ORDER
DEPENDENCE

B.F. SCHRIEVER




VRIJE UNIVERSITEIT TE AMSTERDAM

ORDER DEPENDENCE

ACADEMISCH PROEFSCHRIFT

TER VERKRIJGING VAN DE GRAAD VAN DOCTOR IN
DE WISKUNDE EN NATUURWETENSCHAPPEN AAN
DE VRIJE UNIVERSITEIT TE AMSTERDAM,
OP GEZAG VAN DE RECTOR MAGNIFICUS
DR. P.J.D. DRENTH,
HOOGLERAAR IN DE FACULTEIT DER SOCIALE WETENSCHAPPEN,
IN HET OPENBAAR TE VERDEDIGEN
OP VRIJDAG 21 JUNI 1985 TE 13.30 UUR
IN HET HOOFDGEBOUW DER UNIVERSITEIT, DE BOELELAAN 1105

DOOR

BERTRAND FERDINAND SCHRIEVER

GEBOREN TE VOORBURG

1985

CENTRUM VOOR WISKUNDE EN INFORMATICA



PROMOTOR : PROF. DR. J. OOSTERHOFF
COPROMOTOR: DR. R.D. GILL
REFERENT : PROF. DR. J. DE LEEUW



VOOr Caf
ede
i






ACKNOWLEDGEMENTS

The research leading to this thesis was carried out at the Department
of Mathematical Statistics of the Mathematical Centre at Amsterdam and at
the Department of Mathematics and Computer Science of the Free University
in Amsterdam. I appreciated the stimulating working environment created by
the members of both departments.

I am very grateful to Dr. R.D. Gill and Prof. dr. J. Oosterhoff from
whom I have received so much advice and constructive criticism. I am in-
debted to Prof. dr. J. de Leeuw for his valuable suggestions and for his re-
ferential work. I also thank Dr. P. Groeneboom for his useful comments.

I am especially grateful to Mr. K. Snel for typing the manuscript
expertly, to Mr. T. Baanders for his cover design, to Mr. D. Zwarst and
his team for the reproduction and to the many others who in one way or

another have helped me in writing this thesis.

Bert Schriever Amsterdam, April 1985.






iii

CONTENTS

Acknowledgements i
Contents iii
CHAPTER 1. INTRODUCTION 1
1.1. The scope of the study 1

1.2. General notations and conventions S

CHAPTER 2. CORRESPONDENCE ANALYSIS 7
2.1. Basic properties 7

2.2. Asymptotic results 16

3. Tests of independence 26

CHAPTER 3. ORDERING PROPERTIES IN CORRESPONDENCE ANALYSIS 35
3.1. Total positivity 35

3.2. Generalizations of regression dependence 40

3.3. Correspondence analysis and order dependence 48

3.4. Order dependence in practice ) 51

3.5. Tests sensitive to ordered alternatives 55

CHAPTER 4. ORDERINGS FOR POSITIVE DEPENDENCE 61
4.1. Definitions and basic properties 61

2. Measures of dependence preserving the orderings 71

a

3. Sampling properties of the ordering 2 75

4. The discrete case } 77

CHAPTER 5. THE MULTIVARIATE CASE 85
5.1. Multiple correspondence analysis 85

2. Ordering properties in multiple correpondence analysis 90

5.3. Scaling of ordered latent structure models 92
REFERENCES 101
SYMBOL INDEX 109
SUBJECT INDEX 112

SAMENVATTING 117






CHAPTER 1

INTRODUCTION

1.1. THE SCOPE OF THE STUDY

This monograph considers some aspects of the analysis of ordered
contingency tables. The main focus is on bivariate tables. Most literature
concerning ordered contingency tables is in the context of log-linear models;
see for example FIENBERG (1977, pp. 52-58), GOODMAN (1979, 1981, 1985), HABERMAN
(1974 b) and McGULLAGH (1978, 1980). We, however, prefer a non-parametric
approach. In analysing the dependence between categorical variables one
frequently investigates whether there are meaningful or relevant orderings of
the categories in order to faciliate the interpretation of the data. An
often used method is correspondence analysis. In fact, our study is moti-
vated by some problems arising in this type of analysis.

Let X and Y be two categorical variables. Consider real valued
functions @, and wl’ defined on the categories of X and Y respectively,
such that the correlation between w](X) and wl(Y) is maximal. Such trans-
formed variables are called the first pair of canonical variables and des-
cribe the most informative part of the association between X and Y. The
second pair of canonical variables, oz(x) and wz(Y), maximizes the corre-
lation among all transformations which are uncorrelated with wl(X) and
wl(Y). Higher order pairs of canonical variables are similarly defined. The
association between X and Y is completely described by all pairs of canoni-
cal variables together with their canonical correlations. In fact, this
defines the technique correspondence analysis. Clearly, for each t=1,2,...
the values of wt and wt at the categories of both variables are invariant
under permutations of categories. So this technique makes no assumption on,
nor uses any ordering of categories. However, the following phenomena are
frequently observed in practice; see for example BENZECRI (1973, pp. 44-45, 337-338,
482-484), GIFI (1981, p. 145), GREENACRE (1984, pp. 226-232) or HILL (1974). When the

categories of X and Y both have an intuitively meaningful order, then this order is
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often reflected in the order of their values assigned by wl and w]; i.es
the functions are both increasing in the intuitive ordering. Moreover, the
functions @, and wz of the second canonical pair are frequently both first
decreasing and then increasing in the intuitive ordering, exhibiting a kind
of convexity property. Since both technique and contingency tables make no
claim on the order in which the rows and columns are presented, this or-
dering property of correspondence analysis gives rise to the following
problem. For which contingency tables (forms of dependence between cate-
gorical variables) are 9, and wl increasing and is ¥, convex with respect
to @, and wz convex with respect to wl and do generalized convexity proper-
ties hold for higher order canonical functions?

A related problem is studied by EAGLESON (1964), EAGLESON and
LANCASTER (1967) and LANCASTER (1975, 1980). These authors consider the
more general situation where X and Y have arbitrary distributions (not just
discrete) and are interested in the problem of determining in which cases
the functions L and wt for t = 1,2,... form orthogonal polynomial systems.
Orthogonal polynomial systems possess the generalized convexity property.
(Orthogonality follows from the fact that the t-th pair of canonical
variables is uncorrelated with previous pairs.)

It turns out that the ordering properties can be explained by gene-
ralizations of Lehmann's notion of regression dependence, which will be
called order dependence. These generalizations are closely related to the
concept of total positivity. Order dependence induces a meaningful (in a
probabilistic sense) ordering over the categories of both variables. There-
fore, the ordering property is quite relevant for the practice of corres-
pondence analysis. It not only explains phenomena frequently noted in the
literature, it also supports the use of the technique and provides an im-
portant tool for the analysis of ordered contingency tables.

The question arises whether tests of independence can be given which
are more sensitive to these forms of positive dependence than conventional
tests of independence. To this end, some well-known tests for the continuous
analogon of the problem are adapted to contingency tables. Using anunified
and quite general approach, asymptotic properties of these tests and of
some more conventional tests are studied.

It is interesting to know whether positive dependence can be ordered
(partially) such that tests sensitive to positive dependence become more

powerful under "increasing" positive dependence. Typical for such an



ordering is that negative dependence precedes independence. Not much at-
tention has been paid in the literature to orderings of positive dependence;
just a few suggestions to compare bivariate distributions have been
published, e.g. CAMBANIS, SIMONS and STOUT (1976), KOWALCZYK and
PLESZCZYNSKA (1977), TCHEN (1976) and WHITT (1982). The orderings con-
sidered by Whitt are quite strong and are not very often satisfied; the
orderings introduced by the other authors are too weak to be reflected in

the power functions of tests.

Let's now review the contents of the monograph in more detail. The
next section introduces the notations and conventions used throughout this
study.

Chapter 2 is more or less preliminary. It starts with some basic pro-
perties of correspondence analysis which are essential for a good under-
standing of the technique. For the sake of completeness, proofs of these
elementary results are given. Several conventional tests of independence
are based on the canonical correlations produced by correspondence analysis.
Asymptotic properties of these tests are derived under the general setup of
conditional Poisson sampling rather than the more usual multinomial sam-—
pling. Since such generalizations of well-known results for the multinomial
case are frequently mentioned and applied without proof, a complete treat-
ment is given in Sections 2.2 and 2.3. Furthermore, the tests are compared
by means of approximate Bahadur and Pitman efficiencies. The results of
this chapter are used later to derive asymptotic properties of tests sensi-
tive to positive dependence.

In Chapter 3 the notion of order dependence is introduced. It is
actually equivalent, up to permutations of categories of both variables, to
generalizations of the notion of regression dependence. These generaliza-
tions are related to those studied by VAN ZWET (1968). The theory of total
positivity is basic to generalized regression dependence and some results
of this theory are summarized in Section 3.1. The oscillation diminishing
property given in Theorem 3.2.3 (Section 3.2) is typical for generalized
regression dependence. Section 3.4 illustrates that order dependence and
generalized regression dependence arise quite naturally in practical models.
The main result of this chapter, the ordering property of correspondence
analysis, is formulated in Section 3.3. This result actually first appeared
in SCHRIEVER (1983). Furthermore, tests of independence which are sensitive

to ordered alternatives are considered in the last section of Chapter 3. The



tests of YATES (1948) and adaptations of tests based on Kendall's tau and
Spearman's rho turn out to perform well in such situations. Their ap-
proximate Bahadur efficiencies with respect to some conventional tests are
derived. Tests based on canonical variables turn out to have a rather bad
performance.

Chapter 4 discusses several suggestions for a partial ordering for
positive dependent distributions. The continuous case as well as the dis-
crete case is considered. Such a partial ordering, denoted in this intro-
ductory chapter by >, is in fact only useful when it has the following
properties. Suppose F and F' are two bivariate distributions such that
F' > F, then any reasonable measure of positive dependence should attain
a larger value at F' than at F. Moreover, for finite samples drawn from F'
and F, one wants these measures computed at samples from F' to be
stochastically larger than at samples from F. This last property implies
that tests based on such measures have power functions which are monotone
in the ordering. The main focus in Chapter 4 is on an ordering called "more
associated" which actually has these properties in case F and F' are con-
tinuous. This ordering is related to the notion of dependence called
"associated" by ESARY, PROSCHAN and WALKUP (1967); special cases of the
ordering are related to regression dependence. In case tied observations
can occur in samples from F and F', the order preserving properties only
hold in very few and simple cases. But it is shown in Section 4.4 that the
results carry over to the contingency table case when the definitions of
the partial orderings and measures of dependence are modified appropriately.

The last chapter discusses generalizations of the ordering properties
of correspondence analysis to the multivariate case (Section 5.2). But
first the most common generalization of correspondence énalysis, called
multiple correspondence analysis, is briefly described in Section 5.1.
(Another generalization of correspondence analysis is given in GIFI,

1981, Chapter 7.) Partial orderings similar to those introduced in Chapter 4
could easily be formulated for the multivariate case, but it is somewhat
premature to give partial orderings since the corresponding forms and
measures of multivariate positive dependence have not yet been sufficiently
explored. Chapter 5 closes with an example of multiple éorrespondence ana-
lysis in ordered latent structure models. Such models are frequently used
in psychological measurement theory to analyse ability (or attitude) tests,
e.g. intelligence tests. MOKKEN (1971) introduced models with orderings

related to order dependence and total positivity. It turns out that, under



realistic assumptions, multi correspondence analysis orders the questions
(items) in the tests according to their difficulty and orders individuals

according to their ability (or attitude).

1.2. GENERAL NOTATIONS AND CONVENTIONS

The following notation will be used in the sequel. Matrices are de-
noted by capital letters. The (i,j)-th element of a matrix A is denoted by
aij; however the diagonal elements of a diagonal matrix are singly sub-
scripted. Vectors are denoted by lower case letters and are considered as
column vectors. The i-th component of a vector x is denoted by X The
transpose of a matrix or vector is denoted by the superscript T. The symbol
® is used for the Kronecker matrix product (cf. RAO, 1973, p. 29 or
MUIRHEAD, 1982, pp. 73-76). Furthermore, for a matrix A, vec [A] denotes the
vector with elements aij arranged lexicographically by its indices and
diag [A] denotes the diagonal matrix with diagonal elements 85 also
arranged in lexicographical order. The identity matrix is denoted by I and
the vector having all its components equal to unity by e; the size of this
matrix and vector will be clear from the context, but if ambiguity arises
the size is given as an index, e.g. In or e . The square matrix S denotes
the upper triangular matrix with unities on and above the diagonal. Its
inverse S_l is the matrix with unit elements on the (main) diagonal, with
elements -1 on the first super diagonal and with all other elements zero,

thus

The sizes of these square matrices will also be clear from the context or
are given as indices.

A real number x is said to be positive when x 2 0 and is called
strictly positive when x > 0. Similarly a nxn matrix A is said to be
positive definite when x'Ax > 0 for all n-dimensional vectors x and is said
to be strictly positive definite when x"Ax > 0 for all non-zero vectors x.
A real valued function f defined on X ¢ R is called increasing on X when

X, < x, (xl,x2 € X) = f(x]) < f(xz) and is called strictly increasing on X



if strict inequality is implied. The notions (strictly) negative, (strictly)
negative definite and (strictly) decreasing are similarly defined. For sub-
sets Al and Az of R, the notation A] < A2 is used for X, eAl,xze’A2 = X, <X,.
The expectation and variance of a random variable Z are denoted by
EZ and Var (Z). Similarly, Cov and Corr stand for covariance and correlation
of two random variables. The symbol ~ is short for "is distributed as".
Convergence in distribution of random variables is denoted by i) and con-
vergence in probability by *pe The n-dimensional normal distribution is
abbreviated by Nn'
The bivariate distribution function of the pair of random variables
(X,Y) is usually denoted by F. The variable corresponding to the first
argument of a bivariate distribution is called the row variable and the
second one the column variable. The marginal distributions of the row and
column variable of F are denoted by Fr and Fc respectively. A version of
the conditional distribution function of the row variable given the column
variable is denoted by Frlc' A density of F with respect to some product
measure 0 X0, is usually denoted by p. In case X and Y have discrete dis-
tributions (contingency table case), the matrix P contains the cell proba-
bilities. Such a matrix is called a probability table. Occasionally, the
same notation F or P is used for empirical as well as underlying distri-
butions. In case empirical versions are explicitly meant, the upper script
~ is added usually in combination with the sample size (N) as an upper index.
So an empirical probability table has relative frequencies as elements.
The term contingency table is used for the table with (integer valued)

frequencies, which add to the sample size.



