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A fractional integral operator corresponding to negative powers of a certain

second order differential operator *)

by

I.G. Sprinkhuizen-Kuijper

ABSTRACT

A class of integral operators is defined which contains negative
fractional powers of both dz/dx2 + »d and-l-fL . These operators are
x dx x dx
intimately connected with an integral formula for hypergeometric functions
due to Erdélyi. A result of Wimp on hypergeometric integral equations is

also contained in the theory of these fractional integral operators.
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*) This paper is not for review; it is meant for publication elsewhere.






1. INTRODUCTION AND PRELIMINARIES

In this paper a class of integral operators is studied which contains

negative fractional powers of the second order operator

2
D =£_2_+

4
Vv dx dx

X<

The fractional integrals of the Riemann-Liouville type corresponding to
(d/dx) are well-known and they are widely used in applied mathematics and
in the theory of special functions. The theory of the Riemann-Liouville
integral can be found in "The Fractional Calculus" by OLDHAM & SPANIER [91,
in the proceedings of the conference in New Haven (1974), edited by ROSS
[T1], and in the references given in these works.

The operator Dv is also important, and for applications it seems natural
to introduce a fractional calculus for this operator, similar to that for
the Riemann-Liouville integral. The operator Iﬁ’k introduced in this paper
contains negative powers of both Dv and x—1 d/dx. The attractiveness of com-—
bining the operators Dv and x—] d/dx arises from their simple commutation
relation (cf. (1.10)).

Let us give a summary of the contents. At the end of this section a
number of results on hypergeometric functions is given. In section 2 we
solve some I.V.P.'s (initial value problems) in the operators x_] d/dx and
Dv' In order to solve these problems, we consider for v ¢ IN the operators
D as the '"radial" part of the wave operator in Bfrkl. The fractionaliza-
tion of the wave operator is given by the Riesz distributions Zu (for refer-
ences, see section 2). By the integration of Zu over the inessential vari-
ables, an integral operator is found which has the desired properties (now
it is no longer necessary to restrict v to IN and one can take v € €). Once
the integral operator is found, we will give '"classical" proofs for the
theorems in section 2. The solutions of the I.V.P.'s in section 2 serve as
a basis for the introduction of the fractional integral operator Is’A. This
operator is defined in section 3, where we also study the composition rule

A. A further analysis of the operators Ii’k

and some other properties of Is’
and their connection with the Erdélyi-Kober operators are given in section

6, but first we discuss some applications in sections 4 and 5. In section 4



Erdélyi's integral formula (l1.11) is interpreted as a fractional integral.
In section 5 it is shown how IE’A and its inverse lead to a pair of integral
equations, which, after some transformations, yield one of the results of
WIMP [16].

Finally sections 7 and 8 deal with distributions. Section 7 summarizes
a few properties of the distributions and test functions needed in section
8. In section 8 it is shown how the operator I:’A can be extended to an
operator acting on a certain class of distributions. To define the action
of IS’A we will use a certain procedure which Erdélyi [3] called the "method

of adjoints".

Throughout this paper we will refer to the following results on hyper-
geometric functions, which are defined by
S

(1.1) F (a,,3,5..258 3b ,...,b 3x) = ) TX
pq 1°°2 p’ 1 q k=0 (b ..(bq)kk.

l)k'

x| <1, ¢ # 0,-1,-2,...,p<qg+l

cf. ERDELYI et al. [5, Chapter II]. Two special cases of (l.1) are

(1.2) oFj (a,bsbsx) = |Foas 5x) = (1-x) 7,
and
(1.3) 2F](O,b;c;x) =1,

It can be readily verified by termwise differentiation of (1.1) that the

following differentiation formulas hold.

2,c-1
(1.4) G~§’§§—£L75il———-zFl(a,b;c;l-xz) =
27T (c)
2,c-2
= S%:izil———-2Fl(a,b;c—1;l-x2),
2 T'(c-1)

and



2 2, c-1
47, 2@@rb-o)+l 4 (I—x )€

2
F](a,b;c;l—x ) =

/]
dx2 X dx ZCF(C) 2
(1.5)
2.¢c-3
= %2—’-‘—)—— 2F1(a—1,b—l;c—2;1-x2)
2 T'(c-2)

Formula (1.4) is similar to [5, 2.8 (22)]. Formula (1.5) is due to Tom

Koornwinder. It is closely connected with the identity

2 2, a+b-c+2
Qfo + Z%;l.é% a+b—212 x) 2F1(a+l,b+1;c;x2) =
dx 2 I'(a+2=c)T(b+2-c)
(1.6)
2, a+b-c
= a+b—§] x ) 2F1(a,b;c;x2),
2 I'(a~c+1)T (b-c+1)

- which is proved and applied in KOORNWINDER [7]; By substitution in (1.6) of

‘ L2 _T()T(ema=b) . . | 2
2I‘](a,b,c,x ) T(e=a)T (c=b) 2I‘l(a,b,a+b+l c;l=-x7)

(1.7)

I'(c)T(a+b-c) 2. c-a-b 2
T(a)T (b) (1-x7) ,F,(cma,c=bje+l-a-b;1-x")

(cf. [5, 2.9 (33)]), we see that this formula splits into (1.5) and

2
d 2(at+b-c)+1 d N
(dxz + X E;) zFl(a’b3C3] X ) =

(1.8)

_ 4ab(a-c) (b-c) . L1 2
= c(e+ D) 2Fl(a+1,b+1,c+2,1 x7).

Iteration of (l1.4) and (1.5) yields:

2 2, c-1
(-é dix)ﬂ( d?_ + 2(a+bx c)+l Ed};)k a —* ) ZF](a,b;c;l—xz)
dx 2°T(c)
2, c=2-2k-1
= élﬁfzi 2Fl(a-k,b~k;c—£—2k;l—x2).
2 I (c-£-2k)

An important role is played by the commutation relation of the operators
in (1.9):



2 2
Vv _ (d v+2 dy 1 d
dx dx
ERDELYI [4] derived the following important formula by means of fractional

differentiation by parts:

1

P = I'(e) s-1 _ c-s—-1 _ r—a-b .
oF(asbje;2) T T (e=5) f wo(1-w) (1-wz)
0
(1.11)
F (r-a r"b'S'WZ) F (a+b—r r-s:c-s: (]_W)Z)dw
271 s 93955 271 ’ N H ———————l_wz R

IRe ¢ > IRe s > 0.
2. SOME INITIAL VALUE PROBLEMS

The formulas obtained in this section form the basis for the definition
of the fractional integral operator to be discussed later, but they are also
of interest by themselves. The first initial value problem (lemma 2.1) is
essentially contained in the theory of the Riemann-Liouville integral. The
second one (theorem 2.2), however, seems to be new, élthough the elements
for its solution are available in literature (see also section 6).

We will start with the following I.V.P., which is simply solved by

. 2 . . . . . .
using X as a new variable in the Riemann-Liouville integral.

