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1. Introduction

A well-known approach in the numerical solution of evolutionary problems in partial differential
- equations (PDEs) is the so-called method of lines (MOL). In this approach the solution process is
thought of as consisting of two parts, viz., the space discretization and the time integration. In the space
discretization the PDE is approximated by a system of ordinary differential equations (ODEs) by discre-
tizing the space variable by finite differences, finite elements, spectral techniques, etc.. The time ¢ is then
the independent variable of the ODE system. In the second part, the time integration, this system is
discretized in time to yield the final, fully discrete scheme. It is well known that many existing numerical
schemes for time dependent PDEs can be viewed in this way. Concerning the time integration, we shall
confine our discussion to the class of one-step schemes. Concerning the discretization in space, we res-
trict our attention to finite differences. However it should be mentioned that the treatment of finite ele-
ments or spectral methods offers no essential novelty [9].

This paper deals with the convergence of MOL schemes. Our purpose is to set up a general frame-
work for the convergence analysis. The stability materials for this framework are borrowed from the field
of nonlinear stiff ODEs. As a matter of fact, the whole analysis is centered around the semi-discrete
problem. This is most convenient for the analysis and, in particular, allows for a general treatment. For
example, in setting up the framework it is not mecessary to distinguish between linear and nonlinear
problems, although nonlinearities normally will make the hypotheses more difficult to check.

C-stability

method of lines analysis SCHEME

The diagrammatic picture of the stability analysis shows the concepts used. In the direct grid
approach, i.e., when only the PDE and the fully discrete problem are considered, one normally proves
the necessary stability by using energy method arguments. In the MOL approach the necessary stability
for the discretization in space can be based on the existence of a bounded logarithmic matrix norm, a
concept which goes back to Dahlquist [3] (see Section 3). The concept of C-stability is employed for
deciding upon the necessary stability for the time integration. C-stability is an abbreviation for conver-
gence stability (cf. [11]) and is linked with stability in the Lax-Richtmyer sense and, more closely with




stability in the sense of Kreiss [7]. In many applications C-stability can be concluded directly from
known results from the field of nonlinear stiff ODEs [4]. The existence of a bounded logarithmic matrix
norm is often a prerequisite for proving C-stability.

In order to give insight into the feasibility and applicability of the convergence theory we shall
present a full convergence proof for approximations to a nonlinear parabolic problem (Section 5) and a
nonlinear Schrodinger problem (Section 6).

This work is a sequel to the survey papers of Sanz-Serna [9] and Verwer & Dekker [11]. Part of our
terminology stems from these two articles.

2. Some preliminaries
We consider a real abstract Cauchy problem

w = F¢tu), 0<t<T, u(x,00 = u%), @1

where & represents a partial differential operator which differentiates the unknown function u(x,#) w.r. to
its space variable x in the space domain in R,R? or R3. & should not differentiate w.r. to the time vari-
able ¢. The function u(x,¢) may be a vector function. Boundary conditions are supposed to be included
in the definition of %. '

To the problem (2.1) we associate a real Cauchy problem for an ODE system,
U=F@U), 0<t<T, UO) = U° F(,):R" > R™, 2

which is defined by a discretization of the space variable in (2.1). For the moment it is not necessary to
discuss in detail how the semi-discrete, continuous time approximation (2.2) arises from (2.1). Nor is it
necessary, for the time being, to be specific about the partial differential equation. The reason is that our
convergence analysis is centered around the ODE system (2.2). This is most convenient for the analysis
and allows for the general treatment we aim at. We merely assume that U and F represent the values of
grid functions on a space grid covering the space domain of (2.1). Further, we let 4 refer to the grid
spacing, i.e., to the grid distances which may vary over the grid. In what follows, p(k)—0 means that the
grid is refined arbitrary far in a suitable manner; p stands for a distance function, e.g., the maximal dis-
tance in the grid. Note that the dimension m of problem (2.2) depends on k.

In this paper we avoid questions concerning existence, uniqueness and smoothness of exact and
numerical solutions. Hence, we suppose throughout that the two Cauchy problems at hand possess
unique solutions u(x,¢) and U(z), respectively. In addition, it is supposed that the true PDE solution is
as smooth as the numerical analysis requires.

Let r, be the natural restriction operator on the space grid. We write u, (t)=r,u(x,¢). If the discreti-
zation in space is convergent, the space discretization error

n@) = U@E)~u, (@), 23)

can be made arbitrarily small upon grid refinement. We shall discuss an error bound for 5 which depends
merely on the smoothness of w, and on the stability of the ODE system (2.2) through a logarithmic
matrix norm (cf. Dahlquist [3]). This error bound exploits fully the advantage of the notion of loga-
rithmic matrix norm which is also used later on in the paper. This error bound for 7 is discussed in Sec-
tion 3.

