


Algebraic Techniques for Concurrency

and their Application

ACADEMISCH PROEFSCHRIFT

ter verkrijging van de graad van doctor
aan de Universiteit van Amsterdam,
op gezag van de Rector Magnificus
prof.dr. S.K. Thoden van Velzen
in het openbaar te verdedigen in de Aula der Universiteit
(Oude Lutherse kerk, ingang Singel 411, hoek Spui),
op vrijdag 2 februari 1990 te 15.00 uur

door
Frits Willem Vaandrager
geboren te Voorschoten

Centrum voor Wiskunde en Informatica
1989



Promotor:  prof.dr. J.A. Bergstra

Faculteit: Wiskunde en Informatica

The work on this thesis has been carried out at the Centre for Mathematics
and Computer Science in the context of ESPRIT project no. 432, An
Integrated Formal Approach to Industrial Software Development (METEOR),
and RACE project no. 1046, Specification and Programming Environment for
Communication Software (SPECS).



Acknowledgements

My promotor Jan Bergstra certainly belongs to the class of professors that run
around from one meeting to another, managing a large group and trying to
make it even bigger by raising funds all the time. In this way he created for me
an extremely stimulating environment to work in with lots of bright colleagues
and opportunities to travel abroad. I am very grateful for this. In addition I
want to thank him for numerous discussions which, maybe due to lack of time,
were always directed to the key issues immediately.

Furthermore, I would like to express my appreciation to the Centre for
Mathematics and Computer Science, where I was employed in Jaco de
Bakker’s Department of Software Technology from 1985 up to now.

I am much indebted to my colleague Rob van Glabbeek. In most of the
work I did during the last five years, traces can be found of his ping-pong
speed thinking, creativity and original points of view on no matter what sub-
ject.

I also enjoyed particularly the collaboration with Jos Baeten and Jan Friso
Groote.

Furthermore, 1 thank the other participants of the Process Algebra Meet-
ings: Wiet Bouma, Jeroen Bruijning, Nicolien Drost, Henk Goeman, Jan Wil-
lem Klop, Karst Koymans, Sjouke Mauw, Kees Middelburg, Hans Mulder,
Alban Ponse, Gerard Renardel, Piet Rodenburg, Gert Veltink, Jos Vrancken,
Fer-Jan de Vries, Peter Weijland, Freek Wiedijk and Han Zuidweg. Much of
the work in this thesis was firstly presented at the PAM and always when I
gave a presentation there, the noisy audience managed to make some very
good remarks.

Finally, I thank Robin Milner, Ernst-Riidiger Olderog, Jos Baeten, Paul
Klint and Paul Vitanyi for their willingness to referee this thesis.






Contents

Introduction

Structured operational semantics and bisimulation as a congruence
Modular specifications in process algebra

Two simple protocols

Some observations on redundancy in a context

Process algebra semantics of POOL

Determinism — (event structure isomorphism = step sequence
equivalence)

Samenvatting

19

75

115

141

165

221

243






Introduction

This thesis adresses the formal semantics of programming and specification
languages for concurrent discrete event systems. Moreover it is concerned with
various applications of such semantics.

A formal semantics is a mapping that relates to each program or
specification in a language a computational structure (or a class of structures)
in some semantic, mathematical domain. The intention is that a semantical
object related to a program or specification models the behaviour of a com-
puter system that executes the program, resp. the behaviour of a system that is
described in the specification.

Both programming and specification languages are designed with some for-
mal or intuitive semantics in mind. The distinguishing feature of a program-
ming language however is that either there exists a physical machine which can
realise a behaviour structure associated to a language element (with a high pro-
bability), or, at least, we know how to build such a machine in principle. For
a fixed semantics, a programming language must be executable. For a
specification language on the other hand, this is not required. It is hard to
establish the exact boundary between programming and specification
languages. Clearly a lot of languages can be and have been implemented.
There are also languages for which we do not know how to implement them.
Finally, given the existence of undecidable problems and assuming the
Church-Turing thesis, some languages can never be implemented. In general
however, certain parts of a specification language will always be executable.

In this thesis I will model systems in terms of the events that they generate
in time. I will restrict attention to systems that are discrete in the sense that at
any moment the set of events that have occurred is finite. Often the systems
that will be considered consist of a number of components, each of them gen-
erating events independently or concurrently. Examples of concurrent discrete
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event systems are parallel computers, operating systems, telephone switching
systems, distributed database systems and delay insensitive circuits.

The first section of this introduction contains a discussion of the aim and
scope of semantic theories. I will list some of the questions which in my view
should motivate research on semantics and point out a number of areas where
semantic theories have contributed. Then I will sketch briefly, in Section 2,
the main ingredients of the semantic theory for concurrency as it has been
developed over the last ten years. In Section 3, I will present an overview of
the contents of this thesis. Referring to the first section, I will indicate what
are the questions that will be addressed in the thesis. Section 2 will allow me
to position my work within the theory of concurrency semantics.

1. AIM AND SCOPE OF SEMANTIC THEORIES

1.1. Language design. Formal semantics can be useful in the design of a
language. In the case of functional and logic programming one could even say
that the semantics, as mathematical theories, existed before the programming
languages, and that these languages were created in an attempt ‘to implement
their semantics’.

A typical situation which occurs during language design is that implemen-
tors as well as (future) users want to introduce in a language lots of features
which (1) are easy to implement, (2) often allow for short and fast programs,
(3) do not fit at all in the semantic model of the language. Often in such a
case, a semanticist will oppose incorporating this type of features in the
language because they will lead to unstructured programs whose correctness is
very hard to prove. As argued by AMERICA [3], it is a good rule of thumb to
say that there is a problem in the language design whenever the description of
a language feature that is considered to be inessential requires a special adap-
tation of the overall semantic model used to describe the language. A typical
example is the goto-statement in languages like Pascal. In many cases however
the gain in efficiency and practical usefulness obtained by extending a
language with features that are outside the semantic model is so immense that
they are just added, whether the semanticists appreciate it or not. The success
of languages like LISP and Prolog for instance is due to a large extent to the
imperative features which they incorporate. Therefore, only certain parts of
real-life languages will have a neat underlying semantic theory. The job of the
semanticist here is to help the language designer to make these parts as large
as possible (without restricting the general expressiveness of the language too
much), and to explain to programmers why they should try not to use certain
constructs.

Informal language definitions as one can find in manuals are sometimes
imprecise, ambiguous or incomplete. This can be ruled out by a formal
language definition. One may hope that when persons who write language
manuals base their work on a formal language definition, this will lead to a
clearer and more systematic exposition. It is wrong to bother a user with all
the details of a language implementation. If the language is provided with an
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operational semantics, then (ideally) a simple and intuitive presentation of the
abstract machine model underlying this semantics, can be used to explain the
language to a user.

1.2. Correctness of programming language implementations. A formal semantics
will often present us with a rather abstract view of the behaviour of a program.
It is exactly this abstractness which makes it possible to reason about pro-
grams and their correctness. Eventually, of course, the aim of writing pro-
grams is to run them on a computer, i.e. a concrete, physical machine. All rea-
soning at the level of the abstract, mathematical semantics would be com-
pletely useless if there would not be a strong relationship between the
mathematical semantics of a program and what happens in physical reality
when the program is executed on a computer. If one has proved a program
correct with respect to the mathematical semantics, then one wants to be quite
sure that the output of the computer will be correct when running the pro-
gram. In the case of current high level programming languages a semantics
often provides a very abstract view of what goes on during execution of a pro-
gram, and there is a huge distance between this view and what actually goes
on in the machine. I think that a good theory of semantics can and should
play a crucial role in bridging the gap between the two views. Often it will be
necessary to provide, instead of a single mathematical semantics, a whole
sequence of semantics for a language, ranging from a ‘fully’ abstract semantics
used for reasoning about programs, to a semantics that relates to a program a
mathematical object, a description of a machine that in its behaviour closely
resembles the physical machine that will have to execute the program. It is
part of a theory of semantics to establish the behavioural relationships between
consecutive semantics in the sequence. I would like to stress that this is a
mathematical activity. Establishing the relation between the machine model
underlying the last semantics of the sequence and the physical machine is a
task for physicists and the people who build the machines. Ideally, there is a
strong mutual influence between semanticists and machine builders. The
semanticists should tell the machine builders which abstract machines have
nice computational properties and are worth implementing. On the other
hand the machine builders have to tell the semanticists what type of machine
models can be realised physically, and whether or not the models of the
semanticists adequately describe the behaviour of computer equipment. In a
time when on the one hand programming languages are based on increasingly
more abstract concepts, and on the other hand the architectures of the
machine on which these programs have to run become increasingly more com-
plicated, a large effort is needed in the field of semantics to establish the
behavioural relationships between the abstract models and the physical
machines. That these relationships are by no means trivial, and sometimes
even absent, will be illustrated in the section of this thesis which deals with the
semantics of the language POOL.

Ideally, an abstract semantics provides a standard which can be used to say
whether or not a physical machine correctly implements a language. At
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present however, a rigorous proof that the behaviour of a physical machine is
correctly modelled by some abstract semantics is completely out of scope in
most cases. Only in particular instances (I am thinking of the implementation
of the language occam on the transputer) it seems a feasible exercise right now.
But even though a complete proof of correctness of an implementation is not
feasible in most cases, it is possible to prove correctness of certain crucial
parts. Research in the area of ‘comparative concurrency semantics’ has pro-
vided us with a lot of insight in the various possible behavioural relations
between abstract machines.

It would be nice if, starting from a formal semantic model of some language,
one could generate efficient implementations automatically. Unfortunately this
does not seem to be feasible at the moment. However, in some cases it is pos-
sible to generate prototype implementations based on a formal semantics. Such
prototypes can be useful in the language design phase.

Assuming that a machine correctly implements a language relative to some
abstract semantics, this semantics in turn can be used to increase efficiency. If
a user has written a program P 1 and wants to execute this, then one may exe-
cute instead any program P2 which is semantically equivalent with P 1. In par-
ticular one may choose P2 in such a way that it is more efficient than P 1 (fas-
ter, less use of storage capacity, etc.).

1.3. Notions of implementation and proof systems. In the previous section I dis-
cussed the notion of implementing a programming language on a physical
machine and the idea of showing that such an implementation is correct with
respect to a mathematical semantics. I argued that often it is wise to introduce
a number of intermediate mathematical semantics. In a natural way this leads
to the introduction of an implementation relation between the elements of the
various semantic domains. Often we have that two semantic mappings, an
abstract and a concrete one, both map programs into the same semantic
domain. In such cases we have to define an implementation relation on the
semantic domain itself. Typically, such an implementation relation will be a
pre-order, i.e. a transitive and reflexive relation. This type of implementation
relation turns out to be extremely important, not only for proving correctness
of machine implementations of programming languages. Given a notion of
implementation for a specification language, one may try to establish that a
specification which is not in the class of executable specifications, can be
implemented (in the mathematical sense) by some member of the language
which is in this class.

Specification languages which are not fully executable can still be very
important, basically because of the connection with the stepwise refinement
method. This method advocates a system construction route that starts with
some high level, declarative, nonexecutable (or merely inefficient) specification,
goes via a number of intermediate development steps which are provably
correct with respect to some implementation relation, and ends with an
efficiently executable program. The stepwise refinement method naturally
leads to mixing programming parts with (nonexecutable) specification parts.
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An important part of semantical theories should be (and is) devoted towards
defining sensible notions of implementation, and the development of proof sys-
tems and associated decision procedures for establishing these implementation
relations. The idea that all programs should be developed rigorously, using a
stepwise refinement method, or should be verified formally is absurd, mostly it
is just not worth the effort, but some programs are used in such critical appli-
cations (space shuttles, banking systems, etc.) that a large effort for proving
correctness is justified. Even though much can still be improved, semantic
theories have contributed substantially in this area. Typical issues which play a
role here are the soundness and completeness of proof systems: all provable
statements should be true and moreover any true statement that can be formu-
lated in the language of the proof system should be provable. In designing
implementation notions and proof systems, the semanticist is in interaction
with the programmers and system designers. The semanticists should provide
these people with simple, sound and complete proof systems which are still
expressive enough for capturing important intuitions and proving relevant pro-
perties. Now and then a semanticist should reveal a serious bug in a system
that has not been verified rigorously, thus stressing the importance of a more
systematic approach to design and verification of programs.

Summarising, I sketched in this section a picture of a semanticist as someone
who plays a role intermediate between the designers of a language, the imple-
mentors and the users (system designers and programmers). The semanticists
produces mathematical theory which helps these people in doing their job. In
the next section I want to say more about the internal structure of semantic
theories.

2. INGREDIENTS OF SEMANTIC THEORIES FOR CONCURRENCY

Below I list some important ingredients of semantic theories for programming
and specification languages for concurrent discrete event systems. Here I
profited from a similar listing which occurs in [23].

2.1. System models, semantic domains of computation structures. Many different

semantic domains for modelling concurrent systems have been proposed. Just

to give an idea, a few of them will be listed, together with some basic refer-

ences:

- (labelled) transition systems [21].

- Petri nets [30]. There are many variants: C/E systems, P/T nets, safe
nets, high-level Petri nets, timed Petri nets, etc.

- Event structures [35]. Again there are many variants: prime e.s., stable
e.s., e.s. with binary conflict, etc.

- Mazurkiewicz traces [25].

- 170 automata [22].

- De Bakker-Zucker processes [7].

- Aczel’s process domain of non-well-founded sets [1].

- The failure set model of [11].
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Sometimes these models are equivalent, they just give different representations
of what is essentially the same system behaviour. Often however, one model
captures more features of system behaviour than another. In Petri nets for
instance, one can describe that two events are causally independent (or con-
current). Independence of events is not a primitive notion in labelled transi-
tion systems. Similarly, labelled transition systems preserve the branching
structure of a process, whereas this information is not fully preserved if one
describes a system by a failure set.

2.2. Behavioural equivalences and notions of implementation. The semantics of
concurrent and reactive systems is inherently more complex than for non-
reactive systems. For non-reactive systems, it is clear what the observable
behaviour of a system is: an input/output pair, leading to a semantic descrip-
tion of a system as a (partial) function, or in the nondeterministic case, a rela-
tion. For concurrent/reactive systems, there is no single, canonical notion of
observable behaviour, but rather a multiplicity of such notions, leading to a
multiplicity of behavioural equivalences: given a set A of observable proper-
ties, one can define an equivalence ~ on the semantic domain by:

p~q iff for any 4 €A : p satisfies 4 < g satisfies 4.

Often the relationship between two semantic domains can be characterised
in terms of some (behavioural) equivalence: the elements of one semantic
domain represent equivalence classes of the elements of another semantic
domain.

Behavioural equivalences on a semantic domain form an important category
of implementation relations. In fact this is the only type of implementation
relations that will be considered in this thesis. Often it is argued that an
implementation relation should not be symmetric: besides providing the service
required by the specification, an implementation may do much more. The
main reason why I have been able to prove correctness of implementations
using a symmetric notion of implementation is that I considered languages
with a built-in abstraction mechanism: this mechanism allows to disregard
those behavioural aspects of an implementation which do not occur in the ser-
vice specification. At present I do not know whether it is feasible to use sym-
metric implementation relations for the verification of larger systems.

2.3. Programming and specification languages with interpretations in semantic
domains. We are faced with an almost infinite amount of programming and
specification languages for concurrent systems. One can try to classify these
languages by looking at the programming or specification paradigm they
adhere to (object oriented, functional and logic programming, data flow com-
putation, etc.). For each particular paradigm there will be a certain amount of
semantic theory dealing with the peculiarities of that paradigm. For instance,
in logic programming one will study the issue of resolution, in object-oriented
programming one tries to understand what an ‘object’ is, etc.

Besides semantic theory that is specific to a single paradigm, there is also
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theory dealing with concurrent languages in general. One can try to say some-
thing general about how to map a language to a semantic domain, how to give
a compositional semantics, etc. Milner had the idea that for a proper under-
standing of the basic issues concerning the behaviour of concurrent systems it
could be helpful to look for a simple language, with ‘as few operators or com-
binators as possible, each of which embodies some distinct and intuitive idea,
and which together give completely general expressive power’ [27]. Besides
Milner’s calculi CCS and SCCS [26,27], several other calculi have been
developed with this idea in mind, such as TCSP [19], MEDE [4] and ACP [8,9].
These calculi are all very similar and this supports the idea that indeed some
fundamental notions have been discovered. Work by DE SIMONE [31, 32] more-
over supports the claim that these languages have a ‘completely general expres-
sive power’. This expressiveness makes that the languages are not fully execut-
able and therefore are to be viewed as specification languages rather than as
programming languages.

Starting with an example in [26], several high-level languages have been
translated to CCS-like calculi. Inevitably, some of the structural properties of
high-level languages get lost in such a translation. Often however, the rich
semantic theory which is available for the basic calculi makes such translations
really worth the effort.

2.4. Proof systems for showing implementation relations and semantic equivalence.
It turns out that, at least for the basic calculi, most semantic equivalences and
implementation relations can be characterised by means of simple (often even
equational) axiomatisations. Of course one can always try to establish
behavioural equivalence of two expressions at the level of the semantic
domain. For a number of reasons however, I think that often it is advanta-
geous to carry out verifications on the syntactic rather then the semantic level.
I will come back to this issue in Section 3.2.

2.5. Property languages with satisfaction relations. When reasoning about
semantic objects, there is a need for languages that can be used to express that
a semantic object has a certain property. Such languages will be called property
languages. In general, a property language is just a set of logic formulas.
Further we have that the computational structures which form the semantic
domain of programs can serve as models (in the logical sense) for the formulas.
A semantical object (and hence a program) may or may not satisfy some for-
mula. Some well known property languages are: temporal logic, Hennessy-
Milner logic and trace logic. Sometimes, a single language can serve as a pro-
perty language as well as a specification language. Consider, as an example,
trace logic. A labelled transition system or a Petri net may or may not satisfy a
certain trace formula. But on the other hand, working in a semantic model of
trace sets, a trace formula can be interpreted as a trace set (namely the set of
traces for which the formula holds).
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2.6. (Compositional) proof systems for property languages. Given a property
language and an associated satisfaction relation, it is useful to have a proof
system for proving that a semantic object denoted by some program or
specification satisfies a certain formula. These proof systems should preferably
be compositional: it should be possible to prove a property of a composite sys-
tem from properties of its components.

2.7. Comparative concurrency semantics and classification of properties. The
incredible amount of available semantic models and behavioural equivalences
asks for a systematic approach. Within the field of semantics, the discipline of
comparative concurrency semantics aims at the construction of a lattice of pro-
cess semantics, ordered by a relation ‘makes at least as many identifications
as’. Moreover the various features which can be described in a certain process
semantics are to be identified. This will facilitate the task of finding an
appropriate semantics for a given application.

Any semantics provides an answer to the following basic question: ‘When
do two expressions have the same meaning?’ Often however, the ways in which
two semantic mappings are defined are so completely different, that at first
sight it is not clear at all that they both give the same answer to the above
question. A comparative concurrency semantics should therefore try to
characterise what is essentially a single semantics, in as many ways as possible.
Below some of the possibilities are listed:

1. A characterisation in terms of equivalence classes of concrete semantic
objects which somehow reflect the ‘operational’ behaviour associated to a
program or specification.

2. A more abstract explicit representation, i.e. an interpretation in a seman-
tic domain whose elements are not equivalence classes of some concrete
domain. When the interpretation is moreover compositional and fixed
point theory is used to deal with recursion in the language, this type of
semantics is often called ‘denotational’.

3. An algebraic characterisation of semantic equality: two terms are equal if
their identity can be proved by means of given algebraic laws.

4. A logic characterisation. Two expressions are semantically equal iff certain
concrete semantic objects associated to them satisfy the same properties.

5. A characterisation in terms of a ‘button pushing scenario’. To each
expression an abstract machine is associated. Two expressions are con-
sidered semantically equal iff an experimenter, given a repertoire of exper-
iments (like pushing buttons) and a set of possible observations (like read-
ing a terminal screen), cannot observe any difference between the
machines.

6. A characterisation in terms of a simple observation criterion and a
language for which the semantics is ‘fully abstract’. If Obs(p) denotes the
set of observations one can do on expression p in some language L, then
an equivalence ~ on L is ‘fully abstract’ with respect to Obs iff:

p~q < for all L-contexts C[] : Obs(C[p])=0bs(C[q]).
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7. A characterisation by means of abstraction homomorphisms (see for
instance [12]).

3. OVERVIEW OF WORK IN THIS THESIS

Besides the introduction, this thesis consists of the following six papers:

1. (with Jan Friso Groote). Structured operational semantics and bisimulation
as a congruence, Report CS-R8845, Centrum voor Wiskunde en Informa-
tica, Amsterdam, 1988. Submitted to Information and Computation. An
extended abstract appeared in: Proceedings ICALP 89, Stresa (G.
Ausiello, M. Dezani-Ciancaglini & S. Ronchi Della Rocca, eds.), LNCS
372, Springer-Verlag, pp. 423-438, 1989.

2. (with Rob van Glabbeek). Modular specifications in process algebra. This
paper is obtained by leaving out the sections on ‘curious queues’ from the
paper: Modular specifications in process algebra - with curious queues,
Report CS-R8821, Centrum voor Wiskunde en Informatica, Amsterdam,
1988. Submitted to Theoretical Computer Science. An extended abstract
appeared in: Algebraic Methods: Theory, Tools and Applications (M.
Wirsing & J.A. Bergstra, eds.), LNCS 394, Springer-Verlag, pp. 465-506.

3. Two simple protocols, to appear in: Applications of process algebra,
(J.C.M. Baeten, ed.), 1990, pp. 23-44.

4.  Some observations on redundancy in a context, Report CS-R8812, Centrum
voor Wiskunde en Informatica, Amsterdam, 1988, to appear in: Applica-
tions of process algebra, (J.C.M. Baeten, ed.), 1990, pp. 237-260.

5. Process algebra semantics of POOL, Report CS-R8629, Centrum voor
Wiskunde en Informatica, Amsterdam, 1986, to appear in: Applications of
process algebra, (J.C.M. Baeten, ed.), 1990, pp. 173-236.

6. Determinism — (event structure isomorphism = step sequence equivalence),
Report CS-R8839, Centrum voor Wiskunde en Informatica, Amsterdam,
1988. Submitted to Theoretical Computer Science.

These papers can be read independently, except that papers 3, 4 and 5 use the

language and axioms of ACP, as presented in paper 2. '

Below I will comment on the papers separately. It is not my aim to give a
complete overview of the results that have been obtained. Each paper has an
introductory section where the results of that particular are summarised and
also a comparison is made with related work.

3.1. Structured operational semantics. The first paper in this thesis was written
last. It is concerned with a certain type of conditional rules, used for defining
transition system semantics of (programming) languages. About ten years ago,
the semantics of concurrency was generally considered to be a difficult issue
and for many languages one did not know how to obtain a simple and intui-
tively convincing semantics. But then suddenly these conditional rules
appeared. Since then, nobody can claim any more that it is difficult to give at
least one (operational) semantics to any programming language used in prac-
tice: with these rules it has become more or less trivial. It seems that the idea
of using conditional rules for giving semantics to concurrent programming
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languages arose first in Edinburgh. The first publication I know of on seman-
tics of parallelism in which the rules occur is a paper by HENNESSY & PLOTKIN
[18] from 1979. Clearly, Plotkin was the one who most emphatically stressed
the importance of the rules. Anyway, by now they are used widely and cer-
tainly form the most popular way to give an operational semantics to parallel
programming languages. Therefore it was a bit surprising that there was
almost no general, theoretical work on ‘Plotkin style rules’. Notable exceptions
were the Ph.D. Thesis of DE SIMONE [31] (see also [32]) and a recent paper by
BLooM, ISTRAIL & MEYER [10]. Together with Jan Friso Groote, I studied the
question if it would be possible to know, just by looking at the form of the
rules used for describing a certain language, various basic properties of the
induced transition system semantics. In the first paper of this thesis this prob-
lem is addressed and it is shown that indeed the general form of the condi-
tional rules already determines many key properties such as whether or not
bisimulation is a congruence, the effect of adding new language constructs and
rules on the semantics, and the nature of a fully abstract model determined by
the operational rules.

Maybe one reason why semanticists have paid almost no attention to a gen-
eral theory of Plotkin style rules is the fact that they are so simple to use.
Because semanticists do not like to deal with trivialities, they tend to spend
only a very small amount of their time on giving a Plotkin style operational
semantics for a particular language; after that they rush forward to more
difficult questions, like compositionality and full abstractness. I hope that the
first paper of this thesis convinces people that it is worthwhile to spend a sub-
stantial amount of time on operational semantics. If one selects semantic rules
carefully (and this is not a trivial task) then compositionality, full abstraction
and all the rest may follow more or less automatically.

3.2. Modular specifications in process algebra. In Section 2, I pointed out that
there are many different types of process semantics. In general, there is no
clear reason to prefer one type of semantics over another: what is optimal
depends on the particular application one has in mind. Besides the variety in
process semantics, there is also a huge variety in languages. In order to deal
with this combined complexity, I will employ in this thesis, as much as possi-
ble, an algebraic, axiomatic approach, that is I prefer to reason about pro-
grams and specifications on the level of syntax, using (infinitary, conditional)
equations, instead of working on the level of semantics, i.e. in terms of the
semantic objects associated to expressions. In my view, the advantages of this
approach are the following:

1. The use of an algebraic, axiomatic approach is highly organising and uni-
fying. As described in Section 2.7, there are many different ways to give
semantics to languages. Often the only meaningful way to compare
different semantics is to look which expressions are identified in each of
them. It is exactly this crucial information that can be expressed by means
of axioms. Often it occurs, and this is very illuminating to see, that the
difference between two process semantics, which have been defined by
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different people, at different places, in a completely different style, can be
characterised in terms of one or two simple axioms.

2. Results from mathematical logic and the theory of abstract data types can
be used. That this is not just a theoretical possibility, is illustrated in the
second paper, where some nontrivial results from the field of universal
algebra are used to solve certain semantic problems in concurrency.

3. System verifications can be done independent of a particular model. If
one has proved correctness of say a communication protocol, using a cer-
tain set of axioms, then one knows that the protocol will be correct with
respect to all models of these axioms. Thus system verifications become
reusable.

Of course the algebraic approach also has disadvantages. There are many

important issues in concurrency which cannot be dealt with algebraically. If

one places too much stress on algebra, then one will tend to disregard the
other issues, and this endangers the applicability of the theory. Let me give
some examples.

1. Binding of variables is needed if one wants to describe value passing
between processes. In this thesis I use binding of variables as a kind of
notation, which is not formally present in the language, just because I
want to stay in the realms of algebra. This is not the type of solution that
one would like to see in a full-grown methodology.

2. I think that property languages are very important, also for establishing
implementation relations in more advanced applications. Property
languages do not really fit into an algebraic/axiomatic framework.

3. A next weak point of the algebraic methodology is that almost all relevant
decision procedures can be described best on the semantic level. In this
thesis I present some system verifications, but I do not present any algo-
rithms which could be used to let a computer do these verifications also.
It is just completely unclear how one could do such a thing in an alge-
braic way. It should be noted here that the algebraic approach allows one
to do certain verifications which certainly could not be done by any exist-
ing (model based) tool. Most computer tools are developed for doing
finite state verifications. As soon as the state space becomes infinite, or if
one wants to verify some very generic statement like that the implementa-
tion of a programming language is correct, tools crash immediately.

4. At present there are no convincing axiomatisations for non-interleaved
models. Maybe this explains why people advocating an algebraic,
axiomatic approach to concurrency mainly work in the setting of inter-
leaving, even when they agree that non-interleaved models are interesting.

The axiomatic theory, which is presented in the second paper, is essentially

the Algebra of Communicating Processes (ACP) of BERGSTRA & KuiropP [8,9]

augmented with a number of operators and axioms to make specification and

verification of larger systems feasible. The main contribution of this paper is a

structured presentation of operators and axioms using a notion of module. A

module is a small collection of operators and axioms describing some feature

of concurrency. Modules can be combined in various ways using module
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operators.

In a rather strong sense the axioms as presented in the second paper
correspond to what is called rooted-r-bisimulation equivalence in [6] and weak
bisimulation congruence in [28]. The idea is that, whenever possible,
verifications are carried out using the laws of (rooted-r-)bisimulation seman-
tics. If this turns out not to be possible, then one can always add some laws.
The motivation for doing things in this way is that: (1) mathematically,
bisimulation is a very pleasant notion, it is a natural first behavioural abstrac-
tion from transition systems; (2) the axioms which capture bisimulation seman-
tics are simple; (3) at least for finite state systems, deciding bisimulation is
easy, this in contrast with all (interesting) equivalences which identify more;
(4) roughly speaking, bisimulation semantics is the most refined semantics in
which nontrivial system verifications are possible. Doing it with fewer laws is
not feasible at the moment, often there is no need to use more laws.

Currently, some work is done on axiomatising even finer equivalences. First,
there is the work by VAN GLABBEEK & WEDLAND [17] on the branching bisimu-
lation, which is a variant of the semantics that underlies the axioms in this
thesis but gives a more subtle treatment of the silent step 7. Second, there is a
paper by DARONDEAU & DEGANO [14] which contains a very good idea about
how to axiomatise non-interleaved equivalences. I am convinced that, when the
ideas of both papers have been worked out, many system verifications can be
performed in these more discriminating semantics.

Clearly however, there are cases where the interleaving bisimulation seman-
tics already does not work because it makes unnecessary distinctions between
processes. One of these cases will be discussed in the paper about POOL.

3.3. Two simple protocols. In the third paper of this thesis, simple versions of
the alternating bit protocol and the positive acknowledgement with retransmis-
sion protocol are specified and verified in the framework of ACP. These exam-
ples together with many other similar case studies (see for instance [5]) clearly
show that it is possible and also useful to describe and analyse small systems
in terms of process algebra. Certain features are dealt with in a slightly ad hoc
way (for instance: fairness by means of the so-called Koomen’s Fair Abstrac-
tion Rule, and time-outs using a priority operator) but generally speaking I
think that the modelling is reasonably convincing. A more serious problem is
how this type of verifications can be scaled up so that they become useful for
‘real’ applications.

To begin with, there is a problem with the language that I used. I tend to
view ACP as a kind of assembly language for concurrency. In order to give
precise and structured specifications of larger systems it becomes necessary to
have higher level, more sophisticated languages. Candidates are LOTOS [20] or
the ACP-based PSF [24], but personally I think that these proposals are far
from ideal. In the first place they do not provide the flexibility and expressive-
ness that I would like to have, in the second place system verification becomes
highly problematic as soon as you start to use the specification constructs that
these languages have on top of say the ACP framework as presented in the
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second paper of this thesis. For instance, in LOTOS as well as PSF it is
allowed to input a value over an infinite data type. There is almost no theory
about deciding behavioural equivalence of expressions that contain such a con-
struct.

But also when using the ACP axioms, verification becomes difficult when the
systems under consideration grow larger. In [34], I described a case study deal-
ing with the verification of a one bit sliding window protocol. This protocol is
not trivial (in fact I managed to discover a small error in the description of the
protocol in [33]) but when compared with many existing protocols it is small in
size and complexity. For me this case study was very instructive. It showed
that the ACP axioms basically allow for one type of verification only: brute
force state space exploration using the expansion theorem. The verifier can
bring in some cleverness by first expanding and minimizing certain subexpres-
sions (a technique called local replacement in [34]). Still this is not the way in
which one would like to reason about protocols: it is rather boring, provides
not much insight and takes a lot of time. Machines are good in brute force
calculations and they don’t mind doing boring work. However, the
phenomenon of combinatorial state space explosion will make that, when the
protocols become a bit larger, also computers will not succeed in exploring all
the states.

If one looks for some time at a protocol like the one bit sliding window pro-
tocol as presented in [34], one just ‘sees’ that it is correct: one has constructed
a chain of arguments which somehow makes one believe in the correctness of
the protocol. What one would like to have is a formal verification technique
that allows one to formalise these arguments rather directly so that one can
check whether the reasoning is correct. A first and very modest step towards
such a verification technique is described in the fourth paper in this thesis.

3.4. Redundancy in a context. When I was involved in the extensive calcula-
tions of [34], it occurred to me that at a number of places it would help a lot if
I could just drop certain summands in a process algebra expression. Intui-
tively, it was obvious that these summands could be omitted because they
corresponded to behaviours of components in the system that could never be
realised due to the context in which these components were placed. The sum-
mands were so to say redundant in the given context. When I tried to formal-
ise the intuitive reasoning for showing redundancy of summands, it turned out
that in all cases that I considered this could be achieved using properties of the
sets of traces of processes. I proved the soundness of a rule saying that one can
omit a certain summand in a process expression if the trace sets of some
subexpressions have certain properties. In order to make this rule practically
useful in verifications, I needed a property language for expressing that the
traces of a process have some property, together with a proof system. Here I
used a many-sorted first-order predicate logic, which is called trace logic. It
was employed before by many others (see for instance [13,29,36]). In the
fourth paper the idea of using trace logic for proving behavioural equivalence
of process expressions is worked out and its usefulness is illustrated by means
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of a verification of a small workcell architecture.

3.5. Process algebra semantics of POOL. The main case study in this thesis is
reported in the fifth paper. There I describe a translation of the Parallel
Object-Oriented Language POOL to the ACP language. Moreover some results
are obtained about the correctness of implementations of POOL. There are a
couple of remarks on the paper that I would like to make here.

One of the main ideas behind the translation from POOL to ACP was that
it would provide us with a large number of semantics for POOL, one for each
interpretation of the ACP language. In the paper it is pointed out that the
Koomen’s Fair Abstraction Rule from ACP does not give one the right notion
of fairness for POOL. Since no other fairness notion was available for process
algebra at the time at which the paper was written, the issue of fairness was
left as an open problem. Recently much work has been done on giving seman-
tics to ACP-like languages using Petri nets (see for instance [15,16,29]). Now
I claim that the notion of place fairness, which is well known for Petri nets,
gives exactly the right notion of fairness for POOL if we use the ACP transla-
tion given in this thesis together with an interpretation of ACP in the domain
of Petri nets in the style of [15,29] (In [16] only finite processes are discussed.)

In the paper on POOL I prove that a semantical description of POOL (as
defined in [2]) based on handshaking communication between objects, is
incompatible with an implementation where message queues are used. Since
any implementation of POOL will use message queues, and moreover the
language designers really want users to think about communication between
objects in terms of handshaking, this result meant that there was an error in
the language design. The error was due to the most complex construct in the
POOL language, namely the ‘select statement’. This select statement was a ter-
rible construct anyhow, in the paper no less than three pages are needed to
describe its semantics. For these reasons the select statement has been
removed altogether in a more recent offspring of the POOL-family of
languages. Instead this language contains a ‘conditional answer statement’.
The questions now is whether the new version of the language can be correctly
implemented using queues. My conjecture is ‘Yes’, but this still requires a
proof. I think that at this moment the proof techniques within the process
algebra formalism are sufficiently strong to tackle this nontrivial but important
problem.

3.6. Deterministic event structures. In computer science there is the extremely
useful distinction between functional behaviour and performance. The idea is
that for a given (distributed) system one first studies whether it is functionally
correct, and only when this has been shown (ideally), one moves to questions
concerning its time/space complexity. The axioms that are used in the previous
chapters of the thesis correspond to what is often called interleaving semantics.
In interleaving semantics the actions of different components in a parallel sys-
tem are interleaved. A typical equation valid in interleaving semantics is
allb=a-b+b-a: if one considers the parallel composition of actions a and b,
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either first a occurs and then b, or b occurs first followed by a. So any intui-
tion that allb is ‘faster’ than a-b+b-a or that in allb the a and the b are
‘causally independent’ whereas in a-b+b-a there are causal links, cannot be
captured in interleaving semantics in terms of primitive notions. Therefore,
interleaving semantics may be appropriate for dealing with functional
behaviour, but it is not really suited for analysing performance. I think that
one important reason why non-interleaved semantics for languages with con-
currency are interesting is that they may help to solve this problem.

A well-known system model that can be used for giving non-interleaved
semantics is the model of event structures. In [35], WINSKEL gives an exposi-
tion of the theory of event structures where he also describes how CCS-like
languages can be interpreted on the domain of event structures. Now it is
interesting to look for behavioural equivalences on event structures that still
preserve features like real-time behaviour, causality and branching time. A
multitude of equivalences have been proposed over the last years and it is a
topic of current research to classify these equivalences and find out which are
the most interesting ones. The concluding paper of this thesis is a contribution
to this area. I prove that for an important class of processes, namely the deter-
ministic ones, almost all of the non-interleaved equivalences that have been
proposed in the literature coincide. More specifically, I will show that step
sequence equivalence and event structure isomorphism agree on the domain of
deterministic event structures. Since step sequence equivalence, which makes a
lot of identifications and is almost an interleaving equivalence, can be axioma-
tised easily, this result can be used to obtain an algebraic characterisation of
event structure isomorphism for deterministic systems.
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In this paper we are interested in general properties of classes of transition sys-
tem specifications in Plotkin style. The discussion takes place in a setting of
labelled transition systems. The states of the transition systems are terms gen-
erated by a single sorted signature and the transitions between states are
defined by conditional rules over the syntax. It is argued that in this setting it is
natural to require that strong bisimulation equivalence is a congruence on the
states of the transition systems. A general format, called the tyft/tyxt format, is
presented for the rules in a transition system specification, such that bisimula-
tion is always a congruence when all the rules fit this format. With a series of
examples it is demonstrated that the tyft/tyxt format cannot be generalized in
any obvious way. Another series of examples illustrates the usefulness of our
congruence theorem. Briefly we touch upon the issue of modularity of transi-
tion system specifications. It is argued that certain pathological tyft/tyxt rules
(the ones which are not pure) can be disqualified because they behave badly
with respect to modularisation. Next we address the issue of full abstraction.
We characterize the completed trace congruence induced by the operators in
pure tyft/tyxt format as 2-nested simulation equivalence. The pure tyft/tyxt for-
mat includes the format given by De SiMONE (1984,1985) but is incomparable to
the GSOS format of BLoom, IsTRAIL & MEYER (1988). However, it turns out that
2-nested simulation equivalence strictly refines the completed trace congruence
induced by the GSOS format.

Key Words and Phrases: Structured Operational Semantics (SOS), transition
system specifications, compositionality, labelled transition systems, bisimulation,
congruence, process algebra, tyft/tyxt format, modularity of transition system
specifications, full abstraction, testing, nested simulations, Hennessy-Milner
logic, De Simone format, GSOS format.
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1. INTRODUCTION

PLOTKIN (1981,1983) advocates a simple method for giving operational seman-
tics to programming languages. The method, which is often referred to as SOS
(for Structured Operational Semantics), is based on the notion of transition sys-
tems. The states of the transition systems are elements of some formal
language that, in general, will extend the language for which one wants to give
an operational semantics. The main idea of the method is to define the transi-
tions between states by, what we call a Transition System Specification (TSS): a
set of conditional rules over the syntax of the language.

In recent years a large number of (concurrent) languages have been provided
with an operational semantics using Plotkin’s approach. Therefore it might be
worthwhile to develop a general theory of structured operational semantics: to
establish a hierarchy of ‘formats’ of transition system specifications and to
investigate the expressiveness and nice properties of each format. We think
that it is possible to develop such a general theory: many important properties
of transition system specifications can be derived by just looking at the syntac-
tic form of the rules. A general theory of SOS will be useful for several rea-
sons. Firstly, certain results will become reusable so that one does not have to
prove them for each individual language separately. Secondly, a general theory
of SOS may lead to a better understanding of the relations between languages
that have been provided with a semantics using the approach. Thirdly, one
may hope that a general theory helps people in giving good operational seman-
tics: if one knows that certain types of rules have bad properties, then one will
try not to use them. Surprisingly, there are not so many papers that contain
general results on SOS. We are only aware of the work of DE SIMONE
(1984,1985) and BLOOM, ISTRAIL & MEYER (1988).

The aim of this paper is to contribute to the general theory of structured
operational semantics. We start from the requirement that strong bisimulation
equivalence should be a congruence for the operators in a transition system
specification. We then show how this requirement leads naturally to a certain
format of rules, which we call the tyft/tyxt format. Next we analyze the pro-
perties of the tyft/tyxt format and make comparisons with related work.

In order to facilitate analysis, we restrict our attention to a specific type of
transition systems: transitions are labelled and as states we have ground terms
generated by a single sorted signature. This is an important subcase: the
operational semantics of languages like CCS (MILNER, 1980), TCSP (OLDEROG
& HOARE, 1986), ACP (VAN GLABBEEK, 1987) and MEUE (BoupoL, 1985) has
been described in essentially this way. However, there are also many examples
of transition system specifications where the set of states is not specified by a
single sorted signature, for instance the semantics for CSP as presented by
PLOTKIN (1983) and the semantics for POOL of AMERICA, DE BAKKER, KOK &
RUTTEN (1986). We hope that the insights derived from our analysis of a basic
case will somehow generalize to more general settings.
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1.1. Bisimulation as a congruence. A fundamental equivalence on the states of a
labelled transition system is the strong bisimulation equivalence of PARK
(1981). Strong bisimulation equivalence seems to be the finest extensional
behavioural equivalence one would want to impose, i.e. two states of a transi-
tion system which are strongly bisimilar cannot be distinguished by external
observation. This means that from an observational point of view, the transi-
tion systems generated by the SOS approach are too concrete as semantical
objects. The objects that really interest us will be abstract transition systems
where the states are bisimulation equivalence classes of terms, or maybe some-
thing even more abstract. If bisimulation is not a congruence then the function
that computes the transitions associated to a phrase from the transitions asso-
ciated to its components, depends on properties of the transition system which
are generally considered to be irrelevant, such as the specific names of states.
Hence we think that a transition system specification which leads to transition
systems for which bisimulation is not a congruence should not be called stzruc-
tured: possibly it is compositional on the level of (concrete) transition systems
but it is not compositional on the more fundamental level of transition systems
modulo bisimulation equivalence.

This brings us to the first main question of this paper which is to find a for-
mat, as general as possible, for the rules in a transition system specification,
such that bisimulation is always a congruence when all the rules have this for-
mat. We proceed in a number of steps.

In Section 2 of the paper definitions are given of some basic notions like sig-
nature, term and substitution. Section 3 contains a formal definition of the
notion of a transition system specification (TSS). In Section 4 it is described
how a TSS determines a transition system. Moreover the fundamental notion
of strong bisimulation is introduced. The real work starts in Section 5, where
we present a general format, called the 7yft/tyxt format, for the inductive rules
in a TSS and prove that bisimulation is always a congruence when all rules
have this format (and a small additional requirement is met). With a series of
examples it is demonstrated that this format cannot be generalized in any
obvious way.

Section 6 contains some applications of our congruence theorem. We think
that our result will be useful in many situations because it allows one to see
immediately that bisimulation is a congruence. Thus it generalizes and makes
less ad hoc the congruence proofs in (MILNER, 1983), (BAETEN & VAN GLAB-
BEEK, 1987) and elsewhere. If the rules in a TSS do not fit our format then
there is a good chance that something will be wrong: either bisimulation is not
a congruence right away or the congruence property will get lost if more
operators and rules are added.
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1.2. Modularity of transition system specifications. Often one wants to add new
operators and rules to a TSS. Therefore, a very natural and important opera-
tion on TSS’s is to take their componentwise union. Given two specifications
P and P, let Py P, denote this union. A desirable property to have is that
the outgoing transition of states in the transition system associated to P are
the same as the outgoing transitions of these states in the extended system
Py®P,. This means that P, P, is a ‘conservative extension’ of P,: any pro-
perty which has been proved for the states in the old transition system remains
valid (for the old states) in the enriched system. In Section 7 we show that,
except for certain rules which are not ‘pure’, tyft/tyxt rules behave fine under
modularisation. Fortunately, non-pure rules are quite pathological and we have
never seen an application in which they are used.

1.3. Trace congruences. A central idea in the theory of concurrency is that
processes which cannot be distinguished by observation, should be identified:
the process semantics should be fully abstract with respect to some notion of
testing (DE NicoLA & HENNEssy, 1984). Natural observations that one can
make on a process are its (completed) traces. A trace of a process is a finite
sequence of actions that can be performed during a run of the process. A trace
is completed if it leads to a state from where no further actions are possible.
Two processes are (completed) trace congruent with respect to some format of
rules if they yield the same (completed) traces in any context that can be built
from operations defined in this format. The first main result of Section 8 is a
characterization, valid for image finite transition systems, of the completed
trace congruence induced by the pure tyft/tyxt format as 2-nested simulation
equivalence. On the domain of image finite transition systems, 2-nested simula-
tion coincides with the equivalence induced by the Hennessy-Milner logic for-
mulas (HENNESSY & MILNER, 1985) with no [] in the scope of a ¢. Conse-
quently the two trees in Figure 1, which are not bisimilar, cannot be dis-
tinguished by operators defined with pure tyft/tyxt rules. Also in Section 8, we
characterize the trace congruence induced by the pure tyft/tyxt format as simu-
lation equivalence.

1.4. Comparison with related work. In Section 9 we give an extensive com-
parison of our format with the format proposed by DE SIMONE (1984,1985)
and the GSOS format of BLoOM, ISTRAIL & MEYER (1988). Roughly speaking,
the situation is as displayed in Figure 2. The GSOS format and the pure
tyft/tyxt format both generalize the format of De Simone. The GSOS format
and our format are incomparable since the GSOS format allows negations in
the premises, whereas all our rules are positive. On the other hand we allow
for rules that give operators a lookahead and this is not allowed by the GSOS
format. A simple example in (BLOOM, ISTRAIL & MEYER, 1988) shows that the
combination of negation and lookahead is inconsistent in general. The point
where the two formats diverge is characterized by the rules which fit the GSOS
format but which contain no negation. We call the corresponding format posi-
tive GSOS.
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FIGURE 1. Pure #yft/tyxt congruent but not bisimilar

pure tyft/tyxt GSOS

positive GSOS

DE SIMONE format

FIGURE 2

From results of DE SIMONE (1985) and BERGSTRA, KLOP & OLDEROG (1988)
it follows that the completed trace congruence that corresponds to the format
of De Simone coincides with failure equivalence. BLOOM, ISTRAIL & MEYER
(1988) proved that the completed trace congruence induced by the GSOS for-
mat can be characterized by the class of Hennessy-Milner logic formulas in
which only F may occur in the scope of a []. LARSEN & Skou (1988) in turn
showed that the equivalence induced by this class of logical formulas can be
characterized as 2/3-bisimulation equivalence. From these results we can con-
clude quite directly that the pure #yft/tyxt format can make more distinctions
between processes than the GSOS format: 2-nested simulation refines 2/3-
bisimulation. Now, interestingly, it turns out that the completed trace
congruence induced by the positive GSOS format is also 2/3-bisimulation
equivalence. So although it may be the case that in the general GSOS format
can be used to define certain operations which cannot be defined using positive
rules only, the use of negations in the definition of operators does not intro-
duce any new distinctions between processes!
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The notion of testing associated with the (positive) GSOS format allows one
to observe traces of processes, to detect refusals and to make copies of
processes at every moment. Our format allows one in addition to test whether
some action is possible in the future: operators can have a lookahead. This can
be seen as a weak form of global testing (ABRAMSKY, 1987).

A notable difference between the GSOS format and our format is that the
GSOS format always leads to a computably finitely branching transition rela-
tion whereas our format does not necessarily do so. We argue that, even
though finiteness and computability are very desirable properties, the state-
ment of BLOOM, ISTRAIL & MEYER (1988) that any ‘reasonably structured’
specification should induce a computably finitely branching transition relation,
is too strong and discards a large number of interesting applications.
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2. PRELIMINARIES

In this paper we will work with a very simple notion of a signature. Only one
sort is allowed; there are only function symbols and no predicate symbols;
there is no overloading and no recursion construct. Throughout this paper we
assume the presence of an infinite set V' of variables with typical elements

X V2

2.1. DEFINITION. A (single sorted) signature X is a pair (F,r) where:
F is a set of function symbols disjoint with V,

- r:F->N is a rank function which gives the arity of a function symbol; if
feF and r(f)=0 then fis called a constant symbol.

2.2. DEFINITION. Let 2=(F,r) be a signature. Let W CV be a set of variables.
The set of Z-terms over W, notation T'(Z, W), is the least set satisfying:

- W g T(E’ W)’

- if feFand ty,..t,) €T (Z, W), then f(1y,...t,(1)) €T (Z, W).

T(Z, D) is abbreviated by T(Z) and T'(Z,V) is abbreviated by T(Z); elements
from T'(Z) are called closed or ground terms, elements from T(Z) are called
open terms. Var(t)CV is the set of variables in a term 7 e T(Z).

2.3. DEFINITION. Let Z=(F,r) be a signature. A substitution o is a mapping in
V—>T(Z). A substitution o is extended to a mapping ¢:T(Z)—>T(Z) in a stan-
dard way by the following definition:

= O(f(tl,..,t,(f))) — f(o(tl),..,o(t,(,))) fOl'fEF and t,,..,t,weT(E).

If o and p are substitutions, then the substitution o°p is defined by:

oop(x) = o(p(x)) forxeV.
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2.4. NotE. Observe that we have the following identities:

oop(t) = a(p(1)) teT(2)
o(t) =t for teT(Z)

3. TRANSITION SYSTEM SPECIFICATIONS

In this section a formal definition is given of the notion of a transition system
specification. Also the notion of a proof of a transition from such a
specification is defined.

3.1. DEFINITION. A transition system specification (TSS) is a triple (Z,4,R) with
2 a signature, A a set of labels and R a set of rules of the form:
{(t; 2>t/ |iel}
-5t
where [ is an index set, ¢;,¢;/,2,t’€T(2) and g;,a€A for il. If r is a rule in the

format above, then the elements of {7, —%>¢’|iel} are called the premises or
hypotheses of r and t —>t’ is called the conclusion of r. A rule of the form

PRI is called an axiom, which, if no confusion can arise, is also written as
t—51". An expression of the form 1 —%>¢" with a€A4 and 1,1’ T(Z) is called a
transition (labelled with a). The symbols ¢,{,x,.. will be used to range over
transitions. The notions ‘substitution’, ‘Var’ and ‘closed’ extend to transitions

and rules as expected.

3.2. DEFINITION. Let P =(Z,4,R) be a TSS. A proof of a transition y from P is
a well-founded, upwardly branching tree of which the nodes are labelled by
transitions ¢t —2>¢’ with ,t’€T(Z) and a €4, such that:
- the root is labelled with v,
- if x is the label of a node q and {x;|i€l} is the set of labels of the nodes
liel
directly above g, then there is a rule bt in R and a substitution
0:V—>T(Z) such that x=o0(¢) and x; =a(¢;) for iel.
If a proof of ¢ from P exists, we say that y is provable from P, notation Pt .
A proof is closed if it only contains closed transitions.

3.3. LEMMA. Let P =(2,A,R) be a TSS, let acA and let t,t' e T(Z) such that
P+t >t". Then t 51’ is provable by a closed proof.

PROOF. As P+ t —51t’ there is a proof tree T for t <>¢’. Define the substitution
o0:V — T(2) by a(x)=t for all xeV (in fact, any closed term will do). Apply-
ing o to all transitions in the proof T of 1 <>t yields a tree 7" containing only
closed transitions. Now one can easily check that 7" is a proof of t —>¢. O

TSS’s have been used mainly as a tool to give operational semantics to (con-
current) programming languages. As a running example we therefore present
below a TSS for a simple process language.
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3.4. EXAMPLE. Let Act ={a,b,c,..} be a given set of actions. We consider the
signature Z(BPAj) (Basic Process Algebra with § and €) as introduced in
VRANCKEN (1986). Z(BPAj) contains constants a for each a €Act, a constant 8
that stands for deadlock or inaction, comparable to NIL in CCS and STOP in
TCSP, and a constant e that denotes the empty process, a process that ter-
minates immediately and successfully. It is comparable to SKIP in TCSP and
skip in CCS. Furthermore the signature contains binary operators + (alterna-
tive composition) and - (sequential composition). As labels of transitions we take
elements of Acty = Act U{V}. Here V (pronounce ‘tick’) is a special symbol
used to denote the action of successful termination. At the end of a process
this action indicates that execution has finished.

Define the TSS P(BPAj) as (Z(BPAj),Act,/,R(BPAj)) where R(BPAj) is
defined below in Table 1. In the table a ranges over Act/, unless further res-
trictions are made. Infix notation is used for the binary function symbols.

L a—Se a#%V 2 PN
x %ax’ 4] y a%a}_"
x+y—=->x’ x+y--y’
V7 as..s
x-x’ o x—x" y Sy
_— 6.
xySxy 7 xy -y

TABLE 1. The rules of R(BPAj)

One can easily check that the tree in Figure 3 constitutes a proof of the transi-
tion (e:(a +b)).c “ec from P(BPAS}).

aSe
-~
PIRLY a+b-Se¢
S o
e(a+b)Se
(e(a+b))ycSec

FIGURE 3
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3.4.1. ReMARK. Even though similar semantic interpretations have been given
to (extensions of) Z(BPAj) at a number of places, the rules of Table 1 seem to
be new. VRANCKEN (1986) does not use inductive rules to give semantics to
BPAj. Instead, operations are defined directly on process graphs. In (BAETEN &
VAN GLABBEEK, 1987) there are no transitions labelled with V. Instead, a
unary termination predicate | is used. The analogue of our rule 6 in their set-
ting is:

x|, ¥y’
xy =y’

Such a rule does not fit in the framework of this paper. We have chosen not to
deal here with predicates like | because the additional complexity would dis-
tract attention from the main issues in this paper. Moreover, a unary predicate
p(x) can always be coded in our setting by adding a new label g, and rules
such that:

px) & IFy:x-Sy.

We think that it will not be too difficult to extend the framework of this paper
with predicates.