CHAPTER 2

CORRESPONDENCE ANALYSIS

2.1. BASIC PROPERTIES

Correspondence analysis (abbreviated CA) is the now well-established
name of a technique for analysing the association which is present in a
contingency table. CA is actually mathematically equivalent to a number of
other techniques independently (re-) introduced by several authors, e.g.
reciprocal averaging (RICHARDSON and KUDER, 1933 and HORST, 1935), szmul-
taneous linear regression (HIRSCHFELD, 1935), Fisher's contingency table
analysis (FISHER, 1940 and MAUNG, 1941), optimal scaling (GUTTMAN, 1941),
prineipal component analysis of qualitative data (BURT, 1950), gradient
analysis (WHITTAKER, 1967), biplot (GABRIEL, 1971), dual scaling (NISHISATO,
1980) and of course analyse factorielle des correspondances (BENZECRI, 1973).
The origin of the principle behind these techniques is hard to trace,
because it can be described from several points of view. Fisher and Guttman
are often regarded as the inventors, but earlier references are those of
Richardson and Kuder, Horst and Hirschfeld. (Hirschfeld later became better
known under the name Hartley.) The history of CA and related techniques is
described in DE LEEUW (1973) and NISHISATO (1980).

Fisher's and Maung's approaches to CA are perhaps the most appealing
from a statistical point of view. In 1940 Fisher considered a contingency
table of the hair and eye colour of Scottish school children in the context
of discriminant analysis. In his analysis he assigned scores to the cate-
gories of the nominal variable eye colour in such a way that the distri-
butions given the hair colour classes were most distinct. Fisher stated
that such scores may be found in a variety of ways. He didn't notice that
his method to find these scores was actually the core of the reciprocal
averaging algorithm described by RICHARDSON and KUDER (1933) and HORST
(1935). Furthermore, Fisher noted that in his example each derived (scored)

variable has a linear regression on the other. But seeking derived variables



with simultaneous linear regressions was in fact the problem considered by
HIRSCHFELD (1935). In 1941 Maung worked out Fisher's contingency table ana-
lysis and showed that the derived variables maximize the product moment
correlation.

Our approach to CA is also based on maximizing correlations. This
section summarizes some basic properties of the CA solution. Furthermore,
some attention is paid to the graphical display of the CA solution. Such a
graphical representation of contingency tables is quite common in practice
and Benzécri's interpretation is briefly explained. This section closes
with some remarks on a generalization of CA to continuous variables. Such
a generalization is, however, of limited practical value.

This section is concerned with population properties of CA only and
does not deal with the problem of how the solution is affected by sampling

variation. Some asymptotic sampling results are given in the next section.

Let X and Y be two nominal variables with n and m categories res-
pectively. It is assumed throughout this chapter that n < m. For notational
convenience the categories of X and Y are labeled by 1,2,...,n and 1,2,...,m
respectively; but it should be emphasized that these are just labels,
neither their value nor their ordering need be (and generally is not)
meaningful for the corresponding categories. Furthermore, let the joint
distribution of the two (nominal) variables be given by the nxm probability
table P with elements

pij =PX=1i, Y = j} for 1 = Jsewesny 3 = lyswssms

Thus all elements of P are positive and add to unity. The marginal distri-
butions of the row variable X and the column variable Y are given by the

vectors r = (rl,...,rn)T and ¢ = (cl,...,cm)T respectively, where

. =P{Xx =i} andcj= ;;‘ p.. = P{Y = j}
Diagonal matrices R and C are defined by R = dZag [r],...,rn] and
C = diag [cl,...,cm] and are assumed to be non-singular.

Correspondence analysis seeks two real valued functions @, and w],
defined on the categories of X and Y respectively, such that the correlation
of the derived (numerical) variables w](X) and w](Y) is maximal. Clearly,

it is no restriction to assume that the derived variables have mean zero



and unit variance. Such variables wl(X) and wl(Y) are called the (first
pair of) canonical variables and their correlation is called the canonical
correlation. This first pair of canonical variables describes the most in-
formative part of the dependence between X and Y. The remaining part of the
dependence can be analysed in a similar way and so CA seeks a second pair
of canonical variables wz(x) and wz(Y) which has maximum correlation but
is uncorrelated with the first pair. This procedure is continued with a
third pair, a fourth pair etc. until no new pair which is uncorrelated with

the previous pairs can be found.

DEFINITION 2.1.1. The t-th pair of canonical variables of the distribution

of (X,Y) is a pair of transformed variables wt(X) and wt(Y) for which
(2:1:1) Xt = Corr Oot(X),¢t(Y))

is maximal subject to

Fo_(X) = 0, Ep,(¥) = 0,
(2.1.2) Var Uﬂt(x)) = 1, Var UPt(Y)) =1,

Corr Gpt(X),ws(X)) = 0, Corr (wt(Y),ws(Y)) =0 for s=1,...,t-1.
The correlation At is called the t-th canonical correlation and the

functions @ and wt are called the t-th canonical (row and column) functions.

The CA solution consists of all triplets (At,wt,wt) for €t = 1,2,.e.

The present definition of CA is equivalent to definitions based on
the reciprocal averaging algorithm or based on simultaneous linear re-

gression, as is shown by the following result of HIRSCHFELD (1935).

PROPOSITION 2.1.1. The transformed variables wt(x) and wt(Y) are a t-th

pair of canonical variables iff they satisfy

Atwt(X)

Ab, (1)

E(wt(Y)|X) a.s.
(2:1:3)

E(®, (X) [¥) a.s.
with At maximal subgject to (2.1.2).

PROOF. First suppose that wt(X) and wt(Y) satisfy (2.1.3) with Xt maximal

subject to (2.1.2). Thus, since both transformed variables are normalized



with mean zero and unit variance, At = XtEwt(X)wt(X) = Ewt(X)E(wt(Y)IX) =
COPT(Wt(XLwt(Y)) is maximal subject to (2.1.2).

Conversely, suppose that wt(X) and wt(Y) is a pair maximizing (2.1.1)
subject to (2.1.2). Let g(Y) and U be such that Var (g(Y) = 1 and ug(Y) =
E(wt(X)IY) with probability one. Clearly, Eo (X) = O implies Eg(Y) = 0.
Since all transformed variables are normalized, it follows by Cauchy-
Schwarz that A, =ZCorr (g:t(x);wt(Y)) = Bo, (X)y, (Y) = E’d)t(Y)E((pt(x)|Y) =
UEWt(Y)g(Y) SU(Ewt(Y)Eg (Y))* =y with equality only if wt(Y) = g(Y) with
probability one. Thus for each wt(X), wt(Y) maximizes Corr(wt(xxwt(Y))
only if A Y (¥) = E(p (X)[Y) a.s.. So it remains to show that E(wt(X)IY) is
uncorrelated with ws(Y) for s = 1,...,t=1. This can be done by induction
over t. For t = | there is no such condition. Now suppose that Asug(x) =
E(ws(Y)lx) a.s. for s = 1,...,t=1. Then va(ws(Y),E(mt(X)|Y)) = By (1o, (X) =
Eo (XE(W (V) |X) = A _Bo_(X)®_(X) = 0. Similarly, it follows that
A0, (X) = E(W (N)]X) a.s.. O

COROLLARY 2.1.2. Corr ((Dt(X),ws(Y)) =0 for s # t.

Fisher's approach, in the context of discriminant analysis, was to
find the transformation of the row variable which yields greatest variance
between categories of the column variable relative to its variance (FISHER,
1936). That is to find wt(X) which maximizes Var (E(wt(X)IY)) subject to
Var (wt(x)) = 1 and Corr (ws(x),wt(x)) =0 for s = 1,...,t-1. Let At and
¥, (Y) be such that A y (¥) = E(wt(x)lY) a.s., then it is easily verified

that Fisher's approach produces another equivalent formulation of CA.

The functions LA and wt are only defined on the categories of X and
Y. Therefore, only the values wt(i) for i =1,...,n and wt(j) for
j=1,...,m, called category scores of the t-th canonical pair, are of
interest for t = 1,2,... . In the sequel the functions @, and wt are
identified with vectors @, = (w]t,...,wnt)T and wt = "wmt)T’ where
@it _
Although @, and wt are vectors, they still will frequently be called

1ere
= wt(i) for i = 1,...,n and wjt=lbt(j) for j = lyceesmand t = 1,204

canonical functions. Thus by Proposition 2.1.1, the vectors of category
scores satisfy

e
Atwt =R Py

=1_T
Aoy = & "B

(2.1.4) £



where At is maximal subject to
R} T
£ = 0, c wt =0,
T
(2.1.5) eRo =1, WoCh =1,

Q

(i Aiem ML Ahbwm |

T = -
Rws =0, wtcws =0, for s = 1 ;s:q,t—1s

These equotions show an important property of CA: Zf two rows of P are
proportional then the CA category scores for these rows are equal and,
moreover, the category scores for other rows and columns remain unaltered
when such rows are pooled. A similar property holds for proportional columns.
HIRSCHFELD (1935) showed that the vectors with CA row and column
category scores can be obtained by solving a matrix eigenvalue problem.
Recall that a set of n-dimensional vectors is said to be complete when

they are linearly independent and span'Rn.

THEOREM 2.1.3. The vectors ®, and wt satisfying (2.1.4), where At 18 maxi-
mal subject to (2.1.5), exist for t = 1,2,...,n-1. Moreover, the vectors

&P 5---50 | can be any complete set of etigenvectors of the matrix

r-IpcIp’ corresponding to the eigenvalues 1 2 Af 2 oguw 2 Ai_l and the
1

vectors e,wl,...,wn_l 18 any set of eigenvectors of C_IPTR_ P corres-

ponding to the same eigenvalues.

PROOF. It is easily seen that u is an eigenvector of R-IPC_IPT corres—
ponding to an eigenvalue uy iff Riu is an eigenvector of R_£PC_1PTR_% cor-
responding to the eigenvalue U. Since the latter matrix is symmetric and
positive definite, a complete set of eigenvectors UpsUyyeeest s normalized
such that quut = 1 and uIRuS = 0 for t # s, corresponding to real eigen-—
values My > uz 2 sew 2 un > 0 of the matrix R_]PC_IPT exist. Furthermore,
this matrix has positive elements and its row sums are unity (Markov or

stochastic matrix) and hence by GANTMACHER (1977, vol II, p. 83) its

largest eigenvalue U= 1 and the corresponding eigenvector can be taken
u; = e. Furthermore, @, and wt satisfy (2.1.4) with Xt maximal subject to
(2.1.5) iff
S N
Atwt =R PC P @,
I B |
)‘twt—c P,
with At maximal subject to (2.1.5). Hence wt can be taken Ui and
32 = for t = 1 - 0
£ = Mgy for t=1,...,n-1.



Note that the vectors wt and wt are uniquely determined, up to a
change of sign, when the corresponding eigenvalue kg is simple.

Fisher pointed out (cf. MAUNG, 1941) that the following canonical
decomposition (which shows similarity to a singular value decomposition)
of a probability table P always exists. It provides more insight in the way
category scores describe the dependence structure between the nominal

variables X and Y.

PROPOSITION 2.1.4. Let @seees® and wl""’wn-l be vectors satisfying
(2.1.5). Then (2.1.4) holds iff

n-1
= e 1 = e 1 =
(2.1.6) pij ricj(l + tzl Atwitwjt) for i lgsasshy 9 Vsia s 5l
PROOF. Let ® denote the nxn matrix with e,@],...,mk_l as columns and Y

the mx n matrix with e’wl""’wn—l as columns. Then (2.1.5) for

t=1,...,n—-1 is equivalent to
RO = I and ¥'cCY = I.

Furthermore, write A = dzZag [I’Al""’xn—l]' Note that since the columns of

) span'Rn, ¢¢T = R—l. Therefore, (2.1.4) for t = 1,...,n-1 implies
¥ae" = ¢ 'pTeeT = ¢”'pTR7!
and hence P = ROAY'C. The converse is obvious. ]

The canonical correlations A],...,An_] measure the strength of the
dependence in the probability table. Consequently, tests of independence
can be based on empirical canonical correlations (cf. Section 2.3). For
example, it is easily seen from (2.1.6) and (2.1.5) that Pearson's ¥
equals Z?_l Xi. The category scores (canonical functions) on the other
hand, give more insight into the structure or form of dependence. Structure
and strength are, however, not completely separated by these two concepts.
The canonical variables can be used in further analysis as numerical
versions of the row and column variables, in particular when these nominal
variables possess an ordinal relation (cf. Chapter 3).

"stronger"

The following theorem shows how an intuitive concept of
dependence is reflected in the canonical correlations. Consider two nxm
probability tables P and P' such that P = NTP'M, where N and M are square

matrices with all elements positive and row sums unity (Markov matrices).
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The existence of such matrices means that the distribution P of (X,Y) can

be derived from the distribution P' of (X',Y') by independent randomizations
of the row and column variable: there exist independent random variables

U and V both distributed on [0,1], say, and independent of (X',Y') and

there exist functions K : {1,...,n} x[0,1] > {1,...,n} and

Ky {1,...,m}x[0,1] > {1,...,m} such that
(X,Y) ~ (KI(X',U),KZ(Y',V))-

Intuitively, P' is more strongly dependent than P. The following result holds

for their canonical correlations A; > .. 02 A;—l and Al Z e & An_‘.

THEOREM 2.1.5. Suppose that P = NTP'M, where N and M are square Markov

matrices, then

t
(217 T A < ¥ ! For t = 1;560901

PROOF. First make P' square by replacing the last row by m-n+l copies of
(m—n+])_1 times this last row and make N of size mxm by applying the same
operation to both the last row and the last column. This does not affect
the canonical correlations of P and P'. Thus it is no loss of generality
to assume that P and P' are square.