- For the time integration of the semi-discrete approximation (2.2) we shall concentrate on one-step
schemes. Let the implicit relation

Untl = U + 1@ U UMY, 1 = 4,4—1, (130) @4

represent such a scheme. Here 1=0 and U” is the approximation to U(t,). At this stage we let T and
p(h) be independent parameters. If the scheme (2.4) is a convergent integration formula, the time discret-
ization error, or time integration error

8ty+1) = U™ = Uty 41), ' 2.5)

&




will vanish as 7—0 for any fixed grid spacing. It should be emphasized, however, that the use of a con-
vergent ODE solver and a convergent discretization in space, not necessarily guarantees that the full
discretization error

Ctpa) = U =ty (g 11) = 8t 1) F 0t 41) @6)

will vanish for decreasing 7 and p(h). It may be necessary to impose an additional relation between 7 and
p(h). A classical example is furnished by the one dimensional heat equation u, =u,, . If we discretize in
space on an equidistant grid using second order finite differences and integrate in time with the forward
Fuler method, the well-known additional relation T<<3h? is required [8]. The explanation of this
behaviour is related to the fact that the standard bounds for (¢, +) used in the convergence theory of
ODE solvers, involve the Lipschitz constant of the system (2.2) and these constants increase with decreas-
ing h. Therefore in order to achieve the convergence of U" to u,(z,) as 70 and p(h)—0, we must
demand that the convergence of U" to U(t,) be uniform, in some appropriate sense, in the grid spacing.
Here the recent results from the field of nonlinear stiff ODEs fit into the picture, as the Leitmotiv in
those developments is the derivation of error bounds which hold uniformly with respect to the Lipschitz
constant or the stiffness of the problem [4], [S]. We shall discuss these matters in Section 4.

3. Convergence of the discretization in space
Consider the two Cauchy problems (2.1), (2.2). Introduce the space truncation error

a(t) = F(tu,(2))—uy(t), 3.1)

where w,(¢t) = du,(¢) /dt = ru,(x,t), ie., the restriction of the derivative u, of the true PDE solution
u to the space grid. The defect « is obtained by substituting the true solution u, into the semi-discrete
approximation. Loosely speaking, it measures how the partial differential operator ¥ is approximated by
the vector function F. The consistency of the method for a given norm means, by definition, that
Ha(Oll = 0 as p(h) — 0.

It now trivially follows that 7, the discretization error in space, is a solution of the ODE system

n=F({u+n) ~ F@tuw) +a), 0<t<T (3.2
Using the mean value theorem for vector functions, we can write
n=M@tm+a@®), 0<t<T, (3.3a)
1
M) = [F'(t,u +6n)d0, (3.3b)
0

where F’(t,) is the Jacobian matrix of F(z,").

This result shows that n(r) depends essentially on a(z), which is determined completely by the
smoothness of u and the quality of the approximation in space, and on the stability of the ODE system
(2.2). We shall give a bound for 5 from which convergence of U to u, can be derived, provided that the
discretization in space is consistent. This bound leans completely upon the fundamental concept of loga-
rithmic matrix norm and is due to Dahlquist [3]. For details on the important role of the logarithmic
matrix norm in proving stability of stiff nonlinear ODE systems the reader can also consult [4], Section
L5.

Introduce a norm [l on R™. Let p[] be its corresponding logarithmic matrix norm. Let
T,(t) = {§:8 = wy(¢)+0n(2),0<<0<1} and let p,,, be a constant such that
Prnax = mgax{p{F’(t DiseT,(2)} for all ¢ €[0,T] (3.4

Hence for each ¢ we compute the maximal logarithmic matrix norm of F’ on the line segment T (¢) and
majorize these by ... Then

&

Il < e*=* @)l + [e*="la(m)lldr. (3.5)
0




Supposing that |ln(0)ll = 0, we can write
@Il < C(t I"max)max la@ll, 0<:t < T, (3.6)

where C( lpax) = (e“‘""‘ - 1) / Bmax depends solely on ¢ and py,,. Consequently, if a constant py,,, exists
independent of the grid spacing, |ln(¢)/l—0 as maxlla(z)ll—0, for p(h)—0. Thus we can state

Theorem 3.1. Suppose that the discretization in space is consistent and that py,, exists independent of the
grid spacing. Then the discretization in space is convergent. []

The practical importance of this theorem lies in the fact that in many applications in the field of non-
linear, time dependent PDEs a p,,, can be determined which is indeed independent of » (see the Sec-
tions 5,6 and [9,11]). Applications can also be found in the solution of stationary problems in PDEs by
means of iterative methods. As it is well known many of these methods can be thought of as integrating
in time a related time dependent PDE whose asymptotic solution u,(o0) should give the desired station-
ary solution (see, e.g., [13]). Here it is required that pp,, <O.

