any f is known.

Due to the difficulty of proving explicit lower bounds on span program size, earlier work has
considered the easier problem of lower bounding monotone span program size, mSP(f). For a
monotone function f, the monotone span program size of f, mSP(f) is the minimum size of
any monotone span program for f (see Definition 5.1). We can similarly define the approzimate
monotone span program size of f, m§|5(f) (see Definition 5.1). Although log m§T3(f) is not a lower
bound on Sy (f), even for monotone f, it is a lower bound on the space complexity of any algorithm
obtained by compiling a monotone span program. We show that such algorithms are equivalent to a
more natural class of algorithms called monotone phase estimation algorithms. Informally, a phase
estimation algorithm is an algorithm that works by performing phase estimation of some unitary
that makes one query to the input, and estimating the amplitude on a 0 in the phase register (see
Definition 5.12). A monotone phase estimation algorithm is a phase estimation algorithm where,
loosely speaking, adding Os to the input can only make the algorithm more likely to reject (see
Definition 5.13). We can then prove the following (see Theorem 5.14):

Theorem 1.4 (Informal). For any Boolean function f, any bounded error monotone phase estima-
tion algorithm for f has space complezity at least log mSP(f), and any one-sided error monotone
phase estimation algorithm for f has space complexity at least log mSP(f).

Fortunately, non-trivial lower bounds for the monotone span program complexity are known
for explicit functions. In Ref. [BGW99], Babai, Gal and Wigderson showed a lower bound of
mSP(f) > 92(log?(n)/loglog(n)) 1 some explicit function f, which was later improved to mSP(f) >
2Q(og”(n)) by Gal [Galol]. In Ref. [RPRC16], a function f was exhibited with mSP(f) > 2"° for
some constant € € (0,1), and in the strongest known result, Pitassi and Robere exhibited a function
f with mSP(f) > 24" [PR17]. Combined with our results, each of these implies a lower bound
on the space complexity of one-sided error monotone phase estimation algorithms. For example,
the result of [PR17] implies a lower bound of €(n) on the space complexity of one-sided error
monotone phase estimation algorithms for a certain satisfiability problem f. This lower bound,
and also the one in [RPRC16], are proven by choosing f based on a constraint satisfaction problem
with high refutation width, which is a measure related to the space complexity of certain classes of
SAT solvers, so it is intuitively not surprising that these problems should require a large amount
of space to solve with one-sided error.

For the case of bounded error space complexity, we also prove the following (see Theorem 5.3,
Corollary 5.15):



Theorem 1.5 (Informal). There exists a function f : {0,1}" — {0,1} such that any bounded
error monotone phase estimation algorithm for f has space complexity (log n)Q_O(l).

This lower bound is non-trivial, although much less so than the best known lower bound of
Q(n) for the one-sided case. Our result also implies a new lower bound of 218 n* "M on the
monotone span program complexity of the function f in Theorem 1.5.

To prove the lower bound in Theorem 1.5, we apply a new technique that leverages the best
possible gap between the certificate complexity and approximate polynomial degree of a function,
employing a function g : {0,1}m2+0(1) — {0,1} from [BT17]!, whose certificate complexity is
m!to() and whose approximate degree is m2~°(1). Following a strategy of [RPRC16], we use this
g to construct a pattern matriz [She09] (see Definition 5.8) and use this matrix in a monotone
version of Theorem 1.3 (see Theorem 5.4). The fact that certificate complexity and approximate
degree of total functions are related by aéél ;3(9) <C (g)? for all g is a barrier to proving a lower
bound better than (logn)? using this technique, but we also give a generalization that has the
potential to prove significantly better lower bounds (see Lemma 5.11).

Discussion and open problems The most conspicuous open problem of this work is to prove
a lower bound of w(logn) on Sy(f) or even S} (f) for some explicit decision function f. It is
known that any space S quantum Turing machine can be simulated by a deterministic classical
algorithm in space S2 [Wat99] so a lower bound of w(log?n) on classical space complexity would
also give a non-trivial lower bound on quantum space complexity. If anything, the relationship to
span program size is evidence that this task is extremely difficult.

We have shown a lower bound of 20087 °™ on the approximate monotone span program
complexity of an explicit monotone function f, which gives a lower bound of (logn)2~°!) on
the bounded error space complexity needed by a quantum algorithm of a very specific form: a
monotone phase estimation algorithm. This is much worse than the best bound we can get in the
one-sided case: a lower bound of Q(n) for some explicit function. An obvious open problem is to
try to get a better lower bound on the approximate monotone span program complexity of some
explicit function.

Our lower bound of (logn) only applies to the space complexity of monotone phase
estimation algorithms and does not preclude the existence of a more space-efficient algorithm for
f of a different form. We do know that phase estimation algorithms are fully general, in the sense
that every problem has a space-optimal phase estimation algorithm. Does something similar hold
for monotone phase estimation algorithms? This would imply that log mSP(f) is a lower bound
on Sy(f) for all monotone functions f.

In this work, we define an approximate version of the rank method, and monotone rank method,
and in case of the monotone rank method, give an explicit non-trivial lower bound. The rank
method is known to give lower bounds on formula size, and the monotone rank method on monotone
formula size. An interesting question is whether the approximate rank method also gives lower
bounds on some complexity theoretic quantity related to formulas.

Our results are a modest first step towards understanding unitary quantum space complexity,
but even if we could lower bound the unitary quantum space complexity of an explicit function,
there are several obstacles limiting the practical consequences of such a result. First, while an
early quantum computer will have a small quantum memory, it is simple to augment it with a
much larger classical memory. Thus, in order to achieve results with practical implications, we
would need to study computational models that make a distinction between quantum and classical
memories. We leave this as an important challenge for future work.

Second, we are generally only interested in running quantum algorithms when we get an ad-
vantage over classical computers in the time complexity, so results that give a lower bound on the
quantum space required if we wish to keep the time complexity small, such as time-space lower

2—o0(1)

! An earlier version of this work used a function described in [ABK16] with a 7/6-separation between certificate
complexity and approximate degree. We thank Robin Kothari for pointing us to the improved result of [BT17].



bounds, are especially interesting. While we do not address time-space lower bounds in this paper,
one advantage of the proposed quantum space lower bound technique, via span programs, is that
span programs are also known to characterize quantum query complexity, which is a lower bound
on time complexity. We leave exploration of this connection for future work.

We mention two previous characterizations of Sy(f). Ref. [JKMWO09] showed that Sy (f) is
equal to the logarithm of the minimum width of a matchgate circuit computing f, and thus our
results imply that this minimum matchgate width is approximately equal to the approximate span
program size of f. Separately, in Ref. [FL18], Fefferman and Lin showed that for every function
k, inverting 2¥(") x 2k(") matrices is complete for the class of problems f such that Sy (f) < k(n).
Our results imply that evaluating an approximate span program of size 25(%) (for some suitable
definition of the problem) is similarly complete for this class. Evaluating an approximate span
program boils down to deciding if ||A(z)" |wo)||, for some matrix A(x) partially determined by
the input z, and some initial state |wq), is below a certain threshold, so these results are not
unrelated?. We leave exploring these connections as future work.

Organization The remainder of this paper is organized as follows. In Section 2, we present the
necessary notation and quantum algorithmic preliminaries, and define quantum space complexity.
In Section 3, we define span programs, and describe how they correspond to quantum algorithms.
In particular, we describe how a span program can be “compiled” into a quantum algorithm (Sec-
tion 3.2), and how a quantum algorithm can be turned into a span program (Section 3.3), with both
transformations moreorless preserving the relationships between span program size and algorithmic
space, and between span program complexity and query complexity. From this correspondence,
we obtain, in Section 4, expressions that lower bound the quantum space complexity of a function.
While we do not know how to instantiate any of these expressions to get a non-trivial lower bound
for a concrete function, in Section 5, we consider to what extent monotone span program lower
bounds are meaningful lower bounds on quantum space complexity, and give the first non-trivial
lower bound on the approximate monotone span program size of a function.

2 Preliminaries

We begin with some miscellaneous notation. For a vector |v), we let |||v)|| denote its fo-norm. In
the following, let A be a matrix with ¢ and j indexing its rows and columns. Define:

14]loo = max |Aij], and [l A] = max{[AJo)] - f[[v)]l =1}

Following [ALSV13], define the e-rank of a matrix A as the minimum rank of any matrix B such
that ||[A — BJ|,, < e. For a matrix A with singular value decomposition A = ", oy |vg) (uy|, define:

1
col(A) = span{|v) bk, row(A) = span{|ug)}r, ker(A) =rtow(A)t, AT =" —|ug) (v,
Ok
k
The following lemma, from [LMR"11], is useful in the analysis of quantum algorithms.

Lemma 2.1 (Effective spectral gap lemma). Fiz orthogonal projectors 114 and Ilg. Let U =
(2114 — I) (211 — I), and let Ilg be the orthogonal projector onto the ¥ -eigenspaces of U such that
0] < ©. Then if alu) = 0, |[Hellplu)| < 3 [[|u)]-

In general, we will let I, denote the orthogonal projector onto V', for a subspace V.

*Here, A(z) = Ally(,), where A is as in Definition 3.3, |wo) = AT|7) for |7) as in Definition 3.3, and H(z) is as
in Definition 3.4. Then one can verify that w4 (z) = |}A(m)+|w0>’|2 (see Definition 3.4).



Unitary quantum algorithms and space complexity A wunitary quantum algorithm A =
{ A, }nen is a family (parametrized by n) of sequences of 2°(")-dimensional unitaries U 1(n)7 ol UT(f(LZL),
for some s(n) > logn and T'(n). (We will generally dispense with the explicit parametrization by
n). For x € {0,1}", let O, be the unitary that acts as Ogl|j) = (—1)%|j) for j € [n], and

0]0) =10). We let A(x) denote the random variable obtained from measuring
UrO,Upr_q ... OxUﬂO)

with some two-outcome measurement that should be clear from context. We call T'(n) the query
complezity of the algorithm, and S(n) = s(n) + logT'(n) the space complexity. By including a
log T'(n) term in the space complexity, we are implicitly assuming that the algorithm must maintain
a counter to know which unitary to apply next. This is a fairly mild uniformity assumption (that
is, any uniformly generated algorithm uses (logT') space), and it will make the statement of
our results much simpler. The requirement that s(n) > logn is to ensure that the algorithm has
enough space to store an index i € [n] into the input.

For a (partial) function f : D — {0,1} for D C {0,1}", we say that A computes f with
bounded error if for all x € D, A(x) = f(x) with probability at least 2/3. We say that A computes
f with one-sided error if in addition, for all z such that f(x) =1, A(x) = f(x) with probability 1.

Definition 2.2 (Unitary Quantum Space). For a family of functions f : D — {0,1} for D C
{0,1}", the unitary space complezity of f, Su(f), is the minimum S(n) such that there is a family
of unitary quantum algorithms with space complexity S(n) that computes f with bounded error.
Similarly, S§;(f) is the minimum S(n) such that there is a family of unitary quantum algorithms
with space complexity S(n) that computes f with one-sided error.

Remark 2.3. Since T is the number of queries made by the algorithm, we may be tempted to
assume that it is at most n, however, while every n-bit function can be computed in n queries,
this may mot be the case when space is restricted. For example, it is difficult to imagine an
algorithm that uses O(logn) space and 0(n3/2) quantum queries to solve the following problem on
[g]" = {0,1}"1°84: Decide whether there exist distinct i, j,k € [n] such that x;+z;+z, =0 mod gq.