By Theorem 2.1.3, 1 2 A; 2 ... 2 An—l are the square roots of the
eigenvalues of the matrix R™'Pc1PT and hence of R_iPC_lPTR_£. Therefore,

I 28X B wep = An_ are by definition (see MARSHALL and OLKIN, 1979,

1 1
p. 498) the singular values of R_%Pc—i. Similarly, 1 > A; Z eee BAL

are the singular values of R'-iP'C'—i. o
Furthermore, N and M are Markov matrices, so Ne = e and Me = e and

it follows from P = N'P'M that M'c' = ¢ and N'r' = r. Hence R_]NTR’N and

C—IMTC'M are Markov matrices and (by GANTMACHER, 1977, vol II, p. 83) have

largest eigenvalue equal to unity. Thus all singular values of R_iNTR' and

C'%MC_£ are less than or equal to unity. Since P = NTP'M, it follows that

R_EPC_i - R-gNTR'iR'_iP'C'-£C'iMC_i

and application of the first inequality on p. 250 of MARSHALL and OLKIN

(1979) to this product of (square) matrices yields the desired result. 0

If (2.1.7) holds, then the canonical correlations of P' are said to

weakly submajorize the canonical correlations of P. Hence for all
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inereasing Schur-convex functions ¢ of the canonical correlations,
] 4
L D B SO PR S

(cf. MARSHALL and OLKIN, 1979, p. 59). Examples of such increasing Schur-

convex functions are

the first canonical correlation: ¢CC(XP...,X ]) = Al’

o

, 2 ) _ en-1 ,2

Pearson's ¥ : ¢CS(AP...,XH_I) B Zt=1 At’
A _ -1

the geometric mean z ¢GM(xP""An—l) =T A

(cf. MARSHALL and OLKIN, 1979, p. 63 and p. 73 respectively). This result
for instance implies that pooling row (column) categories decreases the
first canonical correlation and Pearson's xz. Another example of two pro-
bability tables P and P' satisfying the conditions of Theorem 2.1.5 is when
P is a convex combination of P' and independence; i.e. P = arcT + (1-0a)P'

for 0 <o < 1.

BENZECRI (1973) approaches CA from a geometrical viewpoint. He des-
cribes CA as a technique for displaying the rows and columns of a proba-
bility table as points in a q-dimensional vector space; where q is an in-
teger less than or equal to n-1, usually q = 2 or q = 3. The i-th category
of the row variable X is represented by a point Ei with coordinates
(Alwl(i),...,kqwq(i)), for i = 1,...,n, and the j-th category of Y is re-
presented by a point nj with coordinates (Alw](j),...,kqwq(j)), for
j=1,...,m. This yields n+m points in a q-dimensional space. Benzécri's
interpretation of this graphical representation is based on the following
properties of the Euclidian distance, denoted by IL.” s between row points

and between column points.

PROPOSITION 2.1.6. If q = n-1 or when Aq+1 = ,.. = An—l =.0, then
2 m 3 g S a2
[lgi|| = I (P{Y=j[x=i} - P{x=3}"/P{Y=j} for i=1,...,n,
|1nj||2 . ,El (P{x=i|Y=3} - Pix=ihHZ/P{x =1} FoP §m 1 yeessm,
is
lg;-e.l> = £ ly=jlx=1i} - Pl¥=j|x=i'h¥/p{x =3}
j=1 For 1,1"=1lgeess05
IInj-nj.Hz - _2 (Plx=i|y=3} - Plx=ilv=3'H2/P{x =i}

i=1 for j,i'=1,...,m.
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PROOF. Follows by straightforward computations using (2.1.5) and (2.1.6). 0

Thus in the complete graphical representation the distance between
row point Ei and the origin indicates the extent to which the conditional
distribution of Y|X=1i is similar to the marginal distribution of Y and
thus can be interpreted as the contribution of the i-th category of the row
variable to the dependence between X and Y. Analogously, the distance
between two row points Ei and Ei' indicates similarity of the conditional
distributions of Y[X==i and Y|X = i'. There exists, however, no clear
w1 2 0, the
expressions for the distances in Proposition 2.1.6 only hold approximately

interpretation of Hﬁi-nj||. In the case that q < n-1 and Aq

and should be used with care.

Further results and properties and, in particular, applications of CA
can be found in GIFI (1981), GREENACRE (1981, 1984), HILL (1974), LEBART et
al. (1977) and NISHISATO (1980).

In some cases the reciprocal averaging formula's (2.1.4) or Benzécri's
geometrical approach motivate applications of CA to matrices other than
probability tables. An example is application to so called incidence matri-
ces which are matrices consisting of unities and zero's specifying presence-
absence of joint occurences of the row and column categories. The appli-
cation of CA to incidence matrices is equivalent to Whittaker's gradient

analysis (cf. HILL, 1973, 1974).

Definition 2.1.1 of CA is also appropriate for bivariate distributions
in general. LANCASTER (1958, 1963) generalized some of the results in this
section of which the following canonical decomposition is needed for later
reference. Let LZ(R,dO) be the set of all real functions, square integrable
with respect to a measure 0. Suppose that F 78 a bivariate distribution
funetion with marginals E, and F_ and suppose that Pearson's XZ for F,
defined by

(2.1.8) x> = fJ (aF/(dF_aF ))%aF aF_- 1,

is finite. Then complete sets of orthonormal functions {l,w],wz,...} on
LZGR,dFr) and {l,wl,wz,...} on LZGR,ch) exist such that each member of a
set of canonical functions appears as a member of the complete set of
orthonormal functions. Furthermore, the canonical decomposition of F 18

given by



(2.1.9) dF(x,y) = (1 + tE] Ao, ()Y (y))dF (x)dF (y) a.e.

where At 18 the t-th canonical correlation. Moreover,

A converse of this result also holds. Such a canonical decomposition for
the standard bivariate normal distribution is the well-known Mehler's
expansion in which the canonical functions are Hermite polynomials and the
canonical correlations are powers of the correlation parameter in absolute
value. EAGLESON (1964) gives such decompositions for other well-known
bivariate distributions (cf. Section 3.4). The canonical functions of con-
tinuous distributions give insight into its dependence structure but are of
less practical value than in the contingency table case.

It can be proved (cf. MAUNG, 1941 and NAOURI, 1970) that the CA
solution of discretisized continuous distributions approximates the con-

tinuous CA solution, provided the discretization is fine enough.
2.2. ASYMPTOTIC RESULTS

This section considers asymptotic distributions of the sample
canonical correlations and functions. In particular, the limiting distri-
butions under the null-hypothesis of independence and under local alter-
natives are considered. The sample canonical correlations X(N),...,A(Ni and

SN) A ) T
the vectors of the sample category scores wl seeen @ ] and w] s $n—l
are the canonical correlations and canonical functions of the empirical

probability table ﬁ(N)

, which contains the relative frequencies of a sample
of size N drawn from an underlying table P. Attention is not restricted to
samples of N i.i.d. observations from P (multinomial sampling), but the
larger class of conditional Poisson distributions for 3™ is considered.
A conditional Poisson distribution for instance arises when sampling is
conditioned on (both) marginals.

Several results presented in this section are well-known under
multinomial distributions for ﬁ(N). This section gives generalizations to
conditional Poisson sampling. It turns out that results concerning the
problem of testing independence are the same as under multinomial sampling,

provided the conditioning is only on marginals.



(N)

The conditional Poisson model for P as a generalization of the
multinomial model is also considered in HABERMAN (1974, pp. 14-27). In

conditional Poisson models the underlying probability table may be dif-

ferent for each sample size, so it is denoted by P(N), but it is assumed
that
(2:2.1) P(N) > P as N »> o,

(The underlying table P(N) should not be confused with its empirical es-

‘(N)). Let Z(N)

timator P be a nxm random matrix of independent Poisson

(N)

variables with expectation NP . Furthermore let A be a matrix of size
k xmn consisting of integer elements, which do not depend on the sample
size, and such that the vector e is in the linear subspace spanned by the
rows of A. Then () is said to have a conditional Poisson distribution

when
(2.2.2) BN L o'z | avee [z e M) < 0y,

provided P{AveC[Z(N)-—NP(N)] = 0} > 0. The assumption that e can be written
as a linear combination of the rows of A implies that the sample size equals
N. Some well-known specific cases of conditional Poisson models are given

in Examples 2.2.1-2.2.3 below. HABERMAN (1974, p. 18) derived the following

asymptotic result for conditional Poisson distributions.

(N)

LEMMA 2.2.1. Suppose that the underlying probability table P satisfies
(2.2.1) with py; > 0 for i = 1,...,nand j = 1,...,m and that M) sae the

conditional Poisson distribution (2.2.2), then
s(N N '
Ni vee [P( )-P( )] D Nnm(o,t) as N »
with covariance matrix
_ T o anaTy "
(2:2:3) { =D-DA (ADA ) AD
where D = diag [P] and (ADA")™ is a reflexive generalized inverse of ADA'.

The asymptotic sampling properties of the canonical correlations

will be derived from asymptotic distributions of the nXm random matrix

ﬁ(N) with elements

(N)

(2.2.4) o - (ﬁf’?)—f§N)e§N))/(E§N)6J§N))5 Lo Lyees

1]
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where Ggg) is defined zero when fEN) or E§N) equals zero. The matrix Q(N)
N

describes the deviation from independence in the sample. The matrix W

(N)

corresponding to the underlying table P is similarly defined and satis-

(N)

fies W > W as N > o, Furthermore, it is assumed (throughout) that the
marginals r and c of the limiting underlying probability table P are strict-
ly positive. The following lemma shows that the canonical correlations
A]""’An—l and the canonical functions w,,...,wn_] and wl""’wn—l can be

obtained from the matrix W.

LEMMA 2.2.2. The squared canonical correlations Xf 2 oeee 2 Ai_l and 0 are

the eigenvalues of the matrix W', Furthermore, the vectors @seees® | se
are eigenvectorsof‘R_%WWTRi corresponding to eigenvalues A2 ... X120
and the vectors w],...,wn_l,e are eigenvectors of C_éwTWC% corresponding to

the same eigenvalues.

PROOF. Follows from Theorem 2.1.3 and the fact that
wl = i lpTRE S rteeTrE. O

Of course similar results hold for the canonical correlations and

(N) 5(N)

functions of P and the empirical P provided inverses are replaced by

generalized inverses.
LEMMA 2.2.3. Under the assumptions of Lemma 2.2.1,
(2.9.5) N vee [0 -y ) N_(0,68¢") as N »

where § is given by (2.2.3), D = diag [P] and

.

(2.2.6) =R 1eCHI-3}0+ReC)®R " ®cel +eel ®C
PROOF. Consider the nm-dimensional function g such that g@ee [P]) = vec [W]
and thus also g(uec[?(N)]) = vec [ﬁ(N)]. Since the marginals of P are strict-
ly positive, this function is continuously differentiable in a neighborhood
of P. Routine differentiation shows that the nm X nm matrix G of first
derivatives of g at P,

agij(Z)

8ij,kl - R

is given by (2.2.6). Application of the 9-method (cf. RAO, 1973, p. 388) to

4 s _p My ;o

this function g and the limiting distribution of N? vec [
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Lemma 2.2.1 gives the desired result. (Note that the 9-method, as formulated
in Rao, also holds when the parameter depends on N but converges to a limit,
and the function g is continuously differentiable in a neighbourhood of

this limit point). g

Since eigenvalues are continuous functions of the matrix elements
and are even differentiable when the eigenvalue is simple (cf. WILKINSON,
1965, pp. 67-69), the 0-method can again be applied to obtain the joint
distribution of N%(XEN)Z— AEN)Z) for t = 1,...,n-1. This produces the
following result which is, in a less transparent notation, also given in

O'NEILL (1978) for the special case of multinomial sampling.

THEOREM 2.2.4. Suppose that the conditions of Lemma 2.2.1 hold and that all

canonical correlations of P are simple, Z.e. A, > Az > . Xn_ > 0, then

1 1

T2 _ )2
1 . 1

(2.2.7) Nt Nm(o,aA(R% e ctv)Terc" vbs o clyyn)

) )
()2 _ (N2

A - A

n-1 n-1
as N » o, where the nx (n-1) matrix & has the row category scores
@Opseees® | as columns, the mx (n-1) matrix Y has the column category
scores wl""’wn—l as columms, A = diag [Al,...,kn_I] and G and § are given

by (2.2.6) and (2.2.3).

PROOF. O'NEILL (1978) derives (2.2.7) from (2.2.5). Alternatively, one can

again apply the d-method as indicated above. 0

This result gives information about asymptotic sampling variation of

the canonical correlations. Furthermore, it follows from Lemma 2.2.3 that

ﬁ(N) +P W as N + © and hence

(2.2.8) > A as N » o«

=(N)
At Pt

and, in case that At is simple, also

~(N) =(N)
(2.2.9) wt +P wt, wt +P wt as N > =»
for t = 1,...,n-1 (because eigenvectors are continuous functions of the

matrix elements when the corresponding eigenvalue is simple; cf. WILKINSON,
1965, p. 67). Thus the sample canonical correlations are (weakly) con-

sistent estimators for At’ t=1,...,n-1. But it follows from MARSHALL and



20

OLKIN (1979, p. 357) that for each N,

AéN) fiie € % 1. 001,

t - t
z EA(N) -
= s s=1

s=1

which means that these partial sums of sample canonical correlations are

positively biased estimators in finite samples.

The remaining part of this chapter considers asymptotic properties of
tests of independence based on canonical correlations or canonical variables.
Such tests are considered in the next section, but the limiting distribu-
tions of canonical correlations and functions under the hypothesis of inde-
pendence and local alternatives needed for this are derived in this section.

These limiting distributions are considerably simplified when the

- s . : : N) . -
conditional Poisson distribution of ?( ) is only conditioned on some
(linear combinations) of the marginals f(N) and E(N). So it is assumed in

the sequel that the conditioning matrix A is of the form

T _ .
€2:2.10) A = (In ® e E e, ® Im)B
for some (n+m) x k matrix B. The following three examples demonstrate that
the conditional Poisson model (2.2.2) with conditioning matrix A of the

form (2.2.10) covers most practical sampling models.

()

arises from N inde-

EXAMPLE 2.2.1. Commonly, the contingency table NP
(03]

pendent and identical samples from the probability table P and thus NP
has a multinomial distribution with parameters N and P. In order to show

that this multinomial distribution can be considered as a conditional

(N)

with expectation NP and let A" = e. Then since e

Poisson distribution let Z be a matrix of independent Poisson variables

T vee [Z(N)] is a Poisson
variable with expectation N, evaluation of the density function (with res-
pect to the counting measure) of (Z(N)[ eTvec[Z(N)] = N) produces the

desired multinomial.