LEMMA 2.1. Let g € C((0,11), then the unique solution of

~

LDk =g,  0<xs1,
(2.1) 4@y =, i=0,1,...,0-1,

f € Cz((O,lj),

—

18 given by



! S22 A
T(0) J yE—=—)
X

—_—

(2.2) f(x)

~

g(y)dy.

THEOREM 2.2. Let g € C((0,1]), then the unique solution of

ro2
d v d.k _
— + ;’EE) f(x) = g(x),
dx
(2.3) <@y = o, i=o0,1,
£ e c?(0,17),
18 given by
L S22 2kl
(2.4) f60 =y | €55

X

PROOF. We will use the adhoc notation
1
J M (x,y)8(y)dy

X

2F](k +

0<x<1, vedC(C,

., 2k-1,

XZ
y

v-1

—2—,k;2k;1

for the right hand side of (2.4). For k > 1 we have

1

d2 v d
G——§ +'§'E§) J Mk(x,y)g(y)dy
dx
X
l d2 v d
J C;;f + ;’EEDMR(X,Y)g(Y)dY =
X

M _,&y)e(y)dy.

Mo

The first step is correct because Mk(x,x) = 0. The second step is an applica-

tion of (1.5). Iteration yields

1
d2

v+1 2

dx
X

F (

v d. k-1 y2—x2 X
5+ T £ = J ( 5y oF 1 123l - —)e(y)dy,

y

Applying the operator again and using (1.4) and (1.2), we get



2
d v d.k _
(_2+§E£) f(x) =
dx
d2 v d zz—xz v+1 x2
= (—7"';-‘1;) J ( 2y )ZFI(T,I;Z;l'—Z)g(Y)dY =
dx y
X
l 2 2 2
S &Ly Ay ox ool X =
- Y [ - ke
X y
1
____(.i_.;..\i) .).(_F(l)"'_l].].]_l(i)()d =
T Mdx x y 212?22 2/ 8Ly/ey =
X y
1
=2+ Y | OVemay -
dx X X
X
1 .
AN - Ay
= X) g(y) l J (dX + X)(X) g(y)dy
=X X
= g(x).

Thus (2.4) 1s a solution of (2.3). The initial conditions are fulfilled
because of the factor (xz—yz)Zk-] in the integrand. The uniqueness of the

solution results from the standard theory for I.V.P.'s. a

In the proof of theorem 2.2 it was checked that the solution (2.4)
indeed satisfies (2.3). Let us now indicate how (2.4) was obtained. For

v =1,2,... the operator d2/dx2 + vx_l d/dx is that part of the wave opera-

tor in DRV+] which depends only on the Lorentz distance x = (xé-x?— oo
...--x\))I/2 in.IRv+1. To the function g on R we let correspond the func-
tion E in the backward light cone defined by
~ _ 2_ 2 U2
g(XO""’Xv) = gﬁ/go X[ 7. xv) g(x)
The I.V.P. (2.3) corresponds in IR\)+1 to the problem
2 2 2 k
d d P ~ ke _
(2.5) G——E —5 “ao -——5) f(XO’xl""’xv) = f(XO’xl""’xv) =
90X 9x 9x
0 1 Y _ N(x < x )
g 0’ 13 b v bl



for the iterated wave operator, with initial conditions for the derivatives

in the direction of the Lorentz normal on the sheet Xy < 0 of the hyperbola
xé-—xf-—...-—xi = 1. We are interested in the solution at the right hand

side of this sheet (i.e. forwards in time). So let us consider f and g as

distributions in the backward light cone with supports in the region bounded
to the left by the left hand sheet of the hyperbola xé-—x%-—...-—xi = 1.
Then (2.5) holds in distributional sense in the backward light cone. The
unique solution f of (2.3) is given in terms of the Riesz distribution Z2k

as

~

(2.6) 'E = ZZk*g’

where the asterisk denotes the convolution product in distributional sense,

which can be interpreted in the classical way, if Z, and g are regular

2k
distributions (locally integrable functions) and if the (Lebesque) integral

defining the convolution product converges absolutely. Here Z is given by

2k
v-1
2 =1 u p=v+l =1 p-v-1
o= [ — —
(2'7) ZU(XO’...’X\)) ® LTr 2 I‘(z)r( 2 ):l p 3
2 2 2 . 2 2
p={‘£0—xl-....—xv if XOZ x1+...+x\),
0 elsewhere,

for IRe py > v-1, and by
<Z 49> = <Z Dk¢>
u’ pt+2k

for lRe p > v-2k-1 (k ¢ IN), where ¢ is a c”-function on Hfrk] with compact

support. The Riesz distributions have the following properties

N
|
|
o8



They have their supports in the forward light come. This distribution Zu is
an entire function of y in a weak sense, i.e., (Zu,¢) is an entire function
of u for each C —function ¢ with compact support. It is a regular distribu-
tion for lRe u > v-1. A good introduction to distribution theory and to the
solution of (2.5) in terms of Riesz distributions is given by DE JAGER [6].
He restricts himself, however, to I.V.P.'s for (2.5) with initial conditions

on the plane x, = 0. For the more general case with initial conditions on

0
some space oriented hyperplane we refer to RIESZ [10].

/2 2
y +...+yv T

1

Figure 1

In the following we will replace 2k in (2.6) by u, which may be arbi-
trary complex. The restriction of the function f to the interior of the
backward light cone is a sufficient (and, in the case of Lorentz invariance,
necessary) condition for the existence of the convolution in (2.6), because
in this case the intersection of the supports of g(yo,yl,...,yv) and
Zp(XO-yo’;"’Xv_yv) is bounded. In the backward light cone the generalized
solution f as given in (2.6) can be written as a classical integral if

IRe p > v-1. See figure | for the region S of integration, which contributes

to the convolution integral (2.6). If g is invariant under Lorentz



~

transformations, then f is invariant as well. Hence, a solution f of (2.5)

results in a solution f of the original problem (2.3):

o _ 2_ 2 _ .2
f(x) = f(XO""’Xv)’ X = /go X~ eee TX 0 <x< 1.
Consider
f(xo,---,xv) = J g(yo,---,yv)Zu(XO—yo,-~-,xv-yv)dy0---dyv,
S
v+1 2 2 2 2 2
where S = {(yo,...,y ) € lyo-yl-...-yv <1, (xo—yo) - (xl—yl) -

-(x v, ) >0, Yo < X, < 0} (see figure 1). Instead of %(xo,...,xv) and
g(yo,...,yv) we will shortly write f£(x) and g(y). By S is denoted both the
region in B@ﬁq as defined above and the corresponding region after a change
of variables. Because of the Lorentz symmetry we can take (XO’XI""’xv) =
(-%,0,...,0), 0 < x £ 1., Let us make the transformation of variables Vo =