Phase estimation For a unitary U acting on H and a state [¢)) € H, we will say we perform T'
steps of phase estimation of U on |1)) when we compute:

1 T—1
— ) [HU ),

and then perform a quantum Fourier transform over Z/T7Z on the first register, called the phase
register. This procedure was introduced in [Kit95]. It is easy to see that the complexity (either
query or time) of phase estimation is O(T') times the complexity of implementing a controlled call
to U. The space complexity of phase estimation is log T + log dim(H). We will use the following
properties:

Lemma 2.4 (Phase Estimation). If U|¢)) = |¢), then performing T steps of phase estimation of
U on [¢) and measuring the phase register results in outcome 0 with probability 1. If U|y) = €|)
for 10| € (n/T, x|, then performing T steps of phase estimation of U on |1} results in outcome 0
with probability at most 7.

We note that we can increase the success probability to any constant by adding some constant
number k of phase registers, and doing phase estimation k£ times in parallel, still using a single
register for U, and taking the majority. This still has space complexity log dim H + O(logT).



Amplitude estimation For a unitary U acting on H, a state [)9) € H, and an orthogonal
projector II on H, we will say we perform M steps of amplitude estimation of U on |¢) with
respect to II when we perform M steps of phase estimation of

U(20)(y| — HUT (20T — 1)

on Ult), then, if the phase register contains some ¢ € {0,..., M —1}, compute p = sin? %, which
is an estimate of ||TIU]4)||* in a new register. The (time or query) complexity of this is O(M) times
the complexity of implementing a controlled call to U, implementing a controlled call to 21T — I,
and generating [¢). The space complexity is logT + logdim H + O(1). We have the following

guarantee [BHMT02]:

Lemma 2.5. Let p = |IIU[Y)||?. There exists A = ©(1/M) such that when p is obtained as above
from M steps of amplitude estimation, with probability at least 1/2, |p —p| < A.

We will thus also refer to M steps of amplitude estimation as amplitude estimation to preci-
sion 1/M.

3 Span Programs and Quantum Algorithms

In Section 3.1, we will define a span program, its size and complexity, and what it means for a span
program to approximate a function f. In Section 3.2, we will prove the following, which implies
that the first part of Theorem 1.1 is essentially tight.

Theorem 3.1. Let f : D — {0,1} for D C {0,1}", and let P be a span program that k-
approximates f with size K and complexity C, for some constant k € (0,1). Then there exists a
unitary quantum algorithm Ap that decides f with bounded error in space S = O(log K + log C)
using T'= O(C') queries to x.

Finally, in Section 3.3, we prove the following theorem, which implies Theorem 1.1:

Theorem 3.2. Let f : D — {0,1} for D C {0,1}" and let A be a unitary quantum algorithm using
T queries, and space S to compute f with bounded error. Then for any constant k € (0,1), there
is a span program P4 with size s(P4) < 290 that k-approzimates f with complexity Cx < O(T).
If A decides f with one-sided error, then P4 decides f.

3.1 Span Programs

Span programs were first introduced in the context of classical complexity theory in [KW93],
where they were used to study counting classes for nondeterministic logspace machines. While
span programs can be defined with respect to any field, we will consider span programs over R
(or equivalently, C, when convenient, see Remark 3.10). We use the following definition, slightly
modified from [KW93]:

Definition 3.3 (Span Program and Size). A span program on {0,1}" consists of:

e Finite inner product spaces {Hjp}jicin)pef0,1} U { Hirue; Hase ). We define H = EBM H, ®
Htrue @ Hfalse; and fOT every r € {07 1}n7 H($) = Hl,xl DD Hn,xn S I{true-3

e A wvector space V.

e A target vector |7) € V.4

3We remark that while Hirye and Healso may be convenient in constructing a span program, they are not necessary.
We can always consider a partial function f’ defined on (n + 1)-bit strings of the form (x,1) for = in the domain of
f, as f(z), and let Hpt1,1 = Herue and Hpy1,0 = Htalse-

4Although V has no meaningful inner product, we use Dirac notation, such as |7) and (w| for the sake of our
fellow quantum computing researchers.



o A linear map A: H — V.

We specify this span program by P = (H,V,|T), A), and leave the decomposition of H implicit.
The size of the span program is s(P) = dim H.

To recover the classical definition from [KW93], we can view A as a matrix, with each of its
columns labelled by some (j,b) € [n] x {0,1} (or “true” or “false”).

Span programs were introduced to the study of quantum query complexity in [RS12]. In the
context of quantum query complexity, s(P) is no longer the relevant measure of the complexity of
a span program. Instead, [RS12] introduce the following measures:

Definition 3.4 (Span Program Complexity and Witnesses). For a span program P = (H,V,|T), A)
on {0,1}" and input x € {0,1}", we say = is accepted by the span program if there exists |w) €
H(x) such that Alw) = |T), and otherwise we say x is rejected by the span program. Let Py and
Py be respectively the set of rejected and accepted inputs to P. For x € Pp, define the positive
witness complexity of z as:

w (2, P) = wy(z) = min{||[w)|* : |w) € H(z), Alw) = |7)}.
Such a |w) is called a positive witness for z. For a domain D C {0,1}", we define the positive
complexity of P (with respect to D) as:

Wi (P, D) =W, = xg]lj?ngJr(x, p).

For x € Py, define the negative witness complexity of x as:
w_(z, P) = w_(z) = min{||(w]A|* : (w] € L(V,R), (w|7) =1, (w]Allg(5) = 0}.
Above, L(V,R) denotes the set of linear functions from V to R. Such an (w| is called a negative
witness for . We define the negative complexity of P (with respect to D) as:

W_(P,D)=W_ = max w_(z,P).
xePyND

Finally, we define the complexity of P (with respect to D) by C(P,D) = /W, W_.
For f: D — {0,1}, we say a span program P decides f if f~1(0) C Py and f~1(1) C P;.

Definition 3.5. We define the span program size of a function f, denoted SP(f), as the minimum
s(P) over families of span programs that decide f.

We note that originally, in [KW93], span program size was defined

s'(P) = Z dim(col(Ally;,)) = Z dim(row (Allg, , )).
Jib g,b

This could differ from s(P) = dim(H) =}, dim(H}), because dim(H;;) might be much larger
than dim(row(Ally,,)). However, if a span program has dim(H;;) > dim(row(Ally,,)) for some
J» b, then it is a simple exercise to show that the dimension of dim(H;;) can be reduced without
altering the witness size of any x € {0,1}", so the definition of SP(f) is the same as if we’d used
s'(P) instead of s(P). In any case, we will not be relying on previous results about the span
program size as a black-box, and will rather prove all required statements, so this difference has
no impact on our results.

While span program size has only previously been relevant outside the realm of quantum
algorithms, the complexity of a span program deciding f has a fundamental correspondence with
the quantum query complexity of f. Specifically, a span program P can be turned into a quantum
algorithm for f with query complexity C(P, D), and moreover, for every f, there exists a span
program such that the algorithm constructed in this way is optimal [Rei09]. This second direction
is not constructive: there is no known method for converting a quantum algorithm with query
complexity 7' to a span program with complexity C(P,D) = O(T). However, if we relax the
definition of which functions are decided by a span program, then this situation can be improved.
The following is a slight relaxation of [IJ19, Definition 2.6]°.

5Which was already a relaxation of the notion of a span program deciding a function.



Definition 3.6 (A Span Program that Approximately Decides a Function). Let f : D — {0,1}
for D C {0,1}" and k € (0,1). We say that a span program P on {0,1}" k-approximates f if
f710) C Ry, and for every x € f~1(1), there exists an approximate positive witness |@) such that

K

2
Alw) = |1), and HHH(x)L’UA])H <y We define the approrimate positive complexity as

2 K
’ < L
_W_}

If P k-approxzimates f, we define the complezity of P (wrt. D and k) as Cy(P, D) = \//VIZ_W_.

A~

W = WEPD) = mae i { )| A1) = [7), [ )

zef~1(1)

If kK = 0, the span program in Definition 3.6 decides f (exactly), and W+ = W,. By [1J19], for
any x,

. 12 . 1
min {HHH(Z.)LUJ>H s Alw) = \T>} = v @)
Thus, since W_ = max,¢-1(9) w—(z), for every z € f71(0), there does not exist an approximate

2
‘ < WL Thus, when a span program r-approximates f, there

positive witness with HHH@)L )

is a gap of size 1‘,;—7” between the smallest positive witness error

smallest positive witness error of z € f~1(0).

2
HH(x)L’IZ)>H of z € f71(1), the

Definition 3.7. We define the k-approximate span program size of a function f, denoted §|5,{(f),
as the minimum s(P) over families of span programs that k-approzimate f. We let SP(f) =

SPy/a(f).

We note that the choice of kK = 1/4 in §I3( f) is arbitrary, as it is possible to modify a span
program to reduce any constant x to any other constant without changing the size or complexity
asymptotically. This convenient observation is formalized in the following claim.

Claim 3.8. Let P be a span program that k-approximates f : D — {0,1} for some constant k.
For any constant k' < k, there exists a span program P’ that r'-approxzimates f with s(P') =
log%

(s(P)+2) =% , and Cw(P', D) < O (Cx(P, D)).

We prove Claim 3.8 in Appendix A. We have the following corollary that will be useful later,
where mSP,; is the monotone approximate span program size, defined in Definition 5.1:

Corollary 3.9. For any k,x" € (0,1) with ' < k, and any Boolean function f,

1 log £+
2 L

SP,.(f) > SPw(f) v — 2.

If f is monotone, we also have

1=

log

N|=

log

2

mSP,.(f) > mSP.(f) -2

Proof. Let P k-approximate f with optimal size, so s(P) = §I5,.€( f). Then by Claim 3.8, there is
a span program P’ that x/-approximates f with size
log %

1

SPo(f) < s(P) = (SPalf) +2) 755

The first result follows. The second is similar, but also includes the observation that if P is
monotone, so is P’. O



Remark 3.10. It can sometimes be useful to construct a span program over C. However, for
any span program over C, P, there is a span program over R, P’, such that for all x € Py,
w_(z,P") < w_(x,P), for all x € P1, wy(z,P') < wy(x,P), and s(P') < 2s(P). We define
P’ as follows. Without loss of generality, suppose H;, = spanc{|j,b,k) : k € Sjp}. Define
H]’.’b = spang{|j,b,k,a) : k € Sjp,a € {0,1}}. Define

A'l7,b,k,0) = Re (Al7,b,k)) |0) + Im (A5, b, k)) |1)
A'l7,b,k, 1) = Re (A]5,b,k)) [1) — Im (A]], b, %)) |0).

Finally, let |7") = |1)|0).
Suppose |w) is a witness in P. Then

|7) = Alw) = ARe(|w)) + iAlm(|w))
= Re(ARe(Jw))) + iIm(ARe(Jw))) 4+ iRe(AIm(|w))) — Im(AIm(|w))).

Since we can assume |T) is real, we have
|7) = Re(ARe(Jw))) — Im(Alm(|w))) and Im(ARe(|w)))+ Re(Alm(|w))) = 0.
Define |w') = Re(|w))|0) + Im(|w))|1). Then
A'lu') = Re(ARe([w)))[0) + Tm(ARe( ) |1) +Re( ATm(Ju)))[1) — Tm(ATm(jw)))|0) = [7)]0) = [*).

Note that we have |||w)|| = |||w')]|. A similar argument holds for negative witnesses.
Thus, we will restrict our attention to real span programs, but still allow constructions of span
programs over C (in particular, in Section 3.3 and Section 5.2.1).

