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In preparation of the study of liquefied natural gas (LNG) sloshing in ships and vehicles, we model and
numerically analyze compressible two-fluid flow. We consider a five-equation two-fluid flow model, as-
suming velocity and pressure continuity across two-fluid interfaces, with a separate equation to track
the interfaces. The system of partial differential equations is hyperbolic and quasi-conservative. It is dis-
cretized in space with a tailor-made third-order accurate finite-volume method, employing an HLLC ap-
proximate Riemann solver. The third-order accuracy is obtained through spatial reconstruction with a
limiter function, for which a novel formulation is presented. The non-homogeneous term is handled in
a way consistent with the HLLC treatment of the convection operator. We study the one-dimensional
case of a liquid column impacting onto a gas pocket entrapped at a solid wall. It mimics the impact of
a breaking wave in an LNG containment system, where a gas pocket is entrapped at the tank wall be-
low the wave crest. Furthermore, the impact of a shock wave on a gas bubble containing the heavy gas
R22, immersed in air, is simulated in two dimensions and compared with experimental results. The nu-
merical scheme is shown to be higher-order accurate in space and capable of capturing the important

characteristics of compressible two-fluid flow.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

Shipment of cargo is a global network of tremendous propor-
tions. The fuels that are currently being used for this purpose are
a major source of greenhouse gases. Sustainable energy technol-
ogy for large-scale ships is still unavailable. In the transition to-
wards clean energy a promising intermediate fuel is liquefied nat-
ural gas (LNG), which is obtained by lowering the temperature
of natural gas. Its boiling point is approximately at —160 °C. It
is stored around this temperature at ambient pressure in heat-
isolating cargo containment systems (CCS). It is a mixture of mainly
methane and ethane, with small concentrations of heavier alkanes
and nitrogen.

The logistical realization of using LNG as a ship fuel requires
that huge, seagoing LNG carriers can safely operate at partial fill-
ing conditions. Inside CCS complex multiphase mixtures of fluids
exist, with possibly violent flow conditions triggered by the ship
motion. Sloshing loads during liquid impacts have to be taken into
account in the design of state-of-the-art CCS. The most severe im-
pacts occur due to breaking waves slamming onto the wall.
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To study these breaking waves of LNG, the main method is to
perform scaled experiments [4,5]. Use of these experimental re-
sults to predict the full-scale reality requires a scaling law, which
is not available as a unified formulation, due to the involvement of
complicated multi-scale physics.

First, the tip of the wave reaches the wall, resulting in a short,
but powerful acoustic pressure peak. Due to free-surface instabil-
ities, the shape of the wave near the tip is stochastic and unpre-
dictable. This complicates experiments, since no two wave crests
created are the same. The wave crest consists of a bubbly flow,
so it is compressible. Acoustic waves traveling through the bub-
bly flow have been observed experimentally [5]. The gas under
the crest is compressed, since it cannot escape fast enough from
its entrapment between the wave and the wall. This creates a
smaller, but longer-lasting pressure on the wall. Next, the gas pres-
sure forces a liquid jet upwards. During this whole process the LNG
fluctuates around its boiling point, so phase transition is expected
to occur. There is a strong need to better understand the multi-
phase dynamics involved in liquid impacts.

The ultimate goal of engineers designing LNG-CCS is to under-
stand through numerical simulation, the influence of liquid com-
pressibility, gas compressibility and the density ratio on the pres-
sures exerted on the wall. To model two-fluid flow, a Lagrangian
or an Eulerian formulation can be used. A Lagrangian model tracks
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all interfaces explicitly. For complex fluid flow patterns involving
many interfaces, the Lagrangian formulation is numerically expen-
sive, since it is an arduous task to track the interfaces. To avoid
this difficulty, an Eulerian two-fluid approach will be used in the
present work. Various formulations of two-fluid models have been
proposed and successfully applied. For several of these formula-
tions it has been shown that they can be extended to include mass
and heat transfer across the fluid-fluid interface [7,11,23,24], with
application to for instance the study of water-hammer phenomena
[8,9]. In the current work, we adopt the 5-equation Kapila model
[17].

We apply a finite-volume method to the Kapila model, ensuring
the global numerical conservation of mass, momentum and energy.
At each finite-volume wall we compute the fluxes by means of
the HLLC approximate Riemann solver [29]. In the exact two-fluid
flow formulation sharp material interfaces exist, however, these are
severely diffused when applying a first-order accurate numerical
scheme. To mitigate the numerical diffusion, we employ higher-
order spatial reconstruction to the finite-volume method, using the
MUSCL approach [30]. A limiter function is used to prevent spuri-
ous oscillations. We introduce a new limiter function and compare
it to commonly used ones.

We consider the one-dimensional test case of a liquid column
driven by a body force onto an entrapped gas pocket. This test
case is known as the generalized Bagnold model which mimics the
impact of a breaking liquid wave onto a solid wall, where a gas
pocket is trapped between the liquid and the wall [6].

Furthermore, the impact of a shock wave in air on a bubble
containing another gas is simulated in two dimensions. The com-
putational results obtained are compared to experimental results
obtained by Haas and Sturtevant [14]. Two cases are considered:
one where the gas in the bubble is heavier (R22), and one where
it is lighter (helium) than the surrounding air.

The current article is an extension of the paper presented at
ECCM-ECFD 2018, Glasgow [10].