N)

EXAMPLE 2.2.2. In some cases the contingency table NP arises from a
sample in which the column sums are kept fixed in advance at say

N where o Nj = N. This situation corresponds to independent

L ]
multinomial samples for each column; the j-th column arises from a multi-
nomial sample of size Nj and probability vector (pllj""’pn|j) with

Z?=l pilj = 1. Making the natural assumption that the underlying probability
table PN) has elements p(N) = pi|ij/N, it follows, as in the example

ij
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above, that sampling conditional on column sums leads to a conditional

Poisson distribution with conditioning matrix Al = (en ® Im)'

EXAMPLE 2.2.3. Suppose that sampling is conditional on both row and column

g and NE(N)

sums, i.e. both marginals Nr of the contingency table are kept

O and c(N)
(N)

of the underlying
)

fixed. Again assume that the marginals r
table P(N)

tion of NP

are equal to those fixed values of T and ¢ . The distribu-

(N)

can be considered as a conditional multinomial distribution

™)

, conditioned on both marginals. Therefore, it

follows from Example 2.2.1 that ?(N)

with parameters N and P
has a conditional Poisson distribution
with conditioning matrix Al = (I_e®e i e, ® I ). Under the hypothesis of

T n Wy
independence P(N) = r(N)c(N) , the distribution of N?(N)

is the generalized
multiple hypergeometric distribution (cf. LEHMANN, 1975, p. 384). In
classical contingency table analysis it is quite common to perform the ana-
lysis conditionally on the marginals (even when sampling is unconditional).
This gives extra motivation for considering this specific conditional Poisson

distribution.

Let's turn to the asymptotic distributions of the canonical correla-
tions and functions under the null-hypothesis of independence and under
local alternatives. Let HO be a set of nxm null-hypothesis probability
tables with marginals bounded away from zero, e.g. for arbitrary € > 0

define HO ={p : pij = r;c. >¢e for i =1,...,n; j = 1,...,m}. Introduction

of such HO is unnatural, but only for such restricted hypotheses can the

tests be shown to have the proper asymptotic size (cf. Section 2.3). Denote
by Py = {PéN)};;l the sequence of mull-hypothesis conditional Poisson dis-
tributions with conditioning matrix A of the form (2.2.10) drawn from
underlying tables

.
@.2.1) M o WM g

(N) (N)

+ c as N > «, Consequently, r > 0 and c > 0.

'+ (N)

where r > r and c

with marginals
LY are

Furthermore, consider alternative probability tables P

M () ()

+ P'. Assume that the elements of P'

™ m

bounded away from zero. Let Al seeesA g denote the canonical correlations

and w(N),..., iﬁ; and ng),...,W§§{

of P' N). Since P'(N) + P', they can be chosen such that XEN) > At’

¢ﬁN) * P and wEN)

t-th canonical triplet of P'. Let

and c such that P'

the corresponding canonical functions

> wt for t=1,...,n-1 as N > =, yhere (xt’qk’wt) is the

W'(N) be the nxm matrix with elements
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wiJgN) _ (pi§N) _ rEN)CEN))/(rEN)C§N))§ f=lyeims 5=1,ee,m

(N)};;] the sequence of

Clearly, W'(N) + W' as N > », Denote by PL = {PL
local alternative conditional Poisson distributions (with conditioning
matrix A of the form (2.2.10)) drawn from the local contamination al-

ternative tables

T T
2.2.12)  pM o O M7 gmd o ) Ny g

The matrix W(N), defined similarly to (2.2.4), for this local alternative

table equals ON_£W'(N). Therefore, the canonical correlations of the table

(2.2.12) are GN_£X(N),...,6N_£Aé§3 and its canonical functions are

N N N N o
wf ),..., é_? and wf ),...,wg_i. Furthermore, let PA = {PXN)}N=I denote a
sequence of fized alternative conditional Poisson distributions drawn from

the underlying tables P'(N).

It can be shown by standard methods that the sequences PO and PL are
contiguous.

The following theorem gives the limiting distributions of the canonical
correlations and functions under the null-hypothesis and under local alter-
native conditional Poisson distributions. The first part of this theorem
generalizes results of O'NEILL (1978) (asymptotic null distribution of
canonical correlations under multinomial sampling), CORSTEN (1976)
(asymptotic null distribution of NifN)z under multiple generalized hyper-
geometric sampling) and of HABERMAN (1981) (asymptotic distribution of
NX}N)Z under local alternative multinomial sampling; his proof is rather
sketchy). Let Wn_l(m—l,I) and wn_l(m—l,I,ezAAT) denote the central and non-
central standard Wishart distributions of dimension n-! and with m-1 de-
grees of freedom. Thus when X denotes a (n-1) X (m—-1) standard normally dis-
tributed matrix, i.e. vec [X] ~ N(n—l)(m—l)(o’l)’ and A denotes the
(n-1) x (m-1) "diagonal" matrix with diagonal elements Xl,...,Xn_], then
X~ W (m-1,1) and (X+60)(X+0M)T ~ W _ (m-1,1,6°MT). Furthermore, in
order to make the sample canonical functions asymptotically unique with
probability one, it is assumed in the theorem below that the sign of each

(6))

vector Gt , for t = 1,...,n-1, is such that the first non-zero component

2(N)

is strictly negative. The sign of wt is determined by

M aN)~(N) _ s A(N)
At C wt =P N

for t = 1,...,n-1.
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ArNY2 w2
THEOREM 2.2.5. (i) The asymptotic joint airstribution of NAfN) ,...,NAEH?
under P0 18 the same as the joint distribution of the eigenvalues of a
w _](m—l,I) distributed matrix and their asymptotic joint distribution

under P_ is the same as the joint distribution of the eigenvalues of a

W (m-1,1,6°AT) distributed matriz.
~(N)

(ii) The asymptotic marginal distribution of each w » for

t=1,...,0-1, under P, is the uniform distribution on the (n-1)-dimensional

0
half ellipsoid {u ¢ R® :r'u=0, uRu = I, u < 0}. The asymptotic marginal
distribution of each @(N), for t = 1,...,n-1, under P, 18 the uniform dis-

tribution on the (m—l)—dzmenswonal ellipsotd {veR®:clv=0, vicv=1}.

(iii) Moreover, denoting w(N) -'*w(N) where the szgn 8 randomly
chosen for t = l, ..,n-1, the sets {w(N) (N)} {w(N) ¢(N) } and
{NA(N) P X(gi }, are under PO’ pairwise asymptotzcally stochastically
1ndependent.

PROOF. First consider the random matrix W(N) defined by (2.2.4). It follows

by Lemma 2.2.3 that under PO

N vee WM™ * Nnm(o,ctcT) as N »
and under PL

Nt vee [ - oy iyt (Mg *5 Nnm(o,ctcT) as N > o
where in both cases

c=rRiechHa-Rec)®R ' @ cel+eeT@c))

$

since in both cases diag [P] + R ® C as N » . Furthermore, since the sample

(R®C)-(R @ C)A'(A(R ® C)AT) AR ® C)

size equals N,eTivec [ﬁ(N)-P(N)] = 0 a.s. and hence eT$ = 0" and Xe = 0.
Therefore the covariance matrix equals GIGT = I‘(R”i ® C—i)t(R_i ® C—i)I‘T

vhere
(2.2.13) T = G+ @} e chieeh Rt @ ct) = (1-rEeerY) @ (1-cleech).
Since A is of the form (2.2.10), it follows that

rt o chal = Trt @ c*eg rle o chys = 0.

Hence the covariance matrix equals GtGT =1’ = I'. Thus under PO
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(2.2.14) N%vec [W(N)] *5 Nnm(O,T) as N »
and since W'(N) + W', under PL

(2.2.15) N vee (8] +, N__(9vec [W'],1) as N > .

Next consider the probability table P'. Recall that its canonical
functions wl""’wn—l together with the vector e spaniRP. Let ¢ denote the
nX (n-1) matrix with wl""’qh-l as columns, then RiCD(I)TRi = I-RieeTRi.
The vectors e’w]""’wn-l do not span RW when m > n, therefore define
wn""’wm—l such that the mx (m—1) matrix Y with wl,...,wn_l,wn,..., =1
as columns satisfies ¥'c¥ = I,-1 and ¥Tc = 0. The columns of V¥ together with
e now spaniRm and hence C%WWTC% = I-CieeTci. Furthermore, since Al""’xn-l
are its canonical correlations, it follows from the canonical decomposition

(2.1+6) that
8 = obf ] T)i_% Tt
W —R()=:] thtwt c*= R*OAY C*,

where A is the (n-1) x (m~1) "diagonal" matrix with Al""’xn-l as diagonal

elements. Hence for a standard normally distributed (n-1) X (m~-1) matrix X,
vee [R¥ox¥Tct] ~ N (0,rY00"R? @ clwwTcly = N (o,
nm nm

and

vee [RIO(x + 00)¥ ] ~ N_(8vee [W'1,I).

Combining this with (2.2.14) and (2.2.15) yields that under P

0’
(2.2.16) N - rioxyTct as N » @
and under PL
2.2.17) NeW * rEo(x + ony¥Tct as N » o,

~(N)2 G

(1) By Lemma 2.2.2, NXfN),...,NkiNf are the non-zero eigenvalues
P T =

of NWMFM) and since eigenvalues are continuous functions of the matrix

elements, it follows by the continuous mapping theorem that

S 2 I’ 2
NA%N) ,...,Nkégg converge under P, in distribution to the non-zero eigen-—

0
values of Ri¢XWTCWXT¢TR£, that is to the eigenvalues of XX'. The result
under PL follows similarly.

(iii) Since an eigenvector corresponding to a simple eigenvalue is a
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continuous function of the matrix elements (cf. WILKINSON, 1965, p. 67)
and since P{all eigenvalues of ¢xx'®'R are simple} = 1, it follows from

Lemma 2.2.2 and the continuous mapping theorem that the joint distribution

of ﬁfN),...,Aiﬁz converges under PO in distribution to the joint distribu-
tion of the (suitably normalized) eigenvectors of oxx' 'R corresponding to

=(N)

non-zero eigenvalues. Similarly, w] ,...,@éﬂ? converge under P, in dis-

0
tribution to the joint distribution of the (suitably normalized) eigen-—
vectors of ¥X'x¥'c corresponding to non-zero eigenvalues. Furthermore, it
is easily seen that hl""’hn—l form a complete set of orthonormal eigen-

vectors of XX!| iff ¢hl,...,®h and e form a complete set of eigenvectors

of ¢XXT¢TR. Let H* denote then(;—l) X (n-1) orthonormal matrix with the
vectors h?""’h;—l as columns, where h: = tht with random choice of sign
for t = 1,...,n-1. Then for any (n-1) x (n-1) orthonormal matrix Q, the
columns of QH* form a complete set of orthonormal eigenvectors of QXXTQT
and, moreover, QXXTQT ~ XX'. This implies that the joint distribution of
the eigenvectors of QXXTQT does not depend on Q and thus QH* ~ H*. There-
fore, H* has the so called Haar invariant distribution (cf. ANDERSON, 1958,
p. 321). It also follows that
(QXXTQT |a11eigenvalues of QXXTQT) ~ (XXT lall eigenvalues of XXT), but
since the eigenvalues of QXXTQT and XX| are the same,
(Qu* | eigenvalues of XXT) ~ (H* Ieigenvalues of XXT). Thus
H* [all eigenvalues of xx") also has the unique Haar invariant distribu-
tion, i.e. (H* | all eigenvalues of XXT) ~ H*. So H" and the eigenvalues of
xx! are independently distributed (see also ANDERSON, 1958, p. 322).
Similarly, let K* denote the (m-1) x (n-1) orthogonal matrix with the eigen-—
vectors (random choice of sign) of X'x corresponding to non-zero eigen-—
values. Then (QXXTQT Iall eigenvectors of XTQTQX) ~ (XXT Iall eigenvectors
of X'X) which implies that H* and K* are independently distributed. This
proves pairwise independence of oH*, YK* and the eigenvalues of xx! and
hence proves pairwise asymptotic independence of {afN)t...,6§§%*},
{$§N)*,...,@é§%*} and {NXfN)Z,...,Niéy%Z}, where the superscript * denotes
random choice of sign. Since the signs of the vectors @éN) and ﬁEN) are
related, the * can only be removed in one of the two sets.

(ii) Each column h: of H' is uniformly distributed on the unit
sphere iniRn_l (cf. MUIRHEAD, 1982, p. 37) and therefore th is uniformly
distributed on {u e R":rTu = 0, u'Ru = 1}. Since it is assumed that vectors

of row category scores have first non-zero component strictly negative, it
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~(N)
o °F 9

< 0}. Similarly, it follows

follows that the limiting distribution under P is the uniform

T T

distribution on {u e R":r'u =0, uRu =1, u

1
~ *
that under PO, wéN) is asymptotically uniformly distributed on

v e R":clv = 0, vicv = 1}. Since under PéN), Niﬁ(N)ﬁv—Niﬁ(N) it follows

that under PéN), &EN) ~ $£N)*. O

2.3. TESTS OF INDEPENDENCE

This section briefly discusses some properties of tests of inde-—
pendence based on canonical correlations and canonical variables. The
limiting distributions of the test statistics considered under null-hypo-
thesis and local alternative conditional Poisson distributions easily fol-
low from Theorem 2.2.5. It is shown that tests based on canonical correla-
tions, at least the ones considered, are generally consistent and asymp-
totically wunbiased. Tests based on canonical variables are generally not
consistent. Furthermore, tests are compared by means of approximate

Bahadur and Pitman efficiencies.

Tests most common in contingency table analysis are the chi-square

test, which rejects for large values of

~(N)2 n-1 ~(n)2
Wy F F WLy W

cs i=1 j=1 1] t=1 t

and the lZkelihood ratio test, which rejects for large values of

N _ o . ~(N) , ~(N) A (N)
(This test is not based on canonical correlations, but is nevertheless

considered in this section). Less familiar is the canonical correlation

test which rejects for large values of

Tég) = NifN)z
It follows from Theorem 2.2.5 (i) that the asymptotic testing problem
(against local alternatives) is equivalent to the problem of testing the
hypothesis EY = 0 against the alternative EY = O\, where the columns of Y
are independently and normally distributed with common covariance matrix
(identity matrix). This is exactly the MANOVA problem with known covariance
matrix. So one might expect that well-known tests for the MANOVA problem

have a good performance in contingency table analysis. The likelihood
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ratio statistic for the MANOVA problem corresponds to the geometric mean
of the squared canonical correlations,

N _ I ~))2/(n-1)
& (tnl i ) .