3.2 From Span Programs to Quantum Algorithms

In this section, we will prove Theorem 3.1, which states that if a span program approximately
decides a function f, then we can compile it to a quantum algorithm for f. While we hope that
Theorem 3.1 will have applications in designing span program algorithms, its only relevance to the
contents of this paper are its implications with respect to the tightness of the first lower bound
expression in Theorem 4.1, and so this section can be safely skipped.

Theorem 3.1 is similar to [[J19, Lemma 3.6], the difference here is we let an approximate
)HH(x)l\w>H2, at most k/W_, whereas in [1J19],
it is required to have error as small as possible. This relaxation could potentially decrease the
positive complexity I//I\/+, since we now have more freedom in selecting positive witnesses, but more
importantly, it makes it easier to analyze a span program, because we needn’t find the approximate
positive witness with the smallest possible error. Importantly, this change in how we define a span
program that approximates f does not change the most important property of such a span program:
that it can be compiled into a quantum algorithm for f. To show this, we now modify the proof
of [1J19, Lemma 3.6] to fit the new definition. We will restrict to span programs on binary strings
{0,1}™, but the proof also works for span programs on [g]|" for ¢ > 2.

positive witness for z be any witness with error,

Proof of Theorem 3.1. For a span program P on {0,1}" and x € {0, 1}", define
U(P,z) = (2Uyer(ay — 12U gy — 1),

which acts on H. To prove Theorem 3.1, we will show that by performing phase estimation of
U(P, ) on initial state |wg) = AT|r), and estimating the amplitude on having |0) in the phase
register, we can distinguish 1- and O-inputs of f with bounded error.

By Corollary A.2 and Claim 3.8, we can assume without loss of generality that P has been
scaled so that it x-approximates f for some x < 1/4, |wg) = A*|7) is a unit vector, and W_ < 2.
The scaled span program still has size K" and complexity O(C).

We first modify the proof of [IJ19, Lemma 3.2] to get the following lemma:

10



Lemma 3.11. Let P be a span program that r-approzimates f, with |||wo)||> = 1. Fiz any
O € (0,7), and let Tlg be the projector onto the e¥-eigenspaces of U(P,x) with |0] < ©. For any
ve f7H(1),
2 2717 4r
Mo uwo)|> < O, + 1

2
Proof. Suppose x € f~1(1) and let |i,) be an approximate positive witness with HHH(:C)L ||| <

v and [|[dg)||* < W... Note that since A|iy,) = |7), yow(a)|te) = AT Ali,) = AT|T) = |wp), so

Hrow(A)HH |w$> + Hrow(A)HH(z |w$> |w0>'

Since Hp(y) 1 (q)|[W0) = 0, we have, by the effective spectral gap lemma (Lemma 2.1):

. e? .
16 Myons ()t oy | ) | < = [y i) ||
. 2 e?
M6 (J0) = Mooy iy ) )| < - ) 2
@2
= 2{wo[UeTlow(a) () [e) < - W

. 92
M6 |uwo) > 2 T o) | [ Mprgay i) | < T

Melwo)|* — 2 |[Te|wo)| \/ *W+-
This is satisfied only when

02 ~ K
11 < — —W < 24 —W —
[Te [wo)|| \/ \/ + + \/4 T

2
IT6]wo)I” + ||TTo Mo () oy 1)

ITohun) | < O, + 112 0
We will let ©2 = =% Then when f(x) = 0, we have
W W
1 1
11 2 = > — =
|[Tlo |wo) | v @ 2w T

by [IJ19, Lemma 3.3]. On the other hand, when f(x) =1, we have:

1—4k 4K 1+4k
IT <O, +4— = — =
| le |wo)||” t A T o Y T

=:q1-
We want to distinguish these two cases using 1/0 steps of phase estimation, and then estimating
the amplitude on having an estimate of 0 in the phase register to precision:
— 1 -4k
A — 9 —q '

2 4W_

This will allow us to distinguish between amplitude > g9 and amplitude < ¢;. Since Kk < i
is a constant, A = Q(1/W_), and thus we use O(1/A) = O(W_) = O(1) (recall that we are
assuming the span program has been scaled) calls to phase estimation, each of which requires

0(1/8)=0 <\/ /W+W_> = O(C) controlled calls to U (for more details, see the nearly identical

proof of [IJ19, Lemma 3.2]). Since U(P,x) can be implemented in cost one query, the query
complexity of this algorithm is O(C).

11



The algorithm needs a single register of dimension dim H = K9 to apply U(P,z), O(1) regis-
ters of dimension 1/© to act as phase registers in phase estimation, and O(1) registers of dimension
O(1/A) to act as phase registers in the amplitude estimation, for a total space requirement of

1 1
log dim H + O <log A) +0 <10g @> = O(log K) + O(log C).

To complete the proof, we note that the algorithm is unitary, since it consists of phase estimation,
composed unitarily with amplitude estimation. O

3.3 From Quantum Algorithms to Span Programs

In this section, we will show how to turn a unitary quantum algorithm into a span program,
proving Theorem 3.2, which implies Theorem 1.1. The construction we use to prove Theorem 3.2
is based on a construction of Reichardt for turning any one-sided error quantum algorithm into a
span program whose complexity matches the algorithm’s query complexity [Rei09, arXiv version].
We observe that a similar construction also works for two-sided error algorithms,® but the resulting
span program only approximately decides f.

The algorithm Fix a function f : D — {0,1} for D C {0,1}", and a unitary quantum algorithm
A such that on input z € f~1(0), Pr[A(z) = 1] < %, and on input € f~1(1), Pr[A(z) = 1] > 1—¢,
for e € {0, %}, depending on whether we want to consider a one-sided error or a bounded error
algorithm. Let po(x) = Pr[A(x) = 0], so if f(z) =0, po(z) > 2/3, and if f(z) =1, po(z) < €.

We can suppose A acts on three registers: a query register span{|j) : j € [n]U{0}}; a workspace
register span{|z) : z € Z} for some finite set of symbols Z that contains 0; and an answer register
span{|a) : a € {0,1}}. The query operator O, acts on the query register as Oz|j) = (—1)%|j) if
j > 1, and O0,]0) = |0). If A makes T" queries, the final state of A is:

|Vorii1(x)) = Uars10.Usr—1 ... U3sO,U1]0,0,0)

for some unitaries Usry1, ..., Ur. The output bit of the algorithm, A(z), is obtained by measuring
the answer register of |Uar41(x)). We have given the input-independent unitaries odd indicies so
that we may refer to the t-th query as Us;.

Let [Uo(z)) = |¥o) = [0,0,0) denote the starting state, and for t € {1,...,27 + 1}, let
|Wy(x)) = Uy...Up|¥g) denote the state after ¢ steps.

The span program We now define a span program P4 from A. The space H will represent
all three registers of the algorithm, with an additional time counter register, and an additional
register to represent a query value b.

H = span{|t, b, j,z,a) : t €{0,...,2T +1},b € {0,1},5 € [n]U{0},z € Z,a € {0,1}}.
We define V' and A as follows, where ¢ is some constant to be chosen later:

V =span{|t,j, z,a) : t € {0,...,2T + 1},5 € [n]U{0},z € Z,a € {0,1}}

It,7,2z,a) — |t + 1)Uss1|j, z,a) if t €{0,...,2T} is even
t,4,2,a) — (=1)°|t +1,7,2,a) ift€{0,...,2T} is odd (i.e., U1 = O)

Alt,b,j,z,a) = ¢ |t,7,2,a) ift=2T+1,a=1,and b=0
V|t g, z,a) ift=2T+1,a=0,and b=0
0 ift=2T+1and b=1.

For t < 2T, A|t,b,j, z,a) should be intuitively understood as applying Uy4+1 to |j,2,a), and in-
crementing the counter register from [¢) to |t + 1). When ¢ is even, this correspondence is clear

5A preliminary version of this result appeared in [Jef14], but there was an error in the proof, which is fixed by
our new definition of approximate span programs.
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(in that case, the value of b is ignored). When ¢ is odd, so U1 = O, then as long as b = x;,
(=)t +1,4,2,a) = |t + 1)Uss1|J, 2,a). We thus define

Hjy, =span{|t,b,j,z,a) :t € {0,...,2T} is odd, z € Z,a € {0,1}}.

For even t, applying U1 is independent of the input, so we make the corresponding states available
to every input; along with states where the query register is set to j = 0, meaning O, acts input-
independently; and accepting states, whose answer register is set to 1 at time 27 + 1:

Hiwe = span{|t, b, j, z,a) : t € {0,...,2T} is even,b € {0,1},j € [n],z € Z,a € {0,1}}
@ span{|t,,0,z,a) : t €{0,...,2T},b € {0,1},z2 € Z,a € {0,1}}
@ span{|2T' + 1,b,j,2,1) : b€ {0,1},j € [n]U {0}, 2z € Z}.

The remaining part of H will be assigned to Hyajse:

Note that in defining A, we have put a large factor of v/¢cT in front of A|2T + 1,0, j, z,0), making
the vectors in Hg,ee very “cheap” to use. These vectors are never in H(zx), but will be used as the
error part of approximate positive witnesses, and the v/¢T' ensures they only contribute relatively
small error.

Finally, we define:

|T> = |05070>O> = |0>|‘I/0>

Intuitively, we can construct |7), the initial state, using a final state that has 1 in the answer
register, and using the transitions |t, j, z,a) — |t + 1)Us+1]J, 2, a) to move from the final state to the
initial state. In the following analysis, we make this idea precise.

Analysis of P4 We will first show that for every z there is an approximate positive witness with
error depending on its probability of being rejected by A, po(z).

Lemma 3.12. For any x € {0,1}", there exists an approximate positive witness |w) for x in Py
such that:

2
2 po(z)
l[w)|% < 2T + 2, and HHH@)LmH <R
In particular, if f(x) =1,
2 €
st < -
Proof. Let ), be the linear isometry that acts as
Qx’j7zua> = |xj,j,z,a> vj 6 [TL] U {0}7Z E Z,(I 6 {07 1}7

where we interpret zo as 0. Note that for all |j, z,a), and ¢t € {0,...,2T}, we have

A(’t>Qx|j7 Z, a)) = |taja 2, (l> - |t + 1>Ut+1|j7 2, CL>-

Let II, = Eje[n}u{o},zez |7, 2,a)(j, z,a| be the orthogonal projector onto states of the algorithm
with answer register set to a. We will construct a positive witness for x from the states of the
algorithm on input x, as follows:

2T
o) = D 100Qu ¥4 (a) + 2T + IO) L ar.(2) + = 2T+ IO Far- z).

13



To see that this is a positive witness, we compute A|w), using the fact that U 41|V, (z)) = |Viy1(x)):

2T
Ajw) =Y ([)e(2)) = |t + DUps1 [ We(2))) + 127 + DI [Worp1 (2)) + 2T + 1)1 Yor1 ()
o o
= D 101Wi(@)) = D[t + e (2)) + |27 + 1) Wori1 ()
;7_“3-1 t;;]“-l-l

= D I0W(@) = Y () ¥(x)) = [0)[¥o(x)) = |7).
t=0 t=1

2
We next consider the error of |w) for z, given by HHH(‘T)L |w)H . Since Qzj, z,a) € H(x) for all

Js %, a, and |27 4+ 1, 0)I1; [Wor i1 () € Hyrwe C H(2), Wiy |w) = ﬁm’qu 1)[0)To|Wory1()), so
(x)

2 1 Po
[yl = Mol @ara (@)1 = 2252

Finally, we compute the positive witness complexity of |w):

2T
1
llw)l* = > _11Qu e (@) + T [Wora (@) [* + = [To| ¥ar 41 (2))
t=0

2T
< NE@) + [ ar (2))|* = 2T + 2. O
t=0

Next, we upper bound w_(x) whenever f(z) = 0:
Lemma 3.13. For any x that is rejected by A with probability po(x) > 0,

(c+4)T'

w_(z) < (@)

In particular, if f(z) =0, w_(x) < %T, so W_ < %T.