The inequality (3.5) is in fact nothing else than a stability inequality for the Cauchy problem (2.2). To
see this, let U,U be two solutions belonging to two different initial values U° and U°, respectively. Let
Pmax DOW satisfy

s > max(F'(t $)]:§ = oU@) + (1-0)U (@), 0<0<1},0<t<T (3.4)
Then (cf. [3]),
WT@E)— U@ < e |Up—U,ll, 0 <t < T (3.5)

vThe inequality (3.5) is equivalent to this stability inequality which can be refined somewhat by taking
Emax time dependent. The growth factor exp(iuy,x¢) is then replaced by

exp( /um(fr)df) 3.7

Observe that the inequality (3.5°) tnv1a11y implies uniqueness of solutions for system (2.2) for any grid
spacing

Remark 3.1. For the standard ”” norms the expression for p is known. Let 4 =(a;;) be a real m Xm
matrix. For the norms |||}; and [|-ll, on R™,

mld] = max(ay; + Jla;)), pold] = max(a; + 3 |a;)). (3.8)
J i#j d jFi
For inner product norms, [I{ll = <¢¢>1/2,
pA] = max <A &8> / 18I (3.9)

Hence, for the spectral norm, p,[4 ] is the maximal eigenvalue of the real part (4 +47) /2 of 4. O

Remark 3.2. It follows from (3.9) that p[4 ] < » if » represents a one-sided Lipschitz constant of 4, i.e.,
<AtE> <pli¢l?, YieR™. Loosely speaking, the logarithmic matrix norm might be considered as a
generalization of the one-sided Lipschitz constant for norms other than inner product norms. When deal-
ing with inner product norms it is sometimes more convenient to use the one-sided Lipschitz condition
for F,

<F@.$) — F.$).56 85> < vl — &I (3.4")
V1.8 € Ty(t), Vt € [0,T],

rather tan computing F’ and using (3.9). Any constant » satisfying (3.4"), a one-sided Lipschitz constant
for F, may be used for p,,, in the inequalities (3.4), (3.4°). O




Remark 3.3. Obviously, the accuracy of U will depend largely on the magnitude of the truncation error
a. For finite times, i.e., T <<co, the bound (3.6) shows that |ln(z)|l has the same rate of convergence as
_lla(®)ll, provided that pp,, exists independent of k. If pr, <0, this bound also applies to Cauchy prob-
lems on infinite time intervals. For dissipative problems it is often possible to prove the existence of a
NEZAVe pay. If fimay =0, (3.6) allows a linear growth of the space error in time. If pya™0, it allows an
exponential growth of this error in time and will mostly be rather pessimistic on long time intervals. [

4. Convergence of the full discretization

Consider the integration method (2.4) for the Cauchy problem (2.2). In this section we shall study the
full convergence of this method as 7—0 and p(k)—0. For ease of presentation we restrict ourselves to
constant stepsizes 7, i.e., in the limit process we take t,;€(0,T] fixed and suppose that 7—0, n—o0 in
such a way that (n +1)7 = ¢, 4. The restriction to constant stepsizes is not essential for our results and,
as it is well known, can be removed.

Let us introduce the full truncation error

Blta+) = U — uy(ty ), @4.1)
Ut = w(t,) + @[ (), 0" ]

Observe that B is defined with respect to the true PDE solution and not for the true ODE solution U. If
we had used U the time truncation error

Ytns) = UM =Ulty11), U = UG) + r@[nUG). 0" @.r)

would have been obtained which is considered normally in numerical ODE theory. In the setting of
PDE:s the error (4.1) is to be preferred for the convergence analysis for reasons which will be discussed in
Section 7. Note that, in a sense, the full truncation error 8 contains the space truncation error a, given
by (3.1), as the increment operator @ of the integration formula depends on the ODE operator F.

