COUNTING PROCESS SYSTEMS
IDENTIFICATION AND STOCHASTIC REALIZATION

Peter Spreij




COUNTING PROCESS SYSTEMS
IDENTIFICATION AND STOCHASTIC REALIZATION

PROEFSCHRIFT

ter verkrijging van
de graad van doctor aan de Universiteit Twente,
op gezag van de rector magnificus
prof. dr.ir. H.H. van den Kroonenberg
volgens besluit van het College van Dekanen
in het openbaar te verdedigen
op vrijdag 30 oktober 1987 te 16.00 uur

door

Peter Spreij
geboren op 29 juli 1956 te Amsterdam



Dit proefschrift is goedgekeurd door de
Promotor: Prof.dr.ir. H. Kwakernaak

Ass. Promotor:  dr.ir. J.H. van Schuppen
Referent: dr.ir. RK. Boel



Aan mijn ouders






PREFACE

During the research that has led to this thesis, I have benefited by the interest
and support of several people. First of all I should mention Jan H. van
Schuppen, who introduced me to this research field. The numerous enlighten-
ing discussions I had with him put me on the right tracks towards the results I
was looking for. Next I should mention Huib Kwakernaak and René Boel
who carefully read the manuscript and whose suggestions were particularly
welcome. Their constructive criticism resulted in an overall improvement of
the presentation. It is a pleasure to thank Jan Willem Polderman for his
inspiring company during my stay at the CWI and for the many discussions
we had on a great variety of issues, ranging from trains to deep mathematical
theories. Perhaps we will report in the near future on the classification of
weak pseudo probabilistic realizations for vague systems by considering the
generic closure of an almost analytic manifold in a quasi-Riemann topology.
Thus beating at the abstract level the work of the Ideal Mathematician, who
only occupies himself with Non-Riemannian hypersquares. The CWI Publica-
tions Department is acknowledged for the excellent technical realization.
Especially Mini Middelberg for her skilful typing of the manuscript and for
patiently accepting a continuous stream of modifications and Tobias Baanders
for designing the cover.

Finally it is a great pleasure to thank Nadine, who had to stand my absence
while I was present, for her support, especially during the last months before
the completion of this thesis.






Contents

1. Introduction 1
1.1 Informal introduction to counting processes 1
1.2 Modelling the intensity process 2
1.3 Identification 4
1.4 Realization 5
1.5 Organization of the thesis 6

2. Background in Stochastic Processes 1
2.1 Basic concepts 7
2.2 Martingale theory 11
2.3 Stochastic integration 19
2.4 Point processes 21
2.5 Random measures 24
2.6 Local characteristics of semimartingales 25

3. Weak Convergence and Local Asympotic Normality 30

3.1 Weak convergence 30
3.2 Likelihood ratios and local asymptotic normality 43
4. Recursive Estimation 60
4.1 Recursive least squares estimation 60
4.2 Recursive maximum likelihood estimation 68
4.3 Recursive maxium likelihood estimation II 83
5. Counting Process Systems 89
5.1 Counting process systems 89
5.2 Minimality of conditionally Poisson systems 96
5.3 Selfexciting counting process systems 106
6. Conclusions 124
References 125

Samenvatting 128






1. INTRODUCTION
In this thesis we treat identification and realization problems for counting pro-
cess systems. Counting processes are nowadays frequently used in mathemati-
cal models for phenomena that occur in fields like nuclear biology, survival
analysis, optical physics, traffic flow analysis and software reliability. For
instance in software reliability counts of observed failures of a computer pro-
gram are registered. These counts can be used to estimate the total number of
errors in the program [43,44]. An example in traffic flow analysis is given in
section 1.1. Many other examples can be found in the book by SNYDER [48].
The theory of counting processes has seen a fast development over the past
15 years, stimulated by the growth of the general theory of stochastic
processes, martingale theory, stochastic integration and stochastic differential
equations. This theory provides a most suitable framework for studying the
dynamic behaviour of counting processes. Since then many problems concern-
ing the modelling and identification of counting processes that arise in the
aforementioned fields can be solved in a satisfactory way. One reason for
succesful attempts in this direction is the availability of many theoretical
results for martingales like convergence theorems and central limit theorems
that also play a crucial role in this thesis. Our aim is to derive results on
recursive estimation and realization problems for counting process systems.
The purpose of this chapter is to introduce counting processes and related
identification and realization problems on an intuitive level.

1.1 Informal introduction to counting processes

We introduce the notion of a counting process by means of an example. In
the analysis of freeway traffic flows information about such flows is obtained
by counting verhicles that pass a certain location at a freeway [30]. To that
end a detection loop is built at that location where the time instants are
registered when vehicles pass over it. Clearly those time instants exhibit an
irregular behaviour, which points in the direction of a random phenomenon.
More precisely, the time intervals that elapse between two succesive registra-
tions can be viewed as a random variables. One way to build a mathematical
model, albeit unrealistic, is to make the assumption that those time intervals
are independent and identically distributed according to an exponential distri-
bution with parameter A. So if, starting from an initial time 0, we denote by
T, the time when the n-th vehicle passes the detection loop, we have that all
the T,,,—T, are independent with the same exponential distribution and

E(T, 4, —T,,)=-)—\-. Thus we see that we can anticipate the intervals T, ., — T,

to be short for high values of A, whereas the opposite will happen for low
values of A. The interpretation in this example is that high values of A reflect a
high intensity of the traffic flow. A counting process {N,} is now defined by

N‘ = 21(1;<,} (11)
n



2

So N, is the number of vehicles that have passed the detection loop up to time
t. In agreement with its intuitive interpretation the parameter A is called the
intensity of the counting process. The counting process that arises in this
example is called the homogeneous Poisson process with parameter A. This
name is due to the fact that for all ¢+ and #=0, the random variable N, ., —N,
is distributed as a Poisson random variable with parameter Ah. If we capture
the history of the process {N,} up to time ¢ into a o-algebra ', we can show
that for |0 we have the conditional probabilities

P(Nysn—N, = 1|§) = M + () (1.2)
P(Ny4n—N, = 0|8) = 1= + O(h) (1.2b)

The equations (1.2) again justify why A is called the intensity of {N,}. Indeed
a high value of A makes a new count in a small time interval (7, +h) more
likely. In a more fancy way (1.2) admits an alternative description. Define the
process {m,} by N;=At+m,. In a differential notation this can be written as

dN, = Mdt + dm,. (1.3)

Then one can show that {m,} is a martingale. A martingale is the archetype
of a stochastic process with an asystematic behaviour. [See definition 2.2.1].
The important observation is that under fairly general assumptions one can
always decompose a counting process {N,} (the assumption that the time
intervals T, ., — T, are ii.d. is not necessary any more) as

dN, = \dt + dm, (1.4)

The process {m,} arising in (1.4) is then again a martingale and this decom-
position is essentially unique. However A, is in general not a fixed constant
but a stochastic process. It is called the intensity process. The decomposition
(1.4) is important because of two reasons. Often the assumption in the previ-
ous example that the T, —T, are independent and identically distributed is
untenable. So (1.4) allows a greater variety of counting processes. The second
reason is that, not only is the process {A;} unique, it also uniquely determines
the distribution of {N;}. So a way to model a counting process is to specify
the intensity process. Stated otherwise one can say that modelling a counting
process is equivalent to modelling the corresponding intensity process.

1.2 Modelling the intensity process

We have seen in section 1.1 that the intensity of a counting process is in gen-
eral a stochastic process. In a practical situation one can often think of the
intensity A, as a function of another stochastic process {X,} which has a physi--
cal meaning in the particular situation at hand, so that we can write
A =f(t,X;). In such a case the modelling of the intensity process reduces to
specifying the function f. In doing this one can often distinguish between two
stages, the first of which may be called structural modelling. We illustrate this
with an example. Suppose that X,eR?. If the structural form of the intensity
is linear we have A, =a(t)7X,, where a(r)eR“. This is the multiplicative
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intensity model studied by AALEN [12,17]. A special case is obtained if a(f)=a
for all #, so A, =a’X,. In another example the structural form of the intensity
process might be exponential, so we can write A =exp(a()'X,) or
A, =exp(a’ X,y. If the structural form of the intensity process is given, one can
say that one is left with a parameteric modelling problem. This can be an
infinite dimensional problem, as in the case where A, =a(#)”X,. The parameter
is then the function a which is in general an infinite dimensional object. In
the special case where A, =a’X, the parameter is an element of RY which
yields a finite dimensional problem. One can say that establishing the struc-
tural form of the intensity corresponds to the selection of a model class. The
model class is then described by the finite or infinite dimensional parameter.

An intensity process of the form A, = f{#,X;) naturally arises in the context of
stochastic system theory. Roughly speaking a stochastic system is a pair of
stochastic processes, the state and the output process. The state process is
always a Markov process that drives the output process. If the output process
is a counting process then its intensity process is of the form A, =f (¢, X, if
{X,} is the state process. A stochastic system with counting process output is
called a counting process system. A shorthand notation for such a system is
(X,N) where X stands for {X;} and N for {N,}. An important example is the
following. (See [20] for an application). Suppose that the state space of the
Markov process {X,} is finite, {x},...,x,} say. Then we can define the indica-
tor process {Y;} by Y,=[Yy,..,Y,]" and Y,=Ilx—,,. Assume that
A =f(X,). Let ¢;=f(x;) and C=|[cy,...,c,]. Then we can write A, =CY,. Let 4
be the generator matrix of {X;}. It can be shown that we can represent this
model by the following equations

dY, = AY,dt + dM, (1.5a)
dN, = CY,dt + dm, (1.5b)

The processes {M,} and {m,} in (1.5) are martingales. Observe the analogy of
(1.5) with Gaussian systems, where one has similar equations (1.5) for an »-
dimensional Gaussian process {Y,} and a one dimensional process {N,} with
{M,} and {m,} an n-dimensional and a one dimensional Brownian motion.
The equations (1.5) can be considered as the structural model of the counting
process. The parametric modelling problem in this case is the specification of
the matrices 4 and C. It is noticed that a structural model can often be set up
on the basis of information that one has about the particular phenomenon that
one wants to model. The values of the parameters are usually not known
beforehand. The only way to obtain these is by analyzing the observed data.
This leads to the problem of identification.
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1.3 Identification

Speaking in loose terms one can say that identification is concerned with
obtaining a model from the observed data. In the situation where one deals
with counting process observations this amounts to identification of the under-
lying intensity process. As in modelling problems it is in principle possible to
distinguish between structural and parametric identification. However if one
wants to perform an identification procedure based on a single realization of
the counting process, it is in general difficult if not impossible, to obtain the
structural form of the intensity process. In such a situation one has to assume
that the structural form of the intensity process is given, in which case the
identification problem becomes a parameter identification problem. But even
then one cannot always expect to identify the “true” but unknown parameter.
This is for instance the case if A, =a(t)7 X, where the parameter a is a function.
For the identification of the function a there exist non parametric techniques
for which several realizations of the same counting process are needed [12,17].
Since we will treat some identification procedures that are based on a single
realization of the counting process, we will assume that the unknown parame-
ter is finite dimensional which is for instance the case if A, =a’X,, where
acR?. If the structural form of the intensity, or a model class, is given, one
can view identification as approximate modelling. Estimating a parameter
then corresponds to the selection of a model that best explains the observation
according to a certain criterion. There are basically two procedures for
estimating a finite dimensional parameter called off-line and on-line. Off-line
procedures are applied if it is is possible to collect the data before actually
computing a parameter estimate. Off-line estimators can often be obtained by
minimizing a suitable criterion.

A well-known example is the maximum likelihood estimator. It is known
that these estimators are consistent and enjoy certain optimality properties.
For counting process observations results in this direction are obtained in
[19,22,23,27,32], by means of a suitable analysis of the likelihood ratio.

On-line or recursive procedures naturally arise if one is confronted with a
control or a filtering problem. In a control problem one usually looks for a
feedback control law in order to meet some required behaviour of the output
process. This control law depends on a parameter whose value might be
unknown. Hence if one wants to apply this control law at all time instants ¢
one also needs estimates of the unknown parameter values for all z. This calls
for a device that computes new estimates from previous ones and from new
observations. This device usually consists of a set of stochastic differential
equations. Denote by 6, an estimator of @ at time ¢. In the context of count-
ing processes the stochastic differential equation for 6, is then of the following
form

db, = f(t,6,)dt + g(t,6,_)aN, (1.6)

The interpretation of (1.6) is that b, evolves according to an ordinary
differential equation between the occurrence times of the counting process
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(then dN,=0) whereas 6, jumps to a new value if a count is registered
(dN,=1). Similar considerations hold for filtering problems. A filtering or
state estimation problem arises when one can only observe a counting process,
but not the state process X, that influences the intensity process as for instance
in (1.5). A filter is then a set of stochastic differential equations that deter-
mines the conditional expectation of X, given the past observations. Such a
filter generally depends on the unknown parameter value. Hence to actually
compute such a conditional expectation one again needs parameter estimates
that are generated by an equation like (1.6). The combined set of stochastic
differential equations that simultaneously estimate state and parameter is
called an adaptive filter. One of the requirements that an adaptive filter
should satisfy is that parameter estimates converge to the true parameter if the
true model is in the model class. The same requirement is of course desired
for any on-line estimation procedure whether or not it is part of an adaptive
filter. Although we will not treat adaptive filtering problems, the above con-
siderations at least motivate why it is important to study the convergence pro-
perties of recursive estimators.

One of the difficult problems for recursive estimators is the design of an
equation like (1.6). A reason is that it is often not clear how to obtain a recur-
sive formula starting from known off-line estimators. Equations like (1.6) can
be obtained via heuristic reasoning and by making suitable approximations.
In chapter 4 we give some examples. A consequence is that, even if it is intui-
tively clear that a certain recursive estimator defined by (1.6) is close to a
known off-line estimator, it is not easy to see whether certain known properties
for the off-line estimator carry over to the corresponding on-line estimator.
This is largely due to the fact that it is often not known what criterion a recur-
sive estimator minimizes, or what estimation equation it satisfies. Hence for
on-line estimators new techniques for investigation of e.g. asymptotic proper-
ties have to be developed. Since recursive estimators are defined via stochastic
differential equations, stochastic Lyapunov functions can be expected to play a
role. An analysis of this type is presented in chapter 4. Finally it is noticed
that if one wants to prove consistency of a family of estimators {6,} one has to
be sure that the “true” value @ of the parameter is in principle identifiable.
For instance if two different values 6, and &, give rise to the same observed
process one cannot expect to get convergence of the {6} to 6,. A possible
way out is to redefine the parameter space such that no two different values of
the parameter induce the same observed process and to be sure that all the 6,
belong to this new parameter space.

1.4 Realization

Realization problems play a prominent role in stochastic system theory. In the
context of counting process systems the basic question is the following. Given
a counting process {N,}, can we view it as the output of a stochastic system?
In the light of the discussion in section 1.2 this amounts to reformulating this
question as follows. Given a counting process {N,} with intensity process
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{A:}, does there exist a Markov process {X;} with a small tractable state space
such that A, is a function of ¢ and X,, so A,=f(t,X;)? If the answer is
affirmative then one says that the system (X,N) is a realization of {N,}. Sup-
pose now that we have a realization (X,N) where X is a finite state process
such that (1.5) holds. A second question is then whether this realization is
minimal. Minimality here means that we cannot find another Markov process
X and a function f such that A, =f(X;) and such that the state space of X con-
tains fewer elements than that of X. In order to answer this second question
we need a characterization of minimality. It will be given in chapter 5 in
terms of the matrices C and A appearing in (1.5). Minimality is an important
concept that also plays a role in identification problems where one only has
observations of the counting process whereas the state process cannot be
observed. A rather trivial example clarifies this. Suppose that one wants to
identify the matrix 4 from the observations of the counting process and sup-
pose that C =[A,...,A] for some A>0, so that A,=CY,=A. Then clearly any
Markov process X that yields a minimal realization (X,N) is such that its space
is a singleton. For Markov processes X with a larger state space such that
CY, =\, the counting process contains no information whatsoever about X.
Hence one is not able to identify 4 on the basis of the counting process obser-
vations alone. Although this example treats a degenerate case, it indicates that
minimality is a prerequisite for identification of the underlying state process.
Finally we notice that a characterization of minimality can be used to define
the parameter space in such a way that all its elements are identifiable.

1.5 Organization of the Thesis

In this section we briefly go through the contents of this thesis. In chapter 2
the relevant results from the general theory of stochastic processes are
reviewed. All results except a convergence theorem of semimartingales can be
found in the literature [3,4,5,8]. For this reason most of the proofs are omit-
ted. Chapter 3 starts with results from weak convergence theory, especially for
sequences of (semi)martingales. As in chapter 2, only proofs of new results are
given. The second part of this chapter is devoted to the study of likelihood
ratios for counting process. The proofs that we present differ slightly from
those in the references [16,24]. Also an alternative characterization of local
asymptotic normality is derived. This LAN property turns out to be very
helpful in designing recursive parameter estimation algorithms. This is
explained in chapter 4 where we also study convergence properties of such
algorithms.

The technique we use to prove almost sure convergence involves stochastic
Lyapunov functions and a convergence result for nonnegative semimartingales.
In chapter 5 we discuss counting process systems. In detail we treat minimal-
ity for conditionally Poisson systems and a realization problem for selfexciting
systems.



2. BACKGROUND IN STOCHASTIC PROCESSES

In this chapter we briefly summarize the theory of stochastic processes as far
as we need it. Basic references for this chapter are the books by DELLACHERIE
and MEYER [4,5], JacoD [8], or specialized to point processes the one by
BREMAUD [3] and [14,41]. We do not give definitions and results of most basic
notions in probability theory.

A probability space is a triple (2,%P), where (2,%) is a measurable space
and P a probability measure on it. If (E,&) is another measurable space, then
an E-valued random variable X is a measurable mapping X:(2,%)—(E,&). In
the sequel E will usually be a subset of some R”, and & its Borel o-algebra.
Stochastic processes to be defined below will have [0,00) as continuous “time
set”. However occassionally it will be replaced by N, as a discrete “time set”.

2.1 Basic concepts

DEFINITION 2.1.1: A stochastic process is a mapping X:{2X[0,00)—E such that
for all =0 the mapping X(.,7):Q—E is a random variable. The map
X(w,"):[0,00)—E is said to be a trajectory or path of X. For X(,¢) we will
often write X,.

Given a stochastic process one can form its associated family of finite dimen-
sional distributions by computing P(x; €4,,...,x, €4,) for t;€[0,00) and
A;€&6(i=1,...,n). Denote these quantities by ®(¢,,...,#,;41,...,4,). Then obvi-
ously one has ®(,1),.., 2 a(n) 34 w(1)---»A a(n)) fOr every permutation = of {1,...,n}
and

(I’(l],...,t,,;A 1seeesAn _1,E):q)(tl,...,t,, LY. P B )

A natural question to ask is then whether these two properties plus probably
some extra completely characterize in some sense a stochastic process. This
question is answered by the following theorem, essentially due to Kolmogorov.

THEOREM 2.1.2: Let the family ®={®(t,,...,t,;41,...,An)|n €N, t;€[0,0),4; €6}
satisfy the above permutation and consistency property. Then there exists a proba-
bility space (,%,P) and a stochastic process X:Q2x[0,00)—E such that the set of
finite dimensional distributions of X coincides with ®.

The space @ in this theorem has to be rich enough in order to carry the
desired property. In Kolmogorov’s proof of the theorem @=E%*) and ¥ is
the smallest o-algebra that makes all cylinder sets in {2 measurable. For most
purposes however this space is not suitable to answer questions like: What is
the probability of the set {w:X(w,?):[0,00)—E is continuous}? Also it is not

t

clear how one should define double integrals like E f X(s,w)dsP(dw). These

0
problems can historically be accounted for by noticing that the definition of
stochastic process has first been given for a countable time set like N or Z.
Then all the relevant measureability properties are a simple consequence of the
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given definition of a stochastic process. For problems like the above ones
more sophisticated measurability concepts are needed.

The assertion of the theorem admits more than one choice of a probability
space. In fact one should always include (2,%P) in the definition of a stochas-
tic process. The fact that one can choose more than one probability space
motivates the following definition:

DEFINITION 2.1.3: Let (2,%,P,X) and (,%,P’,X") be two stochastic processes,
both with values in (E,&). They are said to be equivalent if their families of
finite dimensional distributions coincide.

Even if one has a fixed suitable probability space (2,9 P), the stochastic
process X is not completely determined by its family of finite dimensional dis-
tributions. We need more precise notions that tell us in what sense two sto-
chastic process are the same. These are given in the next two definitions.

DEFINITION 2.1.4: Let X and X’ be two stochastic processes on (2,%,P)
1) X’ is said to be a modification of X if X,= X", a.s. for every t=0.
2) X' is said to be indistinguishable from X if

P(w:X,(w)=X'() for all =0)=1.

One clearly has that two indistinguishable processes X and X’ are
modifications of each other and assuming only the latter, they are also
equivalent. In the sequel statements that two processes X and Y are equal
(X=Y) will always mean that X and Y are indistinguishable. Similarly if a
process X satisfying some property is unique, it will mean that it is indistin-
guishable from any other process that satisfies the same property. The next
two examples of a process play an important role in the theory of stochastic
processes. These are the Brownian Motion and the Poisson process.

DEFINITION 2.1.5: W:QX][0,00)—R is a Brownian motion if

(i) Wy=0as.

(i) W has independent increments if for t>s>u W,— W, is independent of
W..

(i) W,— W, has a normal distribution with mean 0 and variance |t —s|.

DEFINITION 2.1.6: N:QX[0,00)—Nj is a Poisson process with intensity func-
tion A:R ; >R, which is locally integrable, if

i) Ny=0as.

il) N has independent increments

t
iii) N,—N; has a Poisson distribution with parameter f A(u)du

If A(t)=A,Vt, then N is called a homogeneous Poisson process with intensity
parameter A. Later on we will define a generalization of a Poisson process.
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Although there are striking similarities between the Wiener process and the
Poisson process, the differences are at least as important.

PROPOSITION 2.1.7:

1) There exists a modification of the Brownian motion such that its paths are
continuous and of unbounded variation. It is called the Wiener process.

2) There exists a modification of the Poisson process such that its paths are
increasing, constant between the jumps, that are all of magnitude +1 and on
each finite time interval there are only finitely many jumps.

The current framework of the theory of stochastic processes has essentially
been introduced by Doob. The important concept is that of a filtration, with
the interpretation of a growing information pattern.

DEFINITION 2.1.8.: Let (£,9) be a measurable space. A filtration F={%},5¢
on { is a family of sub o-algebras of ¥ such that %D if r=s. A filtered
measurable space is then a triple (2,%F), where F is a filtration on (2, %).

DEFINITION 2.1.9: A stochastic process X on (£2,9%) is said to be F-adapted if X,
is % -measurable for all 1=0.
Given a stochastic process X there always exist a filtration to which it is
adapted. Take % =s\</‘o(X,.).

DEFINITION 2.1.10. Let X be a stochastic process on (£2,%) and let F be a filtra-
tion on (£,%). X is said to be progressively measurable (relative to F) if for all
t=0 the mapping (w,5)>X(w,s) is a measurable mapping from
(2X[0,2),% X 9[0,?)) in (E,&).

The usefulness of this definition is motivated by the following. Let X be a
progressively measurable process on (2,%P). Assume that X is
(Lebesgue)integrable on £X[0,7] w.r.t. the product of P and the Lebesque
measure on [0,¢]. Then from Fubini’s theorem

jX(w,s)ds
0

t
is %-measurable. Hence Y defined by Y(w,?)= / X(w,s)ds is again an adapted
0

process.
A filtration F on a (necessarily complete) probability space (£2,%,P) is said to
be complete if % contains all P-null sets. F is called right continuous if
Ns>%=9%. If F is both complete and right continuous than it is said to
satisfy the usual conditions.

We need two other concepts of measurability.
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DEFINITION 2.1.11: A stochastic process X is said to be cadlag if all its trajec-
tories are right continuous and have left limits at all points.

Note: cadlag is a french abbreviation and stands for continue & droite et pour-
vue de limites & gauche finies.

DEFINITION 2.1.12: The optional o-algebra O on 2X[0,00) is defined as the o-
algebra generated by all F-adapted processes that are cadlag. A stochastic
process X is said to be optional if it is measurable w.r.t. © as a function of both
t and w.

The predictable o-algebra 9 on 2X[0,00) is defined as the o-algebra gen-
erated by all F-adapted processes that have left continuous trajectories. A sto-
chastic process X is predictable if it is measurable as a function on (0,00) X
wrt. 9.

The following sequence of implications holds: X is predictable =X is
optional. If X is moreover right continuous or left continuous, then it is also
progressively measurable.

EXAMPLE: Let X be an adapted cadlag process. Define the process X_ by
(X-)=X,- =limyy, X;. Then X_ is a predictable process.

Any cadlag process X is optional and by AX we mean the process with
AX,=X,—X,_. Hence also AX is optional.

REMARK: All measurability concepts introduced above, from predictability to
adaptedness hold with respect to the given filtration F. Mostly it will be clear
with what filtration we work. However if confusion may arise we will speak of
[F-predictable process etc.

PROPOSITION 2.1.13: Let X be a stochastic process such that almost all its paths
admit left and right hand limits. Then almost all paths have only countable many
points of discontinuity.

The next concept that will be introduced is that of a stopping time. We will
need it only occasionally.

DEFINITION 2.1.14: A stopping time is a random variable 7:Q—[0, 0] such that
{T<t}e9 for all ¢.

PROPOSITION 2.1.15:

1) If T is a stopping time, then {T<t}€9,.

2) If T is a random variable such that {T<t}€% and if the filtration is right
continuous, then T is a stopping time.

PROOF:
) (T<)=Y(T<t-)es,
neN

) (T<j=Q {T<t+-'1;}e€f,+ =g,
neN
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DeFINITION  2.1.16:  The  pre-T o-algebra 9y is  defined as
Fr={A €% AN{T<t}e%, Vt}

PrOPOSITION 2.1.17: If S and T are two stopping times such that S<T, then
95 C%r.

We close this section with

DEFINITION 2.1.18: A stochastic process X is uniformly integrable if
lim sug E|1Y1|1{|X,|>k) =0

k—oo >

EXAMPLE:

1) If X is bounded in L'** (a>0), that is sup,5oE|X;|'t*<co. then X is
uniformly integrable.

2) Let/be a random variable, E|/|<oo. Define X, = E[l|%], where {%},5 is
a filtration on (2,%,P). Then {X,},5¢ is uniformly integrable.

2.2. Martingale theory

In this section we summarize results on some important classes of stochastic
processes, namely the martingales, supermartingales and submartingales.
Throughout this section we assume that a complete probability space is given,
together with a filtration F on it. All processes are adapted to this filtration
and defined on the given probability space.

DEFINITION 2.2.1:
1) A stochastic process X (adapted to F) is a supermartingale if
i) E|X;|<o0,Vt=0
ii) E[X|%]<X; as. Vi=s.
2) X is a submartingale if — X is a supermartingale
3) X is martingale if X is both a supermartingale and a submartingale.

EXAMPLE:

1) Let B:2X[0,00]>R be a Brownian Motion. Let for all 1 5 =¢{B,,s<t}.
Then B is a martingale. Indeed since B, — B, is independent of % we have
E[B, — B,|%]=E[B, — B;]=0

2) Let N:2X[0,00)—N, be a homogeneous Poisson process, with intensity A.
Let % =0(N,,s<t). Then X defined by X,=N,—At is a martingale.
Indeed since N,—N; is independent of % we have E[N,—N|%]=
E[N,—N;1= At —s).

3) More generally let X be a process with independent increments such that
E|X;|<oo. Then as in the two previous examples the process M defined
by M,=X,—EX, is a martingale relative to the filtration generated by X.

4) Let X:(2,9P)>R be a random variable, E|X|<oco. Let F be a filtration
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on (£,%P) Then M defined by M, =E[X|%] is a martingale. Observe that
M is uniformly integrable.
It turns out that the trajectories of supermartingales enjoy desirable properties.
Specifically one may almost always assume that they have cadlag paths. This
statement will be made precise in the next sequence of theorems.

THEOREM 2.2.2: Let (2,%,F,P) be a filtered probability space. Let D be a count-
able dense subset of [0,00). Let X be a supermartingale on (,%F,P)
1) Then for almost all w ]jin}Xs(w) exists and is finite for all t. This limit will
be denoted by X, + ().
2) For almost all w liTn3Xs(w) exists and is finite for all t=0. This limit is
k)
S€
denoted by X, _(w).
3) The process X . ={X,+ }i>0 is a supermartingale with respect to the filtra-
tion F* ={% | };>0.
4) The process X - ={X,_ };>o, is a supermartingale with respect to the filtra-
tion F~ ={% _},>¢. Here %, _ =s\</’9}.

THEOREM 2.2.3: Let X be a supermartingale on (2, %F,P). Assume that almost
all its paths are right continuous. Then X is also a supermartingale with respect
to the smallest filtration G that contains F and that satisfies the usual conditions.

THEOREM 2.2.4: Assume that the filtration F satisfies the usual conditions and let
X be a supermartingale on (2,%,F,P) such that t—EX, is a right continuous func-
tion. Then X admits a modification such that all its paths are cadlag. Hence
every path has only countably many discontinuities.

Although this is usually not stated, one can also prove that there exists a
modification which has left continuous paths on (0,c0). In fact one then takes
X~

In view of these results we will from now on, unless stated otherwise, assume
that the filtrations satisfy the usual conditions and that supermartingales have
cadlag paths. Martingales and supermartingales are especially interesting
processes because under suitable conditions they converge almost surely as
1—00.

THEOREM 2.2.5: Let X be a right continuous supermartingale. Suppose that
sup{E|X;|, t=0}<co (or equivalently that lim,,EX,1(x<qy>—00). Then
I=lim,_, X, exists and is an integrable random variable. If X is uniformly
integrable, then X is right closed by its limit I, which means that X,=E[l|%].

REMARK: The same statement holds for left continuous supermartingales.
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REMARK: As we have seen before X defined by X,=E[Y|%] is a uniformly
integrable martingale if E|Y|<oo. The theorem tells us that the converse also
holds. If X is a uniformly integrable martingale, then necessarily X is of the
form X,=E[l|%].

DEFINITION 2.2.6: A martingale X is called square integrable if sup EX?}<co.
t

One can also say that such a martingale is bounded in L2. So in particular
square integrable martingales are uniformly integrable and their limit for 1— o0
exists.

In a number of cases the requirement that a process is a uniformly integrable
martingale is too restictive. Therefore we introduce a wider class of processes,
that of local martingales.

DEFINITION 2.2.7: A right continuous stochastic process X on (§,%F,P) is said
to be a local martingale if there exists an increasing sequence of stopping times
{T,} with lim,_,,, 7, =00 a.s. such that the process { X; A7, 1(1,>0} };>0 i$ @ uni-
formly integrable martingale for each n. {T,} is called a fundamental sequence
for X.

In order to see that local martingales are extension of martingales we mention
the following result.

THEOREM 2.2.8: Let X be a (super)martingale, right continuous. Let T be a stop-
ping time. Then the stopped process X'(={X;aT}i>0) is again a
(super)martingale.

REMARK:

1) Let X be a right continuous martingale. Let 7,=n. Then
X,T' =X, An=E[X,|%] for all «. Hence X" isa uniformly integrable mar-
tingale and X is a local martingale.

2) X is a local martingale iff for the fundamental sequence {7,} for X we
have that
l) Xol (T,>0} is integrable
ii)) {X,a7, —Xo} is a uniformly integrable martingale.