Proof. We will define a negative witness for x as follows. First, define

(W97 41 (2)) = Ho|Wargs (2)),

the rejecting part of the final state. This is non-zero whenever pg(z) > 0. Then for ¢ € {0, ..., 2T},
define

[00(2)) = Uy - Uy 1[990, ().

From this we can define
2T+1

(Wl = e ).

t=0
We first observe that

(wlT) = (¥3(2)]0,0,0) = (Vo7 4y ()|Uar1 ... U1]0,0,0) = (U ()| Pars1(2)) = po(x).

Thus

14



is a negative witness. Next, we show that (w|Allg,) = 0. First, for [t,z;,7,2,a) € Hjz; (so
t < 2T is odd), we have

(WlAlt, x5, 4, 2, a) = (W|(|t, J, z,a) = (1) [t + 1)]], 2, a))
(‘1’ ()14, 2, a) = (=1)% (¥4, ()], 2, a)
= (VP41 (@)|Upsalg, 2, a) — (=1)% (¥, ()], 2, a)
= (VP41 (@)|Oslj, 2,a) — (=1)% (WP, (2)j, 2, a) = 0.
The same argument holds for |¢,0,0, j,2z,a) € Hie. Similarly, for any |¢,b, ], 2z,a) € Hipye with
t < 2T even, we have

(w[Alt,b, j, 2, a) = (w([t, ], 2, a) = [t + 1) U114, 2, a))

= (VY (@)]j, z,a) = (V41 (2)|Us411j, 2,a) = 0.
Finally, for any |27+ 1,b,7,2,1) € Hiyue, we have
(W|A|]2T +1,b,§,2,1) = (w|]2T + 1,4, 2,1) = (¥, 1 (z)|j, 2, 1) = 0.

Thus (w|Allg ;) = 0 and so (W|Allg(,) = 0, and (@] is a negative witness for z in P. To compute
its witness complexity, first observe that (w|A = (w|Ally(,)1, and

MH

AHH(z Z (|28—1,j,z,a)—|—(—1)$j|25,j,z,a>)<28—1,a_cj,j,z,a|
s=1 je[n]u{0},z€ Z,a€{0,1}

+ Y VeT|2T +1,5,2,00(2T + 1,0, 4, 2,0]
j€[n]U{0},zeZ
so, using (U9, (2), 2, a) = (V9 (2)|Uss|j, 2, a) = (=1)%1 (W9 (x)|j, 2, a), we have:

T
<W’/1]:[H(ac)l = Z Z (<\I’gs_1(a:)|j,z,a>—l—(—1)mf<\lfgs(:c)|j,z,a>)<28—l,ij,j,z,a|
s=1 je[n]u{0},z€ Z,a€{0,1}
Y V(W ()], 2,0)(2T +1,0,5, 20|
j€[nJU{0},zeZ

I
E

Z 2(—1)Ij<\1185(x)|j,z,a>)<2s—l,a?j,j,z,a\

1 je[n]u{0},2€Z,a€{0,1}

+ Z v CT<\I/(2)T+1(33)U7270><2T+1a07jaz70|'
j€[n]u{0},zeZ

S

Thus, the complexity of (w| is:

@l AlI* =

2

P02

1 .
po(@)? Z Z 4|05, (2)lj, 2.0 } +p (x)2 § : CT|<‘I’(2)T+1($)|J7270>’2
s=1 je[n]u{o}, O jemlufoy,
2€EZ, 2€Z
aE{O,l}

4 - 2 cr 9
= oo 2o 118N + s MW @]l
s=1

Po(l‘

Because each U, is unitary, we have H|\I/88(a:)>“2 N2 )>H2 = po(x), thus:

4T cT 44 c
o|A|? = + < T when f(z) = 0. O
A= o) * oy = 27 T e T
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We conclude the proof of Theorem 3.2 with the following corollary, from which Theorem 3.2
follows immediately, by appealing to Claim 3.8 with k = % and ' any constant in (0,1).

Corollary 3.14. Let ¢ =5, in the definition of P4. Then:
o 5(Py) = 25+0()
o If A decides f with one-sided error, then Py decides f with complexity C < O(T).
e If A decides f with bounded error, then Py %—approximates [ with complezity C,, < O(T).

Proof. We first compute s(P4) = dim H using the fact that the algorithm uses space S =
log dimspan{|j,z,a) : j € [n]U{0},z € Z,a € {0,1}} + logT"

dim H = (dimspan{|t,b) : t € {0,...,2T +1},b € {0,1}})25leT = 25+00),

We prove the third statement, as the second is similar. By Lemma 3.13, using ¢ = 5, we have

5+4 27
W_ < ——T=—T.
- 2/3 2
By Lemma 3.12, we can see that for every x such that f(z) = 1, there is an approximate positive
witness |w) for z with error at most:
e _13_ 13T 91

¢~ 5T 15T W_  10W_°

Furthermore, |||w)|®> < 2T + 2, so /I/IZL < 2T + 2. Observing Cy = \/W_W+ < \2TT(T +1)
completes the proof. O

4 Span Programs and Space Complexity

Using the transformation from algorithms to span programs from Section 3.3, we immediately have
the following connections between span program size and space complexity.

Theorem 4.1. For any f: D — {0,1} for D C {0,1}", we have

Su(f) > Q2 (1gSP(f))  and  SK(f) > Q(logSP(f)).

Theorem 4.1 is a corollary of Theorem 3.2. Theorem 3.1 shows that the lower bound for Sy;(f) in
Theorem 4.1 is part of a tight correspondence between space complexity and log s(P) + log C(P).

Theorem 2.9 of [BGW99] gives a lower bound of SP(f) > Q(2%/?/(nlogn)/3) for almost all
n-bit Boolean functions. Combined with Theorem 4.1, we immediately have:

Theorem 4.2. For almost all Boolean functions f : {0,1}" — {0,1}, SL(f) = Q(n).

Ideally, we would like to use the lower bound in Theorem 4.1 to prove a non-trivial lower bound
for Sy (f) or SL(f) for some concrete f. Fortunately, there are somewhat nice expressions lower
bounding SP(f) [Raz90, Gal01], which we extend to lower bounds of SNP( f) in the remainder of
this section. However, on the unfortunate side, there has already been significant motivation to
instantiate these expressions to non-trivial lower bounds for concrete f, with no success. There has
been some success in monotone versions of these lower bounds, which we discuss more in Section 5.

For a function f : D — {0,1} for D C {0,1}", and an index j € [n], we let As; €
{0,137 @x7H D) be defined by Agjly,x] = 1if and only if z; # y;. When f is clear from
context, we simply denote this by A;. The following tight characterization of SP(f) may be found
in, for example, [Lok09].
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Lemma 4.3. For any f: D — {0,1} for D C {0,1}",

SP(f) = minimize Z rank(A;)
J€[n]
subject to Vj € [n],A; € RS THO)XFH(D)
Z A] (¢] A] = J7

j€ln]
where J is the f~1(0) x f~1(1) all-ones matriz.

By Theorem 4.1, the logarithm of the above is a lower bound on S%]( f). We modify Lemma 4.3

to get the following approximate version, whose logarithm lower bounds Sy (f) when k = %.

Lemma 4.4. For any k € [0,1), and f: D — {0,1} for D C {0,1}",

g\l/:’,{(f) > minimize Z rank(A;) (1)
J€E[n]
subject to Vj € [n],A; € RSTHOx (D)

oo

Proof. Fix a span program that x-approximates f with s(P) = §I5,i(f), and let {{wy|:y € f71(0)}
be optimal negative witnesses, and {|w,) : # € f~!(1)} be approximate positive witnesses with
HHH(@WI}HQ < 37— Letting II;;, denote the projector onto Hjy, define

Aj = ) wyATL 5, Y T ) (=,
y x

so A; has rank at most dim Hj, and so } 1, rank(A;) < s(P) = éTDH(f)
We now show that {A;}; is a feasible solution. Let |err(x)) be the positive witness error of
lwz), lerr(z)) = gy |we) = 3774 Iz [wy). Then we have:

WD AjoAjlz) = (wylA > Tufwe) = (wylA [ Jwe) = > T w,) — lerr(z))
Jj=1 JTi#Y; Jiwi=y;
= (wy|7) = (wylA Y MyIawe) — (wy|Alerr(z))
Jixi=y;

=1—-0— (wy|Alerr(z))

1= (yl . Aj o Ajla)| < IwylAll llerr(@)) ]| = , fw-(y) o < V.
y ; ¢ W)

Above we used the fact that (wy|Allg() = 0. Thus, {A;}; is a feasible solution with objective
value < SP,(f), so the result follows. O

As a corollary of the above, and the connection between span program size and unitary quantum
space complexity stated in Theorem 4.1, the logarithm of the expression in (1) with x = % is a lower
bound on Sy (f), and with x = 0, it is a lower bound on S};(f). However, as stated, it is difficult
to use this expression to prove an explicit lower bound, because it is a minimization problem. We
will shortly give a lower bound in terms of a maximization problem, making it possible to obtain
explicit lower bounds by exhibiting a feasible solution.
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A partial matriz is a matrix M € (RU {x}) ' OxF Q) A completion of M is any M &
RS OxSH ) guch that My, z] = M|y, 2] whenever My, z] # . For a partial matrix M, define
rank(M) to be the smallest rank of any completion of M, and e-rank(M) to be the smallest rank
of any M such that |M[y,z] — My,z]| < ¢ for all y,z such that M[y,z] # x. Let M o A; to be
the partial matrix defined:

‘ | Mly,2] if Ajly,z] =1
MOAZ[?”‘”}_{ 0 if Aily, ] = 0.
Then we have the following:

Lemma 4.5. For all Boolean functions f : D — {0,1}, with D C {0,1}", and all partial matrices
M e (RU {1 O D) such that max{|Mly, z]| : My, z] # «} < 1:

rank(M
SlU(f) > <log (maxie[n] l“an(k(]b © Az))) '

In [Raz90], Razborov showed that the expression on the right-hand side in Lemma 4.5 is a lower
bound on the logarithm of the formula size of f (Ref. [GalO1] related this to SP(f)). Later, in
[Raz92], Razborov noted that when restricted to non-partial matrices, this can never give a better
bound than n. Thus, to prove a non-trivial lower bound on S{;(f) using this method, one would
need to use a partial matrix. We prove the following generalization to the approximate case.