Let us express the full discretization error €(t, +1), given by (2.6), as

sy = U1 =01 + Bltar), 42
and suppose that for a positive kR and a norm on R™,
N0 1—ur Y < w07 = UM, 0" = wy(ty)- @.3)

Then |le(t, + 1)l < xlle(t,)ll + X, where x is an upper bound for B. The error €(t, 1), i.e., the error after
n +1 time steps, then is easily shown to satisfy

1—«* +1
1—x ~
This standard inequality is the starting point for the full convergence analysis which is based on the con-

cept of Q-stabﬂity. In tpe definition below a second numerical solution U"*! is considered, ie.,
Un+1 o Un + T@[T’Un’Un+1]‘

Het, + DIl < & Tlle)ll + x (4.4)

Definition 4.1. Let || be a norm on R™. The integration method is called C-stable for the Cauchy
problem (2.2), with respect to this norm, if a positive real number 7o = To(h) and a real constant Cy,
independent of  and & exist, such that for each 7€(0,7] and each U",U" eR™

o tH—ur | < Q+Cnl0" —urll. O 4.5)

Remark 4.1. Note that for U",U"*! one may substitute u, (#,) and O"*! (cf. (4.3)). O

C-stability is an abbreviation for “convergence stability” and is linked with stability in the Lax-
Richtmyer sense [8] and, more closely with stability in the sense of Kreiss [7] (sometimes referred to as
strong stability [8]). If Cy < 0 and we think of U", as being a numerical solution, and of U" as being a
perturbation of U™, then (4.5) shows that the perturbation will not increase in time. The bound (4.5)
then provides the definition of contractivity, also called “computing stability” [11], a concept which plays




a major role in recent developments in ODEs [4]. If Cy > 0, we allow an-increase in the difference
U™ —U". In this case C-stability is mainly useful in the convergence analysis and not as a concept of
“computing stability”. Finally note that the essence of C-stability in the context of PDEs, is that Cy is
~ independent of the grid spacing.

Let us now suppose that for a given Cauchy problem (2.2) the integration method is C-stable. We
then may substitute k=1 Cyr into the bound (4.4). An easy derivation yields the familiar expressions

7 1X|Col ! , Co <0,
et + DIl < 477Xt 41 »Co =0, (4.6)
T IxCq N (e 1) , Co > 0,
where, for convenience, lle(z)ll is taken to be zero. By the hypotheses of C-stability, we can conclude

that this error bound is valid uniformly in the grid spacing under the stepsize restriction T € (0,74(h)].
Note that for Cy << 0 (strict contractivity) the bound is useful for infinite time intervals.

Finally we suppose that the full discretization is consistent, i.e.,
7= Bt + Dl = 0 as 7,p(h) -0, V4, € (O,T] @7

It is then evident that we can state

Theorem 4.1. Suppose that the full discretization is consistent and the integration method C-stable.
Then the full discretization is convergent. []

At this place we want to emphasize that the stepsize restriction for C-stability, i.e., 7 € (0,7(h)], may
lead to additional conditions on the refinement of the time- and space grid. It is well known that for
explicit integration formulas 7y(h) — 0 as p(k) — 0.

Remark 4.2. The C-stability theory of implicit Runge-Kutta methods for stiff ODEs, where the state-
ment "independent of the grid spacing” is to be replaced by ”independent of the stiffness”, has already
been developed to a considerable extent [4]. For example, for constant coefficient linear systems dissipa-
tive in inner product spaces the celebrated property of A4 -stability implies C-stability where C=0. Like-
wise, the property of B-stability [2] for nonlinear dissipative problems is a C-stability property where
again Cy=0. A general result for non-linear problems satisfying the one-sided Lipschitz condition (3.4”)
can be found in [4], Th. 7.4.2. Because of the intimate relationship with semi-discrete PDEs many results
from the field of nonlinear stiff ODEs apply to PDEs in a straightforward manner. For integration
methods not belonging to the class of implicit Runge-Kutta methods the hypotheses of C-stability must
be verified separately. By way of illustration we shall devote the Sections 5 and 6 to two examples. [

5. A nonlinear parabolic equation

We consider a nonlinear, one space dimensional, scalar parabolic initial -boundary value problem of
the type (cf. {12])

_ FN _
u, _f(t,x,u:ax(P(tsx)ax))a O0<:i =< T, X € Q (0,1),

u(0,t) = bot), u(lg) = b)), 0<t < T, (GR))
u(x,0) = u’(x), 0<x <1,
where the functions p(¢,x) and p(¢,x ,a,b) satisfy the familiar conditions
pitx)=pe>0, 0<i<T, xef, (5.2a)
f ¢ x,ab)/0b = fo>0,0<t<T, xef ab €R. (5.2b)

Here pg and f are constants. In addition, we suppose that there exist real numbers f _;, f| such that
fas<of(txapb)/da<f, 0<t<T,xe ab e (5.3




5.1. Discretization in space

We space discretize the problem on a nonequidistant finite difference grid. Define
- = {xjx = xj-+hy, j=1(Dm; x9=0,x, 1=1}. Apply 3-point finite differences for the discreti-
zation of (p(¢,x)u,)x. Let U; and F; be the j-th component of the grid functions U and F, respectively.
Then, for j =1(1)m,
2 - _
Fy@,0) = f 5.0 ———Xs Uj1— (5 +5)0; +5, Uy, (54)
j+1 j—1
where
Sji =P(t,%(xj +x;41) / % —Xj1]
and
U(#) = bo(t), Up+1(t) = b1(2).