2. Mathematical model

In this work we study a model that describes a flow consisting
of two fluids. Both fluids are assumed to be compressible, inviscid
and non-heat-conducting. Furthermore, no chemical reactions or
phase changes occur. Analysis of this type of fluid flow has various
industrial applications, including sloshing inside LNG tanks [6]. An
important issue in the analysis of two-fluid flows is how to account
for the presence of each of the fluids and particularly the two-fluid
interface. We apply an Eulerian model. To indicate the presence of
each of the fluids an indicator function is used. The flow is de-
scribed by two systems of conservation laws for fluids, two equa-
tions of state, and an equation for the indicator function. This type
of model is commonly referred to as the Euler-Euler model, or the
two-fluid model.

A well-known model of this kind is the Baer-Nunziato seven-
equation model [1]. It consists of two systems of conservation laws,
one for each of the two fluids. To complete the model, besides two
equations of state, an equation describing the presence and propor-
tion of each of the fluids is required: the equation for the volume
fraction.

2.1. The Kapila model

The Kapila model [17] is a reduced form of the Baer-Nunziato
seven-equation model. Kapila et al. argue that for many applica-
tions the time scale of equilibration of both velocity and pres-
sure differences across material interfaces is sufficiently small to
assume thermodynamic equilibrium, allowing the model to be re-
duced to five equations. Four of the five equations are conservation

Fig. 1. A breaking wave impacting a CCS-like wall [5].

laws: two for mass, one for momentum and one for energy. The
fifth equation concerns the volume fraction of one of the fluids,
containing a non-conservative term due to energy exchange be-
tween the fluids. Another, equivalent formulation is available [19],
with a different representation of the fifth equation.

We will proceed to briefly describe Kapila’s two-fluid model.
Details can be found in Kapila et al. [17].

The starting point of the model is formed by the Euler equa-
tions of mass, momentum and energy conservation for compress-
ible, inviscid, non-heat-conducting fluid flow, without surface ten-
sion. This system of equations is given by Toro [29]:

p pu
pul +| V.(puxu)+Vp [=0. (1)
PE], LV -(pEu)+V . (pu)

Here p, u, E, p are the density, velocity vector, specific total en-
ergy and pressure, respectively. We also introduce the specific in-
ternal energy e :=E — Ju-u.

Since we are considering flow of two fluids, this formulation
needs to include a way to reflect the varying composition of the
combination of fluids throughout the domain. The volume fraction
«; is defined as the fraction of a control volume which is occupied
by fluid i. It takes the value 1 when (x, t) is located within fluid i,
and 0 when it is within the other. When using averaging methods,
these «; can take intermediate values. We assume that the domain
is completely filled by the two fluids, resulting in the saturation
constraint: o1 + @, = 1. From now on we denote « := a7 = 1 — ap.

An inherent assumption of the model is that any mixing will
take place at a scale between molecular scale and macro scale.
Fig. 2 shows two examples of two-fluid mixtures. If we suppose
these two rectangles are the control volumes used in the definition
of the volume fraction, the two-fluid formulation does not see any
difference between them, if the volume fraction is the same for
both. The control volumes must be sufficiently small for the two-
fluid formalism to accurately capture the two-fluid flow topology,
since any sub-cell flow-topology information will be averaged out
over a control volume. The choice of the size of our finite volume
cells is therefore especially important.

The quantities used in Eq. (1) are bulk quantities. They are re-
lated to the properties of the individual fluids using the volume
fraction « as follows:

p=ap;+(1-a)p,, (2a)
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Fig. 2. Two examples of two immiscible fluids in a control volume.

E:Ol,O1E1 +(1 —Cl),OzEz, (Zb)

e=oapie; + (1 —a)pe;. (2¢)

Because of the pressure and velocity equilibrium assumed
across two-fluid interfaces in the five-equation model we have

b= Dp1=D2,
The Kapila model adds to Eq. (1) the mass conservation law for
fluid 1 and an advection-type equation for the volume fraction. The
latter contains non-conservative terms which result from imposing
the pressure and velocity equilibrium across fluid-fluid interfaces.
The system is given by

u=u; =u,. 3)

P o pu o
ou (puxuw)+Vp | _

pE | TV (oEw+ V- (pu) | = (42)
apr |, V. (apu)

or+u-Va+¢V-u=0. (4b)

Here ¢ is a parameter depending on the compressibility of the
fluids:
P1€} — PaC3
p=a(l-a) ! 2,
(1 —0a)p1¢2 + apac?
and ¢; is the speed of sound in fluid i. To ease numerical imple-
mentation, we write Eq. (4b) in divergence form:

(5)

o+ V.-(ou)=(x—-¢)V-u=0. (6)
In two dimensions, we have the system:
ad ] ]
3 d+ aera—ygzs, (7a)
with u = [u, v]T,
P pu pv
ou pu? +p puv
_| v o puv _| e +p 7b
=1 pE | uok+p) | 8= | viok+p) [ V)
o0 apiu apv
o ou av
0
0
0
s = 0 (7¢)
0

(o —@)(ux + vy)

This system needs to be closed with an equation of state (EOS)
for each of the two fluids, relating the pressure, density and inter-
nal energy of each of the fluids. Here we will consider the perfect
gas EOS to model gases:

p

ej=—+
7))

(8a)

where y;, the ratio of specific heats, is a material constant. The
stiffened gas EOS is used to model liquids:

D+ Ty
e = ———, 8b
eivi— 1) (8)
where the liquid behaves as though it is an ideal gas, which is al-
ready under a pressure.