3) In fact the additional requirement that the stopped processes in this
definition are uniformly integrable is superfluous. Indeed if we merely
demand that {X;an7 —Xo};>0 is a martingale for each n,
{XiAT,An— X, }1>0 1s a uniformly integrable martingale for each n. Hence
taking {n/AT,} as a fundamental sequence, then we see that indeed X is a
local martingale.

DEFINITION 2.2.9: X is called a locally square integrable martingale if there
exists an increasing sequence of stopping times {7,}, T,7oco such that
{X; AT, — X0 }:>0 is a square integrable martingale.
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ExaMPLE: Every continuous martingale X is locally square integrable. Take for
T,=inf{t>0:|X;|=n}.

PROPOSITION 2.2.10: Let X be a nonnegative local martingale and assume that
EX(<oo. Then X is a supermartingale, as follows from Fatou’s lemma.

DEFINITION 2.2.11: A stochastic process A on (2,%F,P) is called increasing if
its trajectories are right continuous, finite, increasing functions on [0,c0). It is
called integrable if lim,_,,, EA,<oco. The difference of two increasing processes
is called a process of finite variation. If a process is the difference of two
integrable increasing processes, then it is called a process of integrable varia-
tion.

PROPOSITION 2.2.12: Let A be an increasing process. Then there exists a unique
increasing process A, a sequence of stopping times {T,} and a sequence op posi-
tive constants {\,} such that

A =A{+ I 1<
n

A€ is called the continuous parts of A, A°=A—A° is the jump part of A. For
processes of finite variation, being the difference of two increasing processes, a
similar result holds.

DEFINITION 2.2.13: An increasing process is called locally integrable if there
exists a sequence of stopping times {7} such that E[47 —Ay]<oo for each n

and if A is finite a.s.

Observe that for a locally integrable increasing process A and a nonnegative
<]

measurable process X, one can define E f X,dA; as a Lebesque integral, which
0

t
also yields f X,dA, adaptive.
0

PROPOSITION 2.2.14: Let A be an increasing process, locally integrable. Then
there exists a unique predictable increasing process B such that A-B is a local
martingale. B is called the dual predictable projection of A, or the compensator of
A

PROPOSITION 2.2.15: Let A be an increasing locally integrable process. Then a
0 0

predictable process B is its compensator if and only if E / X,dA;,=E f X,dB; for
0 0

all nonnegative predictable processes X.

EXAMPLE: Let N be a standard Poisson process. N is certainly locally integr-
able, which is immediately seen by taking T) =inf {r>0:N,=>k}. Since we
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have already seen that N,—t is a martingale, the process B with B,=t is the
compensator of N.

The dual predictable projection plays an important role in proving the decom-
position theorem for supermartingales.

DECOMPOSITION OF SUPERMARTINGALES

Let A be an increasing process and let E4,<oo, for all . Let M be a mar-
tingale. Then X defined by X,=M,—A, is a supermartingale. Conversely,
given a supermartingale X can one always decompose it in the form
X,=M,—A, above, and if this is the case, for a predictable process 4 this
decomposition is unique. Clearly the latter is not the case if one considers the
supermartingale X, =—n,, where n is a Poisson process with En,=At. Now
one can take 4,——n, and M,=0, but also one can take A, =—A¢ and
M} =At—n,, if the underlying filtration is given by % =o{n,,s<t}. The
difference between the two decompositions is that 4! is a predictable process,
whereas 4 is not. The surprising result is that one can always uniquely decom-
pose a supermartingale as a difference of a martingale and a predictable
increasing process. In the discrete time case this is almost trivial. Take A
defined by

A, —A, =X, —E(X,|%,_), Ao=0, and define M, =X, +4,

This is called the Doob-decomposition of a supermartingale. In continuous
time it requires much more sophisticated techniques to prove a similar result,
which is due to Meyer and is known as the Doob-Meyer decomposition of
supermartingales.

THEOREM 2.2.16: Let X be a supermartingale. Then X admits a unique decompo-
sition X=M — A, where M is a local martingale and A a predictable increasing
process, Ayg=0. Moreover A is an integrable process if lim,_,, EX,>— o0 .

It should be noted that the process M and A depend on the given filtration.
For instance in the Poisson process case 4,= —At if we take % =o{n,,s<t}.
But 4,=—n, if we would take the (deterministic) filtration % =% for all .
Now we are in the position to define a class of stochastic processes, which is
closed under many operations.

DEFINITION 2.2.17: A stochastic process X on (£,%F,P) is called a semimar-
tingale if there exists a decomposition X, =X, +A4,+M,, where M is a local
martingale, M, =0, 4 is a process of finite variation, 49 =0. A semimartingale
is called special if there exists a decomposition such that 4 is predictable.

REMARK: The decoms)osition of a special semimartingale is unique. Indeed if
X,—Xo=A,+M,=A; +M], then M,—M] is predictable local martingale of
finite variation and zero for t =0. Hence M,=M}=0.

An example of a special semi martingale is a supermartingale, according to
the Doob-Meyer decomposition (theorem 2.2.16).
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DEFINITION 2.2.18: A semimartingale X is said to be locally square integrable if
the process Y defined by Y, =sup{|X; — Xo|,s<t} is locally integrable.

LEMMA 2.2.19:

i) A locally square integrable semimartingale is special.

il) A semimartingale is locally square integrable iff M is a locally square integr-
able martingale, where M is the local martingale of the canonical decomposi-
tion X,=Xo+A,+M,.

Next we state and prove a convergence theorem for semimartingales, which is
new and that will be used in subsequent chapters.

THEOREM 2.2.20: Let X be a stochastic process such that X,=X,+A,—B,+M,.
Here A and B are increasing processes with Ag=B;=0 and lim,_,,A4,<o0 a.s.
and M is a local martingale with My=0. Assume that inf{X,:t=0}>—c0 a.s.
Then both lim,_, , X, and lim,_, , B, exist and are finite.

PROOF: Assume without loss of generality that X, =0. Observe that lim,_, X,
exists and is finite if and only if the same holds for lim,_,,, X, -. We will prove
the latter. Let {7,} be a fundamental sequence for M. Define also another
sequence of stopping times R, =inf{r>0:X; +A4,>k}. Observe that {R;} is
an increasing sequence with lim R, =oco. Observe also that { R, =0 }1Q. Now
for each n {M,;x1 };>0 is a uniformly integrable martingale. But then also
{M,AT - };>0 is a (uniformly integrable) martingale with respect to {% — };>o,
and the same is true for {M, g AT — };>0 for each k,n. Observe also that

M, AR AT, - ZXARNAT,— —AIARAT,- =

= —(X,ARAT,— + AARAT,-)-

Hence M;agp a1~ <k. So for fixed t and k {M;Ag AT, }n>0 1 uniformly
integrable. Then

E[M g -|%-} = E[};‘-EOM:/\R,/\T,—I%—]g
SW EMng AT~ |% -] = linlgings/\R,/\T,— =M AR, -

The last inequality follows from Fatou’s lemma for uniformly integrable fami-
lies of random variables. So {M; g, - };>0 is a supermartingale and moreover

{M AR, }t>0 is uniformly integrable since also M;rg - <k. Hence from the

convergence theorem for supermartingales lim,_, , M, g - exists and is finite.

But then also t]jm()(,,\&_ + Biar,-) = tﬁm(A,A&_ + M pg,-) exists and
—00 —®

is finite.

Hence lim, , , X; A, — and lim,_,,, B, Ag,— exist and are finite because the latter



17

limit always exists and cannot be infinity because of inf,5¢ X, > —oo.
Consequently lim, ,,, X;Ag, — also exists and is finite a.s. on {Ry =00} and on
this set it equals lim, ,,, X, . But as noticed before {R, =00} increases to 2,
which finishes the proof. O

REMARK: This theorem generalizes a result in [39], in the sense that we do not
require X to be nonnegative, nor do we require that the jumps of A ae
bounded. A similar result in discrete time can be found in [35]. We will apply
this theorem in chapter 4 (cf. lemma 4.1.1.1), in order to prove almost sure
convergence of a family of parameter estimators. However, there X, will be
nonnegative for all z.

DEFINITION 2.2.21: Let M be a square integrable martingale. Then X=M? is
a submartingale in view of Jensen’s inequality. Applying the Doob-Meyer
decomposition theorem, we see that there exists a unique predictable increasing
process, which we denote by <M,M >, such that M2 —<M,M> is again a
martingale. <M,M> is called the predictable variation process of M. This
definition easily extends to locally square integrable martingales M.

EXAMPLE: Let N be a Poisson process with parameter A. Then one easily cal-
culates that <M,M >, =A\t.

DEFINITION 2.2.22: For two locally square integrable martingales X and Y one
defines the predictable covariation process <X,Y> via the polarization for-
mula:

<X,Y> = 3[<X+Y,X+Y>—<X,X>—<Y,¥Y>}
Then XY — <X,Y> is a martingale.

REMARK: <X,Y>=0 iff XY is martingale. <X,Y > is a process of bounded
variation.

Clearly if one drops in the last two definitions the requirement that X and Y
are locally square integrable, then there is no reason why <X,X> or
<X,Y > should exist. However one can define another “variation”-process in
this case.

DEFINITION 2.2.23: Let X be a local martingale. Then there exist a unique
optional increasing process, denoted by [X, X], such that

i) X?—[X,X] is a local martingale

i) A[X,X]=(AX).

For two local martingales X and Y, [X,Y] is defined as [X,Y]=
B{[X+Y,X+Y]—[X,X]—[Y,Y]}. Hence A[X,Y]=A[Y,X]=AX-AY and
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XY —[X,Y] is a local martingale.

The processes [X, Y],[X,X] are called the optional covariation and optional vari-
ation processes. It is obvious (because of the possible jumps) that they are in
general not predictable.

DEFINITION 2.2.24: Let X be a local martingale.

1) If [X,X] is a purely discontinuous increasing process, we say that X is a
purely discontinuous local martingale

2) If X has continuous paths, then we say that X is a continuous local mar-
tingale.

One can prove the following theorem.

THEOREM 2.2.25: Let X be a local martingale. Then there exists a unique decom-
position X=X+ X9, where X is a continuous local martingale and X° is a
purely discontinuous local martingale.

ReMARK: Different from the case where we considered increasing processes,
the paths of X are not necessarily piecewise constant. With the aid of this
theorem one can prove the following relation for any local martingale X:
[X,X], = <X°X>, + J(AX,)
s<t
Notice that <X¢,X°> is well defined since any continuous local martingale is
locally square integrable. Notice also that [X, X[ = <X¢,X°>.

Furthermore if X is locally square integrable martingale then both [X,X] and
<X,X> exist and [X,X]— <X,X>=(X,X]—X?)+(X?—<X,X>) is a local
martingale. Stated otherwise, in this case <X, X> is the dual predictable pro-
jection of [X, X].

EXAMPLE: Let N be a Poisson process with EN,=At and M,=N,—Az. Then
A[M,M),=(AM,? =AN,. Hence [M,M]=N.

The next thing that we want to do is to define the process [X,X] for a sem-
imartingale X.

DEFINITION 2.2.26: Let X be a semimartingale and let X,=X,+A4,+M, a
decomposition. In this case the process [X, X] is defined as
[X,X], = <M, M>, + J((AX,)
sS<t

REMARK: Although the decomposition of X in definition 2.2.26 is not unique,
the continuous part M of M is. This can be shown in the same way as prov-
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ing the uniqueness of the decomposition of a special semimartingale.
ExAMPLE: Let N be a Poisson process, then [N,N]=N.

We close this section by giving some rules that enable us to compute [X, Y] for
arbitrary semimartingales X and Y. If X is a local martingale and Y is a
predictable process of finite variation, then [X,Y],=2Z;<,AX;AY;. In particu-
lar if Y is continuous, then [X,Y]=0. The same is true if X is a continuous
local martingale. If both X and Y are semimartingales of finite variation, then
aga-ln [X’ Y]t =Es<tAXsAYs-

2.3. Stochastic integration
Stochastic integration theory originated by considering integrals of the form
t

f fsdW;, where W is a Brownian motion. Then clearly a path by path
0

definition as a Stieltjes integral is not possible, since the paths of Brownian
motion are not of bounded variation. Itd has resolved this problem by
defining a stochastic integral as an isometry between two Hilbert spaces, which
is, although rather hidden in the definition that we will give in the sequel, still
the core of stochastic integration theory.

t
Our goal will be to construct stochastic integrals of the form f H,dX,, where

H is a predictable process and X a semimartingale. Let & be tlfe set of simple
predictable processes, that is He& if and only if there exists an increasing
sequence of stopping times {7, },T,1 00 such that H,=3,H,1(1,</<7,,,), Where
H, is 9 -measurable. Let X be a semimartingale. Define the stochastic
integral of H with respect to X to be the stochastic process H-X with

(H-X), = X H, -1 (X1, A0 — X1, A1):
Then the following theorem holds:

THEOREM 2.3.1: Let X be a semimartingale. the map HwH-X on & admits a
unique extension as a linear map on the space of all predictable locally bounded

processes H. This extended map is also called the stochastic integral of H with
respect to X. H-X is a stochastic process with cadlag paths and we will write
t

[H;dX, for (H-X),.
0

THEOREM 2.3.2: The stochastic integral is a stochastic processes satisfying the fol-

lowing properties

a) H-Xis a semimartingale

b) For all locally bounded predictable processes H and K we have
K-(H-X)=(KH) X.

c) The jumps of H-X are given by A(H-X)=HAX
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d) If X is a local martingale, then H-X is one too.

e) If X is of finite variation, then H-X is also of finite variation.

f) If H is left continuous and of finite variation and X is of finite variation then
H-X is indistinguishable form an ordinary Stieltjes integral, that can be cal-
culated path by path.

REMARK: The last property (f) is of interest in the following chapters, where
all relevant processes are of finite variation. Observe however that this pro-
perty is not evident from the definition of the stochastic integral as a linear
map. This definition a priori gives no recipe for calculating how to calculate
(H-X),(w) for each well.

The next results will be often used.

THEOREM 2.3.3: Let X and Y be two semimartingales, H and K locally bounded
processes. Then [H-X,K-Y]=HK:[X,Y]

If moreover the relevant predictable processes exist then also
<H-X,K-Y>=HK-<X,Y >.

THEOREM 2.3.4: Let X and Y be two semimartingales. Then the stochastic
integrals X _-Y and Y _-X are well defined and

t
XY, = XoYo + [X,-dY, + fY,_dXs + [X,Y].
0 0

This formula will often be used in differential form:
dX,Y,) = X,-dY, + Y,_dX, + d[X,Y],

and is known as the product formula of stochastic calculus. In theorem 2.3.5
we will encounter a more general chain rule for “differentiation” of stochastic
processes. This theorem is the most important rule of stochastic calculus.

THEOREM 2.3.5: (stochastic differentiation rule): Let X=(X',..,X") where
X'....,X" are real valued semi martingales. Let F eCz(R",R). Denote by D;
differentiation with respect to the i-th component. Then F(X) is a semimartingale
and

F(X) = FXo) + [ $.DF(X, )X, + + [ SD,D,F (Y, )L’ 0
0i=1 0 ij
+ SIFX)—FX,-) — SDFX,)AXi]

s<t

ExAMPLE: If one defines F(x,y)=xy, then theorem 2.3.5 yields the statements
of theorem 2.3.4.
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As an application of the stochastic calculus rule we have the following proposi-
tion, originally due to Lévy.

PROPOSITION 2.3.6: Let X be a martingale with values in R. X is assumed to
have continuous paths Xy =0 and [X,X],=t. Then X is a Wiener process.

PrOOF: Let ucR. Consider ¢™*. From theorem 2.2.4, applied to complex
valued processes:
. l . ‘ .
" = 1+ /e'“x'iudX,—%ﬂfemx'dv
0 0
Hence for v>0:

. t+v 1 t+v
el“()(.+.—x) =1+ fe'"(X.—X,)iudXs_7u2 fe'“(x'_x')ds.
t 1
Take conditional expectations, conditional on %. Then
. 1 t+v .
E[em(xu-_xu)lgt] = 1+E[—7u2 f eul(x.‘xn)ds.lgrl

1

Let
®(s,t) = E[e"* |9 fors=>1, ®(t,1)= 1.

Then the above equation yields
t+v

(1 +v,1)=1 —%uz f D(s,t)ds

or ®(t +v,t)=exp(—%u2v), not depending on %. This shows that X, ,, —X; is

independent of % and that it has a normal distribution with zero mean and
variance ». [J

2.4. Point Processes

DEFINITION 24.1: A point process is a sequence of random variables
T,:Q-R such that T, ,,>T, on {T,<oo}. The point process is called non
explosive if T, =lim,_7T,=c0. With a point process one can associate a
counting process N :22X[0,00)-Ng by N,=3,.n1(1,<;}. The point process is
then non explosive iff N,<oo as. for all ¢ It is called integrable if
EN,<oo,Vt. The T, are the jump times of N. We always assume that N is
non explosive.

In order to fit this general definition into the framework that we have used
before we assume to be given a complete filtered probability space (2,%F,P)
and we assume that N is adapted to F, or equivalently that all 7, are stopping
times. Since evidently N is an increasing locally integrable process its compen-
sator A exists, hence m =N —A is a local martingale. Observe that this result
also follows from the Doob-Meyer decomposition theorem if N is integrable.
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From now on we will assume ths* «ie compensator 4 of N is absolutely con-
tinuous with respect to Lek.~ ue-measure. That is: there exists a nonnegative

1
progressively measvz»Jie process A such that 4,= [A.ds. This process is called

0
the intensity pro.ess. Of course from the definition of a compensator we have
that a proge leely measurable process A:2X[0,00)—>R 4 is an intensity of N if

and on'y if E / X,dN;,=E f X,Ads, for all nonnegative predictable processes X.

CLserve that we wrote an intensity A in the proceeding sentence. Clearly if
0

one changes A.(w) on a set of Lebesgue measure zero, the integral E f XA ds is

0
left unchanged. However we have uniqueness of the intensity in the sense of
the next proposition.

PROPOSITION 2.4.2: Let N be a counting process, and assume that it admits an
intensity process. Then there also exists a predictable intensity process \. More-
over this A is unique_in the following sense. If A is another predictable intensity
process, then X and A coincide both P(dw)dN,(w) a.e. and A(w)dt a.e. Further-
more Ar. >0 a.s. on {T,<oo}.

ExXAMPLE: Let {S;} be an iid. sequence of positive random variables with
P(S,=t)=e ™ for some A>0. Define T, =2}S;. Then {T,} is a point pro-
cess and its associated counting process is the Poisson process with parameter
A. As we have seen before N, —At is a martingale. Therefore A is the intensity
of N as just defined. This example more or less indicates that there is a con-
nection between the distributions of the 7, (or the S;) and the intensity of the
counting process. We have the following precise statement that relates the
compensator of N to the conditional distributions of the T,,.

PROPOSITION 2.4.3: Let N be a counting process with jump times {T,} and com-
pensator A. Then on {T,<t<T,,}

T Fo(dx)

A = Ap +
F o of F,[x, )

where F, is the conditional distribution function of T, ., —T, given 9, and
Fy[x,00)=1—F,(x)

But now it is immediately clear when a counting process admits an intensity.
This is the case if and only if the conditional distributions F, are absolutely
continuous with respect to the Lebesgue measure. And in that case we have
for the predictable intensity A of N.

S —Ty)

Mr<i<r,) = Fl-T,.0) L1, <i<1,.,)-
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b
where F,(a,b]= f Ja(x)dx. Although it is in general difficult to characterize

pre-T o-algebrasa %r, it is relatively easy in the counting process case for
T'=T,. One can prove that ¥, =o{T\,..., T, }.

Similarly to Levy’s characterization of Brownian motion we have
Watanabe’s characterization of the (inhomogenous) Poisson process.

PROPOSITION 2.4.4: Let N be a counting process and X:[0,00)-R™ a nonnega-
t

tive locally integrable function such that N,— f A(s)ds =m, is a martingale. Then
0

n is a Poisson process.
PrROOF: We also prove this using theorem 2.3.4. Application of this theorem
gives

t
; . [N, i N, . iuN,
M= 14 tufe' "“dN, + e —e™" —iue™"]
0 s<t

t

= 1+ [e"" (e —1)dN,
0
t

1+ fei"N'(e‘“—l)A(s)ds + jei"M‘(e"“—l)drn,
0

0

Hence for v=0:
t+v
E[em(N,u—N,)lgt] =14 (eiu__l)E[ /‘ em(N'—N')A(S)dS'Ig;]-
t

As in the proof of proposition 2.3.6 we deduce

E[ei“(Nm‘N.)lg,;]
t+v

= exp((e~1) [ As)ds),

which is the characteristic function of a Poisson random variable with parame-
t+vy

ter f A(s)ds and which also shows that N is a process of independent incre-

t
ments. [
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2.5. Random Measures

The results of this section have been taken from JACOD & SHIRYAYEV [9]. Let
E be an auxiliary space, with separable o-algebra &. In fact E will always be a
subset of some R and & its Borel o-algebra.

DEFINITION 2.5.1: A random measure on [0,00)XE is an indexed family
p={mw,dt Xdx):we} of positive measures on ([0,00)XE, Bor[0,00)X&)
satisfying p(w, {0} X E)=0 for all wefl.

Introduce Q=0X[0,00)XE and 0=0X&, P=PX&, which are called the
optional respectively predictable o-algebra on . Functions on  are called
optional, respectively predictable if they are 0-, respectively ¥-, measurable. If
W is an optional function on £ such that for all 7 and all w

[ IW(w,5,x)|mw,ds X dx)
[0,/]XE

is finite, then we can define the proces Wx*u by

Wag = [ W(w,s,x)uw,ds Xdx).
[0,/]XE

If W»u is an optional process for all optional W, then p is called optional.

A random measure p is called $—o-finite if there is a partition {A4,} of Q,
A,€9% for all n such that E(l, *p),<co. We have the following result
(extending proposition 2.2.4).

THEOREM 2.5.2: Let p be an optional 9- o-finite random measure. There exists a
random measure v, called the dual predictable projection of u, which is unique up
to a P-null set with the following property: )

For all $-measurable functions W with |W|*ueA;, we have |W|xveA, and
Wy is the dual predictable projection of Wxp, so Wxu— W=y is a local mar-
tingale.

EXAMPLE: A rather trivial case is the following. Let A be an increasing pro-
cess. Let E={1}. Define w(w,dt Xdx)=dA(w)eq)(dx)=dA,(w). (Here ¢ is
the Dirac measure at point z). In this case » is given by the dual predictable
projection A of A: W(w,dt Xdx)=dA,(w).

DEFINITION 2.5.3: A random measure p is called integer valued if
1) e {t}¥XE)<l, Vwel

i) p(-,A)eN, for all A €Bor[0,0)X&

iii) p is optional and ¥- o-finite.
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PROPOSITION 2.5.4: Let p be an integer valued random measure. Then there
exists a sequence of stopping times {T,} and an E-valued optional process B such
that [T,INIT,, 1= @ for ms~n and with D = U [T,]

W, dt Xdx) = 3 1p(w,5)es, i) (ds, dx)

s=0

Consequently, if W is a nonnegative optional function, then
W, = 3 W(s,B)1p(s) = ZIW(T,.B1)\(1,<1)»

s=0 n

where we have suppressed the dependence on w.

The important example of an integer valued random measure is the jump
measure associated with a cadlag adapted process X:[0,00)XQ2—>R“. Here
E=R‘, 6=Bor(R?) and p=pX is defined as

#X(w,dt de) = Eol{Ax,aéo}f(s,AX,)(thdx)-
s>

In the terminology of proposition 2.5.4 above D ={(t,x):AX,(w)70} and
B=AX. We are mainly concerned with quasi-left continuous processes X, that
is a process such that AX;=0, for all predictable stopping times 7. In that
case we have

PROPOSITION 2.5.5: Let X be an adapted cadlag process, p* its jump measure.
Then X is quasi-left continuous if and only if there is a version v of the dual
predictable projection of pX such that Ww,{t} X E)=0, Ve,t.

EXAMPLE: Let N be a counting process with compensator 4. Then we may
take E={1}, and

W (w,dt Xdx) = El{m,zl)e(,,m.)(dtxdx) -
- 221(7'.(t-))=s)‘(T,.(¢.,),|)(dt Xdx),

where {7}, } is the sequence of jump times of N. So p¥(w,[0,¢1X{1})=N,. The
dual predictable projection » of i is given by Ww,dt X {1})=dA,(w). It obvi-
ously follows that N is quasi left continuous iff 4 is continuous.

2.6 Local Characteristics of Semi Martingales

2.6.1. Processes with Independent Increments. The local characteristics of a
semi martingale, to be defined in 2.6.2 can be considered as an extension of
the characteristics of a process with independent increments. We will see in
section 3.1.5, that they play an important role in for instance studying weak
convergence. In order to develop some feeling for what these local characteris-
tics are, we will first briefly discuss the case of a process of independent incre-
ments. See JACOD [8] for details.
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Let X be a a process of independent increments and assume that X has no
fixed discontinuities, meaning that for all + P(AX,=0)=1, X:2X[0,00)—>R".
Let h be a truncation function, that is, h(x)=x in a neighbourhood of 0, A is
bounded and 4 has compact support. We have the following result (Lévy-
Khintchine formula)

PROPOSITION 2.6.1.1:  There exists a unique triplet (B",C,v) where
B*:[0,00)>RY is a continuous function, C:[0,00)>R Xd s continuous and
C,—C;=0 for t=s, v is a positive measure on [0,00) X R? (Lévy-measure) satis-
fying ®([0,00)X{0})=0, nW({t}XRY)=0 and f|x|2/\1 »([0,7] X dx)<oo, V=0
such that

E exp (iu”(X,— X,)) = exp {iuT (B! —B")— %(u TC,—C,)u

— [ € — 1~ uTh () X dx))

sR*
REMARK 1: Observe that we get as a corollary that
t
exp (iuT X, —(iu TB,T—%uTc,u = [ (e™™* —1—iuTh(x))W(dr X dx))
OR’
is a martingale. A similar result will turn out to hold in the case where X is a
semimartingale.
REMARK 2: If we had taken another truncation function, 4’ say, then the rela-
tion between B* and B" is given by B =B" +(h’—h)*».

One can show that there exists an equivalent description of the triplet
(B",C,v). First we need some definitions:

Xt = T(BX,—h(X)),

sS<t
X, = xt-B}
C! = C,+hhTw,

PROPOSITION 2.6.1.2: Let X be a process of independent increments, h a trunca-
tion function. (B*,C,v) as defined above is the unique triplet satisfying

1) X is a martingale

ii) X)—C'isa martingale

i) <, f(AX;)— f*v, is a martingale for all bounded measurable f that are zero
in a neighbourhood of zero.

This last proposition, opens the way to defining the local characteristics of a
general semimartingale. However we will nor discuss this notion in its full gen-
erality, but we will restrict ourselves to semimartingales that are quasi left con-
tinuous. Later on we will confine ourselves to the case that the semimartingales
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are also locally square integrable. In case E|X,|? is finite one can show that
|x[**, < 0.

Therefore (x —h)(x))*», is well defined as well as B,=B!+(x —h(x))*», and
C,=C,+xxT*p,.

In this case proposition 2.6.1.2 reads

PROPOSITION 2.6.1.3: Let X be a process with independent increments such that

E|X,|* is finite. With the above notation (B,C,) is the unique triplet satisfying

i) X —B is a martingale

ii) (X —BXX—B)"—C is a martingale

i) < f(AX;)—f*», is a martingale for all measurable f such that
|fx)|<c|x|* for some c€(0,00).

2.6.2 Semimartingales. We will follow the notation previously employed for
processes with independent increments. Let X be a semimartingale and let A
be a truncation function. We make the following assumption

Al: X is a quasi left-continuous process.
This means that for any increasing sequence of stopping times {7, } with limit
T we have on {T< oo}"linolo,XT a.s. Then the following holds

PROPOSITION 2.6.2.1: There exist a continuous process of finite variation
B":2X[0,00)>R9, Bf =0, a continuous process C:Q2X[0,00)—R%*? such that
Ci(w)— Cy(w)=0, meaning that C,(w)— C,(w) is nonnegative definite if t=s and
a predictable random measure v on [0,00) X R? such that
i) »w{t)XR¥)=0, Vt=0, W(w,[0,00) X {0})=0

t

ii) f f |x|* Aln(w,dt X dx)<oo satisfying the following properties
0 d

i)n X"—B" is a Jocal martingale ;

iy X"(X"Y—C" is a local martingale, where Ch=C,+hh T+,

ii) 2,<,g(Ax;)—g*v, is a local martingale for all measurable and bounded
function g on R? which are zero in a neighbourhood of zero.

An alternative way of getting the triplet (B*,C,») is the following. Observe
that X* is a sz)ecial semimartingale since it has bounded jumps. Let
X!'=X,+B!+M? be its unique special semimartingale decomposition. Split
M*" =M+ M,,, where M¢ is a continuous local martingale and M, a compen-
sated sum of jumps martingale. Hence we get
X, = Xo+B! +M;+M,,+ 38X, —h(AX,))
s<t

Denote as usual by p* the jump measure of X and by » its dual predictable
projection. Observe that AM;, =h(AX;). Then we can write

X, = Xo+B!+M;+ [R(x)(w*(0,1]X dx)—n([0,1]X dx))
Rl



28
+ [ —h(W*(0.1]X dx)
nd

or
X, = Xo+B!+ M +hx(uX —v), +(x —h(x))*»,

Define also C=<M*,(M°)T>=[X,XTF.

Then one can check that the triplet ( (B C,v) is the same as that in prop051-
tion 2.6.2.1; similarly the process " in proposition 2.6.2.1 is given by
C'=<M" (M"T>.

REMARK: Notice that C and », in contrast to C" and B , don’t depend on the
specific choice of the truncation function A.

There is a third way of defining the local characteristics of a semimartingale.
Let g,(x)=e™ "—l—mTh(x) Since there exists a constant ¢, such that
g ()| <cu(x]PAL), g,*v }s well defined and we can then define the process
A(u) by A(u),=iu" B} —5uTCu+g,*»,. Observe that A(u) does not depend
on the function A, and that A(u) (in general being predictable and of finite
variation) is a continuous process under the assumption that X is quasi left
continuous.

PROPOSITION 2.6.2.2: Let X be a cadlag process, X:QX[0, ©0)—>R?. Let h be a
truncation and let (B",C,v) be defined as in 2.6.2.1 and A (u) as defined above.
Then the following statements are equivalent.

a) X is a semimartingale with local characterization (B",C,»).

b) For all ueR?, the process M(u):2X[0,00)—~C defined by

M(u), =exp(iuX,)— f exp(iuX; _)dA(u); is a local martingale.
0

COROLLARY 2.6.2.3: If X is a semimartingale with local characteristics (B",C,v)
and (A1) holds, then

exp (iuTX—A(u)) is a local martingale.

Observe the resemblance of corollary 2.6.2.3, with the remark following propo-
sition 2.6.1.1. Parallel to the case where processes with independent incre-
ments were considered we have the following

PROPOSITION 2.6.2.3: Assume that the semimartingale X satisfies

(A2):X is loca]ly square integrable.

i) Then |x|**»,<oo a.s. Vt=0, and X is a special semimartingale with canoni-
cal decomposition X=X+ B+ M where B=B"+(x —h(x))*»

i) <MT M>=C=C+(xxT)»

i) 2,<,g(AX; ) g*v, is a local martingale for all measurable g such that
lgCe)l<clx[*
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ExXAMPLE: Let N be a counting process with intensity process A. Then the
/5
above applies with B,=f)\,ds, C=0, »(dtXdx)=A\dt®¢y(dx). Or if we

0
would have taken E={1} as the auxiliary space, then we can take
Q=0X[0,00) and we simply get »(dt)=A,dt.
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3. WEAK CONVERGENCE AND LOCAL ASYMPTOTIC NORMALITY

3.1 Weak Convergence

Weak convergence of stochastic processes is a subject in probability theory,
that equally well can be viewed as a subject belonging to functional analysis.
To explain this clearly, we have to introduce the relevant vector spaces with
suitable topologies and the relevant weakly compact subsets. After having done
this we have to show how we can treat stochastic processes within this frame-
work and we have to present verifiable criteria that are sufficient to ensure
weak convergence.