Let us prove convergence of U to 4, in [, i.., in the maximum norm [|U|l,, = max;|U;|, along the
lines of Section 3. The logarithmic matrix norm p,, is given by
pold] = max(a; + 3 |a; ), (-5)
i joEi
for any real m Xm matrix 4 =(a;;) . Let Ubea point on the line segment T (¢) which appears in the

inequality (3.4) for the logarithmic norm. The Jacobian matrix F'(z,U) of the vector function F(¢,)
defined by (5.4) is of the form

F'(t,U) = D,+D,D5S, (5.6)

where D,,D,,D; are m Xm diagonal matrices and S is a symmetric tridiagonal m Xm matrix. The
entries of D, are the derivatives of f to the third argument. All entries are less than or equal to the con-
stant f|. The entries of D, are the derivatives of f w.r. to the fourth argument and, by assumption, D,
is positive definite. D3 contains all numbers 2 / (x; +;—x;-1), hence is also positive definite. Finally, the
entries in the j-th row of S are just the numbers 5,7, —(s;” +s;*), 5;7. It follows that S is diagonally
dominant with negative diagonal entries.

Now we are ready to compute p.oo[F’(t,l_/' )]. First, we conclude that p,[S]=0. Then , using the posi-
tive definiteness of D, and D3, we find p[D,D4S51=0, too. It follows that

BAF' O < f1, 0<t <T ;.7

Clearly, this inequality is valid for any UeT;(t), 0<t<T (it is even valid for U arbitrary in R™).
Hence we have found a bound py,,, =/ satisfying (3.4) for any h, and p,, is independent of #. There
remains to verify the consistency of the space discretization. As it is well known, any component a; of

the truncation error (3.1) satisfies '

, % = Op(h) as p(h) >0, plh) = max(h;), 63

provided that max(%;) / min(k;) remains bounded. Consequently, the discretization is consistent of order
one. We have lla(t)ll,, = O(p(h)), 0<t <T. The convergence in /® follows from Theorem 3.1.

5.1 Discretization in space and time

Along the lines of Section 4 we shall prove /* convergence of the two fully discrete schemes which
are obtained by applying the implicit and explicit Euler rules

Ul = U +1F (t,+1,U" ), (59
Ut = yr++F(@,,U™), (5.10)

to the semi«discrete continuous time system (5.4). We first consider the implicit scheme. Its C-stability
can be concluded directly from the information available on the semi-discrete approximation using




R

known results from the field of stiff ODEs. Let U",0" "' be a second implicit Euler solution. Using (5.7)
and Theorem 2.4.1 of [4] we find that, if 7f <1, then

rrm+1__ 41 < 1 R __yrn ’
Itu Ul _I_Tfl U™ — U™ |l (5.11)
This means C-stability under the stepsize restriction 7/ <1. Note that the amplification factor and the
restriction on 7 are both independent of the grid spacing and are in fact valid in the whole numerical
solution space due to the introduction of the constant £ in (5.3).

We next examine the full truncation error (4.1) of the implicit scheme. According to the definition
(3.1) of the space truncation error the true PDE solution satisfies

Uty 41) = [ (g 1) — 100 1) =Tl (8 +1)] + TF (1105 (5 +1))s (5.12)
while the local implicit Euler solution U™ ™! computed from u, (1, ) satisfies
U = wy(t,) + tF(t, 2,07 Y. (5.13)

By interpreting the relation (5.12) as an implicit Euler step, with the bracketed term playing the role of
U", application of the C-stability inequality (5.11) to the equations (5.12), (5.13) yields directly

”ﬁ(tn +1)”co <

lletn 1)~ 144 (6 )= 7014 (1 4 ) — 708 + 1)l (5.14)

1
1""Tf1

= —L L2 o +00)trag, 4 Il 0<6<1,

I_Tf 1
for all 7f,<1. This proves the consistency of the full discretization and according to Theorem 4.1, con-
vergence for 7,p(h)—0 without any further restriction on 7 and p(h). We emphasize that the second
derivative with respect to ¢ of the true PDE solution #, appears in the bound.