3.5. EXAMPLE. Our next example shows that the range of applications of TSS’s
is not restricted to the area of operational semantics: every Term Rewriting
System (TRS) can be viewed as a TSS. Unfortunately, it seems that the inter-
section of the class of TSS’s which correspond to TRS’s and the class of TSS’s
for which bisimulation is a congruence is of no interest. A Term Rewriting Sys-
tem (TRS) is defined as a pair (Z9,R() with 2, a signature and R, a set of
reduction or rewrite rules of the form r:(¢,s) with r the name of the rewrite rule
and 1,s€T(Zy). Here, ¢ contains at least one function symbol and
Var(s)C Var(t).

A TRS (Zy,R() can be viewed as a TSS (Z,4,R). Take 2=2; as the signature
and define the alphabet A as the set of all names r of rules r:(¢,s)eR,. R con-
tains for every r: (t,s)€R, a rule:

t-5Os
and for every function symbol fin X rules:
Xy

F e poms XX gp )~ D X 1503 Pis Xaity)

to allow reductions in contexts. One can easily prove that there is a one step
rewrite t—, s in the TRS (see (KLoP, 1987) for a definition) iff the correspond-
ing TSS proves t —s.
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4. TRANSITION SYSTEMS AND STRONG BISIMULATION EQUIVALENCE

An operational semantics makes use of some sort of (abstract) machines and
describes how these machines behave. Often one takes as machines simply
nondeterministic automata in the sense of classical automata theory, also
called labelled transition systems (KELLER, 1976).

4.1. DEFINITION. A (nondeterministic) automaton or labelled transition system
(LTS) is a structure (S,4,—) where:

- S s a set of states,

- A is an alphabet,

- —>CS XA XS is a transition relation.

Elements (s,a,s’)e—> are called transitions and will be written as s <-s’. The
intended interpretation is that from state s the machine can do an action a and
thereby get into state s’.

4.1.1. REMARK. Often transition systems are provided with an additional fourth
component: the initial state. For our purpose it has some small technical
advantages to work with transition systems that do not contain this ingredient.
All considerations of this paper can trivially be extended to transition systems
with initial state.

The notion of strong bisimulation equivalence as defined below is from PARK
(1981).

4.2. DEFINITION. Let @=(S,4,—>) be a labelled transition system. A relation

R CS XS is a (strong) bisimulation if for all s, with s R ¢:

1. whenever s s’ for some a and s, then, for some ¢, also t-%>¢ and
s’RY,

2. conversely, whenever 1t —>¢’ for some a and ¢, then, for some s, also
s—s’ and s'R 1.

Two states s,t €S are bisimilar in @, notation @:s < ¢, if there exists a bisimula-

tion containing the pair (s,z). Note that bisimilarity is indeed an equivalence

relation on states.

4.3. DEFINITION (T'SS’s, transition systems and bisimulation). Let P =(Z,4,R)
be a TSS. The transition system 7'S(P) specified by P is given by:
TS(P) = (T(2),4,—p),
where relation —p CT(2) XA X T(Z) is defined by: 1-p 1" < P+t -1,
We say that two terms t,t'€T(Z) are (P-)bisimilar, notation t<pt’, if

TS(P):t < t'. We write t € ¢’ if it is clear from the context what P is. Note
that < p is also an equivalence relation.
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4.4. ExaMpLE. For the TSS P(BPASj) of Example 3.4 we can derive the identi-
ties (a)-(e) below. In (f) it is shown that the left distributivity of - over + does
not hold in bisimulation semantics. Like in regular algebra we will often omit
the - in a product x-y and we take - to be more binding than +.

(@) e<ee (d beeb
(b) beb+b (e) ebeb
(c) (eateb)(c(dd)+6) < (a((c+8)d)+b(c(d+d))d (f) ab+ac ¥ a(b+c)

The parts of the automaton belonging to (a),(b),(c) and (f) are drawn in Figure
4-6. A dotted line indicates that a pair of states is in the bisimulation relation.
Furthermore, a state is always related to itself. In showing that two states are
related, only the states that can be reached from these states are relevant and
therefore only these states are drawn.

b+b

FIGURE 4. Examples 4.4(a) and 4.4(b)

In Figures 5/6 two separate automata are drawn instead of a combined one, to
make the pictures clearer.

(ea +eb)c(dd)+8) o - .. ... ... -a(a((c+8)d)+b(c(d +d)))s

-0 (e(c(d +d)))d

Y (e(d +d))s

FIGURE 5. Example 4.4(c)

In Figure 6 the states a(b +c) and €(b +c) in the right transition system can-
not be related to any of the states in the left transition system.
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FIGURE 6. Example 4.4(f)

5. COMPOSITIONAL TRANSITION SYSTEM SPECIFICATIONS

TSS’s do not always generate automata for which strong bisimulation is a
congruence. A number of examples will follow in the sequel. But if the rules in
TSS satisfy the format below (and an additional small technical requirement is
met), strong bisimulation will turn out to be a congruence.

5.1. DEFINITION. Let Z=(F,r) be a signature and let P =(2,4,R) be a TSS. A
rule in R is in tyft format if it has the following form:

{t: *yiliel}
J(x5es%) 2D

with I an index set, feF, r(f)=n, x; (1<<i<n) and y; (i€l) are all different
variables from V, a;,a€A and t;,t€T(Z) foriel.
A rule in R is in tyxt format if it has the following form:

{(t: >y;liel}
xSt
with I an index set, x,y; (i€l) all different variables from V, g;,acA and
t;,teT(Z) for iel. P is in tyft/tyxt format if every rule in R is either in tyft for-
mat or in tyxt format. A transition system @ is called tyft/tyxt specifiable if
there exists a TSS P in tyft/tyxt format with @=TS (P).

5.2. Note. Observe that there does not have to be any relation at all between
the premises and the conclusions in a rule satisfying our format. In fact our
format explicitly requires the absence of certain relations between occurrences
of variables in the premises and in the conclusion. Note that not only the TSS
P(BPAj) of Example 3.4 is in tyft/tyxt format, but also any TSS obtained
from P(BPAj) by dropping some rules. The transition system specifications
related to term rewriting systems (see Example 3.5) are in general not in
tyft/tyxt format.
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5.3. ExaMPLE. Below we describe a TSS that models a simple typewriter that
can be used to type strings and that has the option to delete the last character
of the typed string using ‘backspace’. The signature consists of the binary func-
tion symbol * denoting concatenation, and constant symbols A (empty string)
and a,4,..,54,z. As alphabet we take A ={a,4,..,4,2,4}. Here, A stands for a
backspace. Rules for the typewriter can be given as follows:

xx*a for ac{af, . .y 2}
a ——Aé}\ for ae{a,’4,..,y,2}

x*a %x for ae{ad,.. 4,2}

This description of the typewriter is not in tyft/tyxt format, because the lhs of
the last axiom contains two function symbols. A TSS for the typewriter in
tyft/tyxt format is more involved. We need an auxiliary label empty, which
denotes that an expression consists of the empty string. We also need more
rules:

x Dx*a for ae{a4,.. .y}
a%)\ for ae{a’,.., 4,2}

X %x’
y*x %Kytx’
x-Sx' y LSy
x*y S>x’
We come back to this example in Section 5.11.2.

for e € {empty,A}

5.4. Well-foundedness. A TSS with the rule:

fOp2) Dy g(x'y) Sy
x-x'
can be in tyft/tyxt format. However, we have a circular reference. In general y,
will depend on f(x,y,) and thus on y, while y, depends on g(x’,y;) and thus
on y,. We will exclude this type of dependencies, as they give rise to compli-
cated TSS’s. For this purpose the notion of a dependency graph is introduced.

5.4.1. DEFINITION. Let P =(2,4,R) be a TSS. Let S={r,—%>¢t/|i€l} be a set
of transitions of P. The dependency graph of S is a directed (unlabelled) graph
with:

- Nodes: UIVar(ti —“>1"),

- Edges: {<x,y>I|xeVar(t;), yeVar(t/) for some iel}.

A set of transitions is called well-founded if any backward chain of edges in the
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dependency graph of these transitions is finite. A rule is called well-founded if
the set of its premises is so. Finally, a TSS is called well-founded if all its rules
are well-founded.

5.4.2. ExampLE. The dependency graph of the set of premises of the rule in
Section 5.4 is given in Figure 7. The rule is not well-founded since the graph
clearly contains a cycle.

X —————=y, Yy, *+—————x

77N\
N

5.5. DEFINITION. Two TSS’s P and P’ are transition equivalent if
TS(P) = TS(P).

Hence, two TSS’s are transition equivalent if they have the same signature, the
same set of labels and if the sets of rules determine the same transition rela-
tion. The particular form of the rules is not important. In Example 3.4 for
instance, we can replace rule 6 of Table 1 by the rule:
x-58 y -5y’
xy =y

The resulting TSS P’(BPAj) is transition equivalent to P(BPA,;) This is
because whenever P(BPA§) proves a transition of the form t%t t” will be
syntactically equal to 8. Observe that P'(BPAj) is not in tyft/tyxt format. We
will come back to this in Section 5.13.

When dealing with closed terms, only the tyft format is necessary and the tyxt
format is not needed. This is what the following lemma says.

5.6. LEMMA. Let P =(Z,4,R) be a (well-founded) TSS in tyft/tyxt format.
Then there is a transition equivalent (well-founded) TSS P'=(Z,A,R’) in tyft for-
mat.

PROOF. Let =(F,rank). Define R’ by:

- every tyft rule of Risin R/,

- for every tyxt rule reR and for every function symbol f€F, rs is in R’,
where r, is obtained by substituting f(x,..,X;amk()) for x in r with
{x15-sXrank ()} SV — Var(r).

If the old tyxt rules were well-founded, then the new rules will be well-founded

too and in tyft format. Suppose that 1 <*>¢’ is a transition in 7S(P). Then, by

definition of 7S(P) and Lemma 3.3, there is a closed proof from P of this

transition. Now one can easily see that this is also a proof for  —*>¢’ from P’.
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A similar argument gives that every transition of TS(P’) is also a transition of
TS(P). a

5.7. DEFINITION. Let P =(2,4,R) be a TSS and let r be a rule in R. A vari-
able in Var(r) is called free if it does not occur in the left hand side of the
conclusion or in the right hand side of a premise.

5.8. DEFINITION. Let P =(Z,4,R) be a TSS. A rule reR is called pure if it is
well-founded and contains no free variables. The TSS P is pure if all its rules
are pure.

5.9 LemMA. Let P =(2,4,R) be a well-founded TSS in tyft/tyxt format. Then
there is a transition equivalent pure TSS P’ =(Z,4,R’) in tyft format.
PROOF. By the previous lemma we can assume that P is in #yft format. Replace
every rule with free variables by a set of new rules. The new rules are obtained
by applying every possible substitution of closed terms for the free variables in
the old rule. If the old rules were well-founded and in tyft format then the
new rules will be pure and in tyft format. Now, every closed proof T for a
transition ¢, —“>¢, from P is also a proof for 1} <*>¢, from P’ and vice versa.
O

We now come to the first main theorem of this paper. It says that strong
bisimulation is a congruence for all operators defined using a well-founded
TSS in tyft/tyxt format.

5.10. THEOREM. Let Z=(F,r) be a signature and let P =(2,A,R) be a TSS. If
P is well-founded and in tyft/tyxt format then strong bisimulation is a congruence
for all function symbols, i.e. for all function symbols f in F and all closed terms
u,v,eT(2) (I<i<r(f)):

Viu<pv, = f(ul,..,u,(f)) <p f(v,,..,v,(f)).

Before we commence with the proof of this theorem, we present a number of
examples which show that the condition in the theorem that the TSS is in
tyft/tyxt format cannot be weakened in any obvious way. At present, we have
no example to show that the condition that the TSS is well-founded cannot be
missed: we just have not been able to prove the theorem without it. However,
non-well-founded TSS’s are quite pathological and we know of no application.
In Section 7 it will be shown that non-well-founded rules are ill-behaved with
respect to modularisation.

5.11. COUNTEREXAMPLES.

5.11.1. ExaMPLE. The first example shows that in general the variables in the
source of

the conclusion must all be different. The crucial part of the example is a rule
that one could call a syntactical tester. In case of the alternative composition, it
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tests whether the left and right argument of the + are syntactically identical.
The TSS which we have in mind, is obtained by adding to P(BPAj) the
axiom: x +x -%58. We then have a < ae, but a+a ¥ a+ae as a and ae are
not syntactically equal.

5.11.2. EXaMPLE. In general, not more than one function symbol may occur in
the source of the conclusion. Take the TSS P(BPA§) extended with the axiom
ab-%38. As in Example 4.4(b) b < b+b, but in the new situation we do not
have any more that ab < a(b+b) as a(b+b) cannot do an initial ok-
transition. Another example illustrating this point is obtained by adding the
axiom x +(y +z)-%58 to P(BPA§). Again we have b < b +b, but now it is
not the case that b +(b +b) < b +b.

As a last example of this kind we mention the typewriter of Section 5.3. The
first sg)eciﬁcation is not in tyft/tyxt format, because it contains the axiom
x*a—>x with » and a function symbols. Now A*a < a but a*(A*a) ¥ a*a.
Bisimulation is a congruence for the tyft/tyxt version of the typewriter. The
reader may also check that the identities A*xt < t*A <t and
(s*t)*u < sx(t*u) with s,t,u closed terms over the signature, hold for the
second version of the typewriter but not for the first version.

5.11.3. EXAMPLE. Our next example shows that in the right hand side of a
premise, function symbols are not allowed to occur. We can add prefixing
operators a:(-) to P(BPAj) for each a Act and define the operational meaning
of these operators with rules:

a:x Sx.
If we now add moreover the rule:
x -8
a:x %58
we have problems because a:a:8 ¢ a:a:(6+8) even though § & §+386.

5.11.4. ExampLE. The variables in the right hand sides of the arrows in the
premises must in general be different. This is shown by adding the rule:

xDy xSy
xx' %58 a;é\/

to P(BPAj). Now a < ae, but aa ¥ (a€)a.

5.11.5. ExampLE. If variables in the left hand side of the conclusion and the
right hand side of the premises coincide, problems can arise too. Add the rule:
xSy
x+y —)EJE é

to P(BPAj) and observe that ee © ¢, but a +ee <2 a+e.
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5.12. We now will prove Theorem 5.10.

PrROOF. Let Z=(F,r) be a signature and let P =(Z,4,R,) be a well-founded
TSS in #yft/tyxt format. We have to prove that <p is a congruence. Let
R CT(Z)XT(Z) be the least relation satisfying;:

- ©pCR,

- for all function symbols fin F and terms u;,v; (1<<i<r(f)) in T(2):

ViuRv; = f(urty)) RO 1,00)-

It is enough to show R C<p because then R=<p and it follows from the
definition of R that <, is a congruence for all f in F. In order to prove
R C<p it is enough to show that R is a bisimulation. For reasons of symmetry
it is even enough to show only one half of the transfer property: if # Rv and
u—pu’ then there is a v’ such that v—pv’ and u’Rv’. If uRv then by
definition of R either u <,v or, for some function symbol f in F:
u=f(uy,...4r)) and v=f(vy,..,v,(r)) With u; Rv; for all i. As <, trivially
satisfies the transfer property, only the second option needs to be checked.
Summarizing, we have to prove the following statement:

Whenever Pt f(uy,..,u,r))—>u’ and u; Rv; for 1<i<r(f) then there is a v’
such that P+ f(vy,..,v,(r))—>v" and u'RV'".

Lemma 3.3 says that there is a proof T of f(u,..,u,(r))—*>u’ that only con-
tains closed transitions. We will prove the statement with ordinal induction on
the structure of 7. Lemma 5.9 allows us to assume throughout the proof that
the rules in R are pure and in tyft format.

Let r be the last rule used in proof 7, in combination with a substitution o.
Assume that r is equal to:
{ti *oyiliel}
LG Xp) 5t

It follows that: 1) f'=f

2) o(x;))=u; for 1<i<r(f)

3)o(t)=u’
Our aim is to use the rule r again in the proof of f(v,..,v,(r))—*>v’ for some v’
by finding a proper substitution o’. Consider the dependency graph G of the
premises of r. Because r is 7yft, each node in G has at most finitely many
incoming edges. Because G is well-founded we can define for each node x of G,
depth(x)eN as the length of the maximal backward chain of edges (use
Ko6nig’s lemma). Define

X = {xll<i<r(f)}
Y = {yiliel}
Y, = {yeYldepth(y)=n} for n=0
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Observe that for any variable x € X: depth(x)=0, and that the sets Y, form a
partition of Y. We will define a substitution ¢’ that satisfies the following pro-

perties:

o’'(x;)=v; for 1<i<r(f) @))
o(y)Ro'(y) foryeXuY 2)
P+ o(t; y) foriel 3)

Substitution o’ will be constructed in a stepwise fashion. To begin with we
define:

o'(x;)) = v; for I<i<r(f)
o) =o(y) foryeV—(XU|JY,
n>0
We still have to define o’ on | J _ Y. As soon as ¢’ has been defined for all
variables in XU YU - - - UY, (m=0), we can state the following properties
a(m) and B(m):

a(m): o(y)Ra'(y) foryeXUYoU - - UY,

One can easily check that a(0) and B(0). Let n >0. Suppose that o’ has been
defined already for all variables in XUY U --- UY,_; in such a way that
properties a(n —1) and B(n —1) hold. We show how to define ¢’ on all vari-
ables of Y, such that a(n) and B(n) hold. This is sufficient for completing the
definition of a o’ that satifies properties 1-3: property 1 is met by definition,
property 2 and 3 follow because o’ satisfies properties a(n) resp. B(n) for all
neN.

Pick an element y*€Y,. There is a unique i€/ with y*=y,. Because y,€Y,
and rule r is pure, Var(t;)CXUY, U --- UY,_,. Now use that o’ satisfies
a(n —1) to obtain that for all variables y € Var(t;): o(y) R o’(y). Next we use
the following

FACT. Let t€T(2) and let p,p’:V—T(Z) be substitutions such that for all x in
Var(t): p(x)R p’(x). Then p(t) R p'(?).

PROOF. Straightforward induction on the structure of term ¢ using the
definition of R. (J

We obtain that o(#;) R o'(¢;). Since also P + o(t;)—“>o(y;), we can distinguish,

by definition of R, between two cases:

1) o(t;) 2p d(t;). In this case we can find a we T (Z) such that P+ o/'(;)Ow
and o(y;) R w. We then define o’'(y*)=0'(y;)=w.

2) There is a function symbol g in F and there are terms w;,w;’ for
1<<j<r(g) such that:

o(ti)zg(w 1 ’"9wr(g))’
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o'(t;)=gwy’,...,w,()") and
w;Rw/’ for I<j<r(g).

But now we can apply the induction hypothesis which gives that we can
find a w such that Pr g(w/’,..,w,)")—2>w and o(y;)Rw. We define
ad(y")=d'(y;)=w.
In the same way we can define o’ for the other elements of Y,. It is not hard
to see that after this a(n) and B(n) hold.
Let for iel, T; be a proof of o’(f; =%>y;). Construct a proof 7’ with root
o'(f (X150 %(f)) —“>t) and as direct subtrees the proofs 7; (i€l). Define
v'=0d'(t). Clearly T" is a proof for f(vi,..,v,())—*>Vv’. Since for all x € Var(t):
o(x) R o’(x) (use that r is pure), it follows by an application of the previously
stated fact that o(¢) R o’(¢) or, equivalently, «’ R v'. O

5.13. The implication in Theorem 5.10 cannot be reversed. So given a TSS for
which bisimulation is a congruence, this TSS need not be well-founded and in
tyft/tyxt format. This is obvious because for any TSS, a transition equivalent
TSS can be obtained by adding all derivable transitions as rules. And if
bisimulation is a congruence for the one it is a congruence for the other. If one
starts from a well-founded TSS in #yft/tyxt format, the result will in general
not be tyft/tyxt. For instance, in the case of P(BPA§) one adds the rule
a(x +y)-Se(x +y).

Even after removing derivable rules, a TSS for which bisimulation is a
congruence need not be well-founded and in #yft/tyxt format. The TSS
P’(BPAj) described in Section 5.5 contains no derivable rules and is not in
tyft/tyxt format. But, as observed in that section, it is transition equivalent to
the TSS P(BPAj§) which is in tyft/tyxt format. Hence, bisimulation equivalence
is a congruence.

It is worth noting that if one adds new operators and rules to P’(BPAS§), the
congruence property can get lost, even if the rules for the new operators are
tyft. In order to see this, consider the TSS obtained by adding to P’/(BPAj)
encapsulation or restriction operators dy for H CAct and the #yft rules:

x-Sx’
o) 0a0) =1
We then obtain a < 93)(a), but a-b ¥ 9)(a)b.

The examples above do not rule out the following weakened variant of the
reverse implication of Theorem 5.10: if P is a TSS for which bisimulation is a
congruence, then TS (P) can be specified by a well-founded TSS in #yft/tyxt
format. Below we present a TSS that eliminates this variant of the reverse
implication. Consider the TSS P that has constant symbols a,b and 6§, a
binary function symbol f, labels a,b,c and rules:

a6
b6
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b8
f(a)->>9

The last rule is not zyft/tyxt, but it is not hard to see that <p is a congruence.
We claim that there exists no TSS in tyft/tyxt format that is transition
equivalent to P. In order to prove this claim, it is, by Lemma 5.6 and the
proof of Lemma 5.9, sufficient to show that no TSS P’ in tyft format and
without free variables in the rules can be transition equivalent to P. Suppose
there would be such a P’. Since P’ + f(a)—->9, there is a closed proof T of
f(a)-=>38 such that only the root of T is labelled with f (a)->4. The other
nodes in T are labelled with either a 238, b -2>8 or b-2>8. Let r be the last
rule used in 7, in combination with a substitution o. Rule r must be of the
form:
{t:. 2>t liel}
fx)-=5t

It is not hard to see that for iel, t; must be equal to x, a or b. Clearly
o(x)=a. Let o’ be the same as o except that o’(x)=b. Let iel. Then

o'(1; %>1,") is either a 258, b-2>8 or b-2>8. Moreover o’(t)=48. Thus we can
construct a proof from P’ of transition f(b)—>8 by taking r as a last rule
with substitution o’ and appending proofs of a —2>8, b-2>8 and b-2>8 on top
of that at the appropriate places. Contradiction.

Also in this case we have that adding tyft rules may destroy the congruence
property (take the axiom a -2>8).

5.14. REMARK. The examples of Section 5.13 show that there is another reason
for using TSS’s in tyft/tyxt format, namely their extensibility, without
endangering congruence properties. It seems that, whenever a TSS contains a
non tyft/tyxt rule, we can extend this TSS (except for some trivial cases, for
instance if the non tyft/tyxt rules are derivable) with a number of #yft rules in
such a way that for the resulting TSS bisimulation is not a congruence.

6. SOME APPLICATIONS
In this section we give some examples of TSS’s and applications of the
congruence theorem.

6.1. The silent move. In process algebra it is current practice to have a con-
stant ‘T’ representing an internal machine step that cannot be observed. In
order to describe the ‘invisible’ nature of 7, the notions of observation
congruence (MILNER, 1980) and rooted-r-bisimulation (BERGSTRA & KLOP,
1988) have been introduced. As observed by VAN GLABBEEK (1987) it is not
necessary to introduce a new notion of bisimulation: one can just work with
the standard notion of strong bisimulation if one is willing to add some Plot-
kin style rules that capture the notion of a hidden, internal machine step.

Below we assume that 7 is an element of the set Act of actions that figures as a
parameter of the TSS P(BPAj§). The TSS P(BPAg) is obtained by adding to
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P (BPA}) the rules of Table 2 (a€Act ).

7. a5 a;é\/

g x%z y -3z
’ x5z

9 x%z y Dz
’ x5z

TABLE 2. Rules for the silent move 7

One possible interpretation that one can give to a transition =t (a57) is
that the system that is modelled can evolve from state ¢ to state ' during a cer-
tain positive time interval in which an occurrence of action a can be observed.
Then ¢ —>¢ means that no action can be observed during such an interval.
Rule 8 and 9 can be viewed as logical consequences of this interpretation. It is
consistent with the interpretation of transitions and the rules of Table 1 and
Table 2 to assume that execution of a process a takes a positive amount of
time; the observation of the action a however takes place at the beginning.
Rule 7 says that when the action a is observed, the process a that executes this
action may still perform some internal activity before it terminates successfully.

The TSS P (BPAg) is in pure tyft/tyxt format. Thus strong bisimulation is a
congruence. One can prove that the theory BPAg;, as presented in Table 3 (a
ranges over Act), is a sound and complete axiomatisation of the model induced
by the TSS P (BPA¢) modulo strong (!) bisimulation.

x+ty =y+x Al [ atr=a Tl
x+(y+z)=(x+y)+tz A2 [ =x+x = 11x T2
x+x =x A3 | a(tx +y) = a(tx +y)+ax T3
(x+y)z = xz+yz A4
(xy)z = x(yz) AS
x+8 =x A6
ox =6 A7
& = Xx A8
XxX€e = X A9

TABLE 3. The axiom system BPAZ;

This means that, if <, denotes rooted-r-bisimulation (i.e. observation
congruence), we have the following situation:
PBPA})Ers <2t & P(BPAs)Es<,5t < BPAGF s =1t

In Figure 8-10 we give three examples corresponding to the 7-laws of MILNER
(1980). In Figure 8 two separate transition systems are drawn. In Figures 8
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and 10 @ may not equal 7. In Figure 9 the relevant states of 7+¢ and 7 are
drawn, as the equation 7+e=r7 is equivalent to the axiom T2. It is left to the
reader to check that the transition systems are strongly bisimilar.

a
a
a
)
€
Y\ |V
)

FIGURE 8 (a = ar)

Tt+e€

FIGURE 10 (a(tx+y) = a(rx +y)+ax)
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6.2. Recursion. There are many ways to deal with recursion in process algebra.
One approach is to introduce a set = of process names. Elements of = are
added to the signature of the TSS as constant symbols. The recursive
definitions of the process names are given by a set E={Xetyx|XeX} of
declarations. Here the ty are ground terms over the signature of the TSS
(hence, they may contain process names in ). If X<ty is a declaration, then
this means that the behaviour of process X is given by its body ty. Formally
this is expressed by adding to the TSS rules:

tx Dy

Xy
for every declaration X<«ty. Now observe that these rules are pure tyft. Hence
it follows that if one adds recursion to a well-founded TSS in tyft/tyxt format
in the way described above, bisimulation remains a congruence.

A slightly different way of dealing with recursion is followed by OLDEROG &
HoARE (1986) and HENNESSY (1988). Here axioms X —>ty appear saying that
by some internal activity, a process name can expand to its body. Also this
type of rules satisfy our format.

6.3. The state operator. In many cases where operational semantics of a
language is defined using Plotkin style rules, values play a role (see for instance
(AMERICA ET AL., 1986) and (PLOTKIN, 1983)). Here, states of the transition
system are generally configurations, i.e. pairs <t,06> of a process expression ¢
and a valuation o. In this section we argue that it is often possible to give
inductive rules for these languages within the #yft/tyxt format using the
extended state operator A, of BAETEN & BERGSTRA (1988).
We will add the state operator to the setting of BPAZ; of Section 6.1. Let S be
a set of states. For each 6eS we add a function symbol A, to the signature.
An expression A,(?), represents a process that transforms the state ¢ during
successive transitions of ¢ as specified by a function effect:S XAct XAct—S
while influencing the actual labels of the transitions of ¢ as specified by a func-
tion action:Act X S—24°. action (a,0) defines the set of actions that can be per-
formed by A,(¢) if ¢ performs an a. effect(o,a,b) defines the resulting state if
A,(t) actually transforms under b eaction (a,0). Note that the extra argument b
is necessary as the action function defines a set of possible actions that can be
performed by A,(¢). The environment may determine which action from this
set actually will occur. The functions effect and action are inert for =, ie.
action(t,0)={1} and effect(o,7,a)=0 for every acAct. The rules for the state
operator are (6€S; a,beAct):
xDx’
Ao(x) %Aeﬂ'ect (a,a.b)(x l)
x 5%’

Ag(x) =D Aq(x")

Clearly the above rules are pure #yft, so bisimulation will be a congruence. As

b eaction (a, o)




42 SOS and bisimulation as a congruence

a typical application we consider a small subset of CSP. Actions in Act are of
the form 7, gle, g7 or [v:=e] where v ranges over a set V of program vari-
ables and e ranges over natural number expressions built from Y, constants for
the natural numbers and the usual operations such as +, —, X. gle means
‘write the value of expression e to channel g’, g?v means ‘read a value from
channel g and assign this value to v’ and [v:=e] means: ‘assign the value of
expression e to v'. We assume the presence of an interpretation function [1
that, given a valuation ¢ of the variables, yields for each expression a natural
number. As state space S we take all valuations in V—IN. Let o[n/v] be the
valuation o except for the fact that variable v is mapped on n. Now we can
define the functions action and effect as follows:

action (o, g'e) = {g'le]°} effect(o,gle,g'n) = o
action(o,gm) = {gm|neN} effect(o,g?m,gMn) = o[n/v]
action (o, [v:=e])={1} effect (o, [v:=e],7) = oflel®/v]

Function effect is inert in the cases that are not specified. As an example con-
sider a process that is capable of reading a value from channel g, and sending
the square of that value to channel g,:

A (g1 v [w:=v Xv]g,y'!w)
A particular sequence of transitions of this process is:
Ay W=V Xy Iga!w) £S5 Ay (€w: =v X Vg2 !w) 5>
An(3/v,9/w]((°g2!w)_&%Aoﬂ/vﬁ/w](c)éAu[S/vﬂlw](a)

It is not difficult to extend the combination of BPA}; and the state operator
with a parallel combinator. Then, communication can be defined such that we
have value passing between several processes. We will not give a detailed ela-
boration of this because that would go beyond the scope of this article. How-
ever, we would like to stress that in some sense the extended state operator is
more powerful than the approach with a global state using configurations. The
extended state operator can in a very natural way be used to model that cer-
tain data are local to some processes.

7. MODULAR PROPERTIES OF TRANSITION SYSTEM SPECIFICATIONS

Often one wants to add new operators and rules to a given TSS. Therefore, a
very natural operation on TSS’s is to take their componentwise union. Given
two TSS’s P, and P, we use the notation Py P, to denote the resulting sys-
tem. A nice property to have in such a situation is that the outgoing transi-
tions in TS (P,) of terms in the signature of P, are the same as the outgoing
transitions of these terms in 7S (P D P,). This means that P, P, is a conser-
vative extension of P,: any property which has been proved for the states in
the old transition system remains valid (for the old states) in the enriched sys-
tem.

In this section we study the question what restrictions we have to impose on
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P, and P, in order to obtain conservativity. First we give the basic definitions.

7.1. DEFINITION. Let Z,=(F;,r;) (i=0,1) be two signatures such that
feFyNF, = ro(f)=ri(f). The sum of Z, and Z,, notation Z,DZ,, is the
signature:

20D, = (FoUF Afif feF, then ro(f) else ri(f)).

7.2. DEFINITION. Let P,=(Z;,4;,R;) (i=0,1) be two TSS’s with Z D=,
defined. The sum of Py and P, notation Py®P,, is the TSS:

PQ@P[ = (20®2|,A0UA1,R0UR]).

7.3. DEFINITION. Let P,=(Z,,4;,R;) (i =0,1) be two TSS’s with P=P,®DP,
defined. Let P =(Z,4,R). We say that P is a conservative extension of P, and
that P, can be added conservatively to P, if for all seT(Z,), acA and
teT(2):

PtsSt o PyorsSut

Note that the implication P+ s <>t < P+ s =1 holds trivially.

7.4. REMARK. Let P,=(Z;,4;,R;) (i=0,1) be two TSS’s with P=P,DP, a
conservative extension of P,. Then P is also a conservative extension of P, up
to bisimulation, i.e. for s,z €T (Z):

sept & sp L.

7.5. COUNTEREXAMPLES. We want to study the question in which cases a TSS
P, can be added conservatively to a TSS P,. However, we will restrict our-
selves to the case where both P, and P, are in tyft/tyxt format. Below, 5
examples are presented that illustrate different situations where we do not have
conservativity.

7.5.1. EXaMPLE. If P, has a rule with a function symbol that already occurs in
2y in the lhs of the conclusion, then problems arise quite soon. If
P,=P(BPAj) and P, contains a single rule:

x +y %258
then 8‘:’}:“ 8+ 48 but not 8‘:’p°$pl 8+6.
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7.5.2. ExamMPLE. Conservativity can get lost if free variables occur in a premise
of a rule in P,. In order to see this consider the TSS P, with constant symbols
a, b, a labg] a and rules:

a->a

x5y

bS5y
It is not hard to see that a < b. However, if we add constant symbols ¢,d and
a rule ¢ -2>d it follows that a ¢ b.

7.5.3. ExaMpPLE. Conservativity can get lost also if free variables occur in the
conclusion of a rule in P,. Let the signature of P, consists of two constant
symbols a and b. The set of labels contains only a and there are two axioms:

aSa

bSx
It is not hard to see that a ©p b. However, if we add a TSS P, which con-
tains a constant symbol ¢ and no rules, then a ¥ p op, b.

7.5.4. ExaMPLE. Conservativity up to bisimulation can be violated if we add
tyxt rules to a given TSS. Let P, consist of P(BPA§). In P, we have
a < a+3§. This is no longer true if we add a TSS P, which contains a single
axiom x S x.

Another example of this kind is given by the rules 8 and 9 in Table 2 of Sec-
tion 6.1. Consider P(BPAj§) to which rule 7 has been added. None of the 7-
laws holds in this system. However, if rules 8 and 9 are added the 7-laws do
hold. Hence, rules 8 and 9 do not preserve conservativity up to bisimulation.

7.5.5. EXAMPLE. Our last example shows that non-well-foundedness of P, can
disturb conservativity. Suppose P, consists of P(BPA§) and a circular (non-
well-founded) rule:
x1 4y -Ly; x4y, By,
x1+x2 %5y, +y,
One can easily see that § <p §+8. However, adding a TSS P, with a single
axiom ok %50k makes that 8 ¥ p gp, 8+9.

The next theorem shows that in some sense the examples above give a com-
plete overview of the situations in which we do not have conservativity.
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7.6. THEOREM. Let Py=(Z,A¢,R¢) be a TSS in pure tyft/tyxt format and let
P,=(2),4,R)) be a TSS in tyft format such that there is no rule in R, that
contains a function symbol from Z in the left hand side of its conclusion. Let
P=P,®P, be defined. Then P, can be added conservatively to P.

PrOOF. We use the same type of strategy as in the proof of Theorem 5.10. Let
P=(2,A,R). Let seT(Z)), acA and s’eT(Z) with Prs—>s’. Let T be a
proof of s >s’ from P. With ordinal induction on the structure of T we prove
that T is also a proof of s >s’ from P,. Let r be the last rule which is used in
T. Because s €T (Zy) and all rules of P, are tyft and contain no function sym-
bols from Z, in the left hand side of their conclusions,  must be in R,. Sup-
pose r is pure tyft (the case that r is pure fyxt is completely analogous and
omitted). Suppose in particular that r is equal to:

{t:. %Syiliel)
f(x 1 ,..,X,(,‘)) %t

Let o be the substitution that relates rule r to the last step in proof 7. We then
have:

o(f(x.,..,x,(f)))=s,
o(t)=ys".
Consider the dependency graph G of the premises of r. Like in the proof of

Theorem 5.10 we define for each node x of G, depth(x)eN as the length of the
maximal backward chain of edges. Further we define:

X = {x;|1<i<r(f)}
Y = {y;liel}
Y, = {y€Yl|depth(y)=n} for n=0

With induction on n we prove that o(x) is in T(Z,) for all xeXU Y. Because
se€T(Zp) and o(f (x1,.., X)) =5, o(x)€T(Zp) for all xeX. Let neN and sup-
pose that o(x)eT(Zp) for all xeXUY,U --- UY,_,. Let y*€Y,. There is a
unique i€l with y"=y, Because y,€Y, and rule r is pure,
Var(t)CXUY,U --- UY,_;. But now we can apply the induction
hypothesis: since s;=a(t,)eT(Zg), s;’=0o(y;)eT(Zy) too. Since y* is chosen
arbitrarily, o(y)eT(Z) for all yeY,. This finishes the induction on n so that
we have shown that o(y)eT(Z)) for all xeXUY. Since Var(t)CXUY, we
may conclude s’=o(¢)eT (Z)). O

7.7. In our view the counterexamples which show that the original system has
to be pure and no rule from the added system may contain a function symbol
of the original system in the lhs of its conclusion are quite strong. It will be
difficult to strengthen Theorem 7.6 by weakening these constraints. Because
modularity is an important and desirable property and because TSS’s which
are not pure are ill-behaved with respect to modularity, one might decide, for
this reason, to call such TSS’s unstructured.
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The main reason we had for including Theorem 7.6 in this paper is that we
need it in the next section. It is clear that a lot more can be said about modu-
lar properties of TSS’s than we have done here.

8. TRACE CONGRUENCES

In this section we study the trace congruences induced by the pure tyft/tyxt
format. Intuitively, two processes s and ¢ are (completed) trace congruent if for
any context C[] which can be defined using the pure fyft/tyxt format, the
(completed) traces of C[s] and C[t] are the same. It seems reasonable to
require that, whenever new function symbols and rules are added to a TSS in
order to build a context which can distinguish between terms, these new
ingredients may not change the original transition system: the extension should
be conservative. If it would be allowed to introduce new transitions in the ori-
ginal transition system, then we could add rules like:

x I’mg:);xr’y l’mjl!)yr
x+y I'm(s +’!)X’+y’

and make that syntactically different terms always have outgoing transitions
with different labels. As a result completed trace congruence would just be
syntactic equality between terms.
The results of the previous section show that for a TSS in tyft/tyxt format it is
in general rather difficult to determine a class of TSS’s which can be added to
it conservatively. Consequently it is also difficult to characterize the completed
trace congruence induced by this format. However, for TSS’s in pure tyft/tyxt
format such a class exists: by Theorem 7.6 every TSS in #yft format can be
added conservatively to a TSS in pure tyft/tyxt format. For this reason we
decided to work on a characterization of the completed trace congruence
induced by the pure tyft/tyxt format and leave the general tyft/tyxt format for
what it is. We think that this is not a serious restriction because:

- We have never seen an application of a TSS with non-well-founded rules
or rules with free variables.

- Well-foundedness is used anyhow in the proof of Theorem 5.10. The proof
of Lemma 5.9 shows that for every well-founded TSS in tyft/tyxt format
there exists an equivalent TSS in pure #yft/tyxt format.

- TSS’s in tyft/tyxt format that are not pure, are ill-behaved with respect to
modularisation and therefore not much effort should be spent in proving
theorems about them.

8.1. DEFINITION. Let @=(S,4,—>) be a LTS. A state s€S is a termination
node, notation s -/, if there are no reS and aeA with s—>¢. A sequence
a;* - - *a,€A" is a completed trace of s if there are states sy,..,5, €S such that
so=s and 5o —>5, 2>, %55, +>. CT(s) is the set of all completed traces of
s. Two states s,t€S are completed trace equivalent if CT(s)=CT(t). This is
denoted as s =crt.
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8.2. DEFINITION. Let % be some format of TSS rules. Let P =(Z,4,R) be a
TSS in & format. Two terms s,teT(Z) are completed trace congruent with
respect to ¥ rules, notation s =g, if for every TSS P’=(Z’,4’,R’) in ¥ format
which can be added conservatively to P and for every Z@®Z’-context C[]:
C[s]=crClt]. s and ¢ are completed trace congruent within P, notation s =p 1,
if for every Z-context C[]: C[s]=cr C[t].

8.3. NotE. In the sequel we will define a number of equivalence relations on
the states of transition systems. If P =(Z,4,R) is a TSS and s,7 are terms in
T(Z) then, whenever we say that s and ¢ are equivalent according to a certain
equivalence relation, what we mean is that the states s and ¢ of the transition
system TS (P) are equivalent according to this relation.

8.4. Overview of results of Section 8. ABRAMSKY (1987) and BLOOM, ISTRAIL &
MEYER (1988) give Plotkin style rules to define operators with which one can
distinguish between any pair of non-bisimilar processes. We cannot obtain this
result with pure tyft/tyxt rules, but we will show that the notion of completed
trace congruence with respect to pure tyft/tyxt rules exactly coincides with 2-
nested simulation equivalence for all image finite processes. What we in fact will
prove is best illustrated by Figure 11.

2 m

s s
Zpure tyft/ tyxt 3 (IF) '4 ="
\ %’
~e o TR
FIGURE 11

The arrows indicate set inclusion. ‘IF’ stands for Image Finite and indicates
that we need image finiteness of processes for the proofs of inclusions 3, 5 and
6. For meN, ™ is m-nested simulation equivalence. ~¢_ is the equivalence
induced by the set £, of Hennessy-Milner formulas in which no negation sym-
bol occurs nested m times or more. In the right corner of Figure 11 we have an
auxiliary equivalence notion £5™. In Sections 8.5-8.7 these notions are made
precise and the inclusions are proved. It immediately follows that both trian-
gles collapse for image finite transitions systems. In particular we will prove
the following Theorem 8.4.2.
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8.4.1. DEFINITION. An LTS @=(S,4,—>) is image finite if for all s€S and acA
the set {z|s—*>¢} is finite.

8.4.2. THEOREM. Let P =(Z,A,R) be a TSS in pure tyft/tyxt format such that
TS (P) is image finite. Let s,t €T (Z). Then:

S Spure pfisyst t S sS?t o s ~g, L

PRrOOF. Direct from Theorem 8.5.8, Corollary 8.6.7 and Corollary 8.7.6 of this
section. O

We are quite sure that, if one uses infinitary Hennessy-Milner logic as in
(MILNER, 1989), the restriction of image finiteness in Theorem 8.4.2 can be
dropped. Because we wanted to keep the presentation as simple as possible,
we preferred to leave this generalization as an exercise to the reader.

In Section 8.8 we show that, using the results that were needed to characterize
the completed trace congruence for the pure #yft/tyxt format, it is easy to
prove that the trace congruence with respect to this format coincides with
simulation equivalence for image finite processes.

Bloom, Istrail & Meyer have studied the completed trace congruence induced
by tree rules. Tree rules differ from pure tyft/tyxt rules in that they may only
have variables in the premises and there may not be a single variable in the
left hand side of a conclusion. Hence, one could also call this type of rules
‘pure xyft rules’. They proved the following theorem (BLooM, 1988):

8.4.3. THEOREM (BLOOM, ISTRAIL & MEYER). Let P =(2,4,R) be a TSS in tree
rule format such that TS (P) is image finite. Let s,t €T (Z). Then:

S =tree rules?! S S~gl

This result, which is close to our characterization theorem, has not been pub-
lished. A sketch of the proof is included at the end of this section. We were
aware of the result of Bloom, Istrail & Meyer before we proved the characteri-
zation theorem for the pure fyft/tyxt format. However, all proofs in this sec-
tion are entirely our own.

8.5. Nested simulation equivalences.

8.5.1. DEFINITION. Let =(S,4,—) be a LTS. A relation
R C S XS is called a simulation if it satisfies:
whenever s R t and s 55’ then, for some t’€S, also t 2>¢’ and s’R t'.
s can be simulated by t, notation s C ¢, if there is a simulation containing the
pair (s,t). s and ¢t are simulation equivalent, notation s, if s trand ¢ C 5.

Note the difference between simulation equivalence and bisimulation
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equivalence: in the case of a bisimulation equivalence, there should be single
relation which is a simulation relation in two directions; in the case of simula-
tion equivalence it is required that there are two simulation relations, one for
each direction.

8.5.2. DEFINITION. Let @=(S,4,—>) be a LTS and let a be an ordinal number.
We define the relation ¢* C S XS inductively as follows:
s ¢t iff for each B<a there is a simulation relation R C(Gf)~ 1 with

SRt
Two states s and ¢ are a-nested simulation equivalent, notation s<* ¢, if s C* ¢

and r C°s.

8.5.3. LEMMA. Let @=(S,A,—>) be a LTS. Let a,B be ordinal numbers with
B<<a. Let s,t €S. Then:

0. ¢%=5xs§
. ¢g'=¢g and s =
§ %Z g (Eéﬁﬁ)—'
e
4. s*cercsf
5. ecs’
6. s St iff there is a simulation relation R C(C )~ withsR 1.
7. if ais a limit ordinal, then s C*t iff for all B<a: s gﬂ t

PROOF. Straightforward using the definitions. O

Besides the above lemma, there are a lot of other interesting facts about nested
simulations that one may try to prove. In particular it is interesting to see what
are the exact relationships between nested simulation equivalences and bisimu-
lation equivalence. Below some results are presented which clarify these rela-
tionships. Since these results are a bit outside the scope of this paper, all
proofs have been omitted.

8.5.4. COUNTEREXAMPLE. Below we present a counterexample which shows
that the inclusion of Lemma 8.5.3.5 is strict. In order to present the example it
is useful (although not necessary) to introduce the summation operator . This
operator, which for instance occurs in (MILNER, 1989), does not fit the frame-
work of this paper because it may have an arbitrary, possibly infinite number
of arguments. If ¢; (i €l) are terms, then Eie i is a term too. Its behaviour is
described by rules (for all a4, jel):
4 Sy
2i el L -%y

One has to assume an upperbound on the cardinality of the index set I in
order to make the collection of terms setlike. In our framework the operator >
can be coded by viewing Zie /1i as a constant. Besides the > operator, we will

use § and + as in P(BPA§) and prefixing operators a:(.) as in Section 5.11.3.
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We define the following terms:

so = c:6
to = sot+b:é
Sa+1 = Aty
la+1 = Sa+1 T ais,
If a is a limit ordinal, then:
Sa = zlkad:sﬂ
Sa = qud:(S,, + d:tg)
t, =5, +d:S,
Below in Figure 12 a part of the transition system is displayed:

s s Sg
9

FIGURE 12

One can prove that for every ordinal a: 5s,S"t, and s, ¥ t,. However,
within a fixed transition system <" and < will coincide when a is large
enough:

8.5.5. THEOREM. Let @=(S,A,—>) be a LTS and let a be the smallest regular
cardinal larger than the cardinality of all sets {s’|s >s’} (acA,s€S). Then

sS"t o set

This theorem implies in particular that for image finite transition systems the
intersection for all meIN of m-nested simulation equivalence coincides with
bisimulation equivalence.

Another implication is that if, relative to some transition system, <* is
different from <, # and <" are different for all B<y<a.

8.5.6. Nested simulations and completed trace equivalence. Simulation
equivalence does not refine completed trace equivalence. Take for example the
simulation equivalent processes a and ad+a. The completed trace sets are
{a*V} and {a,a*V}, respectively. However, it is not hard to see that for
m=2, m-nested simulation equivalence does refine completed trace
equivalence.
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8.5.7. LEMMA. Let Z=(F,r) be a signature and let P =(Z,4,R) be a TSS. If P
is well-founded and in tyft/tyxt format, then for all ordinals o, S* is a
congruence for all function symbols in F.

ProoF. Completely analogous to the proof of Theorem 5.10. Let P be well-
founded and in tyft/tyxt format. It is sufficient to show that for all ordinals «,
all feF and all closed terms u;,v;€T(Z) (1<i<r(f)):

Vi u; Sa Vi = f(u]"-’ur(f)) Sa f(vlr"vr(f))'

We prove this statement with induction on a. Let a be an ordinal and suppose
the statement is proved for B<a. Let RCT(Z)XT(Z) be the least relation
satisfying:

= GFCR,

- for all function symbols fin F and terms u;,v; (1<i<r(f)) in T(Z):

ViuRv; = fupsthp) RV 15eVr()-

It is enou to show RCC®* Let B<a. Since, by Lemma 8.5.3.3,
g g(gﬁ)_ , and because, by induction hypothesis, gﬁ is a congruence we
have that R C (g/’)_'. In order to show R C ¢ %, it remains to be shown that R
is a simulation relation, i.e. if ¥ Rv and u—“>p u’ then there is a v’ such that
v—p v’ and u’Rv’. The proof of this fact can in essence be copied from the
proof of Theorem 5.10. O

The next theorem states the validity of inclusion 1.

8.5.8. THEOREM (inclusion 1). Let P=(2,A,R) be a TSS that is in pure tyft/tyxt
format. Then:

2 =
S°C =pure tyft/tyxt:

PROOF. Let 5,1 T(Z) with s<? 1. Let P’=(2',A’,R’) be a TSS in pure tyft/tyxt
format that can be added conservatively to P and let C[] be a 2@ Z’-context.
Since P@P’ is a conservative extension of P, s<?t within TS (P®P’). Now
we use that <5? is a congruence for operators in pure fyft/tyxt format (Lemma
8.5.7) and get C[s]<? C[t]. Since <? refines completed trace congruence:
C[s]=crClt]. Because P’ and C[] were chosen arbitrarily this gives us:
S Spure tyft/ tyxt 1 O
8.6. Testing Hennessy-Milner formulas. Next we give the definitions of
Hennessy-Milner logic (HML) and prove the second inclusion in Figure 11.
Most definitions are standard and can also be found in (HENNESSY & MILNER,
1985). The notion of HML-formulas of alternation depth m seems to be new,
although the set of HML-formulas of alternation depth 1 (the formulas
without negation) is exactly the set 9 of (HENNESSY & MILNER, 1985).
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8.6.1. DEFINITION. The set £ of Hennessy-Milner logic (HML) formulas (over a
given alphabet 4 ={a,b,... }) is given by the following grammar:

¢::=T | p/\¢ | =9 | )¢

Let @=(S,4,—>) be a LTS. The satisfaction relation k¥ C S XE£ is the least rela-
tion such that:

- seTfor all ses,

- sepAyiff skgp and sk,

-  se—¢iff not sk,

- skar¢ iff for some t€S: s>t and 1k ¢.

We adopt the following notations:

- F stands for -7,

- ¢V stands for —(—pA\—),

- [ale stands for —<ay—¢.

It is not difficult to see that any HML formula is logically equivalent to a for-
mula in the language £’ which is generated by the following grammar:
¢::=T | F| ¢N\¢ | oV | ¢ | [ald.

8.6.2. DEFINITION. Let =(S,4,—>) be a LTS and let K be a set of HML for-
mulas. With ~q we denote the equivalence relation on S induced by ¥:

s~yt o (VoeH:skd < tEP).
We will call this relation X formula equivalence.

We recall a fundamental result of HENNESSY & MILNER (1985):

8.6.3. THEOREM (HENNESSY & MILNER). Let @=(S,4,—> ) be an image finite
LTS. Then for all s,teS:

st © s~pl

8.6.4. DEFINITION. For meNN define the set £,, of HML-formulas by:
- £y is empty,
- £, 41 is given by the following grammar:

o::=—y(for yeb,) | T | p/\¢ | ar¢.

We leave it as an exercise to the reader to check that the equivalence induced
by £,, formulas is the same as the equivalences induced by the sets %, and %}
which are given by:
- ‘)C(()) — 9{1} =.
- %+ is defined by:

¢ =y (for yeIP) | T | F | $/\¢ | 6V | @),

- 3l 4, is defined by:
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g:=y(for ye¥H3) | T | F | $/\¢ | $V | [alo.

8.6.5. ExaMPLE. Consider the terms s;,7; as defined in Section 8.5.4. Define
for 0<m<w the formula ¢, €, by: ¢, =M TA)T and @, +| =@ —@,,. It
is easily checked that for i=0: s;¥ ¢; 1, and ¢; Eq; 4.

8.6.6. THEOREM (Testing £, formulas). Let Py=(Zy,A¢,Ro) be a TSS in pure
tyft/tyxt format. Then there is a TSS P,=(Z,,4,,R,) in pure tyft format, which
can be added conservatively to P, such that completed trace congruence within
Py®P, is included in £, formula equivalence.

PROOF. P, is constructed in the following way. The set 4, consists of 4,
together with 5 new labels:

A =Aq VU {ok,left,right,syn,skip }.

Signature 2, contains a constant §, unary function names a: for each ae4 |,
and binary function symbols + and Sar. Observe that the signature is finite if
the alphabet A4 is finite. For § and + we have just the same rules as in BPA§
and a: denotes prefixing like in Example 5.11.3. The most interesting operator
is the operator Sat. Its first argument is intended to be a coding of some £,
formula. The Sat operator tests whether its second argument satisfies the £,
formula which is represented by its first argument. The rules of the Sar opera-
tor are given in Table 4. In the table a ranges over A ,. Because P, is in tyft
format, 2y NZ, =@ and P, is pure tyft/tyxt, it follows with Theorem 7.6 that
P, is a conservative extension of P.

skij ’
X X
1

Sat(x,y)-%>Sat(x’,y)
x —_L‘Qx,, Sat(x;,y) %>y,
x TS ., Sat(x,,y) %>y,
Sat(x,y) -2y, +y,

x ﬂ"}x’, x’%x"
»-5y', Sat(x",y")-%5y" 3
Sat(x,y)—"k%y”

TABLE 4. A test system for £, formulas

£, formulas are encoded using the following rules:
Cr=skip .9,
Cony =left:Cy+right:Cy,
C_s=skip:C,,
Cp=syn:a:C,.
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We claim that for ¢€L,, Sat(C,,?) has a completed trace ok iff 7 k¢. With this
claim, which we will prove below, we can finish the proof of Theorem 8.6.6:
whenever for some 5,1 T (Zo®DZ,) with s #¢ ¢, then there is an £, formula ¢y
such that sk¢y and t¥ ¢y (or vice versa). Using the claim this means
Sat(C%,s)ECTSat(C%,t).