Historically, weak convergence was studied first for sequences of indepen-
dent random variables, later on for stochastic procesess with independent
increments.

As announced in section 2.6.1 the local characteristics of a semimartingale
play an important role in studying weak convergence of a sequence of sem-
imartingales. In order to obtain some insight in this statement, consider first
the case where the semimartingales are processes of independent increments. In
this case the characteristics are related to the process via the Lévy-Khintchine
formula, which is in fact a formula for the characteristic function. Clearly it is
sufficient for finite dimensional convergence of a sequence of semimartingales
with independent increments that the corresponding characteristic functions
converge, which condition can then be formulated in terms of convergence of
the corresponding characteristics. Hence one may anticipate similar conditions
(although of course more restrictive) on the local characteristics of the sem-
imartingales that ensure weak convergence of the sequence under considera-
tion. This is partly attributable to the analogy of the results of propositions
2.6.1 and 2.6.2.3.

Before we arrive at these results, we will briefly review some basic facts on
weak convergence of general stochastic processes. Relevant references for this
chapter are unless others are mentioned, LIPTSER and SHIRYAYEV [29], JACOD
and SHIRYAYEV [8] or, JAcOD [18] and BILLINGSLEY [2].

3.1.1 General Concepts. Let B be a real Banach space, with norm ||-||. The dual
space B’ is the vector space of all continuous linear functionals on B with
norm

l41l = sup {|4x|:xeB, lxll<1}, AeB
The weak topology on B is defined by the neighbourhoods of zero of the form
Ven = {xEB:|dix|<¢, 4,€B’, i=1,..,n},

or equivalently by saying that a sequence {x,}CB converges to xeB iff
Ax,—Ax, for all A eB’.

The weak *-topology on B’ is defined by the neighbourhoods of zero of the
form
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Uen = {A€B’:|Ax;|<e, x;€B, i=1,..,n}

REMARK: If B is separable, the weak *-topology on B’ is metrizable.

DEFINITION 3.1.1.1: A subset E is called weakly compact if it is compact for
the weak topology on B.

A subset E in B is called weakly sequentially compact if every sequence in E
has a weakly convergent subsequence with limit in E.

PROPOSITION 3.1.1.2:If K is a weakly compact set of a separable Banach space,
then it is also weakly sequentially compact.

The usual setup for weak convergence in probability theory is the following.
Consider a metric space S, with its Borel o-algebra §. Let P,P,, n=1,2,... be a
family of probability measures or (S,S). Clearly each P,P, can be considered
as a continuous linear functional on C,(S), the space of bounded continuous
functions on S, via Pf=[,fdP. Then ||fll= sup {|f(x)|:x€S} makes Cy(S) a
Banach space that plays the role of B in the preceding paragraphs and
|PA1=<IIfll, so indeed P €Cp(S). Observe that |P||=1, for all probabilities P.
The situation in which we are interested is that of stochastic processes. A sto-
chastic process X :2X[0,00)>R? can be viewed as a random variable
X:Q—>(R%%®)_ In order to apply the preceding definitions we have to turn
(R?Y%®) into a metric space. Of course the space (R¥)®%*) is too large for this.
Since we assumed that all of the stochastic processes have cadlag paths, we
replace (R?Y%* with D?[0,00), by definition the space of cadlag functions
from [0,0) into RY. The next point is to metrize D[0, o). This will be done
by means of the so called Skorokhod metric to be defined below. It should be
noticed here that weak convergence problems considerably simplify if the
processes under consideration have continuous paths. We will give some
results for the case where indeed the paths X.(w) belong to C9[0, 00), the space
of continuous functions from [0,c0) into R?. The results for D?[0,c0)-valued
random variables will then be seen to be close in formulation to this case. For
the particular applications we are interested in, we can even restrict ourselves
to studying weak convergence of stochastic processes with paths in D?[0,1] or
C:[O,l], the space of cadlag (respectively continuous) functions from [0, 1] into
R?.

DEFINITION 3.1.1.3: Let P,P,, n=1,2,... be probability measures on (S,S). The
sequence {P,} is said to converge weakly to P if P,f—Pf, for all feCy(S).
Notation: P,=P.

Obviously, this fits in the general framework outlined above by taking
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B=Cy(S).

DErFINITION 3.1.1.4: Let for each n X,:(R,%P)—(S,5) be a random variable.
Then we say that {X,} converges weakly to a random variable
X:(2,%,P)—(S,5) if the induced probability measures P"=PX, ! on (S,5) con-

verge weakly to PX~!. Notation X,,—[f’éX.

The plan of attack in proving weak convergence in usually as follows. Firstly
one shows that a sequence of probability measures is weakly compact.
Secondly it is shown that the set of limit points is a singleton. This second
point can be checked by considering finite dimensional distributions, and it
turns out that the first step is the difficult part. A theorem by Prokhorov gives
an equivalent formulation for relative compactness. First we need a definition.

DEFINITION 3.1.1.5:

1) A family IT of probability measures on (S,5) is said to be tight if Ve=>0
there exists a compact subset K of S such that P(K)=1—¢, VP€ll.

2) A sequence of random variables {X,}, X,:£2—S will be called tight iff the
induced sequence of probability measures {P,}, P,=PX,! on (S,$) is

tight.

THEOREM 3.1.1.6: A set I1 of probability measures on (S,5) is weakly compact if
and only it is tight.

3.1.2 Weak convergence in C“[0,1). We first make C?[0,1] a Banach space by
defining for feC?[0,1] the norm ||f]| =sup{|f(x)|:x €[0,1]}. Next we define for
f€C[0,1] its modulus of continuity W4(8) by

WA8) = sup{|f(t)—f(s)|: ,s€[0,1], |t—s|<6}.

and for any interval I C[0, 1]
WAL =sup{|f(t)—f (s)|:t,sl}

In order to check the tightness condition of theorem 3.1.1.6 we need a charac-
terization of the compact sets in C?[0,1]. This is given by the Arzela-Ascoli
theorem.

PROPOSITION 3.1.2.1: A subset K of C?[0,1] is relatively compact iff
i)  sup{|[f(0)]:f €K} <oo
i) limy o sup{ WA9):feK}=0.

We are now in the position to state what tightness in C?[0,1] means.
PROPOSITION 3.1.2.2: A sequence {P,} of probability measures on C°[0,1] is

tight iff
i)  Vn>0: 3a>0 such that supP,{x e C?[0,1]:|x(0)|>a}<n
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ii) Ven>0: 38€(0,1),noeN: sgpP,,{xeCd[O,1]:w,(8)>c}<n

3.1.3 Weak convergence in D[0,1]. In order to apply Prokhorov’s characteri-
zation of weak compactness, we first have to make D4 [0,1] a separable metric
space. This will be done via Skorokhod’s topology. Onme of the requirements
of a topology on D?[0,1] is that the relative topology on C¢[0,1] induced by it,
should coincide with the norm-topology. Indeed Skorokhod’s topology fulfills
this requirement. Let us introduce some terminology. A time change on [0,1]
is a strictly increasing continuous function A:[0,1]—[0, 1] with A(0)=0, A(1)=1.
The set of time changes is denoted by A.

DErFINITION 3.1.3.1: The Skorokhod topology is the topology defined by the fol-
lowing convergence concept. Let a, a, €D90,1],Vn. Then a,—a if there exist
a sequence {A,} of time changes on [0,1] such that

i)  sup{|A,(t)—t|:t€[0,1]} -0 for n—>c0

i) sup{|a,(A.(?))—a(?)|:t€[0,1]} -0, for n—>00

PROPOSITION 3.1.3.2: Let a,f€D9[0,1]. The function d:D?[0,1]X D?[0,1]-R*
given by

d(a,B) = infleINeA: sup{logAG%@l:t;és}gg,

sup(|a(\(1) — B0)]:1€[0, 1]} <)

defines a metric on D[0,1] that induces the Skorokhod topology, and for which
D?[0,1] is a separable metric space.

Checking whether a sequence {a,} C D9[0,1] converges to a function aeD may
be a complicated task. However in some special situations it is easy to verify
whether this is the case.

PROPOSITION 3.1.3.3: Let a,a, be increasing functions in D0,1] with
a,(0)=a(0)=0 Vn and assume that « is a continuous function. There is
equivalence between the following three statements.

1) a,—a for the Skorokhod topology

i) a,—a uniformly on [0,1]

iii) a,(t)—>a(?) for all t[0,1]

It turns out that there exists an Arzela-Ascoli type theorem for (D[0,1]).

Therefore we need an extension of the modulus of continuity as defined for

continuous functions. Define w,"(8)=inf{012aé wylti—1,%)}, where the infimum
Isr

is taken over all partitions {7} satisfying 0=¢y<---<t,=1, and

inflt,' _t,' -1 |>8

PROPOSITION 3.1.3.4: A subset K of D?[0,1] is relatively compact iff
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ii) lim sugw}(8)=0.

-0 xe . . . .
Via proposition 3.1.3.4 we arrive, similarly to the situation in C“[0,1], at a cri-
terion for tightness in D9[0,1].

PROPOSITION 3.1.3.5: A sequence {P,} is tight iff
i) for all €>0,3a>0 such that supP,,{sgp|x(t)|>a}<e
i) Ven>0:36>0,3n¢eN such that sn>1£)P,,(w,"(8)>n)<¢.

The following result, which will be convenient later on, is now intuitively clear.
(In fact one only has to check tightness of the Z" below)

PROPOSITION 3.1.3.6: Assume that X"E>X and that s1g’>|Y§'|f'90 (hence in
5

probability) then Z"=X"+ Y £ x

The cases that will be of interest to us are the ones in which the limiting meas-
ures are concentrated on C?[0,1]. A sequence satisfying this property is called
C-tight. In this case we can replace proposition 3.1.3.5 with

PROPOSITION 3.1.3.7: The following statements are equivalent.
1)  the sequence {X"} is C-tight
il) condition 3.1.3.5 (i) holds and Ve,n>0:3nyeN,8>0 such that

P (wy~(8)=n)<e for n=n,
iii) the sequence {X"} is tight and Ve>0 we have

1imP"(s1;p|AX}'|>e):0.

n—oo
The verification of the second criterion of proposition 3.1.3.5 may be difficult
since it involves the calculation of (wk(8)). The following lemma gives a
sufficient condition in terms of stopping times. Assume that each X" is
adapted to a filtration F"(={% },0,1;) and let T" be the set of F"-stopping
times.
LemMa 3.1.3.8: If VN eN,Ve=>0,Yn>0:3n¢ eN,8>0 such that

n=no= sup{P"(| Xt — X5|>n):S,TeT",|S —T|<b8}<e
Then VN eN,e>0,7>0:3nyeN,8>0 such that

n=ny=P"(wk (§)>n)<e

This lemma is particularly useful if we consider the case where the X™’s are
F"-martingales, that are locally square integrable. First we state an auxiliary
result.
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LeMMA 3.1.3.9 (Lenglart’s inequality): Let X be a stochastic process adapted to a
Siltration F={%},c(0,1]- Let A be a F-predictable increasing process, such that for
all F-stopping times T one has E|X7|<EAr. Then for all >0 and all stopping
times T

P(§29jX,|>e)<—?- + P(Ar=n).

CoroOLLARY 3.1.3.10: Let X be a locally square integrable martingale. Let
A=32;<X/,X/)>. Then E|Xr|*<EAr by Fatou’s lemma and

P(glngJ?c)gflz— + P(Ar=y).

It is now very easy to derive a tightness condition for locally square integrable
martingales:

THEOREM 3.1.3.11: Let {X"} be a sequence of locally square integrable mar-
tingales and assume that X3 =0 for all n. Then {X"} is tight if {A"} is C-tight,
where A" =%, <X", X" >

It is also easy to provide a sufficient condition for C-tightness of the sequence
{A"} as defined in corollary 3.1.3.10.

PROPOSITION 3.1.3.12: Let {A"} be a sequence of increasing processes. Suppose
that A;'L> f(t), where f is a continuous deterministic function. Then {A"} is
C-tight.

In general it is difficult to check the hypotheses for tightness as given in propo-
sitions 3.1.3.5,7, since they require knowledge of the distributions of the
involved stochastic processes. Our aim is therefore to formulate sufficient con-
ditions that ensure the necessary and sufficient condition for tightness. It turns
out that the local characteristics are useful when we consider the case where
the sequence of processes {X,} is a sequence of semimartingales. The idea
behind this is motivated by the case where in addition {X,} is a sequence of
processes with independent increments, since in this case the distribution of
each of the X, is completely characterized by the corresponding characteristics.
However let us remark that in the case where we deal with weak convergence
of stochastic processes there is no equivalent description in terms of charac-
teristic functions as in the case where all X,’s take their values in some finite
dimensional Euclidean space. See BILLINGSLEY [2] for examples. It is indeed
this lack of analggy that leads to studying tightness of a family of distributions
on C9[0,1] or D[0,1]. On the other hand if one is only interested in conver-
gence of the finite dimensional distributions, such an analogy indeed exists.
Motivated by this brief explanation above we first give some results for
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processes with independent increments.

3.1.4 Weak convergence of processes with independent increments. In view of
proposition 2.6.1 it is easy to give conditions on the characteristics of the
processes under consideration that are equivalent to converging of X7 to X, in
distribution for each ¢. Since weak convergence of the sequence {X"} deals
with the whole paths one anticipates conditions on the characteristics that also
involve the whole trajectories. Here is the result.

THEOREM 3.1.4.1: Let {X"},X be processes with independent increments without
fixed discontinuities, and h a truncation function. Let (B"",C" v*) and (B",C,v)

be the corresponding characteristics. Then X' "B—>X is equivalent to the following

set of conditions
i) sup|BM"—B!—0
- IO’H ~h,n ~
i) suplCy" = Cr|->0

ii) uR[f*(x/' —),|—0, for every bounded continuous

s
[0
function f:R?—>R™, which is zero in a neighbourhood of zero.

REMARKS: One can show that these conditions may be reformulated in terms
of convergence for the Skorokhod topology.

In the proof of theorem 3.1.4.1 its conditions are mainly used to })rove tight-
ness. The fact that the law of X is completely determined by (B”,C,») com-
pletes the proof.

PROPOSITION 3.1.4.2: Condition ii) and iii) of theorem 3.1.3.1 are equivalent with

respectively _

i) C"=C, V=0

iii) f*»!—f*r,, Vt=0 and for all f:R*>R™, which are continuous, bounded
and zero in a neighbourhood of 0.

This proposition immediately follows from proposition 3.1.3.3 since the func-

tions that we consider are increasing and have continuous limits. We also

have as an immediate consequence from the continuity theorem for charac-

teristic functions

COROLLARY 3.1.4.3: Suppose that the processes with independent increments
{X"},X have no fixed discontinuities and suppose that X;—>X,, for all t=0.

Then X" £ X if and ony i suplB" — Bl | 0.



37

3.1.5 Weak convergence of semimartingales to a process with independent incre-
ments. Let {X"} be a sequence of semimartingales. Each X" is defined on a
complete filtered probability space (2",9",F",P"). In addition we assume that
each X" satisfies condition A1 of section 2.6.2. Denote by (B",C",/") the
corresponding local characteristics. X is supposed to be a process with
independent increments without fixed discontinuities that has characteristics
(B,C,v).

The next theorem 3.1.5.1 parallels to a certain extent theorem 3.1.3.1 in that
the given conditions are similar but only sufficient, and that the convergence
takes place in distribution and thus in measure since the limiting processes are
deterministic.

THEOREM 3.1.5.1: Under the assumptions presented above we have X "—B->X if
each of the next conditions is satisfied.

3 n n B

i) ?2“95' —B?|=>0

i) C"E>El, viep]

iii) f*v?§-> f*v,, for all continuous bounded functions f which are zero in a

neighbourhood of zero.
By specialization to the case where the semimartingales and the limiting pro-
cess are locally square integrable we obtain

ProPOSITION 3.1.5.2: X" £’>X if we have (iii) of theorem 2.7.6.1 and

. £

i) fgwf‘ —B,|—0

i)y ¢"Es¢, weeo1

lll) hmhmsupP"(|X| 1{|x1>b)*l', >€) O V€>0 VtE[O 1]

where as usual B"=Bh" 4 (x—h(x))*" and C"=C"+xxT+/! and likewise
for B and C.

Further specializing to the case where X is a continuous process with indepen-
dent increments and characteristics (B,C,0), we get

PROPOSITION 3.1.5.3: xEsx if

i) |x|21{|x|>,)*v?£>0, Vt,e>0
. e

ll) ?g'Bl —B,I-éo.

iy C"E>C, wi>o.

In the particular case that we deal with locally square integrable martingales
proposition 3.1.5.3 reads
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PROPOSITION 3.1.5.4: Let {X"} be a sequence of locally square integrable mar-
tingales, R-valued, and X a continuous Gaussian martingale with characteristics

(0,C,0). Then X" —E—>X if
. £
D) x> —>0

i) ¢"E>¢, w>o.

REMARK 1: Condition i) is also known as “strong asymptotic rarefaction of the
jumps of the second type”, see [34]. Both proposition 3.1.5.3 and proposition
3.1.5.4 are known under the name “functional central limit theorem” for
(semi)martingales.

REMARK 2: The sufficient conditions in the above propositions and theorems
that involve the third characteristic are easily verified in the case that
sup,|AX7|<c,, Vn, where the deterministic sequence {c,} tends to zero.

REMARK 3: Of course the limiting process X is a Brownian motion if C,=t.
REMARK 4: condition 3.15.4 i) implies that 1~} =50,

In LIPTSTER & SHIRYAYEV [29] it has been proved that this last property is

equivalent to s1ip|AX;'|—P—>O. Therefore in view of propositions 3.1.3.7 and
s<t

3.1.3.11 one sees that conditions 3.1.5.4 i) and ii) imply that the sequence { X"}

is C-tight.

The convergence in condition 3.1.5.4(i) takes place in probability. If we

replace it with the stronger condition that convergence holds in L;, then we
get Lindeberg’s condition:

E|xP 1> *» 0.

Observe that
E|xPl>g*7! = E|xPljx>g*pt =
= EZ|AX; P 1jax)>q>
sS<t

which enables us to formulate sufficient conditions for weak convergence
directly in terms of the jumps of X”.

It may turn out to be convenient to work with other sufficient conditions.
Some of these are listed below. The statement in the next proposition is obvi-
ous. Nevertheless we give the proof, since this proposition cannot be found in
the standard references.

PROPOSITION 3.1.5.5: Condition 3.1.5.3(i) is implied by |x|**%xv} E->0, for some
a>0.
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PROOF: Observe first that |x[**® 15 *0f =€ %15 *v. Application of
o

this and Holder’s inequality (with p = 72! = 74a ) yields
2 _a
[P 1> 2o <X P o0f) 24 (g o) 210 <
2 _a

gt—a(|x|2+aﬂ,;|) 2+a (lx|2+u",;1) 2+a

S a

If we replace the convergence in proposition 3.1.5.5 by L,-convergence, we get
Lyapunov’s condition:

E|xPtesyr—0

As above this condition can be reformulated in terms of the jumps of the X”
as follows:

E|AX7 [0
s<t
Parallel to proposition 3.1.5.5, one can show (see [46] for a different proof)
that Lyapunov’s condition implies Lindeberg’s condition. The advantage of
both these conditions is the fact that it is sometimes comparatively simple to
compute expectations.

3.1.6. In this subsection we discuss some other forms of the central limit
theorem. The difference with previous sections is that we work with a single
semimartingale and study the asymptotic behaviour as ¢ tends to infinity. In
the literature, see for example [26,28] self contained proofs have been given for
the results below. Here we will embed these into the framework that has been
used throughout this chapter, thus giving alternative proofs. The raison d’étre
of this section is its use in determining the asymptotic distribution of certain
recursive estimators that play a role in sections 4.2 and 4.3. First we present
after some introductory notation and definitions the result of [26]. Let p be an
integer valued random measure and » its dual predictable projection. Let f be
a measureable function on {2 (see the terminology of section 2.5) such that
vT=0:

T

[ J 1A, %) (n—v)dt X dx)<O0 as.

OR’
Then the following process { is well defined:

S = [ [flsxXu—v)ds X dx).
OR’

In [26] the following result can be found.
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PROPOSITION 3.1.6.1: Assume that there exists a function g:[0,00)—[0,00) such
that g(t)—> for t—00 with

i) limg(T)" 2 / [, x)y(dt><dx)—>1

if)  lim g(7)” Q+ap j [fe,x)+*w(dt X dx) = 0, for some a>0
OR

Then g(t)"{,g—)N(O,l) as t—oo, where N(0,1) denotes a standard Gaussian

random variable.

PROOF: We have to show that for all sequences b, with b,—~oo0 the random
variable {; has a distribution which is asymptotically normal with parameter
(0,g(b,)?). Define a,=g(b,)*. Without loss of generality we can assume that g
is strictly increasing. Hence its inverse h is well defined. Let r€[0,1] and
define

1 h(\a, 1)
M = X ) —v)(ds X dx).
v szff(sx)(# X )

Let %/ =%,(\/a.1), then M" is F"-adapted. We will now show that M" satisfies
the Lyapunov condition.

\/— [fh(\/a 1), x)p—vX{h(\/a, 1)} X dx)

Because ({(\/a,1)}) is in fact a Dirac measure for each w on R?, concen-
trated on some point z =z(a,t,w) [8], we have

AMZ e = a7 1= [| (V@ 1), )P+ (u—vX(h(\/a, 1)) X dx)

Hence

h(Va,1)
2|M|2+a - an—l—a/Z f ﬂf(s’x)|2+a# (ds X dx)
sS<t 0 z

Since p— is a local martingale measure

h(Va, 1)
E2|M|2+a = a"—l—aIZE f f[f(s,x)““v(dstx) —
0 =z

st
h(Va,)
<a"—l—al2E f flf(S,X)|2+aV(dS Xdx) =
0 :z

h(Va,)
= @h(Va ) 2 E [ [Iftsx)fsdsXdx)~0

0
by assumption (ii). So a fortiori the sequence {M"} satisfies assumption 3.1.5.4
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(1). We proceed to investigate the process <M">. A simple calculation gives

1 h(Va, 1)
— [ [Iftsx)Pds xdx) =

a, h
1 h(Va,1)
= zm [ [fts.x)Pr(ds X dx)—>t

0

<M">,

in probability by assumption i).
We are now in the position to apply proposition 3.1.5.4 and we conclude that

M" EéW, where W is a standard brownian motion. In particular

My Esn,1)

or

1 h(Va,) z P
» —v)ds Xdx) —>N(0,1
v Offf(sx)(n v)ds X dx) =>N(0,1)

which gives us the desired result by definition of a,.
Corresponding to proposition 3.1.5.4 we have in this context the following

PROPOSITION 3.1.6.2: Assume that there exists a function g:[0,00)—g[0,00) such
that g(t)—>o0 as t—o0 and

T
D gD [ [[fis,0)fuds Xdx) £>1
0}1'

i) g(1)2 [ [Ifs )P 1 s.op=egmy Mds X dx) 0
OR‘

Then g(T)"'¢r £>N(,1).

PROOF: As in the proof of proposition 3.1.6.1, we define a sequence of local
martingales M" by
1 h(\/a, 1)
[ [fls.x)u—vXds X dx).
V an 0 R’

M;’ =
Again we see that <M" >,£3->t, for fixed +. Next we need to verify that

3.1.5.4i holds. We get
ZIAM; 1 jamei>q

St

=2 e f|f(h ( \/;t),x)|2 L n(va, 501> Va )

s<t 9n R’
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- i{h(V/ay $)} X dx)

h(Va, 1) I
= [ Lo Ve luenpevaryids X )

Hence the strong asymptotic rarefaction of jumps property in this case
becomes:

h(Va, 1)

— P
a f jlf‘(s,x)lzl(ms’x)l>¢‘ /a.}y (dg de)éo
n 0 nl

Now this integral in less than

b
1 L]

g(b / SV )P 1 15,0> g0, Mdls X dx),
)" o

by definition of a,. Indeed this quantity tends to zero in probability by
assumption.

REMARK: Observe that proposition 3.1.6.1 is a special case of proposition
3.1.6.2 in view of the relation between the conditions (ii) in both propositions.

Of particular interest for us is the case where the random measure p is in fact
a counting process n, and its compensator » is of the form »(dt)=A,dt. In this
t

case we have {, = f fs(dn; —A,ds) and proposition 3.1.6.2 reads as follows:
0

PROPOSITION 3.1.6.3: Assume that there exists a function g :[0,00)—[0,00) such
that g(t)—>o0 as t—>o0 and

) g2 j Ands 1.
0

t

. B P

i) g0 1> ds —>0.
0

Then g(t)™" f f(dn, —\ds) £>N(0, 1).

0
It is indeed this type of central limit theorem that will be used in sections 4.2
and 4.3 to obtain the asymptotic distribution of certain recursive estimators.
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3.2 Likelihood Ratios and local asymptotic normality

In this section we discuss what is called local asymptotic normality (LAN) for
counting processes. This LAN property is a special case of what is known as
contiguity for two sequences of probability measures. First we spend a few
words on the situation where the probabilities are concentrated on a finite
dimensional space. This discussion facilitates the understanding of the
relevant definition for the case when we deal with a sequence of stochastic
processes. The raison d’étre of this section partly lies in the fact that we use
some of the results in chapter 4.

Consider a sequence of binary experiments (R",%",P7,P(), each P} being a
probability measure on (2",9"). the sequences {P]} and {P§} are said to be
contiguous if for all 4,7,

lim P} (4,) =0« lim P}(4,)=0
n—o n—oo

Think now of P] and P§ as two alternative distributions of a random vector
X":Q" >Rk, So the P! are now defined on (R¥,Bor(R¥)). Let p! be the
corresponding densities with respect to some dominating o-finite measure and
assume that for each n P} ~Pfj. In this case one has the following result,
known as Le Cam’s first lemma [7].

PROPOSITION 3.2.1: Denote by £ the law of logp—:l under Pj. {P{} and {P7}
Po

are contiguous if and only if the sequence {£'} is weakly compact and each limit
point £ satisfies

[ exp()dy) = 1.

COROLLARY 3.2.2: Suppose that £ converges foa normal N(p,o?) distribution.
Then {P}} and {P}} are contiguous iff p=—~ 0’

This corollary makes the next definition of a specific case of contiguity under-
standable. Let {P§} be a sequence of probability measures indexed by a
parameter §c®CR®. Think of P§ being the law of a random vector
X":Q">Rk. Let 6, play the role of the “true” parameter and let ucR?. Let
{M"} be a sequence of matrices in R?*? such that M"—0 and define
@' =0y+M"u. We will assume that yInt® and therefore that " €® for all
n. Denote by Pj the probability P§ and by P} the probability Pj for §=6".
Define Z" to be the sequence of likelihood ratios

dpP}
dP}

DEFINITION 3.2.3: The family of measures {Pj} is called locally asymptotically
normal (LAN) at 6,, with normalizing sequence {M"} if Z" admits the

Z" = Z'u) =
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representation
ZF = exp(uTA"—%uTu + ),
where the A" are random variables that converge weakly to a standard Gaus-

sian random variable A under the sequence {P§} and lim P§(|r"|>d) = 0,
Vé6>0.

B : 1 1 1
1 Observe that E(uTA—ZuTu) = —5u"u and Var™A—Zuu)=u"u,

which corresponds to the situation described in corollary 3.2.2.
2 Of course we may replace the discrete parameter n, above by a continuous
one.

Now we will turn to the case where we are dealing with stochastic processes
instead of finite dimensional random variables. Suppose that we have a
sequence of stochastic processes X", each of which is defined on a space
(Q",9",FY) and suppose that the time set is [0,1, and assume that
X"eD[0,1F. Denote by Pj the law of X" on D[0,1}%, where as before the
parameter 0 is taken from a set @ CR?. With the same notation as before,
define

" =6 + M"u, Pj = P§ and P} to be Pj for 6=6".
Assume that P]<<P{ and define the likelihood ratio process Z} to be the
Radon-Nikodym derivative of P] with respect to P§, restricted to .
DEFINITION 3.2.4: The family of measures { P} } is called locally asymptotically
normal at 6, with normalizing sequence {M"} if Z" admits the representation
Zr = exp(uTAr —3uT <W>u + 7).
Here {A"} is a sequence of F"-adapted stochastic processes such that

P’l
A"E(—O)> W, where the weak convergence to the Gaussian martingale W with

quadratic variation <W > takes place relative to the sequence {P§} and
B (suplr?| >€)-0.
REMARK: Observe that in definition 3.2.4
logZ"méuTW—%uT< W >u.
Furthermore by taking =1 we get Z} =exp(u”A7 —3uTu+r]) and

&P)

Af———=>N(0,I),

thus we are back in the situation of definition 3.2.3.
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The point is now to identify for a given sequence {X",Pj} the processes A"
and the normalizing sequence M" as well as the likelihood ratio process Z”"
itself. This problem will be treated in subsequent sections for the case where
the X" are counting processes. Although we will not fully exploit the LAN
property in the sense that we will not discuss asymptotic properties of (off-line)
maximum likelihood estimators, we remark that establishing LAN is important
for proving consistency and asymptotic normality. In a general context the
reader is referred to IBRAGIMOV and KHASMINSKII [7] and for counting
processes for instance to KUTOYANTS [23,24] or LiN’KoV [27]. The heuristic
idea is however simple enough to present. Suppose that one works with a sin-
gle counting process N defined on [0,00), and suppose that an unknown
parameter 6, entering in the intensity process, is to be estimated. In this case
one usually establishes LAN as an asymptotic property for t—occ. If LAN
holds for the likelihood ratio Z, with a normalizing sequence M(t) we have

dP
with & =60, + M(t)u for Z,= d}% the representation
by

Z, = exp(uTA,—%uTu +r)

By ignoring the remainder term r we have for the maximum likelihood estima-
tor of § in terms of u: u,=A, and hence the “real” maximum likelihood esti-
mator 6, should then be approximately equal to

0y + M(u, = 6 + M(1)A,.

Hence 6, —6y~M(t)A;, which tends to zero in Py probability and 6, —6, is
asymptotically distributed as a normal N (0,M(¢)?) random variable. Similar
properties are desired for recursive estimators to be treated in chapter 4. The
analysis of their asymptotic behaviour as presented later on differs consider-
ably from what can be done for “off-line” estimators, since it is often not clear
what the minimizing criterion is, in contrast with eg. maximum likelihood esti-
mation. However a clever interpretation of the form Z, at least offers a way to
guess a possible recursive algorithm that generates estimators with good
asymptotic properties.

In studying LAN for counting processes, we use proposition 3.2.5 below.
Suppose that a counting process N on (2,%F,P;) admits an intensity process
A. Let m,=N,— [{A.ds, m is a local martingale. Let p be another nonnegative
predictable process such that

t
J(es—DAds is as. finite for all ¢
0

Then X defined by X, = [4(p; — 1)dm, is again a local martingale. Let Z be the
solution of the Doléans equation dZ,=Z,_dX,, Z,=1. Then
Z, = exp(f§ log psdN;— [((ps—1)A;ds), and Z is a nonnegative local mar-
tingale. Assume that EZ;=1. It is known [37], that we can define another
measure P; on (,%) such that of each ¢ the restriction of P, to % is
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absolutely continuous with respect to the restriction of P, to the same %, and
the Radon-Nikodym derivative on % equals Z,. The next proposition is a spe-
cial case of a result in [37].