Lemma 4.6. For all Boolean functions f : D — {0,1}, with D C {0,1}", and all partial matrices
M e (RU {1 O D) such that max{|Mly, z]| : My, z] # «} < 1:

1 rank(M
Su(f) = <10g (max-;[ }janlE(JW) © Az))) '

Proof. Let {A;}; be an optimal feasible solution for the expression from Lemma 4.4, so

SP,.(f) > Z rank(A;), and Z AjoA;j—J|| <k

j€ln] jel) o

Let M; be a completion of M o A; with rank(M o A;) = rank(M ;). Then for any z,y such that
Mly, z] # *:

S MjoA; | y,x] — Mly.al| = | Y Mly,z]A;ly, a]A;[y, ] — Mly, a]
J€[n] J€[n]

IN

IM[y,z][ | > Ajoh;—J| < Ve
J€n] 0o
Thus

Vk-rank(M) < rank Z MjoA; | < Z rank(Mj o A;).
€] jemn]
Using the fact that for any matrices B and C, rank(B o C) < rank(B)rank(C'), we have
Vk-rank(M) < Z rank(A;)rank(M;) < SP,.(f) maxrank(M o A;).
jeln) e
Setting xk = i, and noting that by Theorem 4.1, Si7(f) > log §f’(f) = log éf’l/zl(f) completes the
proof. O

Unfortunately, as far as we are aware, nobody has used this lower bound to successfully prove
any concrete formula size lower bound of owllogn) 54 it seems to be quite difficult. However, there
has been some success proving lower bounds in the monotone span program case, even without
resorting to partial matrices, which we discuss in the next section.
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5 Monotone Span Programs and Monotone Algorithms

A monotone function is a Boolean function in which y < x implies f(y) < f(x), where y < x should
be interpreted bitwise. In other words, flipping Os to 1s either keeps the function value the same,
or changes it from 0 to 1. A monotone span program is a span program in which H;o = {0} for
all 4, so only 1-valued queries contribute to H(z), and H(y) C H(x) whenever y < x. A monotone
span program can only decide or approximate a monotone function.

Definition 5.1. For a monotone function f, define the monotone span program size, denoted
mSP(f), as the minimum s(P) over (families of ) monotone span programs P such that P decides
f; and the approximate monotone span program size, denoted mélv%( f), as the minimum s(P)
over (families of ) monotone span programs P such that P k-approrimates f. We let m§|5(f) =

mSP1/4(f).

In contrast to SP(f), there are non-trivial lower bounds for mSP(f) for explicit monotone
functions f. However, this does not necessarily give a lower bound on SP(f), and in particular,
may not be a lower bound on the one-sided error quantum space complexity of f. However, lower
bounds on log mSP(f) or logmSP(f) do give lower bounds on the space complexity of quantum
algorithms obtained from monotone span programs, and as we will soon see, logmSP(f) and
log mélv:’( f) are lower bounds on the space complexity of monotone phase estimation algorithms,
described in Section 5.2. The strongest known lower bound on mSP(f) is the following:

Theorem 5.2 ([PR17]). There is an explicit Boolean function f : D — {0,1} for D C {0,1}"
such that
logmSP(f) > Q(n).

We will adapt some of the techniques used in existing lower bounds on mSP to show a lower
bound on mSP(f) for some explicit f:

Theorem 5.3. There is an explicit Boolean function f : D — {0,1} for D C {0,1}" such that for
any constant K, .
logmSP,.(f) > (logn)?~°W),

In particular, this implies a lower bound of 2008 n)?eW o mSP(f) for the function f in Theo-

rem 5.3. We prove Theorem 5.3 in Section 5.1. Theorem 5.3 implies that any quantum algorithm
for f obtained from a monotone span program must have space complexity (log n)2_0(1), which is
slightly better than the trivial lower bound of 2(logn). In Section 5.2, we describe a more natural
class of algorithms called monotone phase estimation algorithms such that log méIVD( f) is a lower
bound on the quantum space complexity of any such algorithm computing f with bounded error.
Then for the specific function f from Theorem 5.3, any monotone phase estimation algorithm for

f must use space (logn)2~°W).

5.1 Monotone Span Program Lower Bounds

Our main tool in proving Theorem 5.3 will be the following.

Theorem 5.4. For any Boolean function f : D — {0,1}, D C {0,1}", and any constant k € [0,1):

mSP,.(f) > max V/k-rank(M) 7
MGRf_l(O)Xf_l(l):||M||OO§1 MaX ;e n] rank(M o Aj@)

where Aj1ly,z] =1 ify; =0 and z; = 1, and 0 else.

When, x = 0, the right-hand side of the equation in Theorem 5.4 is the (monotone) rank
measure, defined in [Raz90], and shown in [Gal0l] to lower bound monotone span program size.
We extend the proof for the kK = 0 case to get a lower bound on approximate span program size.
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We could also allow for partial matrices M, as in the non-monotone case (Lemma 4.6) but unlike
the non-monotone case, it is not necessary to consider partial matrices to get non-trivial lower
bounds.

Proof. Fix a monotone span program that x-approximates f with size mgﬁ,{( f). Let {{wy :
y € f71(0)} be optimal negative witnesses, and let {|w,) : # € f~1(1)} be approximate positive

2
< 37— Letting II;; denote the projector onto Hjyp, define

witnesses with HHH(x)L |wg)

Aj= D Iy lALy Y Mg we(@l = > |yiwylALy > T |wa) (],
yef~1(0) zef~1(1) yef~1(0): zef~1(1):
y;=0 zj=1

so A; has rank at most dimHj, and so ), rank(A;) < s(P) = mélv:’,.i(f). Furthermore, A; is
only supported on (y,x) such that y; = 0 and z; = 1, so Aj o A;; = Aj. Denoting the error of
lwz) as lerr(z)) = g gy |ws) = Zj:szo I1; 1|wg), we have

WD Ml = D (wy AT we) = (wylA > Tn > I |ws)
j

€[n] 7:y;=0,z;=1 7:y;=0 Jiy=1

= (wylA(jwz) = [err(z))) = (wy|AJwz) — (wy|Alerr(2))

L—(yl Y Ajle)| <1 =1+ [[{wyl Al [[lerr(x) H<F,/ = Vk.

J€n]

Then for any M € R0/ with | M|, <1, we have:

M—Mo > M| <Ml |T- D Al <V

j€[n] oo J€[n]

Thus

Vk-rank(M) < rank [ M o Z Aj| < Z rank(M o A;)
jEln] j€ln]
= Z rank(M o Aji0A; ) < Z rank(M o Aj 1)rank(A;)
jEln] j€ln]

< mé\ls,@(f) max rank(M o Ajq). O

J€[n]

To show a lower bound on m§|5(f) for some explicit f : {0,1}™ — {0, 1}, it turns out to be
sufficient to find some high approximate rank matrix M € RY*X for finite sets X and Y, and
a rectangle cover of M, Ay,...,A,, where each A; o M has low rank. Specifically, we have the
following lemma, which, with rank in place of approximate rank, has been used extensively in
previous monotone span program lower bounds.

Lemma 5.5. Let M € RY*X with |[M||_ < 1, for some finite sets X andY and Xi,...,X, C X,
Yi,...,Y, CY be such that for all (z,y) € X XY, there exists j € [n] such that (z,y) € X; X Y.
Define A; € {0,13Y*X by Ajly,x] = 1 if and only if (y,x) € Y; x X;. There exists a monotone
function f: D — {0,1} for D C {0,1}"™ such that for any constant k € [0,1):

—~ Vk-rank(M)
> .
mSPx(f) = maxc(, rank(M o Aj)
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Proof. For each y € Y, define t¥ € {0,1}" by:

W 0 ifyeY;
J 1 else.

Similarly, for each z € X, define s* € {0,1}" by:

z 1 if.ﬁL‘EXj
7V 0 else.

For every (y,z) € Y x X, there is some j such that y; € ¥; and z; € X, so it can’t be the case
that s* < Y. Thus, we can define f as the unique monotone function such that f(s) = 1 for every
s € {0,1}" such that s* < s for some x € X, and f(t) = 0 for all ¢ € {0,1}" such that ¢ < t¥
for some y € Y. Then we can define a matrix M’ € Rf " (Ox/7 W) by M/[tv, s%] = M[y, z] for all
(y,z) € Y x X, and 0 elsewhere. We have e-rank(M") = e-rank(M) for all €, and rank(M'0A; ;) =
rank(M o Aj) for all j. The result then follows from Theorem 5.4. O

We will prove Theorem 5.3 by constructing an M with high approximate rank, and a good
rectangle cover. Following [RPRC16] and [PR17], we will make use of a technique due to Sherstov
for proving communication lower bounds, called the pattern matriz method [She09]. We begin with
some definitions.

Definition 5.6 (Fourier spectrum). For a real-valued function p : {0,1}™ — R, its Fourier
coefficients are defined, for each S C [m]:

pS) =5 D p(2)xs(2),

z2€{0,1}™
where xs(z) = (—1)2=ies %, It is easily verified that p = >_scim) P(S)xs-

Definition 5.7 (Degree and approximate degree). The degree of a function p : {0,1}"™ — R is
defined deg(p) = max{|S| : (S) # 0}. For any ¢ > 0, deg.(p) = min{dea(?) : |p — fll.o < <}.

Pattern matrices, defined by Sherstov in [She09], are useful for proving lower bounds in commu-
nication complexity, because their rank and approximate rank are relatively easy to lower bound.
In [RPRC16], Robere, Pitassi, Rossman and Cook first used this analysis to give lower bounds on
mSP(f) for some f. We now state the definition, using the notation from [PR17], which differs
slightly from [She09].

Definition 5.8 (Pattern matrix). For a real-valued functionp : {0,1}"™ — R, and a positive integer
A, the (m, A\, p)-pattern matriz is defined as F € RAOIA™ X (IN™>{0,1}™) yypere for y € {0,1}2™,
x € [N™, and w € {0,1}",

F[y, (z, w)] = f(Yle © w),

where by y|, we mean the m-bit string containing one bit from each \-sized block of y as specified
by the entries of x: (yéll),yg), - ,yg(ﬁ)), where y) € {0,1}* is the i-th block of y.

For comparison, what [She09] calls an (n,t, p)-pattern matrix would be a (t,n/t,p)-pattern
matrix in our notation. As previously mentioned, a pattern matrix has the nice property that
its rank (or even approximate rank) can be lower bounded in terms of properties of the Fourier
spectrum of p. In particular, the following is proven in [She09]:

Lemma 5.9. Let F' be the (m,\, p)-pattern matriz for p : {0,1}™ — {—1,+1}. Then for any
e €1[0,1] and ¢ € [0,¢], we have:

_ 2
rank(F') = Z A and - §-rank(F) > xdeg-(P) (i ?2
SCm()40 (1+9)
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This shows that we can use functions p of high approximate degree to construct pattern matrices
F e RO XA x{0.1}™) of high approximate rank. To apply Lemma 5.5, we also need to find a
good rectangle cover of some F.

A b-certificate for a function p on {0,1}" is an assignment a : § — {0,1} for some S C [m]
such that for any « € {0,1}™ such that z; = o(j) for all j € S, f(x) = b. The size of a certificate
is |S|. The following shows how to use the certificates of p to construct a rectangle cover of its
pattern matrix.

Lemma 5.10. Let p : {0,1}"™ — {—1,+1}, and suppose there is a set of £ certificates for p of
size at most C' such that every input satisfies at least one certificate. Then for any positive integer
A, there exists a function f : {0,1}" — {0,1} for n = £(2\)¢ such that for any k € (0,1) and
e € VK, 1]: -

mSP,(f) > Q ((e = vVr)2ATED))

Proof. Fori=1,...,¢,let a; : S; — {0,1} for S; C [m] of size |S;| < C be one of the ¢ certificates.
That is, for each 4, there is some v; € {—1, 41} such that for any = € {0,1}", if 2; = a;(j) for all
Jj € S;, then p(x) = v; (so «a; is a vj-certificate).