-y cosh t, v, =Y sinh t CITERERY A sinh t W with w N coordinates

]’
on the unit sphere in R”. This yields
v-1

£ = n 2 2" rdyrdth Tl

u—v-1
.J g(y){(y cosh t - x)2 - y2 sinh t} 2 yv(sinh t)v_ldydtdQv
S
1
1 y2—x2 u-1 p+v-1 u x2
=T J ( 2y ) ZFIC—_E—_’Z’U’ ";E)E(Y)dY-

y=X
Here dQ denotes integration over the unit sphere in R”, and S = {(y,t) |

y > x > 0, t > 0, (y cosh t-x) y2 51nh2t > 0}. We used the transforma-

tions of variables:

sinh2 §-= v

and
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b= GendT,

(y-%)
and the formulas
N
2
Qv - 2(} ,
1"(—2“)
b-1 a-c -a. _ I'(b)T(c-b) el
J s (1+s) (1+sz) “ds = __—?YES_——-ZFl(a’b’C’] z),
0
bz l 1
F (a,b;2b —~———§) (1+z) F (a,a- b-+ =3z ),
2
(1+z)
F.(a,biciz) = (]_z)c—a—b F (c-a,c-b:ic;z)
271 ER ] 21 s PR H]

and the duplication formula for the gamma function
1

r(2z) = 22271, 2F(Z}F(24~%).

For these formulas, one is referred to ERDELYI et al. [5]. In this way we
have found (2.4) for v = 1,2,3,... and IlRe p > v-1. The restriction on p
can be immediately removed because ZU is an analytic function of u. After
the solution in the form (2.4) has been obtained for v = 1,2,..., the
general case can be proved, as described earlier.

Combination of lemma 2.1 and theorem 2.2 leads to

THEOREM 2.3. Let g € C((0,11), then the unique solution of the I.V.P.

—~

1 d.£.d d
(‘X dx)zc—;— X-E—) f(x) = g(x), 0 <x <1,
(2.8) 4:@ gy - o, i=0,1,2,...,0+2k~1,
£ e 0,17,

18 given by
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1
2 2
1 - L+2k-1 1-2k
J O y

(2.9) £() = S

X

2
OF | Uk + 2o k384 2k51 - E5) g (v) dy
Y
PROOF. If £ = 0, then (2.9) reduces to (2.4). If £ 2 1, then application of
(dz/c'lxz-i-\)x_1 d/dx)k to the right hand side of (2.9) yields the right hand
side of (2.2). 0

The integrand in (2.9) is found by combination of (2.2) and (2.4). This

provides the following integral:

z 9 2

J 22 Y )K l(y )Zk 1 (k+— 5 ,k 2k ; 1-§§)dy

. y

_ T ()r(2k) 22—X L+2k~1 1'2k Lk + 2 ks 42k 1 - 2)
= I‘(K-{-Zk_) ( ) Z ( 2 5 22 H

which is a special case of:

c+u-—1 a-c
v (1-y) 2F1(a,b+u;C+u;y) =

(2.10)

y
r _ ——— -
I (c+p) J (y-x)" 1(l—x)a CTHLC ! Fl(a,b;C;X)dX-

T TOTM
0

The above formula has been derived by ASKEY & FITCH [1, th. 2.3] from
Bateman's integral

1
(2.11) JF (absetusx) = T%é%%%%?’J yc_l(l—y)“_lel(a,b;c;xy)dy.

0
To conclude this section, we summarize the results for the analogous initial
value problems considered for x = 1. Their proofs are completely comparable

to those for 0 < x £ 1. For theorems 2.5 and 2.6 this is clear from the

second expression given for the solution.

LEMMA 2.4. Let g e C([1,»)), then the unique solution of
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F(% Htw =g, x= 1,
Wy =0, i=0,1,2,...,0-1,

f e CK([I,w)),

-

18 given by

X

1 xz—yz £-1
f(x) = D Jy( ) gly)dy.
1

THEOREM 2.5. Let g € C([1,»)), then the unique solution of

2

r.d d.k
C——f +'§'E§) f(x) = g(x), x=21, ved,
dx

4:@ () = o, i=0,1,...,2k~1,

£ e ¢2X(1,)),

\/

18 given by

X
1 v xz— 2 2k-1 v-1 2
£(x) = J D EGID T (e ks 2k 1 - T g (v)dy
l -

r(2k) X

The right hand side of the solution can also be written as

) 9
1 x =y, 2k~-1 v=1 . . _x
T (2k) J Gz oF krgks 2kl yz)g(y)dy,
1

by the use of the transformation

—_ — -a —-_h . . z_
(2.12) 2F](a,b,c,z) = (1-2z2) 2Fl(a,c b,c,z_]),

see ERDELYI et al. [5]. We prefer the form of the as given in the

2
theorem, because in that form its argument takes values in (0,1). In special
cases theorem 2.5 can also by obtained by solving the equivalent problem

. + . .
for the wave operator in i:3g 1, analogous to our description after the

proof of theorem 2.2. In contrast to the previous case we now have to
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. . + . .
consider distributions on IR’ l with their support bounded to the left by

5
the right hand sheet of the hyperbola xé-—xf-—...-—x; =1,

Combination of lemma 2.4 and theorem 2.5 leads to

THEOREM 2.6. Let g € C([1,»)), then the unique solution £ of

2
1 d.£,d° v d.k _
C;'Eg) (g‘i +'§'a§) f(x) = g(x), x =z 1,
x
f(i)(l) = 0, i=0,1,2,...,£+2k-1,
£ e (1,0,
18 given by
X
2 2
_ 1 x -y~ L+2k-1 y v+l L
1
V-1 y2
ZFI (L+k +—2—,£+k;£+2k;1 —;E)g(y)dy.

The last expression is equal to:

X .
2.2 2
1 X -y  £+2k-1_1-2k v-1 X
T (L+2K) J =) v F Bk = kgl 2k yz)g(y)dy,
1

which can be verified by using (2.12).

In this section we presented the solutions of a number of initial
value problems with initial values given for x = 1. This value x = 1 is
arbitrary and the results will be the same if we give initial values for
x =M, 0 <M< » and if we replace fi by fz and IT by fﬁ. This can readily
be shown by the substitution of x = x'/M. In section 8 we will consider the
I.V.P. in distributional sense and for arbitrary starting points. In that
section we will give the solutions of the IVP for the adjoint operators
and Ji; - é%

dx

K| —
X<

d
dx
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3. THE FRACTIONAL INTEGRAL OPERATOR Is’k

In section 2 we found the solutions of some I.V.P.'s. We will use the
solution of the I.V.P. in theorem 2.3 to define a fractional integral opera-

tor.