Before we present a formal proof of the claim, we give some intuition about
how Sat(Cgy,t) tests the formula ¢ on t. If ¢=T, testing is straightforward:
Cr=skip:6 and skip indicates to Sat that it can do an ok step (rule 1). Hence,
Sat (skip:&,t)%Sat (8,1) and it is not hard to check that Sat(8,¢) cannot do a
next step.

Testing of /\ and (a) is almost as straightforward as testing the formula 7" and
resembles the definition of k. The intuitive meaning of the constant symbols
left:, right: and syn: is respectively: transform to the left/right part of a for-
mula and synchronize the next action of the coded formula and the tested pro-
cess. Testing — contains a little trick. First, the positive part of a formula is
tested, which possibly yields a first ok and then the negative parts are tested.
This can give rise to another ok. For instance the test Sat(C_g4,¢) performs an
initial ok step as its positive part is empty and then tests for the £, formula ¢
whether 7k¢. If there is no negative part that holds, the test does not yield
another ok action and there is a completed trace ok. If a negative part is true,
the test will yield another ok step and the ok trace is extended to the trace
ok*ok, which is not ok because now ok € MT (Sat(C,,t)). Next we will give a
formal proof of the claim.

LEMMA. Let teT(ZyDZ2,) and let pL,. Then:

i) te¢ = CT(Sat(Cy,t))={0k},

i) t¥¢o = CT(Sat(Cy,t))=92.

PRrOOF. Induction on the structure of ¢.

a) ¢ is 7. Then tk¢. The only move of Sat(Cy,t) is Sat(C,,t)-%>Sat (8,1)
and Sat(8,¢) has no outgoing transitions. Both implications hold.

b) ¢ is ¢ /A\¢,. If te¢p then k¢, and tr¢,. By induction
CT(Sat(Cy ,t))={ok} and CT(Sat(C,,t))={ok}. Since all outgoing
transitions of Sat(C,t) are proved using rule 2 in Table 4, one can easily
see that CT(Sat(Cg,t))={ok}. If on the other hand ¢ ¥ ¢ then either 7 ¥ ¢,
or (¥F¢,. Hence by induction either CT(Sat(Cy,1))=92 or
CT(Sat(Cy,,t))= @. Thus Sat(C4,t) can have no outgoing transitions and
CT(Sat(Cy,1))= 9.

c) ¢ is )¢’ If tE¢ then there is a ¢’ such that 1 —>¢’ and ¢’k ¢’. By induc-
tion CT(Sat(Cy,t"))={ok}. Outgoing transitions of Sat(C,,t) can only
be proved using rule 3 and inspection of this rule allows us to conclude
that CT(Sat(Cg4,t))={ok}. If t¥ ¢ then for all ¢’ with t-¢', t'¥ ¢'.
Hence by induction CT(Sat(Cy,t'))=@. But this implies
CT(Sat(Cgy,t))= @ since rule 3 cannot be applied. [

CLAIM. Let teT(ZyDZ,) and let p€,. Then:
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tk¢p < 0keCT(Sat(Cy,t)).

PrROOF. =) Induction on the structure of ¢.

a) ¢ is -y, yel;. We have 7¥ . By the lemma above, CT(Sat(Cy,1))= 2.
By rule 1: Sat(C,,,t)%Saz(C,p,t) Hence ok is in CT (Sat(C,t)).

b) ¢ is T. Rule 1 gives Sat(Cr,t)-%>Sar(6,t)—Y . Hence
ok eCT (Sat(Cy,t)).

c) ¢ is ¢;/\¢,. Since k¢ we also have tk¢;, and rk¢,. By induction
ok eCT (Sat(Cy,,t)) and ok €CT(Sat(C,,t)). Since all outgoing transi-
tions of Sat(C,,t) are proved using rule 2, one can easily see that
0ok e CT (Sat(C,t)).

d) ¢=«a¢'. Since 1 k<a)¢’, there is a ¢’ such that 1 < *>¢’ and ¢’k ¢’. Induction
gives that okeCT(Sat(C #»1"))- Hence there is a termination node ¢” such
that Sat(Cy,t )-2%k5¢”. Now an application of rule 3 gives that
ok e CT (Sat(Cy,t)).

<) Induction on the structure of ¢.

a) ¢ is -, Yeby. If Sat(Cy,t) does a move, then the last rule applied in the
proof must have been rule 1 and the transition must be
Sat(C,,,t)%Sat(C,p,t) Because ok € CT (Sat(Cy,t)), Sat(Cy,t) can have
no outgoing transitions. Since Y €f£,, the lemma allows us to conclude that
t¥ y. Hence ¢k ¢.

b) ¢ is T. Since ¢k T the implication holds.

c) ¢ is ¢ Agy. If Sat(Cy,t) does a move then the last rule applied in the
proof of this transition must have been rule 2. Since ok € CT(Sat(C,1)),
it must be that okeCT(Sat(C,,,t)) and ok eCT(Sat(Cy,t)). But this
means that we can apply the induction hypothesis to obtain k¢, and
tE¢,. Hence t k.

d) ¢is ¢’ If Sat(Cy4,t) does a move then the last rule applied in the proof
must have been rule 3. So because ok € CT(Sat(Cgy,t)), there are t',t”
with ¢t -5¢’, Sat(Cy,t ’y-%5¢” and t” a termination node. This implies
that ok e CT (Sat(Cy,t")). By induction ¢'k¢’. Hence 1k ¢. [

This completes the proof of Theorem 8.6.6. a

8.6.7. COROLLARY (inclusion 2). Let P be a TSS in pure tyft/tyxt format. Then:

Spure pfi/yxe &~y

8.7. In this section it will be shown that the inclusions 4, 5 and 6 hold. As an
immediate corollary it follows that inclusion 3 holds.
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8.7.1. THEOREM (inclusion 4). Let @=(S,A, — ) be a LTS. Then for all s,teS
and meN:

sS"t = s~ L

PROOF. Suppose that s C™¢ and sk¢ for some ¢ef,. We prove rk¢ with

induction on m. The case m =0 is trivial. So suppose m >0. We prove ¢k ¢

with induction on the structure of ¢.

a) ¢ is —y, YL, ;. By definition of s ™ we have r ™ ~!s. Application
of the induction hypothesis gives ¢ ¥ y and hence ¢k ¢.

b) ¢ is T. In this case ¢ k¢ trivially holds.

c) ¢ is ¢;/\¢,. From sk ¢ it follows that s k¢; and s k¢,. By induction ¢ k¢,
and 7k ¢,. Hence, 1 E¢.

d) ¢ is @¢’. There exists an s’ such that s <>s’ and s'k¢’. Since s ™1,
there exists an m-nested simulation R containing (s,z). Hence, for some
t'eS, t-¢t" and s’Rt’. So s’ g™ t’. By induction ¢’k ¢’ and thus tk¢. [

We define 5™ and %5, as auxiliary notions. Roughly speaking, s ;' ¢ means
that s and ¢ are m-nested simulation equivalent to depth n. £3™ is the intersec-
tion of s for all n.

8.7.2. DEFINITION. Let @=(S,4,—>) be a LTS. Define for m,neN relations

Gm C SXS by:

- 5 S8t always,

- 5 G917 always,

- sGrHltiff t g7y s and whenever s -5’ then there is a ¢’ such that
t-St and s’ gty

We write:

- sssptifsgrMtandr g7,

- sss"tif for all n: sS)e,

- sgmrrifforalln: s gme.

8.7.3. LEMMA. Let mneN. Then 7 C QM and Ssp'4 C Sy
PROOF. Straightforward simultaneous induction on m and n. O

8.7.4. THEOREM (inclusion 5). Let @=(S,A,—>) be a LTS which is image finite.
Then for all s,t €S and meN:

s~et = sS"L

PROOF. Suppose that s ¢™¢. With induction on m we show that there is a
¢€L,, such that se¢ but ¢ ¢. It cannot be that m =0. So take m >0. Since
s ¢™t, there must be an n such that s ' r. With induction on n we show that
there exists a ¢ such that s k¢ but not 7k ¢.

It cannot be that n =0. Take n>0. If tg 7~ 's then we can find, by induction
hypothesis, a Y €f,, _, such that # £y and s ¥ y. Hence s k- (the formula —y is
in £,) and r¥ —. If, on the other hand, ¢ g7 ~ls, then it must be that for
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some acA and s’eS with s—2s’ we have that for all ¢ with 1-%>¢":
s’qm—1t'. Now a first possibility is that there is no ¢’ such that  =5>¢’. In this
situation sk« T, t¥ «<a>T and we are done. The other possibility is that there
is a nonzero, but due to the image finiteness, finite number of states iseslp
that can be reached from ¢ by an a-transition. Since s’ & '—; ¢; for 1<<i<p, we
have by induction that there are ¢, €L, such that s’k¢; and #; ¥ ¢;. Consider
the £, -formula $=¢; /\../\¢,. Since s"k¢ and ¢, ¥ ¢, s k@) and 1 ¥ a)¢. O

8.7.5. THEOREM (inclusion 6). Let @=(S,A,—>) be a LTS which is image finite.
Then for all s,t€S and meN:

st = sS™t

PROOF. Suppose that s ™. With induction on m we prove that s C™¢. The
case m =0 is trivial. So suppose m >0. We prove that ¢ is an m-nested simu-
lation relation. Whenever v g™ w then for all n, v ' w. Hence by definition of
g™ wgm~ly for all n. Thus wg™ ~!'v and by induction w ™~ !v. So the
relation G is contained in the relation (™ ~')~'. It remains to be shown
that ™ is a simulation relation. Suppose v G™w and v -*>v’. Since for all
n>0, vg,™w there is for each n a w, such that w —“>w, and v'g?_ | w,. Due
to the image finiteness there must be a w* that occurs infinitely often in the
sequence w) wj,.... Because for all n C' | DG by Lemma 8.7.3, we have
that for all n>0, v g™ ; w" and therefore v G™w". This concludes the proof
that g™ is an m-nested simulation. O

8.7.6. COROLLARY. Let @=(S,A,—>) be a LTS which is image finite. Then for
all s,teS and meN:

sS"t o sSt o s~g L

ProOOF. Immediate from Theorems 8.7.1, 8.7.4 and 8.7.5. O

8.8. Trace congruence. Using the above results, we can easily characterize the
‘trace congruence’ induced by pure #yft/tyxt rules as simulation equivalence or
£, formula equivalence (for image finite LTS’s). We just repeat the argumenta-
tion above for trace congruence instead of completed trace congruence. First
the notion of trace congruence is defined.

8.8.1. DEFINITION. Let @=(S,4,—>) be a LTS. A sequence a,*..*a,€A4" is a
trace of s if there are states s|,s5,..,5, €S such that s 255, 2>, 455, T(s)
is the set of all traces of s. Two states s, €S are trace equivalent if T (s)=T(t).
This is denoted s =7 ¢.
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8.8.2. DEFINITION. Let ¥ be some format of TSS rules. Let P =(Z,4,R) be a
TSS in ¥ format. Two terms s,t€T(Z) are trace congruent with respect to
rules, notation s =&, if for every TSS P’=(2’,4’,R’) in ¥ format which can be
added conservatively to P and for every 2@Z2'-context C[]: C[s]=r C|[t].

8.8.3. THEOREM. Let P =(Z,A,R) be a TSS in pure tyft/tyxt format such that
TS (P) is image finite. Let s,t €T (Z). Then:

SShrepiputl S St © s~

PROOF. In fact most of the work has already been done. The equivalence of <
and ~;, follows from Corollary 8.7.6. The implication s =1, y5/0ut = s St
follows by Lemma 8.5.7 and the observation that simulation equivalence
refines trace equivalence. The reverse implication can be proved using the same
test system as in the proof of Theorem 8.6.6. a

8.9. Characterization theorem for tree rules. The characterization Theorem 8.4.3
for tree rules of Bloom, Istrail & Meyer follows from Theorem 8.5.8, Corollary
8.7.6 and the following Theorem 8.9.1. In fact this combination gives a result
which is even stronger than the result of Bloom, Istrail & Meyer as we allow
more general rules in the original system and our test system is finite if the
alphabet of the old system is finite (they did not look at finite test systems for
£, formulas). The next theorem also strengthens Theorem 8.6.6 because now
only tree rules are used. But, as the proof of this theorem is rather tricky, we
liked to give the simpler variant first.

8.9.1. THEOREM. Let Py=(Z,A¢,R¢) be a TSS in pure tyft/tyxt format. Then
there is a TSS P,=(2,,41,R)) in tree rule format, which can be added conser-
vatively to P, such that completed trace congruence within Py® P is included in
£, formula equivalence. Moreover, if alphabet A is finite, then the components of
P, are finite too.

PROOF (sketch). The alphabet 4, consists of A, together with 8 new labels:

A =AU {ok,ko,left,right,size,neg, 0,i}.

3, contains §, + and prefix-operators a: for every a€A,. In R, we find the
usual rules for these operators. Furthermore Z; contains binary operators ||z
which model parallel composition with synchronisation of actions in a set
H CA,. For these operators R contains rules (a€4,):

x-5>x’ y -S>y
——— e eH = eH
x\lgy S gy “ xllgy xligy’ “
x-53x', y S5y
eH
xlgy x' gy’ “

Next Z; contains a binary operator Sar which tests whether its second
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argument satisfies the £, formula which is encoded using the rules below.
Further it contains the auxiliary operators Context, skip-i and ok-to-ko. The
rules in R, for these operators are displayed in Table 5 (where ae4,). If 4,
is finite then clearly 4,, Z; and R, are finite too.

x =25 xSx’
Sat (x,y) 3V Context (x,y)—> Context (x’,skip -i (y))

x_'%xl’x_nx’%xr x ok xl

Sat (x,y) -S> Sat (x,p)ll (ok} St (x,,y) Context (x,y) %> ok -to -ko (y)

x%x’%x”,y%y’ x'%x’“%x"
Sat (x,y)—>Sat (x",y") skip -i (x)“>x"
X .f'izeax/’x m;xn x ok x’
Sat (x,y) —> Context (x’,Sat (x",y)) ok -to -ko(x) X256

TABLE 5. A test system for £, formulas with tree rules only
Let the mapping s:2,—N be given by:
s(T)=0
s(@AY)=1+s(d)+sW)
s(@¢)=1+s(9)
and let the =, terms S, (n=0) be given by:
So=o0k:6
Sn+1=1:8,
£, formulas are coded as follows:
Cr=ok:8
Cony=left:Cy +right:C,
C_s=size:Syg) tneg:Cy
Cae=0:a:Cy
We will now briefly explain the way in which the above construction works.

We have the following claim:

CLAIM. Let ¢l and teT(Z(DZ,). Then tr¢ iff Sat(Cgy,t) has a completed
trace with an ok action but without a ko action.

It is not hard to see that the above claim is correct in case ¢€£,. This is a
direct consequence of the next lemma which can be proved easily by means of
induction on the structure of ¢:
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LEMMA 1. Let € with s(p)=n and let teT(ZyDZ,). Then:
-tk = (i"rok} C CT(Sat(Cy,t)) C {i"*ok}U(i"|1<m<n},
- t¥Fp = CT(Sat(Cy,t)) C {i"l1<m=<n}.

The problem is what to do with negations. The key idea of our solution is that
if one applies the skip -i operator s(¢) times on Sat(C,,t), the trace set of the
resulting process consists of ok if ¢ k¢ and will be empty otherwise. So what we
have to do is to place s(¢) times a skip -i operator around Sat(Cg,?) in a struc-
tured way and next apply a renaming of ok into ko. This is of course done
using the binary operator Context. The first argument of this operator gives
instructions on how to build a context around the second argument. In case a
formula —¢ has to be tested, our construction works in such a way that (after
some i-steps) always an ok step will be generated, whereas a subsequent ko
action is generated only when the tested process satisfies ¢. One can prove the
following lemma:

LEMMA 2. Let €L with s(p)=n and let teT(ZyDZ,). Then:
- tk¢p = CT(Context(S,,Sat(Cy,t))) = {i"*ok*ko},
- t¥ ¢ = CT(Context(S,,Sat(Cq,t))) = {i"*ok}.

Using Lemma 2, the Claim can be proved with straightforward induction on
the structure of ¢. Theorem 8.9.1 is an immediate consequence of the Claim.
a

9. COMPARISON WITH OTHER FORMATS

In this section we will give an extensive comparison of our format with the for-
mats proposed by DE SIMONE (1984,1985) and BLOOM, ISTRAIL & MEYER
(1988). First both formats are described.

9.1. DEFINITION. Let Z=(F,r) be a signature and let 4 be a set of labels. A
De Simone rule (over Z and A) takes the form:

{(x; >y liel}
S 15x) =t

where:

-  feFand r(f)=|,

- IC{1,.,1},

- Xy,.,x; and y; (i ) are distinct variables,

Let for 1<i<! x;/’=y; if iel and x;=x; otherwise.

- tisatermin T'(Z,{x,’,..,x,/}) in which each x;” occurs at most once.

Clearly the De Simone format as presented above is included in our #yft/tyxt
format. One should note however that De Simone assumes in addition that the
set of labels is an (infinite) commutative monoid. Moreover he includes
(unguarded) recursion in the language together with the standard fixed point
rules.
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9.2. DEFINITION. Let Z=(F,r) be a signature and let 4 be a set of labels. A
GSOS rule (over Z and A) takes the form:

{x; 2y 11<i<l, 1<j<m}U{x; 2> |1<i<l, 1<j<n;)
Slx1,e, %) 1
where the variables are all distinct, f€F, I=r(f), m;,n;=0, a;;,b;;€A and ¢ is a
term in T(E, {x,,yul lglsl, 1<j<m,}).
A GSOS rule system is a triple (2,4,R) with 2 a signature, 4 a set of labels
and R a set of GSOS rules over 2 and 4.

We should mention here that the above definition is simplified in order to
make comparison possible and only gives an approximation of the notion of a
GSOS rule system as it is defined by BLOOM, ISTRAIL & MEYER (1988). There
a GSOS rule system contains some additional ingredients for dealing with
guarded recursion and there are a number of finiteness constraints. The feature
which distinguishes GSOS rules from the other rules in this paper is the possi-
bility of negative premises. This makes that it is not immediately clear how
(and if) a GSOS rule system determines a transition relation.

9.2.1. DEFINITION. Let (2,4,R) be a GSOS rule system. A transition relation —

o & Ee%xé(v'grxag (izngtgﬁrtfgfi(‘)‘gt%;h a su essultrllxtﬁnllf o of the premises of a rule is
true of the relation, then the instantiation of the conclusion by ¢ is true as
well.

- Whenever 1 <>t’ is true, then there is a rule r and an instantiation ¢ such
that r —>¢’ is the instantiation of the conclusion of r by o, and the instan-
tiations of the premises of r by o are true.

It is not hard to show that for any GSOS rule system, there is a unique transi-
tion relation which agrees with the rules. If a GSOS rule system only contains
positive rules then it is a TSS according to our definition. Moreover in this
case the unique transition relation which agrees with the rules according to the
definition above is just the same relation as the one defined in Definition 3.2
using the notion of proof trees of transitions.
The following example from BLOOM, ISTRAIL & MEYER (1988) shows that in
general the GSOS format cannot be combined consistently with the tyft/tyxt
format. There are 4 operators in the signature: f, g, ¢ and 4. We have an action
a and the following rules:
xDy y-Hz
fx)->d

e - 2
g(x)—>d

c—g(f ()
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There is no transition relation which agrees with these rules. In particular, f (c)
can move iff it cannot move.!

9.3. ExaMpLES. Below we list some examples that illustrate the differences
between the formats.

9.3.1. Global closure properties. Rules in tyxt format fit neither De Simone’s for-
mat nor the GSOS format. One could say that zyxt rules, like for instance the 7
rules of Table 2, express certain ‘global closure properties’, a form of opera-
tional behaviour which is in general independent of the particular function
symbol at the head of a term.

9.3.2. Contexts. Often it is very useful to have function symbols in the left
hand side of a premise. However, this is not allowed by the De Simone or
GSOS format. In Section 6.2 we saw that these rules can be used to model
recursion. Also in the system of Table 4 for testing £, formulas, this type of
rules play an important role. In (BAETEN & VAN GLABBEEK, 1987), operators
ex are described that erase all actions from a set K CAct. We can add these
operators to P(BPAj) together with the following rules from (BAETEN & VAN
GLABBEEK, 1987):

a

Xy
) Bely) "N

x5y e(y)-Dz
ex(x)->z

The same type of trick can also be used to describe the ‘atomic version opera-
tor’. This operator was introduced by DE BAKKER & Kok (1988) for giving
semantics to concurrent Prolog. Here we will give our own variant of this
operator, using our own notation. The interested reader who wants to know
how this type of operators can be used to give semantics to concurrent Prolog
is referred to (DE BAKKER & KOK, 1988). Take as starting point the signature
of BPA§. But as labels of transitions we now don’t take elements of Act,/, but
elements of the set of finite sequences over Act,. Write a for the sequence
consisting of the single symbol a eAct ;. With oo’ we denote the concatenation
of the sequences o and o’. The set of rules of the TSS contains the rules of
R(BPAj) (but now the labels should be interpreted as sequences!) and more-

over the following rules:
XDy
[x]—=>y

1. In (GROOTE, 1989), it is investigated in which cases a specification in ‘ntyft/ntyxt’ format is
consistent. A general method, based on the stratification technique in logic programming, is
presented to show consistency of sets of rules. It is shown that various results from this paper ex-
tend smoothly to a setting where rules may contain negative premises.

aek
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xSy 1>z
[x] ao z

The rules express that only successful sequences, i.e. sequences ending on V,
can happen in the scope of an atomic version operator. The rules are in zyft
format. Hence, strong bisimulation is a congruence in this setting.

9.3.3. Lookahead. All operators defined with the De Simone or GSOS format
have a lookahead of at most 1. Hence the following operator, which can be
viewed as the inverse of the split operator of VAN GLABBEEK & VAANDRAGER
(1987), cannot be defined:
+ =
combine (x) —*>combine (z)

Other examples of operators with a lookahead are the ex and the atomic ver-
sion operator as described above. As a last example we mention the abstraction
or hiding operator from ACP, (here I CAct):

xSx’
—_— 1
) Snx) S
xSx’
— 1
T1(x) =7 (x") -

If we add these rules to the system P(BPA(;) as described in Section 6.1, then
we can derive:

(@) =73y (o).

Observe that the rules that contain a function symbol 7; all have a lookahead
of 1 (i.e. the length of the maximal path in the dependency graphs of the rules
is 1). As operators on transition systems the 7; have an unbounded lookahead,
due to the presence of tyxt rules with a lookahead of 2 in P(BPA).

9.3.4. Copying. In contrast to De Simone’s format, the GSOS format and also
our format can describe operators which copy their arguments. The system call
Sfork of UNix (1986) is a typical example of an operation that one would like to
describe using copying. One can think of a rule like:

fork (x) —>parent (x)l|child (x).

Below we present another example where copying occurs naturally. It describes
an operational semantics of the natural numbers which is based on the idea of
counting: the process associated to an integer expression performs as many
actions as the value which is denoted by this expression under the standard
interpretation. We consider the signature containing a constant symbol 0, a
unary function symbol succ and binary function symbols + and X. There is
only one transition label, namely 1. The operational semantics of the operators
is described by the following rules:

suce(x)—x



64 SOS and bisimulation as a congruence

xLx’ e
— X AX —_—
x+y—')x’+y x+y—>x+y’
xSx’ y—léy’

x Xy —%(x’)(y')+(x’+y')
Observe that two expressions denote the same value under the standard
interpretation iff they are bisimilar.

9.3.5. Branching. The ability to copy arguments is not the only difference
between De Simone’s format and the GSOS format. A rule like:

x-25x', xL3x"
fx)-Df ()

fits De Simone’s format but not the GSOS format. In this rule we see a
branching in the dependency graph at node x.

9.3.6. Catalysis. A similar example is obtained if we add to P(BPAj) the fol-
lowing rule which fits the GSOS format:
x-25x, y S5’
Cat (x,y)-*>Cat (x,y")

Here we have a situation, not allowed by De Simone’s format, where a poten-
tial ok-action of the first component makes it possible for the second com-
ponent to proceed. But when it proceeds the first component remains
unchanged. Hence, one can view the first component as a catalyst of the
second component.

9.3.7. Priorities. In (BAETEN, BERGSTRA & KLOP, 1986) an operator is intro-
duced to describe priorities in ACP, whereby some actions have priorities over
others in a non-deterministic choice. The operator turns out to be quite
interesting and has been used in a number of applications. In (BAETEN, BERGS-
TRA & KLOP, 1986) the operator is defined using equations, but if one uses
Plotkin-style rules then it is inevitable to use negative hypotheses.

Consider the GSOS rule system P(BPAj) and assume that the set Act,/ of
labels is finite. Assume furthermore that a partial order > is given on Act
such that V is not in the ordering. Now we can add a unary operator 6 to the
rule system, with for each a€A4 y a rule:

x-Dx', Vb>a : x>
0(x) >6(x")
The rule expresses that in the scope of a f-operator an a action can occur
unless an action with a higher priority is possible. CLEAVELAND & HENNESSY
(1988) describe priorities using fyxt rules with negative hypotheses. Another
example of an operator that is defined using rules with negative premises is the
broadcast operator as described by PNUELI (1985).
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9.4. Completed trace congruences. The differences between the formats
presented thus far can be understood also if we look at the completed trace
congruences which they induce. In Section 8 we saw that the trace congruence
induced by (variants) of the pure tyft/tyxt format coincides with £, formula
equivalence.

The main theorem which De Simone proved about his format is that all opera-
tors defined using his type of inductive rules can also be defined by MEDE-
SCCS ‘architectural’ expressions. Similar results have not yet been proved for
the GSOS or the tyft/tyxt format. Now it is a standard result that the com-
pleted trace congruence induced by languages like MEnE-SCCS, ACP, CSP,
etc., coincides with failure equivalence (=f) (see for instance (BERGSTRA, KLOP
& OLDEROG, 1988)). Hence the completed trace congruence induced by De
Simone’s format is failure equivalence (it is not too difficult to give a direct
proof of this fact).

BLOOM, ISTRAIL & MEYER (1988) characterized the completed trace congruence
induced by their format in terms of the equivalence corresponding to the fol-
lowing set of formulas:

9.4.1. DEFINITION. The set D of denial' (HML) formulas (over a given alphabet
A ={a,b,... }) is given by the following grammar:

o::=T | p/A\¢ | [a]F | <ar¢.

9.4.2. THEOREM (BLOOM, ISTRAIL & MEYER). Let P=(Z,A,R) be a GSOS rule
system such that the associated transition system is image finite. Then:

=Gsos = ~9-

Some additional insight is provided by the following characterization of denial
equivalence which is due to LARSEN & Skou (1988).

9.4.3. DEFINITION. Let @=(S,4,—>) be a LTS. A relation RCSXS is a 2/3-
bisimulation, also called a ready simulation, if it satisfies:

1. whenever s Rt and s 55’ then, for some t’€S, also t >¢’ and s’R ¢/,

2. whenever s R t and t <>¢’ then, for some s’€ S, also s —s’.

Two states s,z €S are 2/3-bisimilar (or ready simulation equivalent) in @ if there
exists a 2/3-bisimulation containing the pair (s,7) and a 2/3-bisimulation con-
taining the pair (t,s).

1. The formulas as defined in (BLOOM, ISTRAIL & MEYER, 1988) were called /imited modal formu-
las and may also contain F and V. However, it is easily proved that this addition does not in-
crease the distinguishing power.
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9.4.4. THEOREM (LARSEN & SKOU). Let @=(S,A,—>) be an image finite LTS.
Then two states are 2/3-bisimilar just in case they satisfy exactly the same denial
formulas.

It is a trivial exercise to show that:
S? C 293 C=f C =cr

The examples of Figures 13, 14 and 15 show that these inclusions are strict.

a a a
b 4 b C

FIGURE 13. Completed trace equivalent but not De Simone congruent

a a a
b b b b
¢ d G d

FIGURE 14. De Simone congruent but not GSOS congruent

9.4.5. Testing denial formulas. The question arises whether all features of the
GSOS format are really needed in order to test denial formulas. In particular it
is interesting to know whether the negative premises add anything to the
discriminating power of the format. Surprisingly, as was first observed by RoB
VAN GLABBEEK (1988), this is not the case: GSOS congruence coincides with
positive GSOS congruence. Below we present a system in positive GSOS for-
mat for testing denial formulas. The system is simpler than the original system
of Rob van Glabbeek. Moreover our system has the advantage of being finite
in case the alphabet of the old system is finite.
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FIGURE 15. GSOS congruent but not pure #yft/tyxt congruent

9.4.6. THEOREM. Suppose we have a TSS Py=(Z¢,A¢,Ro) in GSOS format.
Then there exists a TSS P;=(Z,,A,,R;) in GSOS format with all premises
positive and non-branching, which can be added conservatively to P, such that
completed trace congruence within Poa®P, is included in denial equivalence.
Moreover, if alphabet A is finite, then the components of P are finite too.
PRrROOF. The set A consists of 4, together with 6 new labels:

A=Ay {ok,ko,left,right,[],0 }.

Signature 2; contains a constant §, unary function names a: for each ae4,
and binary function symbols +, ||, Saz, Satj), Sat,, and Sat g, The rules for
8, a: and + are as usual. || is just arbitrary interleaving. The Sat operator tests
whether its second argument satisfies the denial formula which is represented
by its first argument. The rules for the |l-operator and the various Sat-
operators are given in Table 6. In the table, a ranges over 4,. One can check
that P, can be added conservatively to P,.

x A x’ xSx' y-Dy’
Sat(x,y) 1> Sat(x',y) Saty(x,y) *2>8

x—x" x-Hx' y-Hy'
Sat(x,y)—>>Sat ,(x’,y) Sat ,(x,y)-2%>Sat (x",y")

x Ieﬁ;xl x right x’

Sat (x,y) Lefts, Sat " )ISat ign(x,y) Sat ign(x,y) rights, Sar x'.y)

X 95’ y 25y’
xlly =>x'lly xlly S>xly’

TABLE 6. A test system for denial formulas

Denial formulas are encoded using the following rules:
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CT =d
C¢/\¢ — Ieft:C¢ T rlght.‘C,‘,
C[a F= []a :8

Carp=0:a:Cy

CLAIM. Let teT(Zy®Z)) and let ¢ be a denial formula. Then te¢ iff
Sat(Cg,t) has a completed trace with as many ok’s as ¢ has <a)’s, and no ko.
PRrOOF. Rather straightforward induction on the structure of ¢. a

9.4.7. Comparison of testing abilities. The notion of testing which underlies
CCS/CSP/ACP, and hence De Simone’s format, is well-known (see for
instance (DE NicoLA & HENNEssY, 1984) and (BERGSTRA, KLOP & OLDEROG,
1988)): these languages allow one to observe traces, deadlock and to block
actions from a certain moment onwards. This makes it possible to detect
refusals indirectly: one concludes that a certain action can be refused after an
initial trace because deadlock occurs if all the other actions are blocked. The
construction in the proof of Theorem 9.4.6 clearly shows which notion of test-
ing underlies the (positive) GSOS format: the format allows one to observe
traces of processes, to detect refusals and to make copies of processes at every
moment. In the general GSOS format refusals can be observed directly: one
can define a context which performs an ok step if its argument cannot do a
certain action. In the positive GSOS format refusals can also be observed, but
only indirectly. The key feature which distinguishes the positive GSOS format
from the De Simone format is the capacity to make copies of processes at
every moment. Observe that the only rule in Table 6 that does not fit De
Simone’s format is the rule dealing with the left action. In this rule the x and y
are copied. In many situations copying is a natural operation which can be
realised physically by for instance a core dump procedure.

The construction in the proof of Theorem 8.9.1 shows that the additional
testing power needed to bring one from denial equivalence to £, formula
equivalence only consists of the ability to see whether some action is possible
in the future: there should be operations with a lookahead (in fact the proof of
Theorem 8.9.1 shows that a lookahead of 2 is already enough). Using operators
with a lookahead one can investigate all branches of a process for positive
information and one can see whether a certain tree is possible. In particular
one can see whether there exists a branch in which a certain action is present.
In the same way as one can observe in De Simone’s format that a certain
action is refused because deadlock occurs when the other actions are blocked,
one can conclude in the tyft/tyxt format that a tree is refused. The ability to
see in the future of a process can be considered as a weak form of global test-
ing. Global testing is the same as what MILNER (1981) calls controlling the
weather conditions. ABRAMSKY (1987) describes global testing as: ”the ability
to enumerate all (of finitely many) possible ‘operating environments’ at each
stage of the test, so as to guarantee that all nondeterministic branches will be
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pursued by various copies of the subject process”. Because an operator with
lookahead is not capable to see negative information (like the absence of some
action) directly, and because it is also not able to force that all nondeterminis-
tic branches are pursued by some number of copies, lookahead does not give
one the full testing power of global testing. Since global testing is needed in
order to distinguish between processes which are not bisimilar, this explains
why the fully abstract semantics induced by our format is still below bisimula-
tion equivalence. Global testing in the above sense seems very unrealistic as a
testing ability and in direct conflict with the observational viewpoint of con-
current systems. Recently however, LARSEN & Skou (1988) have pointed out
that if one assumes that every transition in a transition system has a certain
minimum probability of being taken, an observer can - due to the probabilistic
nature of transitions - with arbitrary high degree of confidence, assume that all
transitions have been examined, simply by repeating an experiment many
times (using the copying facility). This idea gives some plausibility to the
notion of global testing. In fact LARSEN & Skou (1988) deviced some testing
algorithms which allow them, with a probability arbitrary close to 1, to distin-
guish between processes that are not bisimilar.

Unless one believes in fortune telling as a technique which has some practi-
cal relevance for computer science, lookahead as a testing notion is not very
realistic. Still, this lookahead pops up naturally if one looks at the maximal
format of rules for which bisimulation is a congruence and we showed that
rules with a lookahead are often useful. Therefore we think that, just like
bisimulation equivalence, £, formula equivalence is an interesting equivalence
that is worth studying, even though it does not correspond to a very natural
notion of testing.

9.4.8. Finiteness and decidability. In their paper ‘Bisimulation can’t be traced’,
BLoOM, ISTRAIL & MEYER (1988) argue that bisimulation equivalence cannot be
reduced to completed trace congruence with respect to any reasonably struc-
tured system of process constructing operations. They present the GSOS for-
mat, which they believe to be the most general format leading to reasonably
structured systems, and then show that the congruence induced by this format
is denial formula equivalence. Although the pure tyft/tyxt format cannot trace
bisimulation equivalence, it can trace more of it than the GSOS format. This
implies that not all pure #yft/tyxt rules are structured according to the
definition of BLOOM, ISTRAIL & MEYER (1988). And indeed what’s wrong in
their opinion with our rules is that they might lead to transition systems with a
transition relation which is infinitely branching or not computable. The various
finiteness constraints which are present in the definition of the GSOS format in
(BLooM, ISTRAIL & MEYER, 1988), are motivated by the requirement that the
transition relation should be computably finitely branching. We think that,
although it is certainly important to have finiteness and decidability, it is much
too strong to call any TSS leading to a transition relation which does not have
these properties ‘not reasonably structured’ (this is what BLOOM, MEYER &
ISTRAIL (1988) seem to do). Since our format gives us the expressiveness to
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describe the invisible nature of 7 (see Section 6.1) it is to be expected that, in
general, we also have the infinite branching and undecidability of the models
of CCS/ACP, based on observational congruence. If one disqualifies infinitary
and undecidable TSS’s right from the start, then one misses a large number of
interesting applications. Of course the question what type of TSS’s do lead to
computably finitely branching transition systems is a very interesting one. It
seems that if one generalises the positive GSOS format in the direction of the
tyft/tyxt format, infinite branching arises quite soon. The following example
for instance, which is due to Bard Bloom, illustrates that function symbols in
the premises are ‘dangerous’.

FIGURE 15

In the example we have prefixing and & as usual and moreover a constant w
with rules:

w'%x

w%l:x
The part of the transition system which is displayed in Figure 15 shows that w
has an infinite number of outgoing transitions. Another example illustrating
the same point is obtained by adding recursion to P(BPA$) in the style of Sec-
tion 6.2 with the ‘unguarded’ recursive definition X<Xa +a. It is easy to give
examples of zyxt rules or tree rules which lead to infinite branching or undeci-
dability. It is an open question to find a format in between positive GSOS and
tyft/tyxt which always leads to computably finitely branching transition rela-
tions.
In our view one reason why rules with a lookahead are important is that they
make it possible to have different levels of granularity of actions and to
express that an action at one level can be composed of several smaller actions
at a lower level. The system of Table 6 for testing denial equivalence is an

w8



9. Comparison with other formats Al

excellent example of a situation where the GSOS format forces one to do in
two steps what one would like to do in only one.
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In recent years a wide variety of process algebras has been proposed in the
literature. Often these process algebras are closely related: they can be viewed
as homomorphic images, submodels or restrictions of each other. The aim of
this paper is to show how the semantical reality, consisting of a large number
of closely related process algebras, can be reflected, and even used, on the
level of algebraic specifications and in process verifications. This is done by
means of the notion of a module. The simplest modules are building blocks of
operators and axioms, each block describing a feature of concurrency in a cer-
tain semantical setting. These modules can then be combined by means of a
union operator +, an export operator OJ, allowing to forget some operators in
a module, an operator H, changing semantics by taking homomorphic images,
and an operator S which takes subalgebras. These operators enable us to
combine modules in a subtle way, when the direct combination would be
inconsistent. We show how auxiliary process algebra operators can be hidden
when this is needed. Moreover it is demonstrated how new process combina-
tors can be defined in terms of the more elementary ones in a clean way.

Key Words & Phrases: process algebra, concurrency, modular algebraic
specifications, export operator, union of modules, homomorphism operator,
subalgebra operator, chaining operator.

Note. This paper is essentially the same as [14], except that Sections 4 (on
queues) and 5 (on the CABP protocol) have been left out.

INTRODUCTION

During the last decade, a lot of research has been done on process algebra: the
branch of theoretical computer science concerned with the modelling of con-
current systems as elements of an algebra. Besides the Calculus of Communi-
cating Systems (CCS) of MILNER [18, 19], several related formalisms have been
developed, such as the theory of Communicating Sequential Processes (CSP) of
HOARE [16], the MEDE calculus of AUSTRY & BouDoOL [1] and the Algebra of
Communicating Processes (ACP) of BERGSTRA & KvroP [8-10].

When work on process algebra started, many people hoped that it would be
possible to come up, eventually, with the ‘ultimate’ process algebra, leading to
a ‘Church thesis’ for concurrent computation. This process algebra, one ima-
gined, should contain only a few fundamental operators and it should be
suited to model all concurrent computational processes. Moreover there should
be a calculus for this model making it possible to prove the identity of
processes algebraically, thus proving correctness of implementations with
respect to specifications. As far as we know, the ultimate process algebra has
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not yet been found, but we will not exclude that it will be discovered in the
near future.

Two things however, have become clear in the meantime: (1) it is doubtful
whether algebraic system verification, as envisaged in [18], will be possible in
this model, and (2) even if the ultimate process algebra exists, this certainly
does not mean that all other process algebras are no longer interesting. We ela-
borate on this below.

A central idea in process algebra is that two processes which cannot be dis-
tinguished by observation should preferably be identified: the process seman-
tics should be fully abstract with respect to some notion of testing (see
[12,18]). This means that the choice of a suitable process algebra may depend
on the tools an environment has to distinguish between certain processes. In
different applications the tools of the environment may be different, and there-
fore different applications may require different process algebras. A large
number of process semantics are not fully abstract with respect to any (reason-
able) notion of testing (bisimulation semantics and partial order semantics, for
instance). Still these semantics can be very interesting because they have simple
definitions or correspond to some strong operational intuition. Our hypotheti-
cal ultimate process algebra will make very few identifications, because it
should be resistant against all forms of testing. Therefore not many algebraic
laws will be valid in this model and algebraic system verification will presum-
ably not be possible (specification and implementation correspond to different
processes in the model).

Another factor which plays a role has to do with the operators of process
algebras. For theoretical purposes it is in general desirable to work with a sin-
gle, small set of fundamental operators. We doubt however that a unique
optimal and minimal collection exists. What is optimal depends on the type of
results one likes to prove. This becomes even more clear if we look towards
practical applications. Some operators in process algebra can be used for a
wide range of applications, but we agree with JIFENG & HOARE [17] that we
may have to accept that each application will require derivation of specialised
laws (and operators) to control its complexity.

Many people are embarrassed by the multitude of process algebras occurring
in the literature. They should be aware of the fact that there are close rela-
tionships between the various process algebras: often one process algebra can
be viewed as a homomorphic image, subalgebra or restriction of another one.
The aim of this paper is to show how the semantical reality, consisting of a
large number of closely related process algebras, can be reflected, and even
used, on the level of algebraic specifications and in process verifications.

This paper is about process algebras, their mutual relationships, and stra-
tegies to prove that a formula is valid in a process algebra. Still, we do not
present any particular process algebra in this paper. We only define classes of
models of process modules. One reason for doing this is that a detailed
description of particular process algebras would make this paper too long.
Another reason is that there is often no clear argument for selecting a particu-
lar process algebra. In such situations we are interested in assertions saying
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that a formula is valid in all algebras satisfying a certain theory. A number of
times we need results stating that some formulas cannot be proven from a cer-
tain module. A standard way to prove this is to give a model of the module
where the formulas are not true. For this reason we will often refer to particu-
lar process algebras which have been described elsewhere in the literature.

The discussion of this paper takes place in the setting of ACP. We think
however that the results can be carried over to CCS, CSP, MEDE, or any other
process algebra formalism.

Modularisation.

The creation of an algebraic framework suitable to deal with realistic applica-

tions, gives rise to the construction of building blocks, or modules, of operators

and axioms, each block describing a feature of concurrency in a certain

semantical setting. These modules can then be combined by means of a

module combinator +. We give some examples:

i) A kernel module, that expresses some basic features of concurrent
processes, is the module ACP. For a lot of applications however, ACP
does not provide enough operators. Often the use of renaming operators
makes specifications shorter and more comprehensible. These renaming
operators can be defined in a separate module RN. Now the module
ACP+RN combines the specification and verification power of modules
ACP and RN.

i) The axioms of module ACP correspond to the semantical notion of
bisimulation. For some applications bisimulation semantics does not
make enough identifications. In these cases one would like to deal with
processes on the level of, for example, failure semantics. Now one can
define a module F, corresponding to the identifications made in failure
semantics on top of the identifications of bisimulation semantics. The
module ACP+F then corresponds to the failure model.

Once a number of modules have been defined, they can be combined in a lot

of ways. Some combinations are interesting (for example the module

ACP+RN+F), for other combinations no interesting applications exist (the

module RN +F). Didactical aspects aside, a major advantage of the modular

approach is that results which have been proved from a module M, can also be
proved from a module M+N. This means that process verifications become
reusable.

It turns out that certain pairs of modules are incompatible in a very strong
sense: with the combination of two modules strange and counter-intuitive
identities can be derived. In BAETEN, BERGSTRA & KLoP [4], for example, it is
shown that the combination of failure semantics and the priority operator is
inconsistent in the sense that an identity can be derived which says that a par-
ticular process that can do a b-action after it has done an g-action, equals a
process that cannot do this. Another example can be found in BERGSTRA,
KrLoP & OLDEROG [11], where it is pointed out that the combination of failure
semantics and Koomen’s Fair Abstraction Rule (KFAR) is inconsistent.

In the first section of this paper we present, besides the combinator +, some
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other operators on modules. We discuss an export operator [, allowing to
forget some operators in a module, an operator H, changing semantics by tak-
ing homomorphic images, and an operator S which takes subalgebras. These
operators enable us to combine modules in a subtle way, when the direct com-
bination would be inconsistent. In Section 2 we describe a large number of
process modules which play a role in the ACP framework. Section 3 contains
two examples of applications of the new module operators in process algebra:

1. The axiom system ACP contains auxiliary operators [ and | (left-merge
and communication-merge) which drastically simplify computations and
have some desirable ‘metamathematical’ consequences (finite axiomatisa-
bility'; greater suitability for term rewriting analysis). These auxiliary
operators can be defined in a large class of process algebras. However, it
turns out that in a setting with the silent step 7 the left-merge cannot be
added consistently to all algebras (for instance not to the usual variants of
failure semantics). Now one may think that this result means that some-
one who is doing failure semantics with 7’s cannot profit from the nice
properties of the left-merge. However, we will show in this paper that use
of the module approach makes it possible to do failure semantics with 7’s
but still benefit from the left-merge in verifications. The idea is that
verifications take place on two levels: the level of bisimulation semantics
where the left-merge can be used, and a level of for instance failure
semantics, where no left-merge is present. The failure model can be
obtained from the bisimulation model by removing the auxiliary operators
and taking a homomorphic image. Now we use the observation that cer-
tain formulas (the °‘positive’ ones without auxiliary operators) are
preserved under this procedure. A consequence of this application is that
even if bisimulation semantics is not considered to be an appropriate pro-
cess semantics (since it is not fully abstract with respect to any reasonable
notion of testing), it still can be useful as an expedient for proving formu-
las in failure semantics.

2. As already pointed out above, one would like to have, from a theoretical
point of view, as few operators or combinators as possible. On the other
hand, when dealing with applications, it is often very rewarding to intro-
duce new operators. This paradox can be resolved if the new operators
are definable in terms of the more elementary ones. In that case the new
operators can be considered as notations which are useful, but do not
complicate the underlying theory. A problem with defining operators in
terms of other operators is that often auxiliary atomic actions are needed
in the definition. These auxiliary actions can then not be used in any
other place, because that would disturb the intended semantics of the
operator. In the laws that can be derived for the defined operator, the
auxiliary actions occur prominently. These ‘side effects’ are often quite

1. Recently, FARON MOLLER [20] from Edinburgh showed that in bisimulation semantics the
merge operator cannot be finitely axiomatised without auxiliary operators.
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unpleasant. One may think that side effects are unavoidable and that
someone who really does not like them should define new operators
directly in the algebras (even though this is in conflict with the desire to
have as few operators as possible). However, we will show that the
module approach can be used to solve also this problem: with the restric-
tion operator we remove the auxiliary actions from the signature and then
we apply the subalgebra operator in order to ‘move’ to algebras where the
auxiliary actions are not present at all.
The concept of hiding auxiliary operators in a module in some formal way is
quite familiar in the literature (see BERGSTRA, HEERING & KLINT [7] for exam-
ple), but the use of module operators H and S, and their application in com-
bining modules that would be incompatible otherwise, is, as far as we know,
new. The H and S operations are in spirit related to the abstract operation of
SANNELLA & WIRSING [25] and SANNELLA & TARLECKI [24], which also
extends the model class of a module.

In previous papers on ACP, the underlying logic used in process
verifications was not made explicit. The reason for this was that a long
definition of the logic would distract the reader’s attention from the more
essential parts of the paper. It was felt that filling in the details of the logic
would not be too difficult and that moreover different options were equivalent.
In this paper we generalise the classical notion of a formal proof of a formula
from a theory to the notion of a formal proof of a formula from a module.
The definition of this last notion is parametrised by the underlying logic. What
is provable from a module really depends on the logic that is used, and this
makes it necessary to consider in more detail the issue of logics. In an appen-
dix we present three alternatives: (1) Equational logic. This logic is suited for
dealing with finite processes, but not strong enough for handling infinite
processes; (2) Infinitary conditional equational logic. This is the logic used in
most process verifications in the ACP framework until now; (3) First order
logic with equality.

Our investigations into the precise nature of the calculi used in process alge-
bra, led us to alternative formulations of some of the proof principles in ACP
which fit better in our formal setup. We present a reformulation of the Recur-
sive Specification Principle (RSP) and also an alphabet operator which returns
a process instead of a set of actions.

1. MODULE LOGIC

In this paper, as in many other papers about process algebra, we use formal
calculi to prove statements about concurrent systems. In this section we answer
the following questions:

- Which kind of calculi do we use?

- What do we understand by a proof?

In the next sections we will apply this general setup to the setting of con-
current systems.
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1.1. Statements about concurrent systems. In many theories of concurrency it is
common practice to represent processes - the behaviours of concurrent systems
- as elements in an algebra. This is a mathematical domain, on which some
operators and predicates are defined. Algebras, which are suitable for the
representation of processes are called process algebras. Thus a statement about
the behaviour of concurrent systems can be regarded as a statement about the
elements of a certain process algebra. Such a statement can be represented by
a formula in a suitable language which is interpreted in this process algebra.
Sometimes we consider several process algebras at the same time and want to
formulate a statement about concurrent processes without choosing one of
these algebras. In this case we represent the statement by a formula in a suit-
able language which has an interpretation in all these process algebras. Hence
we are interested in assertions of the form: ‘Formula ¢ holds in the process
algebra @, notation @ k ¢, or ‘Formula ¢ holds in the class of process algebras
@, notation Ck ¢. Now we can formulate the goal that is pursued in the
present section: to propose a method for proving assertions € k ¢, or Ck ¢.

1.2. Proving formulas from theories. Classical logic gave us the notion of a for-
mal proof of a formula ¢ from a theory 7. Here a theory is a set of formulas.
We write T + ¢ if such a proof exists. The use of this notion is revealed by the
following soundness theorem: If T + ¢ then ¢ holds in all algebras satisfying T.
Here an algebra @ satisfies 7, notation & T, if all formulas of 7" hold in this
algebra. Thus if we want to prove & ¢ ¢ it suffices to prove T + ¢ and @ ¢ T for
a suitable theory T. Likewise, if we want to prove C k ¢, with C a class of alge-
bras, it suffices to prove T + ¢ and Ck T.

At first sight the method of proving @ £ ¢ by means of a formal proof of ¢
out of T seems very inefficient. Instead of verifying @ k ¢, one has to verify
@ k ¢ for all €T, and moreover the formal proof has to be constructed. How-
ever, there are two circumstances in which this method is efficient, and in most
applications both of them apply. First of all it might be the case that ¢ is more
complicated than the formulas of 7" and that a direct verification of @ ¢ is
much more work than the formal proof and all verifications @k ¢ together.
Secondly, it might occur that a single theory T with @k T is used to prove
many formulas ¢, so that many verifications € k ¢ are balanced against many
formal proofs of ¢ out of T and a single set of verifications @ k y. Especially
when constructing formal proofs is considered easier then making verifications
@ k ¢, this reusability argument is very powerful. It also indicates that for a
given algebra @ we want to find a theory T from which most interesting formu-
las ¢ with @ F ¢ can be proved.

Often there are reasons for representing processes in an algebra that satisfies
a particular theory 7, but there is no clear argument for selecting one of these
algebras. In this situation we are interested in assertions Ck ¢ with C the class
of all algebras satisfying 7. Of course assertions of this type can be con-
veniently proved by means of a formal proof of ¢ from T.
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1.3. Proving formulas from modules. In process algebra we often want to
modify the process algebra currently used to represent processes. Such a
modification might be as simple as the addition of another operator, needed
for the proper modelling of yet another feature of concurrency, but it can also
be a more involved modification, such as factoring out a congruence, in order
to identify processes that should not be distinguished in a certain application.
It is our explicit concern to organise proofs of statements about concurrent
systems in such a way that, whenever possible, our results carry over to
modifications of the process algebra for which they were proved.

Now suppose @ is a process algebra satisfying the theory T and a statement
& ¢ has been proved by means of a formal proof of ¢ out of 7. Furthermore
suppose that $ is obtained from @ by factoring out a congruence relation on @
(so B is a homomorphic image of &) and for a certain application % is con-
sidered to be a more suitable model of concurrency than @ Then in general
% k ¢ cannot be concluded, but if ¢ belongs to a certain class of formulas (the
positive ones) it can. So if ¢ is positive we can use the following theorem: ‘If
@k T, T+ ¢, ¢ is positive, and B is a homomorphic image of @ then % k ¢’.
This saves us the trouble of finding another theory U, verifying that ® ¢ U and
proving U + ¢ for many formulas ¢ that have been proved from T already.
Another way of formulating the same idea is to introduce a module H(T). We
postulate that one may derive ‘H(T) + ¢’ from ‘T + ¢’ and ‘¢ is positive’, and
H(T) + ¢ implies that ¢ holds in all homomorphic images of algebras satisfy-
ing T.

Thus we propose a generalisation of the notion of a formal proof. Instead of
theories we use the more general notion of modules. Like a theory a module
characterises a class C of algebras, but besides the class of all algebras satisfy-
ing a given set of formulas, € can for instance also be the class of
homomorphic images or subalgebras of a class of algebras specified earlier.
Now a proof in the framework of module algebra is a sequence or tree of
assertions M + ¢ such that in each step either the formula ¢ is manipulated, as
in classical proofs, or the module M is manipulated. Of course we will estab-
lish a soundness theorem as before, and then an assertion & F ¢ can be proved
by means of a module M with @ F M and a formal proof of ¢ out of M. We
will now turn to the formal definitions.

1.4. Signatures. Let NAMES be a given set of names.

A sort declaration is an expression S:S with S € NAMEs.

A function declaration is an expression F:f :S,X - -+ X§,—S with f,5,,...,S,,
S € NAMEs.

A predicate declaration is an expression R:p CS;X - -- XS, with p,§,,...,S, €
NAMES.

A signature o is a set of sort, function and predicate declarations, satisfying:

F:f:8, X -+ XS§,>S8)eo = (S:5)eo (i=1,..,n) N\ (S:S)eo
RpCS X -+ XS,)eo = (S:S))eo (i=1,..,n)
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A function declaration F:f:—S of arity 0 is sometimes called a constant
declaration and written as F:f€S.