We now proceed with the explicit Euler scheme. The truncation error 8(z, 4 ) is given by
Bt +1)= up(t,) + TF (tn 13 (1)) — 44 (85 +1) (5.15)
= (ty) + 1y (1)~ (g +1) + ()
= — 37y (t, +01) + a(t,), 0<O<I,

showing consistency. Next the C-stability. Let U”,0"*! be a second explicit Euler solution. Then, using
the mean value theorem,

U"Hl—untt = (I +eM(@,)(O" —U™), (5.16)
1
M@, = jF'(t,, B0 +(1—-0)U™)de6.
0

For obtaining a C-stability result, we must compute the maximum of |7 +7F’(z,,9)ll,, on the line seg-
ment { = 0U" +(1—6)U", 8 < [0,1]. Consider the Jacobian matrix (5.6). Let D;; be the j-th entry of the
diagonal matrix D; for i =1,2,3. Then

m?X”I +7F (6, e = max max{|1+7Dy; —7Dy; Dy (s +s;7)| (5.17)
J
+ ™Dy D3;(s; +s5;1))
= 1+'rm§axmaxD1j <1+ 7f,
J
if, for all { and all j,

To appraise these inequalities, suppose first that the parabolic eciuation is w = u,, and that @, is
equidistant (see (5.4)). Then, for all j, Dy =0,Dy =1,D3; = h~

and 5;~ = 5;7 = b, 50 that the




inequality reduces to the well known stability result 7 < sh% Consequently, in case of u, = ty, and £,
equidistant, explicit Euler is C-stable in /* under the stepsize restriction 7 < Th

Let us return to the general case. Inequality (5.18) yields a bound for 7 (the bound 79-in Definition
4.1). However, this bound still depends on the numerical solution U" through the diagonal matrix entries
D;; and Dy;. The dependence is removed by using the hypotheses (5.2b), (5.3). If 7 satisfies

WfoD3Gs +s5H)—f-) <1, (5.19)
we thus arrive at (for any pair of numerical solutions)
NG = < (A +7f 0" —U" |l ' (5.20)

This proves C-stability in I of explicit Euler for the semi-discrete system (5.4) under thé stepsize restric-
tion

0 <1< (foDy(s; +s)—f -7 (5.21)

6. The cubic Schridinger equation

From [10] we quote the following initial-boundary value problem for the cubic Schrodinger equation
(here u =[vw]’),
v, + w, + W +whw =0, 0<t < T, x € & = (xL.%r),
Wy = Ve — @24wly =0, 0<t <T, x € Q= (x.Xp),
v (x,t) = we(x,t) =0, x =x,xgand0 <t <T, 6.1

v(x,0) = vx), w(x,0) = wi(x), xp <x < xp.

6.1 Discretization in space
Let us space discretize (6.1) on the equidistant grid

ﬂh = {x1=xL, Xj =x]_1+h(2<] <N"'1), (6.2)
Xy =xg; h=(xg —x.) /(N —1)} |

for a given integer N. Suppose that standard second order finite differences are used for u, and u,,. Let
V;(t) and W;(t) be the resulting approximation for v(x;,t) and w(x;,t), 1<j<N. The semi-discrete,
continuous time approximation to (6.1) is then given by, j = ()N,

V, + bW =2+ W) + (VA WHW; =0, |
Wy — k=W =2V, + Vo) — (VWY =0, (6.3)
where
Vo=V, Wo= W, and Vy41 = Vy-1, Wat1 = Wy - (6.4)
in accordance with the boundary conditions.
Let U; = [V;,W,)', U = [UT,...,UFIT. The system can then be rewritten as

U = F(U) = (S +BU)U, (6.5)
where S is the block tridiagonal matrix ‘
—24 24
A4 .—ZA. A ’ 0 1
) s==3 Lot ,4=1{_10l (6.6)
A —-24 4
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and B(U) is block diagonal, i.e.,
B(U) = —dlag(B l(Ul)’---’BN(UN))9

0 I/j2 + I'ij
B;(Uj) = | _ vi-wp 0 6.7)
This form is more convenient for our convergence analysis.
We shall prove convergence of U(t) to u,(¢) in the norm associated to the inner product
~ N i~ ~
<U,U>; = hE"UjTUj, U,UeR", m =2N. 6.8)

Jj=1
The double quote means that the first and last element in the sum are multiplied by %. Observe that sys-
tem (6.5) is conservative for this norm, ie., |[U@)ll, is constant in time [10]. For the /2 norm, the loga-
rithmic norm p, is
. <4 § a§>2

wld] = max

5> A areal m Xm matrix. 6.9
t#0 [I§ll3

Let U be a point on the line segment T} (¢). The Jacobian matrix F'( U ) can be written as

78 7 74 2 w2
-2V, W, ~V}-3W,

D = i . .= — —— — i
F'(U) = § + diag(D;), D; 372+ 772 W | (6.10)
Because S is skew-symmetric, <S¢{,{> = 0, V¢, so that _
wlF'()] = paldiag(D))] < max(V7+ 7)) 6.11)

It follows that (3.4) can be satisfied for a puy,, independent of & if ¥ + W} remains bounded as h—0
for Vt € [0,T}