DEFINITION 3.1. Let £ € C((0,1]). Let TRe (A+p) > 0. then
1

2 2
HsA _= 1 y —x (Atp-1 1-p
(3.1) LR = a5y J ——) y
X
2
20 +p+v-1 L UX

If u = 0 then oA does not depend on v. We will use the notation IO’A in
that case. Note that IS’A f i§ continuous on (0,1] and that IS’A £(1) = 0.
Also note that for each f € C((0,1]) and x ¢ (0,1], Is’k f(x) depends
analytically on A, u and v for IRe (A+u) > 0. We introduce

2_ 2 2
1 - Atu—-1 1- 2 +u+v-1
(y X ) U y ]JZFI( A% 1Y

s A ‘= Boysp1 =%
K\) (X,Y) ° 1—1()\+u) 2 2 ’2,)\+u,1 yz)’

(3.2)

0<x<y<l.

Thus we have for IRe (A+u) > O:
1

It’)\f(x) = J KE’A(X,y)f(y)dy-

X

From the relation:

i _ ab

2.E‘l(a,b;c;z) =1+ - z3F2(a+1,b+1,l;c+l,2;z)
it follows that:

1
2 2
Uy A _ 1 y —-x (A+tp=1 1-yu
17 E(x) O] J( 7 ) y Tf(y)dy

X
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] 2. 2
22 +u+v—-1 - A+ -1-
u(2A+u+v-1) J F Xy sl

: 2T (A+p+1) 2
(3.3) X
22 tutv+l u+2 x2
‘3F2( 5 oy LsAtutl, 251 - =5) £(y)dy.
y

If (A+u) + 0 then the first term of the right hand side of (3.3) (being an
ordinary Riemann-Liouville integral) approaches x "f(x) for 0 < x < | and
equals zero for x = 1. If y = 0, then the second term in (3.3) is zero.

Hence, the following lemma holds.

LEMMA 3.2. For u,» € R, f ¢ C((0,1]1), £(1) =

lim ™ (%) = £(x).
(u,2)=>(0,0)
(utr)>0

For £ and A being nonnegative integers, Ig,k g is the solution of the I.V.P.

2
9 u
1 d. A, d
(';'E—) C-E +'§-E§) f(x) = g(x), 0 <x<1,
dx
ey =0 i=0,1,2,..., 1.

In order to find the composition properties of IS’A we notice that by (1.10):

! Ho
1 d Al (_____dz + V+2>\2 _9_)—2_(__1_ _El_)kz(_dz_ + Y _d_)_2_ =
x dx 2 X dx x dx 2 x dx
dx dx
W,
1 72
el-ii)kl+x2(d2 . v d 5
x dx x dx '
dx
Thus we have for u]/Z,uZ/Z,A],AZ e IN:
A T L R b S R S
) u+2A2 v :

The following lemma states that this expression also holds for those Hyo Ai,

s A
i = 1,2 for which I Histi is defined.
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LEMMA 3.3. Let v,ui,xi e C, IRe(Ai+ui) >0, 1i=1,2, and let £ € C((0,11).
Then

HosA HisA M oFU, A, FA
2°%2 Hpohy _ HptH A TA,
(3.4) Iv Iv+2X2 f(x) = Iv f(x).

Note that the operators u » Ig’o form a semigroup.

PROOF .

1

Mooty Hpsdy

K (30 K o, (y,2)£(z)dx]dy =
2

X

1 z

Mooty SRR
f [J Kv (x,y)Kv+2A2(y,z)dy]f(z)dz.
X X

WptHgs A *Ay
The expression between brackets equals Kv (x,z) by Erdélyi's

. . 1 1
integral formula (1.11) lw1th a-= 2(v+2kl+2xz+u]+u2 1), b = 2(u1+u2),
=-E(v+211+2A2+2u1+u2—1), s = x]-+u],

C=>\1+A%+UI+U2’§ 2
z > 1 —-§§ and w ~ Zz—yz. g
z zZz —X

A ..
In order to extend the definition of IS’ to nonpositive values of u

and A we first state the following lemmata.

LEMMA 3.4. Let £ € C1((0,17), £C1) = 0, then

(i) Io’l(-é-é%)f(x) - £(x), 0<x<1,
and
(i) (—%—é%)lo’]f(x) = £(x), 0<x<1

LEMMA 3.5. Let £ e C2((0,11), £(1) = £'(1) = 0, then
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2
. 2,0,d v d _
(1) Iv G——E + - dx)f(x) f(x), 0 <x<1,
dx
and
d2 v d.. 2,0
.. d” v d s _
(ii) ( 5 il dX)I f(x) f(x), 0 <x < 1.
dx
PROOF. The two lemmata are direct corollaries of theorem 2.3. a

REMARK 3.6. In the second part of both lemma 3.3 and 3.4 it is sufficient
to suppose that £ e€ C((0,11).

Now we can extend definition 3.1 to the other values of p,A ¢ €, such that

lemma 3.3 holds for all u,x € C.

DEFINITION 3.7. Let f ¢ C((0,1]), £(1) = 0, then

IO’Of(x) = £(x).

Let £ ¢ C™((0,11), £°(1) =0, i = 0,1,...,n-1, let Re (A+u) > -n, then

HsA = pHontk 1 dyn

Iv f(x) : Iv G ” dx) f(x).
This definition does not depend on the choice of n because of lemma 3.4 and
(3.4). For Re (A+p) > -n and £ as in the second part of definition 3.7 we

can also write

1 dyn junn

TP -
(3.5) Iv £(x) ¢ x dx v=-2n

f(x).

In order to check that this is equivalent to definition 3.7 note that £f(x)

IO’ (-x—1 d/dx)nf(x) and so (3.5) follows from

Pg(x), where g(x)

IS’Af(x) = IS’A IO’ng(x) = IE’A+ng(x) =

_ 1 dn _O,n _u,A+n _ o1l din _u,A+2n _
=g T I, gx) = €30 L1, 8 =
- 1 dyn ;u, A4

= ¢ X dx) v-2n ACOR



18

In the same way we prove

0,

-1 1 d
(3.6) I f(x) = G‘;'&;)f(x),

for £ ¢ C1((0,11), £(1) = £'(1) = 0, and

2
-2,0 Lk v oa
(3.7) Iv f(x) = C;;E + ;”Eg)f(x),

for £ ¢ C2((0,11), £(1) = £'(1) = £'(1) = 0.

REMARK 3.8. The composition relation (3.4) holds for all v,ui,ki e C,
i = 1,2, provided that the function f can be often enough differentiated

with suitable conditions in x = 1 (cf. definition 3.7).

Let f € Cm((O,]]) with f(l)(l) = 0, for each i ¢ IN, then
IS’Af(x), 0 <x <1

is defined for all u,A € €. From the definition of Is’kf(x) it is clear that
this is an analytical function of u,A and v for IRe (A+u) > -n, where n is
an arbitrary natural number. Thus It’xf(x) is an entire function of u, X
and v.
Note that for continuation of It’kf(x) to negative values of p and A,

the function f must be in some class Cn((O,IJ) with appropriate initial

conditions for x = 1. In section 8 we will extend the definition of Is’k.
Using lemma 3.3 and definition 3.7 we have
HsA S7U,=AL _ STHL,TA JHLAL
Iv I\)+2>\ £ I\)+2>\ Iv £ £
for functions f which satisfy the appropriate conditions. Thus I;Eé;x is
the inverse operator to IU’A. In section 5 it will be shown how IE’A

“H,—A
I

v+22
We conclude this section with some qualitative aspects of the integral

and its inverse lead to pairs of integral formulas.