The statistic

) _ ozl a2 ~(N)2
T, _Ntfl A D 1A+

is based on PZllai's test for the MANOVA problem. A variation on this is
eV = N z )\(N) /(1 - A(N) ).

COROLLARY 2.3.1. The asymptotic distribution of each of the statistics Tégh
(N) N and N
Tir™> Tp Q

degrees of freedom; their asymptotic distribution under the local alterna-

under the hypothesis Py 18 chi-square with (n-1)(m-1)

tive Py 18 non-central chi-square with (n-1)(m-1) degrees of freedom and
non-centralzty parameter 02 Zn i Ai. The asymptotic distribution of Tég)

under P and P 18 the dzstrzbutzon of the largest eigenvalue of a

_y (o l 1 0) and a w y (m-1,1,6 AAT) distributed matrix, respectively. The

asymptotzc dzstribution of T( )

under PO 18 equal to the distribution of
the geometric mean of n-1 tndependent chi-square variables with degrees of
freedom m-1,m-2,...,m-n+1.

N)
CS
Theorem 2.2.5. The asymptotic distribution of Tég) under PO follows from

(N)

PROOF. The limiting distributions of T and Tp” follow directly from

the result (%) on p. 540 in RAO (1973). Furthermore, it is easily seen that
5 (M)
t

for t = 1,...,n-1 tends to zero in probablllty under P as well as

under P as N > ®, Therefore, T (2), TéN) (N) are asymptot1ca11y equi-
valent under null-hypothesis and local alternatlves. Expansion of the
) m (N)
logarithm shows that TLR and N Zi=l zj=l e, under P0 and under PL’
asymptotically equivalent. [J
N 6]

The limiting distributions of T and T under P, and PL also

cs LR 0
follow from HABERMAN (1974, pp. 109-110).

In practice tests based on these six statistics can be performed by
rejecting the null-hypothesis when the test statistic exceeds the upper
o-point of the corresponding limiting (null-hypothesis) distribution. Since
these limiting d1str1but10ns are valid under any convergent sequence

{P(N) = rMe (N) } in the null-hypothesis HO’ the null-hypothesis dis-
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tribution of these statistics converges uniformly in the elements of HO'

()

Hence for each statistic T

1C) N }

lim sup P{T ol

Noo P(N eIl

= Q.

So all tests have asymptotic size 0. In case that the marginals of the

tables in I, are not bounded away from zero, the sequence of probability

tables in Hg for which the supremum is attained could tend to a limiting
table with one or more zero marginals. For such sequences the derived
limiting distributions are not valid and therefore the limiting tail pro-
bability may differ from o. It is not clear whether this tail probability
is always smaller than a.

The following theorem shows that these tests have the desirable pro-
perties of consistency and asymptotic unbiasedness; extending earlier re-
sults of HABERMAN (1981).

M M MW
m . . . ] Ccs LR cC P )
T are consistent against all fixed alternatives. The test based on T o

Q

18 consistent against fixed alternatives with strictly positive smallest

THEOREM 2.3.2. (i) Tests based on the statistics T

canonical correlation, t.e. with A _; > 0.
(ii) The asymptotic power functions, for local altermatives P, of
these tests are strictly increasing in each At for t = 1,...,n-1; Zn par-

ticular these tests are asymptotically unbiased.

PROOF . (i) Since eigenvalues are continuous functions of the matrix elements,
the first result follows from Lemma 2.2.3.

(ii) The asymptotic testing problem is equivalent to the MANOVA
testing problem that the expectation of Y is zero, where the columns of the
matrix Y are independently and normally distributed. Therefore, (ii)
follows from DAS GUPTA, ANDERSON and MUDHOLKAR (1964) (see also Theorem 1.1
in PERLMAN and OLKIN, 1980), provided the acceptance region of the test
considered is convex in each column of Y when the remaining columns are
held fixed. By asymptotic equivalence of Tég), Tég), TéN) and TéN) it is
sufficient to prove that the trace (sum of eigenvalues), largest eigenvalue
and determinant (geometric mean of eigenvalues) of YY" are convex functions
in each column of Y. To this end let Yl and Y2 be two arbitrary (fixed)
matrices of size (n-1) X (m-1) which only differ in the jo—th column and let

a = 1-0 for some 0 < a < 1. By Cauchy-Schwarz,



29

trace (oY, + &Yz)(aY] + ELYZ)T = a2 trace Y]Yl- + 200 trace Y]Y; +a2 trace YZYT2

T - il
< atraceYlYl + atraceYzY2

and
largest eigenvalue«aYl-+&Y2XaYl-raY2)T) =
max uT(aY +0Y ) (oY +0Y )Tu < max (auTY Ylu+auly YTu)
1 2 1 2 171 2-2
u'u=l u'u=1
< o max uTY YTﬁ + 0 ‘max uTY YTu.

u ' u=l| "3 ulu=1 @

The desired convexity property of the trace and largest eigenvalue functions
follows. Convexity of the determinant is proved as follows. First consider

the case that Yl and Y2 are square, then det(YlYI) = detz(Yl) and similar

equalities for Y2 and aY1~*aY2. Expansion with respect to the jo—th column

yields det (Y, +&Y2) = adet (Y)) + adet (Y,). Hence
(2.3.1)  det? (@Y, +aY,) < adet? (x) + & det? ).

In case that Y] and Y2

of all determinants of (n-1) x (n-1) submatrices of Y

are not square, write det(Y]YI) as the sum of squares
1 (cf. RAO, 1973, p.
32) and make similar expansions for det (YZYE) and det «aYl-faYz)(aYl-taYz)TL
Using inequality (2.3.1) for each (n-1) x (n-1) subdeterminant involving the
jo—th column in the expansion of det «aYl-faYz)(aYl-+&Y2)T) yields

det (oY, +&Y2) (oY, +&Y2)T) < adet (YIYI) + adet (Y2Y12-). This completes the

proof. [

Although these tests are asymptotically unbiased, Example 4.4.3

shows that they are biased for finite samples.

The relative performance of two tests can be investigated by the
finite sample relative efficiency: the ratio of the minimal sample sizes
required to guarantee a fixed power against an alternative. Its computation
is generally not feasible, but the asymptotic efficiencies of Bahadur and
Pitman can be interpreted as approximations of the finite sample relative
efficiency.

BAHADUR (1960) introduced the approximate Bahadur efficiency for two
tests based on so called standard sequences of statistics. The sequence of
(N)}oo

N=1

statistics {T is said to be a standard sequence (for testing the

hypothesis of independence) if the following three conditions are satisfied.
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(1) There exists a continuous distribution function H such that

under each PO’

lim P{T(N) < t} = H(t) for every t.

N->co

(1ii) There exists a constant a, 0 < a < ® such that

log (1 =H{t) = =Jat?>(] +o(1)) a5 &

(iii) There exists a function b defined on all probability tables

such that under each PA

%ﬁg P{|N—%T(N) -b(P")| >el =0 for every € > 0
with 0 < b(P') < o,

The present conditions (i) and (iii) are stronger than Bahadur's
conditions since arbitrary convergent sequences of underlying probability
tables are considered here, i.e. uniform convergence is required in (i)
and (iii).

The approximate slope of a standard sequence is defined as s(P') =
abz(P') and the approximate Bahadur efficiency of the standard sequence
{TfN)};=] with respect to the standard sequence {TgN)}:=] is defined as the

ratio of slopes
<Py = ' '
ABE(T],TZ,P ) SI(P )/SZ(P Ya

A value larger than unity indicates that T, is superior to T2 at the

1
(limiting) alternative P'.

THEOREM 2.3.3. The sequences of statistics {TCS }N=1’ {TLR }N=l’

{ng };=]and (TéN)i};;l are standard sequences with approximate Bahadur

slopes

@) = % 22
5 "
CS t=] t’
B =2 £ T pllop(ple )
s P = v 1O : af KB
LR 51 55 By OB Ap, o/ Crgee )
2
1 -
scc(B) = A

s @) = "3 A2/ 422
P ¢mi E £

> 05

Furthermore, if attention is restricted to alternmatives P' with An—l

then {Tég) };;1 is a standard sequence with approximate slope
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_— =l \2/(n-1)
sGM(P ) = (n_l)(tgl At) .

and 1f attention is restricted to alternmatives P' with Al <1, then

{TéN)i};;l is a standard sequence with approximate slope

5 n-1 2 2
sQ(P ) = tEI At/(l— Xt).

PROOF. The three conditions for standard sequences are verified as follows.

(i) Immediately from Corollary 2.3.1.

(iii) It follows from (2.2.8) that under fixed alternatives P,, XEN)
converges in probability to At for t = 1,...,n-1. Application of the
continuous mapping theorem produces the desired result.

(ii) First consider a slightly more general set-up. Let T(N) be an

univariate statistic of the form T(N) = T(NXfN)z,...,NXé§%2), where T is

a continuous positive function such that T(cll,...,cln_l) = cT(ZI,...,Zn_])
for all ¢ 2 0 and all Zl B wes 2 Zn—l > 0. It follows from Theorem 2.2.5

0 T(N) converges in distribution to T(Zl,...,ﬂn_l), where

Z] 2 swe & Kn-l > 0 are the eigenvalues of a wn_](m—l,I) distributed
matrix. Let H denote the limiting null-distribution function of TN,

Then by MUIRHEAD (1982, p. 107),

that, under P

1 -H(t) =
n-1 n-1 (m—n—l )/2
Tlls 5005k y>t2
1 n-1

Changing the variables, tzui = ﬂi for i = 1,...,n-1, produces

~ = n-1 n-1 s
1-H(t) = Knt(n 1) (m-1) lng::lun_lzo exp (-itz ' ui,)( I l“i)(m n l)/2x_

i=1 i=1
T(ul,..,un_])zl

x igj (ui-uj)dul...dun_l.

By Laplace's method of asymptotic expansions of integrals (cf. ERDELYI,
1956, pp. 36-39) it follows that

lim -t~ log (1 - H(t)) = }a,

t>oo

s o e n-1 - -
where a is the minimum of Zl u; on the integration area B =

n-1
{u eR tuy > u, B s B U

The chi-square, canonical correlation and geometric mean statistic

20, T(up,eeesu ) 2 1}.
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. . o v n-1
fit this set-up. It can be verified that the minima of Z] u, on the cor-

. . . v - - = " 1 -
responding integration area's are a.g s a.c 1 and agy = o I respective
ly. Therefore, the square roots of these statistics satisfy condition (ii)

. " N
of standard sequences with these constants a__, a and a_,,. Since T( ),
(N) (N) CS® "cC GM N LR
TP and TQ have the same limiting null-distribution as Tés , the square
roots of these statistics also satisfy this condition with constants e~
a, = aQ = 1. 0

N)

4
Note that tests based on T(N)? are equivalent to tests based on T
and therefore produce the same relative efficiencies. The following in-

equalities are easily verified for each alternative P',

sec(') S sog(B') S sy (P"),

seu(®') < 5gg(B") £ 8,(B"),

sP(P') < sCS(P') 2 sQ(P')-

(N) .

Q is superior to the other four and

that the chi-square test is second best. The slope of the likelihood ratio

This suggests that the test based on T

test cannot be ordered with respect to the other slopes for all alterna-
tives. These orderings of tests should be interpreted with care because the
approximate Bahadur efficiency does not always give a good approximation to
the finite sample relative efficiency. In many cases Pitman efficiencies
give better approximations.

The Pitman efficiency is based on comparisons of powers of tests at

local alternatives. Using results of ROTHE (1981) it can be verified that
(M) (N) (\)) (N)

s ? TLR » Tp and TQ

are all unity, which means that Pitman efficiencies do not discriminate

the Pitman efficiencies between tests based on T

between these tests. Furhtermore, in a neighbourhood of HO the distributions
of the six statistics converge uniformly in the alternative parameter and,
therefore, it can be shown using the Lemma and the Theorem in WIEAND (1976)
that the limit of the approximate Bahadur efficiency (as the alternative
approaches the hypothesis) equals the limit of the Pitman efficiency (as
the size o of the test tends to zero).

Of interest is the Pitman efficiency between the chi-square (or like-
lihood ratio) test and the canonical correlation test. Using the arguments
above it can be shown that

lim PE(T

_1
Py = 14 . R | = n 2,,2
i CS’TCC’P ) élm ABE(TCS,TCC,rc +06(P rc')) tEI At/xl
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(where PE is short for Pitman efficiency), suggesting that the chi-square
test always dominates the canonical correlation test. The computation of
the exact Pitman efficiency between these two tests is rather intractable.
Even its numerical computation is quite a difficult problem, but in the
case n =m = 3 it can be carried out. Such numerical computations indicate
that the canonical correlation test is slightly better than the chi-square
test for alternatives with Az very close to zero, but that the chi-square
test beats the canonical correlation test rapidly as the alternative moves
away from the axis AZ(;)O. f:;the€§§re, it(;i noted in HABERMAN (1981)
that tests based on TLR ’ TCé s TP and TQ are asymptotically locally
_best (maximize the derivative of the asymptotic power function at the
null-hypothesis).

The considerations given above recommend tests based on Tég), Tég)

(™)
Q

or T

The tests above are based on canonical correlations and are tests
against omnibus alternatives. Intuitively, on might think that tests based
on canonical variables are sensitive to certain forms of dependence. In
view of the results of Section 3.3, certain (normalized) linear combinations
of the row or column category scores might produce tests with a good per-
formance against certain alternatives.

Let a be any n-dimensional vector which is not proportional to e and

consider

(2.3.2) TéNZ _ (aTﬁ(N)aéN))Z/(aTﬁ(N)a B (aT?(N))Z).

This statistic can be interpreted as the square of the sample correlation
between the t-th sample canonical variable GEN)(X) andAthe transformed row
variable a(X), where the function a is defined by a(i) = a; for
i=1,...,n. Similarly, consider for any m-dimensional vector b, which is
not proportional to e, the statistic

(2.3.3) TéNZ = (bTE(N)ﬁiN))Z/(bTé(N)b - 'e®H2,

The following proposition shows that the limiting distributions of these

statistics under the hypothesis is a beta distribution.