PROPOSITION 3.2.5: Under P,, N has the intensity pA.

PRrOOF: Define m' by m] =m,— [§(p; — 1)A\;ds =N, — [hp,A;ds. We will prove
that m, is a local martinga.le under P,. Consider first the process m'Z. By
the stochastic calculus rule

dm'Z), = m!_dz,_ + Z,_dm)! + d[m',Z],
=m!_Z,_dX, + Z,_dm,—Z,(p,— )\ dt + Z,_d[m,X],
=m}_Z,_dX, + Z,_dm, + Z,_(p,— 1)[dN,—\dt]
=m}_Z,_dX, + Z,_p,dm,.

Hence we see that m'Z is local martmgale under P,. Let {T,} be a sequence
of stopping times such that both (m,/\T Z,a1,} and {Z,a7,} are martingales
under Py. Write E; for the expectation under the measure P;. Then

Eolmiat, ZiaT,|%]

E\[mlnr |%] = = mgpar,.O
1[ I/\T.l S] EO[Z(/\T.I(,I;] sN\T,

In the sequel we always assume that, whenever there are two probabilities P,
and P, involved, the latter is an absolutely continuous transformation of the
first. This is of course a restriction, but not too serious, if one accepts the idea
behind the following example. Let (,% P) be a probability space with a stan-
dard Poisson process N defined on it, and g—a{N,,t<co} Let (2,9 be
another measurable space with two measures P° and P' which are mutually
singular, for example 2={0,1}, P' is the Dirac measure at . Form the pro-
duct space (2XQ,9X9) with the two product measures P XP'. 1f we define N
on the product space by N, (w,i)=N,(w) then clear] 1y N has mtensny 1 under
each of the two product measures, although PXP LP XP'. Suppose now
that we are only mterestedo in what happens on %,,. We see that the projec-
tions of PXP and P X P on this o-algebra coincide. So under this assump-
tion the fact that P X P' LPX P’ is innocuous.

In order to study LAN for counting processes in a proper way, we adopt the
following approach. Suppose that we are given a sequence of binary experi-
ments (",9",F",P},Pj). Here the filtrations F" are F"={%},.0,;;. Let {N"}
be a sequence of counting processes, each N" defined on (2,”,%",F") and
assume that N" admits the intensity A" under P§ and that P} is such that N”
has the intensity p”"A" under this measure, for some nonnegative predictable
process p". (3.6) that P7<<Pj. The Hellinger process H" is in this situation
defined as

H = [(\Vpl —17A7 ds @3.1)
0
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For a definition of the Hellinger process in a more general situation see [6]. In
general the behaviour of the Hellinger processes H" characterizes the

P’l
behaviour of the likelihood ratio P’l'

0

this has been explained in a fashion, tailored for nonparametric applications in
[16]. In this section we will follow an approach that is close to [16], thus
avoiding explicit technical conditions as given by other authors as LIN'koV [27]
and KUTOYANTS [23,24]. In agreement with the previous notation we have for

[6]. For multivariate counting processes

- dP}
zZi = —,,I !
dP}
the expression
t t
Z7 = exp( [ logo?dN? — [(o7 — 1Al ds) (32
0 0

So Z" is the exponential of the local martingale M", defined by
M:'=/6(p;'—1)dm;', where m”" is the local martingale part of N" under Pj.
Let W be a continuous Gaussian martingale with (deterministic) quadratic
variation process <W >. The result that we want to get is weak convergence

of the sequence Z" to the exponential of W, so to exp(W — 5 <W >), which is
the content of the next theorem.

THEOREM 3.2.6: Assume that H} converges to ‘i‘<W>, in P§-probability for
each t and that for all €0

t
H = [1gvm-y=q(Vei —17Aids
0
tends to zero in P§-probability. Then
Pn
2 2P0 exp(W—5<W>),

where Z" is as defined in (3.2) and the weak convergence takes place with respect
to the sequence {Pj }.

PROOF: Write

log Z! = 2M} —AH} —+<W>)—5<W>, —

1 t
J(Vor =VPdm; + 2 [\ Yans,
0 0

= 2MI—5<W>, + Y7

where M7= [5(\/p" — 1)dm?, Y(x)=logx —x+1++(x —1)%, and Y7 is simply
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defined as log Z7 —2M7} +-;—< W>,. Our plan of attack is to prove the fol-

lowing steps.

P
1 2M"— 2<W>M9W— ST<W>.

Pj
2 rSF |Y"|—> 0

As soon as we accomplished doing this, then from proposition 3.1.3.6 we get

&(P§)

log ZP———=>W'— <W>

Step 1: Since <W> is deterministic it is clearly sufficient to prove that

P'l
M"M W. But this is immediate from proposition 3.1.5.4 under the

assumptions that we have made.

Step 2: In order to prove this we will spht Y" into parts
Y"=Y"!4+Y"24Y"3 and we will prove that sup| Y7 |——>0 for i =1,2,3.

Step 2.1: Let Y}!=2(H?—5<W>,). Observe that H" and <W> are
increasing processes, that <W > is continuous, and that ¢ is an element of a

Pn
compact set. Hence proving that sup| Y7 ! |—0—>0 is now equivalent to proving

P’l
that |Y7+! |—0>0 for all £, which follows by assumption.
Step 2.2.: Let €>0. Write

i t
Y22 = [lgya-y<g(Vel =1Pdm? + [1qym-y=q(Vel —1Vdm]
0 0

i Y;"z?‘ + ?7,2,(

P’l
First we will prove step 2.2.1: sup|Y7-¢|——>0. Observe that Y">¢ is a

locally square integrable martingale, so we can apply Lenglart’s inequality in
the following way:

Py(sup| Y2 >|=8)<-- + PR(<Y">>>1)

Here

t
<Y2> = [lgyE-i<g(Ve§ —1*Nds
0
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<éH?
Therefore
B<Y"2>>n) < PHI>]) <
1
<P6(|H}'—7<W>,|>§n€2-) + l<ws> k).
By taking e sufficiently small, the indicator disappears. Then by letting » tend

to infinity, the last probability goes to zero. Since 7 is arbitrary step 2.2.1 has
been proved.

— Pj
Step 2.2.2: We have to prove that sup|Y"'2"|—0>O. Here we have the ine-
t
quality

T
e n n
supl Ye ™| < [ 1y 1120 (Vo —17dN7 +
0

T
+ 1V -1=(VoE —17Azds (33)
0

The last term in (3.3) tends to zero in {P§} probability by assumption. For the
first one we have for any §<é.

T
PY([ 1y 1m0 (Vor —1PdNI=8)<
0
Pg(HSST 1{|VE-]|>(}AN? — 1) =

0As<T:|AMS|=¢) = 6(82}}|AM}'|>¢).
However this last probability tends to zero since M, converges weakly to a
continuous martingale (step 1), hence {M,} is C-tight and the claim follows
from proposition 3.1.3.7. Step 2.2.2 has been proved.

Step 2.3: This proof is similar to the one of step 2.2. First we split

[HVem)aNr = (34)
0

t t
= f1{|\/,?-1|><)¢( Vel )NT + [1ya-11<q ¥V o5 JdN;
0 0

For the first term on the right hand side of (3.4) we can apply the procedure of
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step 2.2.2: Notice that by a Taylor expansion

|nla(x)|\ 3|x—l|3 for |x —1|<e
Hence

t
,Sgl}l(.[l(l\/f—ll«}‘p( V e )aNs | <

T

= Of 1V —11<g(Vor —17A%ds + e )3 sup| Y22 (3.5)

where we have followed the notation in step 2.2. We have already proved that
sup| Y72 00
i<p ! '

The remaining term in (3.5) can be treated as in step 2.2.1. The theorem has
been proved. O

PROPOSITION 3.2.7: Under the assumption of theorem 3.2.6 we have

2/(\/,35_ amp 2 S ﬁ'f(” Y L G L

t t
PrOOF: Let M;=2[(\/p!—1)dmi and M;=[(p?—1)dm] Then
B , 0 0
M, —M"= f (Vp? —1)’dm?. So the conclusion follows as soon as we have
0
proved that
M- s
sup|M — M;]| )
but this is exactly step 2.2 in the proof of theorem 3.2.6 [ .
The next corollary is now immediate.
COROLLARY 3.2.8: Let the assumptions of theorem 3.2.6 hold. Then
t
Z; = exp([(p3 — )dm — 3 <W>, +17),
0
where

f( l)dm}'@% W and sné[’)|r"|—> 0
0
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REMARK: Observe that in corollary 3.2.8 we have given conditions such that

n (P,
M—MWand at the same time Z" = &M)—MG(W) Of course

this procedure can be generalized to the situation where the processes Z” loose
their interpretation of being likelihood ratios. Furthermore it is noticed that
corollary 3.2.8 can be proved duectll by i 1mposmg the sufficient conditions for
weak convergence of the sequence {M" } as given in proposition 3.1.5.4. These
are

t
P
= [(p2 —1PNds——> <W>,, Vr>0.
0
and
! Py
H = [141-1129 (% — 1?N2ds——>0, Vt,e>0.
0

A natural question is then to ask whether these conditions and those of
theorem 3.2.6 coincide. The answer turns out to be affirmative. See theorem
3.2.12 below. This means that there is an alternative but equivalent sufficient
condition for LAN available. In order to prove theorem 3.2.12 we need some
auxiliary results.

LEMMA 3.2.9: Let X be a locally integrable increasing process, X, =0, and X its
dual predictable projection. Then for all bounded stopping times
TEXT:EXT< 00.

PrROOF: Let M =X —X, then M is a local martingale. Observe that by by con-
vention X,= 0=>Xo 0, so My=0. Let {T,} be a fundamental sequence for
M. Then M"={Mrp};>0 is a uniformly integrable martingale. Hence
EXrnar, =EXpar, <EX7<o0. Because Xy=limXr 7 we have from Fatou’s
lemma.

EXy<liminf EXy 7, <EXr.
Similarly EXp<EXy. O .
PROPOSITION 3.2.10: Let X and X be as in lemma 3.2.9 and assume moreover

that X is continuous and that T is a bounded predictable stopping time. Then
Ve,n>0:

P(5(T>e)<ﬂ- + P(Xr=1)

PROOF: From lemma 3.2.9 we obtain EXT EXr.

Now 0= AXT E[AXr|9r-]. Hence EAXr=0 and we get EXT EXr_.
Because the process {X ™ } is predictable, application of Lenglart’s inequelity
(3.1.3.9) yields
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P(i(,ze)s-:l + P(Xp_ >n)<-’} + P(Xr=1)
because of the fact that X is increasing. [J
REMARK: Trivially proposition 3.2.10 holds for a deterministic time ¢
PROPOSITION 3.2.11: Let

~ € t
HY = [1ga-1=q(Ve? —17\ids
0

A

~n,e

t
H, = [145-11<q(Ve! —12\ids
0

Sl
|

t
- Ofl(lp:—1|>(}(P§'—1)2>\;'ds

t
H' = [14-1<q(pf —1\2ds
0

The statements (i) and (ii) are equivalent:
: ~ ne PQ 2me PG 1
() H—>0, H —>73<W>, Vet>0.

—ne P} ~ne PR
G) H =50, H —1s><W>, Ver>0.

PROOF: The first thing that we prove is
o Pt _ (Pn
Ve>0, Vi=0: H* —2>0e Ve>0, V1=0: H —— 0.
Since (x — 1 = (Vx —12(Vx +12=(Vx — 1)z we have H,“=H,".

So we only have to prove that Ve>0,V¢=0: H* —90 implies

Ve>0, Vi=0: 177"—°>0. Define X7¢ = j Lgp—1j=g(V/p? —12dN? and
0

t
X = [1g-1>9(p —17dN;.

0 ndll N 4 IhE TahE
Observe that X< has compensator H"* and X has compensator H, . From
Lenglart’s inequelity we get

BX>8)<T + PLH >n)
and from proposition 3.2.7

PY(H >8)<T + PL(X=>n).
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» e P P§ n—
So Hf"L>O if and only if X}‘"—oéo and of course the same holds for H;

and X;”“. Therefore we have to prove the implication
Ve>0, Vi=0: x;"fﬁ>o= Ve>0, v:>o:i:‘"ﬁ—>o.
Let <& Ae?, where € = (1—V1+e).
PY(X;“=8) = Pi(sup (o} —17AN;>€)
<P (sup( Vel —1PANT>€) = Py >eh)<Pj(X1>5)

which tends to zero by assumption. One remark about the choice of 8. We
can obviously restrict ourselves to small values of &, because Pj§ (Xf"?b‘) is
decreasing if § increases. The next point is showing that (i) implies

Ane P6
Ve>0,1>0:H, —><W>,
Let
8t = T(Vite+1¥—1and 8- () = 1—5(VI—e+1)
Then

41-8-()H, <H, <a(1+8*()H,

Let 1,n,¢>0. Observe that lim 8" (€)=lim 8 (€)=0. Choose ¢ such that
€ <e and

8t ()<W>, s—’zl and 8 (¢)<W >, sg-

Then
SE
P6(|H, —<W>,|>2n)
2ne ZLne€ 2ne
SPf)'(le —H, |>"1)+ P6(|Hr _<W>t|>")~
Now

Zne Zne€ —n,e
PY(H, —H, |<n)<Py(H; =),
which tends to zero from the first part of the proof.
Bl
PY(H, —<W>>n)<
2ne
B@A(+8T(ONH, —5<W>)=1—8"(€)<W>))<
+ 2n,€e 1 1
CAI+T(@O)H, —g<W>)=7),

which tends to zero because of (i). A similar inequality holds for
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A,
Pﬁ(I—i: —<W>,<—n) which completes this part of the proof. By a same
way of reasoning one obtains that (ii) implies that

2 e P6 1
Vex0,530: H, —>3<W>,. 0.

THEOREM 3.2.12: Let W be a Gaussian martingale with deterministic quadratic
variation <W >. The conditions of theorem 3.2.6 are equivalent to

. t Pn
H; = [(or—1)*\1ds DLscws, vt
0
and
—me _ | Pj
H® = [145-154(0} — 1*Alds—>0, V1,e>0.
0
In either case we have the representation

t
1
P = exp(f(pf —Ddmi—3 <W> + 1),
0

where

&(P)

. -
[0 —ydm;———>W and 51ép|r;'|—0>0.
0 st

PrOOF: The equivalence in the theorem easily follows from the fact that for
£<%:|\/;—l|<e = |x—1]|<3e

and conversely that |x—1|<e= |\/;—l|<e and by applying proposition
3.2.11. The representation for Z" now follows from corollary 3.2.8. [J

Thus far we have established LAN for a sequence of counting processes
{N"}. It is also relevant to study LAN for a single counting process N where
the time parameter ¢ tends to infinity. It is possible to give sufficient condi-
tions on the intensity process A of N that ensures LAN, see for instance [24,27]
or the slightly different conditions of proposition 3.2.18 below. However it
may also be useful to see in the specific situation at hand whether LAN can be
proved directly by inspecting whether the sufficient conditions of theorem
3.2.12 hold after a suitable transformation of the given process N to a
sequence of counting processes {N"}. We will carry out this last procedure for
counting processes with a particular form of the intensity process. This will be
done with an eye to the recursive estimators that will be discussed in section
4.2.

Assume that we are given a counting process N on a filtered probability
space (2,%,F,Py) such that it admits under the probability P4 the Doob-Meyer
decomposition
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dN, = ¢T0dt + dm, N, = 0. (3.6)

Here ¢ is a predictable process, ¢:2X[0,00)— [0,00)? and f€[e,0)? for some
€>0. Let 6y be the “true” parameter. We will prove LAN in proposition
3.2.14 under the following assumption.

ASSUMPTION 3.2.13: Let

1 [0

& ! CHO e
Suppose that there exists an increasing function g:[0,00)—[0,00) with g(t)—>o0
as t—00 and a positive definite matrix P=PTeR4*? such that

: 1

=
As said before we wish to prove LAN by applying theorem 3.2.12. Therefore
we have to transform the above model to a different one that fits into the con-
text of this theorem. This will be done as follows. Let {b,} CR™, with b,1co0.
Define a, =g(b,)*. Without loss of generality we may assume that g is strictly
increasing and geC!(R™). Then the same holds for its inverse function A.
Define h,(t)=h(\/a,t). Our sequence of counting processes {N"} will now be
defined via N7 =N, ),1€[0,1]. The relevant probability spaces (2",9",F",P§)
are now defined as @"=Q,9'=F for all n and F =9, (), P§ =P|F; =Py|%,.
Denote by 0, the true parameter and write P§ for Pg. For ucR? we define
6" =00+ M,u, where M, =g(b,)”'P*=a, *P,. Write P} for P}. Under the
measure P we have
(1)
f ¢TOods + my,
0

P%Q;_IP% =7

N{

= jk?ds + m?
0

Here A} =%¢{_(,)00h’,,(t) and m" is a local martingale under the measure P§.

A similar expression holds for the decomposition of N, under the measure Pj.
In the notation that we have used before

_ #of _ @)'e
4’{_(:)00 (¢")76,
where the definition of the process ¢” is obvious. Having introduced the
relevant notation, we can write the Hellinger process H" as
h.(1)

H = [ (V5! ~104]b0ds
0

pY

where
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A similar expression holds for the process H7® (which is HP¢ with e replaced
by é).

PROPOSITION 3.2.14: Under assumption 3.2.13 the following hold:
Pj P§
() H'~2>-uTut and H}—2>0, Vie[0,1],¥5>0.

(i) f( V bs —1)2¢3'00ds—0>7u7u as t—o0 and
0
t ~ P,
J1Va-1>8) (Vs —1)2¢]8yds—> as t—>co.
0

PROOF: Let >0 and choose N such that |M,u|<d¢ for n=N. Clearly such N
exists by assumption 3.2.13. Then

~ 5:—1 ~n ¢sTMnu
Vs +1
<@/ 0) M| _ 65 UMu| _
¢: 6o ¢i Le
where 1 is the column vector with all its elements equal to +1. So trivially we

P’l
have that H}'*"—o—>0. In order to prove the convergence of H}, take § and N
as above. Observe that we can write
h.(t)
H' = uTM, ¢‘T";‘ (\V/ps +1)"2ds Myu (3.7)
0

Since we have for n=N |p; —1|<<§ (see above) we get the inequalities
1-86</ e <1 +%8, which we use to obtain from (3.7)

Q+58) 2uTM, Qi Myu<H!<Q2—8) 2u"M,QilsMyu  (38)
Now we can write
M, Qi lyM, = a; ' g2 (ha(0))g "2 (hn(1))P* QO (y P*
= 1g 2 (ha(t))P" QO P" (3.9)

which by assumption 3.2.13 tends to ¢/ in P§-probability. Since § is arbitrary
the assertion follows from (3.8). The second part follows from (i) by taking
t =1 and by taking any sequence {b,} with b,—o00. O .

REMARK: The second part of the above proposition can be proved under a
considerably weaker assumption than 3.2.13. If one has instead.



57

AsSUMPTION 3.2.15: There exists a map M:[0,c0)>R?*¢ such that
M(@1)= M(t)T>0 M (1)—0 for t—>c0 and
—hm MO, 'M(t) = I

The proof is then as follows. In the notation we have used above we replace
h,(t) by t and arrive at M(¢)Q; ! M (¢) instead of (3.9).

Now we are in the position to prove LAN for the model (3.6) (see definition
3.2.3).

CoROLLARY 3.2.16: Consider the model (3.6). Let assumption 3.2.15 hold.
Define & =0y + M (t)u and

. el
Ps = Tp
s V0
Define
t t
Z, = exp([ log pidN, — [(o} — 197 bods)
0 0
Then

g = exp(uTA,—%uTu +r,),
B(Po)

P
m;, A,—>N(0,1) and r,—90

where A, = M(t)f oT0
0

PrOOF: This is now a direct consequence of corollary 3.2.8, proposition 3.2.14
and by noticing the

_ $iM@u

7 6o

It is also possible to state LAN for a counting process that admits an intensity
process {A,()} under the probability Py by giving conditions on A,(f) directly.
We will do this for a scalar parameter §. These conditions (assumption 3.2.17
below) are close to those given in [24].

pi—1 O.

ASSUMPTION 3.2.17: There exists a function M:[0,00)—R such that M(¢)— o0

and
£ N8
@) P~ lim M(Y / }\((0‘(’)))2 ds=1
, N;(60)?
(i) P, ~ lim M(:Y fl{.;,g;,mm U

) N0,
(iii) Py, — ]1m M() sup ., &M(t)| X, (00)| = 0 for some
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ae(0,1) and VC>0.

PROPOSITION 3.2.18: Let assumption 3.2.17 hold. Then the family {Pg} is LAN
at the point 6y with normalizing sequence {M(t)}.

ProoF: We have to check the conditions of theorem 3.2.6, or those concerning

H anleI' in view of theorem 3.2.12

A0
= [~ VPN s, where o} = TG, 0, = b + MO
0 £

By a Taylor expansion

M) = (o) + (6, —00)N,(0) + 50— N",@)

where (~), is between 6, and b,. Hence

(8,

As(0:) —As(Bo) = (6;—00)N's(Bo X1+ 5(6,—6p) X, (0 ))

= (6= 8N (Bo)(1+ M(2)'~*€5)

where
1—00 sl?|65| o
by assumption 4.1.12 (iii). Hence
= ! Xs(oo)z
H, = [(0,—0)~———(1+M(@) %€ )*ds
! of ! As(6o)
s( 0)2

= 2M(r)2[j ") (MO 0+ (M@)o ds

wlM? 3(00)2
(z)/ A (o) ————ds + Ry, + Ry.

From assumption 3.2.17 (i) we see that we are left to verify that both R, and
R, tend to zero in Py -probability. We will prove this for R, only, since for
R, the procedure is the same. For R, this immediately follows from the next
inequality
s( 0) l—a
IRy, |<2u®M(1)? / YOS ds-M(1)' ™" suplej|
Py,
The last thing that we have to show is that H;——>0, where

ITI: = f](lpl—1|>e}(P§_ 1)2As(6)ds.
0
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Lete, = §12|e§|. Then

o4 = 1|<Jup(t) A’((;)) a+ M) ~e)

Hence

:(00)2
2 /6, —_—
H,<4u*M(t) f1(| ((0))|>—M(t) MO ) (6,) -

}‘,s(oo)
+ W M@)Y [1gayesn—a—(1+ M(1) %) ds (3.10
# (_)[{M() «>1 7\, (8)

The first term in the right hand side of (3.10) tends to zero because of assump-
tion 3.2.17 (ii), whereas the last term tends to zero since H,—u? and
Py, (M(1)' *¢>1)—0. O .
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4. RECURSIVE ESTIMATION

In this chapter we will treat the problem of recursively estimating an unknown
parameter that occurs in the intensity process associated with a given counting
process. Contrary to the case where off-line procedures are studied, there are
hardly any results for the recursive estimation problem except for a first
attempt by VERE-JONES [47] and NIKITIN and SNEGOVOY [31]. Maximum likel-
ihood estimation (off-line) has been treated by various authors such as
LiN’kov [27] KUTOYANTS [23], OGATA [32], and KONECNY [21,22]. They
proved that under conditions that differ from paper to paper, the maximum
likelihood estimator has desirable properties like consistency, asymptotic nor-
mality and efficiency. These properties still have to be investigated for recur-
sive estimators. In sections 4.1, 4.2 and 4.3 we will do this for a rather specific
case, viz. the case where the intensity process exhibits a linear structure. The
first basic problem one encounters is that of designing a recursive procedure
for parameter estimation. One of the justifications that we give for a certain
choice of such an algorithm is based on the asymptotic expression of the likeli-
hood ratio process for counting processes, which has been studied in section
3.2. We present a number of recursive parameter estimation algorithms for
counting processes that admit an intensity process that is linear in the parame-
ter. This is the model that we have encountered in section 3.2 (see equation
(3.6)). Recall that this model is given by

dN, = ¢76ydt + dm, @)

where N is our counting process, ¢ is a predictable process, $:[0,00)X 2—R?
and 6 eR“. Occasionally we will need some additional requirements for ¢ or
0.

4.1 Recursive least squares estimation
In this section we will study the model (4.1). So dN,=¢]6ydt +dm,. The least
squares estimator 6, by definition minimizes the quadratic form in 6

t t
Vi0) = [(¢76)*ds—2 [¢]8dN, 42)
0 0
For a heuristic justification of minimizing the criterion V,(6), observe that it is
formally equivalent to minimizing the undefined expression
p dN.
(¢70——=)ds.
(0I5
Assume for a moment that the matrix [$¢,¢! ds is invertible, and denote by R,
its inverse. Put ®, = [4¢,dN,. Then eq. (4.2) reads
Vi®) = (0—R®)'R;' 0—R D)~ DR, 43)

From (4.3) we see that §,=R,®, minimizes V,(d). Because %R,z —Ri&$TR,
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we get by applying the stochastic calculus rule to the product R,®, for 8, the
equation

d0, = R,,(dN,—¢Tb,dr) (4.4)

However it is a priori not clear that the matrix R, as introduced above is well
defined. Therefore we will modify its definition slightly. Let Ry! be a strictly
positive definite matrix. Define now R, to be the inverse of Ry ! + [ .07 ds.
One immediately sees that now R, is well defined. Usually one will wish Rg!
to be small in norm. Observe also that Ry=(Ry ')~!, which makes the nota-
tion consistent. As before we still have

d
FIRI = —RipypR,at.

Furthermore let 90 be any vector in R% . Now we are in the position to define
a recursive (least squares) parameter estimation algorithm as the following cou-
ple of stochastic differential equations together with their initial values

db, = R$,(dN,—¢Tb,dr), B (4.52)
dR, = —Rp$R.dl, Ry (4.5b)

The equations (4.5a,b) will be referred to as least squares algorithm. Observe
that this system of equations has a unique solution.

REMARK: The algorithm (4.5) is invariant under non-singular linear transfor-
mations in the followmg sense. Let S€R?*“ be a non-singular matrix. Write
n=50,7,=56,,£, =S T¢, and T,=SR,ST. Then (4.5) transforms into

d';h . T,&(dN,—ﬁ,Tﬂ,dt), ;10
dT, = —T 4 Tdt, T,

whlch is exactly the least squares algorithm that corresponds to
=¢Tndt +dm,, but this is nothing else but (4.1) because £/ n=¢7 .

4.1.1 Convergence of the least squares algorithm.

In proving almost sure convergence of the estimators {0 } defined by (4.5a, b)
we will use the following lemma, which is nothing else but 2.2.20 for nonnega-
tive x. We restate it for convenience. Compare also to [39,42].

LEMMA 4.1.1.1: Let x,a,b be nonnegative stochastic processes and m a local mar-
tingale such that x =a—b-+m. Assume that a and b are increasing processes,
ao=by=0 and that lim,_, ,a,<o0 a.s. Then
(1) limx, exists and is finite a.s.

t—00
(ii) tlimb, is finite a.s.

—00

THEOREM 4.1.1.2:[45]: Consider the algorithm (4.5). Let 6, be the true parameter
= & t
value. Let 6,=0,—0, and let Y, =] ,,‘I’,=f\p_,ds +tr(Ry'Y).
0
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Assume:
(i) lim¥,=o0 as.
t—0o0

(ii) j V2, ¢ydt <00 as.
0

t
(iii) lim¥,;! f &,¢7ds =C, where CeR™*™ is positive definite a.s.
-0 0
Then
(a) limf,=6, as.
-0

' ~
(b) 'lim‘If,_l [(978,)?ds=0 as.
—00 0

PRrROOF: From (4.5) it follows that
d6,=R,¢, — (dN, — 7 8,dt)= Ry,  (dm, —oTbdr)
dR; ' =¢,¢] dt

Define the Lyapunov like process u, =é,T R, 16, + j (bsTcps)zds'. Applying the
stochastic calculus rule to u,, we obtain ’

du, = 28] ¢,dm, + 7 R,$,dN,.
Observe that ¥, =tr(R;"!). Define w,=u, ¥, !, then

aw,=—YV 'wdt + oI R¢,¥; 08 d,dt +dm,,, (4.6)

where m, is local martingale. We want now to apply lemma 4.1.1.1 to equa-
tion (4.6). Because u,w, ¥ are positive, we then see that the only thing we have
to check is

©
f¢zTRx¢r‘1','105¢,dt<oo.
0

To that end, let p,=trR,. Let y; be one of the eigenvalues of R;', then
lim_,,¥; 'y,=¢>0 by assumption (iii) of the theorem. Hence
Ya=c¥,(1+o(1)) (t-»o). Now 1y;' is an eigenvalue of R,
Yii '=¢;1¥,(140(1)),(t—>00). Hence

o =¥ 'Cc +o()t—>00), or p=0(¥;"),(t—>).

Recall that for a positive definite matrix A,x7Ax<xTx.tr(4) and
xTA2x<xTx(tr(4). Then

o0 0
[oTRY"¢68pdt = [6]RR; 'R ¥ 00 di<
0 0

o0 o0
< [&R} 000 di< [ o] 6,0} 00 $dt =
0 0
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03[¢1P¢2¢1dt = 0gf¢t¢to(?;2)dt<w9 by assumption (i).
0 0

o0
Then from lemma 4.1.1.1 we conclude that w and f ws ;1 ds almost surely

0
converge. We claim that lim, ,,,w,=0 a.s. If not, there exists a subset of Q
with positive probability and an €>0, such that lim,_,,, w,=2¢ on this subset.
But then we also have on the same subset
o0 (e ¢]
[¥ widi=>e (¥ ydt = [log(‘lf,)]: = o0, by assumption (i).
0 0

But this contradicts the second assertion of lemma 4.1.1.1. Since w is the sum
of two positive quantities we have both

t ~
lim¥;! (B, ¢,)%ds = 0 a.s. and
t—>00 0

R;!

. =T -
Ilfgﬁ, ¥, 0, =0a.s.
Because of assumption (iii) we know that liminf ¥, 'R;!=C>0, hence
- 1—00
lim 6,=0 a.s.
t—>00

REMARK: It is possible the relax the third assumption of theorem 4.1.1.2 to the
one in [15]. The analysis of the algorithm then becomes a bit more compli-
cated. We will not discuss this. However we will follow a similar procedure in
section 4.3 for a different algorithm. We will give some examples for which
the assumption of theorem 4.1.1.2 hold.

EXAMPLE 1: Let ¢:[0,00)>R2% , ¢,=[1,1+sint], #=[a,b]7. Then

¥, = 3.4 —2cost— %‘sinZt +tr(Ry ).