A
operator Iﬁ’ .



LEMMA 3.9. The kernel Ks’x(x,y) is nonnegative for 0 < x <y < 1
(1) Z7v > 1 and u 2 0, X+u > 0 and 2x+p = l-v,

(11) 77v < 1 arnd u = v=1, A+p > 0 and 2x+p = 0.

PROOF. The lemma is a consequence of T?%j-zFl(a,b;c;x) >0if a =20, b 20,

¢ >0 and 0 £ x < 1, which follows from the power series expansion (1.1).
The second part of the lemma is obtained by using

c-a-b _

2F1(a,b;c;z) = (1-2z) 2b'l(c—a,c—b;c;z),

cf. ERDELYI et al. [5]. 1]

In order to analyse the behaviour of It’kf(x) for x + 1 we rewrite this

l—y2 .
5 Then (3.1) yields:
I-x

function by means fo the substitution s

1
2 -
Hs A _ 1 1-x7 A+ o Atp-l .2
(3.8) Iv f(x) = IEESy) ( 5 ) J (1-s) (1-s(1-x7))
0

2
P (2A+u+v—1,y_;“u;_(1_‘§__)_(1_is_)_)f(m) )ds.
21 2 2 l—s(l-Xz)

o=

COROLLARY 3.10. Let u, v, X satisfy the conditions of lemma 3.9. Let

-

F(x) = (1-x2)%% (x),

* *
where £ e C((0,11), £ (1) # 0, o > =1, then
e = 1= G,

where h ¢ C((0,11), h(l) # O,

PROOF. The corollary clearly follows from (3.8) and lemma 3.9. U

Until now we considered the solutions of the I.V.P. in theorem 2.3
only in the interval 0 < x < 1. Let f ¢ C({0,1]). Taking x + 0 in (3.1) we
see that a sufficient condition for boundedness of ls’xf(x) on L0,1] is

given by
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22 +u+v-1
p Rl

o Atusl) < =,

This results in the condition
JRe v < 1.

Here we supposed IRe p > 0, nka(x+~%) > 0. If uy = 0 then the fractional

integral does not depend on v and it converges for x + 0.
4. ERDELYI'S INTEGRAL FORMULA

In this section we will show that the formula (1.11) of Erdélyi is
intimately connected with the fractional integral operator It’x introduced
in section 3. We have already seen in the proof of lemma 3.3 that the com-

position property (3.4) results in the integral

z
HosA HisA W, A +A
2272 1’71 L R SR B
[ K (x,y)KWz)\z(y,Z)dy = K, (x,2)
x
which is equivalent to (l1.11). Now compare (1.9) with the I.V.P. (2.8). For

L=, k =~%, v = 2(a+b-c) + 1, TRe (c) > IRe (A+n) > 0, the identity (1.9) is

equivalent to

: 2,c-1
4.1) Si—gigl*—— 2Fl(a,b;c;l—xz) =
2°T(c)
2. c=A-p-1
Uy a-x7) u u 2
I _ —— IF.(a-%,b-S;c=A-p3;l-x") =
2 (a+b-c)+1 2c A UF(C—A—u) 271 2 2

1
2 2 2
-— +1p=- -_—
1 J (Y X )>\ H ]yI UZF](A+~M—+a+b—c,-L2i;}\+u;l _X

T'(A+n) 2 2 2)
, X y
o 2yc=A-p-l
(i—AZ ) zFl(a-%3b-%;c—x—u;l—yz)dy.
2574 (ema-p)
So (4.1) is proved by theorem 2.3, for A;% € IN. With the transformation of

variables x2 = ]-z and y2 = l-wz, (4.1) transforms into (1.11), with values
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of the parameters:

r=a+b-—- and s =c-=-X- U

So (4.1) with y = 2(a+b-r) and A = ¢-2a-2b +2r-s is equivalent to (l.11),

B
2
that IRe c¢ > IRe (A+u) > 0. We did not prove (4.1) for general values of A

and thus (4.1) holds also for noninteger complex values of = and A, such
and u. It is possible, however, to apply Carlson's theorem for analytical
continuation with respect to p and A and to obtain in this way (4.1) for

IRe c¢ > IRe (A+p) > 0, and thus (1.11).

5. HYPERGEOMETRIC INTEGRAL EQUATIONS

“H,—A
v+2)
integral formulas. In particular, by an application of these operators, a

The operator IS’A together with its inverse I leads to pairs of
new proof can be given of a theorem of WIMP [16]. Wimp proved this by means

of Laplace transformation.

THEOREM 5.1. (WIMP). Let n be an integer, n > Re(c) > 0, let 0 < x < 1,
let T e C™((0,11) and G € C((0,11), and et F(1) = F' (1) =...=F " (1) =0.
Then either of the statements.

1

(i) F(x) = J (=0 F (25051 = D6y,
X
0 1
(i1) 6 =ty | 6m0™ T E a1 - Dr ™

X

implies the other.
We will obtain this theorem in the following form.

THEOREM 5.la. Let n be an integer, n > IRe (A+u) > 0. Let g ¢ C((0,1]1) and
£ e c™(0,11), Zet £ (1) =0, i = 0,1,...,0-1. Then the following two

statements are equivalent.
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1

2 2 2
. - 1 y -x" Atp-1 1-q 2A+p+v=1 y | X
X y
1
2 2
.. _ 1 y -x \n-A-u—-1 l+u
(ii) g(x) = ACSEN) J ( 7 ) y .
X
. p, (AREtvel ol .1_3‘3)(__1_ 4y0¢ (y)a
2 ] 2 5 an U’ yz y dy Y Y'

PROOF. The first statement is f(x) = IS’Ag(x), while the second one is

I_Us—A+n

- TH A _ T Hs—A B
g(x) = {IV } f(x) =1 f(x) = e

1 d.n
V2 Cxw £
The conditions on f and g are compatible with definition 3.7. 0

Theorem 5.la implies theorem 5.1. This becomes clear from the following

substitutions:

y e~ GG,
() 2P e () > F(xz),
xz,yz > XY

u > 2a,

2 +u+v-1-> 2b,

A+ u~>c,

and by using (2.12).

Another expression for the inverse I;Eé;k of IS’A is given by
-u,=A 2m-p,n-A, 1 d.n d2 v d.m
(5. 1) ][\)""é)\ = I\)+2>\’ (—; '&) (———2- + E _d—;(-) 5 IRe (p+}\) < 2m+n .
dx

This can be easily derived from definition 3.7. The condition on f£(x) is

£ e Cn+2m, and f(l)(]) =0, 1=20,1,...,n+2m~1. Hence (5.1) leads to the
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following generalization of theorem 5.la.