PROPOSITION 2.3.4. Under the hypothesis Pys

(2.3.4) Té?i ) B(},3(n-1)) as N » =,
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(2.3.5) Té?z + Bk, 4 (@1)) as N + =,

for t = 1,...,n-1. Moreover, under fixed alternatives PA’

(N) n)
(2.3.6) TR,t *p TR,t’ Tc,t —)P Tc’t as N - o,

for t = 1,...,n-1, where

~
]

(a"ro)?/(aTRa - (aT0)?),

=4
]

(oTcp, )%/ bTeb - ®'od,
- provided the t-th canonical correlation )\t is simple.

PROOF. Using the same notation as in the proof of Theorem 2.2.5, it follows

under PO that

(N) i 25 T Ty e (%Y 2
TR,t D (a R@ht) /a'(R-rr')a ~ (a ht) as N » o«

where al = aTRQ/(aT(R—rrT)a)%. Note that ala = 1 since R®®'R = R-rr'.
Since h: is uniformly distributed on the unit sphere in'Rn—l, the result
(2.3.4) follows from MUIRHEAD (1982, p. 39). Similarly, (2.3.5) follows.

Furthermore, (2.3.6) is a trivial consequence of (2.2.9). O

Thus, unfortunately, tests based on canonical variables are generally
not consistent. Combining them with tests based on canonical correlations

produces consistent tests but with a rather bad performance.



35

CHAPTER 3

ORDERING PROPERTIES
IN CORRESPONDENCE ANALYSIS

3.1. TOTAL POSITIVITY

This section summarizes results of the theory of total positivity
which will be needed in the present and following chapters. Important

references on this subject are GANTMACHER and KREIN (1950) and KARLIN (1968).

Let X and Y be subsets of R and let K be a real valued function
(kernel) defined on Xx Y. In the case that X = {l,...,n} and ¥ = {1,...,m},
the kernel K can be considered as a nxm matrix K with elements kij = K(i,3)

for i = lyeeeyn @nd j = ly.0epi,

DEFINITION 3.1.1. The kernel K is called totally positive of order s

(abbreviated TPS) on XxY if for every t = 1,...,s, all X < %, € vue € X,

and all ¥ STy K v € ¥ (xi e X, v € Y for i = 1,...,t) the determinant

K(xl,y]) K(xl,yz)...K(xl,yt)
xl,xz,...,xt) _ K(xz,yl) K(xz,yz)...K(xz,yt)

(3.1:1) K
Yys¥pseres¥y 5 A :

K(x,y)) Klxp,y,)...Kx,y,)

is positive. When the determinant (3.1.1) is even strictly positive for

every t = 1,...,s and all x, < ... < X5 ¥ € e S L then K is said to

1
be strictly totally positive of order s (STPS).

This definition has the following two obvious consequences.

PROPOSITION 3.1.1. Let K be (S)TPs on XxVY, then
(1) f(x)g(y)K(x,y) z8 (S)TPs on XxY whenever the functions f and

g are (strictly) positive on X and Y respectively,
(ii) K(f(u),g(v)) ©s (S)TP_ on £ (X) xg (V) when the functions f and
g are both (strictly) increasing or both (strictly) decreasing on £ (X) and
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g (V) respectively. (Here f (X) = {u e R: f(u) ¢ X} and g (¥) is similarly
defined).

PROOF. Trivial. [

The following important result in the theory of total positivity is

often called the basic composition formula.
LEMMA 3.1.2. Let O be a sigma-finite measure and suppose that the integral
(3.1.2) M(x,z) = J K(x,y)L(y,z)do(y)

Y

converges absolutely, then

Ko g 56 9K % 5 5w sigK Vs e sim o)
M( i ‘) «  Juusf K( : t)L( ! t)do(yt)...do(yl).

zl,...,zt yl<...<yt yl,...,yt zl,...,zt

PROOF. See KARLIN (1968, p. 17). 0

COROLLARY 3.1.3. Let K be TPs on XxY and let L be TPr on Yx2Z, then M
defined by (3.1.2) is Tpmin(s,r)
s TP and satisfies the rank condition that for all t = l,...,s and all
<BZ<"'<Bt with

on Xx 1. Moreover, when L s STPr and K

By € wen €E (xie X;i=1,...,t) there exist sets B,

O(Bj) >0, B, < Y for j = 1,...,t such that det |(K(xi,Bj))| # 0, where

(3.1.3) K(x.,B.) = | K(x.,y)do(y) for i,j = 1,...,t,
1°] Bj 1

then M is actually STP . #
min(s,r)

Using Proposition 3.1.1 and Corollary 3.1.3 many examples of (S)TP
kernels can be constructed from a few basic examples. In Section 3.4
(strict) total positivity of well-known bivariate probability densities is

proved starting from the following numerous examples.

EXAMPLE 3.1.1. The function

1 if x <y

K(x,y) = {
0 if x>y

is TP_ on R’ (cf. KARLIN, 1968, p. 16).

2

EXAMPLE 3.1.2. The function K(x,y) = e is STP_ on R” (cf. KARLIN, 1968,

ps 15).



37

EXAMPLE 3.1.3. The function K(x,y) = (x+y)_a, a>0 is STE_ for 0<x,y<e.

To verify this consider for s=1,2,... the "derived" determinant

X ,X o < j=1

1? geeey _ A |

() = |
YsVseoosy oy

’

which in the present example for 0 < X < x, L aem 8 x, and y > 0 equals

1 -a -1 la(a+1).. .(ats-2)
T cees =~
(xl+y)a (xl+y)a'+ (x1+y)a+s
K*(x] s X ’xs> _ i : . _
YsYseessy ’ s-1
1 -0, (-1) a(a+l). .. (a+s=2)
T eees =
(xs+y)u (xs+y)0‘+ (xs+y)a+s !

1 (x]+y)... (x]+y)s_2 (xl+y)s_1

1P D5 012 | (ats-2)

s a+s-1
Ht=l (x _+y)

: : > 0.

£ Io(xg+y) ... (xs+y)s_2 (xs*‘y)"‘_l
The last determinant is the Vandermonde determinant. By KARLIN (1968, pp. 49-50),
K is STP_. (For a=1 this example is also given in KARLIN, 1968, p. 149.)

EXAMPLE 3.1.4. The function K(x,y) = I'(x+y+1) is STP_ for 0 < x,y < .

By definition I'(x+y+1) = * B log (z)ey log (z)e_zdz and hence the result
0

follows from Example 3.1.2, Proposition 3.1.1 and Corollary 3.1.3.

EXAMPLE 3.1.5. The function

(x-y)™ if x >y
K(x,y) = { ,meN
0 ifxx<y

is TP on']R2 (cf. KARLIN and STUDDEN, 1966, p. 17).

EXAMPLE 3.1.6. The function

1/(x-y)! if x>y

K(x,y) = {
0 if x <y
2

is TP on Z". (Follows from KARLIN (1968, p. 137) and Proposition 3.1.1.)

EXAMPLE 3.1.7. The function

( n
K(x,y) = {7
0 if x <y or x-y >n

is TP_ on Z? (cf. KARLIN, 1968, p. 44).

) if x >y and x-y < n
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EXAMPLE 3.1.8. Let {¢t(x)}:=o be an orthogonal polynomial system (where ¢t
is of exact degree t) with respect to a measure 0 on [a,®), where a > -,
Assume that ¢t(0) >0 for t = 0,1,... . Then K(x,t) = ¢t(—x) is STP_ for
a<x<®and t = 0,1,... (cf. KARLIN and McGREGOR, 1959, p. 1115 or
KARLIN, 1968, p. 438).

EXAMPLE 3.1.9. An important class of (S)TP functions are of the form

K(x,y) = f(x-y) for x,y € R. Functions f for which f(x-y) is (S)TPS are

called (strictly) Pélya frequency functions of order s (abbreviated
(S)PFS). It can be proved that f is PF2 iff £ is positive and log concave
on R.

The interest of totally positive functions is largly due to the
variation diminishing property. Let f be a function defined on a subset Z

of R. The minimum number of sign changes of £ on Z is defined by
5(£) = sup S [£(z)),£(zy),...,E(2)]

where the supremum is over all sets z, < z, L maw, C z, (zi e Zs 1™ ToeensEds
t is arbitrary but finite, and S_[u,,uz,...,ut] is the number of sign
changes of the sequence Upslyseessty discarding zero terms. The maximum

number of sign changes of f on I is defined by
+ +
S (f) = sup S [f(zl)’f(ZZ)’°"’f(zt)]

where S+[ul,u .,ut] denotes the maximum number of sign changes of the

s
sequence, assigning arbitrary signs to zero terms. The relevant rnumber of
sign changes of f with respect to a sigma-finite measure 0 on Z is defined
by »

S;(f) = inf 5 (h)

where the infimum is taken over all functions h which o-a.e. equal f.

LEMMA 3.1.4. (Variation Diminishing Property). Let K be a kernel defined on
XxY, where X and Y are Borel-measurable sets, and let ¢ be a sigma-finite
measure on X. Suppose that IX K(x,y)do(x) exists and is finite for every

y € Y. Consider the transformation
(3.1.4) g(y) = { K(x,y)f (x)do(x) for y eV

where £ is a bounded Borel-measurable function.
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(i) If K is TP_, then
(3.1.5) S(£) < s-1 = 57(g) < 5_(F).

Moreover, if S (g) = S;(f) < s-1, then g and £ exhibit the same arrangement
of signs.
(ii) If K zs STPS and £ # 0 o-a.e., then

(3.1.6) §(£) < s-1 = 5% () < 5,(6).

(iii) Under slight non-degeneracy conditions, converses of (i) and
(ii) also hold.

PROOF. The lemma is a special case of KARLIN (1968, p. 233). 0O

Another related property is the following lemma on the number of
sign changes of eigenfunctions of TP kernels. This result is formulated for
the matrix case, because its general version still seems to be unproved.
(A related result for continuous (symmetric) kernels is given in GANTMACHER
and KREIN, 1950, pp. 268-269; see also KARLIN, 1968, pp. 35-38.)

Let ETERREELN denote the eigenvectors of the nx n matrix K corres-—
ponding to the s "largest'" eigenvalues |u1] > |u2| 2 oas B |us| and let U

denote the nx s matrix with Upseee,u  as columns.

LEMMA 3.1.5. Suppose that the nxn matrix K is TPS and that there exists
an integer q 2 1 such that the q-th iterate K9 is STPS. Then the s largest

etgenvalues of K are strictly positive and distinct, Z.e.

My >y > oo > > |us+l|. Furthermore, the signs of the eigemvectors
Upse..sug can be chosen such that A

S (PP |
(3.1.7) 11( e t) >0

L5250, E

for all 1 < il < i2 T wem % it < nand every t = l,...,s (Z.e. the columns

of U form a so called complete Tchebycheff system) and hence for arbitrary

real numbers a »ap (lcksdl=<ss, T ai > 0) the rumber of

k,ak+1,... t=k

changes of sign of the linear combination
£
u = tEk au

satisfies k-1 < § (u) < ) = 241,
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PROOF. The lemma is a weaker version of a result in GANTMACHER and KREIN
(1950, p. 349). O

Furthermore, the following lemma will be used.

LEMMA 3.1.6. The set of all nxm STP_ matrices is dense in the set of all

nxm TPs matrices.

PROOF. In KARLIN (1968, p. 88) the proof is given for matrices of size

s xm, but the same method applies for matrices of size nxm. 0

©3.2. GENERALIZATIONS OF REGRESSION DEPENDENCE

This section first discusses generalizations of regression dependence
in the context of arbitrary bivariate distributions. These generalizations
are basic to the notion order dependence which is introduced at the end of

this section.

Let (X,Y) have an arbitrary bivariate distribution F which has
density p with respect to a product measure o, x0, on XxY, where X and Y
are subsets of R. Recall that Frlc(-[y) denotes the distribution function

of X|[Y =y for y € V.

DEFINITION 3.2.1. The pair of variables (X,Y) is said to be (S)TPs—dependent

when a suitable version of their joint density p is (S)TPs on XxVY.

TPz—dependence is sometimes called positive likelihood ratio de-
pendence (cf. LEHMANN, 1966 and TONG, 1980, p. 79). The interpretation of

its definition
X <Xy5 ¥, <Y, (xl,x2 € X; Ys¥p € y) = p(xl,yl)p(xz.yz) > p(x],yz)p(xz,y])

obviously indicates a strong form of positive dependence between X and Y.
Even stronger forms of dependence are obtained when p is TPs—dependent for
8 > 2. TPZ-dependence means that the family of conditional distributions of
X|Y = y has the monotone likelihood ratio property. A weaker form of de-

pendence arises when this family is only stochastically increasing, i.e.
(3+2.1) Y <Yy ey, € y) = Fr|c(x|y]) > Frlc(x|y2) for all x € X.

In this case LEHMANN (1966) calls X regression dependent on Y. It is seen
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from (3.2.1) that the mass of the conditional distributions of X|Y = y con-
centrates on higher values in X as y increases. Condition (3.2.1) says that
the differences Frlc(x|yl)-Fr‘c(xly2) are positive whenever Y- As-
suming further TP properties for these differences yields the following
generalization of regression dependence. The actual motivation for this
generalization is Theorem 3.2.3 below. Let X\ sup {X} denote the set X with

its supremum deleted.

DEFINITION 3.2.2. The pair of variables (X,Y) is said to be column regres-—

ston dependent of order s on XxY (abbreviated CRs-dependent) if there
exists a suitable version of the conditional distribution of X|Y such that
for every t = 2,...,s+] and all X, <%y < ... <x (xi e X, i=1,...,t-1)
and all Y, <Y, < eee <y, (yj eV, j=1,...,t) the determinant

Fr|c(xliy1) T Frlc(xllyt)
(3.2.2) : :
Frlc(xt—llyl) ¥ ¥ Frlc(xt—llyt)
1 o o e 1

is positive. When the determinant (3.2.2) is even strictly positive for every
t=2,...,s+ and all x; < ... <x | (x; € X\sup {X}, i=I,...,t-1) and all

b I T : 8 (yj €Y, j=1,...,t), then (X,Y) is said to be strictly

column regression dependent of order s (SCRs-dependent). Similarly, (X,Y)

is said to be (strictly) row regression dependent of order s (abbreviated
(S)RRS—dependent) when (Y,X) is (strictly) column regression dependent of
order s (i.e. (3.2.2) holds when the roles of rows and columns and of x's

and y's are interchanged). Furthermore, (X,Y) is said to be (strictly)

double regression dependent of order s (denoted (S)DRs;dependent) if (X,Y)

is both (S)RRs and (S)CRs—dependent.