2.2. Analysis of the Kapila model

In order to analyze the system, we look at the corresponding
eigensystem. This gives us information about the wave propagation
speeds inherent to the system. In order to do this, we consider an
equivalent system, which is expressed in terms of primitive vari-
ables p, u, v, p, @, B:

ad ow ow
o u p 0 0 0 O
u 0 u 0 % 0 O
v o o w 0 0 O
W=1lpl"B=lo o2 0 u 0 of
o 0 ¢ 0 0 u O
LB 0 0 0 0 0 u
v 0 p 0 0 0
0 v 0 0 0 O
0 O v 10 o0
= Iz
B 0 0 pc2 v 0 O (9b)
00 ¢ 0 v O
L0 O 0 0 0 v

Here, 8 = 0‘% is the mass fraction of fluid 1 and c is the speed

of sound of the mixture, resulting from Wood’s relation [32]:

1 o 1-«o
2o T o
pc P1C7 P25
The system, though describing a mixture of two fluids, has a single
speed of sound. The speed of sound of a mixture of two fluids can
be lower than that of the two individual fluids. The eigenvalues of
Aand Bareu—c,u,u+candv—c,v,v+c, respectively, where the
eigenvalues u and v are both quadruple. The eigenvalues represent
wave speeds in x- and y-direction, respectively. These are all real-
valued, and the eigenvectors of A are given by:

(10)

1 0 0 0 0 I
0 0 0 0 c —C
0 1 0 0 110 110 (11)
ol |o|” |of] [0 @|p| ¢]pc
0 0 1 0 @ é
0 0 0 1 0 0

Similarly, matrix B has a full eigenspace, making the system hyper-
bolic.
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Alternatively, separating the non-conservative part of the equa-
tions, we can express the equations as

0 ~0W <JW ~0W ~0W
Tp u p 0 0 0 O
u 0 u 0 % 0 O
|lv| 4_/l0 o wu 0 0 O
W=1p"210o o 0 u 0 of
o 0 o 0 0 u O
LB 0 0 0 0 0 u
0 p 0 0 0
0 v 0 0O 0 O
~ 0 O v 1 90 0
= P
B 0 0 pc2 v 0 OF (12b)
0 O o 0O v O
L0 O 0 0 0 v
[0 0 0 0 0 07
0 0 0 0 0 O
¢_lo o 00 0 o0
— 10 0 0O 0 0 oY)
0 ¢—a 0 0 0 O
0 0 0 0 0 0]
[0 O 0 0 0 07
0 O 0 0 0 O
~ 0 O 0 0 0 O
D=1o 0 0o o0 0 o (12¢)
0 0 ¢—a 0 0 O
0 0 0 0 0 0]

The eigenvalues of A and B are the same as those of A and B,
and the eigenvectors are similar:

1 0 0 0 P o)
0 0 0 0 c —C
0 1 0 0 1{ 0 110
ol ol ol ol & pCZ ) & pCZ (13)
0 0 1 0 o o
0 0 0 1 0 0

Since the solution of the hyperbolic system is generally based on
the decomposition of the matrices A and B, or A and B, the fact
that the eigenvalues of these matrices are the same means that we
can freely choose whether to include the non-conservative term in
the (approximate) Riemann solver of choice, or to treat it sepa-
rately. This freedom of choice is exploited by handling the conser-
vative part of the equations with a fully conservative finite-volume
scheme and by separately discretizing the non-conservative term.

3. Numerical approach

We consider the Kapila system (7a) in integral form, at some
point in time, say t:

2/ qd§2+f F.ndl’ =/ sdQ, (14a)
at Jo r Q
with €2 a control volume and I its boundary,
p pu pv
ou put+p puv
| pv _ B puv pv:+p
a=| e [ F=If 8l=|uerp vperp | D)
pB Bpu Bov
o ou av

(14c)

[N eNoloNo)

(o —@)(ux+ vy)

To apply a finite-volume method, we divide the computational
domain into rectangular cells, which have an average state q;;. In
semi-discrete form we have

d 1 1
%= _Kx<fi+%.j _fi—%‘j> - H(&:n% _gi,j—%>

1
+M/QM si,dei‘j- (15)

The basic update rule for q;; is the Godunov upwind method, with
explicit Euler time integration:

At
0l =l (- fly) Al
At
Ay (g;jjf% - g}fﬁ%) +ALS, ) 1o

where the subscripts x and y in sy and s, do not refer to partial
differentiation of s, but to the following components of s instead:

Sy = (@ — P)uy, (17a)

sy = (o — P)vy. (17b)

We remark that the idea of the directional splitting of the
source term is not part of Godunov’s original approach; Godunov
considered homogeneous equations only. In the numerical evalu-
ation of the split source term, we will make handy and consis-
tent use of the numerical method for evaluating the fluxes (see
Sections 3.2 and 3.3).

The finite-volume method is conservative; the discretization
does not lead to a global change in mass, momentum and en-
ergy. Here, both spatial and time discretization are performed in
a higher-order accurate manner, as outlined in the following sec-
tions.

3.1. Spatial discretization

To achieve higher-order spatial accuracy we perform spatial re-
construction, known as the MUSCL (Monotone Upstream-centred
Scheme for Conservation Laws) approach [30]. We present it here
for the one-dimensional case. The formulation is easily extended
to two- and three-dimensional cases, treating the fluxes in each of
the separate directions in a locally one-dimensional fashion.

In the MUSCL approach the states inside the cells are not con-
sidered to be piecewise constant. Instead we may reconstruct e.g.,
piecewise linear distributions of state values inside the cells. It is
preferable to reconstruct in this way the primitive variables, rather
than the conservative variables, or any other formulation [31]. In
each cell we may define a linear function for each of the primitive
variables individually:

X — X

Wi(x) =W, + Ax A;, x¢€[0, Ax], (18)
where % is a suitably chosen slope; the method to choose the

slope will be outlined in the following.