2
Clearly assumptions 4.1.1.1 1) and ii) are satisfied and
3 1 1
t ! +sin s
lim¥;! [¢,7ds = lim—- 5 L s
S > 15 |1+sins % T 2sin s —5cos2s

_122
T 5123

EXAMPLE 2: Let ¢:TXQ—-R2, ¢,=(1,1+(—1)%) and 6=(a,b)eR%. As in
[11, p. 59] the second component of ¢ jumps like a random telegraph process.
Conditions (i) and (ii) of theorem 4.1.1.2 are easily verified. To check condi-
tions (iii), let us first define



t
X =17 f(=1ds
0

Then
1 1+X
1+X, 2+2X,

t
V2 [07ds = B3+t r(Rg ') +2X) 7!
0

We now proceed to compute as’:cljm)(,. Since N,=(a+b)t+btX,+m, we
find that

X, =b !¢ 'N,—t " 'my—a—b)
The quadratic variation process <m >,=(a +b)t+bt;Y,<(a +2b)t. It then
follows from the strong law of large numbers for martingales that ¢~ 'm,—0

a.s. Finally we have to evaluate the asymptotic behaviour of 1 ~'N,. Define
T, =inf{t=0:N,=k}. Then

0 k 1 }<1_1N < E Ll }

k=0 Ty +1 {hst<Tiu ¢ = T (T, <t<T,,, J*
Consequently

as—].lm t_th = as—hmi

—00 t—>o00 Tk ’

Let' 7=T=1; ,j=L2... then {7} is a sequence of independent random
variables, and Ety=a"',Ety,,=(a+2b)"'. Now the strong law of large
numbers for independent random variables applies and we get:

. Ty .1 & 1]1 1
ar_ime - = m Eff 2 [a a+2b

Collecting the above results we find

__atb
a(a +2b)

1—00 a +b ’
Conclusion:
t
L 1 r_ 1 atb a
Ayl ¥ Of 905 =3 0 24|70

ExaMPLE 3: Let X be a Markov process which takes its values in {0,1}.
Assume that the holding times in 0 and 1 are exponentially distributed with
means po and p; respectively. Assume that N, has intensity
0,X,_ +6p(1—X,_) which is left continuous, thus predictable. So
& =[X,—, 1—=X,_]'. Now ¥,=t+r(Ry"'). Again assumptions 4.1.1.2 i, ii
are easy to verify and

m 0

0 po}

NS U FT SRS I
t]i?o‘l',(-)/%%dg_t—»oot(-[

_x|d = ——
0 1 Xs} B+
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4.1.2 Asymptotic distribution of the least squares algorithm

In this section we will show that the algorithm (4.5) provides us with estima-
tors 6, that are asymptotically normally distributed if we impose some addi-
tional requirements on the process ¢. We use some of the central limit
theorems of section 3.2. It immediately follows from (4.5) that

& R t
6, = R[R; "6y + [$,dN,]
0
and
& n - t
0, = 6,—0p = R[R; "' (6o—bp) + f¢sdms]
0
Introduce the vector valued martingale
t
M, = [¢.dm, 4.7)
0
then
t
<M>, = /‘I’s .\T :Teods
0

Clearly the distributions of &, and @, are governed by the ones of R, and M,.
For the latter we have the following result.

THEOREM 4.1.2.1: Let M be as defined in (4.7). Assume that there exists a func-

tion p:[0,00)—[0,00) with p(t)—00 as t—oo such that

(i) P—lim u(t)"'<M>,=D, where DeR?*? is a positive definite non ran-
t—00

dom matrix
t
(i) P—lim p(t)™" [97 el (47, >0 $1 bods = 0,Ye>0.
- 0

Then

<M>*ME>N0,D),

t
PROOF: i) Let A\eR? and define M} =ATD %M, = /ATD"”cpsdm:. Then
0

<M*>, = \TD~%<M>,D" %\
Hence
ATA) T<MP>, = ATNINTD ~%u(t) ' <M >,D ~¥A>1

in probability. Hence condition i in proposition 3.1.6.3 is satisfied with
g(t$=)\r}\u(t). In order to establish condition 3.1.6.3 ii) for f;=ATD ~*¢, we
compute
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t
ATAw(t)) ™! f ATD %67 D ~# N (p7p+4,|>ea hutr))*) 1 Oods =
0
4
AT\u()) "'\ TD f &Tbsd (\TD"4,67D~*A>XNur)) D3 BodsD ~HA<
0

t
ATA) " NTD A (] 6 (7D 'rgTe,>érutry) 97 Bods
0

which tends to zero in probability according to assumption ii since we can
replace € by EATAATD ~'A)"!. Now we have proved

ATt~ M E> (0, 1)
(ii) According to the Cramer-World device
VAeR%:ATAu(r) M £ N (0, 1)

if and only if

p(t)D‘”M,£>N O,1).
Since

M) #DEM, = (D HW) <M >)<M > %M,
and

D™ )y P <M >\
in probability, we have finished the proof.

REMARK: Stronger conditions than 4.1.2.1 (ii) are the corresponding Lindeberg
or Lyapunov conditions

t
Ve>0:u(t) " 'E [ &7 b (474, >eu)) 1 Oods—0
0

t
36>0:u(r)" ' 72E j llg 1> F3ds —0,
0
where |||l denotes the (Euclidean) norm on R?.

COROLLARY 4.1.2.2: Under the conditions of theorem 4.1.2.1 we have

<M>[%R;\(B,—0)E>NO,1)
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PRrROOF:
<M>[*%R;\(8,—08)=<M > %Ry (By—00) + M}

The fact that <M >;%R;! (90 —0y)—0 in probability (this follows from
4.1.2.1 i) gives us the desired result.

REMARK: <M >, depends on the unknown parameter ;. As usual we can
estimate <M >, by substituting 6,, which is strongly consistent, for ;.

The examples given below are continuations of examples 1-3 of section 4.1.1.

EXAMPLE 1: ¢(t)=[1,1+sint]7,0,=(6,,0,). Take w(t)=t. Then we can calcu-
late
0,40, 6, +%a2
limp(t) '<M>, = 5

>0 0+26, 36,+30,

which is a positive definite matrix. So assumption 4.1.2.1 (i) is satisfied. To
establish that assumption 4.1.2.1 (ii) holds it is sufficient to remark that
¢I'¢,<5. Hence for 1>= we have

Igro>ay = 0.
Another calculation shows that we have asymptotically
30,+6, —20,—6,

. I
6. —=8)~NO.~ | _29, -8, 20,+26,

)

ExXAMPLE 2: ¢,=[1,14+(— l)N" ], 6o=(6,,6,). Take w(r)=¢. Then a simple cal-
culation yields:

11

12

which is positive definite. As in example 1 ¢! ¢, is bounded, so again assump-
tion 4.1.2.1 (ii) trivially holds. Combined with an expression for R, we can
calculate that

limp()~' <M >, = 6% +26,0,
ast—»co t) ¥ 01+02

20 —6}
—6} (6,+6,7+63

l 01+02
t 63+6,6,
EXAMPLE 3: ¢, =[X,_, 1—X;_]. Again take u(tr)=¢. Then
1 Oip O
mtp (0 bomo|

@, —60)~N(, )

as —lim p(t)"' <M >,=
t—00

Since ¢7¢, =1, again assumption 4.22.1 (i) is trivially satisfied.
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Asymptotically we have

(0 —60)~N (0, P 0 6/po

Il.]+‘lo [01/”‘1 0 :|)

REMARK: Observe that implicitly corollary 4.1.2.2 provides us with an estimate
if the asymptotic speed of convergence of 6, —6,. If we consider for instance
V,(8, —6,) where V, tends to infinity, but V;R, <M >/ tends to zero, then cer-
tainly V,(6, —6,)—0 in probability.

The advantage of the least squares estimator 6, of (4.5) is that we are able to
obtain an explicit expression (see the first paragraphs of section 4.1). One of
the drawbacks however is that they are in general not asymptotically efficient.
(Compare with section 4.2.3 below). This is one of the reasons why we present
in the next section another type of a recursive estimation algorithm.

4.2 Recursive maximum likelihood estimation

In this section we study another parameter estimation algorithm for the model
(4.1). In contrast with the least squares algorithm there seems to be no explicit
expression for a criterion that is minimized by the estimators {6,} to be
defined below, so we have to find another way to obtain an algorithm. Before
stating the estimation algorithm, we prefer to formulate a preliminary version
of it and provide a heuristic derivation. The preliminary algorithm is

db, = %(dm—d 8,dr), 6y (4.83)
¢I 0! -
T
dg, = —Q’¢+‘i‘gdt, Qo (4.8b)
91 0,

We will give three approaches that justify, at least heuristically, the form of
this preliminary algorithm. The first one is based on a “implicit-function
theorem” type argument (4.2.1). The second approach is based on an associ-
ated filtering problem (4.2.2) while the last one uses an asymptotic expression
of the likelihood functional (4.2.3). Let P, be the measure on the trajectory
space of counting processes defined on [0,¢] that is induced by (4.1) and let Q,
be the measure on the same space induced by a standard Poisson process. In
order to express the dependence of dP/dQ, on 6 we write L,(6)=dP,/dQ,.
Then the following expression holds.

Ly(8) = exp| [logs] 0N, — [(¢76— 1)ds]
0 0

The maximum likelihood estimator @, by definition maximizes L,(6).
Equivalently, 6, minimizes

t t
J(0) = [¢]6ds— [logg]6aN,
0 0
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If differentiation with respect to 6 under the integral sign is allowed we look
for zeros of

9
o 70
If J,(6)=J(t,0) happens to be a smooth function of both # and ¢, it follows
from the implicit function theorem that 8, satisfies the equation

d

A - a A
Eo = —[Vel(8,-)] la—‘l,(o,)

A similar expression in the present situation where /,(6) is not smooth, but has
jumps, is

LO)=J(6) = [$ds— dN,
0

b, = —[Vi,8,-)"'3,4(6,-) 4.9)

where 9, is the forward partial differential operator with respect to z. Since we
have

A ¢
3,4(6,-) = ¢dt — #dNt
T V=
and
¢:¢s
Vo = [
equation (4.9) becomes after writing Q, =[V,;l,(9,)]‘1
2 Q- p)
do, = = dN,— ¢! 0,dt 4.10
; (¢.T0,—)( ¢+ — ¢ 0,dt) (4.10)

The next problem is to find an evolution equation for Q. One of the objectives
is that the algorithm gives us strongly consistent estimators. Therefore we
should have for large ¢, 6, ~6,. Hence for large ¢

T x4 X
0; j T0F dN, _/%Toods+f(¢zoo)2dm 4.11)

The last term of the right hand side of (4.11) is a zero mean martingale. We
get a new approximation of Q; ! by deleting this last term.

4’:4’:

7 00

Finally we replace 6, by 0 and we arrive at

do, = Qt¢t¢t Qt 4.12)
¢76,
Observe from (4.12) that Q, is continuous. Consequently (4.10) is indeed
(4.8a).

o'~ [ 22
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Another way of justifying (4.8) is the following. Consider the following
filtering problem. We have an observation equation

= ¢‘Todt + dm’,n():O

Here ¢ is a "}'V -predictable random process where 3 =o{N,,0<s<t) and 0 is
an unobserved random parameter, that is o(ﬂ)gt"f" for all . It is known [3]
that the optimal (in mean squared error sense) estimator of f given the obser-
vations 5" is 6,:=E [l9|'§i'V ], and that satisfies the following equation

db, = —76,dr), 6,=E.
¢f =
Here P, is the conditional covariance matrix E[(8—6,)0—6,)7|%"]and satisfies
ip, = — Dol "”"‘; Lt + [E[@—B,)0—8,)7(0—8,) o|%]
t Ve
Py { P, | T T,
o7, b= oTo (dN,—¢; 0,dr)

In this setting the innovations process N, — f of @sds is a martingale with zero

0
mean. We can approximate this equation by setting the martingale term equal
to zero. Denoting the approximation of P, by Q, we find as a truncated
second order filter

db, = Q;‘” (dN —¢T8,dt) (4.13a)

R
¢:¢:
I

It can be argued that the effect of the prior distribution of # decays with time.
Hence we will eventually get estimators , of 6 that are hardly depending on
the prior distribution. Consequently the 6,’s for large ¢ will not change much
if we would take # as a deterministic parameter. This suggests the use of the
same formulas (4.13) for our original estimation problem.

dQ, = Q, (4.13b)

A third way to obtain the recursive scheme (4.8) is to make use of an
asymptotic expression of the logarithm of the likelihood functional. See sec-
tion 3.2 for the relevant results and conditions. To illustrate what our aim is,
consider the case where the process ¢ is deterministic. Define

[f XA dy]‘
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Then we have in a notation similar to that of section 3.2:

logZ,(u) = uTQ f ——u Tu+p,

Too

where p is a stochastic process that converges to zero in probability for t—o0
and

converges in law to a gaussian (0,/) random variable. If we set p, =0, then the
value of u that maximizes logZ,(u) is

®s
Qt '[ 7 6 =

Hence an approximate maximum likelihood estimator of 6 is

0 - 00+Qlf Too

Or

Qt'[ o7 00

1
Observe that 0. (6,—6) converges in law to a gaussian (0,/) random variable.
Of course 6, is useless as an estimator of 6, since it depends on 6. We just
use it at an intermediate step in obtaining our algorithm (4.8). A simple calcu-
lation shows that 8, and Q, satisfy

de, = f"”’ (dN,—¢T0,dr) (4.14a)

dQ, = —Q"p',;(”g'dt (4.14b)
¢ 0o

As before since one is looking for 0 s that are close to 6, (and thus 6,) we
replace 6, and 0, in (4.14) by 6,, thus arriving again at (4. 8)
Having finished the explanation of the preliminary version of our algorithm,
we will now present it in its final form. The change that has been made is just
for technical convenience and makes the proof work. The reasons for the
change will be apparent from the proof of theorem 4.2.1.1. We give a little
discussion that tells us that this change does not affect the eventual perfor-
mance of the algorithm. Suppose that 6, given by (4.8), converges almost
surely to 6. Then eventually §, will be in any neighbourhood of 6,. Hence if
ecR% is such that all its components are smaller than the corresponding com-
ponents of 6, we have ¢]0,>¢]e eventually. This is exactly the property that
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we need in the analysis. However (4.8) do not guarantee us, that this inequal-
ity holds. Obviously the modification below has the desired property. Define
the indicator process I, as follows

I, = Iigix>e7q

where eeR4. is such that 0<¢;<6y;,i =1,...,d. We are now in the position to
state our

APPROXIMATE MAXIMUM LIKELIHOOD (AML) ALGORITHM

dx, = %(dzv,—dx,dt), xo (4.15a)
¢ 0, -
T
do, = —Q“”+¢,’Q’dt, Qo (4.15b)
B 4
8, = xI, + (1-1) (4.15¢)

Here x, is taken such that 6,=x(, and Q, is a symmetric positive definite
matrix

Apparently one should be able to establish lower bounds for the components
0y in order to compute 6, according to (4.15). In practical situations there are
often physical considerations that enable us to do so. As for the least squares
algorithm we can also prove invariance of (4.15) under non singular linear
transformations. Contrary to (4.5) we even have invariance of (4.15) under
time transformations. Let 7=f (¢) be a (possibly random) time transformation
with inverse  =g(7). Assume that g has a derivative g’ almost everywhere and
g'=0. Write y, =y, for the time transformed process y. Then we have

dN, = ¢, bog'(v)dr + dm, (4.16)
The algorithm corresponding to (4.16)
&, = 2% 5 373, g/(7)dr)
5,430
do, = =——"="g'()dr
Q0 ¢-rT 7. g'(nd

0, =x,I, +el1-1,)
which is indeed the same as the time transformed version of (4.15).
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4.2.1 Convergence of the AML algorithm
The procedure that we follow is similar to the one of section 4.1.1. Again
lemma 4.1.1.1 plays a key role.

THEOREM 4.2.1.1: Let 8,cR% and let ¢ eR% be such that 0y—ecR%. Let
&
P, = f ¢sds and assume
0
i) ®76y—>c0 as. (t—>oo)
; 1 (07
= C>0.
ii) imin (DTGOJ‘ Jmﬂd&' c>0
Then
i) as. hm0 =6,

.1 j-(¢:T(0 90))2
1> 0 @, 0 7 6o

Before proving the theorem we notice that conditions 4.2.1.1 i, ii are equivalent
with (1 (1,..., D7)
i) ®l1->oas.

1 ¢s¢s
i) timint o [ oT1
The equlvalence of i) and 1) can easily be seen by noting that
007 1<0]®, <6071, where §=min{fy;, i=1,...,d}d=max{fy;, i=1,...,}. The
equivalence of ii) and ii’) follows similary.

PROOF OF THEOREM 4.2.1.1: i) Let x,=x,—8,, Then

(dmt __¢'1' i,dt ),

Applying the stochastic calculus rule to %, Q; ! %, we obtain
205, G ;b:)’ 2 ¢.TQ,¢,
#76, ¢76, (476,
2
=dmy,— (xtTd’t) ¢tTQt¢t T Bodt
@76y  @76)

where we have summarized the martingale term of (4.17) as dm,,. Define the
Lyapunov function

d(x{ Q7 '%) = dN, (417

£ s P
r,=tr(Q0 )+ J 4’:T€

Then
T

t
’t>t"(Q0—l)+f STAx

0 Ps Vs

ds=tr(Q;").
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Define
3 x)2
w=r; x, Qt _/( —
0

then

T T,

du,=—r;! % & wdt+r7 Vdmy, +r;! "" Qi o7 0ydt (4.18)
¢“ l ’)2

We are able to apply lemma 4.1.1.1 as soon we have verified assumption ii)
which leads us to the calculation of

1 9 Qx¢t Qt¢t¢x QI b; 00
0< ! Toodt<tr [r71(Q;)) dt
f @Tap f @O e,
<tr f Qt¢t¢t Ql ¢t 0 i<ty f( dQ, 0¢I

6, o7, 7 1

tr f = dQ:)<—tr(Qo)<oo

Ilel

Having verified assumption (n) we conclude that as-lim u, exists and is finite
a.s. We also get from the same lemma and eq (4.18)

a.s. im fr“q,'r'

t—>00 ¢,

u,dt < oo. (4.19)

Now

lj“"‘r"" ds+;r(Q—‘)>lj¢Tlds+:r(Q-‘)
Ty 971 C T wy o
where we used in the last inequality that ¢,T¢,>—‘1;(¢,T 1)>. Hence from

assumption 4.3.1.1 (i) r,—o0 a.s. Suppose now that on a set 2; CQ of positive
probability we have lim 4, =6 for some §>0. Then there is r such that t=>r
implies u, = 8 But then

7r,‘ \ 91 udt == 18 f dlogr, =

4’:‘

8

which contradicts (4.19). Hence as-lim, , 4, =0. Since u is the sum of two
positive processes we have in particular
as— lim%, 0': _o (4.20)

t—>00 I,

Define now 5,=sup{9,~s,se[0,t], i=1,..,d} and write Api,(4)=min o(4) for
the minimal eigenvalue of a matrix A. Then
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t T
XA ds> P55

-1_ — 3
o QO f¢_,To 0,0 ¢.1T1
Hence
5k 1 b5
= ‘_ . i gl ds’ <
0=, Mo | ST Trw@i ] o1 ]
&L 1 -1_p-1
X XAmin ®T1+1r(0; ) [Qt Qo ]

PR
®T1+r(Q0 V)

which tends to zero by (4.20). Consequently form assumption 4.2.1.1 (ii)

wT
xl Xy

5(Q7 =0 s % (07~

—0 as. 4.21)

t

Now it is easy to_prove that 8 is bounded. For suppose not, then there is bi,
such that limsup 6, =co. But then also limsup x;, = oo and we get immediately
from (4.21) that this cannot happen. Hence #, <K for some K>0. But then
from

~T o~
T~ X¢ Xy
x‘ xt<K ‘

)
we see that x,—0 and so eventually
oTx, = 7%, +9l8>o7e
Then 1,—1 and consequently
8, = (%, + o), +e(1—I,)—bp
ii) §,=%I,+(1—I,)e—0). Let  be such that r=r implies I, =1. Then for

t=16,=Xx,. Hence

[ty _](cp ds+/“’""' D

$70, A
From the fact that u,—0 we have
” (678,)
f ds—0.
iy 78,

But then it is easy to deduce from the fact that &‘ —#f, a.s. that we also have

(CH 0)2
s

ds— 0 a.s.
T ¢500
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and
ACH A
0{ q)s 0 4’.\' 00

Before giving a few examples to which the theorem can be applied let us
remark that a necessary condition for assumption 4.2.1.1 is

————ds—0 as. Q.E.D.

it g [ >0

Clearly this condition is not sufficient. ¢, =1 is a counterexample.

REMARK: It is possible to relax condition 4.2.1.1 (ii) in such a way that we still
have the conclusion of theorem 4.2.2.1. However we have a small price to pay
for this, which is a slight modification of the algorithm (4.15). See section 4.3.

We give some examples for which the assumption in theorem 4.2.1.1 hold.

ExaMpLE 1: Let ¢:[0,00)>R?%, ¢,=[1,1+sin¢]”. The following result will be
used. For a >b=0.

1 _ 2w

O/a+bsinxdx Y =

27

hence
t
i e =
Then
B — 1 f 1+sinx _dx
>0 @717 ¢71 1> 2t —cost+1/ |1+sinx 1+2sinx +sin?x| 2+sin
3V 1-3V3

= % 1—i\/§ 1 \/5 , which is positive definite.

EXAMPLE 2: Let ¢:[0,00) X 2—R% , ¢, =[1,14+(=1)™"|7,6=[8, 6,] Introduce
_ 1 N,
X, = Tof(_l) ds.

Then

1 el 1+(— 1" ds
o714 71 t(2+X,)f 1+(—1)” 242(- )" | 24 (-1



T

1
2 t

3
T+ X)) [1+(=DY 2+2(-1)"

2—(— D" 14" ]
0

_3
2+X,

=X 1+%
1+X, 2+2X,

In section 4.1.1. we have found that

e B, = e
@ t—o0 A 01+02

So

1
1 j'¢-"¢z e 3 20, + 36, 6, -
t—00 (IJITI h ¢{1 201 +02 01 201 ’
ExAMPLE 3: Let X be a Markov process that takes its values in {0,1}. Assume

that the holding times in 0 and 1 are exponentially distributed with means pq
and p; respectively. Assume that N, has the intensit; 0, X, - +6,(1—X,-),

which corresponds to ¢, =[X;_,1—X,_]" and 6=[8, 6,]". Then

m 0

0 mol
4.2.2: Asymptotic distribution of the AML algorithm
The purpose of this section is to show that the 6,’s generated by (4.15) have a

limit distribution which is approximately normal. After some definitions we
state a useful lemma. Define the following matrix valued stochastic processes

ﬁmlf"”s‘i’srd,:ﬁmif'x‘o b ]
Pt—»oo(I)lTlo ¢{1 I—>ooto g 1=X o

t 4T
=1 _ =i b5 00
= + ds
Qt QO ] ¢37'00
L sy
V, = = ¢sTaodS
' 6[ (@70,

LEMMA 4.22.1: Let 9,,Q, as defined by (4.15) and let the assumptions of theorem
4.2.1.1 be in force. Then

. . =K =%
1) as _’]ingl o th =1 4.22)
ii)as— im Q, V,0, =I. (4.23)
t—o0
PROOF:

i) Let 6>0 and fix w, taken from the set with probability one where (},(w)—>00.
Then there is 7=7(w) such that V¢=7 we have |6, —6);|<$ for all components
i. Consequently (1—8)¢70y<¢!0,<(1+8)$]0, for t=r. In the ordering of
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positive definite matrices we then have

1 ¢s¢s<
1+8 S

_ 1 ¢:¢s
Qt l_Q‘r . S_ ¢1~0

or
—-1 -1 -l 1 =1 —=-1
5@ -0 =g -0 <@ -2 )
which yields
L 1-0/0,'0/)<0/ 0 -0:")0! <—<1-0/0, D))
1+8 1-6
Now take limits for #—oco and use that Q,—0 to get
s I<lminf0 0 Q) <limsup0;'Q; 'O/ <51 (424)

1+86 )

Since (4.24) holds for all >0 the proof of (4.22) is complete. []
i) The proof of (4.23) is analogous.

The following vector valued martingale is important. Define

t
M, =j ;;9“:_ dm,

Notice that we have <M >,=V,.

THEOREM 4.2.2.2: Assume that there exists a function p:[0,00)—[0,00) such that
P —tlim W)~ 'efe,=1 (4.25)

Then
o/ M >N, D).

PROOF: Let C be as in assumption 4.2.1.2 (ii)

1 ! ¢s¢.\T |
C = lim ds =
as— 1—00 00(1)1 0'/ ¢300 o l—»coo
Then we also have
1 ¢J¢S
lim oy j (4.26)
Define
t ATC—”¢S

M}=NTCTiM,= [—
0 ¢sas—

sy
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O‘TN"(I))_I <M>=
= WNINTC4Q; M) 0! V.0 w40, et

by (4.25), (4.26). Hence assumption 3.1.6.3i is satisfied. As in the proof of
lemma 4.2.2.1, let 7(w) be such that ¢ =m(w) implies

670, — o7 6| <¢T 605,

Consider
L EQTCReY .
W)™ [ e e I oy 4 ods (427)

Let us split the integral in two pieces, one with integration bounds 0 and ¢ A
and the second with bounds /A7 and ¢. Then clearly (A\TAw(r))! times the
former integral tends to zero almost surely. Hence we continue our investiga-
tion of the second integral which is after multiplication by A\TAu(z))~! less
than
- P ATC g Y rs
—_8-2\T 1 IS/ r. N'C™", Ty O
R :/[f (@76, Ly a0y 95 bods <

ENTCTNoTo)

<(1-8)"2A\TAw(z)) ! NCMIS, o T0ods 4.28
(1—-8)2(A"Aw(2)) ‘ Af1 @R w45 b (4.28)
Now let ¢ be such that
ATC—IA

Wt)=

P—spanng” Vhere 8 = min{f,i =1,...d}

Then

ATC™N79 _ ATC™'Ni e
PA=8P @1’ (1-8)({6)

Consequently for large ¢ the indicator appearing in the integral in (4.28) will
be zero. As a result (4.27) converges to zero almost surely and a fortiori in
probability, which gives us condition 3.1.6.3ii. Conclusion

AT ()=

AT~ M} E> N (0,1,

As in the proof of theorem 4.1.2.1 the Cramer - Wold device gives us
WOC) M Z>NO, D),

if and only if
Y ORIVEIYN
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which has just been proved.

Finally
0/ M, = p(t)*C*u(t) #C~*M,

We know from (4.26) that p(1)%Q #Ch 51 in probability, which completes the
proof.

COROLLARY 4 2.2.3: Under the assumptions of theorem 4.2.2.2
) 08 —>N(0 I)

i) 0, "6 E>N,D.

PROOF: i) By writing out the stochastic differential equation for Q; !X, one can
show that the following relation holds

Q:[f dm, + Qo' (xo—6o)]

And consequently
O %8, =1,07 *M, +1,0; #Qo(xo—bp)+ O *(1—IXe—b) (4.29)

Since I,—1 a.s. and Q-0 a.s. as t—oco0 we see from (4.29) that the asymptotic
distribution of Q; *8, will be same as that of Q}*M,. From lemma 4.2.2.1 we
know that we can replace O, by O, and the conclusion follows from theorem
4222,

ii) This is an immediate consequence of i)

The examples below are examples 1-3 of section 4.2.1 continued.

EXAMPLE 1: ¢(r)=[1,1+sins]”. Take w(¢)=t. Then one finally gets after some
tedious calculations: Approximately

0, +6,+\/6}+26,6, »

t

8,~N(Q,
with
1
(—_—)V02+20102 —‘0;(\/0%4'20102 —0)
—7,2— \/63 +26,6, —6,) 1

EXAMPLE 2: ¢, =[1,1+(—1)""]. One gets
15 fitls [0t 01]

= t]ilgt 01+202 6, 26,
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and the asymptotic distribution

1 20, —6,
e R
EXAMPLE 3: ¢, =[X,- 1—X,_]. Here

—fimLp = —1
@ :l-laIEotQ' [

8,~N(0, )

p1/6; 0
0 [10/00:|

and asymptotically

; +
0,~N(0,¥

01 /P'l 0
0 00/,;0])-

We see that in this case the asymptotic variance of 8, is the same as in exam-
ple 3 of section 4.1.2.

ReMARK: The basic assumption in getting a limit distribution for 6, or 6,
which is Gaussian is 4.1.2.1i or (4.25) depending on the algorithm. This
assumption more or less tells us that the quadratic variation process of the
martingale M becomes deterministic as ¢ grows. If this assumption is dropped
one can still derive results for the asymptotic distribution of §,. The idea then
is to perform some random time transformation 7=f(t) after which the
transformed version of <M > becomes deterministic. For the transformed
algorithm (which looks the same in the AML case (4.16)) we can then infer
asymptotic normality as 7 tends to infinity [36]. In the AML case a useful
transformation is T=®76,. This idea has also been carried out in [36] for the
off-line maximum likelihood estimation problem. Another way of getting
other limit distributions is to look at process ¢ such that Local Mixed Asymp-
totic Normality holds for the associated family of probability distributions.
See [1] for a definition. In this situation one may anticipate asymptotic distri-
butions for the 6,’s which are convolutions of a normal distribution and some
other distribution. This approach will not be discussed here.

4.2.3 Asymptotic efficiency of the AML algorithm

From the given examples it becomes clear that the asymptotic distributions of
0,, generated by (4.5), or (4.15) will differ in general. Thus they cannot both
give us efficient estimators. In general we have the following Cramer-Rao ine-
quality. An unbaised estimator of # based on the observations in [0,7] has a
covariance matrix which is at least

CA0) = (EolplogL®) 25 logL @) " (4.30)
where the likelihood ratio L,(f) is as before. Calculation of (4.30) gives us

T —1
E, f‘ b5 p! dg]

G@0) = . %7-0
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This means that 8, is an asymptotically efficient estimator if we have

C(60) (B, — o) >N, T) (4.31)

Clearly by comparing corollary 4.1.2.2 and (4.31) we see that the LS estimator
of 6 will not be asymptotically efficient in general except for some specific
choices of ¢. Recall that this was one of the considerations for seeking
another algorithm than (4.5). On the other hand the AML estimator given by
(4.15) is a good candidate for being an asymptotically efficient estimator by
corollary . 4223 (i) We will indeed have this property as soon as
C/(6o)Q, —I in probability. However assumption (4.25) in theorem 4.2.2.2
does not seem to be sufficient for guaranteeing this. But if we impose as an
additional requirement that pu(f) "' C,(6p) "' —C then indeed from (4.26).

_— ——1 P
C)0: | = ClouD)'0; »C'C =L

In fact under the assumption (4.25) requiring p(t) ! gt_(fO) to converge to C is
nothing else but demanding the collection {C,(6y)Q; }:>0 to be uniformly
integrable.

Let us summarize the discussion of the proceeding paragraph in

PROPOSITION 4.2.3.1: Assume that there exists a function p:[0,00)—[0,00) such
that

P—lim p(t)"'®@76, = 1

t—>00

Jlim wn)'Cl) = C

where C is as in assumption 4.2.1.2 (ii). Then the AML estimator b, generated
by (4.15) is asymptotically efficient.

One easily checks that one can take in the proceeding examples w(¢)=1.
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4.3 Recursive maximum likelihood estimation 11

In this section we present a slight modification of the AML algorithm (4.15)
that enables us to prove almost sure convergence of the {6,} under weaker
conditions. These conditions are close to those in [15,25]. However we do not
require all of the conditions of [15] to hold. As such this can be considered an
improvement. On the other hand we clearly deal with a more specific model
than the general semimartingale regression presented in [15]. Recall that our
model is given by (4.1). Throughout this section the following assumption
holds.

ASSUMPTION 4.3.1: 6, lies in a compact subset of R% . Hence there exists >0
such that e<fy; <~ Vi =1,...d

AML II ALGORITHM:

ax, = Q::" (dN,— T X,d1), X, (4.32a)
=

do, = Q“"’T‘ZQ‘ 1, Qo>0 (4.32b)
t

8, = IIyX, + 1—I;)1 + €1 (1=I)1 (4.32¢)

Iy = lgrx=e) (4.32d)

Iy = lgrx<e'sny (4.32¢)

CoMMENT: Introducing the e above is done to establish a.s. convergence of
{6} to 6. If we compare (4.32) to the AML algorithm (5.15) we see that we
use the extra indicator process I,. Clearly we require knowledge of € to com-
pute the §,. The proof of §,—f, as. that we will give parallels to a certain
extent the procedure in [15]. First we state an auxiliary result.