In the sequel we shall not bother about the choice of different
versions of conditional distributions.

CRl—dependence corresponds with the usual definition (3.2.1) of
regression dependence of X on Y. The family of conditional distributions

of X|Y = y which arises when (X,Y) is CR,-dependent is in fact the Zn-—

2
variant convexity preserving family considered by VAN ZWET (1968).

PROPOSITION 3.2.1. (S)TPS+1—dependence = (S)DBS-dependence.

PROOF. Let (X,Y) be TPs+l—dependent, then their joint density p and hence
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the conditional density of X|Y =y is TPS+l on Xx Y. Application of

Corollary 3.1.3 to this conditional density and the triangular kernel of
Sl Hence by Definition 3.1.1 with
X, - sup (X}, (X,Y) is CRS-dependent. RRs—dependence follows similarly. In

Example 3.1.1 yields that Frlc is TP

the case that (X,Y) is STPS+]—dependent the same arguments apply because

the triangular kernel satisfies the rank condition of Corollary 3.1.3. [

In practice the (S)TPs+l property is often easier verified than the
(S)RRS or (S)CRs property. The following proposition shows that in the two
most common cases (S)RRs and (S)CRS-dependence actually involve a (S)TPS
property. The first part of this result is, for the case s = 2, also
proved by VAN ZWET (1968).

PROPOSITION 3.2.2. (i) Let Y be an interval and suppose that qc(x,y) =
—aFrlC(x|y)/8y exists, then (X,Y) is (S)CRs—dependent iff q,(x,y) is
(8)TP on X\ sup {X} xV.

(ii) Let ¥ = {1,...,m} and define q (x,y) = Frlc(xly)—Frlc(xlyH)
for x e Xand y = 1,...,m~1, then (X,Y) Zs (S)CRs—dependent off qc(x,y) 18
(S)TPs on X \ sup {X} x {1,...,m-1}.

PROOF. (i) Let x; < ... <x , (x; € X \ sup {X}) and Yy < eee <y, (yj eY)

be arbitrary. Consider the function g(n) defined for Y, Sn<y, by
Fr|c(x1|n) Frlc(xlly2) 4 Fr|c(xl|yt)
g(n) = ' ; ;
Frlc(xt—lin) Fr|c(xt—lly2) T Frlc(xt—llyt)
1 1 i |
1
= E Fo|o(mpmoMg + 0,
where Mi for i = 1,...,t are signed minors. By the mean value theorem there
1 ' -_ = — 1 =
exists y, <N <y, such that g (n])(y2 yl) g(y,) -g(y,). Since g(Yz) 0,
it follows that

t-1
iEI qc(xi,n])Mi(y2 -yl)

gly,)

Q) F Gglyy) e B Gy ly)
0 Foi b ly.,) F x|y T2

CMe-12M? Fr|eZe-11727 - - 2 P ePe-117e

0 1 % = 8 1
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Repeated application of the mean value theorem yields the existence of
Yy < n < Y, < n2 € wgw S nt—l < Y such that
Fr]c(xllyl) o Fr|c(x]|yt)
sign : :
Frle®ea v+ o v Py lyy)
1 e 1
deCxpanp) + o+ o qlxpem ) Fxylyy)
= sign : : -
Qo) - e G ane ) Fp Gy Iy

0 o v 0 1

which proves the first part of the proposition.

(ii) It is easily verified that for 3] % mas S X

(xi e X\ sup{X}) and y = 1,...,m-t+2

Frlc(x]|y) 5 B Frlc(x]|y+t-l)

o 5Ky i 557K
]2 *Te-1
(3.2.3) qc< ) =

VoY +] 5000 5ytt=2 (xt_]|y+t_l)

Fr|c(xt-lly) e Fr|c

1 : w 1
EIRE STRRTEE S
Y

Yaytl, .. y+t=2
>0 for 1 < VS Fg S mee TF 4 8 m-1. Similar-

By KARLIN (1968, p. 60), q ) >0 for y = l,...,m=t+l
X|3KpyeeesXp

e yl,yz,...,yt_x
ly, strict positive sign of the determinant on the right hand side of (3.2.3)

implies q

for all t-1 consecutive elements of Y implies strict positive sign of this
determinant for all ordered t-1 tuples. It now easily follows that (X,Y) is
SCRS—dependent i£f q. is STPS. The restriction that all determinants are
strictly positive can be dropped by appealing to Lemma 3.1.6 and

continuity. 0
Consider the conditional expectations
(3.2.4) g(y) = EERX)|Y=1y) for y € Y.

It follows from the variation diminishing property that the function g
changes sign at most t times when the number of sign changes of f equals t
and (X,Y) is TPs—dependent with s > t+l. Although this result is useful in

particular situations, the following related weaker result gives a better
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intuitive grasp of the notions TP and CRs—dependence. It is well-known

s+1
that a stochastically increasing family preserves monotonicity of functions.
Thus when (X,Y) is CR]—dependent, the function g is increasing whenever f
is. A stronger form of dependence is needed if one also wants the regres-—
sion of convex functions of X on Y = y to be monotone of order 2, i.e.
first decreasing in y and then increasing. It turns out that CRZ—dependent
distributions preserve monotonicity of order 2. To illustrate that this
stronger ordering of (conditional) distributions is natural, consider the
problem of testing hypotheses about the parameter y of the one parameter
family of distributions based on one observation of the variable X. If the
family of distributions is stochastically increasing, then any one-sided
test has a monotone power function, as one would hope. When this family
also preserves order 2 monotonicity of functions, then any two-sided test
has the desirable property that its power function is first decreasing and
then increasing.

The following theorem formalizes this property of CRS—dependent dis-
tributions. A function f defined on a subset Z of R is called monotone of

order s, denoted by M(f) = s, when
(3.2.5)  supS [£(z,) - £(2)),£(24) = £(z)),...,E(2) ~£(z,_ )] = s-1

where t is arbitrary but finite and Z) <2y < ... < z, (zi A I (R .
and f is said to be strictly monotone of order s, denoted SM(f) = s, if in

addition to (3.2.5) also

g=1;

sup ST [£(2,) - £(2),£(z,) - Eoy) yuon s Bl ) = £, 7]

Furthermore, the function f is said to be (strictly) monotone of order s
with respect to a sigma-finite measure O, denoted (S)Mo(f) = s, when

s = inf (S)M(h), where the infimum is taken over all functions h which o-a.e.
equal f. Note that monotonicity is a kind of oscillatory property. In the
case that Z is an interval and f is differentiable with derivative f', it
follows from the mean value theorem that M(f) = S_(f') + 1. Furthermore,
when Z = {1,...,n} and di denotes the difference di = f(i+1) - £(i) for
i=1,...,n-1, then M(f) = § [dl,...,dn_l] +1.

THEOREM 3.2.3. Comsider the conditional expectations

gly) = EEX)|Y = y) fory eV
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where £ 18 a bounded measurable function.
(i) If (X,Y) s CRs—dependent, then

Mor(f) <s= Mgc(g) < Mgr(f)-

Moreover, when Mor(f) = Moc(g) < s, then f and g exhibit the same arrange-
ment of osctillations.

(i) JIFf X,Y) %s SCRS—dependent, f is monotone of order t < s with
respect to the measure o, and g 18 monotone of order t with respect to O.s

then g is even strictly monotone of order t with respect to 0.

PROOF. (i) Without loss of generality it can be assumed that M(f) =

Mor(f) < s and hence f is of bounded variation. Therefore f can be approxi-
mated by step functions on intervals. Consider a partition x1<ix2<... <xn
(xl = inf {X}, x = sup {X}, x; € X for i = 2,...,n-1) of X. (In case f is

not properly defined in X, or in X, replace X, or x by an element of X

1
"close" to inf {X} or sup {X} respectively.) Let f  be the step function such

that fn(x) = f(xi+|) when X, < x 4 Clearly for all n and all partitions

i+1°

(3.2.6) M(£ ) = S_[f(xz)-f(xl),...,f(xn) -f(x _PI+1 < M(E).
Furthermore define
(3.2.7) gn(y) = { fn(x)dFrlc(xly) for y ¢ Y,

for a suitable version of the conditional distribution. By bounded con-
vergence, gn(y) + g(y) for y € Y as n > © provided the partition of X is
refined in an appropriate way.

Next fix Yy < Yy € guw € : (yj € ¥). Since (X,Y) is (S)CRs-dependent
it follows from Propositions 3.4.1 and 3.2.2 that the kernel qc(i,j) =

1+l) - f(xi) for

Fr|c(xi+l|yj)'_Fr|c(xi+]|yj+l) is (S)TPt, where t = min (s,n-1,m-1), on
{1,...,n-1}x{1,...,m1}. Furthermore define u; = f(x.
i ) - gn(yj) for j = 1,...,m-1. Then by (3.2.7)

i=1,...,n-1 and vj = gn(y
and summation by parts

i+l

n-1
(3.2.8) vj = izl uiqc(i,j) for j =1,...,m~1,

Applying the variation diminishing property to (3.2.8) produces

(3.2.9) S lg (y)) -8 (y))se- 8 () 8o vy )] < MCE ) =1 < M(£) - ]
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where the last inequality is obtained from (3.2.6).

Consider the vector w = (g(yz)— g(y]),...,g(ym)-g(ym_l))T. Choose
0<e<minf{lw.|:|w.| >0, 1 £j <m-1}, then any (m-1)-dimensional vector
v such that ij-vj] <€ forj=1,...,m1 satisfies § (v) = S (w). There-

fore, since g, ” 8 it follows from (3.2.9) with sufficiently large n that
5 Ig(yy) ~8(y))se e 08y — 8y, NI +1 < M(E).

Sincem and y, <y, < ... < are arbitrary it follows that M(g) < M(f).
1 2 Im

Furthermore since g is a version of the conditional expectation, M(g) can
be replaced by M5 (g).

(ii) Firstcnote that in case of SCRS-dependence, (3.2.9) also holds
with S~ replaced by S+. Moreover, the method of proof of part (i) also
works for any step function fn(x) = f(€i+l) for X, < 9% £ %, where
s % Bpen ® Wy v
approxlmate f by upper and lower step functions f and fn such that

i+l
Instead of approximating f by one step function, now

f (x) f(x) < fn(x) for all x € X. Denote the corresponding conditional

L respectively. Then gz(y) < g(y) < &y (y) and

expectatlons by g and g,
&n (Y)"g (y) >0 as n > for all y ¢ Y. Moreover, for any Y, <y2 wos <Y

m
(yj ey

el iy - gb gl - gty D1 s me) -1,

+r u u u
S'lg_(y)) = gn(y))s---sgn(y ) —go(y )] < M(£) - 1.
For sufficiently large n this implies
+
5 le(yy) -8y )se-elyy) —8lyy )] < M(£) -1,
which proves the theorem. 0

Under slight non-degeneracy conditions, the converse of Theorem 3.2.3

also holds.

Let's return to the case where X and Y are categorical variables and
introduce the notion order dependence. It is clear that TP, RR and CR-
dependence can be defined because the elements of the sets X and Y can be
ordered. For categorical variables there is generally no clear a priori
ordering of categories and hence these forms of dependence are not properly
defined. But in case there exist labels l,...,n for the categories of the

row variable and labels l,...,m for the categories of the column variable
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such that the corresponding (integer valued) variables X and Y are CRl—
dependent, then the mass of the conditional distributions of X|Y = y con-
centrates on row categories with larger indices as the category index y of
the column variable increases. Moreover, the conditional distribution
functions do not cross each other and can be ordered properly. Hence CRI-
dependence implies that given the labels of the row variable, the ordering
of categories corresponding to the labels of the column variable is meaning-
ful. If in addition (for the same labels) the variables X and Y are also
RRl-dependent, then the conditional distributions of Y|X = x imply that
the ordering of row categories according to the labels also makes sense.

~ Summarizing, when there exist numerical labels for the categories of the
row and column variable such that the labeled variables are DRl—dependent,
then the dependence implies a meaningful ordering over the row and column
categories. In this case there is a strong ordinal relation between both
categorical variables. Intuitively, it is obvious that an ordering of
categories itself is not necessarily meaningful; it often only makes sense

with respect to other variables.

DEFINITION 3.2.3. Two categorical variables are called (strictly) order de-

pendent of order s when there exist labels 1,...,n and 1,...,m for the
categories of both variables such that the labeled integer valued variables

are (S)DRS—dependent.

It will follow from Theorems 3.3.1 and 3.3.2 below that the ordering
of the labels in Definition 3.2.3 is unique when the probability table of
both categorical variables has no proportional rows and columns.

Recall that S denotes the upper triangular matrix with unities on
and above the diagonal. For a nxm probability table P 1ef the (n-1) x (m-1)
ma?riﬁes Qr and Ql be obtained by deleting the last row and column of
S R

row and column variable of a nxm probability table are (strictly) order

PS and of (S_IC—IPTS)T respectively. Then by Proposition 3.2.2 the

dependent of order s iff there exists a permutation of rows and columns
such that the matrices Qr and Qc corresponding to the permuted table P are
both (S)TPS.

The following proposition gives an example of order dependence.

Further examples are given in Section 3.4.

PROPOSITION 3.2.4. The row and column variables of any rank 2 probability

table are order dependent of order 1.
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PROOF. Let P be the rank 2 probability table with canonical decomposition
P =rcl+ )\]ch]w{c.

Rearrange the rows and columns such that the vectors @, and w] of row and
column category scores are both increasing in their components (note that
category scores are invariant under permutations of rows and columns).
Straightforward computation of the matrices Qr and Qc for the permuted

table shows that they are TP, . 0

3.3. CORRESPONDENCE ANALYSIS AND ORDER DEPENDENCE

It is clear that CA makes no assumption on, nor uses any ordering of
the categories of the row and column variables. CA considers both variables
nominally; under permutation of rows and columns of the probability table,
the category scores undergo the same permutation. However, the following
phenomenon is frequently observed in practice. When the categories of both
variables have an intuitive meaningful order, then this order is often re-
flected by the order of the category scores of the first canonical pair.