We let F' be the (m, A, p)-pattern matrix, which has || F|| ., = 1 since p has range {—1,+1}.
We will define a rectangle cover as follows. For every i € [¢], k € [\]%, and b € {0,1}%, define:

Xi,k,b = {(:):,w) c [)\]m X {0, l}m : Vj S Si,wj = bj,iL’j = /{j}
Yiky ={y € {0, 1}’ :Vj € Si,y;g.) =b; @ a;(j)}

We first note that this is a rectangle cover. Fix any y € {0,1}*", x € [\]™ and w € {0,1}™. First
note that for any i, if we let b be the restriction of w to S;, and k the restriction of x to S;, we
have (z,w) € X, ;p. This holds in particular for ¢ such that «; is a certificate for y|, @ w, and by
assumption there is at least one such ¢. For such an i, we have yg(gj) @ w; = a(j) for all j € S;, so
y € Y; 1p. Thus, we can apply Lemma 5.5.

Note that if (z,w) € X;kp, and y € Y; i, then (y|, ® w)[j] = yg) ® wj = oy(j) for all j € 5;,
50 p(yle ® w) = v;. Letting A; [y, (z,w)] = 1if y € Yjip and (z,w) € X;1p, and 0 else, we
have that if y € Y 1 and (z,w) € X, 1p, (F 0o Ajgp)|y, (z,w)] = p(y|, & w) = v;, and otherwise,
(FoAigp)y, (r,w)] = 0. Thus rank(F o A; yp) = rank(v;A; ) = 1. Then by Lemma 5.5, there
exists f: {0,1}" — {0,1} where n = 2521(2)\)|Si| < £(2)\)¢ such that:

mSP,(f) > /r-rank(F)

,v _ 2
> )\degf(p)M by Lemma 5.9. O

(1+vk)?*
We now prove Theorem 5.3, restated below:

Theorem 5.3. There is an explicit Boolean function f : D — {0,1} for D C {0,1}" such that for
any constant K, N
log mSP.(f) = ((logn)*~Y).

Proof. By [BT17, Theorem 38], there is a function p with @1/3(]9) > C(p)?~°W), which is, up to the
o(1) in the exponent, the best possible separation between these two quantities. In particular, this
function has dféél/g,(p) > M?7°M) and C(p) < M) where C(p) is the certificate complexity
of p, for some parameter M (see [BT17] equations (64) and (65), where p is referred to as F'), and
p is a function on M?+°(1) variables (see [BT17], discussion above equation (64)). Thus, there are
at most (%fiiﬁﬂ) possible certificates of size M 1+o(1) guch that each input satisfies at least one of
them.
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Then by Lemma 5.10 there exists a function f: {0,1}" — {0,1} for n < (%?IZEB)@A)MHO(U
such that for constant x < 1/36 and constant A:

log mSPy(f) > Q(degy /5(p) log A) > M>~°D),

Then we have:
A2+o(1)

logn <log <M1+0(1)> + MM 1og(2)) = O(M oW Jog M) = Mited),

Thus, log mS,EH(f) > (logn)?=°M) | and the result for any x follows using Corollary 3.9. O

Since for all total functions p, &Egl s3(p) <C (p)?, where C(p) is the certificate complexity of p,

Lemma 5.10 can’t prove a lower bound better than log mélvD(p) > (logn)? for any n-bit function.
We state a more general version of Lemma 5.10 that might have the potential to prove a better
bound, but we leave this as future work.

Lemma 5.11. Fiz p : {0,1}™ — {—1,4+1}. Fori=1,...,¢, let o; : S; — {0,1} for S; C [m]
be a partial assignment such that every z € {0,1}™ satisfies at least one of the assignments. Let
p; denote the restriction of p to strings z satisfying the assignment «;. Then for every positive
integer A, there exists a function f : {0,1}" — {0,1}, where n = 2521(2)\)|5i‘ such that for any
k€ (0,1) and € € [k, 1]:

mSP.(f) > © ( (e _ RpPAte ) .

MAX;c [ 225 [m]\Si:pr(5)%0 M|

To make use of this lemma, one needs a function p of high approximate degree, such that for
every input, there is a small assignment that lowers the degree to something small. This generalizes
Lemma 5.10 because a certificate is an assignment that lowers the degree of the remaining sub-
function to constant. However, we note that a p with these conditions is necessary but may not
be sufficient for proving a non-trivial lower bound, because while Sipi(8)5£0 N8I > ydeg(pi) it may
also be much larger if p; has a dense Fourier spectrum.

Proof. Let F be the (m, A, p)-pattern matrix. Let {X; 4 XY rp}ixp be the same rectangle covered
defined in the proof of Lemma 5.10, with the difference that since the «; are no longer certificates,
the resulting submatrices of F' may not have constant rank.

Let Ai,k,b = Zyey;,k,b ‘y) Z(wi)exz’,k,b <LU,'U)| Then

Folirs= > plyl®w)ly)z,wl

YEY; ke by (T, W) EX; kb

Note that when y € Y; ;5 and (z,w) € X;pk, yle ® w satisfies a;, so p(ylz & w) = pi(y]| & W),
where ¢/, 2’ and w’ are restrictions of y € ({0,1}M)™, 2 € [\]™ and w € {0,1}™ to [m]\ S;. Thus,
continuing from above, and rearranging registers, we have:

Foligy= Y. S ey we >[5k
y'€({0,131)mN\Se o g[\]ImINSi, g€({0,132)%i:
w’€{0,1}mN\5; Ylr=bbPay

=F® J2<)\*1)‘Si|,1

where F; is the (m, A, p;)-pattern matrix, and J,  is the all-ones matrix of dimension a by b, which
always has rank 1 for a,b > 0. Thus

rank(F o A; ) = rank(F;)rank(Jyo-1)s,| ;) = rank(F;) = Z AlS
SCm]\Si:pi(S)#£0
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by [She09]. This part of the proof follows [RPRC16, Lemma IV.6].
Then by Lemma 5.5 and Lemma 5.9, we have:

(%) ? \deg.(p)

max; ZSQ[m}\Si:ﬁj(S)#O Al

m§F>K<f>zsz( Vrank(F) )zQ

max; j p rank(F o A; 1)

5.2 Monotone Algorithms

In Theorem 5.3, we showed a non-trivial lower bound on log m§|v3( f) for some explicit monotone
function f. Unlike lower bounds on log gf’( f), this does not give us a lower bound on the quantum
space complexity of f, however, at the very least it gives us a lower bound on the quantum space
complexity of a certain type of quantum algorithm. Of course, this is naturally the case, since a
lower bound on mSP( f) gives us a lower bound on the quantum space complexity of any algorithm
for f that is obtained from a monotone span program. However, this is not the most satisfying
characterization, as it is difficult to imagine what this class of algorithms looks like.

In this section, we will consider a more natural class of algorithms whose space complexity is
lower bounded by mSP(f), and in some cases mSP(f). We will call a quantum query algorithm
a phase estimation algorithm if it works by estimating the amplitude on |0) in the phase register
after running phase estimation of a unitary that makes one query. We assume that the unitary
for which we perform phase estimation is of the form UQ,. This is without loss of generality,
because the most general form is a unitary UsO, Uy, but we have (U20,U;)!|vo) = UI(UO,;)W/J{))
where [¢)()) = Ui|eo), and U = U Us. The weight on a phase of |0) is not affected by this global
(t-independent) UlJr . Thus, we define a phase estimation algorithm as follows:

Definition 5.12. A phase estimation algorithm A = (U, |1),d,T, M) for f : D — {0,1}, D C
{0,1}", is defined by (families of ):

e a unitary U acting on H = span{|j, z) : j € [n],z € Z} for some finite set Z;
e an initial state |1po) € H;

e a bound § € [0,1/2);

1.
Vo’

such that for any M' > M and T' > T, the following procedure computes f with bounded error:

e positive integers T and M <

1. Let ®(x) be the algorithm that runs phase estimation of UO, on |1g) for T' steps, and then
computes a bit |b) 4 in a new register A, such that b = 0 if and only if the phase estimate
15 0.

2. Run M’ steps of amplitude estimation to estimate the amplitude on |0) 4 after application of
®(x). Output 0 if the amplitude is > 9.

The query complexity of the algorithm is O(MT), and, the space complezity of the algorithm is
logdimH + logT + log M + 1.

We insist that the algorithm work not only for M and T but for any larger integers as well,
because we want to ensure that the algorithm is successful because M and T are large enough,
and not by some quirk of the particular chosen values. When § = 0, the algorithm has one-sided
error (see Lemma 5.17).

We remark on the generality of this form of algorithm. Any algorithm can be put into this form
by first converting it to a span program, and then compiling that into an algorithm, preserving
both the time and space complexity, asymptotically. However, we will consider a special case of
this type of algorithm that is not fully general.
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Definition 5.13. A monotone phase estimation algorithm is a phase estimation algorithm such
that if Ilg(x) denotes the orthogonal projector onto the (+1)-eigenspace of UQ,, then for any
x €{0,1}", p(x)|tho) is in the (+1)-eigenspace of Oy.

Let us consider what is “monotone” about this definition. The algorithm rejects if |¢)g) has high
overlap with the (+1)-eigenspace of UQy, i.e., Ilp(z)|1)o) is large. In a monotone phase estimation
algorithm, we know that the only contribution to Ily(x)|ty) is in the (+1)-eigenspace of O, which
is exactly the span of |j, z) such that z; = 0. Thus, only 0-queries can contribute to the algorithm
rejecting.

As a simple example, Grover’s algorithm is a monotone phase estimation algorithm. Specifi-
cally, let [1ho) = == > j=11d) and U = (2¢0) (sho| — I). Then UO; is the standard Grover iterate,

n
and |t) is in the span of ef-eigenvectors of UO, with sin |f| = \/|z[/n, so phase estimation can
be used to distinguish the case |x| = 0 from |z| > 1. So Ilg(x)|tpo) is either 0, when |z| # 0, or
|tbo), when |z| = 0. In both cases, it is in the (+1)-eigenspace of O,.

It is clear that a monotone phase estimation algorithm can only decide a monotone function.
However, while any quantum algorithm can be converted to a phase estimation algorithm, it is
not necessarily the case that any quantum algorithm for a monotone function can be turned into a
monotone phase estimation algorithm. Thus lower bounds on the quantum space complexity of any
monotone phase estimation algorithm for f do not imply lower bounds on Sg;(f). Nevertheless, if we
let mSy(f) represent the minimum quantum space complexity of any monotone phase estimation
algorithm for f, then a lower bound on mSy(f) at least tells us that if we want to compute f with
space less than said bound, we must use a non-monotone phase estimation algorithm.

Similarly, we let mS};(f) denote the minimum quantum space complexity of any monotone
phase estimation algorithm with 6 = 0 that computes f (with one-sided error).

The main theorem of this section states that any monotone phase estimation algorithm for f
with space S can be converted to a monotone span program of size 29(5) that approximates 7,
so that lower bounds on mSP(f) imply lower bounds on mSy(f); and that any monotone phase
estimation algorithm with § = 0 and space S can be converted to a monotone span program of size
2009 that decides f (exactly) so that lower bounds on mSP(f) imply lower bounds on mS}(f).
These conversions also preserve the query complexity. We now formally state this main result.

Theorem 5.14. Let A = (U, |1)9),0,T, M) be a monotone phase estimation algorithm for f with
space complexity S = logdim H + log T + log M + 1 and query complexity O(TM). Then there is
a monotone span program with complexity O(TM) and size 2dimH < 25 that approzimates f. If
d = 0, then this span program decides f (exactly). Thus

mSy (f) > log méTD(f) and  mSE(f) > logmSP(f).