This approach allows us to construct higher-order accurate
methods. However, a careless implementation would result in over-
shoots at discontinuities, as sketched in Fig. 4. For the system un-
der consideration this is a very undesirable situation, since we
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(a) before spatial reconstruction
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(b) after spatial reconstruction

Fig. 3. The values for a state variable in a number of cells. In (a) the value in the cells is the average, in (b) a linear distribution has been constructed.

have strict demands on our variables: the absolute pressure and
density must be positive, because of the calculation of the speed of
sound, and the volume fraction must remain in the [0,1]-interval.

We need a numerical scheme that does not exhibit these
overshoots and the spurious oscillations that result from it.
Monotonicity-preserving schemes form an important class of nu-
merical methods, that do not suffer from spurious oscillations.
They have the property that a system with a monotone initial
condition will remain monotone in future time steps. This means
the scheme mimics a property which is also exhibited by the
exact solution of the system [20]. Godunov’s theorem states that
monotonicity-preserving linear schemes can be at most first-order
accurate [13].

To overcome this barrier, we use the more lenient demand of
total variation diminishing. To quantify the oscillations we consider
the total variation, which is defined for functions with a discrete
domain as the sum of the differences between state variables in
adjacent cells:

TV@") ==Y |uf,, —ul'l. (19)
i

We want this total variation as a function of our variables to be
non-increasing for progressing time steps. A numerical scheme
that exhibits this property is called total variation diminishing
(TVD). TVD schemes are monotonicity preserving, meaning that no
new (unphysical) local extrema are created. TVD schemes therefore
do not create spurious oscillations.

To prevent the spurious oscillations in the MUSCL method and
make the scheme TVD we apply a slope limiter ¢ to the primitive
variables W;:

1
V\/ﬁr% :M/i_iﬁoﬁr%(vvi—vvi—])s (20a)

1
Vv,lj_% =W — 5‘/’{11 Wi —Wh).

2

(20b)

We apply the limiter to each of the primitive variables individu-
ally. In the next step the Riemann problem is solved for the limited
variables to obtain the fluxes:

(21a)

). (21b)

The limiter has the function of switching between a favorite
higher-order method of our own choice, for smooth regions of the
solution, and the first-order method (corresponding to the piece-
wise constant solution representation illustrated in Figs. 3a and 4a)
in regions with steep gradients. We therefore define it as a func-
tion of the adjacent slopes of each of the individual primitive vari-
ables:

(pi’-+% =(p(riL+%), (pi’i% =<p(rf:%), (22a)

with
Wit — W, W, - W;
L i+1 i R i i+1
L= = 22
T W Wiy T Wy Wi (22b)

The theory of spatial reconstruction and slope limiting is usu-
ally presented for a 1-D linear advection equation. In that context,
we gain insight in the meaning of the limiter:

- Setting the limiter to zero: ¢(r) =0 is the same as simply
applying the first-order upwind Godunov method.

« The second-order central method is obtained for ¢(r) =r.

« For ¢(r) =1 we obtain the second-order upwind method.

Spekreijse [26] outlined sufficient conditions for the limiter to
be met in order for the method to be TVD. They can be put in the
form

m=<e() <M, VreR, (23a)

(23b)

Here m can be chosen in the [-2, 0] interval. The choice of the
other parameter, M, if chosen to be greater than 1, causes a time
step restriction according to, following [15],

CFL < 2 (24)
“M+2

For the method to be fully second-order accurate we require
that ¢(1) =1 [26].

Often, the parameters in the TVD condition from Spekreijse are
chosen to be m =0 and M = 2. This leads to a region in the r, -
plane, called the Sweby region [27]. In this case, for the method
not to be overly compressive, the limiter must not exceed the up-
per bound of Sweby’s TVD domain. Excessive compression could
for example result in a smooth transition being steepened to a dis-
continuity.

We give a summary of some commonly used limiters. The min-
mod limiter is the most diffusive limiter inside the Sweby region;
it follows the lower bound of it:

¢(r) = max(0, min(1, r)). (25)
On the other hand, the superbee limiter, given by
¢(r) = max(0, max(min(2r, 1), min(r, 2))), (26)

follows the upper bound of the Sweby region and is the most com-
pressive limiter.

A well-known class of schemes is formed by the van Leer k-
schemes [30], which correspond to ¢(r) = 155 + €1« e [-1,1].
They are second-order accurate, and for x = % third-order accu-
rate, but not monotone. The Koren limiter [18] follows the « = %—
scheme as much as possible inside the second-order Sweby region.
It reads:

r=<0,

¢ = {n;in(Zr, min(§ + 31.2)), r>0. (27)
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(a) before spatial reconstruction

(b) after spatial reconstruction

Fig. 4. The values for a state variable in a number of cells. Here, application of spatial reconstruction causes an overshoot, due to a slope being chosen too large.
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Fig. 5. The second-order accurate Sweby region.

Here we propose an extended « = %-limiter, which for a range of

negative r-values around r = —1 coincides with k = % as well:

min(0, max(-3, § +3r)). <0,

p(r) = (28)

min(%r, min(% +2r, 2)) r>0.

As illustrated in Fig. 6, the newly proposed limiter function falls
within the Spekreijse region with M = 2. Therefore, following
Eq. (24), using the limiter requires a time step with a CFL-number
of at most ;.