=== ¢s¢s
Define Q, f oT0
A, its maximal elgenvalue

—7a—ds. Denote by A, the minimal eigenvalue of 0, " and by

LeEmMMA 4.3.2.: There exist constants ¢ and ¢ such that
i) THEN<An(Q7 DH<e 2\ 4T

i) c+EA<Amn(Qr )Z€ A +c

PRrOOF: Define ¢ = 1lnf xTQy'x and c= su_prQo

Since e¢T1<¢T0 <e '¢T1 we have for all X eRd

xT05x + éxTQ \x=xTQ; \x=<xTQ5 1x + c‘szé,_lx. (4.33)
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By taking infima in (4.33) in the right order we get (i). The second assertion
follows by taking suprema.

THEOREM 4.3.3: Consider the AML II algorithm (4.32). Assume that \;—oo a.s.

and that there exists a function f :[0,00)—[0,00) such that ]imx_,mjixﬁ=oo

and such that
sup fog A)<oo as.
Then b,—)ﬂo as.

REMARKS
1. Observe that é,—)oo a.s. implies that N;—o0 a.s. because

t
[¢T60ds = 650, ' 8o=\036s.
0

2. A possible choice of f that can be found in the literature [15,25] is
fx)=x'*%, with a>0.

The crucial step in the proof of theorem 4.3.3 is lemma 4.3.4 below. We will
postpone the proof of this lemma and show first, after stating the lemma, how
we use it in the proof of theorem 4.3.3.

LEMMA 4.34: Consider (4.32). Let X,=X,—0, and P,=)~(,TQ,‘1)~(,. Then
P,=0(log A,) a.s. (t—>o0).

PROOF of theorem 4.3.3.:
X[ X, = X] 07 Q07 # X, <Apax(Q)P, =
P, _ flogh) N logh P,

— — — — 4.34
@) A (@) floghy logx, Y

Consider the right hand side of (4.34). Its last factor is bounded in view of
lemma 4.3.4. The first factor is bounded because of the assumption in the
theorem. The second factor is bounded because of lemma 4.3.2 and the third
factor tends to zero because of the assumption on f. We conclude that X,—0
a.s. But now it is easy to show that §,—6, a.s.

8, = 0,—6 = XI Iy + (1—I,,Xel—0p) + (1—Ip)e '1—6p).

Since $76,>>¢7 1€ there is 7>0 such that ¢76,=¢T1(e+7). Because X,—0 we
eventually have |X;,|<7,Vi. But then

oTX, = ¢TX,+ ¢70=—oT1n + ¢T1(e+7) = ¢"1e

Therefore 1;,—1. In a similar way one can prove that 75—1, which implies
that 6,—0 a.s. [.
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The proof of lemma 4.3.4 involves a series of other lemmas.

t
LEMMA 4.3.5: Let Py>0, PoeR*** and let P,=P0+f$(s)§(s)rds' for a con-
0
tinuous function §:[0, 00)—>RX. Then
t

@) [&s)TP; E(s)ds = log det(P,)—log det(Po)
0

) [&s)TP; E(s)ds = O(10g Amax(P,)).
0

PROOF: Let BER*** WeR* and 4 =B+ WWT. Assume that A is invertible.
Then

. detB
T 1 _—
WiA='W =1 e (4.35)

This can be seen as follows. Observe that WW7TA4 ™! has k —1 eigenvalues
zero and that the other eigenvalue is W74 ~!W. Hence the characteristic
polynomial of WWTA ™! is pA)=A"1(A— W74~ W). Observe now that

detI—WWTA H=p()=1-WT4" W,
whence (4.35).

For At |0 we have by definition of P,
P,=P,_p + H)&)TAt + o(Ar)

Notice that P,=>P,>0. Hence P;! exists and det(P,)>0. Application of
(4.35) and the continuity of z—det(P,) yield

_ det(Pi-s)

Atg(0)TP7Er) = 1 3ei(P)) + o(Ar)
Hence

oy P gy = SR L 4 o)
or

TP = D%g(i;%‘ = D~ log det(P,)

where D~ denotes left derivative. So of (i) has been proved. The second
assertion of the lemma is a simple consequence of (i).

LEMMA 4.3.6: Let m be a quasi left-continuous locally square integrable mar-
tingale with <m>=A. Let f :[0,00)—[0,0) be a differentiable increasing func-
tion with
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T dx
limf(x)=0 and |———=<
e oj (1+fx)y
Define g,=1+f(A,). Then both g 'm, and g;*[m,m], converge almost surely
for t—>00. On {A.,, =00} both limits equal zero a.s.
Proor: This 1s 3 simple application of lemma 4.1.1.1. Consider g; 'm,.
Define X,=g; 2m?. Then application of the stochastic calculus rule yields
dX, = —2g; 3f'(A,)m,dA + g 2@2m,_dm, + d[m,m},)

= —2g 'f(A)X,dA, + g *dA, + g *(2m,_dm, + d(Im,m],—A4,)

Notice that f(4,)=0. Application of lemma 4.1.1.1 immediately yields the
desired result since

o0 A-o dx
Tl = [ ———— <
[&74 = [ @ s
On {4 , =00} the second part of lemma 4.1.1.1 yields that X,—0 because

0 0
[&'f4)Xdd, = [X.dlog g,.
0 0
The statement about g; 2[m,m], can be proved similarly. O .

REMARKS :
1. The statements of the lemma can be summarized as
m, = o(g) + O(1) and [mm], = o(g,z) + 0(1).

2. Of course we may replace g, in the lemma by f(4,) since we consider the
behaviour for 1—0c0
3. Convenient choices of fin applications are f (x)=x"179_ with a>0.

PROOF of Lemma 4.3.4: For X we have the following equation

d%, = L2 (o7 Rt
o786, _
Hence
-~ -~ T~ = X
ap, = dX] 07" X) = 222 (dm,— o Rodt) + (X'Tr?')z dit ¢;QI¢1
¢’ 0’_ ¢‘ 0{ (¢t 0 )2
or
B=Py + == (qub’
o ¢76,
T T
2 /¢,T 8, _dm,+ j (O s [ 2O, (436)

(976,7 (76, )2
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Write (4.36) in obvious notation as

P,_Po +I,, :ZM“ +R, +M2, (4.37)

Compute
@7TX)} 76
M = f TR T
0 ¢30 ¢:0
Observe that
T
acdh
70,

Hence €L, <<M,>,<¢ 2L, Hence M, =o(L,)+O(1) in view of lemma
4.3.6 (take f(x)=x), and remarks 1 and 2 that follow this lemma. Consider
now R, and notice that

tzf s Qs¢s _2]‘ s Qs¢s (438)

The integrals in the extreme s1des of (4 38) are of the form encountered in
lemma 4.3.5. (Take &(s) =
(Take §s) = —o 0 0 =P
Therefore R, = 0(log Apnax(Qr l)) The last term to analyze in (4.37) is M»,.
(¢.{ Qs¢s = f ¢I dQs¢s s 00 ko NS
wriy ¥ CHAIEH)

L oTo, 70, _
& dir(—Q,)<e *[dt :
ofo)z%,a (Q)cfr(Q

<M,>, = f
0

<e *tr(Qg)<oo.

From lemma 4.3.6 we conclude that converges to a finite limit and

M,
<M,>
since <M,>,<e *tr(Qy), M, is a.s. bounded. Collecting the above results
we get from (4.37)

—Py + L, = o(Ly) + O(1) + O(log Auax(@;1)) + O(1)
or

—Py + L(1+0(1)) = O(1) + O(log Amax(Q;))
From lemma 4.3.2 we obtain after dividing by log A,

L
1 1)—/— = 0
S+ (e = o)
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Since both P, and (1+o(l1))L, are (eventually) nonnegative we get
P,=0(log A,), as was to be proven. [I.

We close this section by proving that the limit distribution of the AML II esti-
mators defined by (4.32) is asymptotically normal. Since this proof is essen-
tially the same as the end of 4.2.2.3 and related results we will only give the
principal steps.

THEOREM 4.3.7: Assume that {3,} given by (4.32) is a.s. convergent. Assume that
there exist P:[0,00)—>R%*? and h:[0,00)>R ; such that
(i) his an increasing function of each of its arguments, A (¢, T)<h(1,T7)=T,

V,TE[0,1]X[0,00) and limh(,T) = oo, V1€(0,1}
—00

@) R()= lim P(T)~% P(h(1,T))P(T)* exists and R (1)>0 for t€(0,1]
(iii) P(t)~#Q,P(t)"*—I in probability for 1—c0.
Then Q;%8,%> N(0,I).

PrOOF: We use the same techniques as in section 4.2.2. It is easy to see that
the asymptotic distribution of Q; %8, is the same as that of Z,=Q, M,,
¥

= Ps
where M, = | ———dm,. Define
! of N
h(t,T) ¢
zl = NP [ —¢

T dm, for AeR¢, te[0,1], T<[0,00).
0 s V0

Then

<ZT>, = NP(TYQnanP(T)*\
Hence <XT>,5ATR(#)A in probability as T— oo, because of the assumptions
in the theorem. Now choose T such that }\TP(T)”)\sf_z—2 for T>T,. Then

2 2
ATP(T) .07 P(T)*A<ATP(T)A$] 6, <%¢I ¢s <%(¢I 12 <& (¢7 6o)*.

Hence for such T

"D 9407 - wrpary
ANTP(TY" [ ¢T—0'01{|"_’;(,;M>5)dsP(T)”A = 0, Vte[0,1]
0 s s Y0

The above implies that the assumptions of proposition 3.1.5.4 are satisfied.
Hence Z75> W, where W is a Gaussian martingale with <W>,=R(f). In

particular ZT =01 =02 M, £>N(0,1), because R(1)=1. O



89

5. COUNTING PROCESS SYSTEMS

In this chapter we treat some problems for counting process systems with a
finite state space. Two specific classes of counting process systems will be
treated viz. conditionally Poisson systems and self-exciting systems, which are
the topics of sections 5.2 and 5.3. The main problem we adress is the charac-
terization of minimality of a system, which means minimality of the state
space. The reason why this topic is important lies partly in identification
problems for such systems in the situation where the state process cannot
directly be observed. It is known in instance for deterministic linear system
theory that a state space, which is too large for explaining the behaviour of the
output process, contains unobservable components. This implies among other
things that if one wants to perform output-based parameter estimation one will
not be able to identify the true parameter values that govern the behaviour of
the state process in a unobservable part of the state space. For counting pro-
cess systems to be treated in the next section a similar reasoning holds. If for
instance one wants to identify transition rates of the state process (which turns
out to be a Markov process) and if two different states yield the same
behaviour of the observed counting process, then one is clearly not able to dis-
tinguish whether the state process assumes one of these two values, let alone
that one is able to draw reliable conclusions about rates that govern a transi-
tion from one of these states to the other one. Therefore one can anticipate
that minimality is also a prerequisite for consistency of estimators generated by
recursive algorithms as in chapter 4, in the situation where the state process is
not observed. The lesson of these considerations, as is well known, is that one
should always work with minimal representation of a stochastic system.

5.1 Counting process systems

Counting process systems form a subclass of what is known as stochastic sys-
tems. Roughly speaking a stochastic system without input consists of two sto-
chastic processes X and Y where X is called the state process and Y the output
process. As in deterministic system theory the state process at time ¢ should
summarize all the relevant information about the past of the system in order to
describe the future output. Contrary to what can be done in deterministic sys-
tem theory the state process at time ¢ cannot exactly predict the values of Y;
for s=t. It can only describe the probabilistic behaviour of the output pro-
cess. These notions are made precise in definition 5.1.1 that in abstract terms
describes what a stochastic system without inputs is. This definition is fol-
lowed by a more detailed treatment of stochastic systems where the output
process is a counting process. First we have to introduce some notation. Let
a complete probability space (£,%P) be given together with a filtration F. Let
X and Y be F-adapted stochastic processes. Then % =o{X,,s<t} and
% =of{Y,,s<t} are the o-algebras generated by the past of the procesesses X
and Y. Similarly 5t =¢{X,,s=>t} contains the information of the future of X
after 1. We also use the o-algebra that describes the future increments of the
output process Y, BY+ =o(Y,— Y,,s=1).
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If %,,% and § are sigma algebras contained in % then we say that % and %
are conditionally independent given §, if for all integrable % -measurable func-
tions X, the following relation holds

E[X,|% N8 = E[X,|8}
We will use the notation (%,,%|9)eCI.

DEFINITION 5.1.1: [38]: A continuous time stochastic system is a multiple
Q,%,P,T,F,X,Y,%, %) such that

(i) (2,9 P) is a complete probability space

(i) TCR,T an interval.

(i) F={% },r a filtration on (2,%P)

(iv) X and Y are F-adapted processes with values in the measurable spaces %

and % rwgectively.
V) (VR Flo(X,))eClI for all 1=0.

Formally speaking each of the components of the multiple in definition 5.1.1 is
part of the definition. However if no confusion can arise we will often write
(X,Y) for a stochastic system. The crucial property in the definition of a sto-
chastic system is (v), which says that given a whole past % it is sufficient to use
only X, for the prediction of the future values of X and the future increments
of Y. Observe that 5.1.1 (v) implies that X is a Markov process with respect to
the filtration F. Finally it is noticed that usually %=%V9¥' and
T=(—o00,00) or T=[0,0).

Clearly the above definition is too abstract for practical purposes. In particu-
lar cases one has to specify the distribution of the state and output process.
One way to do this is to pose stochastic differential equations that X and Y
satisfy. In this chapter we will treat stochastic systems where the output pro-
cess is a counting process and X a finite state process.

DEFINITION 5.1.2: A counting process system is a stochastic system where the
output Y is a counting process. We write in this case N for the output process
instead of Y. The shorthand notation is then (X,N) for a counting process
system with state process X.

We will treat in more detail the class of conditionally Poisson systems.

DEFINITION 5.1.3: Let N :2X[0,00)—>N be a counting process, F-adapted with
Doob-Meyer decomposition w.r.t. F: dN,=\dt+dm,. Let F =a{A,,t=>0}.
N is called a conditionally Poisson process, or a doubly stochastic Poisson pro-
cess, iff for all £,h=0, ucR

t+h

Elexp(iu(N; +4—N))|% VT ] = exp((e™—1) [ \ids)

So conditioned upon FVF, N,1»n—N, has a Poisson distribution with mean



91

[ N\ ds.

PROPOSITION 5.1.4: N is a conditionally Poisson process iff m as given in 5.1.3 is
a martingale w.r.t. F={%},50, where 5, =%V Ty,

PROOF: If N is conditionally Poisson, then

. . t+h .
E[my 4 —m|%] = E[N;+n—N,|F]1—E[ [ Ads|F]
t

t+h t+h
= [Ads— [Ads =0
t t

Conversely assume that m is a martingale w.r.t. F. Apply the stochastic cal-
culus rule to exp(iuN,) to obtain

t+h

exp(iuN, +4) = exp(iuN,) + (e —1) [ exp(iuN, - )dN,

t+h

= exp(iuN,) + (e —1) f exp(iuN; _ Y(Asds +dmy)

Take conditional expectation w.r.t. %, and get
t+h

E[exp(iuN, +4)|%] = exp(iuN;) + (e*—1) [ E[exp(iuN,)|%\ds

Define g(t +h,t)= E[exp(iu(N; + —N,))|"}‘,]. Then we get
t+h

ge+h) =1+ (e“—1) [ g(s,)\ds,
t

t+h

from which we find g(t +h,)=exp((e* —1) [ Ads). O

Next we present a method for the construct’ion of a counting process system.
Let a probability space (2,%,P,) be given together with a standard Poisson
process N and a Markov process X (with state space %) defined on it such that
N and X are independent processes. Notice that such a probability space
always exists. We assume that X has cadlag paths. Consider the following
filtrations: F¥ FXF=(F'VF},50,F={F'VFL },50. The following observa-
tion is important. Let m,=N,—¢. By definition m is an F"-martingale. How-
ever because of the independence assumption m is also an F- and F-
martingale. Similarly X is also Markov with respect to the filtration F. Let
A:[0,00) X X—(0, 00) be a measurable  function such that
Eo[0A(s,X;)ds <oo, Vi. Write \,=A(t,X;-). Then {A,} is clearly both F and
1

IE-predictable. Then M defined by M,= f (A, —1)dm, is an IE-martingalc and
0
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let A,=&M,). Then
A, =exp(jlog)\,st = j()\, —1)ds)
0 0

and A is an F- and F-local martingale. We make the following assumption:
EgA,=1, Vt=0, We can now define a new measure P on (2,9,)=(2,%,)_as
follows. If A% then by definition P(4)=E[l4A;]. The extension to_%,
follows by Caratheodory’s theorem. Observe that the restriction of P to % is
absolutely continuous with respect to the restriction of P to % with A, as
Radon-Nikodym derivative and that A,>0 P, a.s. Observe also that the res-
trictions of P and P, to %X coincide.

PROPOSITION 5.1.5: Under the new measure P
’ ~
(i) m,=N,— _/ A,ds defines a martingale with respect to F and F.

0
(i) X is a Markov process with respect to F.

PrOOF: The first assertion has already been proved in proposition 3.2.5. So
here we prove only (ii). Let f be a bounded measurable function on % and

dP|%
h>0. Then because A, is the Radon-Nikodyn derivative | 2
dpP|%
Eo[f(X; +n)\|%
E, i§) = SO g g = Eolf(cnloxo)
EO[AIUx]-

In the second equality we have used the fact A, is %-measurable and in the
third one that X is F-Markov under P,. [J.

THEOREM 5.1.6: Under the new measure P the pair (X,N) forms a stochastic sys-
tem.

PrOOF: From part (i) of proposition 5.1.5 and proposition 5.1.4 we obtain that
N is conditionally Poisson. Notice that we even have
t+h

Elexp(iu(N, 14— N)|%] = exp((e—1) [ Ads).

Hence

E[exp(iu(N, 14— N))|% VI | = E[exp(iu(N, 15— N)|F ]
which shows that

(TN, G| eI, Vi=0.
The fact that X is F-Markov yields

(&, Flo(X)eCI, Vi=0.
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Now we can use the following result which is obvious. Let Fy,F,G be o-
algebras. Then (F,,F,|G)eCI and (F,,F3|GVF;)eCI is equivalent with
(F],Fz\/FglG)ECI.

In our case we take G=o(X,), F,=% ", F,=9% and F;=%"* and we
obtain (%, 5+ VN *|o(X,))eCI. O.

Thus we have constructed a stochastic system where (as always) X is a Markov
process and the output process is a conditional Poisson process. Notice that
so far we have used an evolution equation for N whereas for X we only have
the Markov property. The next objective is to describe the evolution of X in
terms of a stochastic differential equation. Throughout the rest of this chapter
the following assumption will be in force.

AssUMPTION: 5.1.7: The state process X takes its values in the finite set
{X=x,,...x, }, where the x; are different.

Define Y:2X[0,00)—{0,1}" by its components Y;:=1;x-,) Denote by ®(z,s)
the matrix of transition probabilities of X. That is for =5, with the notation

z* =z7"1(,29) and the understanding %=0

Dy(t,s) = P(X, = xi|X; = x;) = (EY})" E(Y;s Y).

Then we have the following well known facts. Semigroup property:
D(t,5)=D(1,u)®(u,s) for t=u=s. Assume that for all t=0 the following limit
exists

R § _
AQ): = lime-{0( +ht) — 1]

A (t) will be called the generator of X at time ¢. So A4 (¢) has nonpositive diag-
onal elements, the other entries are nonnegative and the column sums are zero.

Such a matrix will be called a Markov matrix. Then %@(r,s);«i )®(t,5) In
particular %Q(t, 0)=A4(1)®(, 0). From this equation we get
det®(z, 0)=exp( f ‘tra (5)ds). Hence, by definition of A(t), we see that ®(z, 0) is
invertible for all 7=0.
PROPOSITION 5.1.7: Define Z:QX[0,00)—>R" by Z,=®(1,0)"'Y,. Then Z is an
F-martingale and Y satisfies the stochastic differential equation

dY, = A(t)Y,dt + ®(1, 0)dZ, 5.1

Proor: Using a representation of a conditional expectation when the condi-
tioning o-algebra is generated by a finite number of disjoint sets we get

E[Z,|%] = ®(t, 0)'E[Y,|%] = ®(t, 0)~' E(Y;|o(X,)] =
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= ®(t, 0) ' E[Y,|o(Y,)] = O(t, 0) ' SE[Y]" E[Y, YY) =
j

= ®(1, 0) "' ®(t,5)Y, = ¥(s,0)"' Y, = Z,.

The second assertion can easily be proved by applying the stochastic
differentiation rule to the product Y,=®(z, 0)Z,. O

Notice that f I(I>(s, 0)dZ, appearing in (5.1) is again a F-martingale since ®(-,0)
is trivially prgdictable.

Proposition 5.1.7 thus gives us a representation of Markov processes in terms
of a linear stochastic differential equation driven by a martingale. The next
result gives a converse statement.

PROPOSITION 5.1.8: Let X:QX[0,00)—>% be a stochastic process, F-adapted, and
let Y be associated with X as before. Assume that Y satisfies

dY, = A(t)Y,dt + dm} (5.2)
Here A:[0,00)>R"*" is a Lebesque measurable function (deterministic !) and
m?Y an F-adapted martingale. Then X and Y are F-Markov processes.

PrROOF: We have to prove that E[f(X,)|%]=E[f(X)|o(X;)] for all
fi{x1,...,x,}>R. Since f(X))=2Z,;f(c))Y; we only have to prove
E[Y,|%]=E[Y:|o(X;)]. Let: B(1)=%®(¢,0). Then

B(t)=A@t)B(t), B(0)=1I

Now we can write the solution Y, of (5.2) as
t

Y, = B(t)Yo + B(t) [B~'(s)dm!.
0

Notice again that [ B~!(s)dm! is an F-martingale and B(r) deterministic.
Hence 0

E[Y,|) = B()Yo + B() [ B~ u)dm} =

=B(1)Yo + BB~ ()Y, — Yol = BB~ ()Y,

Since we have o(X;)=a(Y;) C% we get

E[Y;|o(X;)] = E[E[Y;|%]|o(Y,)] = E[B(t)B ™ (5)Y;|o(Y;)]

=BMB'\©)Y, = E[Y|§]l O

Concluding we see that the statement X and Y are F-Markov is equivalent
with saying that the indicator process Y satisfies equation (5.2).

Next we give a result on Markov solutions of stochastic differential equations
(see also [33] for related problems).
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PROPOSITION 5.1.9: Let X be the solution of the stochastic differential equation
dX, = g(t,X)dt + dmf, X, (.3)

where m* is an F-martingale and g:[0,00)X%—R. Assume that the jump
measure p of X admits a compensator » (with respect to F and P) such that
wdt,dy,w)=p(t,X;(w),dy)dt. Then X is an F-Markov process

PrOOF: We show that for the indicator process Y the representation of propo-
sition 5.1.8 holds. From (5.3) we get from the stochastic calculus rule for all
k=0:

dX*= kx*-ldx, + f[(x,_ +y)— Xk —kX* = ylu(dt,dy)
%
= kX¥ (g, X))+ [I(X, +y)t — Xk — kXt "'y lp(1, X, dy)dt
%
+ am® (5.4)

Here dr'hfk) summarize all the martingale terms in (5.4). In a more compact
notation we can write (5.4) as
dxt = g®(,X)dt + din; (55)

where g®):[0,00)X%—>R. Now we can write X¥ as [xf,...,xX]Y, and g®(1,X,)
as GO(1)Y, where G®()=[g®(t,x)),....g*(t,x,)]. Introduce the following
notation. ¥ is the (nXn) matrix with k-th row equal to [xf~!,..,.xk71]
(k=1,...,n). G() is the (nXn) matrix ,?)vith k-th row G*~D(t) (k =1,...,n).
M, is the martingale with components m, . If we consider (5.5) as a system of
equations for k =0,...,n—1 we can summarize it (with G(¢) and V as defined
above) as

VdY, = G()Y,dt + dM, (5.6)
Observe that ¥ is a Vandermonde matrix, that is nonsingular because all the x;
are different. Let A (1)=V ~'G(t) and M} =V~ M, then (5.6) becomes

dy, = A@)Y,dt + dM} 5.7
Because M is an F-martingale and A4 (¢) is nonrandom, we obtain from (5.7) by
applying proposition 5.1.8 that X is F-Markov, with generator 4 (r). O

If we collect the above results we get the following
THEOREM 5.1.10: Let the process X and the counting process N satisfy the follow-
ing equation
dX, = g, X)dt + dm¥, X,
dN, = Nt,X,)dt + dm,, Ny=0
Here \ and g are measurable functions from [0,00) X% to R and R™ respectively
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and m* and m are F-martingales. Assume moreover that m is a martingale with
respect to F={%' V%X } and that the jump measure p. of X admits a compensator
v of the form w(dt,dy,w)=p(t,X,(w),dy)dt. Then the pair (X,N) is a counting pro-
cess system.

5.2 Minimality of conditionally Poisson systems

In this section we will confine ourselves to stationary systems. This means that
the function 4,g, and A in theorem 5.1.10 are not explicitly dependent on .
So we use the representations

dY, = AY,dt + dM}, Y, (5.82)
dN = CY,dt + dm,, Ny=0 (5.8b)

Here C is a row vector in R” with elements ¢; =A(x;).

Equation (5.8) is called the forward representation of the system (X,N). It is
also possible to give a backward representation. The starting point of this sec-
tion is the system of equation (5.8). The word minimality in the title refers to
the minimality of size of the state space % in a way made precise below. The
external behaviour of the system (X,N) is the process N. We call (X,N)
minimal (to be made precise below) if we cannot find a system (X,N) where X
has a smaller state space than X. Observe that the external behaviours (X,N)
and (X,N) are both given by the same process N. For (X,N) we use the equa-
tion (5.8) with Y,4) and C replaced with Y,C, 4.

DErFINITION 5.2.1: The forward representation (5.8) of the system X,N) is
called strongly reducible if there exists a set X of lower cardmahty than % and
a function f': %% such that with X,= =f(X,), the pair X,N) is a stochastic sys-
tem with a forward representation of the form (5.8) and such that CY,=CY,.
In this case (X,N) is called strongly forwardly reducible. If (X,N) is not
strongly forwardly reducible, it is called strongly forwardly minimal. if it is not
strongly reducible.

Some remarks are appropriate.
1. If (X,N) is strongly reducible then the “new” state process X is again Mar-
kov.

2. The adverb strongly in definition 5.2.1 can be thought of as opposed to
weakly. One may call a system weakly reducible if there exists a counting pro-
cess system (X,N) on some possibly different probability space (2,%,P) such
that the state space of X has strictly smaller cardinality than that of X and
such that N is equal to N in distribution. One can also define strong reducibil-
ity for the backward representation of (X,N). We will not treat weak prob-
lems and problems for the backward representation. For this reason we will
speak of mimimality and reducibility throughout this section when we mean
strong forward minimality and strong forward reducibility.
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The problem that we want to treat is the characterization of minimal count-
ing process systems. In view of remark 1 above we first focus our attention on
functions of a Markov process.

From the equivalence of F-Markov processes and solutions of certain linear

stochastic differential equations (Propositions 5.1.7 and 5.1.8) it is easy to see
when functions of a Markov chain again yield a Markov chain. We give a
result that also holds for non stationary chains.
To be specific let as before X be a F-Markov chain with state space X. Let H
be another set and f:X—H a function. Clearly f(X) is again Markov if f is
injective. To avoid trivialities let us assume that H={h,, ... ,h,}, m<n and
that fis onto. Write Z,=f(X,). Associate with Z the indicator process W as
usual:

W:2X[0,00)>{0,1}", Wy, = 1(z,=)-

Define FER™™" by F;=1(sy)=p). Notice that 17 F=17, where 1, its a
column vector with as elements +1. Then W,=FY,. Notice that because f is
onto F has rank m, ie. it has full row rank. Let KeR"*®~™ be a fixed
matrix such that it columns span KerF. Let as before 4(¢) be the matrix of
transition intensities of X. We have the following.

THEOREM 5.2.2: Let X be F-Markov with finite state space X. Let f:X—~H. Then
S(X) is again F-Markov iff FA (1)K =0 where the columns of K span KerF and F
is related to f as indicated above. If this condition is satisfied, then the matrix
B(t) of transition intensities of f(X) is given by B(t)=FA(t)F, where F is any
right inverse of F.

PrOOF: We have dY,=A (t)Y,dt +dm}. Hence
dW, = FA(t)Y,dt + Fdm}

Now Z is F-Markov iff dW,=B(t)W,dt+dm}” for some matrix-valued func-
tion B and a F-martingale m"”. By the uniqueness of the special semimar-
tingale decomposition Z is F-Markov if and only if there is a B(") such that
FA(t)=B(t)F. Let F be a fixed right inverse of F. It exists, since F has full
row rank. Then the last equation implies B(¢)=FA(¢)F. Of course for B to be
well defined it should not depend on the particular choice of F.

Starting from F all other right inverses G of F are given by G=F+ KX, where
XeR"~mXm s an arbitrary matrix. Hence B(f) is well defined iff
FA(t)F=FA (t\F+KX) or iff FA()K=0. O

ReMARK: The result as such is not new but can be found in a slightly different
form in KEMENY and SNELL [10, p.126] where Markov chains in discrete time
are considered. However the proof given here is shorter.

We will work with a sgecnal right inverse of F, the Moore-Penrose inverse
which is defined as F*=FT(FFT)~! Because of the prominent role that
matrices F as defined before play, we will refer to these as reduction matrices.
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PROPOSITION 5.2.3: The pair (X,N) is_reducible iff there exists a reduction
matrix F such that with A=FAF* LC=CF* _the equalities FA = Af and
C=CF hold. Moreover for the reduced system (X,N) the generator of X is A
and the intensity of N is given by CY,. In this case one says that F reduces
(X,N).

PrOOF: Obvious in view of remark 1 after definition 5.2.1.

Observe that the reduction procedure is transitive, which means the following.
Suppose F; reduces (X,N) into a new system (X;,N) and suppose that F,
reduces (X,,N). Then F,F, reduces the original system (X,N). Indeed if F,
reduces (X,N) then F]A :AIF] for A1:F1AFT and C:C]Fl for
C,=CFy. If then also F, reduces (X;,N), then we can write Fy4,=A4,F,
and C,=C,F,. But then Fy,Fi\A=F,AF\=A,F,F, and
C=C,F,=C,F,F, which is what we have to prove. Notice however that
given a reduction matrix F that reduces (X,N) one cannot always decompose F
as F=F,F,, where F, reduces (X,N) and F, reduces (X;,N). A simple
example is the following. Suppose that X has generator

-2 1 2
A=| 1 -3 2
1 2 —4

and N has constant intensity A=A17Y,. Then clearly F =[11 1] reduces (X,N)
but no reduction matrix FeR?*3 reduces (X,N) as can easily be checked.

DEFINITION 5.2.4: Let the row vector CeR” be given. Then D is defined to be
the diagonal matrix diag(C) which has as the j-th diagonal element c;. For
ueR,D(u)=(e™—1)D.