We prove this theorem in Section 5.2.1. As a corollary, lower bounds on mSP(f), such as the
one from [PR17], imply lower bounds on mS};(f); and lower bounds on mSP(f) such as the one in
Theorem 5.3, imply lower bounds on mSy(f). In particular:

Corollary 5.15. Let f : {0,1}" — {0,1} be the function described in Theorem 5.3. Then
mSy(f) > (logn)?>=°W. Let g : {0,1}" — {0,1} be the function described in Theorem 5.2. Then
mSt(g) > Q(n).

We emphasize that while this does not give a lower bound on the quantum space complexity
of f, or the one-sided quantum space complexity of g, it does show that any algorithm that uses
(logn)¢ space to solve f with bounded error, for ¢ < 2, or o(n) space to solve g with one-sided
error, must be of a different form than that described in Definition 5.12 and Definition 5.13.

In a certain sense, monotone phase estimation algorithms completely characterize those that
can be derived from monotone span programs, because the algorithm we obtain from compiling a
monotone span program is a monotone phase estimation algorithm, as stated below in Lemma 5.16.
However, not all monotone phase estimation algorithms can be obtained by compiling monotone
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span programs, and similarly, we might hope to show that an even larger class of algorithms can be
converted to monotone span programs, in order to give more strength to lower bounds on mSy(f).

Lemma 5.16. Let P be an approrimate monotone span program for f with size S and complexity
C. Then there is a monotone algorithm for f with query complexity O(C) and space complexity
O(log S +1og C).

Proof. Fix a monotone span program, and assume it has been appropriately scaled. Without
loss of generality, we can let H; = H;; = span{|j,z) : z € Z;} for some finite set Z;. Then,
Oy = I —2llg(,), which is only true because the span program is monotone. Let U = 211,y (4) — I
Then UO, = (2Hyer(a) — 1)(2H g5y — I) is the span program unitary, described in Section 3.2.
Then it is simple to verify that the algorithm described in [IJ19, Lemma 3.6] (and referred to
in Section 3.2) is a phase estimation algorithm for f with query complexity O(C) and space
complexity O(log S + log C).

The algorithm is a monotone phase estimation algorithm because U = 2II4y4) — I is a re-
flection, and |ig) = |wy) = AT|r) is in the (+1)-eigenspace of U, row(A). Since U is a re-
flection, the (+1)-eigenspace of UQO, is exactly (ker(4) N H(z)) @ (row(A) N H(x)*), and so
o (x)|wo) € row(A) N H(z)*t C H(z)*. O

5.2.1 Monotone Algorithms to (Approximate) Monotone Span Programs

In this section, we prove Theorem 5.14. Throughout this section, we fix a phase estimation
algorithm A = (U, |vy),d, T, M) that computes f, with U acting on H. For any = € {0,1}" and
O € [0, 7], we let ITg(x) denote the orthogonal projector onto the span of e?-eigenvectors of UO,
for |0] < ©. We will let I, = Zje[n],ZEZ:mjzl |7, 2) (7, z|.

We begin by drawing some conclusions about the necessary relationship between the eigenspaces
of UO, and a function f whenever a monotone phase estimation computes f. The proofs are
somewhat dry and are relegated to Appendix B.

Lemma 5.17. Fix a phase estimation algorithm with 6 = 0 that solves f with bounded error.
Then if f(z) =0,

1
@)l > <
and for any d < /8/m, if f(x) = 1, then
[T (@)oo} | = 0,

and the algorithm always outputs 1, so it has one-sided error.

Lemma 5.18. Fix a phase estimation algorithm with 6 # 0 that solves f with bounded error.
Then there is some constant ¢ > 0 such that if f(z) =0,

Mo (2) o) |* > max{s(1 + ), 1/M?}

and if f(x) =1, for any d < V/8/,

)
HHdW/T($)|wO>H2 < T

8

To prove Theorem 5.14, we will define a monotone span program P, as follows:
Hiwe = span{l|j,z) : j € [n],z€ Z} =H
H;1=H; =span{|j,2,1): z € Z}
. 1, . .
A’Jaz7 1> = 5(‘],2’) - (_1)1‘]7Z>) = ‘],Z>
7) = [to)- (2)

We first show that II(x)|to) is (up to scaling) a negative witness for x, whenever it is nonzero:
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Lemma 5.19. For any x € {0,1}", we have
1
ITTo () [0) |

In particular, To(z)|1o)/ | Mo() o) ||* is an optimal negative witness for & when oy(z)|1bg) # 0.

w_(z) =

Proof. Suppose Iy(z)[g) # 0, and let |w) = To(z)|tho)/ |To () [0 ||*. We will first show that this
is a negative witness, and then show that no negative witness can have better complexity. First,

we notice that
(Yoo (x)[v0) _

ITLo () o) [I*

Next, we will see that (w|Allg(,) = 0. By the monotone phase estimation property, O,Ilo(x)[10) =
IIo(z)|10), and so Oz|w) = |w), and thus Il |w) = 0, where II, is the projector onto |j,z) such
that x; = 1. Note that H(z) = span{|j,2,1) : x; = 1,2 € Z} ®span{|j,z) : j € [n],z € Z}. Thus
HH(m) =1y, +1; ®|1)(1]. We have:

(wir) = (wlvo) =

(WIA(IL ® [1)(1]) = (IIL, = 0.

Since |w) is in the (+1)-eigenspace of UQO,, we have UO,|w) = |w) so since Oz|w) = |w), Ulw) = |w).
Thus
(WA, = (@I - U @ (1] = (| — (w]) ® (1] = 0.
Thus |w) is a zero-error negative witness for z. Next, we argue that it is optimal.
Suppose |w) is any optimal negative witness for x, with size w_(x). Then since (w|lI, =
(w]A(TT, ® [1)(1]) must be 0, O |w) = (I — 21,)|w) = |w), and since (w|Ally,,,. = (w|(I — UT)
must be 0, U|w) = |w). Thus |w) is a 1-eigenvector of UQ,, so

Y D
) l) I )P

We complete the proof by noticing that since ((,u|Al_[1rj(t]rue =0, we have (w|A = (w|(1]|, and w_(z) =
2 2
[l Al™ = ()" O

(e H

Next we find approximate positive witnesses.

Lemma 5.20. For any © >0, the span program P4 has a,ppro:vima,te positive witnesses for any x
with error at most ||Ie(x)|vo)||* and complexity at most > 167

Proof. We first define a vector |v) by:

[v) = (I = (UO)") (I — Te(2))[th)-

Note that I — (UO,)' is supported everywhere except the (+1)-eigenvectors of (UO,)!, which are
exactly the (41)-eigenvectors of UQ,. Thus, (I — IIg(z))|t) is contained in this support.
Next we define

fw) = (o) = (1 = U} ) [1) + o).

Then we have:

Alw) = o) — (I = UNw) + (I = UN)|v) = |yo) = |7).

So |w) is a positive witness, and we next compute its error for x:

[y ]| = e (o) — 2 = 0ty ||

= [ Talo) ~ Tia(7 = UNY(T — WO YH(T ~ oIy
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Above, Iz = I — II,. We now observe that
(I — O,U") =1I; (Hi — (Iz — Hx)UT> =TI - U").
Thus, continuing from above, we have:
[0y )| = ([ — T2 = 00T — 0,0 (1 — The () uo) |

= [Tz [¢0) — Ma(I — e (@))[o)|I* = [Halle () v0)|*
< e (@)4o)|* -
Now we compute the complexity of |w). First, let UO; = >, e?i|X;)()\;| be the eigenvalue
decomposition of UO,. Then
1

(I-Uo)hHt =Y T Nl
J:6;7#0
and  T-Te(z)= > A\l
7:10;1>©
We can thus bound ||[v)]?:
2
2 1
I)I” = [[ (7 = WO U ~Tel@Nwo)| = || > ——PlvolA)
j:|9]'|>@
1 9 w2
= o [(Nlo)|* < =5
3:16;/>6 4sin® 3 10

Next, using O, + 211, = I — 211, + 211, = I, we compute:

2 2
[1g0) = (2 =UD)|| = [[1w0) = (T = U = 2,011 = OLUTYH (1 — The () o)
= [[lg0) — (7 ~ Tlo (@) labo) + 2T — (O (T — o)) )|
2
< [ iMool +2 |0t 37— gl Ag)
Jj:16;1>0
2
< | Mo (@)lwo) | +2 J > sl
3:16;1>© 4sin” 5

s 2 g2

< (e (@) o)l + & 17 = To@)lvo)l) < &5-
Then we have the complexity of |w):
) = [Jlgo) = 2 = U3 + o) 12
2 2 572
+ = —. O

< —
T 0?2 402 407
We conclude with the following two corollaries, whose combination gives Theorem 5.14.

Corollary 5.21. Let A = (U, |1)9),0,T, M) be a monotone phase estimation algorithm for f with
space complezity S = logdim H +log T +1log M + 1 and query complezity O(TM). Then there is a
monotone span program that decides f (exactly) whose size is 2dimH < 25 and whose complexity

is O(TM).
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Proof. If f(x) = 0, then by Lemma 5.17, we have ||IIo(z)[o)||* >
M?. Thus W_ < M?.

If f(z) =1, then by Lemma 5.17, we have |’H2/T($>|'{/JO>H2 = 0, so by Lemma 5.20, there’s an
exact positive witness for 2 with complexity O(T?). Thus Wy < O(T?), and so the span program
Py from (2) has complexity O(T'M). The size of the span program Py is dim H = 2dim#H. [

ﬁ, so by Lemma 5.19, w_(x) <

Corollary 5.22. Let A = (U, |vy),d,T, M) be a monotone phase estimation algorithm for f with
space complexity S = logdim H + log T + log M + 1 and query complexity O(TM). Then there is
a constant k € (0,1) such that there exists a monotone span program that k-approzimates f whose
size is 2dim H < 2% and whose complexity is O(TM).

Proof. If f(x) = 0, then by Lemma 5.18, we have ||IIo(2)[¢0)||* > 0(1+¢) for some constant ¢ > 0.

Thus, by Lemma 5.19, W_ < ﬁ.

If f(z) = 1, then by Lemma 5.20, setting © = dr /T for d = 2, /| T5c» (where c is the constant
from above), by Lemma 5.20 there is an approximate positive witness for x with error

2
eo = [z @il
and complexity O(7T?). By Lemma 5.18, we have

J J d(1+c) 1 1
er < - - < .
1 — 555 l+c—c¢/2 7 14+c¢/2W_

11— d2n2
] 2(14c)

Thus, letting k = ﬁ < 1, we have that P4 k-approximates f. Since the positive witness

complexity is O(T?), and by Lemma 5.18, we also have W_ < O(M?), the complexity of Py is
O(TM). The size of P4 is dim H = 2dim H. O
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A Proof of Claim 3.8

In this section, we prove Claim 3.8, restated below:

Claim 3.8. Let P be a span program that k-approximates f : D — {0,1} for some constant k.
For any constant k' < k, there exists a span program P’ that r'-approximates f with s(P') =
logi,

(s(P)+2) "% , and C(P', D) < O (Cx(P, D)).

Let |wg) = AT|T). We say a span program is normalized if |||wo)|| = 1. A span program can
easily be normalized by scaling |7), which also scales all positive witnesses and inverse scales all
negative witnesses. However, we sometimes want to normalize a span program, while also keeping
all negative witness sizes bounded by a constant. We can accomplish this using the following
construction, from [IJ19].