To illustrate the effect of the limiters, we compare them for a
simple linear advection equation. The initial condition in Fig. 7a
is a block profile, in 7b a sinusoid. Both move at constant speed.
The domain has periodic boundary conditions, so the shape of the
exact solution after n periods, (n=1,2,...) is equal to the ini-
tial condition. We look at the numerical solutions after five peri-
ods, with 80 finite volumes. We see that all limiters result in a
much sharper resolution of the traveling discontinuities, compared
to the first-order method. The minmod limiter is indeed the most
diffusive, whereas the superbee limiter the most compressive, even
overly compressive in Fig. 7a, flattening the smooth gradient. The
Koren limiter and the newly proposed one are in between these
two extremes.

To examine the accuracy behavior of the new limiter, we per-
form an experimental error analysis. We numerically simulate the
test case from Fig. 7a for 10,20,40,80,160 and 320 finite volumes.
The time step size remains the same for all grid sizes. The time
step is sufficiently small, such that for all grids, the temporal error
is negligible with respect to the spatial error. The errors are de-
termined by comparing the numerical results to the exact solution
with the 1-norm. The results, in Fig. 8, show that both the Koren

limiter and the newly proposed limiter perform between second
and third order accurately.

3.2. HLLC Riemann solver

To calculate the fluxes in Eq. (16), we apply an HLLC-type solver
to the homogeneous system, dimension by dimension. The next
steps will be described in the following sections. Whereas the
equations are in terms of conservative variables, the flux compu-
tation through the approximate Riemann solver is based on the
primitive variables p, u, v, p, B, . Using the equations of state
(8a) and (8b) we convert one set of variables into the other.
The fluxes F are determined using an HLLC-type method. We will
present this method for the x-direction, the y-direction is treated
analogously.

For the current system of equations, the HLLC scheme assumes
four regions of constant states separated by three wave fronts, see
Fig. 9. This boils down to the assumption that the outer two are
shock waves. The resolution of shock waves is therefore exact. The
middle wave front, a contact discontinuity, is also numerically ex-
act. The middle two states are referred to as star regions, and we
will denote the variables within these regions with the superscript
*. The outer two states are taken as the primitive variables result-
ing from the MUSCL method on either side of the cell face consid-
ered. We distinguish them with subscripts L and R.

Various estimates for the wave speeds have been suggested in
the literature [29]. Care must be taken when selecting one, because
the various estimates described in the literature differ a lot, affect-
ing the numerical scheme, and because they are defined through
the equation of state, with the speed of sound [3]. We will work
with the following estimates for the wave speed of the three fronts
[29]:

Sy =min (u; — ¢, (u—0)*), (29a)
Sg = max (ug + cg, (1 + €)*), (29b)
5y PR-PLE orur(Sp —ur) — prugr(Sg — UR). (29¢)

oSy —u) — pr(Sg — Ug)

Here, the superscript Roe denotes Roe averaging, which is de-
fined through the density, velocity and enthalpy (H =E + %):

PR = /PLPr,

yRoe _ VPLUL + /PRUR
VPL+ PR

HRoe _ «/EHL+\/I(TRHR.
NN

Furthermore, following the model’s underlying assumptions,
Eq. (3), we impose the following conditions:

(30a)
(30b)

(30¢)

uj = ug = Swm, (31a)

(31b)
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Fig. 7. Comparison of various limiters and their effect on the linear advection, over 5 periods, of a discontinuous (a) and an infinitely smooth (b) initial condition.

To obtain the quantities in the star region we consider the
Rankine-Hugoniot jump conditions across the outer two wave

with K =L, R. The equations are solved algebraically in a straight-

forward manner to obtain:

fronts, assuming these are both shock waves: Se —u
Pk = Pk S:i — S,Iv(,’ (33a)
SkQk — F(Qx) = SkQx — F(Qx), (32a)
vy = U, (33b)
Pi ,OESM PK p* = px + px(Sm — ux) (Sk — Uk), (33¢)
PiSm PiSy + P* Pl
Se| PRV | PiSmV _ PKVK . i
PrEx Sm(ogEg + p*) pxEx Ex = Ex + (Sm — ux) (SM + m) (33d)
g Pik A PiSM Xk P1K
o Smatg Qk Sk — ug
appi =0 _— 33e
Prlk kP1k = Xk P1k Sk —Suy (33e)
pkuﬁ + Dk S _u
PrUkVk o = g X" K (33f)
ug (oxEx + px) (32b) S — S
Qg P1KUK Next we determine the flux in x = 0, at the cell interface. We
Ukt

define four fluxes. The choice of the final flux is based on the sign
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Fig. 8. Error analysis for the smooth initial condition from Fig. 7b, for various limiter functions (first-, second- and third-order accuracy indicated by dashed lines).

t

St

Sm Sk

0

Fig. 9. The regions used in the HLLC solver.

of the three wave speed estimates:

Fy, S1.Sm, Sk = 0,
_J B, Sg.Sm>0,5 <0,
F=1FE.  5x>05.5u<0. (342)
F4, SL, SM, SR < O,
with
PrUk
Pkuﬁ + Dk
Fi4= PrUkVk . K =L,R respectively, 34b
14 ug (okEx + px) P v (34b)
L1k Uk

axUk

and

Fo=F +5.(Q -Q).  F3=Fs+5(Q; - Q). (34¢)
The flux F is calculated for every cell interface and comple-
mented with fluxes at the edges of the domain resulting from the

boundary conditions.