LEMMA 5.2.5: Let F be a reduction matric, with right inverse F* and kernel K.
Let C=CF* and D=FDF™. The following statements are equivalent

(@ C=CF

(i) FDK=0

(iii) FD=DF

PROOE: (i) => (ii):
(FDK);j =2 Fycx Kij =2 | F G F y Ki.

Because of the special form of the matrix F, there is only one nonzero element
in each column. Hence a product F; Fy equals zero if i~/. Therefore the last
summation can be written as

%FikEiFikKkj =6 ZFiKiy =6 ZFiKiy=0.
x k

(ii)=(iii)): FDK =0 means that FD is contained in the left kernel of K which
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is F. Hence there is a matrix L such that FD=LF. But then by postmultiply-
ing with F* we obtain L =FDF* =D.

(iii)=(@i): FD=DF implies that 17FD=17DF or 17D=17DF. However
1"D=Cand 1"D=C. 0O.

LEMMA 5.2.6: Let F be a reduction matrix with kernel K and let e; be the i-th
basis vector of R". Let (X,N) be a stochastic system as in (5.8). Assume that
FAK=0. Then F reduces (X,N) if C is such that Fe,=Fe; for some k and j

implies ¢, =c;.

PrOOF: We only have to prove that we can write C=CF, where C=CF*.
Observe first that

(FFT);= %E’ijk = 2 Fub;,

where §;; is the Kronecker symbol. In particular (FF)I =3, F, Observe furth-
ermore that of all i,j,k ¢ FyF;; 7JF,{F because of the assumption on C.
Now we calculate (CF);= (CFT(FF ) F)=

= _%Ckﬂk(FF )i 'Fy = %ckFikFij(FF Nyl =¢

zﬁj(FFT)Elgﬂk = cszjzcj
SoCF=C. O

To see whether a system (X,N) is reducible one may check whether the criteria
of proposition 5.2.3 hold for a reduction matrix F. If the state space X is very
large this is of course quite a task. So we are looking for more easily verifiable
criteria. In turns out the matrix W (u) to be defined below plays a crucial role.
The usefulness of this matrix will be illustrated in theorem 5.2.8. This special
matrix will be related later on to stochastic observability.

DEFINITION 5.2.7: W is the n Xn matrix with j-th row equal to 17(D —A4y ~'.
W(u) is the n Xn matrix with j-th row equal to 17(D(u)—Ay ~!.

THEOREM 5.2.8: Suppose that a reduction_matrix F reduces_a system (X,N).
Then W=WF, where the j-th row of W is given by 17(D—AY~'. Here
D=FDF* and A=FAF*. We also have W(u)=W(u)F,Yu, in analogous
notation.

ProOOF: If F reduces (X,N) then by 5.2.3 and 5.2.5 FA =AF and FD=DF.
We have to prove that 17(D -4y = lT(D AYF for all j. The proof is by
induction. It is certainly true for j =0. Suppose it is also true for some
integer j. Then

17(D—AYy ' =1(D —AY(D —A)=1T(D—AYF(D —A)=
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= 1T(D—AY(DF—AF)= 1T(D—Ay *'F.
The proof for W(u) is similar. [
Our goal is to prove a converse of theorem 5.2.8 We want to get a result such
that by inspecting the matrix W(u) we immediately see which matrix F, if any,
reduces the system (X,N). We need a series of technical lemmas.

LEMMA 5.2.9: Let ¢:R*—>C" be the solution of the equation

T
#(t,T) = 17— [¢(s, T)D(u)®(s —t)ds (59

t

Then 1, T)=1Texp(D(u)—AXt—T)). If ¢y=Rep and ¢, = Im¢, then

9=[¢1 ] satisfies

B 3 (cosu—1)D—A Dsinu

226D = oD | _gp up (cos u—1)D—A

REMARK: ¢ and ¢ also depend on u. In the notation we have suppressed this
dependence.  —

Proor: Differentiate (5.9) to get

T
20,7 = 66, TID@) + [9(5, 1D —1)dds
= §,T)D) + (17— g0t T)A

= 1, TYD(u)—A). (5.10)
So ¢ satisfies the differential equation
296T) = $6THD ()~ 4)
with terminal condition ¢(7,T7)=17, which has the unique solution
o1, T)=17Texp((D (u)—AXt —T)). By splitting (5.10) in real and imaginary
parts we obtain the differential equation for ¢.

COROLLARY 5.2.10: Let ¢ be the solution to (5.9). Then ¢ and W (u) completely
determine each other.

PROOF: ¢ is completely determined by the sequence
ak
G ¥ D}e=o

Now



101

k
:74;(1",7) = 1T(D(u)—AY.

For k=n (D(u)—A)* is a linear combination of the (D (u)—A4Y,j=0,...,n—1
by Caley-Hamilton’s theorem. Hence we know ¢ as soon as we know W (u).

Remark: In the sequel we repeatedly use the same symbol K both for the ker-
nel of a matrix considered as a subspace of some R" and for the matrix whose
columns span this subspace.

LEMMA 5.2.11: Let A€R"™" be a generating matrix for a finite state Markov
process. Let

C,CeR", C = [c1,mta) C = [¢1,m,6)

Assume that there exists a function f:R—R such that ¢;=f(c;). Let
D =diag(C), D(u)=(e™—1)D, D =diag(C), D(u)=(e™ —1)D. Let W(u) be as
in definition 5.2.7 and W(u) similarly defined with D taking the place of D. View
W (u) and W(u) as elements of AR",C") and let

K=nN,KerW(u),K= N ,KerW(u). Then K is a D invariant subspace of R", K
is a D invariant subspace of R" and K CK, or equivalently, W(u)K =0.

ProOF: We first prove that K is D-invariant. Observe that W(u)K=0 iff
1, T)K=0 iff ¢;(t, T)K=0 (See the notation of lemma 5.2.9). Use the equa-
tion for ¢. Then we obtain

" [$1(t, T)((cos u—1)D —A)— (1, T)sin uD]K=0.
or
1(2, TYDKcos u—y(t, T)DKsin u—éy (2, TYD +A4)K=0
Since this has to hold for all u,z,7 we obtain
1(t, T)DK=0, ¢,(t, T)DK=0

and ¢;(t,TY(D +A)K=0. In particular we get (¢, 7)DK=0 which shows that
K is D-invariant. The proof that K is D-invariant is similar. Observe that we
also have that K is D(u)-invariant and that K is D(u)-invariant. We proceed
with proving that W(u)K=0. Because of the relation between the diagonal
matrices D (u) and D(u),K is also D(u) invariant. Hence

(D (u)— D(w)K=KN(u)

for some matrix N,(u). Since &(t, DkEO (:1; as in lemma 5.2.9 with 5(u)
instead of D (u)) we also have

—;’;J;(t, TYK=0 or &1, TYD(u)—A)K=0,

which shows that there is N,(u) such that (b(u)—A )f( =IA(N2(u). Let ¢ be as
in (5.9). Then
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#(t,T) = 1Texp(D(u)—D(u) + D(u)—AXt —T)).
Observe that (D (u)—A)* is the sum of products of the form
(D (u)—D(w)" (D@)—A)"...(D ()~ D(w))* (D)~ A)*
Since K is both D (u)—D(u) and D(u)—A invariant we obtain, that it is also

(D(u)—AY invariant, which yields ¢(z, )K=0. Hence W(u)K=0 for all u.
O

ReMARK: The assumption in lemma 5.2.11 that such a function f exists is

eqmvalent with the statement that if for some ¢; =¢; then ¢;=c;. Consequently

if G —c]<:>c,—cj then there exist functions f and g such that ¢;= =f(c;) and
;=g(c;). So in this case K= K.

What we have seen in the preceding lemma is the following. Starting with the
matrix D if we replace it with another diagonal matrix D as in lemma 5.2.11
the kernel K of W(u) for all u might be enlarged to get the kernel K of W (u)
for all u. It is interesting to see what we have to add to K in order to obtain
K. From the proof of lemma 5.2.11 we get that K is D(u) and 4 invariant,
whereas K is only D(u) and A invariant. So if we write [K=K,K’], then K’ is
D (u) invariant but not D(u) invariant. This means that going from K =[K,K’]
to K we have to delete that part K’ of K that is not D(u) invariant. This
observation forms the key to the proof of theorem 5.2.15 below. Before stating
and proving this theorem we formulate some lemmas.

LEMMA 5.2.12: Let C be such that all the c; differ from each other. If
W (u)K =0, for all u then K=0.

PrOOF: Suppose K50. Then 17K =0 and all the colums of K are eigenvectors
of D(u). However in this case the only eigenvectors of D (u) are multiples of
the basis vectors of R” and for those the sum of their entries is not equal to
zero.

LEMMA 5.2.13: Let W(u) be given and a reduction matrix F such that
W)= W(u)F for all u. Assume that all the c;’s appearing in the second row of
W(u) are different form each other. If W(u)K=0 for all u, then K =0.

ProOF: Define D(u)=FD(u)F*. Observe that D(u) is again a diagonal
matrix and that 17D(u) is the second row of W(u). For K we have 17K =0.
Since W (u)=W(u)F, W(u)=W(u)F*. So F*K lies in KerW(u) for all 4,
which implies that F* K is D(u) invariant for all u:

Du)F*K = F*KN(u) for some N(u).

But then D(u)K =KN (u), which means that X is D(u) invariant. Because of
the fact that all the diagonal entries of D(u) are different from each other, this
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is not compatible with 17K =0, unless K =0.

COROLLARY 5.2.14: Under the assumptions of lemma 5.2.13 one has
N, KerW(u)=KerF.

PrOOF: Let K= N,KerW(u). Then W(u)FK=0, Vu. But then lemma 5.2.13
implies that FK =0, so K CKerF. Since always KerF C KerW (u), the proof is
finished.

THEOREM 5.2.15: Let W(u) be given and assume that there exists a reduction
matrix F such that W (u)=W(u)F, for all u. Assume that F is such that no two
columns of W(u) are identically the same. Let K, =KerF. Then FAK,=0 and
FDK, =0.

ProOF: We will consider two cases. In the first case K; =N, KerW(u). We
already know that K is D(u) invariant for all u. Hence FD(u)K;=0 and so
FDK,=0. By Caley-Hamilton’s theorem there exists a matrix M(u) such that
W(u)D(u)—A)=M (u)W (u). Hence W (u)D(u)—A)K,=0. So

W(u)F(D(u)—A)K,=

In this case N, KerW(u)=0. Hence F(D(u)—A)K;=0 and by the above
FAK,=0

In the second case K is strictly contained in K= N, KerW(u). Hence we
can write K =[K,K;]. This implies that N KerW(u)=FK,50, so that the
procedure of the first case considered fails. We proceed as follows. Observe
that we still have FD(u)K,=0 and FDK,=0. So C=CF in view of lemma
5.2.5. Now we are going to change C a bit. If ¢; is such that ¢;7c; for all
Jj7~i, then we define ¢;=¢;. If G; is such that for some Jj<ic;=cj, we pick a
number ¢; that differs form all the other ¢;’s. By this procesure we get a row
vector C_with elements all different from each other. Define C= CF
D= dzag(C) and D(u) (e™— l)D Observe that still K is D(u) and D i inyari-
ant but any non-trivial subspace of K, is not D-invariant, Construct W(u)
from D(u) as before. Then in view of lemma 5.2.11, N,KerW(u) is D invari-
ant and N, KerW(u)C N,KerW(u). So necessarily N,KerW(u)CK,. But
then even N,KerW(u)=K, in view of the dlscussmn that follows the proof of

lemma 5.2.11. Hence there ex1sts a matrix W(u) such that W(u) W(u)F for
all u. Now the second row of W(u) equals (e"‘—-l)C where the g',l_ are all

different elements by construction. So from lemma 5.2.13 N, KerW(u)=0.
the final step of this part of the proof is as in the first case considered. By
Caley-Hamilton’s theorem, there exists M (u) such that

W(uXD(u)—A) = M(u)W(u).
Hence W(u)F(ﬁ(u)—A)K1=O, which implies F(i)(u)—A)K 1=0. Since we
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already knew that Fb(u)K 1 =0 we get FAK, =0.
The next theorem is immediate from 5.2.8 and 5.2.15

THEOREM 5.2.16: Let (X,N) be a counting process system with finite state space.
Then (X,N) is minimal iff all the columns of W (u) viewed as functions of the
variable differ from each other.

Next we give a system theoretic interpretation for the above characterization.
We will call (X,N) stochastically observable if for all t <T the conditional dis-
tribution of (N7—N;|o(X;)) completely determines X7. This definition (see
below for a more precise formulation) differs slightly from what can be found
in the literature. There one can find an alternative that uses the joint condi-
tional distribution of the vector (N, — N, _,...,N; —N,;) given X,. However for

our purpose our definition suffices.

DEFINITION 5.2.17: The pair (X,N) is said to be stochastically observable if
Vt<T the map

X,—E[exp(iu(Nr— N,))|o(X))]

is injective on the support of X;. In the particular case for conditoionally Pois-
son systems we have

ProOPOSITION 5.2.18:

E[exp(iu(Ny—N))|o(X,)] = 1exp((e™ — DD —A)t—T))Y,

Proor: With
g(t, T)=E[exp(iu(Nr— N))|F' V 55 ]

T
we have g(t,T) = exp((e®—1) f CY,ds) (cf. definition 5.1.3). Hence g satisfies
the integral equation t

T
g(LT) = 1—(e“—1) [g(s, T)CY,ds (5.11)
t
Take conditional expectations in (5.11) with respect to % =%V J¥. Then

T
E[g(t.TI%] = 1—(e*— DE[ [g(s,)CY,ds|5]=

T
= 1—(e™—E[ [Elg(s, T)|F]CY,ds|%] (5.12)

Because of the fact that (X,N) is a stochastic system
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E[g(D)|%] = E[g(t,Do(X))

Hence there is a non random function 4#:RZ—R" such that

E[g(t,T)lo(X)] = h(1,T)Y,,

where h(z,T) is written as a row vector. Hence (5.12) becomes
ht,T)Y, = 1—(e™— l)E[fh(s,T)Y,CY,dﬂ?f,] (5.13)
with D =diag(C) we can write (5.13) ;s
h(t, T)Y, = 1—(e™— l)jT'h(s, T)DE[Y,|%]ds (5.149)
1
Because X is F-Markov E[Y;|%]=®(s —t)dsY,. So (5.14) now yields

T
h,T)Y, = 1—(e"~1) [h(s,T)D(s —1)dsY,

h(t,T) = lT—(ei“—l)jT'h(s, T)D®(s —t)ds.
1
In the notation that we previously used
h(t,T) = 17— ;h(s, T)D(u)®(s —t)ds
This implies that 4 is nothi‘ng else but the function ¢ of lemma 5.2.9. 0O .

THEOREM 5.2.19: (X,N) is stochastically observable iff for all u all the columns of
W (u) are different from each other.

ProOF: E[exp(iu(Nr—N,))|o(X,)] is not an injective function if and only if
some of the components of the function 4 in the proof of proposition 5.2.18
are the same, in which case we can write h(¢,T)=h(t, T)F for some other func-
tion A and a reduction matrix F. But this is the case iff

&* o -

MDD = S h(TDE, Vk=0. (5.15)
Now

ai:;?h(T,T) = 17((e“—1)D —AY = 1T(D(u)—A)-.

So (5.15) holds iff W(u)=W(u)F for all u, which again means that at least two
columns of W (u) are identically the same.
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Collecting the results of theorems 5.2.8, 5.2.15 and 5.2.19 we have the follow-
ing

THEOREM 5.2.20: The next statements are equivalent

(i) (X,N) is minimal

(ii) (X,N) is stochastically observable

(iii) AUl the columns of W (u) are different from each other, viewed as functions of
u

REMARK: For backward representations a theorem like 5.2.20 can be proved
that involves the concept of stochastic reconstructability.

Theorem 5.2.20 seems to be not very satisfactory from the point of view that
the matrix W(u) still contains the unknown variable u. But this is only
appearance, which will be explained as follows. Introduce the new variable
z=e"—1. Then all the elements of W(u), with e™—1 replaced by z, are
polynomials in z. Hence in order to check whether two columns of W(u)
coincide, one inspects the coefficients of these polynomials. These coefficients
appear to be functions of D and 4. Therefore one can replace the inspection
of W (u) with the inspection of the matrix that contains these coefficients. It is
a cumbersome job to describe how this last matrix in general looks. Instead
we give an example that illustrates the general procedure. Assume that n =4,
so |X|=4. The first row of W(u)is [1112]. The second row is

17((e™ —1)D —A)=17(zD —A)=z17D.
The third row in termo of z is

17(zD —A)*=2z217D2—z1TDA.
The last row is given by

17(zD —A)’ =2z317D3 —2z21T(D%4 + DAD)+ 217 DA>.

Hence comparing the coefficients of equal powers of z leads to inspecting the
matrix

[17

1’D

17D?

Z = |1"DA

1’p?

17(D%4 +DAD)
LlTl)A2

The conclusion is that we can reformulate the statement of theorem 5.2.20 by
replacing W (u) by a matrix like Z. So the criterion or stochastic observability
is then that no two columns of the matrix Z are equal.
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3.3 Self exciting counting process systems

In this section we study what are called self-exciting counting process systems.
These can be considered as being on the opposite side of the whole spectrum
of counting processes if they are compared to the conditionally Poisson sys-
tems. As shown in section 5.1, conditionally Poisson systems can be con-
structed by a measure transformation, where under the original measure the
state process and the counting process were independent. As a consequence
the state process and the counting process never have jumps at the same time
with probability 1. In this section we will see that for self-exciting systems
(the previously made assumption that the state space % is finite is maintained)
the state process can only jump when N jumps. The motivation for studying
this class of systems is roughly the following. From a practical point of view it
is attractive when the state process evolves on a finite space. For instance
finite dimensional filters for state estimation exist in this case. On the other
hand one can argue, see also BOEL [13], that in the situation where cannot
observe a state process and where there are no physical grounds that lead to
an obvious choice of a state model, it is perhaps better to use self-exciting
models for identification purposes.

Here we adopt both these points and the question arises whether this yields an
interesting model. To put it a little bit more precise, we want to characterize
the class of counting processes that admit an intensity, which is a function of a
finite state process which is Markov with respect to the flow of o-algebras gen-
erated by such a counting process. Or, to formulate it in terms of a stochastic
realization problem, given a counting process, under what conditions can it be
represented as the output of a stochastic system, where the state proces
assumes finitely many values, and is Markov with respect to the filtration gen-
erated by the output.

The purpose of this section is to present a solution of the above stated prob-
lems. In particular a detailed investigation is made of finite state processes
which are Markov with respect to a given counting process.

DEFINITION 5.3.1: A self-exciting counting process system is a stochastic system
(X,N) such that F¥ C 5V, Vt=0. So (F* VIVt 3V a(X,))eCL

This definition implies that the state process X is Markov with respect to the
filtration FV, whereas of course for N we still have the equation

dN, = A(X)dt +dm,

where m is now an F¥-adapted martingale. A good deal of this section is
devoted to F¥-Markov processes and we make again the restriction that the
state space of X is finite, so assumption 5.1.7 holds.

Before we are treating these FY-Markov processes we present some preliminary
results that will be used later on. Let (2,% P) be a complete probability space.
Let N:2X[0,00)->N, be a counting process and let %' =o{N,,s<t} be the o-
algebra generated by the collection {N,,s<t}. Write F¥ ={%,1>0}). Assume
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that N admits the minimal decomposition
dN, = N dt + dm,

where A:2X[0,00)>R ., is the F¥ -predictable intensity process of N and
m:QX[0,00)—R is a FV -adapted martingale.

The following lemma, known as the martingale representation theorem, plays a
crucial role.

LEMMA 5.3.2:
(1) Let M:2X[0,00)—>R be an FV -adapted martingale. Then there exists an
FY _predictable process k:Q2X[0,00)—R such that for all =0

t
M, =M + [k;(dN; — \ds)
0
The process k is P(dw)\,(w) a.e. uniquely defined and for all t=0
t
/ks)\,ds' <00 a.s.
0

(2) Let S:2X[0,00)>R be an F¥ -adapted semi-martingale of the form
S;=So+V,+M, Here V is a process of bounded variation which is
assumed to be continuous, V=0 and M is a F" -adapted martingale.

i) S can jump only when N jumps i.e. AS,70=AN,=1

i) If moreover S is a pure jump process (which is the case if it takes its values
in a countable set), then

S, =80+ ]kst,
0
and V is absolutely continuous satisfying
1= fnds
0
where k is as in lemma 2.1.

ProOF: The proof of (1) can be found in [3, p. 76]. for (2) we have
t
i) From lemma 5.3.2 we know that M,= f k,(dN, —\,ds) for some FV

0
-predictable process k. But then from the assumption that ¥ is continu-
ous AS, =AM, =k,AN,.
i) Now §,—So=2,</AS,=Z,<kAN,= [ 'k,dN, and V,=S,—So—M,=
t t
f, kedN, = [ kes(dN, —Ads)= [ "k \ds. a.s.

REMARK: The assumption that V is continuous implies that the given decom-
position of S is F¥ unique, since S is now a fortiori a special semi-martingale.
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PROPOSITION 5.3.3: Let.N and N be two counting processes and let A and A be
their FY -, respectively F¥ -predictable intensities. Equivalent are ~ _
(i) FCH, and F, and TV are conditionally independent given F'.

t

(ll) ﬁ,:]‘]{i‘>0}st and x,zl[i'>o}A‘ g
0

PROOF OF PROPOSITION 5.3.3: We will use the following result which is obvi-
ous. Consider two filtrations F and G, such that for all 1=0:% C§,. Then
there is equivalence between

(1) Any F-martingale is a G-martingale

(i) %, and § are conditionally independent given %

(i)=(ii): Write dN,=A\,dt+dm,, the Doob-Meyer decomposition of N with
respect to F¥. From the above equivalence m is also an F-martingale.
Hence m,= [ ‘hdm, for a P(dw)®dN,(w) a.e. unique process h. Then
(dN, =\, —\h,)dt +h,dN,, which gives dN, =h,dN, and A, =h,\,. Therefore on
the jump times 7; of N we have h%, =hy,. Hence we can also write
dN,=h,dN,=h\, +h,dm,. From the fact that predictable intensities are unique,
we find A, =h,A, a.s., which implies that 41} >0} =1(x >0y. An obvious choice
of h that satisfies this relation is h’,=1(3 >, . It is certainly F"-predictable and

00
E [1h21,.0)N: = E T Vb, 215, .0) =
0 n=1
=E X[, =17, =0} + L, =02, >03] =0,
n=1

which can be seen as follows. It~ hr, =~1, then N jumps at T,, so that XT >0,
and if Ay =0, then Az, =0 from A, =h,A,. The uniqueness of the process & now
gives the result. )

(i))=(i): Notice first that Y CF", since by the assumption N,= j; tl{;\,>o}st,
the sequence {7} of jump times of N is contained in the sequence {7} }. It is
now sufficient to prove that any F¥-martingale is a F¥-martingale. So let M
be a FY-martingale. Then there is a F¥-predictable process h such that
M,=M, +]:hsdr'h,. Now

A dt +d7;l, =dN,= 1(;\'>0}dN, = l(i,>0}k,dt + l(i,>0}dm, =\dt+ l{i’>0}dm,

by assumption. Because of 9?{" CH 13,0y is F¥-predictable, hence m is also a
F"-martingale. But then the same conclusions holds for M. O .
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REMARK: The formulation of condition (ii) of proposition 5.3.4 can be replaced
by
(i) There exists a F¥-predictable process u such that

-~ t ~
N, = /u,st and A, = yA,.
0

Later on one can identify u as u, =13 >¢), showing that it even becomes F"-

predictable.

The next object that we want to study is the class of F¥-Markov processes.
We will combine the results of corollary 5.3.3 and propositions 5.1.7, 5.1.8
applied to the situation where F=F" in order to find an integral representa-
tion of a finite state F¥-Markov process in terms of its infinitesimal charac-
teristics and the intensity of the counting process. Let as before

A =xl,1{’~>°}’ with the understanding that %=o.

THEOREM 5.3.4: Let X be an F¥-Markov process with state space {x1, . .. ,X,)}
and let Y be the indicator process associated to X as before. Then

t
Y,=Yo + [AfA(s)Y,-dN, (5.15)
0

PROOF Y is a pure jump process satisfying ¥, =Y, +f A(s)Y,ds+m] where
Y is a FN-martingale. Hence a multivariate extension of 5.3.2-(2) applies:

Y,=Yo+ f k,dN,, where k: QX[O 0)—R" is FV-predictable. In the notation
of this corollary we have V,= f A(s)Yds. So k satisfies for all =0

fA (5)Y,ds = fk,)\,ds-.
0 0

Hence, in order to ensure F"-predictability of k we have
A@)Y,_ =k, (5.16)
Now define k by k, =k 1(,~q). Then k is F¥-predictable and

0 o0
O0<E [ 1 piyMdt<E [ 1 =q)\idt = 0
0 0

Hence k and k are P(dw)\,(w) a.e. the same. From the uniqueness result of
5.3.2 we may use k as well as k. So we have

A@Y,_ =k,
Hence

AWY, A\ = ic-tArAt"- = l;t
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Now drop the tilde on k and the proof is complete. [

COROLLARY 5.3.5: We have the following explicit expression for Y:

k
Y r,<i<n.) = [IAFAT) + DYol1,<i<1,.,)
=1

PROOF: Immediate from theorem 5.3.4 by noting that Y7 =Yr_ and the fact
that Y is right continuous. [

EXAMPLE: Assume that the intensity process A does not depend on ¢. Then
A(w)=A for some non random constant A since Ag(-) is %) -measurable.
Assume A>0. Assume further that X is a homogeneous Markov process. Then

Y \r,<i<r,,) = A4 + D} Yolig i<,y
or
Y,=A"'4+D"Y,

Since Y, is a unit vector for all £, A"'4 +1 is a semi-permutation matrix in the
sense that each of its columns has exactly one +1 entry and the other entries
are zero. Of course two + 1 entries may occur in the same row. Consequently
all the diagonal elements 4; of A are either zero or equal to —A. If some
Aj;;=—A then there is in the i-th column 4; of 4 exactly one 4;; equal to + A.
All the other entries of A; are zero. If 4;=0 for some i then the whole
column A4;=0.

A similar remark applies to the general expression in corollary 5.3.5. We
have for all i 4;(T;)<0. Then if 4;(T;)<O there is exactly one j =j(i,T;) such
that 4;(T;)=—A;(T;). Since T; can assume any value >0, we have that for
each i and ¢ there is exactly one j=j;(i,r) such that A;(t) = —A4;(t), all the
other entries in the column 4;(t) being zero.

We will now investigate how A and A are related. Equation (5.16) relates the
intensity A, of the counting process with the matrix 4 (¢) of transition intensi-
ties of X by means of the intermediate process k. In this subsection we will
study this relation a little further.
Multiply (5.16) by Y7_ to obtain

AYLk=Y_AQY,- ;.17

At a jump time 7, of the counting process there are two possibilities. If X also
jumps then Y7 Yy =Yr_ and Y} kr=YF (Yr,—Yr_)=-1 If X
does not jump then Y} _kz =0. So assuming that X jumps we get from (5.17)

Ar, = =Y} _A(T,)Yr (5.18)
This last equation (5.18) suggests the following connection between A and A:
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N=—-Y_A@)Y,-
This connection will be studied m the sequel. First we need a definition.
Define N:2X[0,00)>R by N,= 2[YT Y),. Here [YT,Y] is the optional qua-
dratic variation process of Y. It satisfies

t
Y'Y, =Y{Y, +2[Y]_ay, +[Y7,Y], (5.19)
0

Observe that ]'\‘/ counts the transitions of the Markov chain. We now have the
following proposition.

PROPOSITION 5.3.6:

i) N is an F¥ and FY-adapted counting process with F¥ and FY -predictable
intensity \,= — YT_A(1)Y, -

i) N—N is also a countin ng_process. It is only FV-adapted and has F"-
predzctable intensity A, + Y, _A ()Y, -

iii) N,= fl{w,}dzv and A, =135 >0\

iv) & and G are conditionally independent given "?v

PROOF:
i) In view of eq (5.19) we have

0=YTY,~YIY,=2[ YI_dY,+[YT,Y}~[¥",Y],=
=2['YTA)Y,du+2[ YI_dmY+2N,—N,).

By observing that j(; YT_dm) is again a F¥ and FY martingale we get the
desired result according to the definition of intensity.
i) From known results in  stochastic  calculus we  get
N =[¥1.Y]= /kadN 2/ 1(y,y, ydN, because we only need to
know k at the Jump times 7,. If X does not jump when N does then
kr =0, and if it jumps then krkr =2. Hence N,<N, for all ¢ and
N, N, f l(y,=y, ydN; which yields in view of (i) that N — N has the
described mtensxty
1ii) Notlce that l{y #AYp )= I{An>0}‘n>°}_ 1{M>0), since AT gkr Hence
dNt—l()">o)dN, But then dN,—1(5>0)A,dI+1()">0)dm,, which ShOWS
that 13 50y, is the FN-intensity of N which is then also equal to A by

part ().
iv) This is an alternative formulation of (iii) in view of proposition 5.3.3.

An important corollary of this proposition occurs when all the A;(r) are
strictly negative. It is stated as the next
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THEOREM 5.3.7:

i) Let all the A;i(t) be strictly negative. Then N = N, §¥ =g for all t>0 and

At
i) k,:—(Y,T_A(t)Y,_) 4)Y,-=—3 ((t)) «—, where k satisfies
~ "
dN,=k,dN,
PROOF:

i) From eq. (5.17) we have
A;:. Y;';_I kn = Y%:._.A(Tn)YT,_. :EiAii(Tn)l{Xr__l =q} <0.

Hence A7, >0 and k7, 70, which means that X always jumps as soon as N
jumps. Hence N=N, Since always % C9/ CH' we now also have
¥ =9Y. Finally N= Nlmphes A=A=—Y_A@WY,-.

ii) This is a simple consequence of formula (5.15) and part i) of the theorem.

It is appropriate to inspect the results of proposition 5.3.6 and theorem 5.3.7
a little closer. In general we have for all =0 % C%/ C% . In the case
described in theorem 5.3.7, we get equality of those o-algebra’s. Since now N is
also the total number of jumps (or transitions) of the Markov chain and
¥ =%V it seems logical to expect that we have in the general situation (where
N counts the transitions of the chain) % =%/, which means in words that if
we have a Markov chain adapted to a counting process then it is also adapted
to the counting process that describes the total number of transitions of the
the chain. One could say that N is sort of “minimal” counting processes to
which X is adapted.
Next we show that the claim & =87 holds true. It is a consequence of

THEOREM 5.3.8: Let X be finite state FN -Markov, then Y, is @’,v -measurable.

PRrOOF: Let T, T;,... be the possibly finite sequence of jump times of N. From
the discussion leading to (5.18) we see that Az, = — Y%, _4(T)Y7,_,>0. Con-
sider first T,. Then A7, is a (measurable) function of T only. Hence from
Y7, = (AT'A(T1)+I)Y0 Y7, is also a measurable function of T only. But
then by induction we find that Y7 =(\7,'4 (T)+D) Y7, _, is a measurable func-
tion of Tl, T,,, say Y1 —y,,(T., T T)

Consequently, by right continuity of Y, we get with y, =Y

o0 -~ ~
Y,=Yo+ Jya(Ty, ..., Tl T<i<T..,}

n=1
Notice that y, is % -measurable since 5. o(Tl, 5 ,T,). Now we invoke
the fact that ‘B‘Vﬂ{T,,<1<T,,ﬂ} ??VH{T,,gt<T,,+,} (see BREMAUD [3,
p-308]) to see that indeed Y, is % measurable. [
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The statement of the theorem is sometimes immediately seen in specific cases.
Consider for example the case where A,=A>0 and 4 is a constant matrix.