THEOREM 5.2. Let n,m € ]N, n+2m > IRe (A+pu) > 0. Zet g € C((0,11), and let
£ e c™P0,11) and Zet £ (1) =0, i =0,1,2,...,042m1. Then either of
the statements.

1

2 2 2
_ _ 1 y-x" A+p-1 _1-y 22 +p+v-1 y .
(1) £&) = om0 J =7y L Gl - e dy,
) y
1
- 1 y2—x2 n+2m-A-p—-1_1-2m+y
(i) 8(x) = Tz J = 7 '
X
¥ (2n+2m—u+\)-l 2m-y +2m=—y: 1 _2‘_2_)
2'1 2 > T eRTAm AT R TR
y
1 d\n d2 v dm
—— P E Y P4
¢ . dy) (dy2 y dy) (y)dy,

implies the other.
Modifying this theorem in about the same way as we did theorem 5.la, we get

THEOREM 5.2a. Let n, m, f and g be as in theorem 6.2. Let n+2m > Re (c) > 0.
Then either of the statements
|
. 1 c-1 —a Lo X
(i) F() = 705y J (y=x)" 'y ",F,(a,bjc;1 y)G(y)dy,

X

Il

1
D" J (y-x) n+2m—c—ly-—m+a.

(ii) G(x)

I'(n+2m-c)
X

X
2}5'1 (m—-a,n+m+b-c;n+2m-c;1 - ;7-) .

2
G " T+ (et DRy,

dy

implies the other.
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Here the following substitutions were used

g(y) » G(y2),

2F(x) > F(x2),

2 2
X,y 7 XY,

u > 2a,
2 x+u+v-1 > 2b,
Aty > c.

A

6. FURTHER PROPERTIES OF Is’ . CONNECTION WITH ERDELYI-KOBER OPERATORS

Using the composition property

.4 I“z’xz IUI’AI ) I“1+“2’A1+A2
A v V2

2 V

we will split up IS’A into more elementary parts. First we consider the
cases for which IS’A can be simplified. A number of these cases is connected
with formulas (1.2) and (1.3). An appropriate choice of the parameters
yields expressions of IS’A in terms of the Riemann-Liouville integral IO’A

and the Erdélyi-Kober integral. The latter is defined by

W2y 20l 20 2n+]

f(u)du.

2n »
; - 2%
(6.1) kn’uf(x) =T J (
X

see SNEDDON [13]. If we assume f(x) to be zero for x = 1, we have

(6.2) Kn af(x) = zax2n IO,a X—ZG—ZU’

3

which is clear from (3.1). Considering (3.3), we find for £ € C((0,1]),
£(1) = 0, np € IR,

(6.3) IE;I”f(x> = x "f(x).
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Combination of (6.3), (3.4) and (6.2) yields the following special cases:

20+
(6.4) Hed o g0t g 050k _xF K ,
1-p=-2A utl 2A+u —Ar%3k+p
I I 3
3 i 0,5 0,5
2 _ _v-l,-v+l] 2 _p-v+l,—p+v-1 _  -v+l 2  —u+v—-1
(6.5) Iv = Iv I Iu—v+2 X 1 X
-K
_ 2
R T
2’2
(6.6) HeA - M IO,A+u " IO,A+u.
u+l u+l

A%?ther special cas%Zof Is’x is suggested by the fact that the operator
4c 2———-equals —— if v = 0. Thus X = v = 0 must result in an ordinary
dXZ x dx X2 0
Riemann-Liouville integral for Ig’ . Indeed apply

1 11 1-2
(6.7) 2F1(a-—2-,a;2a;Z) = {—2-+§(1—z)} &

in Ks’k(x,y) (cf. ERDELYI et al. [5]). We distinguish two different cases:
(i)a=-‘2i,x=o,v=o. Then
1
1

u,0 - _ u—1

(6.8) Iy E® = 1y f (y=x)" £(y)dy,
X

which is in accordance with the expected Riemann-Liouville integral.

(ii)a=£—§l,>\= I, v = 0. Then

1
(6.9) Ig’]f(x) = FTf:TT J (y=x)"y£(y)dy.
X
This outcome could be expected from (6.8) because substitution of f(x) =
Gn%-é%)g(x) in (6.9) and partial integration leads to (6.8) again.
Originally we defined the operator Iﬁ’x by stating

IU’)\ - IUsO IO’)\,
v V
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(see the discussion after the proof of theorem 2.3). Now we can ask the

question: is it possible‘to insert a certain power of x between IS’O and

IO’X without affecting the description of the kermel as a product of a hyper-
geometric function and powers of elementary functions of x and y? From (6.3)
and (3.4) we derive the case

(6.10) IU’O Xl-\) IO,)\ _ Iu+\)—],)\-—\).§..1
. " '

From the calculation after the proof of theorem 2.3 and from formula (2.10)
used there we only find that xo or x ° can be inserted in that place. The
special role of xl_v is clarified by the following observation:

Let p = 2k, A = £, then

(6.11) f(x) = Iik’o xl_v Io’zg(x)
is the solution of the I.V.P.
_1 _d_)f—x"'l(i + X_d_)kf(x) = o(x) 0 <x <1
X dx dX2 x dx g ? -
(6.12)
£y = o, i=0,1,2,...,4+2k-1.
Note
4 vd_ vd vd
2 x dx dx dx
dx

implies that the adjoint operator equals

dx x dx dx :

Hence the operator in (6.12) can be written in the form

_ _ 2
(6.13) hETTE HEES - Ly
dx

k]Xv

and the operator in brackets is adjoint to
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2
&5
dx

d.k, 1 d.£
'Eg) G“;'Eg) .

X<

Thus a natural completement to the initial value problems of section 2 is
given by the corresponding problems concerning the adjoint operators. By
the use of the equality of (6.13) and the differential operator in (6.12)
it is not difficult to give an expression for the solution of I.V.P.'s with
the adjoint operators in terms of solutions of the corresponding I.V.P.'s.
In section 8 we will derive these solutions in an explicit way by using the
method of fractionmal integration by parts. There the property is exploited

that these operators are adjoint to the operators in section 2.
b T 052

Let us write IE’X in terms of combinations of x hl and
IS’O. The following results can be checked from (3.4):
p=v+1 v+u—-1
0,2 g+
(6.14) IE’A -1 2 Vi1 2 B
v v
O,~= O,=+ X
(6.15) Iﬁ’x -1 2 18’0 T 2

Formula (6.14) results in
V|
0,=X 5 .

—U,=A —
Iv+2A f(x) I x I f(x).