1.5. o-Algebras. Let o be a signature. A o-algebra @ is a function on o that
maps
(S:S)eo to a set S¢,
(F:f:S;X - - XS,—S)€o0 to a function f§ » ... x5 _s:ST X - - - XS§—>S¢,
(R:pCS X --- XS,)€0 to a predicate p§ x ... x5, CSTX -+ XSh
Let @ and B be o-algebras. B is a subalgebra of @ if S® CS? for all (S:S)eo,
if moreover ﬁlx ... xs,—»s Trestricted to P oo« X80 8% s just
f2x .. xs,s for all Fif :8 X - -+ XS,—>S in 0, and if p§ x ... x5, restricted
toSP X --- X853 isjustp?‘x ...xs, forallR:;pCS,; X - -+ XS, ine.
A homomorphism h:@—% consists of mappings hs:S®—>S® for all S:S in o,
such that
hs(fg‘lx coo XSS 1ssXn)) = fRxc.. xS,-8(hs,(x1)s-...hs,(xp))
for all (F:f:S;X -+ XS,—S)eo and all x%,€8%i=1,..,n)
P%.X i XS.(xla"-’xn) < P?,X a8 XS,(hS.(xl)a"-’hS_(xn))
for all R;p CS X - - - XS,)€0 and all x;eSi=1,...,n)
B is a homomorphic image of @ if there exists a surjective homomorphism
h:@—%.
Let @ be a o-algebra. The restriction p(J@ of @ to the signature p is the pNo-
algebra 9, defined by
S® = ¢ for all (S:S)epno
o x5.58 = fEx - xs,-s for all (F:f:8;X - -+ XS,-»S)epNo
P?Ix XS_ = pg‘lx xs. for a].l (R:P gsl X e XS,,)Epﬂo

1.6. Logics. A logic £ is a complex of prescriptions, defining for any signature

o

- aset F of formulas over o such that Ft ﬂFE =3 -

- a binary relation k5 on o-algebrasX F5 such that for all p-algebras @ and
¢eFsn,: 00@H, ¢ & QK5 9

- and a set It of inference rules — with H CF: and ¢F5.

If @5 ¢ we say that the o-algebra @ satisfies the formula ¢, or that ¢ holds in
&@. A theory over o is a set of formulas over 0. If T is a theory over o and
@¢L ¢ for all peT we say that @ satisfies 7, notation @ k5 7. We also say that
@ is a model of T.
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A logic £ is sound if %e]f; implies @ k5 H = @ ¢ for any o-algebra @.

A formula ¢ F% is preserved under subalgebras if @ S implies B k5 ¢, for any
subalgebra 3 of &.

A formula ¢ F is preserved under homomorphisms if @ eS¢ implies % kL ¢, for
any homomorphic image 8 of @.

Without doubt, the definition of a ‘logic’ as presented above is too general for
most applications. However, it is suited for our purposes and anyone can sub-
stitute his/her favourite (and more restricted) definition whenever he/she likes.

In the process algebra verifications of this paper we will use infinitary condi-
tional equational logic. The definition of this logic can be found in the appen-
dix. For comparison, the definitions of equational logic and first order logic
with equality are included too.

1.7. Classical logic.
DERIVABILITY. A o-proof of a formula ¢€F5 from a theory T CF5 using the
logic £, is a well-founded, upwardly branching tree of which the nodes are
labelled by o-formulas, such that
- the root is labelled by ¢
and if ¢ is the label of a node ¢ and H is the set of labels of the nodes
directly above g then
- either yeT and H= @,

= or —IieIE.

If a o-proof of ¢ from T using £ exists, we say that ¢ is o-provable from T by
means of £, notation T +5 ¢.

TRUTH. Let C be a class of o-algebras and ¢eFS. Then ¢ is said to be true in
@, notation C kS ¢, if ¢ holds in all o-algebras @eC. Let Alg(o,T) be the class
of all o-algebras satisfying 7.

SOUNDNESS THEOREM. If £ is sound then T v5 ¢ implies Alg(a,T) £S5 ¢.
PRrOOF. Straightforward with induction. O

If no confusion is likely to result, the sub- and superscripts of F and + may be
dropped without further warning.

1.8. Module logic. The set 9N of modules is defined inductively as follows:
- If ois a signature and T a theory over o, then (o,7)€N,

- If M and N €91 then M + N €91,

- If o is a signature and M €9 then oM €91,

- If Me9n then H(M)en,

- If Me9N then S(M)eM.

Here + is the composition operator, allowing to organise specifications in a
modular way, and [J is the export operator, restricting the visible signature of
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a module, thereby hiding auxiliary items. These operators occur in some form
or other frequently in the literature on software engineering. Our notation is
taken from BERGSTRA, HEERING & KLINT [7] in which also additional refer-
ences can be found. The homomorphism operator H and the subalgebra opera-
tor S are, as far as we know, new in the context of algebraic specifications. Of
course they are well known in model theory, see for instance MONK [21].

The visible signature Z(M) of a module M is defined inductively by:
- 2(0,T) = o,

- 3(M+N) = S(M)UZN),

S(cOM) = ocNZ(M),

2(H(M)) = 2(M),

2(S(M)) = Z(M).

TRUTH. The class Alg(M) of models of a module M is defined inductively by:

- Qis amodel of (a,7) if it is a o-algebra, satisfying T;

- @is amodel of M +N if it is a Z(M + N)-algebra, such that Z(M)OR is a
model of M and Z(N)OR is a model of N;

- @is a model of o[0M if it is the restriction of a model B of M to the sig-
nature o;

- @is a model of H(M) if it is a homomorphic image of a model B of M;
@ is a model of S (M) if it is a subalgebra of a model B of M.

Note that Alg(M) is a generalisation of Alg(o,T) as defined earlier. All the ele-

ments of Alg(M) are Z(M )-a.lgebras A Z(M)-algebra @eAdlg(M) is sa1d to

satisfy M A formula ¢eF§ y, is satisfied by a module M, notation M ¢ ¢, if

Alg(M) '=>:(M) ¢, thus if ¢ holds in all Z(M)-algebras satisfying M.

DERIVABILITY. A proof of a formula ¢ € F§y, from a module M using the logic
£, is a well-founded, upwardly branching tree of which the nodes are labelled
by assertions N + {, such that

the root is labelled by M + ¢

if N + ¢ is the label of a node g and H is the set of labels of the nodes

is one of the inference rules of Table 1.

. H
directly above ¢ then Nt

Here positive and universal are syntactic criteria, to be defined for each logic £
separately, ensuring that a formula is preserved under homomorphisms and

subalgebras respectively. We write N + ¢ for Nﬂ; v and omit braces in the

conditions of inference rules. If a proof of ¢ from M using £ exists, we say
that ¢ is provable from M by means of £, notation M +* ¢.

LEMMA. If M +* ¢ then ¢GF§(M).
ProoF. With induction. The only nontrivial cases are the rules for + and [J.
These follow from F§ CF5,, and F5 NFS5 CF5n, respectively. O

SOUNDNESS THEOREM. If £ is sound then M +* ¢ implies M ¥* ¢.
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(0,T)+ ¢ if peT
Mo, (jeJ) ¢ (jeJ)
—n =
e whenever —L¢—EI§(M)
Mo Nto
M+N+ o M+N+ o
Mt o :
oM+ ¢ if $eF;
Mtr o o »
HOM) o if ¢ is positive
Mt o i@y .
SM)r ¢ if ¢ is universal
TABLE 1

ProoOF. With induction. Again the only nontrivial cases are the rules for +
and 0. These follow since for all p-algebras @ and ¢€F5n,: 0@k ¢ =
@k ¢ and s00RF ¢ < &F ¢ respectively. O

2. PROCESS ALGEBRA

This is not an introductory paper on process algebra. We only give a listing of
some important process modules. For an introduction to the ACP formalism
we refer the reader to [8-10].

2.1. ACP,. In this paper a central role will be played by the module ACP,,
the Algebra of Communicating Processes with abstraction. A first parameter of
ACP, is a finite set A of actions. For each action a €A there is a constant a in
the language, representing the process, starting with an g-action and terminat-
ing (successfully) after some time.

The first two composition operations we consider are -, denoting sequential
composition, and + for alternative composition. If x and y are two processes,
then x-y is the process that starts execution of y after successful completion of
x, and x +y is the process that either behaves like x or like y. We do not
specify whether the choice between x and y is made by the process itsself, or
by the environment.

We have a special constant §, denoting deadlock, inaction, a process that
cannot do anything at all. In particular § does not terminate succesfully. We
write A3 =A4 U {8}.

Next we have a parallel composition operator ||. x|y denotes the process
corresponding to the parallel execution of x and y. Execution of x|ly either
starts with a step from x, or with a step from y, or with a synchronisation of an
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action from x and an action from y. Synchronisation of actions is described
by the second parameter of ACP,, which is is a binary communication func-
tion y:A3XAz;—>A; that is commutative, associative and has § as zero ele-
ment:

Y(a,b) = y(b,a) y(a,Y(b,c)) = v(v(a,b),c) Y(a,8) =8

If y(a,b)=c50 this means that actions a and b can synchronise. The synchro-
nous performance of a and b is then regarded as a performance of the com-
munication action ¢. Formally we should add the parameters to the name of a
module: ACP,(4,y). However, in order to keep notation simple, we will always
omit the parameters if this can be done without causing confusion. In order to
axiomatise the ||-operator we use two auxiliary operators || (left-merge) and |
(communication merge). x|y is x|y, but with the restriction that the first step
comes from x, and x|y is x|ly but with a synchronisation action as the first
step.

Next we have for each H CA an encapsulation operator dy. The operator
0y blocks actions from H. The operator is used to encapsulate a process, i.e. to
block synchronisation with the environment.

When describing concurrent systems and reasoning about their behaviour, it
is often useful to have a distinguished action that cannot synchronise with any
other action. Such an action is denoted by the constant 7¢A4 ;. The fact that 7
cannot synchronise makes that in some sense this action is not observable.
Therefore it is often called the silent action. For each I CA the language con-
tains an abstraction or hiding operator 7;. This operator hides actions in I by
renaming them into 7, thus expressing that certain actions in a system
behaviour cannot be observed.

In Table 2 we summarize the signature of module ACP,.

S (sort): P the set of processes
F (functions): +: PXP—P alternative composition (sum)
% PXP—-P sequential composition (product)
II: PXP—P parallel composition (merge)
L: PXP—P left-merge
| PXP—P communication-merge

dy: PP encapsulation, for any H CA
T PP abstraction, for any 7 CA
a epP for any atomic action a A
é eP inaction, deadlock
T epP silent action

TABLE 2

Table 3 contains the theory of the module ACP,. In this paper we present
ACP, as a monolithic module. In [10] however, it is shown that ACP, can be
viewed as the sum of a large number of sub-modules which are interesting in
their own right. The module consisting of axioms Al-5 only is called BPA
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x+ty =y+x Al xXT =X T1
x+@y+z) = (x+y)tz A2 ™>+x = 1x T2
x+x =x A3 a(tx +y) = a(tx +y)+ax T3
(x+y)z = xz+yz A4
xy)z = x(yz) A5
x+6 =x A6
éx = 8 A7
alb = y(a,b) CF
xlly = xlly +ylLx+xly CMI
all x = ax CM2 | 7llx = mx T™1
(ax)lLy = a(xlly) CM3 | (mx)lLy = m(xlly) T™M2
x+y)lz = xlLz+ylz CM4 | 7|x =6 TC1
(ax)|b = (alb)x CMS | x|t =8 TC2
al(bx) = (alb)x CM6 | (x)ly = x|y TC3
(ax)|(by) = (alb)xlly) CM7 | xl(try) = xly TC4
x+t)z =xlz+ylz CM8
x|y +z) = xly+xlz CM9
oy(r) =7 DT
() =7 TI1
dy(a) = a ifaeH D1 7i(a) =a ifael TI2
dy(a) = 8 ifaeH D2 Ti(a) =7 ifael TI3
dy(x +y) = dy(x)+ay(y) D3 Ti(x +y) = 7(x)+7(y) TI4
Ax(xy) = Ip(x)du(y) D4 Ti(xy) = TH(x)T(y) TI5
TABLE 3

(from Basic Process Algebra). If we add axioms A6-7 we obtain BPA;, and
BPA; plus axioms T1-3 gives BPA,;. The module ACP consists of the axioms
Al-7, CF, CMI1-9 and DI1-4, i.e. the left column of Table 3. All axioms in
Table 3 are in fact axiom schemes in a, b, H and I. Here a and b range over
A s (unless further restrictions are made in the table) and H,7 CA. In a product
x -y we will often omit the -. We take - to be more binding than other opera-
tions and + to be less binding than other operations. In case we are dealing
with an associative operator, we also leave out parentheses.

2.1.1. Note. Let n>0. Let D = (d,,...,d,} be a finite set. Let #;,...,¢; be
process expressions. We use the notation )¢, for the sum z;, + - -+ + 4.

deD
> t; = & by definition.
deo
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2.1.2. Summand inclusion. In process verifications the summand inclusion
predicate C turns out to be a useful notation. It is defined by: xCy <
x+y=y. From the ACP,-axioms Al, A2 and A3 respectively it follows that
C is antisymmetrical, transitive and reflexive, and hence a partial order.

2.1.3. ProposITION. ACP, + mxlly = n(xlly).
PROOF. 7x|ly D x|y = r(xlly) = =Ly = x|y = w(wxlly) D =xlly.
Now use the fact that C is a partial order. a

2.1.4. Monotony. Most of the operators of ACP, are monotonous with respect
to the summand inclusion ordering. Using essentially the distributivity of the
operators over +, one can show that if x Cy, ACP, proves:

= X TZCyTsz,

-~ xzCyz,

- xllzoyl 2

- x|zCylz,

- 3u(x)CIA(),

- 1(x)Cry).

Due to branching time, in general z-xZ z'y, xllz yllz and z|l xZ z|ly.
However, we do have monotony of the merge for the case were x is of the
form 7x’. If 7x’Cy, then ACP, + 7x’|lz Cy|lz:

213
™'z = m(x’llz) = =x’|L.zCyllLzCyllz.

2.2. Standard Concurrency. Often one adds to ACP, the following module SC
of Standard Concurrency (@ €A4;), which is parametrised by 4. A proof that
these axioms hold for all closed recursion-free terms can be found in [9].

SC | (xly)lLz =xlL(llz)  SCI1
(xlay)lLz =xl(aylLz) SC2
x|ly=ylx SC3
xlly =yllx SC4
x|l(ylz)=(xly)lz SCs5
xllpliz) = (xlly)llz SCé

TABLE 4

2.3. Renamings. Let A,s = AsU{7}. For every function f:A4,5—A .5 with the
property that f(8)=8 and f(r)=7, we introduce an operator p;:P—P.
Axioms for p, are given in Table 5 (Here aeA,; and id is the identity).
Module RN is parametrised by 4.
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RN | pda) = f(a) RN1
pfx +y) = pAx)+pAy) RN2
pAxy) = pAx)PAy) RN3
pia(x) = x RN4

PPpg(X) = prog(x) RNS5

TABLE 5

For teA s and H CA we define mappings r,  : A ,5—A 5 as follows:
t faeH
i@ = 14 otherwise

In the following we will implicitly identify the operators 3y and p,,,, and also
the operators 7; and p, : encapsulation is just renaming of actions into §, and
abstraction is renaming of actions into the silent step .

2.4. Chaining operators. A basic situation we will encounter is one in which
processes input and output values in a domain D. Often we want to ‘chain’
two processes in such a way that the output of the first one becomes the input
of the second. In order to describe this, we define chaining operators =>> and
>. In the process x>y the output of process x serves as input of process y.
Operator > is identical to operator =, but hides in addition the communi-
cations that take place at the internal communication port. The reason for
introducing two operators is a technical one: the operator > (in which we are
interested most) often leads to the possibility of an infinite sequence of internal
actions corresponding to hidden synchronisations between the two arguments
of the operator (a form of unguarded recursion, cf. Sections 2.8.1 and 2.12.1).
In order to deal with such behaviours, it is useful to view > as the composi-
tion of two operators: the > operator and an abstraction operator that hides
the communications of >>. We will define the chaining operators in terms of
the operators of ACP, +RN. In this way we obtain a simple, finite axiomati-
sation of the operators. The operator > occurs (in a different notation)
already in HOARE [15] and MILNER [18].

Let for deD, |d be the action of reading d, and 1d be the action of sending
d. Furthermore let ch (D) be the following set:

ch(D) = {1d,|d,s(d),r(d),c(d)|deD).

Here r(d), s(d) and c(d) (d€D) are auxiliary actions which play a role in the
definition of the chaining operators. The module for the chaining operators is
parametrised by an action alphabet 4 satisfying ch (D) CA. The module should
occur in a context with a module ACP,(4, y) where

range(y)N{ld,1d,s(d),r(d)|deD} = @
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and communication on ch (D) is defined by

Y(s(d),r(d)) = c(d)
(all other communications give §). The renaming functions fs and |r are
defined by

1s(1d) = s(d) and |r(ld) = r(d) (deD)

and {s(a)=|r(a)=a for every other acA,;. Now the ‘concrete’ chaining of
processes x and y, notation x>y, is defined by means of the axiom

(H = {s(d),r(d)|deD)):

x>3>y = 0y(pps(x)llpy(y)) CHI

The ‘abstract’ chaining of processes x and y, notation x>y, is defined by
means of the axiom (I = {c(d)|deD}):

x>y = r(x>>y) CH2

The module CH™' consists of axioms CH1 and CH2, and is parametrised by
A. The ‘+’ in CH" refers to the auxiliary actions in the module, which will
be removed in Section 3.

2.4.1. ExXaMpPLE. Let D={0,1}. Process AND reads two bits and then outputs
1 if both are 1, and 0 otherwise:
AND = [0-(10-10 + |1110) + {1-({0-10 + |I-71)
Process OR reads two bits, outputs 0 if both are 0, and 1 otherwise:
OR = |0(10-10 + [1-11) + L1-(J0-11 + [I-71)
Process NEG reads a bit b and outputs 1—b:
NEG = |0-11 + 110

These processes can be composed using chaining operators. It is not too hard
to prove:

(NEG-NEG>AND)>NEG = OR
Note however that we do not have
(NEG-NEG>=>>AND)>>NEG = OR

since in the LHS process internal computation steps are still visible.
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2.5. Recursion. A recursive specification E is a set of equations {x =1, |x€Vg}
with Vg a set of variables and ¢, a process expression for xeVg. Only the
variables of ¥y may appear in ¢,. A solution of E is an interpretation of the
variables of ¥y as processes (in a certain domain), such that the equations of
E are satisfied. Recursive specifications are used to define (or specify) infinite
processes.

For each recursive specification E and x € Vg, the module REC introduces a
constant <x | E >, denoting the x-component of a solution of E.

In most applications the variables X € Vg in a recursive specification E will
be chosen fresh, so that there is no need to repeat E in each occurrence of
<X|E>. Therefore the convention will be adopted that once a recursive
specification has been declared, <X|E > can be abbreviated by X. If this is
done, X is called a formal variable. Formal variables are denoted by capital
letters. So after the declaration X =aX, a statement X =aaX should be inter-
preted as an abbreviation of <X |X =aX> = aa<X|X =aX>.

Let E = {x=t,|x€Vg} be a recursive specification, and ¢ a process expres-
sion. Then <t¢|E> denotes the term ¢ in which each free occurrence of
x €V is replaced by <x |E>. In a recursive language we have for each E as
above and x € V¢ an axiom

<x|E> = <t,|[E> REC

If the above convention is used, these formulas seem to be just the equations
of E. The module REC is parametrised by the signature in which the recursive
equations are written. In the presence of module REC each system of recur-
sion equations over this signature has a solution.

2.6. Projection. The operator 7, : P—P (neNN) stops processes after they have
performed n atomic actions, with the understanding that 7-steps are tran-
sparent. The axioms for =, are given in Table 6. Module PR is parametrised
by A.

PR | m,(1) =71 PRI
mo(ax) = 6 PR2
7, +1(ax) = a my(x) PR3
T(1x) = 77 (X) PR4
Ta(x ty) = mp(x)+m(y)  PRS

TABLE 6

In this paper, as in other papers on process algebra, we have an infinite collec-
tion of unary projection operators. Another option, which we do not pursue
here, but which might be more fruitful if one is interested in finitary process
algebra proofs, is to introduce a single binary projection operator
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F:m:NXP-P.

2.7. Boundedness. The predicate B, CP (n€N) states that the nondeterminism
displayed by a process before its n* atomic steps is bounded. If for all neN:
B,(x), we say x is bounded. Axioms for B, are in Table 7 (a€A4;). Module B
is parametrised by 4.

B Bo(x) Bl
B,(r) B2
Ii"((f?) B3
B, (x
B 1( (a)x) -
sk
TABLE 7

Boundedness predicates were introduced in [13].

2.8. Approximation Induction Principle. AIP™ is a proof rule which is vital if
we want to prove things about infinite processes. The rule expresses the idea
that if two processes are equal to any depth, and one of them is bounded then
they are equal.

VneN m,(x) = m,(y), Bu(x)
x =)
The ‘=’ in AIP™, distinguishes the rule from a variant without predicates B,,.

(AIPT)

2.8.1. DEFINITION. Let ¢ be an open ACP,-term without abstraction opera-
tors. An occurrence of a variable X in ¢ is guarded if t has a subterm of the
form a-M, with a4, and this X occurs in M. Otherwise, the occurrence is

unguarded.
Let E = {x=t,|xeVg} be a recursive specification in which all ¢, are
ACP,-terms without abstraction operators. For X,Y € Vg we define:

X —>Y & Y occurs unguarded in zy.

We call E guarded if relation —> is well-founded (i.e. there is no infinite
sequenceXik'Y—“)ZL)---).
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2.8.2. THEOREM (Recursive Specification Principle (RSP)).
ACP, + REC + PR + B + AIP™ +

E

(RSP) x = <x|E>

E guarded

In plain English the RSP rule says that every guarded recursive specification
has at most one solution.

2.83. ExampLE. Let E = {X=(a+b)X} and F = {Y=a-(a+b)Y+b'Y}
be two recursive specifications. Since
<X|E> = (a+b)y<X|E> = a<X|E>+b<X|E> =
=a(a+b)y<X|E>+b-<X|E>,
the constant <X |E > satisfies the equation of F. Because the specification F
is guarded, RSP now gives that <X |E> = <Y |F>.

2.9. Koomen’s Fair Abstraction Rule (KFAR). In the verification of communi-
cation protocols one often uses the following rule, called Koomen’s Fair
Abstraction Rule (I CA4). Module KFAR is parametrised by 4.

x=ix+y (@(el)
T(x)=1711(p)

(KFAR)

Fair abstraction here means that 7,(x) will eventually exit the hidden i-cycle.
Below we will formulate a generalisation of KFAR, the Cluster Fair Abstrac-
tion Rule (CFAR), which can be derived from KFAR.

2.9.1. DEerFINITION. Let E = {X=tyx | XeVg} be a recursive specification,
and let I CA. A subset C of Vg is called a cluster (of I) in E iff for all XeC:

m n
ty'= Zik'Xk & EYI
k=1 =1
(For m=0, i,...,i,elU{1}, X,,....X,€C,n=0 and Y,,..,Y,eVg—C). Vari-
ables X € C are called cluster variables. For XeC and Y € V¢ we say that
X~Y <Y occurs in ty.
We define
e(C)={YeVg—C|IXeC:X~Y}

Variables in e(C) are called exits. ~" is the transitive and reflexive closure of
~». Cluster C is conservative iff every exit can be reached from every cluster
variable via a path in the cluster:

VXeCVYee(C): X~"Y.
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2.9.2. ExaMpLE. The transition diagram of Figure 1 represents a cluster in a
recursive specification. The nodes represent variables in the recursive
specification, labelled edges represent summands, and the triangles denote
exits. The sets {1,2,3}, {4,5,6,7}, {8} and {1,2,3,4,5,6,7,8} are examples of
conservative clusters. Cluster {1,2,3,4,5,6,7} is not conservative since exit Z
cannot be reached from cluster variables 4, 5, 6 and 7.

X+Y+Z+T

FIGURE 1

2.9.3. DEFINITION. The Cluster Fair Abstraction Rule (CFAR) reads as follows:

(CFAR) Let E be a guarded recursive specification; let 7 CA4 with
|[I]=2; let C be a finite conservative cluster of I in E; and
let X,X’eC with X~»X". Then: 7(X) =7- 3 7,(Y)
Yee(C)

2.9.4. THEOREM. ACP, + RN + REC + RSP + KFAR + CFAR.
PROOF. See [26]. O

2.10. Alphabets. Intuitively the alphabet of a process is the set of atomic
actions which it can perform. This idea is formalised in [2], where an operator
a:P—24 is introduced, with axioms such as:

ald) = @
a(ax) = {a}Ua(x)
a(x +y) = a(x)Ua(y)

In this approach the question arises what axioms should be adopted for the
set-operators U, N, etc. One option, which is implicitly adopted in previous
papers on process algebra, is to take the equalities which are true in set theory.
This collection is unstructured and too large for our purposes. Therefore we
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propose a different, more algebraic solution. We view the alphabet of a process
as a process; the alphabet operator a goes from sort P to sort P. Process a(x)
is the alternative composition of the actions which can be performed by x. In
this way we represent a set of actions by a process. A set B of actions is
represented by the process expression B=, > b. So the empty set is
beB

represented by 8, a singleton-set {a} by the expression a, and a set {a,b} by
expression a +b. Set union corresponds to alternative composition. The pro-
cess algebra axioms Al-3 and A6 correspond to similar axioms for the set
union operator. The notation C for summand inclusion between processes
(Section 2.1.2), fits with the notation for the subset predicate on sets.

The following axioms in Table 8 define the alphabet of finite processes
(a€A). Module AB is parametrised by 4.

AB | a(d) =& ABI
a(ax) = a+a(x) AB2
a(x+y) = a(x)+a(y) AB3
a(t) = 8 AB4
a(tx) = a(x) ABS

TABLE 8

In order to compute the alphabet of infinite processes, we introduce an addi-
tional module AA which is parametrised by 4

AA | a(x)CcA AAl
axlly)=a(x)tay)tax)laly) AA2

acpd(x) Cppdyoa(x) AA3
(where H={aecA|f(a)=1})

VneN a(m,(x))Cy
a(x)Cy

TABLE 9

It is not hard to see that the axioms of AA hold for all closed recursion-free
terms.

2.10.1. ExaMpLE. (from [2]). Let p=<X|{X=aX}>, and define g =7(,(p),
r=gq-b (with ba). What is the alphabet of ? We derive:

a(r) = a(gb) = a(T(a)(P) b) = a(r4y(p) 74y (b)) =

RN5
= a(‘r(,,}(pb)) C —r{,,}oa(a)oa(pb) = a{a)oa(pb)
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Since
AB2
a(pb) = a(apb) = a+a(pb),
we have that a Ca(pb). On the other hand we derive for neN:
a(m,(pb)) = a(a"-8)Ca

and therefore, by application of axiom AA4, a(pb)Ca. Consequently
a(pb) = a and

(!(I') = a{a}oa(pb) - a(,,)(a) = 4.

Information about alphabets must be available if we want to apply the follow-
ing rules. These rules, which are a generalisation of the conditional axioms of
[2], occur in a slightly different form also in [27]. Rules like these are an
important tool in system verifications based on process algebra. Module RR is
parametrised by A and .

a(x)CB . -
pj(x)=xVbEB'f(b) b RR1

a(x)CB, a(y)cC _p _
oxln)=pyxllof)) "¢ <O O=LONWBEBLAb=frG.f () RR2

TABLE 10

Observe that axioms AAl and RRI together imply axiom RN4 of Table 5.
Axiom RR2, which describes the interaction between renaming and parallel
composition, looks complicated, but that is only because it is so general. The
axioms RR are derivable for closed recursion-free terms.

2.10.2. LeMMA: (Conditional Axioms (CA)): Let CA be the theory consisting of

the conditional axioms in Table 11. Then: ACP, + RN + AB + RR + CA.

PROOF: We prove three of the rules. The others can be dealt with similarly.

CA3:  Choose a€a(x). Then a ¢ H. This means that rg y(a) = a. Because a
was chosen arbitrarily, we can aply rule RRI1, which gives
Pro,(X) = 3p(x) = x.

CA5:  Follows immediately from the observation

Ts,H = T8,H,°T§,H,
and application of axiom RNS5 of Table 5.
CAl:  Choose cea(y). We have:
ro,u(c) = rsn°rsu(c)

Choose bea(x). If ceH then rsy(c) = c and the condition of rule
RR2 is fulfilled. If ceH then either y(b,c) equals & (so that we have
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a(x)|(a(y) N\H)CH CAl | A®DN@p)nD=2 .,
Au(x lly)=0x(x135(y)) mi(x ly)=71(xllTy(»))
ax)NH=2 CA3 ax)NI=0 CA4
0p(x)=x (x)=x
04(x)=0dg,°04,(x) T1(x)="11,°17,(X)
HNI=g
CA7
7790 (x)=0g°1/(X)
TABLE 11

rsu°y(b,c) = 8), or y(b,c)eH, so that again rs y°y(b,c) = 4. But in
case ¢ e H we also have

r5,1°Y(b,r5, 1(c)) = rsuov(b,8) = &
This means that we can apply rule RR2. a

2.10.3. ReMARK. In most of the situations where we want to apply axiom
CAl, H does not contain results of communications: (4 |4)NH = &. Further
actions from a(x) will not communicate with actions from H. In these cases
the following weakened version of axiom CALl is already strong enough:

a(x)|H = @
BH(xIIy) = ay(xlla”(y))

CAl~

2.11. ACP%. The combination of all modules presented thus far, except for
KFAR, will be called ACP# (the system ACP# as presented here slightly
differs from a system with the same name occurring in [10]). The module is
defined by:

ACP# = ACP,+SC+RN+CH" +REC+PR+B+AIP~ +AB+AA+RR
Bisimulation semantics, as described in for instance [3], gives a model for the
module ACP# + KFAR. Work of BERGSTRA, KLOP & OLDEROG [11] showed

that in a large number of interesting models KFAR is not valid. Therefore we
have chosen not to include KFAR in the ‘standard’ module ACP#.
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2.12. Generalised Recursive Specification Principle. For many applications the
RSP is too restrictive. Therefore we will present below a more general version

of this rule, called RSP™.

2.12.1. DEFINITION. Let & be the set of closed expressions in the signature of
ACP#. A process expression p €9 is called guardedly specifiable if there exists
a guarded recursive specification F with Y € V¢ such that

ACP} + p=<Y|F>.
We have the following theorem:

2.12.2. THEOREM (Generalised Recursive Specification Principle (RSP™)).
ACP# +

E

RSP*
( ) = <x|E>

<x | E > guardedly specifiable

2.12.3. Remarks. In the definition of the notion ‘guardedly specifiable’, it is
essential that the identity p=<Y|F> is provable. If we would only require
that p=<Y|F>, then the corresponding version of RSP would not be
provable from ACP#, since this rule would then not be valid in the action rela-
tion model of [13]. In this model we have the identity <X |{X =X}>=8."
Hence <X|{X=X}>=<Y|{Y=48}>=4. Since the specification {Y =48} is
guarded, this would mean that expression <X|{X=X}> is guardedly
specifiable. But then RSP™ gives that for arbitrary x: x=<X|{X=X}>=3.
This is clearly false.

We conjecture that an expression p is guardedly specifiable iff it is provably
bounded, i.e. for all neN: ACP# + B,(x).

3. APPLICATIONS OF THE MODULE APPROACH IN PROCESS ALGEBRA

3.1. The auxiliary status of the left-merge.

1. Strictly speaking, this is not correct. In [13], a recursion construct <X |E > is viewed as a
kind of variable which ranges over the X-components of the solutions of E. Since any process X
satisfies X =X, the identity <X |{X =X}> =4 does not hold under this interpretation. However,
if one interprets the construct <X|E > as a constant in the model of [13], then the most natural
choice is to relate to <X|E > the bisimulation equivalence class of the term <X|E >. Under
this interpretation <X|{X=X}>=4.
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3.1.1. Semantics. Sometimes it happens that our ‘customers’ complain that
they do not succeed in proving the identity of two processes in ACP¥, whose
behaviour is considered ‘intuitively the same’. Often, this is because there are
many intuitions possible, and ACP# happens not to represent the particular
intuitions of these customers. Therefore we have defined some auxiliary
modules that should bridge the gaps between intuitions.

In general a user of process algebra wants that his system proves p =q (here
p and g are closed process expressions in the signature of ACP#), whenever p
and ¢ have the same interesting properties. So it depends on what properties
are interesting for a particular user, whether his system should be designed to
prove the equality of p and ¢ or not. For this reason the semantical branch of
process algebra research generated a variety of process algebras in which
different identification strategies were pursued. In bisimulation semantics we
find algebras that distinguish between any two processes that differ in the pre-
cise timing of internal choices; in trace semantics only processes are dis-
tinguished which can perform different sequences of actions; and, somewhere
in between, the algebras of failure semantics identify processes if they have the
same traces (can perform the same sequences of actions) and have the same
deadlock behaviour in any context. A lot of these process algebras can be
organised as homomorphic images of each other, as indicated in Figure 2.

bisimulation semantics with explicit divergence [11]

ready trace semantics [4] bisimulation semantics
/ \ with fair abstraction [3]
readiness semantics [22] failure trace semantics [23]

N

failure semantics [11, 12, 16]

trace semantics [15]
FIGURE 2. The linear time - branching time spectrum

If two process expressions p and q represent the same process in bisimulation
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semantics with explicit divergence, they have many properties in common; if
they only represent the same process in trace semantics, this only guarantees
that they share some of these properties; and, descending from bisimulation
semantics with explicit divergence to trace semantics, less and less distinctions
are made. Now a user should state exactly in which properties of processes
(s)he is interested. Suppose (s)he is only interested in traces and deadlock
behaviour, then we can tell that for this purpose failure semantics suffices. This
means that if processes p and ¢ are proven equal in failure semantics, this
guarantees that they have the same relevant properties. If they are only
identified in trace semantics (somewhere in the lattice below failure semantics)
such a conclusion cannot be drawn, but if they are identified in a semantics
finer than failure semantics (such as bisimulation semantics with explicit diver-
gence), then they certainly have the same interesting properties, and probably
some uninteresting ones as well. Hence a proof in bisimulation semantics with
explicit divergence is just as good as one in failure semantics (or even better).

This is the reason that we do our proofs mostly in bisimulation semantics:
the entire module ACP# is sound with respect to bisimulation semantics with
explicit divergence. However, if two processes are different in bisimulation
semantics, we will never succeed in proving them equal from ACP#. In such a
case we might add some axioms to the system, that represent the extra
identifications made in a less discriminating semantics. If we find a proof from
this enriched module, it can be used by anyone satisfied with the properties of
this coarser semantics.

It is in the light of the above considerations that one should judge the
appearance of the following module T4:

T4 | 7(rx +y) = ™x +y

The law of this module does not hold in bisimulation semantics, but it does
hold in all other semantics of Figure 2. Thus any identity derived from ACP#
+ T4 holds in ready trace semantics and hence also in the courser ones like
failure and trace semantics, or so it seems ...

3.1.2. An inconsistency.

3.1.2.1. DEFINITION. Let M be a process module with Z(M)D3(BPA,;). We
call M consistent if for all closed expressions x and y in the signature of BPA ;
with

Mt x=y,
the sets of complete traces agree:

trace (x)=trace(y).

A complete trace is a finite sequence of actions, ending with a symbol / or §
indicating successful resp. unsuccessful termination. A formal definition of the
set trace(x) is given in [11]. Here we only give some examples, which should
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make the notion sufficiently clear:
trace(abc +ad8+a(tbc +d)) = {abc+/, add, ad~\/}

trace(r) = (\/} # {8, V/} = trace(r+1b)

A model @ of M is consistent if for all closed expressions x and y in the signa-
ture of BPA, s with

Rk x=y,

the sets of complete traces agree. The module ACP# + KFAR is consistent
because bisimulation semantics with fair abstraction, as described in [3], gives
a consistent model for this module. However, KFAR is not valid in any of the
other semantics of Figure 2.

3.1.2.2. PROPOSITION.
ACP,+T4 + 7(ac +ca)+bc = m(r(ac +ca)+bc +c(ra+b)).
PROOF.

T(ra+b)lLc = (ra+b)ll_c = m(allc)+bc = m(ac +ca)+bc
m(ra+b)l_c = 7((ra+b)llc) = r(r(ac +ca)+bc+c(ra+b)) O

Proposition 3.1.2.2 shows that module ACP,+T4 is not consistent. This sud-
den inconsistency must be the result of a serious misunderstanding. And
indeed, what’s wrong is the use of ACP, in the less discriminating models (say
in failure semantics). It happens that, in a setting with 7, failure equivalence
(or ready trace equivalence for that matter) is not a congruence for the left-
merge ||, and this causes all the trouble.

3.1.3. Solution. In applications we do not use the operators || and | directly.
In specifications we use the merge operator ||, and | and | are only auxiliary
operators, needed to give a complete axiomatisation of the merge.

Let sacp, be the signature obtained from Z(ACP,) by stripping the left-
merge and communication-merge:

sacp, = 2(ACP,) — (F:|L:PXP—>P,F:|:PXP-P}

Failure equivalence as in [11], etc. are congruences for the operators of sacp,.
However, the operators || and | in ACP, are needed to axiomatise the ||-
operator, and without them even the most elementary equations cannot be
derived. Our solution to this problem is based on the following idea. Suppose
we want to prove an equation p =gq in the signature sacp, that holds in ready
trace semantics (and hence in failure semantics) but not in bisimulation seman-
tics. Then we first prove an intermediate result from ACP,: one or more equa-
tions holding in bisimulation semantics (with explicit divergence) and in which
no || and | appear. This intermediate result is preserved after mapping the
bisimulation model homomorphically on the ready trace or failure model, and
can be combined consistently with the axiom T4. Thus the proof of p =¢ can
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be completed. In our language of modules we can describe this as follows. The
module

SACP, = H(sacp,J(ACP,+SC))

does not contain the operators || and | in its visible signature and since
failure semantics can be obtained as a homomorphic image of bisimulation
semantics, considering that ACP,+SC is sound w.r.t. bisimulation semantics
and that the operators of sacp, carry over to failure semantics, we conclude
that this module is sound w.r.t. failure semantics. Hence it can be combined
consistently with T4, and SACP, is a suitable framework for proving state-
ments in failure semantics.

We would like to stress that the use of the H-operator is essential here. The
H-operator makes that from module SACP, only positive formulas are prov-
able. The following example shows what goes wrong if we also allow non-
positive formulas. From the proof of Proposition 3.1.2.2 it follows that:

m(ra+b)=1a+b
c¢(ra+b)Cr(ac+ca)+bc

Consequently we can prove an inconsistency if we add law T4:
sacp, J(ACP, + SC)+ <t(tx +y)=1x+y> + c¢(ra+b) Cr(ac +ca)+bc

So although the formulas provable from module sacp, J(ACP,+SC) contain
no left-merge, some of them (which are non-positive) cannot be combined con-
sistently with the laws of ready trace semantics and failure semantics.

sacp, J(ACP, +SC) +

3.2. Associativity of the chaining operator. ACP, is a universal specification for-
malism in the sense that in bisimulation semantics every finitely branching,
effectively presented process can be specified in ACP, by a finite system of
recursion equations (see [3]). Still it often turns out that adding new operators
to the theory facilitates specification and verification of concurrent systems. In
general, adding new operators and laws can have far reaching consequences for
the underlying mathematical theory. Often however, new operators are
definable in terms of others operators and the axioms are derivable from the
other axioms. In that case the new operators can be considered as notations
which are useful, but do not complicate the underlying theory in any way.
Examples of definable operators are the projection operators and the process
creation operator of [6].

Just like the left-merge and the communication-merge are needed in order to
axiomatise the parallel composition operator, new atomic actions are often
needed if we want to define a new operator in terms of more elementary
operators. As an example we mention the actions s(d) and r(d) which we
need in the definition of the chaining operators. These auxiliary atoms will
never be used in process specifications. Unfortunately they have the
unpleasant property that they occur in some important algebraic laws for the
new operators. One of the properties of the chaining operators we use most is
that they are ‘associative’. However, due to the auxiliary actions, the chaining
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operators are not associative in general. We do not have general associativity
in the model of bisimulation semantics. Counterexample:

(r(@)>=>>(s(@)ts(e))>>r(e) = c(d)d
r(d)=>((s(d)ts(e))=>r(e)) = c(e)d

However, we do have associativity under some very weak assumptions. In the
model of bisimulation semantics, the following law is valid (here

H={s(d),r(d)|deD)):

aH(x)=x, aH(y)zy) aH(Z):Z
(XS>y)S>7=x3>(y>>7)

It would be much nicer if we somehow could ‘hide’ the auxiliary atoms, and,
for the >>>-operator, have associativity in general. In this section we will see
how this can be accomplished by means of the module approach.

3.2.1. The associativity of the chaining operators. Although the rule CC holds in
the model of bisimulation semantics, we have not been able to prove it alge-
braically from module ACP#. However, we can prove algebraically a weaker
version of rule CC if we make some additional assumptions about the alpha-
bet. We assume that besides actions ch (D), the alphabet 4 contains actions:

H = (5(d),7(d)|deD) en H = (s(d),r(d)|deD)

One may think about these actions as special fresh atoms which are added to
A only in order to prove the associativity of the chaining operators.' Let
H={r(d),s(d)|ldeD} and let H=HUHUH. We assume that actions from
H do not_synchronise with the other actions in the alphabet, and that
range(yyNH = @. On H communication is given by (d € D):

Y((d), 7(d)) = v(s(d), r(d)) = v(s(d), 7(d)) = v(s(d), r(d)) =
= y(s(d), r(d)) = v(s(d), r(d)) = ¥(s(d), r(d)) = c(d)
We define for v,w E{T,,L,s,r,?,?,i,z} the renaming function vw:

- w(d) if a=v(d) for some deD
vw(a) = a otherwise

1. The Fresh Atom Principle (FAP) says that we can use new (or ‘fresh’) atomic actions in proofs.
In [5), it is shown that FAP holds in bisimulation semantics. We have not included FAP in the
theoretical framework of this paper. Therefore, if we need certain ‘fresh’ atoms in a proof, we have
to assume that they were in the alphabet right from the beginning.
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3.2.1.1. LemMA. SACP, + RN + CH* + AB + AA + RR+
da(x)=x, 4()=y, I4(2)=2

0a(ps()lpHy)) = x>y = (P45 (x)llpy(¥))
PrROOF. We only prove the first equality. ;'he—second_onc follows by symmetry.
0r(prs(x)llp(y)) = (note 1 below, RR1)

= 0gopsoprAPis(X)llpFHy)) = (RNS, y=234(y))

= dg°psorAPys(x)llp7opy(y)) = (note 2, RR2)

= gopsopr(ps(x)llp(r)) = (SC4, RNS, x =95(x))

= 0g°p7Ps(Py (¥)llpsopys(x)) = (as in note 2, RR2)

= 3moproPs(py()llpys(x)) = (RNS)

= 3g°0x(p)(»)llpys(x)) = (note 3, RR1, SC4)
CH1
= Au(pps(X)llpy,()) = x>>y

Note 1. Let B=A—H. We claim oa(ps(x)llp;Ay))CB (recall that
B:defzbeBb).
PROOF: a(pys(x)llpi(y)) =

AA2
= aopp(x) +aopyp(y) +aoppp(x) lapyp(y) C

RNS
(Use that x Cy = x|z Cy|z. Use further x =05(x) = 95°04(x)=0g(x).)
AA1
C aopy20p(x)+acp;zo0u(y)+A|AC
(Use that range(yyNH=9.)
RNS
C acdyopps(x)+acdyopHy)+BC
AA3,RNA
C  dpoacpi(x)+dgeacpHy)+BC

(Use that x Cy implies pAx) CpAy).)
AA1
C Oy(A)+0y(A4)+B=B

This finishes the proof of the claim.

Note 2. Application of axiom AAIl gives: aopy(x)CA and acp(y)CA. In
order to apply axiom RR2, we first have to check that for all ce4:
rr(c)=rrorr(c). This is obviously the case. Because range(y)NH = &, we have
for all b,c €A :rroy(b,c)=v(b,c). Now the last thing to be checked is that for
b,c€A: y(b,c)="y(b,rr(c)). This turns out to be the case.
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Note 3. Let C=A —H. We claim: a(py(¥)llprs(x)) C C. The proof is similar to
the proof in note 1.

This finishes the proof of the lemma. a

3.2.1.2. THEOREM. SACP, + RN + CH" + AB + AA + RR +
9a(x)=x, 0(y)=y, 0p(z)=z
X>3>(y>3>2)=(x>=>>y)>>z

PrOOF. This is essentially Theorem 1.12.2 of [27]. We give a sketch of the
proof.

x32>(y>3>2) = Ip(p(x)llpFdu(prs(P)llpy(2)) =
RNS
= Iu(p(x)I¥xpHprs(P)lloy(2))) =

L oot e ) =
= Au0u(prs (Ol HPrs(Mllpy(2)) =
= 0o Ip 1,0l @) =
L om0 lbpep oy @) =
= o0l )y, (2)) =

= aediiory o oy (2)) =

= 0w oo loy () =

= 0w @iopr ooy @) =

2 @R PPy @) =

= oo e Mloy @) = (r33y)35:

a

3.2.1.3. THeorReM. SACP, + RN + CH* + AB + AA + RR +

0(x)=x, Ig(y)=y, du(z)=z
x>(y>z) = (x>y)>:z
PRrROOF. Let I ={c(d)|deD}.
CH2
x>@y>z) = 7(x>>(1(y>>2)) =

CH1
= 100 h(pps(X)llpyom(y=>>2)) =
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RN'S
= dgeri(pps(x)llTrop(y=>>2)) =
RR2

= gori(ps(X)llpy(y=>>2)) =

RNS

= 1005(p1s(X)llpy (y=>>2)) =
CH1

= 1(x>>(y>>z)) =

3212
= 1((x>>y)y=>>z)= - = (x>y)>z O

3.2.2. Removing auxiliary atoms. We will now apply the module approach to
remove completely the auxiliary atoms which were used in the definition of the
chaining operators. What we want to obtain is a module where ‘inside’ the
auxiliary atoms are used to define the chaining operator but where ‘outside’
they are no longer visible and moreover chaining is associative in general.
Below we will employ the notation:

oAM=(Z(M)—0o)OM.
Consider the module:
CH™ = ({F:aePlacH)U{F:p;: P>P|f: A;5—A3))
A(SACP,+RN+CH* +AB+AA+RR).

This module cannot be used to prove any formula containing atoms in H. But
unfortunately module CH™ still does not prove the general associativity of the
chaining operators:

CH™ ¥ x> (>>z)=(x>=>y)>>2

The reason is that the auxiliary atoms, although removed from the language,
are still present in the models of module CH™. Thus the counterexample
(r(d)=>(s(d)+s(e)))=>>r(e) still works in the models. Let A~ =4 —H. We
are interested in consistent models which only contain actions of 4 ~. The
module CH™ + <a(x)CA~ > does not denote such models: all consistent
models of CH™ contain the process 4 with a(4)=4Z A~. Adding the law
a(x)CA~ therefore throws away all consistent models. The right class of
models can be denoted with the help of operator S. We consider the module

CH = S(CH )+ <a(x)CA™ >.

Some models of module CH™ have consistent submodels which do not contain
auxiliary atoms. In these models the law a(x)CA~ holds. Thus module CH
has consistent models.

From Theorems 3.2.1.2 and 3.2.1.3, together with axiom RRI, it follows
that:

a(x)CA—, a()CA ™, o(z)CA~
(x>S>Sy)>>z=x>3>(>>2)

CH +
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a(x)CA~, a(y)CA~, a(z)CA"

x>y)>z=x>({y>z) ’
From this we can easily see that module CH proves the general associativity of
the chaining operators:

CH +

CHt x>>(y>>z)=(x>3>y)>>x and
CHFx>(@p>»z)=(x>y)>x.

3.2.3. The following laws can be easily proven from module CH (here
d,eeD):

td-x>(S ley®) = m(x>y9) L1
eeD

1rd-x>tey = te(1d-x>y) L2

(T dx)>(T ley®) = T 1dx>(3 ley®) L3

deD eeD deD eeD

(Sldxy>tey = 3 ld(x>tey) + te( T ldxY>y) L4

deD deD deD

The laws are equally valid when the operator > is replaced by ==, except for
law L1 where in addition the 7 has to be replaced by c(d).

3.3. SACP*. Module SACP?# is an ‘improved’ version of module ACP?. 1t is
defined by:

SACP# = SACP,+RN+CH+REC+PR+B+AIP” +AB+AA+RR.

If modules in the above defining equation have an alphabet as parameter, this
is A7, and if they are parametrised by a communication function this is the
restriction Yy~ of y to (4~ U{8})X(4~ U{8)). The rules RSP, RSP* and
CFAR can still be used in a setting with module SACP#. We have SACP# +
RSP, SACP# + RSP* and SACP#+ KFAR + CFAR.

4. CONCLUSIONS AND OPEN PROBLEMS

In this paper we presented a language making it possible to give modular
specifications of process algebras. The language contains operations + and
0, which are standard in the theory of structured algebraic specifications, and
moreover two new operators H and S. Two applications have been presented
of the new operators: we showed how the left-merge operator can be hidden if
this is needed and we described how the chaining operators can be defined in a
clean way in terms of more elementary operators such that a setting is created
where the chaining operators are associative. It is clear that there are many
more applications of our approach. Numerous other process combinators can
be defined in terms of more elementary operators in the same way as we did
with the chaining operators. Maybe also other model theoretic operations can
be used in a process algebra setting (cartesian products?).
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Strictly speaking we have not introduced a ‘module algebra’ as in [7]: we do
not interpret module expressions in an algebra. However, this can be done
without any problem. An interesting topic of research is to look for axioms to
manipulate module expressions. Due to the presence of the operators H and
S, an elimination theorem for module expressions as in [7] will probably not
be achievable.

An important open problem for us is the question whether the proof system
of Table 1 is complete for first order logic.

In this paper the modules are parametrised by a set of actions. These
actions themselves do not have any structure. The most natural way to look
towards actions like s 1(dy) however, is to see them as actions parametrised by
data. We would like to include the notion of a parametrised action in our
framework but it turns out that this is not trivial.

In order to prove the associativity of the chaining operators, we needed aux-
iliary actions s(d), 7(d), etc. Also in other situations it often turns out to be
useful to introduce auxiliary actions in verifications. At present we have to
introduce these actions right at the beginning of a specification. This is embar-
rassing for a reader who does not know about the future use of these actions
in the verification. But of course also the authors don’t like to rewrite their
specification all the time when they work on the verification. Therefore we
would like to have a proof principle saying that it is allowed to use ‘fresh’
atomic actions in proofs. We think that it is possible to add a ‘Fresh Atom
Principle’ (FAP) to our formal setting, but some work still has to be done.
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APPENDIX: LOGICS

In this appendix equational, conditional equational and first order logic are
defined. Since all these logics share the concepts of variables and terms, these
will be treated first.

1. Variables and terms. Let o be a signature. A o-variable is an expression xg
with x € NAMES and (S:S)eo. A valuation of the o-variables in a o-algebra @
is a function § that takes every o-variable xg into an element of 5%

For any (S:S)eo the set T of o-terms of sort S is defined inductively by:
- xg€eTsg for any o-variable xg.
- IfFf:8;X - X§,»Sisin o and €Ty, for i =1,...,n then

Js,5% o5+ 8,58 155:219) ETE.

The ¢-evaluation [t}¥ eS¢ of a o-term teTy in a o-algebra @ (with £ a valua-
tion) is defined by:

- IxsF=&xs)es?.

= [fS,X 22 ><S,,—>S(tl""rtn)]e :_/%,X L XS_—-S([’]]G,---,[tnle)‘
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2. Equational logic. The set F2¥ of equations or equational formulas over o is
defined by:

- If ;€T3 for i =1,2 and certain S:S in o, then (1, =t,)eF.

An equation (¢, =t,)eF is {-true in a o-algebra @, notation &§ k¥ 1) =t,, if
[ F=I,).

Such an equation ¢peF:¥ is true in @ notation @ k2% ¢, if @ k¥ ¢ for all
valuations £.

An inference system I for equational logic is displayed in Table 12 below.
There ¢, u and v are terms over o and x is a variable. Furthermore #[u/x] is
the result of substituting u for all occurrences of x in z. Of course u and x

should be of the same sort. Finally an inference rule A with H= @ is called
an axiom and denoted simply by ¢. ¢

=i u=y t=u, u=vy u=y u=y
v=u t=v tlu/x]=t[v/x] uft/x)=vlt/x]
TABLE 12

3. Conditional equational logic. The set Fg' of atomic formulas over o is defined
by:
- If t;€T% for i =1,2 and certain S:S in o, then (1, =1,)eF2.
- IfRpCS;X---XS,isino and €Ty, fori =1,...,n then
Ps,x --- XS_(tlv"ytn) EF:"
The set F*4 of conditional equational formulas over o is defined by:
- If CCF® and acF¥ then (C=a)eF?.

The ¢-truth of formulas e F* U Fe? in a o-algebra @ is defined by:

_ ¢ .:s"‘l; t1=t3 .if [h]e:[tz]e-
- @EEST psx o xs,(treotn) S o xs, AN [0 ).
- @S Ca if ¢ ¥ % B for some BeC or &¢ ke a.

¢ is true in @ notation @ k&Y ¢, if @£ k24 ¢ for all valuations £.