In order to remove this additional hypothesis on boundedness of the semi-discrete solution we now
resort to a standard argument which was also used in [10]. Consider, instead of the problem (6.1),
v+ wy Faiwdw =0, 0<t < T, x € Q= (x1,%),
W, — Ve —a@r+wdy =0, 0<t <T, x € Q= (x1,%),
ve(x,2) =w(x,t) =0, x =xz,xgandt >0, (6.12)
v(x,0) = vIx) = wix), x; <x < xz, _
where a(z):R—R is a smooth function such that (i) a(z) = z in a neighbourhood of the exact solution

{u(x,t), x, <x<xg, 0<t<T} of the problem (6.1) (ii) |a’(z)|z is bounded. Obviously, such a function
can be constructed.

Lemma 6.1. The initial-boundary value problem (6.12) has a unique solution which is just the solution
u = [v,w]" of the problem (6.1).

Proof. It was assumed that the problem (6.1) has a unique solution u = [v,w]’. Clearly, this solution u
also satisfies (6.12) because due to hypothesis (i) on the function a(z), a(v?+w?) = v + w2 To prove
that this solution is unique, we suppose that a second solution exists, say 4 = [#,w]7, satisfying the
homogeneous Neumann conditions and the initial condition #(x,0) = [v%x), w%x)]”. Now consider the
energy functional

. E@t) = 7[@—19)2 + w—w)ldx, 0<t <T, (6.13)

XL
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which satisfies E(0) =0. It can be shown that E(r) satisfies a differential inequality
E(t) < CE(t), 0<t<T, C being a positive constant. Consequently, E(t) = 0 for all ¢  [0,T]. Thus
_ there is at most one solution. [

Let U = Fa(U ) be the semi-discrete approximation to (6.12). A calculation similar to that for the
original system (6.5) reveals that the logarithmic norm p[F’, (U)] satisfies

wlF',(U)) < max|a’G)lz;, 7 = v+ W (6.14)

By hypothesis (ii) on a(z), for U = F,(U) a pmax exists independent of 4. Because U = F,(U)is a con-
sistent approximation (of order two) to (6.12), its solution U thus converges in 12 to the solution u, of
(6.12) as h—0. This implies also convergence in I*(|l-ll, < h%|ll,) so that from Lemma 6.1 and
hypothesis (i) on a(z) it now follows that for 4 small enough the solutions of both semi-discrete systems
coincide. This observation completes the proof of the boundedness of the term V}2+ sz in the inequality
(6.11).

Summarizing, according to Theorem 3.1 we have proved that the ODE system (6.5) is a second order
convergent approximation in /> to the cubic Schrodinger problem (6.1) (the proof of second order con-
sistency is trivial).

6.2 Discretization in space and time
Along the lines of Section 4 we shall prove 12 convergence of the fully discrete scheme defined by the
implicit midpoint rule
Uttt = g + TF(%U" +%U"+l). (6.15)

This is an obvious scheme for conservative problems such as (6.5) as it is conservative, too, ie.,
U™ ll, = NU(©)ll,(n=0). A particular predictor corrector implementation of (6.15) which exploits the
pseudo-linear form of the Schrodinger equation was studied in [6].

The proof of C -statzi]ity~can be stated again from known results [1,2,4,5,12] from the field of non-
linear stiff ODEs. Let U”, U"*! be a second implicit mid-point solution. Then, using (6.10), (6.11) and
the inequality (4.5) from [12], it follows that

2+
2_

1
rmm+l__ rm+1 2 __yn )
U U ”2 = {14 U™, 0§’TV<2, (6.16)

for any one-sided Li?schitz constant v>maxj(17}2+ sz), U now being a point on the line segment con-
necting S(U" +U"*1) and 3(U" +U"*"). Consequently, the implicit midpoint rule is C-stable for the
Schrodinger problem (6.5) if componentwise the implicit midpoint solution remains bounded as £ —0.
Let us assume, for the moment, that this is true and let us proceed with the proof of consistency.

For this purpose it is convenient to introduce the defect (sometimes called truncation error, t00)

di(ts+1) = w4 (ta) + TFGuy(ts) + 70t +1)) = u(n1): (6.17)
Note that d, depends solely on the true PDE solution. The full truncation error B is given by
Blta+)) = U™~ (tn11), (6.18)
0" = wy () + FGun) + 3077,
We write .
Blta+1) = diltns1) + TFGup(t)+30" )~ (6.19)

—1F (zuy(t,)+ %uh (tn+1))-

By applying the same techniques which are used for deriving the C-stability inequality (6.16) one can
prove that
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MB 4yl < A—53m) Hid it 1)l ™ < 2, (6.20)

where » is again an upper bound for the logarithmic norm (here computed on the line segment connect-
ing 0" 1 and uy (6 +1)).