Using this in the second statement of theorem 5.la with A, p and v expressed

in terms of a, b and ¢ according to theorem 5.1, we find

oG = 10 P2 100 (o |
This last expression corresponds to the solution given by Love, of the first
equation in theorem 5.1 (cf. SRIVASTAVA & BUSCHMAN [14, p. 1301).

An important special case of (6.15) is obtained by taking A =0 and u= 2k,
k € IN. Then (6.15) gives the solution of theorem 2.2 in terms of the solu-

tion of

de

dXZk

(6.16) (%) = g (%), 0<xc<1,
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I0,\)/2 0,v/2

where f*(x) = f(x) and g*(x) =1 g(x). The solution of (6.16) with
the appropriate initial conditions is (cf. (6.8)):

1

* 1 2k-1 *
£ (x) = ) J (y=x) g (y)dy.
X
. 0,v/2 2 v d
The fact that the fractional integral operator I’ transforms E—f + % ax
X

* into 115 can be found in various places. We mention the papers by
. dx< . e e
ERDELYI {2] and LIONS [8]. Both authors considered initial value problems

starting at x = 0. Lions considered the partial differential equation

7. DISTRIBUTIONS

This section contains a short introduction to the classes of test func-
tions and distributions which are needed in section 8. As references we men-
tion DE JAGER [6] and SCHWARTZ [12]. '

Let 2 be an open interval in IR. We will distinguish the following

topological vector spaces of test functions on Q.

DEFINITION 7.1. .
(1) The space E(Q) is defined to be Cm(Q) endowed with the topology of a

Fréchet space such that
lim £ =0 iff
nre O

(7.1) lim{sup | £ @[3 = 0
n>» xXeK n

for any compact subset K © Q.and any i ¢ IN.

(i1) Let K be some closed subset of Q, then
q{(Q) := {f ¢ E(Q) | supp(f) < K}

is a closed subspace of E(Q). Hence, with the inherited topology,

DK(Q) is a Fréchet space. In particular, if K is compact, the



(iii)

(iv)

(v)
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convergence on QK(Q) is given by (7.1) with K fixed.
() = C:(Q) = {f ¢ E(Q) |supp(f) c K for some compact K < Q}.

Considered as a topological vector space, D(R) is the inductive limit
of the spaces T (Q) with K < © and K compact. Thus the convergence in

D(Q) is given by
lim £ =0 iff
e

there exists a compact subset K of Q such that supp(fn) cK, n=0,1,
2,..., and such that (7.1) holds for all i € IN.

P+((O,w)) = {f ¢ E((O,w))lsupp(f) c [m,») for some m ¢ (0,x)}.

If considered as a topological vector space, D+((0,w)) is the induc-

tive limit of the spaces D[c w)((O,W)), c > 0. In D+((O,w))
lim fn =0 iff supp(fn) c [m,»)
n—>ee

for some fixed m € (0,») and (7.1) holds for any compact subset
K ¢ [m,») and any i ¢ IN.

Similarly we have
D_((0,»)) = {f € E((0,)) |supp(f)c(O,M] for some M ¢ (0,x)}.
as the inductive limit of spaces D(O c](O,w). Hence,

lim fn =0 iff supp(fn) c (0,M]

n-—>

for some fixed M € (0,») and (7.1) holds for any compact subset

K < (0,M] and any 1 ¢ IN.

All these spaces can be found in SCHWARTZ [12, Ch. III §7, I1§2, IIT§1 and
VI § 5]. For "inductive limit" see TREVES [15, Ch. 13]. A linear functional
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on a Fréchet space or on an inductive limit of Fré&chet spaces is continuous
if and only if it is sequentially continuous (for inductive limits of Fréchet
spaces this follows from the corollary on p. 128 in TREVES [15]. In particu-
lar, this applies to the functionals on the spaces in definition 7.1. The
duals of £ and D (i.e. the spaces of continuous linear functionals on E and
D) will be denoted by E' and D', respectively. In the remainder of this sec-

tion we will take @ = (0,x).

DEFINITION 7.2.

(1) D' () {p € D' (Q) lsupp(¢) c (0,M] for some M € (0,x)},

(ii) Dt ()

N {¢p € D'(Q) lsupp(¢) c [m,») for some m € (0,x)}.

We will state four theorems concerning distributions in D', E', D'_ and D'+.
Theorem 7.5 will be proved. The proofs of the theorems 7.4 and 7.6 are
similar to that of theorem 7.5. For the proof of theorem 7.3 see SCHWARTZ

{1Z, Ch. III §6].

THEOREM 7.3. For any distribution ¢ € D and any compact set K < Q there
exist some continuous function VY, and an i € IN, such that for all test

functions £ € D with supp(f) c K, the following relation holds:

i . i
0,0 = &L 6 = (0t [ $ES 0 dx.
dx dx
K

THEOREM 7.4.

E'(Q) {¢ € D'(Q) | supp(¢) is compact in Q}.

THEOREM 7.5. The dual of D_(Q) Zs equal to D' (Q).
THEOREM 7.6. The dual of D _(Q) s equal to D'_(Q).

PROOF OF THEOREM 7.5. Let us denote the dual of D_(Q) by F'. First assume
ve?' , (2). Thensupp(y) < [m,») for some m ¢ (0,»). Let p € Cw(Q) such that
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0,  xe (0,5ml,
p(x) =
2
1, X € [§ m,®),

then for each function g ¢ D(R), we have

W,g) = (p¥,8) = (Y,pg).

Let f € D_(Q), then obviously pf e D(Q), and we consider the linear func-

tional ¢ on D_(Q) given by
(¢,£) = (Y,pf).

Let (fn) be a sequence in U_(Q), which converges to zero, and let g, = pfn,
then supp(fn) c (0,p] ¢ (0,») and thus supp(gn) = supp(pfn) c [%-m,p].

Hence g, 0 in P(R), and

lim (¢,£) = lim (y,pf ) = lim (y,g)) = O.
n->e n->o oo
Hence each 1 ¢ D'+(9) extends to a continuous functional on D_(Q). Since D(Q)
is dense in D_(Q) this extension is unique.
Conversely, let ¢ € F'. Then ¢ € D'(Q), because g ¢ D(Q) implies
g € V_(R) and g, ~ 0 in D(Q) implies g, ~ 0 in D_(Q). Now the support of ¢
may not contain zero, since otherwise we could find a sequence (fn) in D_(Q)

such that
fn(x) =0 if x =
(¢,fn) =1,

Clearly fn > 0 in D_(Q), which implies (¢,fn) + 0, (¢ € F'); a contradiction.
Hence, F' < D' _(Q). O
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8. THE ACTION OF Is’l WITH RESPECT TO DISTRIBUTIONS

Let @ = (0,»). We introduce the notation CE(Q), k =0,1,2,..., for the
set of functions f which are k—-times continuously differentiable on Q and
for which there exists an M € (0,») such that f(x) = 0 if x > M. Thus the
support of a function in CE is bounded from above. We will write C_(Q) for
C?(Q). Note that f € CE(Q) implies f(i)(M) =0, 1i=20,...,k for M sufficiently
large. From the discussion at the end of section 2 and the properties of the

function spaces CE(Q) the following lemma can be readily derived.