An inference system I&? for conditional equational logic is displayed in Table
13 below. There a and a; are atomic formulas, C is a set of atomic formulas, ¢
is a conditional equational formula, #;, ¢, u and v are terms over o and x; and x
are variables. Furthermore afu/x] is the result of substituting u for all
occurrences of x in a. Of course ¥ and x should be of the same sort. Likewise
¢[t;/x; (i€l)] is the result of simultaneous substitution for il of t; for all

occurrences of x; in ¢. An inference rule =, is again denoted by ¢ and a con-

ditional equational formula @ =a by a.
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c o C=aq; (icl), {a;|icl}=>a ¢
PR SRS Coa &t /% GeD)]

t=t {u=v}=(v=u) {t=u, u=v}=(t=u)

{u=v, afu/x]}=(afv/x]))

TABLE 13

The logic described above is infinitary conditional equational logic. Finitary con-
ditional equational logic is obtained by the extra requirement that in condi-
tional equational formulas C=a the set of conditions C should be finite. In
that case the inference rule

— 9
ot/ % GeD)] can be replaced by VI

Furthermore (in)finitary conditional logic is obtained by omitting all reference
to the equality predicate =.

4. First order logic. The set F[?® of first order formulas with equality over o is

defined by:

- If,eT% for i =1,2 and certain S:S in o, then (1, =t,) e Ff4.

- IfR:pCS|X---XS§,isino and 1,€Ty, for i =1,...,n then
ps|x W Xsl(tl,...,tn) EF{akq.

- If g Ff% then —pecFL.

- If ¢ and Y€ F/%% then (p—>y)cFlokd,

If ¢ and Y e F/%¢4 then (¢p/\y)eFloka.

- If ¢ and YeFf9 then (¢p\Vy)e Floka,

- If ¢ and yeF/% then (p>y) € F/24.

- If xg is a o-variable and ¢ F/?? then Vxg(¢)c F/7.

- If xg is a o-variable and ¢ F/**¢ then Ix(¢)c FL.

The &-truth of a formula ¢€ F/%*4 in a o-algebra @ is defined inductively by:

- @t =1, if [HF=10)E

- @sﬁ h{rbkq Ps,x--- XS,,(tl’ T y’n) ifpg‘,)( wen XS, ([tllé’-"’[tn]e)-

S X 0o if @& k1 ¢.

- QEE[M oy if REFS ¢ or @Y.

- @EFPHGAY  if QEH ¢ and @ H .

- @EEIGVY  if @EEPE ¢ or QE E .

- @EE[M gy if @€ H™ ¢ if and only if @€ H7 .

- QEEPE Yxg(p) if @& 9 ¢ for all valuations & with &(ys.)=&(s) for
all variables yg 5%xs.

- @QEEPE Axg(¢) if @& % ¢ for some valuation & with £(ys)=£&)s')
for all variables yg -%xs.

¢ is true is @, notation @ £f%9 ¢, if @ ¢ /4 ¢ for all valuations &.
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An inference system I/”°4 for first order logic with equality is displayed in
Table 14 below. There ¢,  and p are elements of F/**4, a is an atomic formula
(constructed by means of the first two clauses in the definition of F/%*¢ only),
t, u and v are terms over o and x is a variable. An occurrence of a variable x
in a formula ¢ is bound if it occurs in a subformula Vx(y) or 3x(y) of ¢. Oth-
erwise it is free. ¢{t/x] denotes the result of substituting u for all free
occurrences of x in ¢. Of course u and x should be of the same sort. Now 7 is
free for x in ¢ if all free occurrences of variables in ¢ remain free in ¢{t/x]. As

before an inference rule % with H= & is called an axiom and denoted simply
by ¢.

& oy — isati
v modus ponens Vx(@) generalisation

P> —9)

{p—>Y—p)} = {(9—Y)—>(¢—p)} } deduction axioms

{Vx(¢p—Y)}>{p—>Vx(¥)}, if x is not free in ¢

(—p—>P)—¢ axiom of the excluded middle

—¢p—(p—Y) axiom of contradiction

Vx(¢)—>d[t/ x], if ¢ is free for x in ¢ axiom of specialisation

(P\Y)—9 o—>(VY) (¢ < V)= {(@->VN\Y—9)}

(P\Y)—y V(oY) {(>VNN\W—9)}>(9 < ¥)

o= {Yy—(9/\)} @VY)>(—9—Y)  Ix(9) © =Vx(—9)

t=t (u=v)->( =u) {E=w)N\u=v)}>@=v)
(u =v)—>(afu/x] & afv/x]))

TABLE 14

First order logic is obtained from first order logic with equality by omitting all
reference to =. It is also possible to present first order logic without the con-
nectives /\, V and < and the quantifier 3, and introduce them as notational
abbreviations. In that case the third block of Table 13 can be omitted.

5. Expressiveness. One can translate an equation acFg' by a (finitary) condi-
tional equational formula @ =a and a finitary conditional equational formula
{aj,...,a, }=a into a first order formula (a; A\ - - - Aa,)—a. Using this trans-
lation we have F C Ff*¢! C F/*4 and furthermore @ k2 ¢ < @Y ¢ for
¢cF and Q% ¢ o @E9 ¢ for peFf*¢. This means that first order
logic with equality is more expressive then equational logic and finitary condi-
tional equational logic is somewhere in between. However first order logic with
equality and infinitary conditional equational logic have incomparable expres-
sive power.
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6. Completeness. For all logics mentioned above the following completeness
result is known to hold: Alg(o,T) k5 ¢ = T +5 ¢. The reverse direction also
holds, since all these logics are obviously sound. As a corollary we have

T+ ¢ o T ¢ for peF2¢' and
T+ ¢ o THM¥ ¢ for peFfed.

For this reason in most process algebra papers it is not made explicit which
logic is used in verifications: the space needed for stating this could be saved,
since the resulting notion of provability would be the same anyway. However,
the situation changes when formulas are proved from modules. Equational
logic and conditional equational logic are not complete anymore and for first
order logic with equality this is still an open problem (as far as we know).
Here a logic £ is complete if M o = Mif¢. Itis easily shown that

Mrte = Mg for pe F{y, and
M ¢ = MV ¢ for peFEH,,

but the reverse directions do not hold. Thus we should state exactly in which
logic our results are proved.

7. Notation. This paper employs infinitary conditional equational logic. How-
ever, no proof trees are constructed; proofs are given in a slightly informal
way, that allows a straightforward translation into formal proofs by the reader.
Furthermore all type information given in the subscripts of variables, function
and predicate symbols is omitted, since confusion about the correct types is

almost impossible. Outside Section 1 and this appendix inference rules ? do

not occur, but all conditional equational formulas C=a are written %, as is
usual. However, the suggested similarity between inference rules and condi-
tional equational formulas is misleading: % holds in an algebra @ if (@£F ¢

for all y€H and all valuations £) implies (&£ k ¢ for all valuations £), while %
holds in @ if for all valuations §: (&£ ¢ B for all BeC implies @£ F a).

8. Positive and universal formulas. In equational logic all formulas are both
positive and universal. In conditional equational logic all formulas are univer-
sal and the positive formulas are the atomic ones. In first order logic with
equality the positive formulas are the ones without the connectives — and —
and the universal ones are the formulas without quantifiers. Model theory (see
for instance [21]) teaches us that a formula ¢ is preserved under homomor-
phisms (respectively subalgebras) iff there is a positive (respectively universal)
formula ¢ with H°%9 § & ¢.
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Two Simple Protocols
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After some introductory remarks about the specification and verification of dis-
tributed systems in the framework of process algebra, simple versions of the
Alternating Bit Protocol and the Positive Acknowledgement with Retransmission
protocol are discussed.

Key Words & Phrases: process algebra, concurrency, communication proto-
cols, specification, verification, fairness, time outs.

Note. Without further reference, we will use in this paper the notation and
axioms that are described in the second paper of this thesis (Modular
specifications in process algebra).

1. GENERAL INTRODUCTION
In the ACP formalism we can also define (specify) networks of processes which
cooperate in an asynchronous way. We can do this by looking at the commun-
ication channels in the network as processes which communicate in a synchro-
nous way with the processors to which they are connected. Almost always, this
synchronous communication will take place according to the handshaking para-
digm: exactly two processes participate in every communication. When we
specify communications of this type we will employ a read/send communica-
tion function: Let D be a finite set of data which can be communicated
between processes, and let P be a finite set of locations (or ports) where syn-
chronous communication can take place. The alphabet of atomic actions now
consists of read actions rp(d), send actions sp(d) and communication (or syn-
chronisation) actions cp(d) for peP and deD. As the only synchronisations
we have: y(rp (d),sp(d)) = cp(d).

A typical system that can be specified in this way in ACP is depicted in Fig-
ure 1. This graphical representation was first used by Jan Willem Klop. The
corresponding process expression is then for instance:

(P 1IIPLIIP3IP4IIPsIICHIICIIC3IIC4IICs).

Let us consider for a moment the issue of the physical interpretation of expres-
sions of this type and the question about the nature of the events in reality
that are modelled by the read and send actions. In general we will describe
with expressions P, P,,... and C;, C,,... the behaviour of physical objects.
P, and P, for example correspond with personal computers, P; and P, with
disk drives and Ps with a printer. C, up to Cs describe cables of a network
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input ports

T

internal
ports

T

output port

FIGURE 1

connecting all these machines together. All the components have a spatial
extent. Now we associate with each port name peP a point in space on the
border line between two (or more) components (see Figure 2).

P

FIGURE 2

When process P, performs an action s 1(d,) we relate this to the transmission
of a datum d,, by the personal computer. At the physical level this means that
at the location (port 1) where cable C, is connected to the computer variations
occur in the electric voltage during a certain amount of time. Because dy can
have a considerable size (think of a file which is sent to the printer) the
transmission can take some time. The instantaneous event associated with
rl(dy) occurs at a moment the cable ‘knows’ that a datum d, has been
transmitted at port 1. Such a moment occurs when P, has almost finished



1. General introduction 117

transmission of this datum. The complementary event s 1(d) happens at the
moment that the computer has made so much progress with the transmission
of dy that the environment has enough information to ‘know’ that it is d,
indeed. By defining the events in the right way we can ensure that s 1(d() and
r1(d,) coincide. It is impossible that s 1(d() occurs and r 1(d,) does not, or the
other way around. Therefore we can consider the occurrence of s1(dy) and
r1(dy) as a single event. This is precisely what we express in process algebra
with the communication function and the encapsulation operator. Notice that
the above interpretation of read and send actions is not in conflict with the
intuition presented in [10] that the instantaneous event associated with an
atomic process should be situated at the beginning of that process. Apparently
a command print(d,) that one can give to the computer corresponds to a pro-
cess 15 1(dp). At the moment process C; knows that d, has been transmitted
and the event ¢ 1(d() occurs, the execution of processes s 1(dy) and r 1(d,) will
not yet be finished. One possible scenario is that execution of s1(dy) finishes
before the end of the execution of r 1(d).

In process theory the only aspect of a system that is considered is its exter-
nal behaviour. Two systems with identical external behaviour should be
identified in principle. From the point of view of process algebra there is no
difference between a labourer assembling bicycle pumps, and a robot perform-
ing the same job. Unless attention is paid in the formal specification to sophis-
ticated details like fluctuations in productivity due to nocturnal excesses, the
approaching weekend, depressions because of the monotony of the job, etc..

In order to realise a certain external behaviour (the specification), often a
complex internal structure (the implementation) is needed. This brings us to the
important issue of abstraction. We are interested in a technique which makes it
possible to abstract from the internal structure of a system, so that we can
derive statements about the external behaviour. Abstraction is an indispensable
tool for managing the complexity of process verifications. This is because
abstraction allows for a reduction of the complexity (the number of states) of
subprocesses. This makes it possible to verify large processes in a hierarchical
way. A typical verification consists of a proof that, after abstraction, an imple-
mentation JMP behaves like the much simpler process SPEC which serves as
system specification:

ABS(IMP) = SPEC.

In process algebra we model abstraction by making the distinction between
two types of actions, namely external or observable actions and the internal or
hidden action 7, and by introducing explicit abstraction operators 7; which
transform observable actions into the hidden action (see Figure 3).

Fundamental within the ACP-formalism is the algebraic approach. A
verification consists of a proof of a statement of the form:

ACP, + --- + 1,(IMP)=SPEC.

The idea is that ‘users’ can stay in the realm of the formal system and execute
algebraic manipulations, without the need for an excursion into the semantics.
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FIGURE 3

2. THE ALTERNATING BIT PROTOCOL

The most widely studied communication protocol in existence is undoubtedly
the Alternating Bit Protocol (ABP, [4]). Whenever somewhere in this world
someone introduces a new formalism for concurrent processes, you can count
on it that the practical applicability of the formalism is illustrated by means of
a specification and verification of a variant of the ABP. As a first test-case for
a concurrency theory the protocol is very appropriate indeed: the protocol can
be described in a few words, but its formal specification and verification con-
stitutes a non-trivial problem. However, for real practical application of a con-
currency theory much more is needed. In the analysis of realistic protocols one
encounters various problems of scale which cannot be observed when dealing
with the ABP.

We do not want to break with the traditions concerning the ABP, and will
start here with a discussion of a simple variant of the ABP in the setting of
process algebra. In the setting of process algebra, more complex protocols have
been dealt with in [1, 12].

Other discussions of the Alternating Bit Protocol can be found in
[4,13,15,17,20,21]. In the context of ACP the protocol was verified for the
first time in [6]. The discussion of the ABP here is based on a streamlined ver-
sion of the proof, given by the author, which can be found in [8]. Variants of
the ABP are discussed in the setting of process algebra in [11, 14].

2.1. Specification.
The Alternating Bit Protocol can be visualised as follows:
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FIGURE 4

Let D be a finite set of data. Elements of D are to be transmitted by the proto-
col from port 1 to port 2. There are four components: a sender S, a receiver
R, and two channels K and L.

2.1.1. Component S. S starts by Reading a Message (RM) at port 1. Then a
Jframe consisting of the message from D and a control bit is transmitted via
channel K (SF=Send Frame), until a correct acknowledgement has arrived via
channel L (RA=Receive Acknowledgement). In equations we will always use
the symbol d to denote elements from the set D, b denotes an element from
B = {0,1}, and f finally is used for frames in D X B. In Table 1 we ‘declare’
the recursive specification that gives the behaviour of component S. After a
variable has been declared we will use it without mentioning the corresponding
specification.

S = RM°

RM® = 3 ri(d) -SF®
deD

SF%® = 53(db) -RA®

RA® = (r5(1—b)+r5(ce)) -SF® +r50b) -RM'

I

TABLE 1. Recursive specification for component S

Graphically we can depict process S as in Figure 5. In a certain sense the
figure is inaccurate: instead of a node SFe° for each element e in D, there is
only a single node SF¥°. Between each pair of nodes we draw only one edge,
which however can be labelled with more than one action. Figure 5 can be
considered as a ‘projection’ of the transition diagram belonging to S.
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FIGURE 5

2.1.2. Component K. We assume that two things can happen if we send a
frame into channel K: (1) the message is communicated correctly, (2) the mes-
sage is damaged in transit. We assume that if something goes wrong with the
message, the receiver hardware will detect this when it computes a checksum
(ce=checksum error). Further the channels are supposed to be fair in the sense
that they will not produce an infinite consecutive sequence of erroneous out-
puts. These are plausible assumptions we have to make in order to prove
correctness of a protocol that is based on unreliable message passing. Data
transmission channel K communicates frames in the set D X B from port 3 to
4. We give the defining equations (Table 2) and the corresponding diagram

(Figure 6).

K = 3 r3f) K/

feDXB

K/ = (1 s4(ce)+1 s4f)) K

TABLE 2. Defining equations for channel K

The 7’s in the second equation express that the choice whether or not a frame f
is to be communicated correctly, is nondeterministic and cannot be influenced
by one of the other components.

2.1.3. Component R. R starts by Receiving a Frame (RF) via channel K. If the
control bit of the frame is correct, then the message contained in the frame is
sent to port 2 (SM=Send Message). Component R Sends Acknowledgements
(SA) via channel L. Figure 7 gives the transition diagram for R.
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s4(f) T
K f
13(f) .
s4(ce) T
FIGURE 6
R = RF°
RF* = (3 r4d(1—b))+ra(ce)) -SA' ">+ 3 rd(db) -SM?®
deD deD
SA® = s6(b) -RF'"®
SM%® = 52(d) -SA®

TABLE 3. Recursive specification for component R
do

SA’ $2(d) M @) §RRE
O &
) §

r4(e0) $6(0) s6(1) r4(d1)
r4(ce) rd(ce)

O >0

1 rd(el) el s2(e) 1

RF SM SA

FIGURE 7
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2.1.4. Component L. The task of acknowledgement transmission channel L is
to communicate boolean values from R to S. The channel may yield error
outputs but again we assume that this is detected, and that moreover the chan-
nel is fair. See Figure 8 for the diagram.

L = 3r6p)-L*
beB
L® = (1 -s5(ce)+7 s5(b)) ‘L

TABLE 4. Defining equations for channel L

FIGURE 8

2.1.5. Sets. Define D=DU(DXB)UBU{ce}. D is the set of ‘generalised’
data (i.e. plain data, frames, bits, error) that occur as parameters of atomic
actions. We use the notation geD. The second parameter of atomic actions is
the set P = {1,2,...,6} of ports. We use symbol p for elements of P. Commun-
ication follows the read/send scheme. This leads to an alphabet

A ={sp( @) p@)lpcP geb}
and communications y(sp(g), rp(g))=cp(g) voor peP, geD. Define the fol-
lowing two subsets of A:

H = {sp(g), 1p(g)Ip€(3,4,5,6}, gD},

I={cp(g)lpe{3,4,56},geD}.
Now the ABP is described by

ABP = 7;°9y4(SIIKIIRIIL)

This is a correct description in the sense that the specifications of the
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components S, K, R and L are guarded and consequently the specification of
the ABP as a whole has a unique solution.

2.2. Verification.

Verification of the ABP amounts to a proof that:

(1) the protocol will eventually send at port 2 all and only data it has read at
port 1,

(2) the protocol will output data at port 2 in the same order as it has read
them at port 1.

This means that, in order to verify the protocol, it is sufficient to prove the fol-

lowing theorem.

2.2.1. TueoreM. ACP, + SC + REC + RSP + CA + CFAR+

ABP = Y rl(d) s2(d) -ABP.
deD
PrOOF. Let I'={cp(g)|lpe{3,4,5}, geD}. We will use [x] as a notation for
T°0g(x). I’ is defined in such a way that we can derive a guarded system of
equations for [x]. Consider the following system of recursion equations in
Table 5.

©x =xt
M xt = Jri@d X9

deb
2 XP =1-XP+7-xP
3) XP = c6(1-b) X9
@ XP = s2d) X9
() X9 = c6b) X2

©6) X¢ =1-XP+7-X{7°

TABLE 5. Recursion equations for X

The transition diagram of X is displayed in Figure 9. We claim that with the
above mentioned axioms one can prove that X=[S|K|R|IL]. We prove this
by showing that [S||K|[R||L] satisfies the same recursion equations (0)-(6) as X
does. In the computations below, the bold-face part denotes the part of the
expression currently being ‘rewritten’.

[SIKIRIL]=[RMC|KIRF°|IL] (0)
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[RMP||KIIRF?IL) = 3 r1(d) [SF®|KIIRF®|L] = )

deD

= S rid)r[RA®|K®|RF*|IL] =
deD

= 3 ri(d)[RA®IK®|RF|L]
deD

[RA®|K®|RF?|IL] = 7 [RA®|Is4(ce) KIRF®| L] + 2)
+ 7 [RA%||s4(db) KIRF®|| L] =
= r{RAD|K|ISA'°|IL]+ T [RA®|KIISM®||L]
[RA®|KIISA'P|IL] = c6(1 —b) [RA®| KIIRF?|IL'®] = 3
= ¢6(1—b)(r [RA®||K||RF®||s5(ce) ‘L] +
+ 7 [RA®||K||IRF”|Is5(1—b)L]) =
= ¢6(1—b)-r-r{SF®|KIRF?|IL] =
= ¢6(1—b) 77T [RA®|K?®||RF®|IL] =
= c6(1—b){RA®||K®|RF®|IL]

[RA®|KIISM®||L] = s2(d) [RA®IKIISA®|IL) 4)
[RA®|IK|ISA®|IL] = c 6(b) {RA®|IK|IRF'~?||L?) 5)
[RA®|KIIRF'~®|IL?] = 7 [RA®| K||RF'~?||s5(ce) L] + (6)

+ 7 [RA®||K||IRF'~%||s5(b) L] =
= r[SF®|K|IRF'"®|IL] + 7 [RM'~®||K|IRF'~%||L]
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[SF®|K||RF'~®||L] = T {RA®|K®|RF'®|IL] = (M
= r-(r [RA®||s4(ce) KI|RF' ®|| L] +
+ 7{RA%||s4(db) ‘K||RF'~®||L]) =
=7{RA®|IK|SA®IIL]

Now substitute (7) in (6) and apply RSP. Using conditional axiom CA6 we
have ABP = 7,([SIKIRIL]) = 7,(X) = 7,(X}). Further, an application of
CFAR gives 7,(X$?) = 7 -7/(X®) and 7,(X®) = 7 -7(X}~?). Hence,

(X3) = Sri@d) 1(XP) = 3 rid) m(XP) =

deD deD
= 3 rl@) s2d) (XP)= F ri(d)s2d) m(X{"?)
deD deD
and thus

n(X3) = D rid) s2d) - S rie)s2e) m(X}) and
deD eeD

n(X}) = 3 rid)s2Ad)- 3 ri(e)s2Ae) (X))
deD eeD

Applying RSP again yields 7,(X}) = 7,(X}) and therefore
(X)) = 3 rid) s2d) T(X?).

deD
This finishes the proof of the theorem. O

2.3. REMARK.

Channels K and L can contain only one datum at a time. Now one can say
that this is no problem because S and R will never send a message into a
channel when the previous one is still there. If § and R would do this then our
process algebra modelling would be incorrect. Because they don’t, there is no
problem. This argument is correct for the ABP, but one should be careful in
more complex situations: if one implicitly uses assumptions about the
behaviour of a system in the specification of that system, then there is a risk
that a verification shows that the system has certain ‘wonderful’ properties
which in reality it has not. We give an example. Consider the situation where
a process S first sends three threatening letters into channel K followed by a
violent attempt to eliminate process R. Suppose K is a l-datum-buffer. The
system starts and S sends the first threatening letter into the channel. Now
receiver R at the other side of the channel is very busy doing other things, and
has no time to read messages from K. Only after a long, long time R looks if
there is mail in K. Of course R is really shocked by the contents of the letter,
and immediately tries to eliminate S. Only after this has succeeded, it reads
from K again. Because S becomes dangerous only after the third message has
been sent, process R will not get into trouble. The crucial point is now that
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this would have been different if K were a FIFO-queue.

3. THE PAR PROTOCOL (PART 1)

In this section we will describe a protocol that is very similar to the ABP,
although there is a fundamental difference. The protocol, that is described in
[18], is called PAR, which stands for Positive Acknowledgement with
Retransmission. In the protocol the sender waits for an acknowledgement
before a new datum is transmitted. Instead of two different acknowledgements,
like in the ABP, the PAR protocol only uses one type of acknowledgement
(hence the word ‘Positive’). This discussion of the PAR protocol is a revised
version of Sections 3 and 4 of [19].

3.1. Specification.

The diagram that describes the architecture of the PAR protocol is almost
identical to the diagram for the ABP, with as only difference that on one side
of the sender a small timer process has been added.

FIGURE 10
Thus, there are five components:
S: Sender
T: Timer
K: Data transmission channel
R: Receiver
L: Acknowledgement transmission channel

3.1.1. Sets. Let D be a finite set of data. Elements of D are to be transmitted
by the PAR protocol from port 1 to port 2. Let B={0,1}. Frames in D XB
are transmitted by channel K. Define D = D U(D XB)U {ac,ce,st,t0)}
(ac=acknowledgement, ce=checksum error, st=start timer, to=time out).
For the interaction with their environment, the components use ports from a
set P = {1,2,.,6,7}. P and D occur as parameters of atomic actions.
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Alphabet 4 and communication function y are defined using the read/send
scheme. In addition, A contains two other actions i and j which do not com-
municate.

3.1.2. The channels. If a message is sent into channel K or L, three things can
happen:

(1) the message is communicated correctly,

(2) the message is damaged in transit,

(3) the message gets lost in the channel.

Channels K and L are described by the following equations in Table 6.

K = 3 r3f)k/

feDXB

K/ = (is4(f)+i-sdce)+i)K

L = ré6(ac)-L*

LﬂC

(j 's5(ac)+j -s5(ce)+j)-L

TABLE 6. Definition for channels K and L

The reason why we use actions i and j, instead of the t as it was done in the
specification of the ABP, will become clear further on.

3.1.3. The sender. In the specification of the sender process S (Table 7) we use
formal variables RH", SF%', ST*', WS% (deD, neB):

RH= Read a message from the Host at port 1. The host process, which is
not specified here, furnishes the sender with data.

SF= Send a Frame in channel X at port 3.

ST= Start the Timer.

WS= Wait for Something to happen. Here there are three possibilities: (1) an
acknowledgement frame arrives undamaged, (2) something damaged
comes in, or (3) the timer goes off. If a valid acknowledgement comes
in, the sender fetches the next message, and changes the control bit,
otherwise a duplicate of the old frame is sent.
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s = RH®

RH" = I rl(d)-SF*
deD

SF% = s3(dn)-ST*

ST = s(st)- WS*

WS% = r5(ac)-RH'~"+(r5(ce)+r(to)) -SF*

TABLE 7. Specification of the sender process S

3.1.4. The timer. The timer process T is very simple (see Table 8). There are
two states: the initial (stop-) state and the (run-) state in which the timer is
running. In both states the timer can be started, but only in the running state
a time out can be generated.

T =ri@st)T

T’

ri(st)-T"+s7(to)-T

TABLE 8. Specification of the timer process T’

3.1.5. The receiver. For the specification of the receiver process R (see Table 9)
we use formal variables WF”", SA", SH* (deD,neB):

WF= Wait for the arrival of a Frame at port 4.

SA= Send an Acknowledgement at port 6.

SH= Send a message to the Host at port 2. In general the host of the receiver
will of course be different than the host of the sender.
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R = WF°

WF" = rd(ce)WF"+ 3 r&(d(1—n))-SA"+ 3 r4(dn)-SH*"
deD deD

SA" s6(ac)-WF"

SHY = s2(d)-SA'™"

TABLE 9. Specification of the receiver process R

When a valid frame arrives at the receiver, its control bit is checked to see if it
is a duplicate. If not, it is accepted, the message contained in it is written at
port 2, and an acknowledgement is generated. Duplicates and damaged frames
are not written at port 2.

3.1.6. Premature time outs. We define

H = (p(g), p(g)|p€(3,4,5,6,7),g€D)
and consider the expression

ag(SIITIKIRIIL).

Each time after a frame is sent, the sender S starts the timer. An unpleasant
property of the PAR-protocol is that a premature time out can disturb the
functioning of the protocol. If the sender times out too early, while the ack-
nowledgement is still on the way, it will send a duplicate. When the previous
acknowledgement finally arrives, the sender will mistakenly think that the just
sent frame is the one being acknowledged and will not realise that there is
potentially another acknowledgement somewhere in the channel. If the next
frame sent is lost completely, but the additional acknowledgement arrives
correctly, the sender will not attempt to retransmit the lost frame, and the pro-
tocol will fail.

An important observation is that in our modelling ‘too early’ corresponds
exactly to the availability of an alternative action. Thus we can express the
desired behaviour of the timer by giving the action c7(to) a lower priority then
every other atomic action. In the next section we will elaborate on this idea.

4. PRIORITIES

The axiom system ACP,, introduced in [2], consists of the operators and
axioms of ACP, extended with a unary priority operator #, an auxiliary binary
operator <] (unless) and some defining axioms for these operators. We use 6 to
model priorities. Parameter of @ is a partial order < on the atomic actions. So
for a,b,c €A we have

—~(a<a) and a<b&b<c=a<ec



130 Two simple protocols

The constant & can be incorporated in this ordering as a minimal element. We
then have 8<a for all aeA4. Consider, as an example, the following partial
order on atomic actions a,b and c:

b<a and c<a

Relative to this ordering the operator @ will forbid in a sum-context all actions
that are majorated by one of the other actions in that sum-context. So we have
for instance:

(i) 6(a+b)=a, 6@+ c)=abut

(i) 6b+c)=b+ec.

Operator 6 is axiomatised in the system ACPj (see Table 10).

ExAMPLE. Let b <a and ¢ <a. Then:

(i) O(a+b)=06(a)]b +0(b)Ja=a<lb+b<Ja=a+b=a,

(i) 6(b +c)=0(b)]c + 0(c)b = b<c + c<qb = b + ¢,

(iii) (b(a + c))=0(b)-6(a +c)= b-(B(a)c + 0(c)a) = b(a<c + ca)
= b(a + 6) = ba.

In [2] the proof can be found of the following theorem:

4.1. THEOREM.

i) for each recursion-free closed ACPy-term s there is a basic term t such that
ACPyt+s =1,

ii) ACPy is a conservative extension of ACP, i.e. for all recursion-free ACP-
terms s,t we have: ACPg+ s =t = ACP+ s =1.

There are some nontrivial aspects about § which are not adressed in [2] nor in
any other paper (up to now). Below we point out what the problems are and
sketch the easiest way out. We think that # is an interesting operator that
deserves more attention. This paper however is not the appropriate place for
large numbers of technical theorems about 6.

Firstly, it is not so clear what to think of # operationally in a setting with
recursion. Let b <a, f (b)=a and consider the recursively defined process X:

X = 6(b + pfX).

It appears that X can do a b-action iff it cannot do a b-action. There are vari-
ous ways to resolve this paradox. Our ‘solution’ is that we do not allow @
inside recursive definitions.

Although it seems possible to combine ACP, and ACP, into a system
ACP,y, the combination has not been worked out at this moment. If we
require (and this seems reasonable) that ACP,4 is a conservative extension of
ACPy and of ACP,, then (b <a):

Oa®b + (b + a)) = @@ + a)) = aa.

So in the scope of 8, b +(b +a) should not be able to do a b-step. It seems
that there are two ways to achieve this operationally. The first way is to make
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ACPy

x+y =y+x Al ab =a if —(a<b) Pl
x+@p+z) = (x+y)+z A2 ab =46 ifa<b P2
x+x = x A3 xz = x<y P3
(x+y)z = xz+yz A4 xJ(y +z2) = (x<P )z P4
(xy)z = x(yz) AS xy<z = (xz)y P5
x+8 =x A6 (x+y)<z = x<z+y<|z P6
ox =46 A7
alb = y(a,b) CF
xlly = xlly +yllLx+xly CMI1 | 6(a) = a TH1
all x = ax CM2 | O(xy) = 6(x)-6(y) TH2
ax|Ly = a(xlly) CM3 | 0(x +y) = O(x)<ly +6(y)<1x TH3
(x+yllz = xlLz+yl 2 CM4
(ax)|b = (alb)x CM5
al(bx) = (alb)x CM6
(@x)|(by) = (@lb)xly) ~ CM7
(x+y)lz =xlz+ylz CM8
x|(y+z) = x|y +xlz CM9
dy(a) = a ifaeH D1
dy(a) =6 ifaeH D2
dp(x +y) = du(x)+3y(y) D3
8u(y) = 3u(x) () D4

TasLE 10.

7's ‘transparent’. This means that in state b+7(b +a), the process can ‘see’
that, after doing a 7, an a is possible. And because a has priority over b, no b
will occur in state b +7(b +a). This option is not so attractive because it
means that processes have a ‘look-ahead’ and can see into the future. This is
rather counter-intuitive.

The other possibility is to give 7 priority over all other actions (in particular
over b). This seems to work, even though intuition is a bit lacking. However,
still there are some complications. For instance, Koomen’s Fair Abstraction
Rule (KFAR) is no longer valid. We have:

ab = B(ab) = Bar;(<X|X=i-X+b>)) = a-B(r;(<X|X=i-X+b>)).

It is not clear how, in a setting where 7 has priority over all other actions,
0(r(iy(<X|X=i-X+b>)) can do a b-step. Although KFAR becomes prob-
lematic, we think that KFAR™ (see [9]), a variant of KFAR which allows for
fair abstraction of unstable divergence, is valid in the new model. KFAR™ is
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still powerful enough for the verifications in this paper. We will not elaborate
here further on models that incorporate 7 and @ in a single sort. There are so
many details to be worked out that it is better to have a separate paper on the
topic. There is a simpler way to combine 7 and 6.

Consider the model @ for ACP of countably branching process graphs
modulo strong bisimulation ([7]). Let @ be the model obtained by adding the
operators § and <] to @ in the obvious way (if g is a process graph, then 6(g) is
the process graph obtained from g by pruning in each node all transitions that
have a label that is dominated by the label of another transition starting in
that node, <] is defined similarly). Then @ is an expansion of @, ie. @ is
enriched with new function symbols but the domain is invariant. This means
that all axioms that are valid in @ are also valid in &; in particular we have
body replacement (REC) for all recursive specifications in the syntax of ACP.
By construction recursive constants <X|E> where E is a recursive
specification containing #, are not in the algebra @. It is easily checked that
the laws of ACP, are valid in @ too. Next consider the model &, for ACP, of
countably branching process graphs modulo rooted-r-bisimulation ([3]). Our
way to combine # and 7 is that we work with a two-sorted algebra: there is a
sort of ACP,-processes and a sort of ACPy-processes: we place the algebras @,
and @ next to each other, obtaining an algebra @4. Next we expand this alge-
bra to an algebra @4, by adding a mapping 4 from the domain of @ to the
domain of @ which is just the obvious isomorphic embedding of @ into @, (h
maps the bisimulation equivalence class of a graph g to the rooted-r-
bisimulation equivalence class of g). All the laws that are valid in &,, in partic-
ular KFAR, are also valid for the sort of ACP,-processes of @,4,. Further, all
laws valid in & are valid for the sort of ACPy-processes of @.4,. Finally we
have the obvious laws stating that A gives an isomorphic embedding of & into
& (h(x)=h(y) = x =y, h(xI)=h @)l (), etc).

Below we will not spend much effort on telling what processes are ACP,-
processes and what processes are ACPy-processes. This should be clear from
the context.

5. THE PAR PROTOCOL (PART 2)

Returning to the specification of the PAR protocol we define operator # on the
basis of the following partial ordering < on A4:

(1) a<c(st) for acA—{cT(st)}

(2) c7(to)<a for acA—{c7(t0)}

The reason for giving action ¢ 7(to) a lower priority than the other actions has
already been given in Section 3.1.6. In addition we have given action c7(s?) a
higher priority than the other actions in order to express that immediately
after sending a message the timer is started. This assumption is not essential
for the correctness of the protocol. The system as a whole is now described by

G0,4(SITIKIIRIIL).

The fact that in the scope of a priority operator no 7’s are allowed explains the
use of i and j actions in the specification of components K and L. We are
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only interested in the actions taking place at ports 1 and 2. The other actions
cannot be observed.

I={cp(g)lpe(3,4,56,7}, geD}U{ij}
The PAR protocol can now be described by:

PAR = 10083 (SIITIKIIRIIL)

For verification of the protocol it is sufficient to prove the following theorem.

5.1. THEOREM.

PAR = 3 rl(d)-s2(d)-PAR
deD
PrOOF. Let I’ = {cp(g)|pe{4,5,7},geD} U{i,j}. We use [x] as notation for
T7.°h°8°0y(x). Since I’CI we can apply axiom CA6:

PAR = 7/([SIITIKIRIIL]).

In the first part of the proof we will derive a guarded system of recursion
equations for the process expression [S||TIIKIIRIIL] in which only the opera-
tors + and - occur. Thereafter, in the second part, we will abstract from the
other internal actions using CFAR. Throughout the proof d ranges over D and
n ranges over B. The transition diagram of [S|ITI|IK|IR||L] is depicted in Fig-
ure 11.

[SITIKIRIL) = [RHCITIKIWF°|IL) ©)
[RH™TIIKIWF"||L] = t.0ho83 y(RH" || TI|IK||WF"||L) = )

= 1p0ho8( S r 1(d) -du(SF || TIIKIIWF™||L)) =
deD

= 1poh( 3 r 1(d) 60y (SF||TIIKIIWF" (L)) =
deD

= 1p( D r 1(d) *ho03 y(SF* || T||K|IWF"||L)) =
deD

= 3 rld) “17°h°0°d y(SF | TIIK||WF"||L) =
deD

= D rl@d) [SF*ITIKIWF"|L]
deD

[SF®ITIKIWF"|IL] = c3(dn) [ST*|ITIK*|WF"|IL] = (2
= ¢3(dn) [WS“IT"IIK"|WF"|IL]
(Here we used that the action c7(st) has higher priority than the other
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X
6
rl(d) c6(ac)
d1
do
X 5
. 3(d1)
¢3(d0) ¢ $2(d)
do d1
3 9 X4
T T
x4
3
T c3(d1)
d1
X
2
ri(d)
»0 xl

FIGURE 11

actions.)
[WS® T IK* | WF"||L] =7°ho8(c 1(to) -3 (SF | T|IK* || WF"|IL) + 3)
+ i -dg(WS?™|IT" |ls4(dn)-KIIWF"|IL) +
+ i -dg(WS®||IT" ||ls 4(ce)-KIIWF™||L) +
+ i -dg(WS™IT"IIKIIWF"|IL) ) =
(Action ¢ 7(to) has lower priority than the other actions.)
=1 [WS*IT'IIKISH*|IL] +
+ T [SF®|TIKIWF"||IL]

(If the message is damaged, the resulting state is the same as in the case in
which the message gets lost. In both cases a time out event occurs.)
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(WS T'IIKISH*|IL] =s2(d) [WS* I T"IKIISA'~"|IL]

[(WS*IT"IKIISA'~"IIL] =c6(ac) (WS I T" |KIWF'~"||L*]

[WS® T |KIWF'~"||L*] =7{RH'"~"IT"|KIWF'~"|L] +
+ 7 [SF*|T"IIKIWF'~"|IL] +
+ 7 [SFITIKIWF'~"IIL]

[RH™IT"IKIWF"IIL]= 3 rl(d) {SF* | T"|KIIWF"||L]
deD

[SFTTIIKIIWF"IIL] = c3(dn) {WS*IT | K*||WF"||L]
[SFNTTI|KIIWF'~"||IL] =c3(dn) (WS T"|[K*||WF'~"||L]
[SFEITIKIWF'""||L]=c3(dn) (WS T"IIK*||WF'~"||L]
[WS* T IK*|WF'~"||L] =7 {SF*IIT"|KIWF'~"|IL] +

+ (WS T"IIKIISA'"IIL]

135

)
)
(6)

(1a)

(2a)
)
(72)
®

Now observe that the processes of equations 1 and 1la, 2 and 2a, and 7 and 7a
are identical. This means we have derived that X (= [S||TIIK|IRI||IL]) satisfies

the system of recursion equations in Table 11.

(G) X§ =7X3" + 71X | () XJ" = c3(dn)X§"

© x =X
(1) X7 = Jr1@d)-Xg" | (5) X§" = c6(ac) X"
deD
(2) X§* = c3(dn)-Xy" 6) X¢" =r-X|™" +1-XP"

4 Xgn :SZ(d)'X?' 8 Xg" :.T'X‘g" +‘T'X'-f"

TABLE 11. Recursion equations for X

This finishes the first part of the proof. In the second part we will abstract
from the communications at ports 3 and 6. Because PAR = 7,(X)= 7,(X}), it

is enough to show that

m(X}) = 3 r1(d)-s2d) m/(X?).

deD

For d and n fixed, variables X4" and X%' form a conservative cluster from 7.

Hence we can apply CFAR.
T(XT) = T TUXT).
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Variables X%, X&', X% and X¢ (d and n fixed) also form a conservative clus-
ter from I. CFAR gives:
T(X3) =T (X]7").

We use these two results in the following derivation:

T(X7) = I rli@d)(XP) =

deD

= Sri@)rnXd) =

deD

= 3 rid)s2d)T(X$) =

deD

= 3 ri(d)s2d) (X))

deD
Substituting this equation in itself gives:
n(X}) = 3 rid)s2d)- 3 ri(e)s2e) r(X}) and

deD eeD
m(X1) = 2 rid)s2d)- 3 ri(e)s2e) m(X}).
deD eeD

Due to the Recursive Specification Principle we have:
THXY) = 7(X}).

Hence

THXY) = Epr 1(d) s 2(d) T((XY),
which is the desired result. O
5.2. REMARK.

For the modelling of time outs in the PAR protocol the use of the priority
operator is not essential. We sketch an alternative. If a frame gets lost in one
of the channels then one can say that this event in a sense causes a time out.
This causal relationship can be expressed in process algebra by means of a
communication between the channel and the pair sender/timer. For channels
K and L the specifications then become:
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kK = 3 ik
feDXB

(i -s4f)+i-sdce)+i-sT(to)) K

"y
I

ré(ac) L*

1
I

= (j 's5(ac)+j s 5(ce)+j s 1(t0))-L

TABLE 12. Specification for channels Kand L

In a time out event three processes participate: the timer, the sender and a
channel. This means that when dealing with time outs we have ternary com-
munication at port 7.

Y(s 7(t0),s 1(to)) = ss1(to) vy(s7(to),r1(to)) = sri(to)
Y(s 7(¢t0),sr 1(to)) = c1(to) v(r(to),ss7(to)) = c7(to)
This leads to a slightly bigger set of unsuccessful communications:
H = HU{ss7(to),sr 1(t0)}
The alternative specification of the PAR protocol now becomes:

PAR = 7,°05(S|IKIIRIIL)

One can prove that PAR=PAR. In [16], essentially the above idea is used to
specify a simplified version of the PAR protocol.

5.3. Asymmetric communication.

Consider the situation where channel K contains a frame and the receiver is
doing some other things and reads the datum from K only after a long time.
Now one can consider it to be unnatural that during this whole period the
datum keeps ‘floating’ in K and does not disappear. In a more realistic
approach we would assume that if a datum is contained in channel X, either
this is read by process R, or it gets lost if R is not willing to receive. Formally
we can model this in process algebra by not encapsulating s4(d) actions, but
give them a lower priority than the corresponding ¢ 4(d) actions. This mechan-
ism is called put mechanism in [5]. One can prove that the ABP and the PAR
protocol are correct as well if the put mechanism is used.
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Some Observations on
Redundancy in a Context

Frits W. Vaandrager
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P.O. Box 4079, 1009 AB Amsterdam, The Netherlands

Let x be a process which can perform an action a when it is in state s. In this
paper we consider the situation where x is placed in a context which blocks a
whenever x is in s. The option of doing a in state s is redundant in such a
context and x can be replaced by a process x’ which is identical to x, except
for the fact that x’ cannot do a when it is in s (irrespective of the context). A
simple, compositional proof technique is presented, which uses information
about the traces of processes to detect redundancies in a process
specification. As an illustration of the technique, a modular verification of a
workcell architecture is presented.

Key Words & Phrases: process algebra, redundancy in a context, trace seman-
tics, modularity, compositionality, computer integrated manufacturing.

Note. Without further reference, we will use in this paper the notation and
axioms that are described in the second paper of this thesis (Modular
specifications in process algebra).

1. INTRODUCTION
We are interested in the verification of distributed systems by means of alge-
braic manipulations. In process algebra, verifications often consist of a proof
that the behaviour of an implementation JMPL equals the behaviour of a
specification SPEC, after abstraction from internal activity: 7,(IMPL)=SPEC.
The simplest strategy to prove such a statement is to derive first the transi-
tion system (process graph) for the process IMPL with the expansion theorem,
to apply an abstraction operator to this transition system, and then to simplify
the resulting system to the system for SPEC using the laws of (for instance)
bisimulation semantics. This ‘global’ strategy however, is often not practical
due to combinatorial state space explosion: the number of states of JMPL can
be of the same order as the product of the number of states of its components.
Another serious problem with this strategy is that it provides almost no
‘insight’ in the structure of the system being verified. It is impossible to use
the approach for the design of distributed systems, i.e. the stepwise construc-
tion of an implementation starting from a specification. This makes that there
is a strong need for proof methods with a more modular/compositional charac-
ter.
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1.1. Modularity and compositionality. For the purpose of verification, we are
interested in proof principles which transform a system locally, so that for a
correctness proof of a local transformation one does not have to deal with the
complexity of the system as a whole. A modular verification transforms an
expression 7;(IMPL) gradually into SPEC by a sequence of local transforma-
tion steps. Consider, as an example, the case where IMPL represents the
parallel composition of components X, X, and X3, where the actions in a set
H have to synchronise: IMPL = 0y(X,[lX,|lX3). A possible step in a modu-
lar verification could be that X, and X, are replaced by Y, and Y,. In that
case one has to prove that:

TloaH(Xl “X2"X3) = 1',08”(Y| I Y2”X3)

It is sufficient to prove that X,||X, = Y,[|Y,. However, this will not be pos-
sible in general. It can be the case that processes X,||X, and Y,||Y, are only
equal in the context 7;°9y(..llX3). And even if the processes are equal, then
still it is often not a good strategy to prove this. If one shows that two
processes are equal, then one shows that they are interchangeable in any con-
text, not only in the context in which they actually occur. In order to bring
about successful substitutions, it is therefore desirable (or even necessary) to
incorporate information about the context in which components are placed in
correctness proofs of substitutions. A proof technique which allows one to do
this to a sufficiently large degree is called modular. It is also possible to use a
modular proof system the other way around. In that case one starts with a
specification, which is refined to an implementation by a sequence of transfor-
mation steps.

A proof rule is called compositional if it helps to prove properties of the sys-
tem as a whole from properties of the individual components. Compositional
proof rules are essential for modular verifications.

In this paper we present a proof principle which can be used to enhance the
modularity of verifications. We claim that the principle captures a simple
intuition about the behaviour of concurrent systems, and moreover makes it
possible to give short, modular proofs in quite a large number of situations.

1.2. ExamMpLE. We give a specification of a Dutch coffee machine similar to
the one described in [12].
KM = 30c-(kof + choc)-zoemKM

After inserting 30 cents, the user may select ‘koffie’ or ‘chocolade’. Dutch
coffee machines make a humming sound (‘zoemen’) when they produce a
drink. The behaviour of a typical Dutch user of such a machine can be
described by the recursive equation below.

DU = (kof+30c kof)talk-DU

Dutch people are widely known for their thrift, and they will never spend 30
cents for a cup of coffee if they can get it for free.! Synchronisation of actions

1. Dutch users do not occur in [12]. In the modelling as presented here, the thrift of the Dutch
user is not really taken into account: we can think of an environment where process DU performs
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is given by: y(kof,kof)=kof", ¥(30c,30c)=30c" and y(choc,choc)=choc*. Let
H = {kof, kof, choc, choc, 30c, 30c}. Consider the system d4(DU|KM). It will
be clear that in this environment the thrift of the Dutch user makes no sense.
This behaviour is redundant in_the given context. More ‘realistic’ is the
behaviour DU = 30c kof-talk-DU, because dy(DU|IKM) = 95(DUI|KM).

1.3. Redundancy in a context. The example above is an instance of a situation
which occurs very often: a process x has, in principle, the possibility to per-
form an action a when it is in state s, but is placed in an environment 94(..|ly)
which blocks a whenever the process is in s. In situations like this, the a-step
from s is redundant in the context oy(..|ly). We want to have the possibility to
replace x by a component X, that is identical to x except for the fact that x
cannot do action a when it is in state s (irrespective of the context). For a
compositional proof of the correctness of this type of substitutions new proof
rules are needed. In this paper we will show that in most situations partial
information about the (finite, sequential) traces of processes is sufficient to
prove that a summand in a specification is redundant and can be omitted.
The notion ‘redundancy in a context’ was introduced in [14]. The present
paper can be viewed as a thorough revision of Section 6 from that paper.

1.4. Trace-specifications. It is argued by many authors (see for instance [5]),
that if one is interested in program development by stepwise refinement, one
needs to have the possibility of mixing programming notation with
specification parts. A natural way to specify aspects of concurrent processes,
advocated by [7,12,13,15], is to give information about the traces, ready pairs
and failure pairs of these processes. This leads to the notation

x sat S

which expresses that process x satisfies property S. When we use the notation
in this paper, S will always be a property of the traces of x. Without any prob-
lem we can also include other information in S but we don’t need that here.

In recent years it has become abundantly clear that there are many notions
of ‘process’. For instance, the idea that a process, in general, is the set of its
traces, ready pairs or failure pairs is just false, because these notions of process
do not capture features like real-time and fairness. Therefore we are interested
in proof rules which express ‘universal’ truths about processes, and which are
not tied to some particular model.

The point which is new in this paper is that we use statements of the form
x sat S, i.e. information about the traces of processes, in proofs that processes
are equal in a sense different from (and finer than) trace equivalence. Thus we
combine the advantages of a linear trace semantics with the distinctive power
of finer equivalences.

an action 30c even though it has the possibility to perform an action kof instead. Preference of a
process for certain actions can be modelled by means of the ‘priority operator’ of [2].
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1.5. Workcell architecture. As an illustration of our technique, we present in
Section 5 of this paper a specification and verification of a workcell architec-
ture, i.e. a system consisting of a number of workcells which cooperate in order
to manufacture a certain product. The verification is not only modular, but
also short when compared with the non-modular verifications of the same sys-
tem by BIEMANS & BLONK [4] and MAuw [11]. In the first steps of the
verification we remove the redundant summands in the process specification of
the workcell architecture. Often the information that some summand is redun-
dant has some importance of its own. It allows one to replace one component
by another which is simpler cq. cheaper. In our modular proof this informa-
tion becomes available as a by-product.

1.6. Related work. This is not the first paper which is concerned with modular
verification in the setting of process algebra. Work in this area has also been
done by LARSEN & MILNER [9,10] and KOoyMANS & MULDER [8]. We think
that our approach has basically two advantages when compared with this
work. The first advantage is that our approach is technically speaking much
simpler. People have strong intuitions concerning the trace behaviour of con-
current systems. Our proof rule makes it possible to use these intuitions quite
directly in verifications. The intuitions behind the techniques of [8-10] are more
involved and a lot of technical machinery is needed to formalise them. Our
approach is probably less general than the approaches of [8-10], but we think
that for many practical applications it can be used just as well.

The second advantage of our technique is that it is independent of the par-
ticular process semantics which is used. This in contrast to the work of [8-10],
which is intrinsically tied to bisimulation semantics. In the discussion below
we employ the laws of interleaved bisimulation semantics. However, we could
just as well work with the laws of failure equivalence, ready equivalence or
trace equivalence. Working with bisimulation semantics only makes our
results stronger. We conjecture that the proof rule based on trace-
specifications, as presented in this paper, also holds in partial order semantics
(see [6]). Probably the correctness proof of the workcell architecture which is
presented in Section 5, when reorganised a little bit, is also valid in partial
order semantics. It is a potential topic for future research to substantiate these
claims.

2. TRACES AND TRACE-SPECIFICATIONS

2. Traces and trace-specifications. A trace of a process is a finite sequence that
gives a possible order in which atomic actions can be performed by that pro-
cess. A trace can end with the symbol \/ (pronounce ‘tick’), to indicate that,
after execution of the last atomic action, successful termination can occur.
After some preliminary definitions we give, in Section 2.3, axioms that relate
processes to trace sets.
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2.1. DEFINITION.

1.

For any alphabet =, we use 2" to denote the set of finite sequences over
alphabet =. We write A for the empty sequence and a for the sequence
consisting of the single symbol a€Z. By o*0o’, often abbreviated as oo’,
we denote the concatenation of sequences ¢ and o'.

Let o be a sequence and V be a set of sequences. We use the notation o* V
(or oV) for the set {o*p|peV}, and notation V*o (or Vo) for the set
{palpeV}.

By #o we denote the length of a sequence o.

On sequences we define a partial ordering < (the prefix ordering) by:
o<p iff, for some sequence o', o6’=p. A set of sequences V is closed
under prefixing if, for all o<p, peV implies that ce V.

A y=AU{./} is the set of atomic actions together with the termination
symbol. Elements from A4*UA"*\/ are called traces or histories. T acts
as the identity over (4 /)" and is therefore replaced by A when occurring
in traces.

T is the set of nonempty, countable subsets of T = A" UA "/ which are
closed under prefixing.

2.2. DEFINITION. Let a,beAd, V,WeT, o0,0,,0,T. We define the following
ACP-operators on trace sets:!

1.

3.

|

Sequential composition.
V-W ::= (VNA") U {0,*6;|0,\/€V and 5, e W}.
Parallel composition. VW ::= {ol|36,€V, 0,eW :0€0llo;}. The set
0, llo, of traces is defined inductively by:
a(o,llbay)Ub(ao lloy) Uy(a,b)o,lloy) if y(a,b)eA
ao,llbo; = a(o,llboy)Ub(ao llo,) otherwise

Alas = aollA = a(Allo), AN = (A}, Vo = ollV/ = {0}

Here y:A5XA;—A;s is a given binary function which describes the syn-
chronisation between atomic actions. 7y is commutative, associative and
has 8 as its zero-element.
Encapsulation. Let HCA. 04(V) ::= VN(Ay—H)".
Abstraction. Let ICA. 7/(V) ::={7/(0)loeV}. The function 7, on traces
is given by:

7(0) ifael
nkese) = {a*‘n(o) otherwise

N =X (V)= V.
Renaming. Let f:4,5—5A4, with f(r)=7 and f(§)=8. pV)::=

The auxiliary operator | cannot be defined on trace sets.
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{pf0)loeV}. The function p, on traces is given by:
f(@)*pfo) if f(a)7#d
pare) = 1) otherwise

oM =\ PV = V.
6. Projection. Let neNN.
7,(V) ::= {6€VNA" |fo<n}U{o\/eVI|ffo<n}.
7. Alphabets. a(V) ::= {a(o)loeV}. The function a: T—Pow(A) is given
by:
a(a*o) = {a}Ua(s), ad) = a(\/) = .