Then we have in fact ¥,=(\"'4 +1)" Y,.

COROLLARY 5.3.9: If X is a finite state F¥-Markov process, then it is also Y
Markov.

PROOF: Since a process that is Markov with respect to some filtration is also
Markov with respect to any other smaller filtration to which is adapted, this is
an immediate consequence of theorem 5.3.8.

Thusfar we have seen the following results. Given the fact that we have a F"-
Markov process X, X _is also F¥-Markov and N has intensity
A, =—YT_A(t)Y,_, where N is as before the process that counts all the transi-
tions of X. As such these results form necessary conditions that follow from
the existence of such processes. One might raise the question how to formu-
late sufficient conditions on a given Markov matrix function 4 (-) such that
there exists an associated FV-Markov chain X.

Secondly, given that a process X is F¥-Markov, what other counting processes
N do exist such that X is also F¥-Markov.

Answering the first question will be postponed until the end of this section.
Concerning the second one we have - as a converse of previous results -

PROPOSITION 5.3.10: Let X be FN-Markov. Let N be another counting process
with FN -predictable intensity X such that
t

@) N,=[15 504N,
- 0
i) A=13>0A
Then X is also FY -Markov.

ProOF: From proposition 5.3.3, we see that ?BV C% and that 65‘; and % are
conditionally independent given %'. Hence X is certainly F-adapted.
Observe first that A, =0<Y7_A(t)Y,— =0 implies 4 (t)Y,- =0 as 3 result of
the fact that A(s) is a Markov-matrix. Since X is F"-Markov:
dY,=\, A(t)Y,_dN, (theorem 5.3.4). Hence
dY, =N NA(O)Y,dt + N, A()Y,— dm,
= A(t)Y,dt + X, AQ)Y,_dm,

From the conditional independence relation (proposition 5.3.4) the last term is
an FY-martingale. Therefore application of proposition 5.1.8 completes the
proof.

REMARK: In view of the remark following the proof of proposition 5.3.3 one
can replace conditions (i) and (ii) in proposition 5.3.10 by N,= j(') ‘u,dN, and
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A =u\, for some F¥ -predictable process u.

Until now we have studied processes X that are F¥-Markov and thus FV-
adapted. As mentioned before, one of the results is then, that X is also F"-
Markov (corollary 5.3.9). Knowing this, one can prove all the results men-
tioned in the foregoing, such as A, =Y/_A(1)Y, _ etc.

An interesting question is to see whether a process which is Markov with
respect to its own flow of o-algebras and which is F¥-adapted, is also F"-
Markov. In general this is not true. For instance if N is standard Poisson pro-
cess and X is defined by X, =Ny,, then X is FX-Markov, but not FV-Markov.
Theorem 5.3.11 gives a sufficient condition for an affirmative answer. Let us
first remark that any bounded process that is a semi-martingale with respect to
some filtration is special. See DELLACHERIE & MEYER [5, VII.25]

THEOREM 5.3.11: Let X be a finite state FX-Markov chain and assume that X is
adapted to FV - for some counting process N. Assume moreover that the indicator
process Y, being a F¥ - special semi martingale, admits a decomposition such that
the predictable process of finjte variation is continuous. Then F¥ =% Vt=0 and
X is FN-adapted and thus F" -Markov.

ProoF: From corollary 5.3.2 we know that dY,=kdN, for some FY-
predictable process k. By definition of N we have dN, =+ [YT,Y],=5k[k,dN,.
So AIV,=0 iff k,=0. Therefore we can write dY,=k,dI;l,. Observe that N is
Fy-adapted. As in BREMAUD [3, p- 2, 13], we can interpret k, as a Radon-

dy,
Nikodym derivative E’— on the FY-predictable sets. Therefore we may take k
¥ o
to be FY-predictable. For N we have by its definition

dN, = —YT_dY, = —YT_A(t)Y,_dt — Y,_dm}

)
dy, = k,dﬁl, = —kY_A@WY,_dt — k, Y _dm} (5.20)
on the other hand
dY, = A(t)Y,dt + dm} (5.21)

Since all processes in (5.20) and (5.21) are FY-adapted, we have from the
uniqueness of the decomposition of a special semi martingale that
—kYI_A@)Y,_=A@)Y, - as., which then leads to
ky=—(YT_A(@®)Y,-)tA(1)Y,—. As in the proof of the theorem 5.3.8 we can
conclude that Y is F¥-measurable. Therefore 5! C%' C9/. Hence X is FX-
Markov is now equivalent to X is F¥ =F"-Markov. O

REMARK: The statement of theorem 5.3.11 indicates why N1, cannot be FV-
Markov. This is immediately seen by noting that N1, is F"-predictable.
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Hence its dual predictable projection with respect to FV is the process itself,
which is discontinuous.

We proceed with some consequences of the foregoing for the case where X is a
homogeneous chain.

COROLLARY 5.3.12: Assume that X is a homogeneous chain

1) If A;<Q, then in the corresponding column A; of A there is exactly one
J =J(i) such that A;=—A;; and all other Ay;’s are zero. If A;;=0 then the
whole column A;=0.

i) k is now a left continuous piecewise constant process and satisfies

kil(1,<i<t,.) = — 2Ai Ail(x, =x) \(T,<i<T,.,)
i

iii) The sampled chain X,:=Xr, is now a deterministic process and completely
known given the initial state Xo= X.

iv) If there are no absorbing states, then the process N assumes only a finite
number of values. Specifically \;e{—Ay, ..., —Am).

PROOF: i), iii) iv) follow immediate from the explicit exPrwsion in corollary
5.3.5 ii) requires a little work. Recall that we have k,=A;"AY,_. Let T be the
absorption time of the chain. Then AY,_1;>7)=0. Hence A,>0st<T.
Therefore

My<ry =Ny =—Y-AY, 1<)
Hence k, = —Z,4;f A; Y _ 1(1<T} =—3A;f A;Y; _, because A; Y 1{1>T} =0.

At this point one might raise the question in virtue of corollary 5.3.12 iv)
whether A is also a Markov process. Clearly this is the case if all the 4;; are
different or when they are all the same. Interesting is the case when there exists
at least one pair (i,j) such that 4;=A;. We will answer this question by
means of theorem 5.2.2. Assume that there are 2<<m<n —1 distinct values
among the 4;. Call these @, . . . ,a,, and denote for all j=1,...,m by E; the
set of of all j such that 4;;=q;. Define FER™ " by F;;=1(j€E;} We have
the following result in the terminology of theorem 5.2.2.

PROPOSITION 5.3.13: In the terminology of theorem 5.2.2: X is an FY-Markov
chain iff FAK =0. If the last condition is satisfied then the matrix B of transition

intensities of A is given by FAF.

EXAMPLE
) If
—a 0 0 b
a—-b 0 0
4= 9 b -a o
0 0 a —b
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—a b
then A is Markov with B= [ a—b} and state space { —a, —b}. Here we

1010
should take F= }

If

0101

then A is not Markov, which is seen by calculating FAK=

1000 1-10 0
K'=
0011 | 0 01-1

a—b
—a b

with, F=

REMARKS:

Although it might happen that A is not Markov of course (A,X_) is
jointly Markov.

Since it follows from proposition 5.3.8 iv that the number of values that A
can assume is always at most the number of states that X can assume, we
see that a necessary condition for a process X to be Markov is, that it
takes values in a set which is at least as big as the set of values of
Ain=# {A\;:t=0}. Hence a homogeneous chain X cannot have a finite
state space if A has a continuously varying component. In the same way
as checking, whether A is F¥-Markov one can investigate whether there
exist Markov processes X! with a smaller state space than X by consider-
ing all possible choises of F. Thus obtaining a description of a “minimal”
Markov process. This is of some relevance in connection with the sto-
chastic realization problem to be posed at the end of this section.

The case where A is F¥-Markov itself implies here that it changes value as
soon as N jumps. Thus we can immediately see from the A-matrix
whether A is F¥-Markov or not. In the previous example i we see that at
jump times A switches from a to b or conversely, which is in agreement
with the fact that it is Markov. In second part of the example we see that
it is possible that A stays in a even when N jumps.

We have seen that the existence of a homogeneous F¥-Markov chain X does
not necessarily imply that A is also FY-Markov. Hereafter we describe some
consequences of the situation where indeed A is an FY-Markov process with
finite state space. Since in this case A assumes only a finite number of values it
follows that A (being predictable) may be taken as a left continuous process.
Write X, =A, +, the right continuous version of A. We will apply the previous
results to this particular choice of X.
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Denote by {A,, . ..,A,} the state space of X. If there are no absorbing states
then A4;;<0 and we have that \; = —4;; for all i in view of corollary 5.3.12 iv.
So all A;>0.

For reasons of completeness we will show what happens if some of the 4;; are
equal to zero or if one of the A; equals zero. The latter case clearly implies that
the corresponding 4; =0. Hence this case is covered by the first one. Define
BC{l,...,n} to be the set of integers i such that A; is an absorbing state.
Define also T=inf{t=0:X,e{A;,ieB}}.

Notice that T<co a.s. if and only if B &, and for i€B we have A4,(1)=0,
and hence the whole column A4;(z)=0. The principal result of this subsection
is the next proposition which tells that for /<T we can more or less identify
the intensity A, as one of the A;(¢)’s, and that 4;(¢) only assumes the values
_A,' or 0.

PROPOSITION 5.3.14: Assume that X is F -Markov with state space {Ay, . . . ,A,}
and transition intensity matrix A(t). Let T be the absorption time as defined
above and B the set of integers corresponding to the absorbing states. Then

M =Arlen + BNl luo=0 ~ Z4iOla=y
and for i€ B¢:A;(t)= —\; if A;(1)<0.
PROOF: Let X,=A, ., then Y, =lx=)) and Y, =1 =)). In the notation
that we have used previously, N has rate
A=—Y_AWY,- = ~Ziep i), =) Ly<r)
Since A, = 3,0\ (proposition 5.3.6 iii) we have
Ml<ry = 1650 lusnh + 16,50 LA,
=130,
since A, >0 implies t<T and conversely ¢ >T implies A, =0. Hence
~ 24Ol =ry lesny = 16,50 2N 1o =0
Now let ieB¢. Then
=41, =2 lu<r) = 1A >0 1 =0 A
Observe that
la>01p,=0) = luwo<o I =n)
and for ie B A\, =), implies <T. Hence we get
— 4l =) = luw<o lp =)
Since we may assume that P(A, =A;)>0 we now get by taking expectations
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—A4;i(t) = Lg,0<0pNi
which proves the second assertion of the proposition. Furthermore
A =Arlysty H N p<ny =
=Arlgsry + 1(:<T}i§¢1(x=m>‘i

=Arlgeny + 23‘ Ip=na0=0A + % 1o, =r4,0<0)N
ie ie
=Mlgsry + 3 la=na0=0M — 3 4i®lp=r)
ieB* ieB*
which proves the first assertion. [J

REMARKS:
1. If A is a homogeneous FV-Markov chain, then 4 is a constant matrix and
we have for ie B¢ the identity 4;(1)=—A;. Hence

>\, = ATl{t>T} - EA,-,-I{A’=A'}.
ieB*

And of course if there are no absorbing states or if the value zero is the
only one, then A;(t)=—A; for all i and A, = —37-14; 1 =a)

2. Now it is easy to see that for any function f which is not injective or con-
stant f(A) cannot be a FN¥-Markov chain, since we have tacitly assumed
that all the A; are different. Hence the number of states of A is now the
minimal number of elements that a set should have in order that it can
serve as a state space for some FY-Markov process. In this sense one can
say that A, if it is F¥-Markov, is the minimal F¥-Markov chain.

We conclude this section by solving a certain stochastic realization Nproblem.
The solution involves a technical result on the existence of F"-Markov
processes which is formulated in lemma 5.3.15.

It is known that given a Markov-matrix function 4 :[0,00)—RY*"  one can
always construct a probability space (2,%,P) and a Markov process
X:2X[0,00)—>{1, ...,n}, such that its transition probabilities are generated
by A. This is a consequence of Kolomogorov theorem (2.12)

In this section we are concerned with a version of this problem under a restric-
tive condition, namely given a complete probability space (2, P) a counting
process N:2X[0,00)—N, and a Markov matrix function 4 :[0,0)—>R"*", does
there exist an FV-Markov process X:2X[0,00)—{1,...,n} such that 4 gen-
erates its transition probabilities. We know from previous results that given
such a process we have the identities A,=—Y;_A(?)Y,— and A, =\1{ >0
and that for each (i,7) such that A4;(¢)<<0, there exists only one j such that
Aji(t)= —A;(2). Hence for the existence of such a process X this imposes some
necessary conditions on the matrix 4 (¢). In lemma 5.3.15 we present a set of
sufficient conditions that implies the existence of such a desired process X, and
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we also give a construction for X. Before stating the theorem let us emphasize
that one should not overestimate its content, since in a sense it looks like a
tautology. On the other hand it shows how one can extract a F¥-Markov pro-
cess that is hidden in a suitable matrix function 4. After having proved the
theorem we give an example, how to use the construction of X.

LEMMA 5.3.15: Given a counting process N with F" -predictable intensity A and a
Markov matrix function A:[0,00)—>R"*". There exists a F¥-Markov process
X:2X[0,00)—>{1,...,n} with A as its infinitesimal generator if there is a
unique sequence of random variables {Xp }m=0,Xm:2—{1, ... ,n} such that the
following two conditions hold

a) Ax_x_(TmXAx,,x_(Tm)-"AT_I):Oan-

b) If A, , (T,)<O then x,, 11 is such that A,_, y (T,)=—Ax x (T,) and if

Ay x (T1)=0, then xp 1 =Xp.

PROOF: Let us define a process Y™ :2X[0,00)—{0,1}" by requiring that
Y Y, <<1)= Y1, (7. ,<t<1.) 20nd Yir, =1, —;). Then

Aiqu(Tm) j—T. =AiEAij(TM)l(X-=j) =
J

J
= AiAix,(Tm) = AiAX,ﬂx_(Tm)l(x.“:i} +
M Axx (Tl x =iy + M A (T) (s, 520 5. %0)
= M A (T (s, =iy L4, <o) T+
AiAx.x.(Tm)l(xFi} +0
= M A, Ta)llix,,=i) — 1=
= Y=y = =iy = Yiz,,, = Yiz,.
So in vector notation we have
Yr.., — Y, =AM A(T.)Y7, (5.22)

Notice that Ay, =0 implies 4(T,,)Y7, =0. Therefore with the usual conven-

tion that %=0 we have from (5.22)

Y7, — Y. = A A(T,)Yr.
Define now Y:2X[0,00)—{0,1}" by Y,=Y, . Then Y1 =Yz . Hence (5.22)
reads
Yr, — Yo, = A A(T)Yr
which can be rephrased as

dY, =\ 'A(1)Y,-dN,
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or
dY, = A()Y,_dt + N} A(t)Y,_dm,

We now want to apply proposition 5.1.8. Therefore we have to verify that Y, _
is FN-predictable. Observe that

Y, Y1 <<t} = Y1 (T<t<T.. ) (5.23)

Now the sequence {x,,}n>0 is such that x,, ., is selected on the basis of
knowing x, and T,, or iteratively is selected on the knowledge of
{T\,...,Tn). Therefore Y =Y =l =) only depends on
{T,,...,T,}. From (5.23) and [3, p.307] we now find the desired result. []

ExaMPLE: Let A be constant between the jump times 7; and evolve according
to A],Az,A:;,A],Az,A:; --- etc. Let

A 0 N
Al = A] —A:; 0.
b ¥ -k

Then we see that 4, cannot be a transition matrix of a FV-Markov chain
X:2X[0,00)—{1,2,3}. Because from condition a) of the theorem we see that
X, =1iff A, =A,, X,=3 iff \, =\, and X,=2 iff A, =A;. From X, =1 it can only
jump to 2 according to 4;. But from the given sequence of A’s it should jump
from 1 to 3. However

—>\| 0 A3
A 7 = A] —Az 0
0 A A

is compatible with the sequence of A’s as one can easily verify and thus 4, can
act as the transition matrix of a F¥-Markov chain X:2X[0,0)—{1,2,3}.

Finally we will adress a certain stochastic realization problem, and see how we
can solve it by means of lemma 5.3.15. Let us state the problem precisely.

We are given a complete filtered probability space (2,%F",P), where the filtra-
tion F¥ is generated by a counting process satisfying dN, =A,dt +dm,, where A
is the FV-predictable intensity process and m a F"-martingale.

We pose the following question. Does there exist a homogeneous F¥-Markov
process X with finite state space X and a (measurable) function f:X—R™*
such that A, = f(X,_)?

One can reformulate this question in terms that are used in stochastic realiza-
tion theory as follows. Given a counting process N on ({,%P) can we find a
stochastic system on (Q,%F",P) such that its state process X is homogeneous
and has finite state space % and such that the output processes is N with F¥-
predictable intensity f(X, ) for some f:X—R ;.
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Let us suppose that we can affirmatively answer this question. From corollary
5.3.12 we see that the sequence {Ar_} is eventually constant or periodic. This

observation also gives us a sufficient condition for solving the problem, which
is the content of the next theorem.

THEOREM 5.3.16: There exists on (Q,%F",P) a finite state F¥-Markov process X
with state space X and a function f:X—R™ such that \,=f(X,-) if and only if
there exist a jump time T} of N such that the sequence {Ar,} for T,=Ty is either
constant or periodic.

PrOOF: We only have to prove that this condition on A is sufficient for the

existence of X.
(i) Consider first the case where {A7_ } is eventually constant. Let k be the

smallest integer such that Ay =Mz, for all n=k. Now we can construct a
FY-Markov Prooess X with state space {1,...,k+1} as follows. Define

AeREFTDXE+D a5 follows A;=—Ar_, Ai+1,=—Ai=Ar—;, for
i=1,...,kandall otherA,j’s equal to zero.
—Ao
+Ao
A=
A1

This matrix clearly satisfies the conditions of lemma 5.3.15, which yields
the existence of the desired X. The function f:(1,...,k+1}>R" we
are looking for is of course defined by f(i)=Ar,_,i=1,...,k+1.

(i) Consider now the case where {Ar } is eventually cyclic, which means that
there exist integers k” and p’ such that Ay, =Ag, for i=k’. Let k and p be
the smallest of such integers. Now we can construct an FY-Markov pro-
cess X with state space {1,...,k+p} as follows. Define
AeREPXE*P) by g, =—Ap  fori=1,...,k+p,

Ai+l,i=_Aii=>‘T,_. for i:1,...,k +p —1 and Ak+l,k +p=}‘T,,,_,-

All other A;; are zero.
[—Xo
Ao

—Ar, +Ar,

+ATk¢’—1 _Ade’p—l
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As in the first case the existence of the X we are looking for is guaranteed

by theorem 5.1 and fis defined by f(i)=Az_,i=1,...,k+p O
REMARK: The behaviour of the system for t<T} (T} as defined in the proof of
theorem 5.3.16) can be considered as the transient behaviour of the system. If
one would assume that time runs from minus infinity, instead from zero, then
the necessary and sufficient condition in theorem 5.3.16 would read: The
sequence {A7 } is either periodic or constant.

One other problem that remains to be solved is that of minimality of the solu-
tion of the realization problem. In our context minimality means minimality of
the number of elements of the state space E. We have the following result.

COROLLARY 5.3.17: The solution of the stochastic realization problem as
presented in the proof of theorem 5.3.16 is minimal.

PrOOF: In principle one can prove the corollary by applying the FAK=0 cri-
terion. Here we give an alternative proof. Consider first case (i). Assume that
there exists a function g such that g(X) is Markov and a function 4 such that
h(g(X,))=f(X;)=A,. Consider a state j of X,j<k. Then there is no i<j—1
such that g(i)=g(j), otherwise the sequence {A7, } would reach a loop, which
is forbidden by assumption. Similarly there is no i<k such that g(i)=g(k +1),
otherwise the absorption time would be smaller than 7}, which is minimal by
construction. This shows that g is injective, so that E is minimal. A similar
argument applies to case (ii). Assume again that there is a function g such that
g(X) is Markov. For the transient states we have the same argument as in case
(i). For the cyclic part of the chain we have for each recurrent state j that
there is by definition no transient state i <j such that g(i)=g(j), but also no
recurrent state i<<j such that g(i)=g(j), because that would contradict the
minimality of the number (period) p. Again g is injective. [J

The object that we have studied in this section was a stochastic process X that
is FN-Markov, where F¥ denotes the filtration that was generated by some
given counting process N, and has finite state space. The additional require-
ment that X is homogeneous resulted in the fact that then X has to be eventu-
ally either cyclic or constant. Consequently the idea of viewing N as the output
of a stochastic system, with such a process X as state process, leads to a rather
restricted class of counting processes that satisfy this requirement. This partly
negative result answers a question posed in the beginning of this section,
namely whether we get an interesting class of counting processes that obeys
the afore mentioned conditions.
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6. CONCLUSIONS

In this thesis we have considered recursive parameter estimation algorithms
and realization problems for counting process systems. As stated earlier one
of the problems that show up in recursive estimation is the design of an algo-
rithm. It turned out that exploiting the asymptotic structure of the likelihood
ratio process offered a way to find a possible form of a recursive algorithm.
The use of the likelihood ratio process for this purpose motivated a detailed
study of this process, which has been presented in chapter 3. In chapter 4 we
have studied asymptotic properties of various recursive algorithms. The under-
lying model was a counting process with an intensity of the form A, =67¢,.
Because of this linear structure quadratic Lyapunov functions appeared to be a
useful tool in establishing almost sure convergence of the recursive estimators.
It is of course a serious restriction to confine oneself to intensity processes that
exhibit this linear structure. The results that we obtained should be under-
stood as a first step towards an analysis of recursive algorithms for the general
case where A, depends on @ in a nonlinear way, which problem is of course a
real challenge. This kind of problems occur for instance in adaptive filtering.
Even if A, =67¢, where ¢ is a process that is not observed, nonlinear problems
arise, because to compute estimates we have to use the conditional expectation
of ¢, given the past observations of the counting process, which is in general a
nonlinear function of §. We feel that the procedure that we have followed to
find a recursive algorithm for the situation, where the intensity has a linear
structure, also yields useful algorithms in the nonlinear case. However proving
that the resulting estimators converge is not as easy. The difficult point is to
find a suitable Lyapunov function. It is not clear whether quadratic forms,
which were helpful in the linear case, are again a good choice. Much research
remains to be done. In chapter 5 we considered minimality questions for
counting process systems. These questions arise in the context of stochastic
realization theory. We presented a criterion that enables one to judge whether
a given realization is minimal. For selfexciting counting processes we have
also shown under what conditions such a process can be seen as the output of
a stochastic system with a finite state space. For conditionally Poisson
processes this is still an open problem, which is interesting enough to merit
further research.
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SAMENVATTING

In dit proefschrift wordt een aantal problemen behandeld, die behoren tot de
identifikatie- en stochastische realisatietheorie voor telprocessystemen. De
identifikatieproblemen die aan de orde komen behelzen het ontwerpen en
analyseren van rekursieve parameterschattingsalgoritmen. Dit is een vraagstuk
dat op natuurlijke wijze naar voren komt in bijvoorbeeld het adaptief regelen
van systemen met telproces waarnemingen, waarbij een terugkoppelregelwet
gewoonlijk afhangt van de in het algemeen onbekende parameters, die dan
geschat dienen te worden. Men zoekt dan naar formules die aangeven hoe
men op een betrekkelijk eenvoudige wijze nieuwe parameterschattingen kan
uitrekenen, uitgaande van vorige waarden en de nieuw binnengekomen infor-
matie. In de context van telprocessystemen worden deze algoritmen
beschreven via stochastische differentiaalvergelijkingen, aangedreven door een
telproces. Een eis waaraan zo’n algoritme dient te voldoen is dat de resul-
terende parameterschattingen in de een of andere zin konvergeren. De
konvergentieanalyse van de door ons beschouwde algoritmen neemt in dit
proefschrift een belangrijke plaats in. We beperken ons hierbij tot de situatie,
waarin het onderliggende toestandsproces, voor zover daar sprake van is, kan
worden waargenomen. Indien dit niet het geval is, en indien men konstateert
dat een zekere algoritme niet konvergeert, of bij verschillende waarnemingen
naar andere waarden konvergeert, kan dit als mogelijke oorzaak hebben, dat
het onderliggende toestandsmodel te ruim gekozen is. Voor konditionele Pois-
sonsystemen wordt het probleem beschouwd hoe men een gegeven toes-
tandsmodel kan reduceren tot een nieuw model met hetzelfde uitgangsgedrag,
maar dat een kleinere toestandsruimte heeft. We besluiten deze samenvatting
met een korte beschrijving per hoofdstuk.

Het eerste hoofstuk bevat een heuristische inleiding in de hierboven
geschetste probleemstellingen. Op een informele wijze wordt duidelijk gemaakt
wat de voornaamste concepten, die in dit proefschrift een rol spelen, zoals tel-
processen, telprocessystemen, inhouden. In hoofdstuk 2 worden op beknopte
wijze begrippen uit de theorie van de stochastische processen uiteengezet, voor
zover deze van belang zijn in de verder hoofdstukken. Nieuw is een konver-
gentieresultaat voor semimartingalen. Hoofdstuk 3 gaat in op zwakke konver-
gentie voor semimartingalen. Deze theorie ligt ten grondslag aan de studie van
likelihood ratio processen, zoals deze vederop in dit hoofdstuk aan de orde
komt. Resultaten betreffende de konvergentie van likelihood ratios zijn onder
meer van belang voor the rechtvaardigen van de keuze van rekursieve schat-
tingsalgoritmen die in het vierde hoofdstuk aan de orde komen. Dit hoofdstuk
is gewijd aan het ontwerpen en het analyseren van het konvergentiegedrag van
dit soort algoritmen. Twee typen konvergentiec worden besproken, te weten
bijna zekere konvergentie en konvergentie in verdeling. Resultaten uit de
hoofdstukken 2 en 3 spelen hierbij een belangrijke rol. In hoofdstuk 5
tenslotte wordt nader ingegaan op telprocesssytemen, in het bijzonder de
voorwaardelijke Poisson systemen en de zelfexciterende systemen. Voor beide
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typen systemen wordt een eindige toestandsruimte verondersteld. Naast
representatieresultaten wordt een vorm van reduceerbaarheid behandeld. In
het bijzonder worden kriteria geformuleerd, waaruit op eenvoudige wijze af te
leiden valt of een gegeven systeem te reduceren valt, op een wijze die in dit
hoofdstuk precies wordt omschreven.
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Zij X een semimartingale met inf{X,,r=0}> —oo b.z. Veronderstel dat X
te schrijven is als X,=A,—B,+M,, waar A en B stijgende processen zijn
en M een lokale martingaal. Indien lim, ,,4,<<co b.z, dan geldt, dat
ook lim,_,,, X, b.z. bestaat en eindig is.

De u1tspraak van stelling 4.2.1.1 van dit proefschrift blijft geldig indien
6o €(0,0)? en indien in vergelijking (4.15) de vektor e vervangen wordt
door ¢1, waar {¢/} een stochastisch proces is met waarden in (0,00), dat
niet te snel naar nul konvergeert. Een voorbeeld van zo’n proces is

€ :(”'Qt)l/z-

Zij (2",9") een meetbare ruimte voor elke neN en zij F” een filtratie op
(Q",9"). Zij N" een telproces, N":Q" X[0,1]->N,. Laten A" en p” niet
negatieve processen zijn. Onderstel dat N" de intensiteit A" heeft onder
een maat P en onder een maat P} de intensiteit A\"p". Laat

dP}|%;
=
dPg|;
Zij tenslotte W een Gaussische martingaal met kwadratische variatie
<W>.

t Pn t
Indien [1(,:1j= (0% —1¥Aids —> Oen [(p7 —1)?A}ds
0 0

n

Py
> <W>,,

P
dan geldt Z" HFG)

> exp(W —5 <W>).

Zij (2,9) een meetbare ruimte met filtratie F. Zij N:QX[0,00)—N, een
telproces. Zij O CR en zij {Py,0€0} een familie kansmaten op (£,%) z6
dat N onder P4 een F-voorspelbaar intensiteitsproces {A,(f)} heeft. Zij
0y€int®. Veronderstel dat er een funktie M:[0,c0)—>R bestaat met
lim,_,,M(1)=0 en

:(00)2

i)y P hth2 =1
(i) Pg— () f (60
.. 5 @ N(6,)°
— i 2 N,(8,) e I g v :
(ii) Py, — limM(2) 0[1{| S =HO™) ) (Bo) ds = 0, Ve>0



10.

. . N’s(bo)
(iii) Py, llirgM(t) sup |0—0.,S|lé%M(:)| }\,3(00)| =0, voor een ace(0,1) en

alle C>0.

Dan is de familie {P 4,00} lokaal asymptotisch normaal in 6.

De klasse van zelfexciterende telprocessystemen met eindige
toestandsruimte is te klein om als geschikte modelklasse te dienen bij het
modelleren van de meeste verschijnselen waar telprocessen een rol spelen.

Beschouw het diskrete tijd lineaire regressiemodel y,=67x,+¢. De
stochastische processen y,x en € zijn gedefineerd op een ruimte ({,%Py)
en aangepast aan een filtratie F={%}7%,. Bovendien is x, % _-meetbaar
en € een martingaalverschilrij m.b.t. F. Veronderstel dat de verdeling van
€ niet van @ afhangt. Zij g, =E[e/|%_,]. Indien g bekend is, kunnen
schatters 6, van 6 gedefiniéerd worden door

P _ % O +1% +1 AT
01+1 =6,+ (yr+l_0txt+l)
8 +1
T
X, X
=5 =4 t+1At+1
Ol = @) + AT
8r+1

Gezien de resultaten in_hoofstuk 4 van dit proefschrift, kunnen van de
aldus gedefineerde rij {6,} betere asymptotische eigenschappen verwacht
worden, dan van de gebruikelijke kleinste kwadraten schatters van 6.
Indien de rij {¢,} onafhankelijke en identiek verdeeld is, zijn de 6,’s overi-
gens gelijk aan de kleinste kwadraten schatters.

Indien we afzien van het verschijnsel knoopsgat, zijn overhemden en broe-
ken topologisch equivalent. Het is echter de vraag of de konfek-
tieindustrie met deze konstatering haar voordeel kan doen.

Het verdient aanbeveling om, de kranten uit te gaan geven op een formaat
dat half zo groot is als het huidige. Dit maakt het lezen van een krant in
de trein aanzienlijk plezieriger, ook voor de medereizigers van de kran-
telezer.

Gezien het geringe aantal vrijheden, die een student zich met de tegen-
woordige studieprogramma’s kan veroorloven, wint de Bargoense beteke-
nis van het woord universiteit aan gewicht.

De onderhandelingen tussen supermachten over zaken als wapen-
beheersing kenmerken zich geenszins door het trachten wegnemen van
wederzijds wantrouwen, maar door pogingen dit wantrouwen aan regels te
onderwerpen.



11. Er vanuit gaande dat vorm en inhoud zoveel mogelijk in overeenstemming
met elkaar moeten zijn, behoort ook in een moderne spelling conservatief
met een ¢ geschreven te worden.

12. Stellingen behorende bij akademische proefschriften vormen een verou-
derd instituut en bestaan slechts bij de gratie van een traditie. Dit is een
onvoldoende rechtvaardiging om dit instituut te handhaven. (Zie ook de
uitspraak van E. Husserl: “Tradition is the forgetting of the origins”).

13. Hondekoppen moeten blijven.