Next we introduce a second defect
Aoty +1) = up(tn)+37F W (2)) + 57F (g (8 +1)) — 4 (1), (6.12)

which is associated to the trapezoidal rule (Crank-Nicholson), and establish that for the ODE system
(6.5) the difference d(t, +1) = di(ty+1)—d(ty +1) is given by :

d(ty+1) = 7B Gty 1)+ Tthy G+ 1))t () + 8y 1.1)) : (6:22)

=3B (o4 (ot (1) — 7B (i (1 1))ty (1 +1)-
It follows that d is independent of the space differencing. A straightforward Taylor expansion shows that
Nd(t, + D)l < ¢, ¢ independent of 7 and k. (6.23)

The final step in the proof of consistency is the examination of d,. Using the space truncation error
(3.1) we can write

dofta 1) = W)=t Gy ) F 3T (1) F 0y 1)) F 7(0ln)Falty 41). (6.24)

From the second order consistency of the trapezoidal rule, the second order consistency of the discretiza-
tion in space, the inequalities (6.20) and (6.23), we thus arrive at the consistency result

e~ 18t Dl < Cy7? + Coh% w <2, 6.25)
where C; and C, are constants independent of = and 4.

There remains to remove the boundedness hypothesis on the components of the fully discrete solu-
tions U™ *1. This can be done in exactly the same manner as we did for the semi-discrete solution U. In
conclusion, according to Theorem 4.1 we have proved that the fully discrete implicit midpoint solution
yrtl converges in [ to the true PDE solution u,(?, +1), as 7, h—0, without any further condition on 7
and &. Convergence of the fully discrete trapezoidal solution (Crank-Nicholson) can be proved in the
same manner. : :

Remark 6.1. Substitution of x = C;r° + C,mh? into (4.6) yields the corresponding bound for the
discretization error e(?,+;). Here C¢>0 as the amplification factor « in (44) is given by
Kk = V2+1v / V2—1v, where »>>0 stands for an upper bound for the logarithmic matrix norm g, com-
puted in a tube around u,(¢), 0<¢<T. Due to the earlier mentioned property of conservation we can
deduce that in (4.6) the exponential behaviour for increasing time cannot be realistic. In fact, using con-
servation, we can state the crude bound

le(ts 4Dl < WU Hly + Ny (G 4 )llz = Nt O)llz + oty (2, )1 (6.26)
which shows that ¢ is bounded in time. [

7. Some remarks on the use of the time truncation error

To conclude this paper we consider briefly the possibility of a convergence analysis which is set up
completely in accordance with the MOL approach. More precisely, an analysis with proves the conver-
gence of the ODE solution to the true PDE solution as p(k)—0 and, separately, the (uniform in %) con-
vergence of the fully discrete solution to that of the ODE as 7—0. The convergence of the discretization
in space can be proved along the lines of Section 3. The convergence proof of the time integration then
requires the use of the time truncation error y given by (4.1’) in combination with the property of C-
stability. Let £ be an upper bound for y. Supposing C-stability and using (#, +) instead of B(t, +;) in
the derivations of Section 4, one thus arrives at the error bound
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v le(t, + DI < Nty + DI + 118, DI, (7.1)
where, similar to (4.6), the time integration error 8(t, +) satisfies
- | T IECf! , Co <0,
18 + DIl < {778ty 41 » Co =10, (1.2)

T—lgco—l(eCot.ﬂ__l) , CO > 0.
Obviously, the task is now to prove that 7~ '§—0 as 7—0, uniformly in the grid distance. More pre-
cisely, a constant C3 and an integer ¢ should exist, both independent of  and /, such that
vt + DIl < C3?, 7-0. (1.3)

As pointed out earlier in [9] this hypothesis of time consistency uniform in # may be difficult to verify.
For example, consider the inequality (5.14). Using the present approach, one finds

Iyt +Dllo < 12NU @, +0n)ll,, 0<O<I, 7f <l (7.4)

1

= 1-—71 f 1
In order to ensure time consistency uniform in 4, it is necessary to prove that the second derivative u(t)
of the semi-discrete solution U(z) is bounded as p(h)—0. Despite convergence of U(t) to u,(t) this pro-
perty of boundedness of U@) requires an additional investigation. This is the main reason why we
prefer the direct approach for the consistency part in the convergence proof. An additional reason lies in
the fact that the approach via (7.1) is not able to account for cancellations between errors in the time and
space discretization (an example of such a cancellation is provided by the Douglas high accuracy scheme
for the heat equation, [8], p. 190, formula G).
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