2.3. The Trace Operator (TO). Let P be the sort of processes. The trace opera-
tor tr:P—T relates to every process the set of traces that can be executed by
that process. The operator satisfies the axioms of Table 1. (a€4, x,y€P,
H,ICA, f:A,5—A s with f(1)=7 and f(6)=46, and neN)

tr(6) = {A} TO1 | tr(@y(x)) = dyx(tr(x)) TO7
tr(t) = (A} TO2 | tr(ti(x)) = ,(tr(x)) TO8
tr(a) = {\a,a\/} TO3 | tr(pdx)) = pder(x))  TO9
tr(x +y) = tr(x)Uetr(y) TO4 | tr(m,(x)) = m,(tr(x)) TO10
tr(xy) = tr(x)tr(y) TOS5 | a(x) = a(tr(x)) TOl11
tr(xlly) = tr(x)ller(y) TO6

TABLE 1. Axioms for the trace operator

When calculating with trace sets we implicitly use ZF. This means that the
considerations of this paper are not of a completely algebraic nature. We res-
trict our attention to the models of the theory ACP, with recursion and auxili-
ary operators that can be mapped homomorphically to the trace algebra. This
is no serious restriction because all ‘interesting’ process algebras are in this
class. A similar approach is followed in [1].

2.3.1. EXAMPLES.

tr(x) = tr(6+x) = tr(®)Utr(x) = {A}Utr(x). 1)

So A is member of the trace set of every process.

tr(ax) = tr(a)ytr(x) = {Aa,a\/}tr(x) = {Aa}Uaxtr(x) = Q)
= {A}U{a}Uax(tr(x)U{A}) ={A}Uax*tr(x).

Let X be given by the recursive equation X =aX.

r(X) = Um@rX)) = Ytr@(X)) = (@) = 3

n>0 n=0 n>0
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= {(AJU{Aa}U{A\a,aa}U - -+ = {Aa,aa, ---}.

The first identity in derivation (3) follows from the structure of T and the
definition of the m,-operators on T.

2.4. Trace-specifications. A trace-specification is a predicate. A trace-
specification S describes the set of traces which, when assigned to free
occurrences of a chosen variable o of type trace in S, make the predicate true:
{olS}. The syntax for trace-specifications we have in mind is a first-order
language with integers, actions, traces, some simple functions like addition and
multiplication, taking the i % element of a trace, o, pA(0), equality predicates
for the integers, actions and traces, and quantification over integers and traces.
This syntax is almost equivalent to the syntax proposed in [12], except for the
fact that we moreover have multiplication.

It is possible to define in the logic for each regular trace-language L a predi-
cate S; such that L={ao|S.}. In Section 4.5 it will be argued that such predi-
cates are useful. All predicates that we will use in this paper are definable in
terms of the syntax which is described informally above.

A process x satisfies a trace-specification S for trace variable o, notation

x sat, S,

Yoetr(x):S.

Because in nearly all cases we will use a fixed trace-variable o, we often omit
the subscript o and write x sat S. In this paper we regard x sat S merely as a
notation. The proofs take place on the more elementary level of the tr-operator
and trace sets. In [7] an elegant proof system is given which takes x sat S as a
primitive notion. This system contains for instance rules like

x sat S, x sat S’ x sat S, S=S5"’
x sat SAS’ x sat S’

2.4.1. Notation. Let 0T, BCA and a€A.
1. olB gives the projection of trace ¢ onto the actions of B:

ol B = 74 _g(0).
2. ola denotes the number of occurrences of a in o:
g {a})—1 ifo=0"\/
ola = .
t(o {a}) otherwise
3. Even though our trace-specification language contains no alphabet opera-
tor, we can talk about alphabets in predicates: a(6)CB «> o [ B=o0.
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2.4.2. ExampLE. The coffee machine from Example 1.2 satisfies
KM sat a(0)C {I;j-’,ch_oc,ﬁc,zoem}/\(owjf < oiﬁ‘).

The number of cups of ‘koffie’ produced by the machine is always less or equal
to the number of times 30 cents have been paid. The Dutch user however,
takes care that never more than 30 cents are paid in advance:

DU sat a(o) C {kof, 30c,talk } /\(o|kof =(a]30c — 1)).

2.4.3. REMARK. Sometimes we write a specification as S(o), to indicate that
the specification will normally contain o as a free variable. In that case we use
the notation S(ze) to denote the predicate obtained from S(o) by substituting
all free occurrences of o by an expression fe of sort trace, perhaps after renam-
ing of bound variables of S to avoid name clashes.

3. OBSERVABILITY AND LOCALISATION

The parallel combinator || is in some sense related to the cartesian product
construction. In the graph model of [3], the set of nodes of a graph gllh is
defined as the set of ordered pairs of the nodes of g and A. Still the ||-operator
lacks an important property of cartesian products, namely the existence of pro-
jection operators. It is not possible in general to define operators / and r such
that /(xlly)=x and r(xl|ly)=y. In this section we show that, if we impose a
number of constraints on the communication function, and on x and y, it
becomes possible to define an operator which, given the alphabet of x, can
recover x almost completely from x||y:

‘r'p,(,,(x))(x "y)8 = 7-x°6.

The conditions on x and y make that x is observable, the operator p,qx) local-
ises x in x||y.

3.1. Communication. For the specification of distributed systems, we mostly
use the read/send communication scheme, or communications of type
Y(kof ,kof)=kof". Following [8], such communication functions will be charac-
terised as trijective. The assumption that communication is trijective will sim-
plify the discussion of this paper.

3.1.1. DEFINITION. A communication function vy is trijective if three pairwise
disjoint subsets R,S,CCA can be given, and bijections : R—S and ": R—C
such that for every a,b,c€A4:

y(a,b)=c = (@aeRAb=a/Ac=a") V (beRNa=bAc=b").

In the rest of this paper we assume that communication is trijective.
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3.1.2. ReMARK. Observe that a trijective communication function y satisfies
the following three properties, and that each y satisfying these properties is tri-
jective (a,b,c,d €A):

1. vy(a,a)=34,

2. if y(a,b)78 and y(a,c)786 then b=c (y is ‘monogamous’),

3. if y(a,b)=7v(c,d)+0 then a=c or a=d (y is ‘injective’).

Observe in addition that a trijective y satisfies y(y(a,b),c)=48 (‘handshaking’).

3.2. Observability. We are interested in the behaviour of a process x when it is
placed in a context ..|[y. In order to keep things simple, we will always choose
x and y in such a way that x is observable in context with y: every action of
x|ly is either an action from x, or an action from y, or a synchronisation
between x and y. In the last case we moreover know which action from x par-
ticipates in the synchronisation. Below we give a formal definition of this
notion of observability.

3.2.1. DEFINITION. Let B CA be a set of atomic actions. B is called observable
if for each triple a,b,c €4 with y(a,b)=c at most one element of {a,b,c} is a
member of B.

Let for A,,A,CA: A,|A, = {y(a,,a;)eAla,€A,,a,€A,}. From the fact
that a set B of actions is observable, we can conclude that BNB|A=(.
Because v is injective, we know in addition that y has an ‘inverse’ on B|A4: for
each ceB|A, there is exactly one beB such that an aeA exists with
¥(a,b) = c. In this case we write b = vz '(c).

3.2.2. DEFINITION. Let x,y be processes. Process x is called observable in con-
text ..|ly, if a(x) is observable, and a(y) is disjoint from a(x) and a(x)|A4.

If a process x is observable in a context ..|ly, then one can tell for each action
from x||y whether it is from x, from y, or from x and y together. In the last
case one can also tell which action from x participates in the communication.
Observe that the fact that x is observable in context ..|ly does not imply that y
is observable in context ..||x.

3.3. Localisation. The ‘localisation’ of actions from x in a context ..|[y as
described informally above, can be expressed formally by means of renaming
operators. In the literature other definitions of the notions observability and
localisation can be found (see [1] and [14]). In the choice of the definitions,
there is a trade-off between the degree of generality (the capability of operators
to localise actions) and the length of the definitions.
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3.3.1. DEerFINITION. Let BCA be observable. The localisation function
WB): A 5—A ;s is the renaming function defined by:

a if aeBU (7,8}
WBXa) = {yz'(a) ifacB|A
T otherwise

3.3.2. ExampLE. The communication function in Example 1.2 is trijective.
Furthermore a(DU) = {kof,30c,talk} is observable. Process DU is observable
in the context ..|[KM. The expression

p,(‘,(DU))OGH(DUHKM)
denotes the process corresponding to the behaviour of the Dutch user in a con-
text dy(..||IKM). We derive:
p,(,,(DU»OGH(DU”KM) —

= puapuy)(30c” -kof" -(talk-zoem + zoem-talk )3y (DU KM)) =

= 30c-kof(talk -7+ Ttalk) pyapuydu(DUIIKM) =

= 300'kof'ta1k'p,(qDU))OBH(DUllKM)
Hence pyupuy°du(DUIIKM) and DU satisfy the same guarded recursion equa-

tion. Application of the Recursive Specification Principle (RSP) now gives that
both processes are equal.

3.3.3. REMARK. It may seem that one needs the 7-law T2 (tx =7x +x) in the
verification above. Surprisingly we can perform the verification using only the
r-law T1 (x7=x):

kof-(talk-t+1talk) = kof-(rlltalk) = kof7|_talk = kof| _talk = kof talk.

In fact we claim that all the verifications in this paper can be done using the
7-law T1 only. So we also do not need the law T3 (a(tx +y)=a(rx +y)+ax).

3.3.4. THEOREM. Let p,q be closed terms with p observable in context ..||q. Then
PROOF. Easy with induction on the structure of p and gq. a

3.3.5. THEOREM. Let x,y be processes, with x observable in context ..|y. Then
we can prove using the axioms TO that: tr(pyax)(xlly)) Ctr(x).

ProOOF. Using the axioms from Table 1, we rewrite the statement we have to
prove into:

Prater ) (Er (O)ller () Ctr (x).

Because tr(x),tr(y)€T, it is sufficient to prove that for every V,WeT with
a(V) observable and a(W) disjoint from (V) and a(V)|A4:
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Prary(VIIW)CV.

First we apply the definition of the merge-operator on trace sets:
Prar)(VIIW) = pyary({olIveV, weW :oevilw}).

The theorem is proved if we show for all ve ¥V and w € W that:
Prary (VW) C V.

We prove a slightly stronger fact: Let v=v,;*v, €V and let we W. Then:
V1*Pyavry (V2llW) C V.

The proof goes by means of simultaneous induction on the structure of v, and
w.
Case 1: vy = /

V1*0uan)(VIIW) = v 1#*0,aan)({w}) = vi*{puaryW)} CVi*{A,V}CV

Here we use that V is closed under prefixing.
Case2:w = \/

Vi*PuayV211V) = Vi*0uay({¥2)) = Vi*{bwary(v2)} = vi*{v2} = {v}CV
Case 3.1: v; = AenweAd”

V1*Pua(r)yAlW) = v %0,y ({W}) = vi*{PuaryW)} = vi*{(A} = {v}CV
Case 3.2: vy = Aenw = w;\/

V1*ay AW V)=V 1205y ((W1 ) =V 14 { Py W1)} =vir{(A} = (v} CV
Case 4.1: vieA* enw = A

Vi*Pua()(V2IIA) = V20 ({V2)) = Vi*{buary(v2)} = vi*{v2} = {v}CV
Case 4.2: vy = v3\/enw = A

V1*0ua() (V3 VIN) =V 120,00y ({3 D=V 1% {Prary)(v3)} =vix{v3} = {v1*v3} CV

(V is closed under prefixing)
Case 5.1: vy = avy, w = bw en y(a,b)=§8

Vi*Puary(@3llbw ) = vi*pyauy(@(vslibw,)Ub(avsliw,)) =
= v1*a*pyuary(V3llbw ) Uv  *p iy (avsliw ) CV

(Apply induction hypothesis)
Case 5.2: vy = avy, w = bw; en y(a,b)eA

Vi*Pyary(@3llbwy) = vi*pyery(@(vsllbw,)Ub(avsliw,) Uy(a,b)(vsliw,)) =
= V1*a*Pyr))(V3llbw YUV  *pyaeiy(@vsliw ) U
UV 1 *a*pyamry(vsliw)CV
(Apply induction hypothesis) a
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Notice that the C-sign in Theorem 3.3.5 cannot be changed into an =-sign. If
tr(y) contains no traces ending on \/, then 1r(pya(xy(xIly) will also contain no
such traces, even if they are in #r(x).

3.3.6. THEOREM. Let x,y be processes, with x observable in context ..|ly, and let
H CA. Then we can prove using the axioms TO that: tr(pyq(x)°9u(x|ly)) Ctr(x).
PROOF. Just like we did in the proof of Theorem 3.3.5, we reformulate the
statement. Let V,WeT with a(}V) observable, and a(W) disjoint from a(V)
and a(V)|A. We have to prove:

Py Oa(VIW)CV.
For X,YeT we have that 04(X)CX and XCY = pAX)CpAY). Hence

Pra() 05 (VIW) Cpyaqiyy(VIIW).
From the proof of Theorem 3.3.5 we conclude:

The following corollary of Theorem 3.3.6 plays an important role in this paper
because it allows us to derive a property of a system as a whole from a pro-
perty of a component (this is the essence of compositionality).

3.3.7. COROLLARY. Let x,y be processes, with x observable in context ..||y, let
H CA and suppose f=w(a(x)). If x sat S (o), then:

prdu(xIly) sat S(o)
and consequently
dp(xlly) sat S(p(0)).

3.4. REMARK. The formal definitions of the notions ‘observable’ and ‘localisa-
tion’ in this section are quite complex. The definitions are much simpler if one
works with the synchronisation-merges ||, of OLDEROG & HOARE [13] instead
of the parallel combinator || of ACP. In fact the whole discussion of this paper
can be simplified considerably if one uses || -combinators. The main reason
for this is that these combinators corresponds quite directly with logical con-
junction of trace-specifications (see [12]).

Still, one cannot say that ||, is a better operator than || in general. The syn-
chronisation format of the ||-operator is very flexible and often allows for
elegant specifications. An unpleasant property of the ||4-operator is that it is
not associative (in the sense that in some cases (x|lpy)llcz 7 xllp(yllcz)). We
think that the operators || and ||, are both very useful and that therefore
notions like ‘observable’, ‘localisation’ and ‘redundancy in context’ should be
worked out for both.
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4. REDUNDANCY IN A CONTEXT

We want to prove, in a compositional way, that in a given context a summand
in a specification can be omitted. We will restrict ourselves in this paper to
the case where the summand occurs in a ‘linear’ equation:

4.1. DEFINITION. Let E = {X=tx | XeVg} be a recursive specification. A
set C C Vg of variables is called a cluster if for each X eC, ty is of the form:

2 ak-Xk + 2 YI

k=1 =1
for actions a; €A4,, variables X; €C and Y,eVy—C. Cluster C is called iso-
lated if variables from C do not occur in the terms for the variables from
Ve—C.

4.2. DEFINITION. Let E = {X=tx|X eV} be a recursive specification and let
C be an isolated cluster in E. Let X(,X;,X,€C, a€A, and let aX, be a sum-
mand of ty,. Let E” be obtained from E by replacing summand aX; in tx, by
a ‘fresh’ atom 7. Write p=«X, | E) and p’=«X(|E">. Let y be a process with
p observable in context ..|ly. Let H CA. The summand aX, of p is redundant
in the context dy(..|ly) if:

tr(p,(,,(p))oa,,(p lly))N{oalotetr(p’)}= 2.

4.2.1. Comment. One can say that the set {oa|otetr(p’)} is the contribution
of summand aX; to tr(p). Theorem 3.3.6 gives that 17 (p,q(p)°dx(plly)) is also
a subset of tr(p). If summand aX, is redundant, this means that all behaviours
of p of the form ‘go from state X, with an a-step to state X, are not possible
if p is placed in the context d4(..Ily).

We give an example which shows why we require in Definition 4.2 that clus-
ter C is isolated. Assume a trijective communication function y with
v(a,a)=a" and y(b,b)=>b". Assume further that H={a,a,b,b} en I={a",b"}.
Consider the following recursive specification E:

Xo - aXo + Xl Xl = b'Tl°aH(X0”E'C).
In this system X, forms a cluster which is not isolated. We derive:
Xo = aXo + b-c-é.

From this equation is is easy to see that X, is observable in context ..||b. We
have:

pr(a(X,))oaH(XOHE) = b-cé.

If the condition in Definition 4.2 that C is isolated would be absent, then the
summand aX, would (by definition) be redundant in context dy(..lb). How-
ever, the summand cannot be omitted: outside the cluster it plays an essential
role!



154 Some observations on redundancy in a context

We can now formulate the central proof principle of this paper:
A redundant summand can be omitted

Below we formally present this principle as a theorem.

4.3. THEOREM. Let p=(X|E) and g=(Yo|F), with E and F guarded recur-
sive specifications, and p observable in context ..||q. Let H CA. Let C be an iso-
lated cluster in E with X,X,,X,€C, acA, and aX, a summand of ty,. Let E’
and E be obtained from E by resp. replacing aX, by a fresh atom t, and omitting
it. Let p’=(Xo|E’y and p=«X, | E). Suppose that ACP, + REC + RN + PR
+ TO proves that summand aX, is redundant. Then: ACP, + REC + RN +
PR + AIP™ + d4(pllg) = 94(pllg).

PRrROOF (sketch). The proof uses a bisimulation model generated by Plotkin
style action rules. It is proved that the (infinitary) axiom system ACP, + REC
+ RN + PR + AIP™ is sound and complete for processes represented by a
guarded specification. Consequently it is enough to prove that d4(pllg) and
dy(pllg) are bisimilar. The proof that the obvious candidate for a bisimulation
between these processes indeed is a bisimulation uses the fact that every trace
of actions in the transition system of an expression p is also a (provable) ele-
ment of tr(p). a

4.4. REMARK. A summand which can be omitted is in general not redundant.
In every context the second summand of the equation

X =aX + aX

can be omitted, even if it is not redundant. At present we have no idea how a
‘reversed version’ of Theorem 4.3 would look like.

4.5. Proving redundancies. Now we know that a redundant summand can be
omitted, it becomes of course interesting to look for techniques which allow us
to prove that summands are redundant. The following strategy works in many

cases.
Let E, C, X, etc., be as given in Definition 4.2. In order to prove that the
summand is redundant, it is enough to show that for some predicate S(o):

p’ sat Vo' :0=0't = S(0’a) and
Prapy°u(plly) sat —~S(o).

If the cluster C is finite, then {oa|ottr(p’)} is a regular language and can be
denoted by a predicate in the trace-specification language of Section 2.4. Con-
sequently we can in such cases always express that a summand is redundant.
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4.6. ExaMpLE. We return to Example 1.2 and show how the statement
3u(DUIIKM) = 34(DUIKM)

can be proved with the notions presented in this section. KM is observable in
context DUI||.., and DU is observable in context ..|[KM. The specification of
DU contains no isolated clusters, but using RSP we can give an equivalent
specification where the set of variables as a whole forms an isolated cluster
(DU=UD):

UD = 30c-UD, +kof-UD,
UD] = kOfUDZ
UD, = talk-UD

TABLE 2. Specification of UD
In Example 2.4.2 we already observed that:
KM sat o}kof <o)30c.
Because of Corollary 3.3.7 we also have:
Puakry°dn(UDIIKM) sat o |kof <o|30c.

The alphabet of process d5(UDI||KM) contains no actions kof or 30c, because
these actions are in H. This implies that occurrences of these actions in traces
from tr (pyamy)°9u(UD|IKM)) ‘originated’ (by renaming) from actions kof”
and 30c"*. Hence:

04 (UD|IKM) sat o kof* < 0|30c".
But since the alphabet of d4(UDI||KM) contains no actions kof and 30c, this
implies:

Pua(uD))°dH(UD | KM) sat o|kof < o)30c.
Define UD’ by:

UD' = 30c-UD’; +t
UD’, = kof-UD",
UD', = talk-UD’

Of course we have
UD’ sat Vo’ : 0=0't = (0’kof)}kof > (o’kof)|30c.
This shows that the second summand in the equation for UD is redundant. [J

In the example above, we gave a long proof of a trivial fact. The nice thing
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about the proof is however that it is compositional and only uses general pro-
perties of the separate components. This makes that the technique can be used
also in less trivial situations where the number of states of the components is
large.

In the sequel we will speak about redundant summands of equations which
are not part of a cluster. What we mean in such a case is that the correspond-
ing system of equations can be transformed into another system, that a certain
summand in the new system is redundant, and that the system which results
from omitting this summand is equivalent to the system obtained by omitting
the summand in the original system that was called ‘redundant’.

5. A WORKCELL ARCHITECTURE
In this section we present a modular verification of a small system which is
described in [4, 11].

One can speak about Computer Integrated Manufacturing (CIM) if comput-
ers play a role in all phases of an industrial production process. In the CIM-
philosophy one views a plant as a (possibly hierarchically organised) set of
concurrently operating workcells. Each workcell is responsible for a well-
defined part of the production process, for instance the filling and closing of
bottles of milk.

In principle it is possible to specify the behaviour of individual workcells in
process algebra. A composite workcell, or even a plant, can then be described
as the parallel composition of a number of more elementary workcells. Proof
techniques from process algebra can be applied to show that a composite
workcell has the desired external behaviour.

In general, not all capabilities of a workcell which is part of a CIM-
architecture will be used. A robot which can perform a multitude of tasks, can
be part of an architecture where its only task is to fasten a bolt. Other possi-
bilities of the robot will be used only when the architecture is changed. A large
part of the behaviours of workcells will be redundant in the context of the
CIM-architecture of which they are part. Therefore it can be expected that the
notions which are presented in the previous sections of this paper, will be use-
ful in the verification of such systems.

5.1. Specification.

5.1.1. The external behaviour. We want to construct a composite workcell
which satisfies the following specification.
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N
SPEC = zrl(n)'SPEC"'SPEC
n=0
SPEC® = s0(r) SPEC"*! = 510(proc(p 1)) SPEC"

TABLE 3. Specification of a composite workcell SPEC

Via port 1, the workcell accepts an order to produce n products of type
proc(p1) and to deliver these products at port 10. Here 0<<n<N for a given
upperbound N>0. After execution of the order, the workcell gives a signal r
at port 0, and returns to its initial state (r = ready).

5.1.2. Architecture. The architecture of the system that has to implement this
specification is depicted in Figure 1.

FIGURE 1

There are four components: workcell A (WA), workcell B (WB), the transport
service T, and the workcell controller WC.

5.1.3. Workcell A. By means of a signal n at port 2, workcell A receives the
order to produce n products of type pl. The cell performs the job and
delivers the products to the transport service T at port 8. Thereafter a message
r is sent at port 3, to indicate that a next order can be given.

N
WA = X r2(n)yXA"
n=0
XA°® = s3(r)yWA XAt = 58(p1)-XA"

TABLE 4. Specification of workcell 4
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5.1.4. Workcell B. By means of a signal n at port 4, workcell B receives the
order to process n products. B receives products from a set PROD at port 9.
An incoming product p is processed and the result proc (p)e PROD is delivered
at port 10 (proc = processed). Thereafter a message r is sent at port 5 and the
workcell returns to its initial state. We assume that p 1€ PROD.

N
WB = 3 r4(n)yXB"
n=0
XB° = s5(r)WB XB"*' = 3 r9(p)s10(proc(p))-XB"
pePROD

TABLE 5. Specification of workcell B

5.1.5. Transport service T transports products in PROD and behaves like a
FIFO-queue. Products are accepted by T at port 8. Transport commands fc
are given to T at port 6. The number of products accepted by the transport
service should not exceed the number of transport commands which have been
received by more than one. Each time a product leaves T at port 9, a signal
s7(ar) is given (ar = arrival). Variables in the specification below are indexed
by the contents of the transport service: 6 PROD" and p,q e PROD.

™ =ré(tc)y( S r8@)TP)+ 3 r8(p)ré(tc)T?

pePROD pePROD
T = ré(tc)y( X r8@)Tr)+ > r8(p)ré(tc) TP +s9q)sT(ar)T°
pePROD pePROD

TABLE 6. Specification of transport service T

5.1.6. Workcell controller WC is the boss of components WA, T and WB.
From its superiors (via port 1), WC can get the order to take care of the
manufacturing of n products proc(p1). In order to execute this order, WC
sends a stream of commands to its subordinates, receiving progress reports
from these subordinates in between. When the controller thinks that the task
has been completed, it generates a signal s 0(r).

wC = érl(n)-s4(n)-XC"
n=0
XC° = r5(r)sO(rywcC XCc" ' = s2(1)r3(r)s6(tc)yri(ar)y XC"

TABLE 7. Specification of workcell controler WC
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5.1.7. Sets. D = {n|0<n<N}U({r,tc,ar}UPROD is the set of objects which
can be communicated in the system, and P = {0,1,...,10} is the set of port-
names used. Communication takes place following the read/send-scheme:

Y(p(d),sp(d)) = cp(d) forpeP,deD

and v yields § in all other cases. Important sets of actions are:
H = {rp(d),sp(d)|2<p<9 and deD} and
I = {¢p(d)|12<p<9 and deD)}.

The implementation as a whole can now be described by:

IMPL = 34(WC|WA|IT*|WB)

5.2. THEOREM (correctness implementation).
ACP, + SC + REC + PR + AIP™ + AB + CA+ 7,(IMPL) = SPEC.
PROOF. In seven steps we transform 7,(/MPL) to SPEC. Before we start with
the ‘real’ calculations, we show in the first three steps that in the specifications
of components WA, T and WB, a large number of summands can be omitted.
Notice that communication is trijective and that each component of IMPL is
observable in context with the other components.

First we use that the only command which is given by the controller to
workcell A is a request to produce a single product p 1. This means that:

IMPL sat o|c2(n) = 0 for n51.
Consequently
p,(a(WA))(IMPL) sat OlI'Z(n) =0 for n7'=l

Using the approach of Section 4.5, together with Theorem 4.3, we obtain that
all the summands in the specification of WA which correspond to the accep-
tance of a command different from r2(1) are redundant. We have

IMPL = 3,(WC||WA|TM|WB),
where WA is given by:

WA = r2(1ys8(p 1ys3(r)y WA

Hence:
7,(IMPL) = 7,°04(WC|WA|IT)|WB) (step 1)

Also component T™ is clearly a candidate for simplification. With some simple
trace-theoretic arguments we show that nearly all summands in the
specification of T* are redundant. .

The only product which is delivered by WA at port 8 is p1. This means
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that:

IMPL sat o|c8(p) = 0 for p5%p1 (1)
From the behaviour of component WC we conclude:

IMPL sat o|c6(tc) < o|c3(r) )
Further we deduce from the behaviour of WA:

IMPL satalc3(r) < olc8(p1) 3)

From (2) and (3) together we conclude that the number of transport com-
mands at port 6 is less or equal to the number of products p 1 that are handed
to the transport service at port 8:

IMPL sat o|c6(tc) < olc8(p1) 4)
From the specification of WA we learn that A does not deliver products
without being asked for:

IMPL sat o|c8(p1) < alc2(]) 5)

Further it follows from the specification of WC that the number of commands
given to A by the controller, never exceeds the number of ar-signals with more
than one:

IMPL sato|c2(1) < o|cT(ar) + 1 (6)
From (5) and (6) together we conclude:
IMPL sato|c8(pl) < olcT(ar) + 1 @)

From formulas (1), (4) and (7) it follows that nearly all summands in the
specification of T* are redundant.

1,20 y(WCIIWA | TMNIWB) = 1,0 5( WC||WA|ITI|WB) (step 2)
where T is given by:

T = r8(pl)yré(tcys9pl)si(ar)T

The transport service delivers at port 9 only products of type p 1. Therefore all
summands in the specification of WB which correspond to the acceptance of
another product, are redundant.

1,0 (WCI|WA|ITIWB) = 1,°0y(WC||WA|T||WB) (step 3)
where WB is given by:
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WB = %r«n)-ﬁ"
n=0
XB' = s5(r)WB XB""' = r9(p 1ys 10proc(p 1)) XB"

We will now ‘zoom in’ on components WC, WA and T. Define:
H = {rp(d),sp(d)|pe{2,3,6,7,8} and deD} and
I' = {¢p(d)|pe{2,3,6,7,8) and deD}.
Application of the conditional axioms CA gives:
11°0y(WCI|WAITIWB) = 1,08 y(rpo3(WCIWAIT)IWB) (step 4)
Let W be given by:

W = %rl(n)-s4(n)-W"
n=0
W = r5(r)sO(ry W Wl = rs9(p 1) W"

We prove _that W=7,,°3H'(WCIIWIIT), by showing that process
1120 (WC||WA||T) satisfies the defining equations of W.

p— N —
o3 (WCIWAIT) = 3 ri(nysd(n)yr-d5(XC"|WA|T)

n=0
190 (XCONWAINT) = r5(r)sO(r)rpo0y(WCIIWA|IT)
o3 (XC" T IWAIIT) =
= 1p(c2(1):0g:(s3(r)s6(tc)-rT(ar) XC"|ls8(p 1)s 3(r)~m IT)) =
= r1(c8(p 1)0y(s3(r)s6(tc) r1(ar)-XC"|Is 3(r)-m llr6(tc)-s9(p 1)-s 1(ar) T))=
= rr1p(c3(r) 9y (s6(tc)ri(ar)y XC"|| WAIIr 6(tc)sp 1)sT(ar)T)) =
= r1(c6(tc)dg(r W(ar)y XC" | WA|ls 9(p 1)s Nar) T)) =
= r1p(s9(p 1):d g (r Nary XC"| WA ls Uar) T)) =
= rs9(p 1) 17(c T(ar) 3y (XC"|WA|IT)) =
= 7s9(p 1)7.°0(XC"|WA|IT)
We have now derived:
1190 (1123 g (WC|| WA T)|WB) = 1,90 /(WI||WB) (step 5)
Let V be given by:
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N

> rin)yv"

n=0

Ve = rs0(r)V vyl = 75 10(proc(p 1)) V"

vV

We show that 7,00 5( Wllﬁ) satisfies the defining equations of V.

- N N S
11o05(WIIWB) = 3 rl(n)1°u(s4n) W"|I( 3 r4(m)XB ")) =
n=0 m=0
N i N —
= S ri(n)r(c4n)dg(W"IIXB")) = 3 ri(n)rrd5(W"IXB")
n=0 n=0
r10g(WOIXB’) = r1(c S(r)du(sO(r) WIWB)) = 15 0(r) 7,8 5(W| WB)
r190g(W N IXB" ) = 11,(c9(p 1)-85(W"lIs 10(proc (p 1)) XB™)) =
= 75 10(proc (p 1))y 1;°9 y(W" | XB")
(here we use that m(rx|ly)=7rx|y=7x|_y=m(xlly)). From the above deriva-
tion it follows that:

11°05(WIIWB) = V (step 6)
We show that SPEC satisfies the defining equations of V.

N
SPEC = 3 r1(n)(r-SPEC™-SPEC)

n=0
mSPEC®-SPEC = 1s0(r)-SPEC
SPEC"*'-SPEC = 15 10(proc(p 1))(+SPEC"-SPEC)
Hence:
V = SPEC (step 7)
O

This example shows that a combination of trace-theoretic arguments and the
use of alphabet calculus makes it possible to verify simple systems in a compo-
sitional and modular way.
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Process Algebra Semantics of POOL
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In this paper we describe a translation of the Parallel Object-Oriented
Language POOL to the language of ACP, the Algebra of Communicating
Processes. This translation provides us with a large number of semantics for
POOL. It is argued that an optimal semantics for POOL does not exist: what is
optimal depends on the application domain one has in mind. We show that the
select statement in POOL makes a semantical description of POOL with
handshaking communication between objects incompatible with a description
level where message queues are used. Attention is paid to the question how
fairness and successful termination can be included in the semantics.

Key Words & Phrases: process algebra, concurrency, object-oriented program-
ming, semantics of programming languages, attribute grammars, correctness of
programming language implementations, fairness.

Notes. This paper is a revised version of [25]. Section 6 has been left out.
Without further reference, we will use the notation and axioms that are
described in the second paper of this thesis (Modular specifications in process

algebra).

1. INTRODUCTION

At this moment there are a lot of programming languages which offer facilities
for concurrent programming. The basic notions of some of these languages, for
example CSP [18], occam [19] and LOTOS [20], are rather close to the basic
notions in ACP, and it is not very difficult to give semantics to these languages
in the framework of ACP. MILNER [23] showed how a simple high level con-
current language can be translated into CCS. However, it is not obvious at first
sight how to give process algebra semantics of more complex concurrent pro-
gramming languages like Ada [6], Pascal-Plus [13] or POOL [1-3]. This is an
important problem because of the simple fact that many concurrent systems
are specified in terms of these languages. In this paper we will tackle the
problem, and give process algebra semantics of the language POOL.

In order to modularize the problems we first give, in Section 2, a translation
to process algebra of a simple sequential programming language: with each ele-
ment of the language a process is associated, specified in terms of the operators
-, +, => (sequential and alternative composition, and chaining).

In Section 3, we give process algebra semantics of a representative subset of
the programming language POOL-T (see [1]). POOL is an acronym for ‘Paral-
lel Object-Oriented Language’. It stands for a family of languages designed at
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Philips Research Laboratories in Eindhoven. The ‘T” in POOL-T stands for
‘Target’. POOL is a language that permits the programming of systems with a
large amount of parallelism, using object-oriented programming. In [4] an
operational semantics is given of a language from the POOL-family. Our
semantics of POOL is to a large extent inspired by this paper. A denotational
semantics of POOL is presented in [5].

In order to deal with the complexity of POOL (compared to the toy
language of Section 2) we make use of attribute grammars. We associate with
each (abstract) POOL program a process specified in the signature of ACP
together with some additional operators. As soon as the translation of a pro-
gramming language into the signature of ACP (+additional operators) is
accomplished, the whole range of process algebras becomes available as possi-
ble semantics of the language. We think this is a major advantage of our
approach. Especially when dealing with concurrent programming languages,
the answer to the question what is to be considered as the optimal semantics,
is heavily influenced by the application one has in mind: if the system that
executes the program is placed in a glass box and does not communicate with
the external world, one can work with a more identifying semantics (allowing
for simpler proofs) than in the case in which the system is part of a network
and communicates with the external world. Issues like fairness and the pres-
ence of interrupt mechanisms are also relevant in the choice of the optimal
semantics.

The process algebra semantics are very operational: we can define a term
rewriting machine that executes the process algebra specification we relate to a
program. Interestingly, the semantics are also (to a large extent) composi-
tional: the value denoted by a construct is specified in terms of the values
denoted by its syntactic subcomponents.

A good theory of semantics of programming languages is a method which
makes it possible to predict the behaviour of a computer that executes a pro-
gram. Furthermore a good theory assists people in building new predictable
computers. This implies that a theory of semantics of programming languages
should provide tools which make it possible to substantiate the claim that the
mathematical models in which the language constructs are interpreted indeed
model reality. In our framework such a tool is the abstraction operator ;.
This operator makes it possible to prove that the semantics of POOL as
presented in Section 3 has a common abstraction with a number of other
semantics of the language, which are closer to implementation.

In an implementation of the language POOL there will be message queues in
which the incoming messages for an object are stored. On the conceptual
level, there are no queues and we have handshaking communication between
the objects. In Section 4 an example is presented which shows that these two
views are in contradiction with each other. The problem is due to the so-
called ‘select statement’, which is part of the language POOL-T. A minor
change in the definition of the select statement is proposed in order to remove
this difficulty.! However, it is shown that even with the new language

1. In a more recent offspring of the POOL-family of languages, called POOL2 (see [3]), the select
statement has been removed altogether. Instead this language contains a ‘conditional answer state-
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definition the two descriptions are different in bisimulation semantics.
Although we conjecture that the two views of a POOL system are equivalent in
failure semantics, we have not been able to prove this.

In Section 5 we discuss a trace semantics of the language POOL. Many
things can be proved with more ease in this semantics, but we show that this
semantics does not describe deadlock behaviour in a situation in which the
POOL system interacts with the environment. We also pay some attention to
the question how issues like fairness and successful termination can be
included in a semantical description of POOL.

Section 6 contains a number of conclusions.

2. A SIMPLE SEQUENTIAL PROGRAMMING LANGUAGE

In this section we will give process algebra semantics to a simple programming
language that is described in [9]. In the definition below we use the BNF-
format.

2.1. DEFINITION (syntax of Iexp, Bexp and Stat). Let Ivar, with typical ele-

ments v,w,u, ..., and Icon, with typical elements a, ..., be given, finite sets of
symbols.
a. The class Iexp of integer expressions, with typical elements s,t, ..., is
defined by
su=v|a|s; +s,| - |ifb thens, else s, fi

(Expressions such as s; — s,, 51 Xs,, ... may be added at the position of
the ..., if desired.)

b. The class Bexp of boolean expressions, with typical elements b, ..., is
defined by
b::=true |false | s, =s;| - |=b|b; Db,

(Expressions such as s, <s,, ... may be added at the position of the ..., if

desired.)
c. The class Stat of statements, with typical elements S, ..., is defined by

Su=v:=s|S8,;S,|ifbthen S, else S, fi | whileb do S od

2.2. Note. In contrast to [9], we require the sets Ivar and Icon to be finite. If
we would allow them to be infinite this would lead to infinite sums in our pro-
cess algebra specifications. It is trivial to add an infinite sum operator to, for
example, the term model defined in [16]. However, the combination of such
an operator and the abstraction operators 7; leads to a number of non-trivial
questions that are worth separate investigation. For this reason we will confine
ourselves to the finite case in this paper.

ment’. It seems that this construct does not lead to semantical problems like the select statement.
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2.3. Semantics of the toy language. We will now relate to each element of the
language defined in Section 2.1, a recursive process specification. Besides the
actions that will be described below, this specification may contain operators -,
+ and >>>. The value domain D of the chaining operator is

D = (Ivar—Icon)UIcon U {true, false}.

Here Ivar—Icon is the set of all functions from variables to their values. Ele-
ments of Ivar—Icon are called states. As usual with the chaining operator, we
have actions 14, |d, c¢(d), r(d) and s(d) for each deD.

2.4.1. Notation. Let oe€lvar—Icon, velvar and aclcon. We use the well
known notation o{a/v} to denote the element of Ivar—Icon that satisfies for
each v’ elvar

N if v'=v
o{a/v}(v) = o(v’) otherwise

2.4.2. Notation. For the term

x>3>(3 ldyc D Vdnya,..a)
d,eD, d,eD,

(where D,,...,D, C D) we write

In all applications it will be clear from the context what D,,...,D, are. A simi-
lar notation is used for the >>-operator.

2.5. Translation to process algebra. Below we give a number of process algebra
equations. The variables in these equations are elements of the toy language
with semantical brackets ( ‘[’ and ‘J’) placed around them, often sub- and
super-scripted with elements of D. The process corresponding to execution of
language element w elexp U Bexp U Stat, with an initial memory configuration
oelvar—Icon, is the solution of this system, with

vl
taken as root variable. Throughout the rest of this section a,a’€lcon,
B,B’ €{true,false} and 0,0’ € Ivar—Icon.
2.6. The class Iexp

[v)° = To(v)

[a)® = Ta

[s1+520° = [510° - [520°>> o Psum(a, @)

[ifb then s, else s, fil]° = [6]°>>({true-[s,]° + |false-[s,]%)
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2.7. The class Bexp
[true]° = ttrue
[false]° = 1false
[s1=50° = [s;)° - [5:0°>> o[ =]aw
1true if a=a
(=l = Malse otherwise
[-5]° = [b]°=>>(|true-false + |false-Itrue)
[6,06,)° = [b,1°>>(|true[b,]° + |false-Itrue)

2.8. The class Stat
[v:=s1° = [s]°>>10{a/v}
[S1;520° = [S,11°>>,1S,]”
[ifb then S, else S, fil° = [6]°>=>>(|true[S,]° + |false[S,]°)
[whileb do S od]®° = [b]°>>
(| true<([S]°=>>,[whileb do S od]”) + |false-]o)
The following theorem shows that the specification presented above singles out

a unique process.

2.9. THEOREM. The specification defined in 2.6-2.8 is guarded.
PROOF. Recall the definition of relation —> on Z:

X =Y & Y occurs unguarded in ty.

It is enough to show that the relation —> is well founded (i.e. there is no
infinite sequence X i)X2 i>X3 *++). This can be done by defining a
function m : =— N such that for X,Ye=

XY = m@¥)<mX)

The definition goes by induction on the complexity of the language elements in
the variables. We give only a very small part of it. This should convince the
reader that it is possible to give a complete definition, which has the desired

property.
m([v]°) =1
m([a]®) = 1
m(ls; +521°) = m([5:1°) + m(Is.1°)
etc. O
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2.10. Note. As a direct consequence of the associativity of the chaining opera-
tor we have that ;’ is associative:

[(S1:52);83)° = [815(S2;85)1°

2.11. ReMARK. In the equation for [s, +s5,]° we say that, in order to evaluate
s +s5,, we first have to evaluate s, and thereafter s,. Other possibilities would
have been

[si+520° = [s20° - [51)°>> 4 o Psum (a, ')
(evaluation in the reverse order), or
[s) +521° = ([s11°1s20°)>>, o Tsum (a,a’)

(evaluation in parallel). The three resulting semantics are all different. One can
prove however that they are identical after appropriate abstraction.

2.12. REMARK. It is easy to define a term rewriting system which, for a given
guarded specification E = {X=ty|X X}, rewrites a given term ¢ in the signa-
ture of ACP,+RN+CH with variables in =, into a term of the form
>a;-t; + 2b;. Now the simple data flow network of Figure 2.1 represents a
machine that ‘executes’ specification E. Here TRS is a component that imple-
ments the term rewriting system described above, and N is a nondeterministic
device that for each input Ya; -1, + 2b; chooses either one summand g; #;,
and thereafter sends term #; to the input port and atomic action g; to the out-
put port, or chooses one summand b; and sends this to the output port.

FIGURE 2.1

The following theorem says that the operators + and >>> can be eliminated
in favour of the sequential composition operator -. This means that in the case
of the toy language the nondeterministic device N of Section 2.12 never has a
real choice.
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2.13. THEOREM. Let o be a state. Using the axioms of ACP+RN+
CH+REC+PR+AIP™ we can prove:

1;

2,

3.

Let s be an integer expression. Then for certain d,,...,d, and a:
[s° = c(d) - c(@) T

Let b be a boolean expression. Then for certain d,,...,d, and B:
[2)° = c(d) - -c(d) 1B

Let S be a statement. Then either there exist d,,...,d,, o’ such that:
[SI° = c@) - c(@) 1o

or there are d,d,,... such that:

[SI° = c(d)cdr) -~

PROOF. By induction on the complexity of the language elements. 0O

2.14. REMARK. The reason why we used the operator >>> instead of operator
> in the definitions above is that the use of > would lead to unguarded sys-
tems of equations. There exist models of ACP, (for example models based on
Plotkin style action rules) in which we can relate to each specification (so also
the unguarded ones) a special solution. If we would work in these models it
would be possible to use the operator > instead of the operator >>>. But as
stated before, we do not want to restrict ourselves to one single model. In the
axiomatic framework the following approaches are available if one wants to
obtain ‘abstract’ semantics:

1.

Partial Abstraction. In the system of equations defining the semantics of
the toy language (Sections 2.6-2.8) we can replace all occurrences of
operator > in the equations for the classes Jexp and Bexp by an opera-
tor >. Using induction on the structure of the elements of Jexp and Bexp
one can prove that the resulting system is still guarded. It is not possible
to replace occurrences of > in the equations for elements of the class
Stat by >. Consequently this approach will not lead to ‘full abstractness’.
Delayed Abstraction. Let E be a guarded specification that contains no 7-
steps or abstraction operator. For a language element w and a memory
configuration o,

wl°

is the formal variable that corresponds to execution of w with initial
memory configuration 6. Now we extend specification E with variables
<w>? for which we have equations

<w>? = 7/([w]°)

Here I is a set of ‘unimportant’ actions which we want to hide. Formal
variable <w>° corresponds to the execution of program w with initial
memory state o, in an environment where actions from / cannot be
observed. Call the new system E;. E; has a unique solution because E
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has one. Note that when we follow this approach we lose, to a certain
extent, compositionality.
3. Combination of 1 and 2.

3. TRANSLATION OF POOL TO PROCESS ALGEBRA

3.1. In this section we give a translation to process algebra of a (representa-
tive) subset of the programming language POOL-T. Below we give, by means
of a context-free grammar, the definition of a language POOL-_L-CF. This
language is a subset of the context free syntax of POOL-T, as presented in [1].!
In this section we will give process algebra semantics of a language POOL-_L,
defined by:

POOL-L = POOL-TNPOOL-_L-CF.

By giving a definition in this way we do not have to give an exhaustive
enumeration of all the context conditions. Because most of the context condi-
tions in POOL are rather obvious (‘all instance variables are declared in the
current class definition’, etc.), this is not a serious omission. Moreover, we will
mention context conditions whenever we need them.

First we will define a mapping SPEC. that relates a recursion construct
<X,|E,> to each element w of the language POOL-_L. The subscript C
indicates that the resulting expression is in the signature of concrete process
algebra, as opposed to the translation that we will present in Section 3.11,
which leads to expressions that contain an abstraction operator.

3.2. Context-free languages. Although the notions of a context-free grammar
and the language generated by it will be commonly known, we give a formal
definition, because we will need this later on.

3.2.1. DEFINITION. A context-free grammar is a 4-tuple G = (T,N,S,P),
where T and N are finite sets of terminal resp. nonterminal symbols;
V = TUN is called the vocabulary of symbols; S €N is the start symbol, and P
is a finite set of production rules of the form X,—X, - - - X, with X,€eN, n>0,
and X,...,.X,eV—{S}.

3.2.2. DerFINITION. Let G = (T,N,S,P) be a context-free grammar, and let
V = TUN. Let 9 = (N—{0})" be the set of sequences of positive natural
numbers. We write € for the empty string, and if 09, we use 6.0 as a nota-
tion for 6. A derivation tree of G is a 2-tuple t = (nodes (t),label (t)), where
nodes(t) is a nonempty finite subset of 9 such that for all o9 and
mneN—{0}:

1. o.n€nodes(t) = o€nodes(t)

1. Except for the fact that the expression denoting the destination object in a send-expression can
be nil in POOL-_L-CF, which is not the case in the context-free syntax of POOL-T.
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2. o.n€nodes(t)/\m<n = o.menodes(t)

and /label(t) is a function from nodes(t) into V such that if 0.n enodes(t) and
o.(n +1)&nodes(t), and label(t)o.j) = X; for 0<j<n, then production
(Xo—X, -+ X,)isin P. (Xo—X, - X,) is called the production applied at
o. An element o€nodes(t) is called a leaf if 0.1 &nodes(t). A derivation tree is
called complete if the labels of all the leaves are in T. Let o, - - - 0, be the
sequence consisting of all the leaves of 7, ordered lexicographically. Now
yield(t) is the sequence label(a,) - - - label(o,).

3.2.3. DEerFINITION. Let G = (T,N,S,P) be a context-free grammar. The
language L(G) generated by G is the set

L(G) = {yield(t)|t is a complete derivation tree of G and label(t)(e)=S}.

3.3. Objects in POOL. A system that executes a POOL-program can be
decomposed into objects. An object possesses some internal data, and also a
process, that has the ability to act on these data. Each object has a clear
separation between its inside and its outside: the data of an object cannot be
accessed directly by (the process part of) other objects.

Interaction between objects takes place in the form of so-called method-calls.
One object can send a message to another object, requesting it to perform a
certain method (a kind of procedure). The result of the method execution is
sent back to the sender. In this way one object can access the data of another
object. However, because the object that receives a method call decides
whether and when to execute this method, every object has its own responsibil-
ity of keeping its internal data in a consistent state.

The programs of POOL are called units. A unit consists of a number of class
definitions. A class is a description of the behaviour of a set of objects. All
objects in one class (the instances of that class) have the same data domain, the
same methods for answering messages, and the same local process (called the
object’s body).

If a unit is to be executed, a new instance of the last class defined in the
unit is created and its body is started. The body of an object can contain
instructions for the creation of new objects. This makes it possible for the first
object to start up the whole system.

When several objects have been created, their bodies may execute in parallel,
thus introducing parallelism into the language. However, the sender of a mes-
sage always waits until the destination object has returned its answer (this
mechanism is known as rendez-vous message passing).

A number of standard classes are already predefined in the language (e.g.
Integer and Boolean). They can be used in any program without defining them,
but they also cannot be redefined.

The symbol nil denotes for each class a special object present in the system.
Sending a message to such an object will always result in an error. The initial
value of variables that are not parameters of a procedure is nil.

Because numbers are also objects, the addition of 3 and 4 is indicated in
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POOL by sending a message with method name add and parameter 4 to the
object 3.

We first give, in Section 3.4, the formal definition of POOL-_L-CF. Section
3.5 contains some remarks concerning this definition, and the relation with
POOL-T and POOL-_1.

3.4. DEerFINITION (POOL-_L-CF). We assume that two finite sets, L/d and
Uld, of syntactic elements are given. These sets correspond to the lower-
identifiers resp. upper-identifiers in POOL-T. Elements of LId are strings start-
ing with a lower case letter, elements of UId start with an upper case letter.
We define: Id = LIdUUId. Let NoeN be given. The set Int of integers in
POOL-_L is

Int = { _No,..., == 1,0, 1,...,N0}.

N, can not be w because that would lead to infinite sums and infinite merges.
The set Bool of booleans is

Bool = {true,false}.
Now the context-free grammar G, which defines POOL-_L-CF, is

G = (T,N,U,P)
where
T = Id U Int U Bool U {root, unit, class, var, body, end, method, routine, local, in, nil
return, post, if, then, else, fi,do, od, sel, les, or, answer, self,new, ; , -, <, !, ,, : }

N = {U,RU,CDL,CD,MDL,MD,RDL,RD,PD,VDL,VD,SS,S,SE,
GCL,GC,AN,MIL,E,CO,SN,RC,MC,EL,CI,MI,RI,VI}

P : see Table 3.1

Inc;l‘e;ble 3.1, optional syntactical elements are enclosed in square brackets ( [’

and 7).

Syntax of POOL-_L

No  Description Syntactic Rule
1  unit U-RU
2 root unit RU-root unit CDL
3 class definition list CDL—-CD|[,CDL]

4 class definition CD—sclass CI [varVDL|[RDL ][ MDL]
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10

11

12

13

14

15

16

17

18

19

method definition list
method definition
routine definition list
routine definition

procedure denotation

variable declaration list
variable declaration
statement sequence

statement

select statement
guarded command list
guarded command
answer statement
method identifier list

expression

175
body SS end CI
MDL—-MD[MDL]
MD —method MI PD end MI
RDL—RD[RDL)
RD —routine RI PD end RI

PD—([VDL])CI :[local VDL in][SS]
return E [ post SS']

VDL—-VD|[,VDL]
VD-VI : CI
SS—>S[;SS]
S— VI<E

| AN

| if E then SS [else SS ]fi

| do E then SS od

| SE

| SN

| MC

| RC
SE—sel GCL les
GCL—-GCJor GCL]
GC— E[AN |then SS
AN —answer ( MIL )

MIL—>MI[,MIL]
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20 constant CO—c (for ceBoolVU Int)
21  send expression SN—> E'MI([EL))

22  method call MC—-> MI([EL])

23 routine call RC—>CI-RI([EL])

24  expression list EL->E[,EL]

25 class identifier CI- C (for CeUId)

26  method identifier MI— m (for melLld)

27  routine identifier RI— r (for relLld)

28  variable identifier VI—- v (for velld)
TABLE 3.1

3.5. REMARKS. (numbers refer to productions)

(1

2

@
@®

®

In POOL-T a unit can, besides being a root unit, also be a specification
unit or an implementation unit. This makes it possible to group a set of
class definitions together into a logically coherent collection and to
specify a clear interface with other units.

The names of the classes defined in a unit must be different (similar
context conditions in (5), (7), (9) and (10)). There are 4 standard
classes: Integer, Boolean, Read_File and Write _File. The definitions of
these classes can be found in Section 3.9.3. The standard classes can be
used in any program without defining them, but they also cannot be
redefined. Elements of Int are instances of class Integer and elements of
Bool are instances of class Boolean.

The class identifier following the end must be identical to the initial
class identifier (similar context conditions in (6) and (8)).

Routines are procedural abstractions related to a class, rather than to
an individual object. They can be called also by objects from another
class. Two objects can call and execute a routine concurrently as though
each has its own version of the routine.

The first variable declaration list is the formal parameter list, the second
one contains the local variables of the method or routine. Only in the
case of a method, a post-processing section may be present. The type of
the return expression must be the class identifier in the procedure deno-
tation.
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an

(13)

(14)

(17)

(19)

e2))

A strong typing mechanism is included in the language: each variable is
associated to a class (its #ype) and may contain the names of objects of
that class only.

The statement VI«<E is called an assignment and executed as follows:

First the expression on the right hand side is evaluated and its result (a

reference to an object) is determined. Then the variable is made to con-

tain this reference.

The statement do E then SS od is the classical while statement.

A send expression, a method call and a routine call can occur as state-

ment as well as expression. If they occur as statement, the correspond-

ing expression is evaluated, and its result is discarded. So only the
side-effects of the evaluation are important.

The select statement is the most complicated construct in the language.

It specifies the conditional answering of messages. A select statement is

executed as follows:

- All the expressions (called: guards) of the guarded commands
are evaluated in the order in which they occur in the text. If any
of them results in nil, an error occurs.

- The guarded commands whose expressions result in false are dis-
carded, they do not play a role in the remainder of the execution
of the select statement. Only the ones with true (the open
guarded commands) remain. If there are no open guarded com-
mands, an error occurs.