3.3. Non-conservative volume fraction term

The non-conservative term in Eq. (15), the right-hand side of
the volume fraction advection Eq. (6), is handled in an HLLC-type
way as well, in the way proposed in [16]. In the x-direction this is
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done by:
ur, S.,Sm,Sr =0
Siml &-Sm, Sk, Sm > 0,5, <0
i = (e~ ) 5 S, Sy 20,5, 5 <0
UR, SL,S]\/],SR <0 i+%
ur, S, Sm, S =0
j;”LSM, Sr.Su=0,5 <0 35
Slisy Spz0.5.5y<0] [
Ug, SL,SI\/],SR <0

The y-direction is handled analogously.

3.4. Positivity of the volume fraction

With the combination of the non-conservative term in the
equations, and the MUSCL method, it is not guaranteed that the
volume fraction remains positive in the simulation. Since the vol-
ume fraction of fluid 2 must also be positive, the volume fraction
itself must remain in the [0,1]-interval. When applying the scheme
to initial conditions with volume fractions of 0 and 1, the volume
fraction may lose positivity within several time steps. To prevent
this, the volume fractions in the initial conditions are changed into
e and 1-¢, for some small value of ¢. The mass fractions are
changed accordingly. Numerical tests have shown that the choice
of limiter has a major influence on the value of & which needs to
be chosen. The newly proposed limiter allows a value of & = 1010,
whereas the other limiter functions considered in this work require
an ¢ of O(107?). Because of the large density ratio between the
two fluids, which in the case of a liquid and a gas could easily
be ©(103), this could result in an error of ®(10~2) in the initial
condition, which will propagate throughout the numerical simula-
tion. The newly proposed limiter clearly performs better for our
purposes. The main reason that it performs better is to be sought
in its negative values for negative r, corresponding to extrema. The
extrema of the volume fraction are restrained more strongly. At the
same time, the new limiter is third-order accurate in smooth re-
gions.

3.5. Time integration

We implement an explicit third-order accurate Runge-Kutta
method, in line with the spatial discretization, which is lo-
cally third-order accurate in smooth regions. The time integration
method is described by the Butcher tableau [15]

6 6 3

This time integrator has been outlined in [25], where it was shown
to be a TVD Runge-Kutta method [20], meaning that the TVD prop-
erty of the explicit Euler method extends to this time integrator.

3.6. Boundary condition treatment

Two types of boundary conditions are considered herein; one
representing a solid wall, the other outflow. The numerical imple-
mentation of this is done by adding virtual cells around the edges
of the domain. Then, a Riemann problem is solved, as is done in
the interior cells, to determine the fluxes.

In the case of an outflow boundary the state in the virtual cell
is copied from that of the adjacent interior cell. This lets waves run
out of the computational domain as if the domain extends further.

The resulting Riemann problem is trivial; F(q;, qr) with q; = qg = q,
hence F(q, q) = f(@).

The solid wall is modeled by reflection; the state in the adja-
cent cell is copied, with the exception of the velocity in the di-
rection perpendicular to the cell boundary, which changes sign.
This results in a Riemann problem with either two identical shock
waves or two identical rarefaction waves. The middle wave has
speed zero. The only nonzero flux in the conservative part of the
equations is in the momentum equation, due to the pressure.

The non-conservative part of the flux is determined in the same
way as for the cell boundaries in the interior.

3.7. Gravity forces

In the next section we will consider a liquid column, driven by
a gravity force g. This is modeled by adding a source term sg to
the system (7a), in one dimension:

ad

d
8tq+ % f=s+s,, (37a)
with
P ] pu 0
pu pu?+p 0
q= | pE |, f= | u(pE+p) , $= 0 .
o1 apu 0
L o au (o0 — @) (ux)
- 0 -
0g
Sg = | pgu (37b)
0
L 0

This small addition to the model does not affect the underlying
structure of the system. The additional source term due to gravity
is handled separately. In numerical calculations of s; we naturally
take the cell averages for p and u.

4. Generalized Bagnold model

In 1939, Bagnold pioneered research on wave impacts [2]. He
provided a comprehensive overview of breaking and non-breaking
free-surface waves, and performed experiments in which he stud-
ied the impact. He introduced a one-dimensional model of break-
ing wave impact with entrapped air to predict pressures.

In the original work of Bagnold [2] wave impacts are modeled
by a solid piston with an initial velocity, moving towards a wall,
with an ideal gas trapped in between, see also [22,28]. The prob-
lem then depends on only two parameters: the adiabatic constant
of the gas, yg, and the dimensionless Bagnold number Sg, describ-
ing the magnitude of the impact.

We consider a generalized Bagnold model [6], which consists of
a tube closed on both ends, containing an incompressible liquid in
between two gas columns. The liquid piston is driven by a body
force instantaneously applied at t = 0, for instance gravity. The sit-
uation is illustrated in Fig. 10.

This situation is simulated using the computational method
presented before. The numerical results are compared to analyti-
cal results which we outline in the following.

4.1. Analytical solution

The dimensionless formulation of the generalized Bagnold
model is given briefly. For a more elaborate description, see [6].
We assume the wave impact process to be adiabatic and reversible.
Furthermore, the liquid is assumed incompressible, and we there-
fore represent it as a solid piston. The compression in the gas is
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H h=h0+L0

g

Fig. 10. The initial condition in the generalized Bagnold model.

Table 1
Description of the cases.