Theorem A.1. Let P = (H,V,|), A) be a span program on {0,1}", and let N = |||wo)||?. For a
positive real number (3, define a span program PP = (HP VB |18), AP) as follows, where |0) and
|1) are not in H or V:

Hjﬁ,b = Hj,bv Htﬁrue = Hirue ® span{|i>}, Hfﬁ = Hralse ® Span{’f»}

alse

VP =V @span{|1)}, A® = BA+|7)(0] + VBQ;Nn)(i\, |8y = |7) + |1).

Then we have the following:
o [[(A)HO)]| = 1;
e forallx € Py, wy(z, PP) = ém(m, P)+2;
e for all x € Py, w_(zx, P?) = pw_(x, P) + 1.
Corollary A.2. Let P be a span program on {0,1}", and P® be defined as above for f3

ﬁ. If P k-approzimates f, then PP \/k-approzimates f, with W_(P?) < 2, W+(P5)

W_(P)W.(P) +2 and s(P?) < s(P) + 2.

IA

Proof. First note that by Theorem A.1, W_(P?) < 2. Let |w) be an approximate positive witness
2 /\
for x in P, with HHH(z)Jw)H < o and |||w)|® < W, (P). Define

W_(P)
no_ 1 B 5 AT
W) = S e Tl
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One can check that A%w’) = |77).

2

2

HHH" ’“’>H2 52(1+KHHH ) H 1if§)2§ﬁ2(11—}-fﬂ)2W_K(P)+(1—|ﬁ—/€)2
K+ K2 2k(1+ k) 1 2K VE

C (1+kK)2 T W (PH(1+k)?2  W_(PP)1+r ~ W_(PP)

where we have used W_(P?) < 2. We upper bound /V[ZL (P?) by noting that:

, 1 P 52 2
I < G ™+ )+ e + (T

< W_(P)W,(P) +2.

Finally, s(P?) = s(P) + 2 because of the two extra degrees of freedom |0) and |1).

O

Proof of Claim 3.8. We will first show how, given a span program P such that |||wo)|® < 1, and
P k-approximates f, we can get a span program P’ such that |||[wp)||> < 1, W_(P') < W_(P)2, P’

k2-approximates f, W, (P') < 4W+(P), and s(P') = s(P)%.
Define P’ as follows, where S is a swap operator, which acts as S(|u)|v)) =
|u), |v) € H:

=yt A-4ea = 1I)

IH®H+S /
Js ? ’T>

2
Observe that for any |u), |v) € H, we have
A'(lu)|v) = [v)|u)) =0, and  A'lu)|u) = Alu) ® Alu).

Note that A'(|uwo)wo)) = |7'), so 4|7 < lllwobluwo)] < 1.

|v)|u)y for all

If (w| is a negative witness for z in P, it is easily verified that (w'| = (w| ® (w| is a negative

witness in P’, and

1 2
1 = |0001) © () + S(tela) @ (@l = sl
so w_(z, P") <w_(z,P)?% and W_(P') < W_(P)2.
If |w) is an approximate positive witness for z in P, then define
‘wl> = ’w>’w> ‘w>HH x)‘w> + HH |w>HH |w> HH(x)|w>err(A

‘We have
Allw') = Alw) Alw) — - (AHH yw) @ Allep(ay|w) + Alliey(a)|w) @ ATl |w))
We can bound the error as:

s )| = [Ty © Dbt

K2 K2

WP = W (P’

- HHH(x)th)HH(I)L]w)HQ <

Next, observe that

yw).
= |m)|7) = |').

B HHH(:):)LMIW) - HH(ac)i‘wﬂhf@”)‘mu2

Ma@) + Mp@yr) © @) + Mge)r) = Dgeyr © D) + D) © D).
= i) @ Wag) + Uae) O Une) s + Une)s @ Uge)s + e © )

50 |w') = Mgy |w) @ [w) + [w) @ M2 fw) = Ty w) @ Myep(ay|w).

32



Thus, using the assumption [||wo)|| < 1, and the fact that I,y (4)|w) = |wo):
5 2
[l I = [ Loyl + ) Ty 10) = o) Ty o) |
2
= [Tt ) a0+ ) Ty )|
2 2 2
= [y o) + || o) Mgy o) |+ 2 [ WLy ) | Gl WLy o)

<Wi(P)+W(P) +2W, (P) < (14K +2VR) W (P).

K K
W_(P) W_(P)
Note that we could assume that W,(P) > 1 because |lwpl| < 1.
We complete the proof by extending to the general case. Let P be any span program that
k-approximates f. By applying Theorem A.1 and Corollary A.2, we can get a span program, P,
with ||[|wo)|| = 1, W_(Py) < 2, W+(P0) < O(P)?+2, and s(Py) = s(P) +2, that y/k-approximates
f- We can then apply the construction described above, iteratively, d times, to get a span program

P, that \/E2d = k2" _approximates f, with
s(Pa) = s(P)*" = (s(P) +2)”",

W_(P) <2¥, and  Wo(Py) <4W.(P) < 4C(P)?+2-4%

Setting d = log ( ) + 1 gives the desired . O

B Proofs of Lemma 5.17 and Lemma 5.18

We will prove the lemmas as a collection of claims. Fix 77 > T and M’ > M with which to run the

algorithm. Suppose ®(z) outputs |¢(x)) = /pz|0) a|Po(z)) ++/1 — pz|1) a|P1(z)), and let p denote
the estimate output by the algorithm. We will let UO, = 3, ei”j(‘”)])\f><)\f | be an eigenvalue
decomposition.

Claim B.1. If f(z) =0 then |[Io(z)|vo)|* > -

Proof. Since the algorithm computes f with bounded error, the probability of accepting x is at
most 1/3, so p < 0 with probability at most 1/3.

Amplitude estimation is just phase estimation of a unitary Wg such that |¢(x)) is in the span
of e*?=_cigenvectors of Wy, where p, = sin?6,, 6, € [0,7/2) [BHMTO02]. One can show that the
probability of outputting an estimate p = 0 is sin?(M’0,)/(M'* sin®(0,)), so

If M'0, < %, then this would give:

which is a contradiction. Thus, we have:

T 20 1 ) 1
M,9x>§ = 7x>M = Sln9x>M = \/px>M.
Since ®(x) is the result of running phase estimation, we have
sin (TU (x)/2)
= )\Z 2 J < ||ITT —+ ,
pe = OG0 g 5y < W@l + 7
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for any ©. In particular, if A is less than the spectral gap of UQ,, we have ||IIa(x)|¢0)| =
[To () [¢bo) ], so

< || Mo () o) |I* +

M/2 T’QAZ
This is true for any choices 77 > T and M’ > M, so we must have:
1 2
S [TIo ()[40} ]|” - O

Claim B.2. If f(x) =1 and § =0, then for any d < ‘f (x )W0>H2 =0

Proof. Suppose towards a contradiction that HHdﬂ 7()]%0) H2 > 0. Then p, > 0, and some
sufficiently large M’ > M would detect this and cause the algorithm to output 0, so we must
actually have HHdw 7()]%0) H2 = 0. In fact, in order to sure that no large enough value M’ detects
amplitude > 0 on |0) 4, we must have p; = 0 whenever f(z) = 1. That means that when f(z) =1
the algorithm never outputs 0, so the algorithm has one-sided error. ]

Claim B.3. There is some constant ¢ such that if f(z) = 0 and § > 0 then ||o(x)[vo)||* > 6(1+c).

Proof. Recall that p € {sin*(7m/M’') : m = 0,..., M’ — 1}. We will restrict our attention to
choices M’ such that for some integer d,

5 (d+1/3)m
M’ '

. o dm .
sin? i <4 < sin

To see that such a choice exists, let 7 be such that § = sin? 7, and note that the condition holds
as long as d < TM < d+1/3 for some d, which is equivalent to saying that L?’TM | =0 mod 3. If
K=|3Z], then for any M’ > M, and ¢ > 0, define:

M, = M + (K.

Then for any £ > 0,

1 1
Tt T =Tre |z -T2,

2 72
so there must be one ¢ € {0,...,6} such that L?’%Mﬂ = 0 mod 3. In particular, there is some

choice M satisfying the condition such that (using some M’ < %):

NZ 67 T

We will use this value as our M’ for the remainder of this proof.
Let p, = sin? 0, for 0, € [0,7/2]. Let z be an integer such that A = 0, — 7z /M’ has |A| < 57.
Then the outcome p = sm2 ZZ has probability:

: ,
\/SMe<\/3<+67T>=1+”mT<1+7T- (3)

2 2
M'—1 M'—1 .
1 Z oi2t(Oa—mz/M)|  _ 1 Z Q2| sin®(M'A) > 4
M? |~ M"? |~ © MPsin?A T w?

since |M’A| < 5. Thus, by correctness, we must have sin(7z/M’) > § > sin? & 4. Thus z > d, so

d+1)m 27w
T S Tl Ash g

34



Thus:

(d—|— 1/3) 27 v
< -
T =0t o
(d+ 1/3 T .
( 6M’> <sinf,
(d+1/3)m (d+ 1/3 .
n< M S S Ve

1 —dsin

51/ i M,_ Dz

When sin? g < 1—0, which we can assume, the above expression is minimized when sin
as small as possible. We have, using M’ < IF, from (3):
g 4 4]
> > .
6M" ~ 36M'% ~ 9(1+ )2

2

6]7(/[, is

sin

Thus, continuing from above, letting k = S e have:

1+)

VoV =k + V1 —06Vkd < \/pa
6(1 — kS) + (1 — 0)kd + 26+/k(1 — 6)(1 — kd) < p,

Next, notice that (1 — kd0)(1 — §) is minimized when 6 = 12+kk, but § <1< 122’“ , 5o we have, using
kE<1landd <1/2:

S(1+ k(1 —28) +2VE/ (1 — k/2)(1 — 1/2)) < ps
5(1+ 0+ VE) < p,.

Since ®(x) is the result of running phase estimation of UQ, for T" > T steps, we have:

TO'Jx)
T

B . sin?(
Px—zj:|(>\j|¢o>’ T’) sin (Ué ))

so in particular, for any © € [0, 7), we have

pe < Me@lwo) 2+ 3 (Ao} P

jiloy(@)]>0 (T")2sin*(3)’

< | He(@)[vo)l|* + || — e (2))[¢o)|I”

71.2

In particular, for any ® < A where A is the spectral gap of UQ,, we have ||lg(z)[vo)| =
|ITIo(x)[10)||, so for any T7 > T, we have

T () [2bo) [|* + > py > 0(1+ Vk).

(T )2A2
Since this holds for any T > T, we get
() [0} |I* = 6(1 + V).

The proof is completed by letting ¢ = Vk. O
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Claim B.4. If f(z) =1 and § > 0 then HHdﬂ/T(x)\w@Hz (1 —d?r?/8) < 4.

Proof. If |\) is an e?-eigenvector of UQ, for some |f| < dr/T < +/8/T, then the probability of
measuring 0 in the phase register upon performing 7" steps of phase estimation is:

1 sin? £
pz(0) == = =57
T T2 sin 5

t=0

Let e(x) =1 — S“;# for any z. It is simple to verify that e(z) < 22/2 for any z, and &(z) € [0, 1]
for any z. So we have:

S (T0/2)*(1 —e(T6/2)) T2%6?

2e0) 2 gt — ey = IR 2T

Thus, we conclude that

T2 22 d2n?
Dz > HHdﬁ/T(l‘)‘l/Jo>H2 <1 - 8T7;> = HHdﬂ-/T(IEHwO)HZ <1 o 87T > ’

If this is > §, then with some sufficiently large M’ > M, amplitude estimation would detect this
and cause the algorithm to output 0 with high probability. O
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