- Now the object may choose to execute the (textually) first open
guarded command without an answer statement, or it may
choose to answer a message with a method identifier which
occurs in one of the answer statements of an open guarded com-
mand that has no open guarded command without an answer
statement before it. In the last case it must select the first open
guarded command in which the method identifier of the chosen
message occurs.

- If the object has chosen to answer a message, this is done.

- After that in either case the statement after then is executed, and
the select statement terminates.

An object executing an answer statement waits for a message with a

method name that is present in the list. Then it executes the method

(after initializing parameters). The result is sent back to the sender of

the message, and the answer statement terminates.

The symbol self always denotes the object that is executing the expres-

sion itself.

The expression new may only occur in a routine. When a new expres-

sion is evaluated, a new object of the class where the routine is defined,

is created, and execution of its body is started. The result of the new
expression is a reference to that new object.

When a send expression is evaluated, first the expression before the

is evaluated. The result will be the destination for the message. Then
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the expressions in the expression list are evaluated from left to right.
The resulting objects will be the parameters of the message. Thereafter
the message, consisting of the indicated method identifier and the
parameters, is sent to the destination object. The answer of the destina-
tion object is the result of the send expression.

(22) An object may not send a message to itself. If an object wants to
invoke one of its own methods, this can be done by means of a method
call. A method call may not occur in a routine.

3.6. Attribute grammars. The complexity of the language POOL does not allow
for a translation into process algebra which is as straightforward as in the case
of the toy language of Section 2. Several problems arise, e.g. how to establish
the relation between a method call and the corresponding method declaration,
the semantics of a new expression, etc..

The main tool we will use in order to manage this complexity is the formal-
ism of attribute grammars. This is not the place to give an extensive introduc-
tion into the theory of attribute grammars. For this we refer to e.g. [12, 14, 21].

Informally an attribute grammar is a context-free grammar in which we add
to each nonterminal a finite number of attributes. For each occurrence of a
nonterminal in a derivation tree these attributes have a value. With each pro-
duction rule of the context-free grammar we associate a number of semantic
rules. These rules define the values of the attributes. Some of the attributes are
based on the attributes of the descendants of the nonterminal symbol. These
are called synthesized attributes. Other attributes, called inherited attributes, are
based on the attributes of the ancestors.

In the theory of abstract data types one presents specifications of the stack,
Petri net people model the producer/consumer problem, and in the field of
communication protocols one verifies the alternating bit protocol. The example
one always encounters in an introduction into the theory of attribute gram-
mars is the one, first presented in [21], in which the binary notation for
numbers is defined. We do not want to break with this tradition, and will also
give the famous example.

3.6.1. ExampLE. We start with a context-free grammar that generates binary
notations for numbers: the terminal symbols are -, 0, 1; the nonterminal sym-
bols are B, L and N, standing respectively for bit, list of bits, and number; the
starting symbol is N; and the productions are

B-0|1
L-B | LB
N->L| L-L

Strings in the corresponding language are for instance ‘0°, ‘010°, ‘0.010’ and
‘1010.10I’. Now we introduce the following attributes

1. Each B has a ‘value’ v(B) which is a rational number.

2. Each B has a ‘scale’ s(B) which is an integer.
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Each L has a ‘value’ v(L) which is a rational number.
Each L has a ‘length’ /(L) which is an integer.

Each L has a ‘scale’ s (L) which is an integer.

Each N has a ‘value’ v(N) which is a rational number.

N s w

These attributes can be defined as follows:

Syntactic Rules  Semantic Rules

B—0 v(B) = 0
B-1 v(B) = 22®

L—B v(L) = v(B);s(B) = s(L);I(L) =1
Ly—sLyB v(Ly) = v(Ly)+v(B);s(B) = s(L);

s(Ly) = s(Ly)+15I(Ly) = I(Ly)+1
NoL y(N) = v(L);s(L) = 0
N-L,-L, v(N) = v(Ly)+v(Ly);s(Ly) = 0;

s(Ly) = —I(Ly)

TABLE 3.2

(In the fourth and sixth rules subscripts have been used to distinguish between
occurrences of like nonterminals.) If one looks for some time at this equations,
one sees (hopefully) that for each complete derivation tree ¢ with label(t)e)=N
there is a unique valuation of the attributes such that the semantic rules hold.
First one can compute the values of the attribute /, starting from the leaves of
the tree (/ is a synthesized attribute). Next one can compute the attribute s
starting from root (s is an inherited attribute). Finally one computes, starting
from the leaves, the synthesized attribute v. The v attribute of the root nonter-
minal gives the value of the string generated by the tree.

Below we give a formal definition of an attribute grammar. There are many
(often essentially different) definitions possible. The following one is a
simplified version of the definition presented in [14].
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3.6.2. DEFINITION. The elements of an attribute grammar G are:
1. A context-free grammar Gy = (T,N,S,,P).
2. A semantic domain (or set of data types) D = <Q,®>, where @ is a
finite set of sets and ® is a set of functions of type
ViX:++ XVp—>Vypi+1 for m=0 and V;€Q. In the case m =0, ® can
contain elements of V (for V' €{2). We demand that for each V' €Q there is
aveV withved.
3. An attribute description consisting of
a. Two finite disjoint sets S-Att and I-Att of synthesized or s-attributes
resp. inherited or i-attributes; Att = S-Att UI-Att is the set of attri-
butes.

b. For XeN, S(X) and I(X) are subsets of S-Att resp. I-Att; A(X) =
S(X)UI(X) is the set of attributes of X. We demand I1(S,) = 9.

c. For each acAn, V(a)eQ is the (possibly infinite) set of artribute
values of a.

4. First some intermediate terminology:

For each production rule p: Xy—X, - - - X,, we define the set 4(p) of
attributes of p, by

AP) = {<a,j>0<j<nacA(X)))

Intuitively <a,j> is an attribute of the occurrence of X; on the j * posi-
tion in p. Furthermore the sets INT (p) and EXT (p) of internal resp. exter-
nal attributes of p are defined by
INT(p) = {<a,j>|(j =0NaeSX)V(I<j<nNacl(X))))}
EXT(p) = {<a,j>|(j =0Nael(Xo)V(I<j<n/Na€eS (X))}
A semantic rule for p is a string of the form
<a,j> = f(<ap,k1>,..,<apmkn>) ™
with <a,j>€INT(p), m=0, <a;,k;>€EXT(p) for 1<i<m, and fe®
is a function from V(a;)X - - - X ¥ (a,,) into V(a).
Now we continue the definition:
For each peP, R(p) is a finite set of semantic rules for p. We demand

that for each peP and <a,j>€INT(p), R(p) contains exactly one
semantic rule.

The definition above gives the ‘syntax’ of attribute grammars. To define the
‘semantics’ of an attribute grammar, we need again some terminology:

3.6.3. DEFINITION. Let G be an attribute grammar. Let ¢ be a derivation tree
of the corresponding context-free grammar. The attributes of ¢t are defined by
A(t) = {<a,0>|ocnodes(t),acA(label(t)0))}

(the notation A (.) is clearly overloaded, but always means ‘attributes of ... > )
A decoration of t is a function
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val : A(t)—>{v|dacA(t):veV(a)}

such that for each <a,0>> €4 (2), val(a,0)eV(a).
Suppose genodes(t) and p: Xo—X, - -+ X, is a production applied at o. If
R (p) contains a semantic rule (*) (see Definition 3.6.2), then the string

<a,0)> = f(<ay,0.k,>,..,<a,,,0.k,>) (**)

is called a semantic instruction of t.

3.6.4. DEFINITION. A decoration val of t is called a correct decoration if for
each semantic instruction (**) of ¢

val(a,0.j) = f(val(ay,0.k)),...,val(a,,0.k,,))

(this is a serious equality, not a string!)

3.6.5. It follows from the Definitions 3.6.2 and 3.6.3, that for each attribute
<a,0> there is exactly one semantic instruction in R(z) of the form
<a,0> = ---.This means that each attribute of ¢ is defined by exactly one
equation in the system of equations R(7). A sufficient condition to solve this
system is that the system of equations contains no circularities. In [21], an
algorithm is given which detects for an arbitrary attribute grammar whether or
not the semantic rules can possibly lead to circular definition of some attri-
butes. All the attribute grammars we will employ, contain no circularities, and
therefore there is for each complete derivation tree precisely one correct
decoration. This decoration can be computed if the functions which occur in
the semantic rules are computable.

3.7. State Operator (SO). In [8], state operators Ay’ are introduced. Here m is
member of a set M, the set of objects. These objects are very much like the
objects in POOL: they posses some internal data, and there is a local process
which can act upon these data. The object can block actions of the process, or
rename then, depending on the data. A7'(x) is a process corresponding to
object m in state o, executing process x. We can visualize this as in Figure 3.1.

i !

FIGURE 3.1

Below we give the formal definition of the state operators.



182 Process algebra semantics of POOL

3.7.1. DEFINITION. Let M and Z be two given sets. Elements of M are called
objects, elements of = are called states. Suppose two functions act and eff are
given

act: AXMXZ—A,s (action function)

eff i AXMX3-3  (effect function)
Now we extend the signature with operators

AV :P—>P (for meM, o)

and extend the set of axioms by (a€4; x,y eP; meM; seX)

AT =8 SO1
AT =1 SO2

Ag'(ax) = act(a,m,0) Ay amq(x) SO3

Al(rx) = TAJ(x) SO4
AT(x +y) = NIx)+AZ() S05
TABLE 3.3

The state operators can be defined in terms of the operators and constants of
ACP, + RN (see [25]).

3.8. Parameters of the axiom system. We will relate to POOL-_L programs
specifications in the signature of ACP+ RN+ CH+ SO. The first thing we have
to do is to specify the parameters of the axiom system. We will not give a
complete list of all the atomic actions. The alphabet A of atomic actions sim-
ply consists of all the atomic actions we mention.

3.8.1. Objects. Let N, be a fixed natural number. N, gives an upperbound on
the number of active (or non-standard) POOL objects which can be created
during the execution of a POOL-_L program. The set AObj contains references
to these potential objects.

AObj = {0,1,..,N}}

The hats are needed to distinguish between the names of the non-standard
objects and the names of the standard objects which are always present in the
system:

SObj = Int U Bool U {nil} U {input,output}.

The set Obj =SObj U AObj gives the domain of values of variables in POOL-
L programs. It is also the value domain of the chaining operator we will
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employ; this means that the alphabet contains actions 1a, |a, etc. for a€Obj).

3.8.2. Communication. Objects in POOL communicate by sending frames to
each other. These frames are built up as follows

destination | type of message | message | sender

The field ‘sender’ contains a reference to the object which sends the message;

the field ‘destination’ contains a reference to the object which reads the mes-

sage. There are two types of messages:

mc: The sender asks the destination to perform a method-call. The field ‘mes-
sage’ contains the name of the method together with the actual parame-
ters. So an mc-frame looks as follows

(a,me,m(ay,...,a,),B) (3.8.2.1)

an: After an object has executed a method call, an an-frame is sent back to
the object which originated the method call. The field ‘message’ contains

the answer (a reference to an object):
(B,an,y,a) (3.8.2.2)

Let N, be a fixed natural number. N, gives an upperbound on the length of a
variable declaration list of a procedure denotation. The set 9 of messages that
occurs in a method call frame is:

Mm = {m(ey,...,an)|meLld0<n<N,,ay,...,a,€0bj} (3.8.2.3)
and the set % of frames is:
g = {(a,mc,dy B) I a,BEObj,dE@IL} U {(ﬁ,an,y,a) | a,B,'YEObj} (3.8.2.4)

For each frame fe%, we have atomic actions read(f), send(f) and comm (f).
The communication function on these actions is given by

y(read(f),send(f)) = comm(f) for feF (3.8.2.5)
The set J of forbidden actions that will be encapsulated is
J = {read(f),send(f)|fe%F} (3.8.2.6)

3.8.3. Renamings. A POOL object is fully determined by its class and its
name. For each class we will specify a process that gives the general behaviour
of the instances (the objects) of that class. Now the only thing we have to do
in order to define the process corresponding to a specific object, is to give a
renaming function which renames the actions of the process which is related to
the class of that object. This renaming function gives the object its identity, a
name. The frames which are sent and received by an object, contain the name
of that object. But since at the level of a class this name is not known, the pro-
cess related to a class contains ‘incomplete’ read and send actions: actions
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rd(if) and sn(if ), where if is an incomplete frame in which the field that gives
the identity of the object is absent. Actions of the form rd(if) and sn(if) do
not communicate.

For each a€Obj we define a renaming function f, by:

falsn(B,me,m(ay,...,a,))) = send(B,mc,m(a;,...,a,),a) (3.8.3.1)
Sfa(rd(me,m(a,...,a,),B)) = read(a,mc,m(ay,...,a,),B) (3.8.3.2)
fa(sn(B,an,y)) = send(B,an,y,a) (3.8.3.3)
fa(rd(an,B,y)) = read(a,an,B,y) (3.8.3.9)

If an object a executes a self expression, the corresponding process on class
level contains an alternative composition of actions egs(B) for B€Obj. The fol-
lowing equations for the renaming functions make that, for a specific instance
of the class, the action which will be actually performed is the right one.

skip if B=a
Salegs(B) = {8 otherwise (3.8.3.5)

If an object a answers a method call, the result of the return expression in the
procedure denotation has to be sent back to the sender of the method call. To
model this we introduce renaming functions g,. The function g, interprets a
1B action as a sn(a,an, B) action:

g4(1B) = sn(a,an,p) (3.8.3.6)

3.8.4. Process Creation. For de9XAObj we introduce atomic actions
create(d), create’(d) and create(d). create(d) stands for: ask for the creation
of a process on basis of initial information d. create”(d) means: receive a
request for creation. create(d) indicates that process creation has taken place.

Elements of 9 (see Definition 3.2.2) play the role of formal variables in the
process algebra specification that we will construct in order to give the seman-
tics of POOL-_L. In general the process denoted by the first parameter of a
create action will give the behaviours of a certain class, and the second param-
eter gives the name of the instance of that class to be created.

We extend the communication function by

Y(create (d), create”(d)) = create(d) (3.8.4.1)
Create actions are not involved in any other proper communication. Let
K = {create(d),create’ (d)|d €N X AObj} (3.84.2)

Actions from K will be encapsulated.

Our way of dealing with process creation in POOL is inspired by the
mechanism described in [10]. We have chosen however not to use the process
creation operator E, presented there, because of the lack of proof rules for
this operator.
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3.8.5. State Operator. In the semantical description of the toy language of Sec-
tion 2 the state of the memory was a parameter of the formal variables in the
specification. In principle this approach can also be followed in the case of the
language POOL-_L. But since in POOL objects of a different class have, in
general, different variables; and the language contains recursion, which leads
to the creation of new instances of variables, the memory state of a POOL
object can become rather complicated. For this reason we prefer to keep track
of the memory state in a different way: namely by means of a state operator.
For each variable v eLId and value a€Obj, A, represents a memory cell with
name v in state a. A value B can be assigned to variable v by means of an
atomic action ass (v, 8):

Al(ass (v, B)- x) = skip -Nj(x) (3.8.5.1)

If in the evaluation of an expression the value of a variable v is needed, this

can be expressed at the level of process algebra by means of an alternative

composition of actions eqv(v,B8). The following equation makes that in an

environment with variable cell v, the correct action will be actually performed:
skip -Ay(x) if a=p

Awleqv (v, B)-x) = {8 r—— (3.8.5.2)

Notice that in the case of nested A, operators, actions ass(v,B8) and eqv (v, B)
interact with the innermost A, operator. This is relevant for nested method
calls, etc.. )

The initial object, which starts up the system, has name 0. An object
counter counts the number of objects which have been created. It also provides
an environment in which new objects obtain new names. An error occurs when
more than N, objects have been created. For n€IN we have

skip A (x) if a=n/An<N,
Agounter (create(X, a) - x) = {error A (x) if n =N, (3.8.5.3)

) otherwise

3.8.6. Formal Variables. The set Z of formal variables of the process algebra
specifications related to POOL-_L consists of the elements of 9 (as defined in
Section 3.2.2), possibly sub- and superscripted with elements of LId and Obj”.
Formally we have:

Z = 9 U OUXLId U NUX(0bj*) U NXLIdX(0bj*)  (3.8.6.1)

We define node : =—9 to be the projection function which relates to each
variable the corresponding element of 9.
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3.8.7. Note. From now on, when we speak about a POOL-_L program, what
we mean is an extended program, in which the class definition list begins with
the class definitions of the standard classes (see Section 3.9.3).

3.9. Attribute description. Table 3.4 contains a list of all the attributes we will
employ for the semantical description of POOL-_L. In Section 3.9.1 we give a
detailed description of these attributes. Section 3.9.2 contains all the semanti-
cal rules which were not already given in Section 3.9.1, and in Section 3.9.3 the

standard classes are defined.

Name i/s Description i Nonterminals

attr. type

[1 i Key variable €N N-{U}

id s Identifier Lid {VLRLMLCI,

VD,RD,MD,CD}

vd s Variable declarations LId* {VDL}

pd s Procedure declaration NUXN {PD,RD,MD}

rd s Routine declarations  LId—>9NXN {RDL,CD}

md s Method declarations  LId—->NXN {MDL,CD}

cd s Class declarations Uld—% {CDL}

rdc s Routine decl. of a CDL Uld X LId—-NXN  {CDL}

mdc s Method decl. of a CDL Uld XLId—-9XN  {CDL}

cdf i Class definitions Uurd-a N-{U,RU}

rdf 1 Routine definitions Uld X LId-9UXN  N-{U,RU}

mdf i Method definitions Uld X LId-9UXN  N-{U,RU}

class i Class urd N-{U,RU,CDL,CD}

1 s Length N {EL}

mis s Method ident. set Pow (LId) {MIL,AN,GC}

misl s Method ident. set list (Pow (LId))" {GCL}

peq s Process equations Sets of eq. over N-{U,VLRIL, ML CI,
ACP+RN+CH+SO VD,VDL,RD,RDL,
with variablesin =  MD,MDL}

spec s Specification Sets of eq. over N-{VLRI,MLCI,

ACP+RN+CH+SO VD,VDL,RD,RDL,

with variables in =

MD,MDL}

TABLE 3.4
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3.9.1. REMARKS.

1.

oy

0 00

11.
12.
13.

We make the names of the nodes in a derivation tree explicit by means of

an inherited attribute [.]. With each node in a derivation tree we will

relate a number of process algebra equations with variables in =. The

values of the attribute [.] (which are elements of =) will be the ‘most

important’ or ‘key’ variables in this specification. The semantic rules for

this attribute are as follows

- For production U—RU the rule is [RU] = 1

- If Xo—>X, - - - X, is a production with XU, and if X;eN for cer-
tain 1<<i<<n then we have the rule [X;] = [X,].i.

The value of synthesized attribute id is (one of) the identifier(s) generated

by the corresponding nonterminal.

Attribute vd collects variables declared in a variable declaration list.

Attribute pd gives the information concerning a procedure declaration that

we need: a formal variable denoting the process related to the procedure,

and the number of parameters of the procedure.

The attribute rd gives for each routine in a routine definition list the

essential information: a process variable and the number of parameters.

The value of rd is arbitrary for elements of LId which are not the name of

a routine.

The meaning of attribute md is similar to the meaning of rd.

The attribute cd gives the essential information for each class definition in

a class definition list: the process corresponding to the general behaviour

of that class. The value of cd is arbitrary for elements of Uld which are

not present in the class definition list.

Attribute rdc is like rd but now for a list of class definitions.

Attribute mdc is like md but now for a list of class definitions.

All the information that is gathered in the s-attribute cd is distributed

over the parse tree by means of the i-attribute cdf:

- For production RU—root unit CDL we have the rule cdf (CDL) =
cd(CDL).

- If Xo—>X, - - - X, is a production (X,=U,RU), and if X;eN for cer-
tain 1<<i<<n, then cdf (X;) = cdf (Xy).

Attribute rdf is like attribute cdf.

Attribute mdf is like attribute cdf.

In order to define the semantics of, for example, a new expression, we

need to know in which class definition this expression occurs. Therefore

we define an i-attribute class with domain Uld:

- For production

CD—class CI,[varVDL |[RDL [ MDL \body SS end CI,
we have rules
[class(VDL)=] [ class(RDL)=] [ class(MDL)=]class (SS)=id(CI )

- If Xo—>X, - X, is a production (X¢7U,RU,CDL,CD), and if
X; €N for certain 1<<i<n, then class (X;) = class(Xy).
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14. In the semantic rules for the send expression we need information about
the length of the expression list. This information is contained in attribute
L

15. The attribute mis gives the method identifiers which occur in the method
identifier list of an answer statement. The attribute is used to define the
semantics of the select statement.

16. The attribute mis/ gives a list of the method identifier sets which occur in
the answer statements in a guarded command list.

17. The value of the attribute peq is a set of equations in the signature of
ACP+RN+CH+ SO with variables in =. We will define the attribute in
such a way that for each nonterminal X:

(Y =ty)epeq(X) = node(V)=IX].

Furthermore we take care that for each nonterminal X, peq(X) never con-
tains two equations for the same variable. These conditions make that the
union for all the nodes in a derivation tree of the values of attribute peg
never contains two equations for the same variable.

18. The s-attribute spec collects the values of attribute peq. If w is a POOL-
program, then the value of the attribute spec belonging to the root of the
derivation tree of w (which has label U) is the process specification that
we relate to w. The process expression associated by mapping SPECS¢
to w is <[RU] |spec(U)>. We have the following semantic rules:

- Let Xo—X, - - - X, be a production such that XU has attribute
spec. Let SC({l,..,n} be the set of indices i for which X; has an
attribute spec. Then:

spec(Xo) = peq(Xo)U | spec(X;)
ieS
- For production U—RU we have:
spec(U) = spgc(RU) U
U {(X=08)|XeE and there is no equation for X in spec(RU)}.

3.9.2. Semantic rules. In case a production contains an optional syntactical
element, we will often use a fraction notation in the semantic rules: the
numerator corresponds to the semantic rule for the production with the
optional element, the denominator corresponds to the production without the
optional element. In case of a semantic rule peq(X) = {E,,E,,...}, we only

write down the equations £ E,,...!!! Numbers refer to the numbering of pro-

ductions in Table 3.1.

VI-v (velld) (28)
id(vl) = v

RI-r (relLld) 27
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idRI)=r

MI-m (melLld) (26)
idMI) = m

CI-C (CeUld) (25)
id(CI) = C

ELy—E[,EL,] (29)

I(ELy) = 1[+I(EL,)]
[ELo] = [E]1[- [EL,]]

O We state again that the equation for [EL,] is not to be considered as a
semantic rule defining attribute [.], but as an element of the set defining attri-
bute peq. The equation says that execution of an expression list consists of
sequential execution of all the expressions from left to right.

RC—CI-RI() (23.1)
Let

rdf (RCXid(CI),id(RI)) = (X, n)
then

[RC] = skip-X

O Process X corresponds to execution of routine id(RI) of class id(CI). In a
correct POOL-_L program n will be 0. The skip action is needed in order to

keep the specification guarded.
RC—-CI-RI(EL) (23.2)
Let
rdf (RCXid(CI),id(RI)) = (X, n)
then
[RC] = [ELYI>>,, o Xa,..a

O First the expressions of the parameter list are evaluated. Thereafter the rou-
tine call is executed, with the actual parameters instantiated. Process X, .

corresponds to execution of routine id(RI) of class id(CI) with actual parame-
ters aj,...,a,. In a correct program the number of actual parameters equals the
number of formal parameters: /(EL) = n.

MC—MI() (22.1)
Let
mdf (MC)(class (MC),id(MI)) = (X, n)
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then
IMC] = skip-X
O Method calls are treated in exactly the same way as routine calls.

MC—MI(EL) (22.2)
Let

mdf (MC)(class (MC),id(MI)) = (X, n)
then

[MC] = [ELY1>>,, . o Xa,...o,
SN—E'MI() (21.1)
Let

id(MI) = m
then

[SN] = [E]>>, [SN],

error if a=nil

[SN]a = sn(a,mc,m())" 2 rd(an, B,a) 'TB otherwise
BeObj

O First the expression on the left is evaluated. If the result is nil an error
occurs. Otherwise the result of the expression is the destination of the message.
Now the message is sent and the answer awaited. This answer (if it comes) is
the result of the send expression. In a correct POOL program the type of
expression E will be a class that contains a method m without parameters.

SN—E'MI (EL) (21.2)
Let

id(MI) = m

I(EL) = n
then

[SN] = [El>s>, [SN],
[SN1a = error
and for a=#nil:

.....

B<Obj
O Like 21.1 but now with parameters.
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CO—c (ceBoolVU Int) (20)
[col = 1c
E-VI (19.1)
Let
idVl) = v
then
[E]1 = 3 ep(v,0) 1a
acObj
O Cf. Equation 3.8.5.2.
E —self (19.2)
[E] = 3 egs(a)-Ta
acObj
O Cf. Equation 3.8.3.5.
E-CO (19.3)
[E] = [CO]
E —>new (19.4)
Let
cdf (EXclass(E)) = X
then

[E]l = 3 create(X,a) Ta
acAObj
O Process creation takes place in an environment (cf. Equation 3.8.5.3) that
takes care of the naming of new objects, and always allows only one of the
actions create(X, &) to occur. See also the definition of attribute peq(RU) at the
end of this section.

E—SN (19.5)
[E]1 = [SN]

E—-MC (19.6)
[E] = [MC]

E—RC (19.7)
[E] = [RC]

E—snil (19.8)

[E] = tnil



192 Process algebra semantics of POOL

MILy—MI[, MIL, ] (18)
Let

id(MI) = m

mdf (MIL,)class (MILg),m) = (X n)
then

mis(MILy) = {m}[ Umis(MIL,)]

MILoly = 3 rd(mem(@,...0).0)° g, (Xa,...0.)

i SO
IMILo)5 = % i

O For the m which occur in the method identifier list, [MIL,],, gives the pro-
cess that describes the answering of a message m: first a method call with
identifier m is read, then the method is executed, and the result is returned to
the sender (cf. Equation 3.8.3.6). For m not in MIL,, [MIL,],, = &.

AN —answer (MIL) 17
mis(AN) = mis(MIL)
[4N1, = [MIL],,

[AN] = 3 IMIL],,
melLld
O The variables [AN],, will be needed for the description of the select state-
ment.

The semantic rules for the nonterminals MIL, AN, GC, GCL and SE are
rather complicated. This is because the semantics of the select statement is to a
large extent not compositional: it is not defined in terms of the semantics of
the answer statements which occur in the guarded commands, but in terms of
the individual method identifiers of these answer statements. The formalism of
attribute grammars has difficulties in dealing with such a case. It seems that
the ‘conditional answer statement’, which replaces the select statement in a
more recent version of the POOL language, does have a compositional seman-
tics. Moreover the semantical description of this construct will be much shorter
than the one of the select statement.

GC—E thenSS (16.1)
mis(GC) = @
[GcCl = [E]
[GC], = skip-[SS]

O The prefix skip in the equation for variable [GC], is needed because we
want to give a different semantics to the following two select statements:
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sel
true answer(m ) then x«1 or
true answer(m,) then x <2
les
and
sel
true answer(m ) then x«1 or
true then answer(m,) ; x<2
les

If the environment offers a method call with method identifier m,, but no
method call with method identifier m,, then the first select statement will
answer m;. The second select statement however may choose to execute the
second guarded command, which will result in a deadlock.

GC—E AN then SS (16.2)
mis (GC) = mis(AN)
[cCl = [E]
[GCl,, = [4AN],-[SS]
GCL—GC (15.1)
Let
mis(GC) = M
then
misl(GCL) = (M)
[GcLl = [6C1
[GC], if a=true\M=©
[GCLY = {8 otherwise

[GCl, if a=trueAM=g
[GcLls, = {IGC),, if a=trueA\meM
) otherwise
O See remark about production 14.
GCLy—GC or GCL, (15.2)
Let
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mis(GC) = M,

misl(GCL,) = (M,,...,M,)
then

misl(GCLy) = (My,M,,...,.M,)

[GCLo] = [GC]-IGCL,]

o, [Gcl, if ag=trueAMy=2
GCLo]™ = u
[GCLo). [GCL,1*™ otherwise
1GCl. if ap=trueAM,= @
[GCLo)2* = {IGC],, if apg=trueAmeM,
~[GCL,];‘ """ % otherwise

O See remark about production 14.

SE —sel GCL les (14)
Let
misl(GCL) = (M,,....M,)
then
[SE]1 = [GCL] >>, . [SEl,, .
[SEL,..., = error if 3i:e;=nil)\V(Vi:a;=false)
[SElL.,. .. = X I[GCL), ™ otherwise
meLldU (e}

O Execution of a select statement starts with evaluation of the expressions in
the guarded commands. If one expression yields nil or all expressions yields
false an error occurs. The intuitive meaning of variable

[ceLys—*

is: Execute the first open guarded command without an answer statement,
assuming that evaluation of the expressions yields values aj,...,a,. If there is
no open guarded command without an answer statement the result is &.
Analogously, for m € LId, the intuitive meaning of variable

[GCL]:: ..... a,

is: Execute the first open guarded command without an answer statement or
with m in the method identifier list of the answer statement.

S— VI<E (13.1)
Let
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id(VI) = v
then
[S] = [E]>>, ass(v,a)
O Cf. Equation 3.8.5.1.
S—AN (13.2)
[s]1 = [4N]
S—if E then SS, [ else SS, |fi (13.3)
[s]1 = [E]>>, [S].

[SS,] if a=true

SS
[sl. = ! _2] if a=false
skip
error otherwise
S—do E then SS od (13.4)

[s]1 = [E1>>, [S].
[S51-[S] if a=true

[S]. = {skip if a=false
error otherwise
S—SE (13.5)
[S1 = [SE]
S—>SN (13.6)
[S]1 = [SNI>>( 3 o)
acObj
O The send expression is evaluated and afterwards the result is discarded.
S->MC (13.7)
[S]1 = IMCI>>( 3 o
acObj
S—>RC (13.8)
[S] = [RCI>>( 3 lo)
acObj
S$S0—>S[;S88,] (12)

[SSol = [S1[-[SS:1]
VD—VI : CI (11)
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id(VD) = id(VI)
VDLy—VD [, VDL, ] (10)
vd(VDLy) = (id(VD))[*vd(VDL,)]
O Here * denotes concatenation of lists.
PD—([VDL,])CI : [local VDL, in][SS, ] return E [ post SS, ] (&)
Let
vd(VDL ) = (Vi,e-sVp)
vd(VDL,) = (Wy,...,Wg)

(n =0 or k =0 if there is no VDL, resp. VDL,)
then

pd(PD) = (IPD] n)
[PDL,.c, =Nijo "+~ NioAuie - - A(L[SS ) IEN[4SS,11)
ters @y, @y.
RD—routine RI, PD endRI, ®)
id(RD) = id(RI,)
pd(RD) = pd(PD)
RDLy—RD|[RDL,] @)
rd(RDL,) .
— 4, (pd(RD)/id(RD))

O We use the notation for function modification of Section 2.4.1. rd is an
arbitrarily chosen element out of the domain of attribute rd. We use similar
conventions in the semantic rules for productions 5,4 and 3.

MD—>method MI, PD end MI, ()
id(MD) = id(MI )
pd(MD) = pd(PD)

rd(RDL,) =

MDL,—-MD[MDL,] o)
md(MDL,) )
md(MDL,) = T{pd(MD)/td(MD)}
0
CD—class CI[var VDL ] [RDL][MDL ]body SS end CI, @)
Let

vd(VDL) = (v1,...,Vp)
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then
id(CD) = id(CI,)
md(CD) = md!MDL!
md,
rd(CD) = T4(RDL)
I'do
[CD] = A - - - *Aa([SS])
CDL,—CD[,CDL,] A3)
cd(CDL,) )
¢d(CDLo) = — ——~(ICD}/id(CD))
0
mdc(CDL,) _
mdc(CDLy) = ————{md(CD)/id(CD)}
mdc
rdc(CDL,)
rde(CDLy) = ———2(rd(CD)/id(CD)}
rdC()
_ [cpLy]
O Process [CDL] gives the behaviour of the last class defined in CDL,.
RU—sroot unit CDL )
Let

cd(CDL)(Integer) = 1
cd(CDL)(Boolean) = B
cd(CDL)(Read_File) = R
cd(CDL)Write_File) = W
€ = {cd(CDL)XC)|CeUlId}

ACTIVE = || create” (X, a)"
o create” (X,)-p7,(0)

STANDARD = (|l _p7.(1))lles (B)loz (B)lio (R)lios__ (W)

then
[RU] = AF“er0d 09 x(create ({CDL],0)||ACTIVE|ISTANDARD)

O The environment in which a POOL-_L unit is to be executed consists of
encapsulation operators d; and dx (cf. Equations 3.8.2.6 and 3.8.4.2), and the
object counter (cf. Equation 3.8.5.3). In the scope of these operators we have
the ‘sleeping’ active objects and the standard objects (except for nil, which is in
our semantics a kind of virtual object). Now execution of a POOL-_L unit
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starts with an action that orders for the creation of an instance of the last class
defined in the unit.

3.9.3. Standard classes. In POOL-T there are a number of classes that are
predefined. Four of them, the classes Integer, Boolean, Read_File and
Write _File, are, although in simplified form, also present in POOL-_L. The
standard classes can, to a large extent, be defined in terms of POOL-_L. To
make a complete definition possible, we extend the language POOL-_ L with a
new construct:

E—acp ¢ pca
for each closed term ¢ in the signature of ACP. The corresponding semantic
rule is

peq(E) = {lE] = 1}
The standard classes are described by the following class definitions:
3.9.3.1. The Booleans. This is a class with as only objects true, false and the

virtual nil. The methods of the class generate an error if a parameter is nil.
Surprisingly, we can describe this class completely in terms of POOL itself.

class Boolean

var result : Boolean

method or (b : Boolean ) Boolean :

if self then
if b then result —true else result<true fi else
if b then result < true else result «—false fi

fi

return result

end or

method and (b : Boolean ) Boolean :

if self then
if b then result —true else result<false fi else
if b then result —false else result <false fi

fi

return result

end and

method not () Boolean :
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if self then result —false else result —true fi

return result

end not

method equal (b : Boolean ) Boolean :

if self then
if b then result —true else result —false fi else
if b then result —false else result —true fi

fi

return result

end equal

body do true then answer ( or,and,not,equal ) od

end Boolean

3.9.3.2. The Integers. This class contains all the integers from Int (plus nil).
The methods of the class generate an error if the parameter is nil. In case of
overflow the result of a method call is nil (so, for example sum (Ny,No) = nil).
Another option would have been to generate an error. We only give the
definition of the method add. The other method definitions are similar.

class Integer
method add (i : Integer ) Integer :
return acp >, egs(a) X eqv(i, B)- Tsum(a,B) + eqv(i,nil)- error) pca

aclnt Belnt
end add
etc., etc.
body do true then answer(add, mul,div,mod,power,minus,
less, less _or _equal,equal, greater,greater _or _equal) od

end Integer

3.9.3.3. The classes Read_File and Write_File. In POOL-T it is possible to
open new input and output files. These options are not present in POOL-_L:
there is only one object of class Read_File (the object input), and one object of
class Write_File (the object output). These objects communicate with the exter-
nal world by means of actions input (d) and output (d), for d € Int U Bool.

class Read _File
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routine standard_in () Read _File :
return acp Tinput pca
end standard _in
method read_int () Integer :
return acp >, input (a)- Ta pca

aelnt

end read _int
method read_bool () Boolean :

return acp Y, input(B)-1B pea

BeBool

end read _bool
body do true then answer(read _int,read _bool) od
end Read_File
class Write _File
routine standard _out () Write _File :

return acp Toutput pca
end standard _out

method write_int (i : Integer) Write_File :
return acp >, eqv (i, a) - output(c) - Toutput + eqv (i, nil) - error pca

aclnt
end write _int

method write _bool ( b : Boolean ) Write _File :
return acp >, eqv (b, B)- output(B)- Toutput + eqv(b,nil)- error pca
BeBool
end write _bool
body do true then answer(write _int,write _bool) od

end Write _File

3.10. THEOREM. Let wePOOL-_L and let SPECc(w) = <X|E>. Then E is
guarded.

PROOF. Introduce a new s-attribute height for those nonterminals which have
attribute peq. Let the value domain of this new attribute be the set IN of
natural numbers. Let Xy—X, - - - X,, be a production where X, has attribute
height. Then the semantic rule for the attribute height is:
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height (X,) = max({0} U {height(X;)|1<<i<n and X; has attribute height })+1

Using the same technique as in the proof of Theorem 2.9, the proof that for
each POOL-_L program the corresponding specification is guarded can now be
given by means of straightforward induction on the value of attribute height.

O

3.11. Abstraction. Most of the atomic actions which were used in the descrip-
tion of the semantics for POOL will be invisible in an actual implementation
of the language. If one looks at a computer executing a POOL program, one
most likely cannot observe that one object sends a message to another object.
In general the only visible actions will be the actions by means of which the
POOL system communicates with the external world: the error action and the
actions input(d) and output(d) (d€lntUBool) as defined in Section 3.9.3.3.
Let

I = {c(d)|deD}VU {comm(f)|feF}U (skip} (3.11.1)
and let w be a POOL program. Then
SPECS,(w) = 1,(SPECSc(w)). (3.11.2)

SPEC, gives the abstract behaviour of a POOL system executing a given unit.

3.12. Models. A large variety of semantics (models, Z-algebras) have been
given of the signature that is used in this section. For each of these models M,
there exists a mapping INT), that maps process expressions in M. As exam-
ples of models we mention the semantics &BS) of terms modulo bisimulation
equivalence presented in [16], the semantics &(FS) of process graphs modulo
failure equivalence described in [11], and the trace model that is for instance
presented in [27].

4. MESSAGE QUEUES

In the description of POOL as presented in the previous section, communica-
tion between objects takes place by means of handshaking. However, in the
official language definition (see [1]) communication is described differently: All
messages sent to a certain object will be stored there in a queue in the order in
which they arrive. When that object executes an answer statement, the first
message in the queue which name occurs in the method identifier list of the
answer statement will be answered. Below we present a modified process alge-
bra description of POOL, in which each object has its own message queue.
This description, which, due to the select statement, turns out to be rather
complicated, corresponds to the language definition in [1]. We call the new
translation function SPEC,q,. Thereafter, in Section 4.5, we discuss the impor-
tant question for which models M the mappings SPEC, and SPEC,, are
semantically the same.
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4.1. New channels. 1If we view the field ‘type of message’ of a frame (cf. Section

3.8.2) as the name of a channel, then we can depict the situation in which
there are two objects a and B, connected by channel mc, ‘classically’ as fol-

lows:
Q - @
] >

FIGURE 4.1

In this section we introduce for each object B a message queue p;,(Q). Furth-
ermore we have new channels (message types) ig, om and fm. The modified
version of Figure 4.1 becomes:

fm
iq pf Q mc
B
om
FIGURE 4.2

First we discuss the new message types.

iq: (in queue). If object a wants to send a message to object B, it must send
this message by channel ig to the queue of object 8. We have the follow-
ing new semantic rules for the send expression:

SN—E ' MI() (21.1)
Let
idMI) = m
then

[SN] = [E]>>,[SN],

error if a=nil

[SN)e = \sn(a,igmQ)- 3 rd(an,B,a)18 otherwise
B<Obj

(production 21.2 is changed analogously).
om: (order message). Let L C LId. By sending message L along channel om to
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its queue, object B orders the queue to deliver the first message with a
message identifier in L. The message type om occurs in the new semantic
rules for the answer statement:

AN —answer (MIL) . 17
Let
M = mis(MIL)
then
mis(AN) = M

fm:

[AN],, = sn(om,{m})-IMIL],,

[AN] = sn(om,M)- 3 [MIL],,
meM
(first method). During the execution of a select statement object 8 some-
times needs to know, for a given L CLId, if there is a message in its
queue with a method identifier in L, and if so, what is the method
identifier of the first one. This information is passed along channel fm (the
negative answer is coded as €¢). The new semantic rules for the select
statement are:

SE—sel GCL les (14)
Let
misl(GCL) = (M,,...,M,)
Moo= U M,
(ila,=true}
then
[SE]1 = [GCL] >>,, o [SEl,,...,
[SE]L.,. .. « = error

.....

melLld
if Vi : a; =true = M;5= 3, and

[SEl,.o= 2 rd(fm(Mq,. q,m)IGCLL, "™
meLldU (€}

otherwise.

O M, . is the set of all method identifiers occurring in the answer
statement of an open guarded command. If there is no message in the

.....
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commands without an answer statement (M;= @ for some i), then the
(textually) first of them is selected. If there is no message in the queue

.....
.....

.....

is chosen that has either no answer statement or whose answer statement
contains the method named in the message.

4.2. The process Q. We introduce a new object ¢ as parameter of the state
operator. The state of this object (the content of the queue) will be an element
of (MXO0bj)* (for definition 9, see Equation 3.8.2.3): a list of pairs of
method calls and references to the senders of these calls. We need four fresh
formal variables Q, R, S and 4. The process Q gives the behaviour of an
‘unfinished’ queue, a queue that is not yet associated with one specific object.
We have the following equation:

Q = MN(RIISIA) 4.2.1)

Q consists of the merge of three processes, R, S and A4, which operate in an
environment in which the content of the queue is known. The job of process R
is to read messages in the queue:

R=3 3 rd(igd,a) R 4.22)
deM acObj
The relevant equation for the state operator is:
Ai(rd(ig,d,a) - x) = rd(ig,d, @) Al a)ee(X) 4.2.3)

The process S first waits for an order to deliver a message with method
identifier in a certain set L, and thereafter delivers the first message in the
queue with this property. When such a message is not in the queue, process S
waits until it arrives. _

S = 3 rd(om,L)-sn(mc,L)-S (4.2.9)

LCLId

In order to define the interaction between actions sn(mc,L) and operator AJ
we need three auxiliary functions. The function mf (L,o) picks the first mes-
sage in o with a method identifier in L, and returns e if there is no such mes-
sage. The function is recursively defined by:

mf (L,€) = € 4.25)
m(ay,...,a,) if meL
mf (L, 0% (@1, ,), ) = {,,,f(L,o) otherwise (426)

The function sf (L, o) returns the sender of the first message in o with method
identifier in L, or returns e.
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sf (L) = € (4.2.6)
if meL
sf (L,ox(m(ay,...,a,),a)) = {.sf(L 0) otherwise 4.2.7)
The function of (L, o) omits the first element of ¢ with method identifier in L.
of (L,e) = ¢ 4.2.8)
if meL
of (L,ox(m(ay,...,a,),@)) = of (L, 0)*(m(ay,.. ,a,.),a)) otherwise (4.2.9)
Now we can define:
sn (mcamf (L’ 0),.Sf (L1 o))'Agf(L,u)(x) if mf (L’ 0)#(

A,(sn(mc,L)-x) = 5 stherwiss 4.2.10)

The process A gives an answer to questions of the form: ‘Is there a message in

the queue with method identifier in a set L, and if so, what is the method

identifier of the first one?’.

A= 3 > sn(fm,(L,m))-A (4.2.11)
LCLId meLIdU (e}

Again we need an auxiliary function: if (L,0) gives the identifier of the first

message in o with identifier in L.

if (Le) = ¢ (4.2.12)

if meL
if (L,ox(m(ay,...,a,),a)) = {f(L 6) otherwise 4.2.13)

The relevant equation for the state operator is:

sn(fm,(L,m))-A§(x) if if (L,0) = m
A(sn(fm,(L,m))-x) = {3 citlsnaion (4.2.14)

4.3. Extensions. We add the new frames which were introduced in the previous
section to the set ¥ of frames (see Equation 3.8.2.4), we introduce actions
rd(f), sn(f), read(f), send(f) and comm(f) for the new frames, and extend
the communication function in the obvious way. Furthermore the set J of
encapsulated actions (see Equation 3.8.2.4) is extended. For the new atoms
the renaming functions f, are defined by:

Sfa(sn(B,ig,d)) = send(B,iq,d, ) 4.3.1)
fa(rd(ig,d, B)) = read(a,iq,d, B) 4.3.2)
fao(sn(om,M)) = send(a,om,M, ) 4.3.3)
fa(rd(om,M)) = read(a,om,M,a) 4.3.4)

Sa(sn(fm, (M,m))) = send(a, fm, (M, m),a) 4.3.5)



206 Process algebra semantics of POOL

Sa(rd(fm, (M,m))) = read(a, fm, (M,m),a) 43.6)
4.4. Root unit. Now we change the semantic rule for the root unit as follows:
RU—-root unit CDL (¥
Let

cd(CDL)(Integer) = I
cd(CDL) Boolean) = B
cd(CDL)(Read_File) = R
cd(CDLX Write_File) = W
C = {cd(CDLXC)|CeUld}

ACTIVE = || create’ (X, a)"
v Obj(g@ (X, ) pr, (X))

STANDARD = (I p7,(D)llps (B)lles B)los (R)llps (W)
QUEUE = 1|, (o/.(Q)

then
[RU] = A§“™ero9 09 x(create (ICDL],0)||ACTIVE|ISTANDARD||QUEUE)

4.5. The incompatibility of SPEC4 and SPEC,gy. Clearly the mapping SPEC
is much more complicated than the mapping SPEC,. Therefore we would like
to work with SPEC, instead of SPEC,p. But since SPEC4qy corresponds to
the official language definition in [1] and SPEC, does not, we first have to
show that the two mappings lead to the same semantics of POOL. Unfor-
tunately this is not possible as we will demonstrate below: for any model M of
ACP, which preserves fairness and liveness properties we have

Stated informally, the fairness we require of the models is that (1) all processes
that become permanently enabled, must execute infinitely often, and (2) two
processes that can communicate infinitely often will do so infinitely often.
These fairness requirements correspond to the fairness requirements formu-
lated in [1]. The issue of fairness is discussed in more detail in Section 5.4.

The notions of safety and liveness are frequently used in the literature.
Roughly, safety means that something bad cannot happen, while liveness
means that something good will eventually happen. In the context of POOL,
liveness implies that a program that will certainly perform a certain action is
different from a program which may not do this.

Now consider the situation in which an object executes the following piece
of POOL text:
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betrue;
do b then sel
true answer(m ) then b<false or
true then b<«b or
true answer(m,) then b<false or
les od ;

Write _File . standard _out() ! write _bool(b)

Suppose the object operates in a system with message queues, and that at the
moment at which the object starts execution of the POOL text, the message
queue of the object contains two messages: first a message with method
identifier m,, and after that a message with method identifier m,. Now execu-
tion of the POOL text takes place as follows: first b is set to true, then the
object enters the do-loop and the select statement is executed. The set of
method identifiers occurring in an open guarded command is {m,,m,}. The
first message in the queue with a method identifier in this set is m,. Now the
first guarded command is chosen that has either no answer statement or whose
answer statement contains m,. In our case this is the second guarded com-
mand. The trivial statement part of this guarded command is executed, and the
select statement terminates. But since variable b is still equal to true, the select
statement is immediately executed for the second time. Again b remains true.
It will be clear that the select statement never terminates.

However, if the object operates in a system without message queues, the
select statement will terminate! In the situation with handshaking communica-
tion there is one object that wants to send a message with identifier m,, and
one object that wants to send a message with identifier m,. Due to the fair-
ness requirement communication of the message with identifier m, will eventu-
ally take place, b is set to false, the do-loop terminates, and false is printed.
This means that there is a difference with respect to liveness between the situa-
tion with, and the situation without message queues.

A good semantics of POOL should preserve fairness and liveness properties.
The example presented above shows that in a semantical description that uses
message queues between objects instead of handshaking communication, live-
ness properties get lost almost inevitably.

4.6. In this section we propose a minor change in the language definition of
POOL, which removes the difficulty of Section 4.5. In the example of Section
45 it is clear from the beginning that the third guarded command will never
be chosen. But instead of leaving the turmoil of battle, the third guarded com-
mand starts helping his neighbour, the second guarded command. Because of
this the competition between the first and the second guarded command is not
fair and the second guarded command always wins. The modification of the
language definition we propose consists of the removal of all open guarded
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commands in a select statement which have an open guarded command
without an answer statement before them. Formally this means that we replace

The modified version of SPECy is called SPEC .

4.7. Even after modification of the language definition, the semantical descrip-
tion with handshaking communication is not equivalent to the description
using message queues. The following theorem shows that it is impossible to
prove equivalence if one only uses the axioms presented thus far. However,
whereas the difficulty of Section 4.5 was a general difficulty, present in all
semantical descriptions employing handshaking communication between the
objects, the difficulty pointed out in the following theorem is specific, and only
present in bisimulation semantics and other semantics which distinguish
processes that cannot be distinguished by observation.

4.7.1. THEOREM. &BS) ¥ SPEC,=SPEC,qy.

PROOF. Below we present a POOL-_L unit » with the property that in the
models based on bisimulation SPEC,(u) and SPEC,p/(u) are different. The
program is a very simple one: the initial object of class Root creates 3 objects
of class Number and these three objects ask the standard output object to print
resp. numbers 1, 2 and 3.

root unit
class Number
var m : Integer
routine new () Number :
return new
end new
method init (n : Integer) Number :
men return self
end init
body answer (init) ; Write _File . standard _out () | write _int (m)
end Number,

class Root
body Number . new () ! init (1) ; Number . new () ! init (2) ; Number . new () ! init (3)
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end Root

Writing down SPEC,(u) and SPEC,p/(u) is a long and tedious job which we
happily leave to the reader. However, it is easy to see that the process graphs
that correspond to these specifications can not be bisimilar. If there is a mes-
sage queue before the standard output object, it is possible that at a certain
moment during execution of the program the three method calls of the three
objects of class Number are waiting in the queue. Because, for a given method,
an object answers the methods calls in the queue in the order in which they
have arrived, the order in which the actions output (1), output (2) and output (3)
will be performed, is completely determined in such a state. However, in the
case where there are no message queues there is no state in which no output
action has taken place but still the order in which the output actions will occur
is known. Therefore the process graphs corresponding to SPEC,(u) and
SPEC,p/(u’) are not bisimilar. O

What we learn from Theorem 4.7.1 is that we can either do bisimulation
semantics based on a translation of units in which we use queues (this leads to
very long and complicated proofs), or add some axioms to our theory in such
a way that we can prove equivalence of SPEC, and SPEC,yp.. We conjecture
that

@FS) ¥ SPEC4 = SPEC,y
and that equivalence can be proved if we add to our theory the axioms of

failure semantics as presented in [11]. The proof however will be long and
complicated, and we do not even try to give it in this paper.

5. TRACE SEMANTICS, FAIRNESS AND SUCCESSFUL TERMINATION

5.1. A trace model as presented for instance in [27], is not a good semantic
domain for POOL in the sense that it identifies too much and does not
describe deadlock behaviour. In & TR,,) we have for example:

output (0) = output (0) + 7-4.

We do not want to identify these processes because the first one will definitely
output a 0, whereas the second one may not.

5.2. Tt is well known that it is not possible to give a trace model of ACP in
which one looks at the terminating (and infinite) traces, and the trace sets do
not have to be prefix closed. In such a model a(b +c) and ab +ac would be
identical. This is problematic since d((a(b +c)) = ab and 9((ab +ac) =
ab +aé are different.
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5.3. However, there exist some interesting semantics of POOL based on trace
sets. The basic idea of the approach which is, although in a different setting,
followed in [4], is that one first interprets a specification in a domain in which
not very many processes are identified (the domain of transition systems, the
model @BS)) and then takes the set of terminating (and infinite) traces of this
process. In this approach one typically looks at

YIELD°INTQBS)°SPECA (u)

where YIELD is a function that gives the set of terminating (and infinite)
traces of elements of @BS). The resulting semantic domain is not a model of
ACP but for most applications that does not matter. An advantage of the
approach is that it allows for simple solutions to a number of problems.

5.4. Fairness. The fairness problem for example can be solved easily. In [1] a
fairness condition concerning POOL is formulated by stating that the execu-
tion ‘speed’ of any object is arbitrary but positive. Whenever an object can
proceed with its execution without having to wait for a message or a message
result, it will eventually do so. A second fairness requirement on the execution
of a POOL program is the condition that all messages sent to a certain object
will be stored there in one queue in the order in which they arrive. In process
algebra we have deliberately chosen to ignore the exact timing of occurrences
of events. Fortunately the fairness requirements concerning POOL can be
defined without referring to timing aspects. The first fairness requirement is
called weak process fairness or justice in the literature:

All processes that become permanently enabled, must execute infinitely often
The second requirement is called strong channel fairness:

Two processes that can communicate infinitely often will do so infinitely often
For reviews of the literature on fairness we refer to [15,24]. We think that the
Petri net model for ACP based on occurrence nets, which is presented in [17],
preserves enough information for a description of the fairness requirements of
POOL. More research is needed to make this explicit. In the trace set
approach the solution is very simple: one omits all the unfair traces and looks
at:

YIELD;”INT&BS)"SPECC(M)

where YIELDy gives the set of fair terminating and infinite traces of elements
of &BS).

5.4.1. Fair abstraction. If we work with ‘abstract’ translation functions like
SPEC, and SPEC,g, then it is possible to give a ‘more or less’ fair semantics
of POOL without using a YJELDp function. This employs the fact that
Koomen’s Fair Abstraction Rule (KFAR) is valid in (for example) the model
@BS). Consider the following unit f:

root unit
class Out
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routine new() Out :
return new
end new
body Write_File . standard _out ! write _int (0)
end Out,

class Chatter

var x : Integer

body Out . new() ; do true then x<«1 od

end Chatter

It can be proved that for any model M in which KFAR holds:
M £ SPEC4(f) = 7 output (0)-4.

This means that the object of class Out will make progress despite the infinite
chatter of the object of class Chatter. Note that KFAR equates infinite chatter
and deadlock.

5.4.2. KFAR is too fair. We give an example which shows that sometimes
KFAR is too fair. Consider the architecture of Figure 5.1.