Case  Scale Liquid Gas Temperature (°C)  Pressure (Pa)  Impact number
1 1:1 LNG NG -162 105 0.357
2 1:40 LNG NG -162 105 0.00893
3 1: 40  Water Air 20 10° 0.0196
4 1:40  Water SFs + N, 20 105 0.0196
5 1: 40 1: 40-scaled LNG  1: 40-scaled NG 162 2500 0.357
uniform. The solid piston model results in the following equation Table 2 )
for the height of the gas pocket at time t: Fluid properties.
Ye Ye Fluid y po (kg/m3) ¢ (m/s)
Po H—Ly—hy ho ;
Wty=—-g- = ——2 ) -| == ., h(0) = hy. LNG (-162 °C) 15.35 455 1300
pilo \\ H— Ly — h(t) h(t) Water (20°C) 7 1000 1500
33 1:40-scaled LNG 15.35 455 206
(38) NG (-162 °C) 13 1.82 267
Here, g is the gravitational acceleration, pg is the pressure at t =0, Alr (20°C) . 14 1.2 342
d p; is the density of the liquid piston. The other parameters are SFs + Na (2050) 13 N 108
and p; 15 nsity quid piston. pdrar 1:40-scaled NG 13 1.82 42
related to the dimensions of the system and shown in Fig. 10. The
velocity h’(t) can be calculated analytically [28]. The compression
of the gas pocket is considered to be adiabatic:
iy = constant. (39) Table 3
P Lengths.
Since the density is inversely proportional to the length of the gas Length (m)
pocket, Egs. (38) and (39) are enough to determine the pressure in
the gas pocket. ’: ;5
In this generalized model, the situation is completely described h?, )

by four dimensionless numbers:

« length aspect ratio between the liquid column and the lower
gas pocket,
« density ratio between the gas and the liquid,

+ Bagnold number Sg, given by Sp = L"Z%g,
- adiabatic constant of the gas yg.

In the numerical method the liquid is compressible, so a fifth
dimensionless number is added to this list: liquid compressibility

%. If the model is scaled in such a way that these dimen-
Lo, o1

sionless quantities remain the same, the scaling is completely sim-
ilar. Brosset et al. [6] discuss this model, with a non-zero initial
velocity, and refer to the scaling as complete Froude scaling.

4.2. Comparison of analytical and numerical results

At the ISOPE conference in 2010, the simulation of the gener-
alized Bagnold model was given as a benchmark study for wave
impact simulation methods [12]. The participants were given five
sets of initial data to be simulated, given in Table 1.

The scaling in the second column refers to Froude scaling. The
1:40 scaled LNG and NG refer to complete Froude scaling, in which
the fluid properties are changed to obtain a complete similarity in
the different scales between Cases 1 and 5, which should yield ex-
actly the same results. The scaling results in fluids that are not
physically meaningful, but provide valuable results anyhow. Fur-
thermore the time of the numerical calculation can be decreased
by scaling in this way, because the speed of sound of the fluids is
affected by it.

In all of these cases the compressibility of the liquid and the
acoustics of the gas do not play a significant role. We expect the
Kapila model and the piston model to produce the same results.
The relevant properties of the fluids are given in Table 2 and the
lengths are given in Table 3. These are the dimensions of the initial
problem, Case 1. In the other cases, these dimensions are scaled
down by a factor 40.

Like in Dias et al. [12] we plot the pressures of all cases in
one figure (Fig. 11). This requires a rescaling of the results accord-
ing to complete Froude scaling, time and pressure are for instance
rescaled by factors of +/40 and 40 respectively. All numerical cal-
culations are performed with 150 finite volumes and a CFL number
of 0.4 (For the time integrator and limiter used, the upper bound
for this CFL number, a TVD bound, is 0.5).

We note that the two-fluid model and the Bagnold model show
an excellent agreement. Furthermore the complete Froude similar-
ity of Cases 1 and 5 is demonstrated in Fig. 12.

The analytic solution assumes an incompressible liquid. The dif-
ference between this solution and our numerical solution, which
includes liquid compressibility, is seen clearly when raising g from
9.81 m/s? to for instance a 30 times larger value, thereby raising
the impact number.

In Fig. 13 we see that the solutions from the two models di-
verge for increasing values of g. The liquid compressibility has the
expected cushioning effect on the impact pressures.
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Fig. 11. Pressure histories in the compressed gas pocket at h = 0. Comparison of the two-fluid model and the Bagnold model for the five test cases defined in [12]. Pressure

p in Pascal and time t in seconds..
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Fig. 12. Zoom in on Fig. 11. Pressure p in Pascal and time ¢t in seconds..

5. Shock-bubble interaction

Haas and Sturtevant [14]| performed experiments on shock-
bubble interaction. We consider in the experiments the results ob-
tained with cylindrical bubbles, which we compare with our two-
dimensional numerical simulations.

The bubble is filled with a gas different from the surrounding
air and contained within a thin film. Both the bubble and the sur-
rounding air are at rest initially. A shock wave hits the cylindrical

bubble from aside and interacts with it. The length and time scales
involved are such that mixing of the fluids does not have a signif-
icant effect, making the two-fluid model suitable to describe the
situation.

Two variants have been considered: one in which the bubble is
filled with a heavier gas than the surrounding air (R22) and one
with a lighter gas (helium, mixed with some air). The density of
the gas has a major effect on the deformations the bubble under-
goes.
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Fig. 14. Sketch of the initial condition of the Haas and Sturtevant experiment [14].