LEMMA 8.1. Let' g € C_(Q) then the unique solution £ in C£+2k(§2) of the
I.V.P.
(é 1) (_l _d_)ﬂ(_d_z_ + 2 -d_)kf =
: x dx 2 x dx &
dx

18 given by

T2 2

_ 1 vy -x" £+2k-1_1-2k
X
v=1 x2
F Lk +—2—,k;£+2k;1-y—2)g(y)dy-

This lemma, which contains theorem 2.3, leads to the following generaliza-
tion of the definitions of It’x in section 3. We will use the same symbol
IS’A for the fractional integral operator which we define here, assuming it

to be clear from the context which definition is meant.

DEFINITION 8.2.
(1) Let IlRe (A+p) > 0 and let £ € C_(Q), then

o

2 2
TUDN - 1 y -x (Atu—=1 1-p
(8.3) LYEG = oy J EFOT Y
X
2 +utv-1 u 2

X
ZF] ('__2————,_2_3 Atu;l —?)f(Y)dY'
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(ii) Let f € C_(Q), then
IO’Of(x) = £(x),
and

(iii) Iﬁi-l-uf(x) = x "f(x)

(cf. (6.3)).
(iv) Let f € Cf(Q), and let IRe (A+u) > -n, then

HsA .= W,ntA ___]___d_ n
Iv f(x) : IV ( - dx) f(x).

Again
HsA 1 y2—x2 Atu—1 1-u 2 +putv-1 x2
(8.4) Ky Gy) = sy 7 ) y 2F1(——2_—’T2_;>‘+“;1_;—2')’
0 <x<y.
Now the composition property (3.4) holds for all ui,ki,v e €C, 1=1,2,

provided that the operators act on functions in the appropriate classes.

LEMMA 8.3. Let ui,xi,v e C, 1 =1,2, then

Hosho HpsAy o Wb s A HA,
=1
v v+2>\2 v

(8.5) I

Until now we applied the operators It’x on functions in the classes CB(Q).
These operators can be defined for a broader class of functions, namely the
distributions in D'(Q). For this purpose we introduce the adjoint operator
Js’A of Is’k. First suppose IRe (A+u) > 0 and £ € C_(Q), ¢ € C+(Q) (the space
C+(Q) (Cn+(Q)) consists of functions ¢ in C(Q) (Cn(Q)) with supp(¢) € [m,)

for some m > 0). Then we have
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oO-—— 8

2 5Gosax = [ 1] K ey £aylpeax -
0 x

oO——-38

y (o]
[J KA e, ) 6 () dxJE (y)dy = J £ e G dx,
0 0

with
X

(8.6) B h6 = [ G0y,
0

A . . .
The operator Jt’ can be considered also as a fractional integral operator,

since, for p = 2k and A = £, k,£ ¢ IN, we have the following lemma

LEMMA 8.4. Let v € € and ¢ € C _(Q). Then the unique solution ¥ e Cf+2k

of the I.V.P.

(%)

2

(8.7) & - L9 E LHh e - s,
dx

18 given by

(8.8) v = Jik’%.

PROOF. Let f and g be as in lemma 8.1. Then

IZk,K
v

g(x) ¢ (x)dx

o—-38

g(x)Jik’£¢(X)dx = J
0

2
£l - £ 95 E L5y 60jax =

dx dx x dx x

o438

2
tel S v 2 ket gy ax =

X % 5 g(x)y(x)dx.
dx

oOV—- 8
o——38

Since the function g is in C_(Q), but otherwise arbitrary, this results in

y = J2k,£¢‘ 0

v
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HsA

For IRe (A+u) > 0 and ¢ € C+(Q), Jv is defined by (8.6). For other values

of A and y we define JS’A analogous to It’xz

DEFINITION 8.5.
(1) Let ¢ € C+(Q), then

1%0% G = o),
and

(ii) MSRITIOIE N ICOR

(iii) Let ¢ € C?(Q), and let Re (A+p) > -n, then

Uy A .= gHentA d 1
Jv o(x) - Jv—Zn (dx x

) (x) .

REMARK 8.6. The last expression is obtained by applying

Ig’nﬂ(_i dyn _ 1 dyn qu,nea

x dx x dx v=2n
cf. (3.5).

Lemma 8.3 leads to the following composition property for the operators JS’A:

SR L MR N XA N
v+2A2 v Y

(8.9) J

THEOREM 8.7. The operator Is’x

D_(Q2) (D.(Q)) onto itself.

(Jg’k) 18 a continuous mapping from

PROOF. We will give the proof for Iﬁ’x. Let IRe (A+p) > -n and £ € D_(Q).
Then supp(f) < (0,M] for some M € (0,») and

1 dum

1 _ p,}\+n
( X dx) T

v+2m

1 dmm

(8.10) < dx

14275 o) 3 (0,

is continuous and has its support in (0,M], for all m ¢ IN. Thus IS’Afe D ().

From the definitions of D_(Q) and Is’x and from (8.10) it is clear that
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I&’A: D (@) » D_(Q), is sequentially continuous, and thus continuous (compare
section 7). The mapping IS’A has an inverse (viz. I;Eé;x) and is therefore

surjective. g

DEFINITION 8.8. Let fe'D'_(Q) and ¢ € D+(Q), then

A

@ re,0) = (5,30 %),

DEFINITION 8.9. Let f ¢ D_(Q) and ¢ ¢ D'+(Q), then

HsA o WA

@, 6) = (6,180

In view of theorem 8.7 both definitions make sense. From definitions 8.8
and 8.9 and lemmata 8.1 and 8.4 (and its proof) it is clear that lemma 8.1

holds for f and ge?D'_(Q) and that lemma 8.6 holds for ¢ and Ve D’+(Q).
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At the end of page 11 there should be added:

In 1 the following asymptotic expression for the normal contact stress

Ps(x), in case of a smooth stamp was derived

B
P 1 - 2 1

P (x) = 5+ pz [ 5 = B, Vl-x ] +0()
m/1-x 2b° “V/1-x b

-1 <x<1, (b-=) .

We have
2(1- 2 X
202 - 1w 20-9% + 0G0, b
K .
In fact, for v = 0 we find EL%ZEl = 1.1547.
K

Moreover, the parts of the contact region where the oscillating term in
(3.19)1, cos(B log (%;g)) differs significantly from 1, lie in very small
neighbourhoods of *1 (cf. [5,p.4671). In fact, for v = 0, x = 0.9 we find
cos (B log C%;g)) = 0.9670.

Thus outside these small neighbourhoods and for small } - v, the difference
between the normal contact stresses in the cases of a smooth stamp and a

rigid one, respectively, is small.
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