ST G

Driverl __l_.l
Merge output
write_int(0= ( 2

—

Driver2 >

FIGURE 5.1

There are two objects Driverl and Driver2. The only thing these objects do is
sending method calls to an object Merge. Driverl all the time asks Merge to
perform method m; and analogously Driver2 asks Merge to perform method
m,. The object Merge has the task to perform statement answer(m,,m;) until
doomsday. Every time when it has answered method m, two times consecu-
tively, the object Merge asks the object output to print a 0. We leave it to the
reader to write down the corresponding POOL program.

The point we want to make is this. According to the language definition in
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[1], the execution where object Merge answers messages of Driverl and Driver2
in turn (m;, m,, m;, my,..) will be fair. Hence it is possible that Merge never
orders to print a 0. However, in a semantics where KFAR holds, a 0 will be
printed: the only way for the system to get out of the ‘cluster’ of internal
actions is to perform an action output (0). This action is always possible during
execution of the program. KFAR says that therefore it will occur. Again we
leave it to the reader to fill in the formal details.

5.4.3. Failure semantics. In [11] it is shown that KFAR is not valid in the
model @ FS). Nevertheless the model admits a restricted rule KFAR™ for the
fair abstraction of so-called unstable divergence:

X = ix+T1y
iy (x) = 715(1p)

(KFAR™)

KFAR™ turns out to be sufficient for the protocol verifications in [22,26, 28].
However, for our purposes KFAR™ is not what we want. Like KFAR, the
rule is too fair for some applications. But in addition there are applications
where KFAR™ is not fair enough. KFAR™ does not allow for a proof that
the object of class Out in the example of Section 5.4.1 will make progress. We
even have:

QFS) ¥ m(SPEC4(f))=1" output (0)-4.

This is a crucial observation. Failure semantics - being a linear semantics -
often yields simpler proofs than bisimulation semantics which preserves the
full branching structure of processes. Although the notion of full abstractness
still has to be defined for the language POOL, it is clear that failure semantics
is closer to full abstractness than bisimulation semantics. Furthermore, as
pointed out in Section 4, failure semantics will supposedly allow for a proof
that the communication between objects can be implemented by means of
message queues. Thus failure semantics seems to be ideal for POOL. But now
it turns out that the combination of failure semantics and weak process fair-
ness is problematic. At present we do not know if it is possible to give a
semantics of POOL which is ‘fully abstract’ and also ‘fair’.

5.5. Deadlock behaviour. A limit on the applicability of the trace approach
sketched in Section 5.3 is that it only describes the behaviour of a POOL sys-
tem in situations in which this system is placed in a ‘glass’ box, and does not
communicate with the environment. Below we present two POOL-_L units u 1
and u2 with the property that

YIELDINT g5,°SPEC4(u1) = YIELD°INT g5,°SPEC,(u2)
although
@BS) ¥ SPEC,(ul) = SPEC,(u2)
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(we even have &(FS) ¥ SPEC4(ul) = SPEC,(u2)).
The root object of unit u1 creates an object that performs the job of output-
ting a 0. After ordering for the creation, the root object inputs a value.

root unit
class Our
routine new() Out :
return new
end new
body Write _File . standard _out ! write _int (0)
end Out,

class In
body Out . new() ; Read _File . standard _in() ! read _int()
end In

In unit 42 the root object of class Semaphore creates two objects: one object
has to output a 0, and the other object inputs a value. But before the I/0
actions can take place the objects have to decrease a semaphore. After an
object has decreased a semaphore, it can perform the I/0 action. After that, it
increases the semaphore again. If during execution of 42 the input actions are
blocked (the enemy has bombed the input device), it can happen (if the object
that has to input a value is the first one to decrease the semaphore) that the
output action will not take place. In this respect u2 differs from u 1: if during
execution of 1 the input actions are blocked, the output action will still hap-

pen.
root unit
class Out
var sem : Semaphore
routine new() Out :
return new
end new
method init (s : Semaphore) Out :
sem«s return self
end init

body
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answer(init) ;
sem ! down() ;
Write _File . standard _out() ! write _int(0) ;
sem ! up()
end Out ,
class In

var sem : Semaphore

routine new() In :
return new

end new

method init (s : Semaphore) In :
sem«s return self

end init

body
answer ;
sem ! down() ;
Read _File . standard _in() ! read _int() ;
sem ! up()

end In,

class Semaphore

method down () Semaphore :
return self

end down

method up () Semaphore :
return self

end up

body

Out . new () !init (self) ;
In.new ()!init(self);
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do true then answer(down) ; answer (1p) od
end Semaphore

We can prove in the theory that:
(1) The following x; equals SPEC(u1):

xy = 7-(output (0)|l >} input (a))- &

aelnt
(2) The following x, equals SPEC,(u2):
x3 = 7-(7-output (0)-( 3 input(a)) + 7-( 3 input(a))- output (0))- &

aelnt aelnt

Let B = {input(a)|laclnt} be the set of blocked actions. Then
dp(x,) = 7-output(0)-6
dp(x3) = 7-(r-output(0)-8 + 7-98)

Thus units u1 and »2 behave differently in an environment which does not
offer certain actions: in environment dp(.) u1 will certainly output a 0,
whereas 42 may not do this.

5.6. Successful termination. For arbitrary POOL units u; and u,, and for an
arbitrary model M we have that:

M & SPEC,(u;)-°SPEC,(u3) = SPEC,(u,).

This is because the process corresponding to a unit is infinite or ends in a
deadlock. If one wants to describe a situation where after execution of a
POOL unit, something else can be done, one has to change the semantics. In
the trace set approach of the previous section this is simple: one simply defines
the operation sequential composition in the obvious way. In the axiomatic
approach things are not that easy. We propose (but do not work out) a solu-
tion in the spirit of [7]: one defines a program transformation that transforms
the original program (in the case of POOL also the definitions of the standard
classes have to be transformed). The transformation introduces a number of
new program variables and statements in such a way that the resulting pro-
gram can terminate successfully. In this approach it is possible to differentiate
between various ways in which a unit can terminate: one option is that a unit
terminates successfully if all active objects have finished execution of their
body; another option says that a unit terminates successfully if there is no
object (or pair of objects) that can do a step.

6. CONCLUSIONS

1. In this paper we have shown that it is possible to give semantics of a real-
istic concurrent programming language by means of process algebra. The
translation of POOL programs into process algebra is complicated, but
this is mainly caused by the complexity of POOL, in particular by the
complexity of the select statement. The attribute grammar which we used
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for the translation made it possible to give the semantics in a modular
way.

2. This paper contains an application of ACP where the sequential composi-
tion operator is used in full generality. It would have been more involved
to give semantics of POOL in a signature containing prefixing (an opera-
tor A XP—P) instead of sequential composition. Three auxiliary opera-
tors, the renaming operator, the chaining operator and the state operator,
turned out to be useful.

3. Because we have no infinite sum and infinite merge operators in the signa-
ture, we had to choose the value domain of POOL variables finite. Furth-
ermore the number of objects which can be created during execution of a
POOL unit is finite. Although it would be useful to have these infinitary
operators available, we do not think that their absence in the present
paper is a real deficiency: the memory of each computer is finite, and no
computer will function eternally.

4. The approach followed in this paper can also be used to give semantics of
other concurrent programming languages. From the point of view of pro-
cess algebra we see no fundamental difference between the object-oriented
approach from POOL, and the imperative or functional approaches fol-
lowed in other languages. However, at present it is difficult to give process
algebra semantics of a language in which real-time aspects play a role.

5. KFAR does not completely capture the notion of fairness in POOL. In
Section 5.4.3 we pointed out that combination of failure semantics and
weak process fairness is especially problematic. An open question is
whether or not the two concepts can be combined in a consistent manner.

6. There is not one single ‘optimal’ semantics of POOL. Depending on the
application domain one has in mind one can try to find an optimum.
There are several features which can be included in the semantical
description of the language: infinite domains of variables, fairness, error
behaviour, termination behaviour, etc.. An important parameter in the
choice of a semantics is the type of interaction between the environment
and the POOL system. In case one wants to use the semantics to build
an executable prototype, the semantics has to be operational. In case the
semantics is used for the construction of proof systems or for the correct-
ness proof of implementations, one requires abstractness and composi-
tionality. It might be the case that the combination of all these require-
ments leads to inconsistencies.

7. The translation of POOL into process algebra can be used for prototyping
of the language. The shortest route seems to be a translation into an alge-
braic specification formalism. The attribute grammar which we used can
be specified algebraically in a straightforward way. The process algebra
part is already specified algebraically but some work has to be done in
order to deal with a number of notational conventions, for example the
sum operator and the numerous ‘... occurring in the equations. There are
several alternatives for transforming algebraic specifications into execut-
able prototypes, for example by means of a transformation into a
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complete (conditional) term rewriting system and execution by means of
an existing rewrite rule interpreter, or by means of a transformation into a
set of Horn clauses and using an existing Prolog system for their execu-
tion.

A semantical description of POOL with handshaking communication
between the objects is incompatible with the description in [1], where mes-
sage queues are used. A minor change in the language definition is pro-
posed in order to remove this difficulty. In our opinion this result shows
that, when dealing with concurrent programming languages, questions
like: ‘Is this semantical description in accordance with the language
definition? and ‘Is this a correct implementation of the language? are
highly relevant.

An important problem to be solved is in our view the development of
techniques which make it possible to prove that two semantics of POOL
have a common abstraction. In [25] we gave a sketch of such a proof,
showing that the Integers and Booleans can be implemented in different
ways. In Section 4 we discussed the question whether or not the com-
munication between objects can be implemented by message queues. We
showed that, even after modification of the language definition, this is not
possible in bisimulation semantics. An open question is the equivalence in
failure semantics.
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Determinism — (Event Structure Isomorphism =
Step Sequence Equivalence)
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A concurrent system S is called deterministic if for all states s of S we have that
whenever S can evolve from state s into states s’ and s”’ by doing an action a,
it must be the case that s’ equals s”. It is well known that for deterministic
concurrent systems, most of the interleaved equivalences (bisimulation-,
failure-, trace-equivalence) coincide. In this paper we prove in the setting of
event structures that also most of the non-interleaved equivalences coincide
(with each other) on this domain. In the last section of the paper we show
that, as a consequence of our result, the causal structure of a deterministic
concurrent system can be unravelled by observers who are capable to observe
the beginning and termination of events.

Key Words & Phrases: event structures, determinism, sequence/trace seman-
tics, bisimulation semantics, step semantics, partial order semantics, pomset
semantics, action refinement, split semantics.

1. INTRODUCTION

A (discrete) concurrent system generates events as it evolves in time. At any
moment a set of events will have occurred and these will be ordered ‘in time’
or by ‘causal precedence’. This order may be partial. When modelling con-
current systems and reasoning about their behaviour, it is often useful to con-
sider different events as occurrences of the same action. This may indicate
that certain events are produced by the same physical resource or that they
cannot be distinguished by an observer. The relation between events and
actions can be expressed by a labelling function /:E—A that relates an action
to each event. Different approaches to the modelling of concurrent systems
can be classified by looking at the types of labelling functions they allow for.
For instance, if one models a concurrent system with an elementary net system
[24], then it can never be the case that in some behaviour two events with the
same label are concurrent (i.e. not related by the ordering). If we consider the
usual semantics for process algebra languages like CCS [17], TCSP [14], ACP
[4] and MEUE [3], then it turns out that these languages are very liberal wrt
labellings of events: there is (almost) no restriction at all. There exists a very
rich theory of ‘comparative concurrency semantics’ relating the interleaved
semantics for CCS-like languages, i.e. those semantics which do not treat con-
currency as a primitive notion. Now a well-known result says that almost all
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these equivalences (bisimulation equivalence, trace equivalence and everything
in between) coincide for deterministic systems (see for instance ENGELFRIET
[9]). A concurrent system S is called deterministic if for all states s of S we
have that whenever S can evolve from state s into states s’ and s” by doing an
action g, it must be the case that s’ equals s”.

Recently, many equivalences have been proposed that do consider con-
currency as a primitive notion. Besides the event structure equivalence and the
step sequence equivalence that will be discussed in this paper, we have for
instance the occurrence net equivalence of NIELSEN, PLOTKIN & WINSKEL [18],
the NMS equivalence of DEGANO, DE NicOoLA & MONTENARI [8], the BS
bisimulation of TRAKHTENBROT, RABINOVICH & HIRSHFELD [27], the step
failure semantics of TAUBNER & VOGLER [26], the step bisimulation semantics
of NIELSEN & THIAGARAJAN [19], the pomset semantics of PRATT [22], the
pomset bisimulation semantics of BOuDOL & CASTELLANI [6], the generalised
pomset bisimulation and the ST-bisimulation of VAN GLABBEEK & VAAN-
DRAGER [11], the split sequence equivalence which we present at the end of this
paper, etc, etc.

Now one can ask the obvious question what happens with all these
equivalences if we restrict ourselves to the domain of deterministic systems.
The main result of this paper is that almost all non-interleaved equivalences
coincide (with each other) for deterministic systems. More specifically, we will
show that step sequence equivalence and event structure isomorphism agree on
this domain. Of the equivalences mentioned above only occurrence net
equivalence is not situated in between step sequence equivalence and event
structure isomorphism.

Event structures. A natural domain for modelling concurrency is the class of
event structures, which were introduced in NIELSEN, PLOTKIN & WINSKEL [18].
By now many different types of event structures have been defined. For an
overview we refer to WINSKEL [28]. In our view an especially important class of
event structures is the class of prime event structures. Prime event structures
contain no junk: every event in the set of events of a prime event structure can
occur in at least one behaviour. The event structures used in this paper are
labelled prime event structures with binary conflict. Below we give a formal
definition of this type of event structures, followed by some explanatory
remarks. If one assumes binary conflict, then one can only express that two
events exclude each other. Thus it is not possible to say that three or more
events cannot occur in combination even though each proper subset can. For
this one needs more general types of event structures. The assumption of
binary conflict is not essential in the proof of the main theorem of this paper.
Because most people will be more familiar with event structures with binary
conflicts and because the main use we foresee of our theorem lies in the field
of CCS-like languages (where conflict is always binary), we decided to present
the theorem for the case with binary conflict only, and to leave the generalisa-
tion to the case with arbitrary conflict as a (simple) exercise to the reader.
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Arbitrary interleaving versus True concurrency. In the last section of the paper
some consequences will be discussed of our result for the issue of arbitrary
interleaving versus “True’ concurrency. We introduce an operator which splits
each event into a beginning and an end and show that the causal structure of a
deterministic concurrent system can be unravelled by observers who are capa-
ble to observe these beginnings and ends.

Related work. One can view the main theorem of this paper as a retrievability
result: given the step sequences of a deterministic event structure, we can
retrieve this event structure up to isomorphism. Within the theory of con-
currency there are quite a number of other retrievability results. BEST &
DEVILLERS [5] prove various retrievability results for Petri nets. KIEHN [15]
describes how the partial language of a p/t net can be recovered from the set
of its step sequences. SHIELDS [25] considers a subclass of deterministic sys-
tems (‘behaviour systems with conservative labelling’) which makes it possible
to lift concurrency up to a relation on labels, just like in MAZURKIEWICZ’S
trace theory [16]. In both cases the partial order structure of a system can be
retrieved from firing sequences (or words) and the concurrency relation. In
TRAKHTENBROT, RABINOVICH & HIRSHFELD [27], some retrievability results are
proved for ‘behaviour structures’.

In this paper we investigate the effect of assuming determinism on the lattice
of equivalences in between sequence/trace equivalence and event structure iso-
morphism. In the course of the discussion we will sketch parts of this lattice:
we will define a number of equivalences and establish their mutual relation-
ships. Hence our paper can be viewed as a contribution to the research area
of comparative concurrency semantics. Related work on this topic has been
done by POMELLO [21], VAN GLABBEEK & VAANDRAGER [11] and ACETO, DE
NicoLA & FANTECHI [1].

2. EVENT STRUCTURES

2.1. DEFINITION. A (labelled) event structure (over an alphabet A) is a 4-tuple
(E, <, 8, I), where

- E is a set of events;

- < CEXE is a partial order satisfying the principle of finite causes:

{e’eE|e’<e} is finite for e€E;
- $CEXE is an irreflexive, symmetric relation (the conflict relation) satisfy-
ing the principle of conflict heredity:
e1ffer<ez = e fle;;

- I: E>A is a labelling function.

As usual we write e’<e for e’<<e A e’s~e, = for <~ ! and > for <~ !. We
use - to denote the relation EXE—(<U=U$). - is called the concurrency
relation. By definition <, =, >, # and - form a partition of E X E.
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2.2. Note. The components of an event structure E will be denoted by respec-
tively Eg, <g, & and /g. The derived relations will be denoted -g, <g, >,
=g. For ecEg, preg(e) denotes the set of events which precede e in the ord-
ering (so preg(e)={e’€Eg|e’<ge}).

2.3. Graphical representation. In the graphical representation we either depict
the events or their labels, depending on what we want to illustrate. The partial
order relation is indicated by arrows. The confict relation is denoted by means
of dotted lines. If we draw no relation between events they are concurrent,
unless, by means of the transitive and reflexive closure of the arrows, it can be
deduced that they are ordered, or, by means of the principle of conflict hered-
ity, it can be deduced that they are in conflict.

2.4. ExaMPLE. Let the event structure E be given by:
Eg = {e1,e3,€3,€4,65}
<g = {(e1,e2),(e1,€3),(e2,€3)}U{(e,e)|ecEg}
e = {(x.eq),(es,x)|xE{e),€2,€3}}
lg(e) = a;

Graphically we can depict E as follows:

(-3 ERRRRREE TR ey es

és
FIGURE 1

2.5. Operational meaning of event structures. The events in a event structure
can be anything varying from a clock pulse in a computer, the printing of a
file, my act of writing this article, your act of reading it, the next crash of Wall
Street, etc.

The partial order relation expresses that some events are causally related to
other events or that for all observers the occurrence of certain events will be
seen to precede the occurrence of others. For instance, my act of writing this
article will precede your act of reading it. On the other hand, your act of read-
ing this article will probably not be causally related to the next crash of Wall
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Street. The question what, in general, constitutes a causal link, is a metaphysi-
cal one and difficult to answer. However, in a lot of practical situations it is
perfectly clear what we mean with causality and reasoning about the behaviour
of concurrent systems in terms of causality is useful.

The principle of finite causes says that the systems we consider are discrete
and that moreover we do not consider situation like

ey = 8 ) — =0

FIGURE 2

or

e, (5] [24) €4

€

FIGURE 3

In the first situation it is not clear that any of the e; can ever happen, in the
second situation e, can occur if execution of all events e, e,, - - - finishes
after a finite amount of time. Because we do not make any assumptions about
the time it takes to perform an event, it is possible that e, takes 1 second, e,
takes 2 seconds, etc. In that case e, will never take place.

If two events are in conflict, then at most one of them can occur. As a
consequence of the principle of conflict heredity we have that when an event
occurs, all its ‘causes’ must have occurred before. So if two events e and e’ are
related in the ordering, say e<e’, then occurrence of e is a prerequisite for the
occurrence of e’. In general it is not the case that after occurrence of e the
occurrence of e’ is inevitable. It would be possible to allow event structures
where one event has two causes, which are in conflict:

€3

FIGURE 4

Two interpretations of the above event structure are possible: either one can
say that e; will never occur because it is impossible that all its causes occur (in
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that case one can just as well leave e3 out of the event structure and adopt the
principle of conflict heredity), or one can say that e; can occur if a maximal,
conflict-free subset of its causes has occurred, so {e;} 6r {e;}.

There are no fundamental reasons to adopt the principles of finite causes
and conflict heredity. We have included them in our definition of event struc-
tures because this makes an elegant formulation possible of the main result of
this paper.

The operational intuitions that we presented in the discussion above, will be
defined formally below.

2.6. DEFINITION. Let E be an event structure and let X be a subset of Eg.
We say that X is left-closed if

eeX N\ e'<ge > e'eX

X is conflict-free if X does not contain a pair of events which are in conflict, so
if gN(XXX)=@. E is conflict-free if §g= 2. A configuration of E is a
finite,! left-closed, conflict-free subset of Eg. With @E) we denote the set of
configurations of E.

2.7. ExampLE. In Figure 5 below we have depicted all configurations of the
event structure of Example 24. An arrow is drawn between two
configurations if one can be obtained from the other by adding a single event.

(%}
/ \
{eq} {e1}
\
{es} {e1.e2}
{ea,es} {e1,es} {e1,e2,e3}
{elaez,es}
\
{81,62,83,85}
FIGURE 5

1. WINSKEL [28] does not require that configurations are finite.
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2.8. DEFINITION. For any alphabet 2, we use =" to denote the set of finite
sequences over alphabet = and 2% to denote the set of finite nonempty
sequences over this alphabet. We write A for the empty sequence and a for the
sequence consisting of the single symbol a€Z. By o*0’, sometimes abbreviated
oo’, we denote the concatenation of sequences ¢ and o’. On sequences we
define a partial ordering < (the prefix ordering) by: o<p iff, for some
sequence o', 00’ =p. If 0 < p we say that o is a prefix of p.

2.9. DEerFINITION. Let E be an event structure and let X and Y be

configurations of E.
i) Let acA. We say that there is an a-tranmsition from X to Y, notation

X 5 Y, if Y=XU{e)} for some event e & X with /g(e)=a.

ii) An action a€A is enabled in X, notation X —> g, if X —> g X’ for some
configuration X”.

ili) A sequence of actions o=a;* - ‘- *a,€A" is enabled in X, notation
X —")E, if there exist configurations X,..., X, such that X=X, and for
I<i<n: X;_, i)EX, We say that X, is obtained from X by the
occurrence of o, notation X —°>EX,,. We also say that o is an (action)
sequence of X.

iv) A sequence of events a=e;* - - - *e,€Eg is enabled in X, notation
X =, if there exist configurations Xj,..., X, such that X=X, and for
I<i<n: ¢&X;_, and X;=X,_;U{e;}. We say that a is an (event)
sequence of X.

v) With seqg(X) we denote the set of action sequences of X, so seqg(X) =

{o€4” | X g).

2.10. PROPOSITION (no junk). Let E be an event structure and let ecEg. Then
there exists a configuration X of E with ec X.

PROOF. Take X =preg(e). Due to the principle of finite causes X is finite. From
the fact that <g is a partial order it follows that X is left-closed. X is conflict-
free due to the principle of conflict heredity. Hence X is a configuration.
Clearly e X. O

3. THREE BASIC EQUIVALENCES ON EVENT STRUCTURES
We will now define three equivalences on event structures which make increas-
ingly more identifications.

3.1. DEFINITION. An event structure isomorphism between two even structures
E and F is a bijective mapping f: Eg—Ep such that:

- fl)y<sfle)oe<ge,

- fO#rfle)oefge’ and

- 1x(fle)) = Ig(e)-

E and F are isomorphic, notation E=F, if there exists an event structure
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isomorphism between them.

3.2. DerFINITION. Let E, F be two event structures. A relation R CAE)XF)
is a bisimulation between E and F if:
1. 9RO;

2. If XRYand X éEX’ for some a€A, then there exists a Y’ e@F) such
that Y => gY’ and X’RY’;

3. As 2 but with the roles of X and Y reversed.

E and F are bisimilar, notation E©F, if there exists a bisimulation between

them. '

3.3. DerFINITION. Two event structures E and F are sequence equivalent, nota-
tion E =, F, if:

seqg(2) = seqg(2).

3.3.1. ReMARK. The semantical notion of sequence equivalence, is usually
called trace equivalence in the settings of process algebra and trace theory a la
ReM [23]. However, use of the word trace would be very confusing in a paper
on event structures, since event structures are closely related to a completely
different type of traces, namely those which are studied in trace theory a la
MAZURKIEWICZ [16]. Therefore we have chosen to use the word ‘sequence’ to
denote a finite string of symbols recording the actions in which a process has
engaged up to some moment in time.

3.4. PROPOSITION. =, © and =,,, are equivalence relations and their relations
are as indicated below:

==e ==,
PRrOOF. Standard. O
3.5. ExampLES. The event structures in Figure 6 show that =, < and =,

are really different equivalences. In the graphical representations we have dep-
icted the labels of the events and not the events themselves.

\
/

FIGURE 6
The following definition is central in this paper:
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3.6. DEFINITION. Let E be an event structure. E is deterministic if for all

configurations X eE) we have that whenever X —> gY and X —> Y’ for
some a€A and Y,Y’eXE), we have that Y=7".

So an event structure is deterministic if it does not have a configuration with
the property that two different events are enabled which have the same label.

3.7. DErFINITION. Let E be an event structure. Two events e,e’€Eg are in
immediate conflict, notation e $te’, if they are in conflict and furthermore:

e=>g fge = e=f and effgf<ge = f=e¢.

Using the notion of immediate conflict we can give a ‘less operational’ charac-
terization of deterministic event structures.

3.8. PROPOSITION. Let E be an event structure. Then E is deterministic iff:
e-ge’ or ek e = Ig(e) F Ig(e).
PROOF. Easy. O

It is well-known that the linear time - branching time spectrum collapses for
deterministic event structures.

3.9. ProPOSITION. Let E,F be deterministic event structures. Then: E< F <
E=,, F.
PROOF. '=’ follows from Proposition 3.4. In order to prove ‘<=’ define a rela-
tion R CAE) X (F) by:

XRY o seqg(X)=seqg(Y).

It is easy to show that R gives a bisimulation between E and F. a

3.10. ReMARK. In a dictionary ([20]) we found the following entry for the

word ‘determinism’:

1. a doctrine that all phenomena are determined by preceding occurrences;
esp. the doctrine that all human acts, choices etc are causally determined
and that free will is illusory;

2. a belief in predestination.

One may think that the notion of determinism introduced in Definition 3.6 is

in conflict with the above description. If one for instance considers the deter-

ministic event structure containing two events labelled a and b which are in
conflict, then one may argue that the choice between a and b is not causally
determined, that the event structure ‘has a free will’ and ‘may choose’ whether
to perform a or b. Therefore one may propose another definition of determin-
ism for event structures which says that an event structure is deterministic iff it
is conflict-free. In fact this definition occurs in ACETO, DE NICOLA & FANTE-
CcHI [1].
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We however prefer our own definition because we like to view event struc-
tures as ‘reactive systems’. An event structure model of a concurrent system
describes how the system reacts to stimuli received from its environment. In
the above example of the event structure with actions a and b, it is completely
determined how a system modelled by this event structure will react to exter-
nal stimuli: the system has no choice.

Now consider the following event structure:

a a
b c
FIGURE 7

This event structure is conflict-free and hence deterministic in the sense of [1].
However, if the environment offers an a, then there is a choice between the
‘left’ a and the ‘right’ a. Depending on how this choice is resolved by the sys-
tem, it can engage in b or in c afterwards. Hence one can argue that the event
structure exhibits nondeterministic behaviour.

4. NON-INTERLEAVED EQUIVALENCES

Many people think that bisimilation equivalence, and consequently also
sequence equivalence, make too many identifications on event structures to be
of use in general. In bisimulation semantics concurrency is not preserved, i.e.
for each event structure we can give a bisimilar event structure with an empty
concurrency relation. We elaborate on this below.

4.1.1. DEFINITION. The sequentialisation of an event structure E, notation S(E),
is the event structure F defined by:

- Eg = {ae(Ep)* |2 g);

- a<gBiff ais a prefix of B;

- $#r = (ErXEp)—(<fU=>p);

- Ip(ate) = IE(E).

4.1.2. PROPOSITION. Let E be an event structure. Then:

i) the concurrency relation of S(E) is empty,

i) E=(E),

i) S(E) = S(S(E)).

PRrOOF. Easy. O
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4.2. Step semantics. Intuitively, one of the reasons why an event structure is in
general different from its sequentialisation is that it sometimes has the possibil-
ity to do a number of events simultaneously in one ‘step’. The notion of a
‘step’ immediately suggests refinements of sequence equivalence and bisimula-
tion equivalence which do not disregard concurrency. These refinements will be
called step sequence equivalence and step bisimulation equivalence respec-
tively. Step sequences were defined already in [10]. Step bisimulations appear
in [19]. In [11] they are called ‘concurrent bisimulations’. Below we give the
formal definitions of step sequence equivalence.

4.2.1. DEerFINITION. Let E be an event structure and let X and Y be

configurations of E.

(i) Let U be a finite subset of Eg. We say that Y U-follows X, notation
X[U>Y, if XNU=4, the elements of U are pairwise concurrent (so
Ve,e’eU: es%e’=e -g e’) and Y=XUU.

(ii) Let UCEg. We say that U is enabled in X (U is a step from X), notation
X[U>E, if X[lU>gX’ for some configuration X’ of E.

(i) A sequence a=U;*---*U,e(Pow(Eg))" is enabled in X, notation
X[a>g, if there exist configurations Xp,...,X, such that X=X, and for
I<i<n: X;_,[U;>gX;. We say that X, is obtained from X by the
occurrence of a, notation X[a>gX,. We also say that a is an (event) step

sequence of X.
(iv) Let a=U,;* - -- *U,e(Pow(Eg))" such that X[a>gY. Let o be the

sequence /g(U,)* - - - *lg(U,) where Ig(U;) denotes the multiset of labels
of events in U;. We say that o is enabled in X, notation X[o>g. We also
say that o is an (action) step sequence of X, and that Y is obtained from X
by the occurrence of o, notation X[o>gY.

(v) With stepg(X) we denote the set of action step sequences of X, so

stepg(X) = {oe(Mul(A))" | X[o>g}.
4.2.2. DErFINITION. Two event structures E and F are step sequence equivalent,
notation E =, F, if:
Slq’E( g) = step..-( D).

4.2.3. PROPOSITION. =, is an equivalence relation. The following relations
hold between the equivalences presented thus far:
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4.2.4. ExampLEs. We give some examples which show that the diagram above
gives all relations between the equivalences. Our first example shows that step
semantics (at least sometimes) takes concurrency as a primitive notion.

a b E i d sseviswasas b
e
o b a
FIGURE 8

The two leftmost event structures in Figure 6 are not isomorphic but they are
step sequence equivalent. This follows from the observation that on the
domain of event structures with empty concurrency relation step sequence
equivalence and sequence equivalence coincide.

The two rightmost event structures in Figure 6 are not bisimilar, but they
are step sequence equivalent.

4.3. Partial order semantics. An A-labelled partially ordered set is a triple
(X,<,l) with X a set, < a partial order on X, and /: X—A a labelling func-
tion. Two such sets (X, <¢,/p) and (X,,=<;,/,) are isomorphic if there exists a
bijective mapping f:X,—X; such that f(x)<,f(y) & x<g and
L(f (x))=Io(x). A partially ordered multiset (pomset) is an isomorphism class
of labelled partially ordered sets. As usual, pomsets can be made setlike by
requiring that the events in the partial orders should be chosen from a given
set. Below we will view equivalence classes of conflict-free event structures as
pomsets.

4.3.1. DEFINITION. The restriction of an event structure E to a set XCEg of
events is the event structure E [ X = (X, <gN(XXX), $g N(X X X), Ig [ X).

4.3.2. DEFINITION. Let E be an event structure and let X be a configuration of
E. The set of pomsets of X, notation pomg(X), is defined by:

pomg(X) = {(E (X'~ X))/ | X CX'€CE)).

4.3.3. DErFINITION. Two event structures E and F are pomset equivalent, nota-
tion E =pom F, if:
pomg(2) = pomg(2).

The first systematic study of pomsets is by GRABOWSKI [12], who called them
partial words. Pomset semantics is advocated by PRATT [22].
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4.3.4. PROPOSITION. =,,, is an equivalence relation. 1t fits in our semantical
lattice as follows:

= = —
) l
Soom D Sy > Sy

4.3.5. ExampLEs. The two rightmost event structures in Figure 6 provide an
example of two event structures which are identified in pomset semantics, but
distinguished in bisimulation semantics. The remaining examples distinguish-
ing pomset equivalence and the other equivalences are displayed in Figure 9
below. The example of Figure 10 is interesting because it only contains
conflict-free event structures. The example disproves Theorem 3.5 of AcCETO,
DE NicoLA & FANTECHI [1].

a b = a b = pom a b
- — -
a e a
—
b
FIGURE 9
a a = pom a a
NG =
a a a a
FIGURE 10

Notice that all these examples contain non-deterministic event structures.

5. DETERMINISM — (EVENT STRUCTURE ISOMORPHISM = STEP SEQUENCE
EQUIVALENCE)
Proposition 3.9 stated that bisimulation equivalence and sequence equivalence
coincide on the domain of deterministic event structures. Surprisingly, most of
the non-interleaved semantics which have been proposed in the literature, also
coincide on this domain.

In the introduction of this paper we mentioned a large number of
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equivalences which are situated in between event structure isomorphism and
step sequence equivalence. As a consequence of the following result all these
equivalences (except for occurrence net equivalence) coincide with event struc-
ture isomorphism on the domain of deterministic event structures.

5.1. THEOREM. Let E,F be deterministic event structures. Then: E=F <
E=,p F

5.2. LEMMA. Let E be a deterministic event structure and let X,Y be
configurations of E such that EI X=E Y. Then: X=Y.

PRrROOF. Induction on the size of X. If X is the empty set, then Y must be
empty too and we are done. Suppose X is nonempty. Let e be a maximal ele-
ment of X and let X’=X—{e}. Now we use that there exists an event struc-
ture isomorphism f between ElX and ElY: we have EI X’ = EI'Y’ for
Y'=Y—{f(e)} and furthermore X’ and Y’ are configurations. Applying the
induction hypothesis gives X'=Y’. Let a=Ig(e)=Ig(f(e)). We have that
X' =5 gX but also X’ —> gY. Now use that E is deterministic to obtain that
X=Y. a

5.3. LEMMA. Let E and F be deterministic event structures. Then:
E=pm F & E=F

PROOF. ’<’ is trivial, so the interesting direction is '=’. Define relation
~ QE E XE F by’

eo~e; <4 Elpreg(eo) = Flpreg(e,).

We claim that ~ gives a bijective mapping between Eg and Ey. Because
E =, F, it is obvious that dom(~)=Eg and range(~)=Epg. Suppose that
ep~e; and eg~e,’. We show that e;=e,”. By definition we have
Elpreg(eq) = Flpreg(e;) = Flpreg(e,’). Application of the previous
lemma gives preg(e;)=preg(e,’). Since both sets have a unique maximal ele-
ment, these maximal elements must be identical: e, =e,’. In the same way we
can prove that if ej~e, and ey’~e,, this implies eg=e,". Hence ~ gives a
bijection between Eg and Eg. It is not hard to see that this bijection is in fact
an event structure isomorphism. O

Proof of Theorem 5.1. From the previous results it follows that in order to
prove Theorem 5.1 it is enough to show that for deterministic event structures
EF:

E=F = E=, F
By definition this is equivalent to:
stepg(2) = stepp(D) = pomg(D) = pomg(2).
We will prove a slightly stronger statement, namely:
VXeQE) VY eXF) : stepg(X) = stepp(Y) = pomg(X) = pomg(Y).
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Let XeXE), Y e(F) with stepg(X)=stepp(Y). Let X’ be a configuration of E
with XCX'. Let ap = {e;}{ez} - {e,} be a sequence of singleton steps
such that X[ay>gX’ and X'—X = {e,,...,e,}. Let a; = {e,"}{e3’} - - {e&'}
be a step sequence such that Y[a;>f and /g(e;)=Ig(e;/) for 1<i<n (due to
the fact that X and Y have the same step sequences, such a sequence will
always exist). Let Y’ = YU({e,',..,e,”}. We claim that the function which
maps e; to e is an event structure isomorphism between E[(X’—X) and
FI(Y’—7Y). For reasons of symmetry we have proved the theorem if we have
shown this.

The proof goes by induction to n. The case with =0 is trivial. Now sup-
pose n>0. Due to the fact that X and Y have the same step sequences and
due to the determinism of E and F, we have:

stepp(XU{e,}) = stepp(YU{e,'}).

Since
XU{e1} [{e2} - - - {en}>gX" and
YU(e)'} [{e2'} - - (&'} >EY"

we can now apply the induction hypothesis which gives:
ENX'—(XU{e)})) = FI(¥'—(YU(e)'))

In order to prove the induction step it is enough to show that for 2<i<n:
e <ge < e’ <pe’. If n=1 we are done, so assume n=2. Let for some i,
e; be minimal in {e,,...,e,}. Then e,/ is minimal in {e,’,...,e,”}. We claim that
e, <ge < e’ <pe'. Suppose e; <g e; but not e;” <pe/’. If we show
that this leads to a contradiction we have proved the claim because the
remaining case is symmetric. If it is not the case that e,” <p e/ then

e’ -r /. Due to the minimality of e,/ we have that Y[{e,’, ¢;/}>p. Now we

use that X and Y have the same step sequences and the fact that E is deter-

ministic. There must be some f such that X[{e,,f}>g and Ig(f) = Ig(e/) =

Ig(e;). Because e; <g e;, f7<e;. But now there is a contradiction since we can

go from configuration XU {e,} with an /g(f)-transition to XU {e,,f} as well

as XU {e,,e;}.

Now we have proved that for e;, which are minimal in {e;,...,e,}, e; <g ¢
< e’ < ¢/. In order to prove this fact also for e; which are not minimal,
we distinguish between two cases.

1. For all ¢; which are minimal in {e,,...,e,}, we have that e; <g ¢;. This
implies that e; <g ¢, for 2</<n. Further we have that for all ¢, which
are minimal in {e,’,...e,”}, e;" <p e¢/’. Consequently e,” <pe/ for
2<</<n, and we are done.

2. There is an e; which is minimal in {ej,...,e,} such that e, g e;. This
means that e,” -g ¢;. We now have the following situation:

XU{e} [{e1} - - {ei-1}{ei+1} -~ - {en}>eX’ and
YU{e'} [{er') - - - {e-1'He+1") - - - {&'}>rY"
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Of course XU {e;} and YU {e;’} have the same step sequences. Applica-
tion of the induction hypothesis gives:

El {el, ez,...,e,-_l; e,.,.l,...,e,,} =F! {el’, 82',...,8,-', e,-+1',...,€,,'}.

Consequently e, <g ¢; & e,’ <p ¢/ for 2</<n. O

Observe that in the proof of Theorem 5.1 we only use that E and F have the
same sequences of steps containing at most two events.

5.4. The diagram below presents the relations between the equivalences
presented thus far when restricted to the domain of deterministic event struc-
tures.

= & =pom & E,,q
J
b= E.wq

The example of Figure 8 shows that even for deterministic systems there is a
difference between arbitrary interleaving and partial order semantics.

6. ARBITRARY INTERLEAVING VERSUS TRUE CONCURRENCY

One can consider event structures up to step sequence equivalence as an inter-
leaving semantics if one is willing to view a multiset of actions as an action
again. In the process algebra languages MEUE and ACP this idea can be
implemented by working for instance with an action structure which is the
product of a free commutative monoid and a free commutative group. Under
this interpretation one can say that for deterministic systems there is no
difference between arbitrary interleaving and True concurrency.

Now one can ask the question to what extent a multiset of more than one
action can be considered as something which is observable. In a synchronous
system like a systolic architecture there is certainly no problem. After each
clock tick one can just stop the system and examine which ‘cells’ have per-
formed an action. The multiset (or set if the system is deterministic) of actions
performed by the separate cells gives the step which is performed by the syn-
chronous system. It is much harder to imagine how a ‘step’ can be observed
in an asynchronous system. The only thing I can come up with is that some
observer notices the beginning of one action before another action has been
finished. In such a situation the observer can conclude that the two actions
occur concurrently.

Below, this way of observing concurrent processes is formally implemented
by means of an operator split on event structures that splits any event e into
events e* and e, which are ordered. One may think of e* as the beginning
of e and of e as the end of e.
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6.1.1. DEerFINITION. Let E be an event structure over some alphabet 4. Let
A*={a%|acAd) and A~ ={a " |laeA} be two disjoint copies of 4. The
event structure F=split (E) over alphabet A* UA ~ is given by:

Eg = {e*,e” |lecEg)

<g = {(e5P)|x,ye{+,— )} and e <g f}U{(e",e )lecEg)}
tr = {(*,P)Ix,ye{+,—} and e § f}

Ipe™) = (le(e)”

Ip(e™) = (Ie(e))”

6.1.2. REMARK.

split ( a c ) = a* c”t
P
a” c

R d
v
bt dt
L
b~ d”-
FIGURE 11

6.1.3. DErFINITION. Two event structures E and F are split sequence equivalent,
notation E =g F, if: split (E) =, split (F).

Split sequence equivalence is closely related to ST-bisimulation semantics as
presented in VAN GLABBEEK & VAANDRAGER [11] on the domain of Petri nets,
but there are some differences. Besides the fact that split sequence equivalence
does not respect branching time it is also not real time consistent in the sense
of [11]. The idea of splitting actions into a beginning and an end is, on a
different and more restricted domain, also described by HENNEssy [13]. Our
split-operator can be viewed as a special case of action refinement as described
by CASTELLANO, DE MICHELIS & POMELLO [7] and ACETO & HENNEssY [2].
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6.2. LEMMA. Let E and F be two event structures. Then:
E =pom F = split(E) =pom split(F).

PrOOF. The main idea of the proof occurs already in [7].

Let E and F be event structures with E =, F. Choose a configuration
X e@split(E)). We must show that there exists a configuration Y eC(split(F))
such that:

split(E) I X = split(F) ' Y.
By symmetry it follows that we are ready if we have proved this. Define the
sets X= X+ CEg by:

X* = (ecEgle*eX and e €X},

Xt = (ecEgle*eX and e ¢X},

One can easily check that X*UX™" is a conﬁguration of E. Since E Spom F,
there is a configuration Y e(F) and a bijection f:X* U X —Y which gives an
event structure 1somorphlsm between El(X®“UX"*) and F!Y. Define
YPH = ((fe)".(f(e) leeX=}U{(f(e)* leex™}.
It is not hard to see that Y% is a configuration of split(F). Now define a
mapping fP¥:X—YP¥ by:
fPe*) = (f(e))t foreteX,
fPe™) = (f(e))~ fore” eX
We claim that /%% is an event structure isomorphism between split(E) I X and
split(F) I YP¥_ A simple argument gives that f% is a bijection. Clearly fP
preserves labels. Finally we have that if two events in X are ordered their

1mag&s under fP* are also ordered, and if two events in X are concurrent their
images under ¥ are concurrent too. a

6.3. PROPOSITION. Let E and F be two event structures. Then:
E =pom F = E Zopiit F.

ProoF. E=,,, F = split(E) =, plit(F) = split(E) =, split(F) =
E=gF. |

6.4. PROPOSITION. Let E and F be two event structures. Then:
E=yu F = E=, F.

PrOOF. Let E and F be two event structures with E =g, F. Let 0 =
A,y - A,e(Mul(A))" with 4; = {a;y,...,a;, } be an action step sequence of E.
We must show that o is also an action step sequence of F. By symmetry we
are ready if we have proved this. The following sequence p is an action

sequence of split(E):
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R e P, L P R T, T T T e Y 5 = s
p = ayg ap ajp, an apn Qayp, 4z Qm1 Qmn, Am1 Amp,

Since E =g,y F, p is alsp an action sequence.of split(F). Hence split(F) has
some event sequence a with the property that, if we replace the events in a by
their labels, we obtain p. Let this a be given by:

a=el+| eﬁ"'e;‘.fﬁfﬁ"'ﬁl. ez-'i"'e:;l"‘e;n_f;l“'fn—m_

Note that in general e;; may be different from f;;. However, we do have that

{e,-l,...,e,-,,’} e(luals {_f;'],..., ,‘n’}.
From the fact that a is an event sequence of split(F) it follows that F has the
event step sequence:

{e“,...,el,,l } L {e,,,l,...,e,,,,,_ }
Hence o is an action step sequence of F. O
6.5. As a consequence of Propositions 6.3 and 6.4, split sequence equivalence
can be located in our semantical lattice as follows:

= = Lg
{ {

Spom = St = S = =y

6.6. ExaMPLES. The following examples show that all equivalences in 6.5 are
different.

a b = pom a
E.tpﬁl l
;T b
FIGURE 12
a € = split b a——— a ......... c
l Sstep / l
b c a—b
FIGURE 13

Due to Theorem 5.1 and the position of =g, in the semantical lattice we have
that for deterministic event structures, split bisimulation equivalence and event
structure isomorphism coincide:
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6.7. PROPOSITION. Let E,F be deterministic event structures. Then: E=F <
E=_; F
w .

Thus the causal structure 6f a deterministic concurrent system can be
unravelled by observers who are capable to observe the beginning and termina-
tion of events.
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Samenvatting:
Algebraische Technieken voor
Parallelle, Communicerende Processen

en hun Toepassing

Dit proefschrift bestaat, naast een inleiding, uit zes artikelen op het gebied van
de semantiek van programmeer- en specificatietalen voor parallelle en gedistri-
bueerde computersystemen.

Het eerste artikel behandelt Plotkin’s methode om operationele semantiek te
geven aan dergelijke talen. Betoogt wordt dat allerlei resultaten die tot nu toe
bewezen werden voor een gegeven taal en semantiek afzonderlijk, ook bewezen
kunnen worden voor grote klassen van talen en semantieken tegelijkertijd.
Eigenschappen waar naar gekeken is zijn onder meer de vraag of bisimulatie
equivalentie een congruentie is, de mate waarin een semantiek robuust is onder
uitbreidingen van de taal, en de aard van de volledig abstracte semantiek die
hoort bij een gegeven taal en observatie-criterium.

De laatste jaren is er veel onderzoek verricht op het gebied van de pro-
cesalgebra. Het betreft hier kleine taaltjes, die gegenereerd worden door een
beperkt aantal fundamentele taalconstructies zoals parailelle, sequentiéle en
alternatieve compositie. Het idee is dat een grondige studie van de semantiek
van dergelijke kleine talen een gedegen ondergrond verschaft voor het geven
van semantiek aan de vaak uiterst complexe talen die in de praktijk gebruikt
worden. Het blijkt mogelijk en tevens verhelderend om de diverse semantieken
van de basistalen (bijvoorbecld de semanticken die onder gebruikmaking van
Plotkin’s methode zijn gedefinieerd) algebraisch te karakteriseren. In het
tweede artikel van dit proefschrift wordt een algemeen raamwerk gepresenteerd
om de algebraische wetten te groeperen en te structureren. Dit raamwerk
wordt dan toegepast op ACP (der Algebra der Communicerende Processen),
een in Amsterdam ontwikkelde familie van basistalen.

In het derde artikel worden twee eenvoudige communicatieprotocollen
gespecificeerd in de taal van ACP en correct bewezen met behulp van de
axioma’s die in het tweede artikel zijn gepresenteerd. Dit ondersteunt de claim
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dat een volledig algebraische verificatie uitvoerbaar is voor kleine systemen (in
een infinitaire, conditionele equationele eensoortige logica).

Voor grotere systemen ligt dit anders. In theorie is algebraische verificatie
nog steeds mogelijk maar in de praktijk blijkt dat correctheidsbewijzen onno-
dig lang worden en dat het niet mogelijk is om bepaalde elementaire inzichten
over het gedrag van een systeem te laten corresponderen met een korte
afleiding van een algebraische identiteit. Daarom wordt in het vierde artikel
het axiomatisch raamwerk ACP uitgebreid met de zogenaamde ‘trace logica’.
Deze logica laat toe om eigenschappen te formuleren van de rijtjes van acties
die door een systeem kunnen worden uitgevoerd. Het artikel laat zien hoe
soms de lengte van verificaties drastisch kan worden ingekort door gebruik te
maken van trace logica.

Het vijfde artikel behandelt de vertaling naar ACP van de parallelle, object-
georiénteerde programmertaal POOL. Dit is een door Philips ontwikkelde taal,
bedoeld voor het programmeren van een parallelle computer. Omdat er voor
ACP vele semantieken beschikbaar zijn, kan de vertaling van POOL naar ACP
gezien worden als een manier om semantiek aan POOL te geven. Verder kan
de veelheid aan theorie die voor ACP beschikbaar is gebruikt worden om
feiten te bewijzen over POOL. In het artikel wordt in het bijzonder ingegaan
op de vraag of bepaalde implementaties van POOL correct zijn. Deze analyse
heeft geleid tot de ontdekking van een kleine fout in het taalontwerp van
POOL.

Het laatste artikel in dit proefschrift handelt over ‘gebeurtenisstructuren’
(event structures). Gebeurtenisstructuren vormen de basis voor een serie van
nieuwe modellen voor parallelle systemen die verfijnder zijn dan de gangbare
transitiesysteemmodellen omdat ze parallellisme, het onafhankelijk en
tegelijkertijd plaatsvinden van gebeurtenissen, als primitieve notie incor-
poreren. Het belangrijkste resultaat van het artikel is dat voor de klasse van
‘deterministische’ gebeurtenisstructuren vrijwel alle in de literatuur voor-
komende noties van equivalentie samenvallen.



STELLINGEN

1.

Voor parallelle, op hun omgeving reagerende systemen bestaat er niet een
kanonieke notie van waarneembaar gedrag. In plaats daarvan is er een
veelheid van dergelijke noties die aanleiding geeft tot een veelheid van
procesequivalenties. Het succes van de algebraische, axiomatische aanpak
van de theorie der communicerende processen wordt voor een belangrijk
deel verklaard door deze situatie.

Beschouw het domein §/.. van eindigsplitsende procesgrafen modulo
sterke bisimulatie-equivalentie. Zij [g],[# ] €5/ . Defineer:

d([g] [h D = 2—sup(n |g en A zijn n-genest simulatie-equivalent }

met de conventie dat 2~ ® =0. Dan is d een ultrametriek en alle operato-
ren op §/o die definieerbaar zijn via welgefundeerde tyft/tyxt regels zijn
continu ten opzichte van d.

Zie: het eerste artikel in dit proefschrift. De bovenstaande stelling volgt
onder gebruikmaking van Stelling 8.5.5 en Lemma 8.5.7 uit dit artikel.

Zij X een Kripke-structuur met n toestanden en m transities. Er bestaat
een O(m-n) algorithme voor het beslissen van de zogeheten stotter-
equivalentie op K. Aangezien m<n?, betekent dit dat het vermoeden van
Browne, Clarke & Griimberg dat hun O(n°) algorithme verbeterd kon
worden, juist was.

Zie: M.C. Browne, EM. Clarke & O. Griumberg, Characterizing finite
Kripke structures in propositional temporal logic. Theoretical Computer
Science 59(1,2), 115-131, 1988.

J.F. Groote & F.W. Vaandrager, An efficient algorithm for branching
bisimulation and stuttering equivalence. (In voorbereiding)

Een semantische beschrijving van de programmeertaal POOL-T die geba-
seerd is op handshaking communicatie tussen objecten is niet verenigbaar
met een implementatie van deze communicatie waarbij gebruik wordt
gemaakt van wachtrijen voor boodschappen. Dit probleem wordt veroor-
zaakt door het select statement in POOL-T en het is daarom een goede
zaak dat deze constructie niet meer deel uitmaakt van de meer recente
versies van de taal.

Zie: het vijfde artikel in dit proefschrift.
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Het is een opmerkelijk feit dat, bij aanname van maximaal parallellisme,
pomset-equivalentie niet en ST-bisimulatie-equivalentie wel real-time con-
sistent is.

Zie: R.J. van Glabbeek & F.W. Vaandrager, Petri net models for algebraic
theories of concurrency. In: Proceedings PARLE conference, Eindhoven,
Vol. II (Parallel Languages), LNCS 259, Springer-Verlag, 224-242, 1987.

Indien men in de definitie van Milner’s observation equivalence, een
zwakke bisimulatie definieert als een relatie tussen paden in plaats van
tussen toestanden, en indien men verder naast de gebruikelijke ‘voor-
waartse’ conditie ook de conditie toevoegt dat indien twee paden gerela-
teerd zijn en men langs het ene pad een stap achterwaarts kan doen dit
langs het andere pad geimiteerd moet kunnen worden, dan valt de resul-
terende equivalentie samen met de branching bisimulation equivalence van
Van Glabbeek & Weijland.

Zie: R. De Nicola, U. Montanari & F.W. Vaandrager, Back and forth
bisimulations. (In voorbereiding)

Er bestaat een eenvoudige constructie die aan een procesgraaf g een
procesgraaf tr(g) toevoegt waarvan de knopen gelabeld zijn op zodanige
wijze dat (1) wanneer g en tr(g) worden uitgerold tot bomen, deze bomen
(afgezien van knooplabels) isomorf zijn, en verder (2) twee grafen g, en
g2 vertakkend bisimulatie-equivalent zijn precies dan wanneer #r(g;) en
tr(g,) dezelfde CTL’-formules zonder nextfime-operator waar maken in
een interpretatie waarbij gequantificeerd wordt over alle paden en niet
alleen de maximale.

Zie: R. De Nicola & F.W. Vaandrager, Three logics for branching bisimula-
tion. (In voorbereiding)

In de geometrische opbouw van het fresco De dood vin Adam van Piero
della Francesca is het linkeroog van Adam het belangrijkste punt. Ver-
moedelijk met opzet heeft de schilder dit punt een fractie ter linkerzijde
van de gulden snedelijn geplaatst.

Ook al neemt men het matige peil van veel wetenschappelijke presentaties
in aanmerking, dan nog bestaat er een opvallend verschil tussen de
staande ovaties die musici en toneelspelers vrijwel altijd ten deel vallen en
het lauwe handgeklap waarmee wetenschappers het in het algemeen moe-
ten doen.

In tegenstelling met de kroketten in het restaurant,
zijn die in de kantine juist aan de grote kant.

Vegl.: C.B. Vaandrager, Vaandrager’s totale poézie, De Bezige Bij, Amster-
dam, 1981.