The experiment resulted in a number of shadow photographs
which clearly show what happens to the bubble. This has become
a benchmark for numerical simulation of compressible two-fluid
flows [19,21]. In both cases, we numerically simulate the situa-

tion on a 356 x 960 rectangular grid with the new limiter func-
tion and a CFL number of 0.24. The limiters that we are using al-
low for a maximal CFL number of % in one dimension. Simulat-
ing in two dimensions further decreases this CFL number with a
factor 2 [29], yielding an upper bound for the CFL number of %.
We use a CFL number slightly below this upper bound. Numerical
tests have shown that this allows us to take the value of ¢ intro-
duced in Section 3.4 to be 10~10, whereas the other limiter func-
tions considered require a value of ¢ = 10> to preserve positivity
of the volume fraction. The symmetry in the y-direction is utilized
to simulate only half of the domain, so symmetry in the flow is
imposed.

51 R22

For the case with a heavy gas in the bubble, R22, the den-
sity resulting from the numerical simulation and the shadow pho-
tographs from the experiment in [14] are juxtaposed. Note that the
shadow photographs still show the initial position of the bubble,
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\

\\

(b)

Fig. 15. Results for the Haas-Sturtevant test case with the heavier bubble. Top: shadow photographs of the experiment; bottom: corresponding bulk densities resulting from
the numerical simulation. The color scheme in the plot from the simulation has been adjusted to highlight the important density gradients.

due to a remainder of the film. For a better comparison, we added
this to the plots of the numerical results as well.

The speed of sound inside the bubble is lower than that of the
surrounding air, making the shock move around the bubble faster
than inside the bubble. The progressively darker colors inside the
bubble indicate the coalescence of the refracted shocks, causing a
strong rise in density. The bubble is initially compressed and later
expands sideways. A good qualitative agreement is shown between
the experiment and the numerical solution, especially in the outer

region, where the wave speeds match and the same shock pattern
is obtained. The numerical results show instabilities at the free
surface, which in the experiment also occur and are Richtmyer-
Meshkov instabilities.

5.2. Helium

In the second case the bubble has a lower density than the sur-
rounding air, so that the shock reaches its far side faster through
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Fig. 16. Results for the Haas-Sturtevant test case with lighter bubble. Top: shadow photographs of the experiment; bottom: corresponding bulk density distributions from
the numerical simulation. The color scheme in the plot from the simulation has been adjusted to highlight the important gradients.

the bubble than around it. The bubble compresses and later ex-
pands into a peanut-like shape. Eventually it splits up. Fig. 16
shows the numerical simulation together with the measurements.
A good agreement is seen with regard to the propagation of the
shock wave. The wave pattern, resulting from the interplay be-
tween the two fluids and the upper and lower walls is correctly
captured as well.

5.3. Importance of the parameter &

As indicated in Section 3.4, the parameter ¢ is used to slightly
change the initial condition, for positivity purposes. We take a low
value for ¢ (10710) and numerically simulate the R22 bubble again,
for a longer time, for different limiter functions, all other parame-
ters being the same. For this value of ¢ the new limiter is able to
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Fig. 17. Volume fraction for R22-bubble case for very low & (10-1°), using the newly proposed limiter function (a) and the Koren limiter function (b). Volume fractions
within the [0, 1] range are in grayscale, values outside the range are displayed in red. (For interpretation of the references to colour in this figure legend, the reader is

referred to the web version of this article.)

maintain positivity of the volume fraction, whereas the other lim-
iter functions discussed in this paper are not. In Fig. 17, we com-
pare results obtained with the new limiter and the Koren limiter.
The new limiter result maintains positivity, whereas the Koren lim-
iter locally does not. (For ¢ = 10>, the Koren limiter yields nearly
the same result as that in Fig. 17a.)

The corresponding density results are shown in Fig. 18. Even
though the loss of positivity occurs very locally, it clearly has dras-
tic effects. The spurious oscillations in the right half of Fig. 18b are
a results.

6. Conclusion

In order to obtain a better understanding of the phenomenon
of sloshing of LNG inside tanks, numerical simulations are required
to supplement the data from experiments. To prepare for this, we
considered a compressible two-fluid flow formulation, which uses
the Kapila model.

(b)

Fig. 18. Density for R22-bubble case for very low ¢ (10~'°), using the newly proposed limiter function (a) and the Koren limiter function (b).

A shock-capturing finite-volume method is employed to dis-
cretize the two-fluid flow equations. In here the HLLC approximate
Riemann solver is used in evaluating both the convective operator
and the source term. To achieve higher-order accuracy we employ
the MUSCL approach, which requires a limiter function for posi-
tivity. We introduced a novel limiter function and showed that it
has better positivity properties than the commonly used ones. It
is shown to have higher than second-order convergence. A third-
order accurate explicit Runge-Kutta method is applied for time in-
tegration.

Two types of test cases are considered: a one-dimensional
wave-impact problem (the generalized Bagnold model) and a
two-dimensional shock-bubble interaction problem (the Haas and
Sturtevant experiment).

The generalized Bagnold model is a one-dimensional simplifi-
cation of a breaking wave. It allows for an analytic solution, pro-
vided that the liquid is considered incompressible. For wave im-
pacts where the Bagnold number, describing the severity of the im-
pact, is low, this compared well with the two-fluid model. The ex-
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pected divergence of the two models for higher impact numbers is
shown.

An often-used benchmark case for two-dimensional compress-
ible two-fluid flow is provided by experiments conducted by Haas
and Sturtevant. The numerical method shows a good qualitative
agreement with the shadow photographs from the experiments.
The method is able to reproduce free-surface instabilities. The next
step is to extend this model to include phase transition using
source terms. We think that the improved positivity property of
the newly proposed limiter function will prove its worth there,
since positivity of the volume fraction is harder to maintain when
there are source terms that affect it.
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