A second phenomenon often encountered in practice is the so called
"horseshoe' in Benzécri's two-dimensional graphical display of the proba-
bility table; i.e. the row points and column points lie on convex or con-
cave curves. The main result given in this section shows that both
phenomena occur when the row and column variables are order dependent (of
order 2). Moreover, it is shown that the stronger ordinal relations corres-
ponding to higher orders of order dependence are reflected in the higher

pairs of canonical functions.

Consider the setting of Section 2.1, where X and Y denote categorical
variables with categories labeled by 1,...,n and 1,...,m, respectively,
with n € m. Recall that wt and wt denote the vectors of row and column
category scores on the t-th canonical pair with canonical correlation Xt

(for t = 1,...,n=1).

THEOREM 3.3.1. Suppose that, for given category labels, (X,Y) is SDRS—
dependent, then
(1) the first s canonical correlations are strictly positive and
distinet, Z.e. 1 > Al > AZ > eee > As > As+],
(ii) the canonical functions ®, and wt for t = 1,...,s are strictly
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monotone of order t and exhibit the same arrangement of oscillations. More-—

K(lSkSZSS,ZK z > 0)

over, for arbitrary real numbers a el By

LR PIIPEL
the orders of monotonicity of the linear combinations

£
t=k t't sl ek ke

satisfy k < M(p),M(P) < L.
(iii) In case s > 2, the sign of ®, can be chosen such that @, 18

IA

strictly convex with respect to @ and wz 18 strictly convex with respect
to ¥, (Z.e. there exist strictly comvex functions f and g such that
0, = £(@) and ¥, = g(¥)).

PROOF. Let the joint distribution of (X,Y) be given by the nxm probability
table P and let R and C denote the diagonal matrices with row and column

sums (as usual). By Theorem 2.1.3 the vectors e,w],...,wn_l form a complete

1

set of eigenvectors of R PC—lPT corresponding to the eigenvalues

2
1 T A T wae Z Agy-
S 'e,S wl,...,S_]wn_] form a complete set of eigenvectors of Q =

s~ Iz~ 1lpc!

Hence, since the square matrix S is non-singular,

P's corresponding to the same eigenvalues. Let Q be obtained by

IPT has row sums unity,

deleting the last row and column of Q. Since R_IPC_
it follows that the last column of Q equals (0,...,0,1)T. This implies that

-1 . . T . . .
S 'e is an eigenvector of Q corresponding to eigenvalue unity and that for

_ - _ = - N : = _
t=1,...,n-1, u, = (ult""’un—lt’unt) is an eigenvector of Q corres
ponding to eigenvalue A% if¥F 1, = (ﬁ]t,...,ﬁn_lt)T is an eigenvector of Q
corresponding to the same eigenvalue and ()\t--l)ﬁnt = Z?;: ﬁit' Therefore,

wt can be taken such that S_]wt = ﬁt for t = 1,...,n-1. Thus,

(3.3.1) u, == wit_-wi+lt for i = 1,...,n-1 and t = 1,...,n~1.
Furthermore, since X and Y are SDR_-dependent, the matrices Q. and Q_

which are obtained by deleting the last row and column of S_lR_lPS and of
=1 =1

S C
fied that Q = Q.Q. and hence Q is STP,. Application of Lemma 3.1.5 to the

P's respectively are both STPy (cf. Section 3.2). It is easily very-

matrix Q yields X% > X% > ... >A2> 2%  and that for arbitrary real num-

s s+1
bers aseeerdy (l sk L5 s, Zﬁ ai > 0) the number of sign changes of the
linear combination
£
u= I a,u

t=k ¢t
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satisfies k-1 < 5 (u) < §"(w) < £-1. So in particular § (u) = §'(u) = t-I
for t = 1,...,s. In view of (3.1.1) this proves part (i) of the theorem and
the monotonicity result of the canonical functions Prseees® . The results
for the vectors wl""’ws follow similarly. By Theorem 3.2.3 and the
transition formula (2.1.4), wt and wt exhibit the same arrangement of
oscillations. Moreover, it follows from (3.1.7) for s = 2 that the sign of
wz can be chosen such that

1 < i < i, < n-1 = ui]2/u'

il < uiZZ/u'

121’

which by (3.3.1) implies that wz is strictly convex with respect to wl. It

similarly follows that ¢2 is strictly convex with respect to w]. 0

Note that the conditions of this theorem are somewhat too strong,
because it is sufficient that some iterate of Q is STPS, whereas the
present conditions imply that Q itself is STPS. However, it seems hard to
find simple sufficient conditions for Theorem 3.3.1 which are essentially

weaker.

THEOREM 3.3.2. Suppose that, for given labels, (X,Y) is DRS—dependent, then
there exist, for t = 1,...,s, canonical functions @, and wt which are mono-
tone of order t exhibiting the same arrangement of oscillations. Further-
more, the results (ii) and (iii) of Theorem 3.3.1 are valid in a non-—

strict sense for these canonical functions.

PROOF. Follows from Theorem 3.3.1, Lemma 3.1.6 and continuity

considerations. ]

When ®, is (strictly) convex with respect to wl, the two-dimensional
row points El = (Alwll,kzwlz),...,in = (Alth’xzwnZ) lie on a (strictly)
convex curve. So "horseshoes" in Benzécri's two-dimensional graphical re-
presentation are implied by order dependence of order 2.

Theorems 3.3.1 and 3.3.2 are quite relevant for the practice of CA. If
the row and column variables are order dependent, then the (meaningful) or-
dering of categories induced by the dependence is reflected in the order of
the category scores on the first canonical pair and hence is easily obtained
by inspection of 9, and wl. Moreover, since the most important aspect of
assigning scores to categories is perhaps the ordering induced by these

scores, these results support the use of the canonical variables wl(X)
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and wl(Y) as numerical versions of the nominal row and column variables.

The abundance of examples given in the next section demonstrate that
DR or order dependence is quite common in practical models for probability
tables. Although this does not imply the DR character for random samples from
such populations, one may nevertheless expect that empirical probability ta-
bles also often show DR-dependence or are close to it, and hence that the
ordering properties of the canonical functions remain valid. It is, however,
difficult to derive precise and useful statistical properties of such
qualitative aspects of CA. A better argument for the practical relevance of
these results, when sampling variation has to be taken into account, is the
. fact mentioned before, that an intuitively expected ordering and the "horse-
shoe" phenomenon are so often found with small-sample real data. When, with
real data, an obvious deviation from the intuitively expected ordering of
categories is found, our experience is that a good explanation can usually
be found for it. This makes CA a very useful exploratory tool for checking
that an a priori ordering of categories of a nominal variable is correct or

for pointing out a breakdown for such an ordering.

One can probably show by using approximation arguments that similar
ordering properties hold for the canonical functions of continuous bi-
variate distributions. But the arguments above, showing the relevance of
the results in the contingency table case, do not carry over to the con-
tinuous case, which makes such generalizations less useful. In spite of
this, such results contribute to a better description of the structure of
bivariate distributions and give solutions to a somewhat more general
problem than considered by EAGLESON (1964), EAGLESON and LANCASTER (1967),
LANCASTER (1975, 1980). These authors were interested in the problem of deter-
mining in which cases the canonical functions of the decomposition (2.1.9) are
orthogonal polynomials. Since orthogonal polynomials are strictly monotone
(with order equal to degree), this should yield a subclass of the DR -dependent
distributions. (Note that by Theorem 3.2.3, the class of DR _-dependent dis-
tributions can be characterized by monotonicity preserving properties;
similarly, the class of distributions with polynomial canonical functions

preserves linearity, convexity, etc.)

3.4. ORDER DEPENDENCE IN PRACTICE

Order dependence frequently occurs in real data. In fact, the
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variables hair and eye colour of the Scottish school children as considered
in one of the first applications of CA by Fisher and Maung, are (up to a
very slight correction) order dependent of order 1. Another well-studied
example in literature is the British social mobility contingency table,
which compares the occupational statuses of father and son (cf. GIFI
(1981, p. 145), HABERMAN (1974, p. 217) and many other authors). This
table is also order dependent of order 1 and since it is close to order
dependence of order 2, the "horseshoe'" phenomenon is found in its
graphical representation.

In this section two important classes of models for (underlying)
- order dependent probability tables are given. A third model are rank 2

probability tables (cf. Proposition 3.2.4).

The first class arises from discretizations from well-known bivariate
distributions. The nxm probability table P is said to be a discretization

of the distribution F when there exist intervals A] < A2 £ sen % An with

U?_ A. =R and intervals B, < ... < B, UT . B. =R such that
i=] "i 1 m’ “j=1 7]
(3.4.1) Ps: = J dF for i = 1,...,n3 j = 1,...,m,
4, B,
i7]
and
(3.4.2) r.=[dF_ >0 and c,= [ dF_ >0 for i =1,...,n; j = l,...,m.
1 ) o ] c
A B

PROPOSITION 3.4.1. Let the distribution F be (S)TPS, (S)DRS, (S)CRS or
(S)RRs-dependent, then any discretization of F into a n xm probability
table s (S)TPt, (S)DRC, (S)CRt or (S)RRt-dependent, where t = min (s,n,m).

PROOF. First consider the case of (S)TPs—dependence. Let X and Y be subsets
of R such that F has density p with respect to the product measure 9.%0,
on XxY with p (S)TP_ on 5><V. Consider an interval A such that IA dF_ > 0
and hence Gr(A) > 0. Let X EE obtained from X by replacingNthe set X n A by
one element a € X n A; i.e. X = {X\A} v {a}. Define P on X x ¥ by

p(x,y) if x e X\A, y eV

P(x,y) = { ,
J, p(x,y)do_(x) if x=a, yeV
A : o

and let s' equal s when X contains an interval and equal the minimum of s

and the number of points in X otherwise. Then for every t = 1,...,s' and

all X <.l < x; <ac< X1 < sue € Xy (xi € X\ A) and all
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T S e S F, (y. € Y)

(xl,...,xi,a,xi+1,...,xt_]> )

Yyseee cees¥y

R I 5 S S
( 1 i i+l t l)dor(x).

=Jp
A Vyseer ...,yt
Hence P is (S)TPS, on XxY. Repeated application yields the desired result
for (S)TPS—dependence.
Next consider the case that F shows (S)CRS or (S)RRs—dependence on

XxY. Define in the setting above
- F(x,y) if x ¢ A, y € R

F(X,Y) = {
F(b,y) if x € A, y € R

where b = sup {A}. Hence

5 alyy = [l g Eh T e
rle Frlc(b|y) ifxeA, yeV
and
F o o = Fele o) HEa e Xk p 4R
clr IA Fc|r(y|x)dFr(x) if x = a, y €R

The determinant inequalities (3.2.2) are easily verified for Fr|c and ?Cl

o r
and hence F shows (S)CRS, or (S)RRS,—dependence on XxVY. 0

In most examples below it is easier to verify that bivariate distri-

l—dependent rather than the weaker (S)DRS-dependence.

To identify various types of bivariate distributions, references are given

butions are (S)TPs+

in which the distributions are derived.

Some bivariate distributions can be generated by the method of tri-
vartate reduction. When Z, 22 and Z, are independent random variables
(usually with distributions from a common family which is closed under
convolutions), then the joint distribution of (Z] +Z3,Zz-+23) is said to be
generated by trivariate reduction. It follows from Corollary 3.1.3 and
Example 3.1.9 that such distributions are (S)TPS—dependent when the
densities of Z], Z2 and Z3 are (S)PFS. It is seen from Examples 3.1.2,
3.1.7, 3.1.6 and 3.1.5 respectively that densities of the univariate
normal, binomial, Poisson and gamma distributions are actually (S)PFQ.

Hence the bZvariate normal (with correlation parameter p > 0), the
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bivariate binomial, the bivariate Poisson (HOLGATE, 1964) and the bZvariate
gamma (CHERIAN, 1941) are (S)TP_-dependent. In fact, EAGLESON (1964) shows
that the canonical functions of these four bivariate distributions are
orthogonal Hermite, Kratchoutk, Poisson-Charlier and Laguerre polynomials
respectively. So it alternatively follows by the canonical decomposition
(2.1.9), Corollary 3.1.3 and Example 3.1.8 that the latter three distri-
butions are STP_-dependent. (Note that Hermite polynomials do not satisfy
the requirements of Example 3.1.8.)

STP_-dependence of the negative trimomial, the bivariate F (GHOSH, 1955),
the bivariate Pareto (MARDIA, 1962), the bivariate logistic (GUMBEL, 1961)
- and the bZvariate exponential distribution (CLAYTON and CUZICK, 1985) can
be proved using the examples in Section 3.1 and Proposition 3.1.1. The
trinomial, the bivariate hypergeometric and the standard Dirichlet or
bivariate beta (JOHNSON, 1960) show negative dependence, but it is easily
verified that the reversed distributions (reversed in one variable) are
actually TP _-dependent. Of course not all bivariate distributions are
TP -dependent; forainstance the bivariate Cauchy density p(x,y) =
am~ G exteyd)E 2

is not TP2 onR".

Another, more specific model for the probability table P is the

linear by linear interaction model
1.ogpij =“+ai+8j+Yi% fori =1,...,n; j =1,...,m,

where Zi a, = Zj Bj =L v - Zj Gj = 0. The probability table P is STP
when the rows and columns are indexed such that Y; and Gj are both strictly
increasing in their indices. Thus the row and column variables are always
(strictly) order dependent of order n. GOODMAN (1981) compares maximum
likelihood estimates of Y and § in this model with the first pair of
canonical functions @, and wl' Furthermore, he discusses the ordering of
rows and columns which is present in this model by means of TP2 and DR'—
dependence; however, he does not prove that this ordering is reflected in

the components of wl and w].

In Section 2.1 it was noted that CA could also be applied to incidence
matrices. Incidence matrices are also often TP. A good example is the
Minsingen-Rain incidence matrix (cf. KENDALL, 1971). This matrix only
slightly departs from a band diagonal matrix, which is TPn. Application of

CA produces "horseshoes'" (see HILL, 1974) as one could expect in view of
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Theorems 3.3.1 and 3.3.2.

3.5. TESTS SENSITIVE TO ORDERED ALTERNATIVES

This section briefly discusses some tests of independence which are
sensitive to ordered alternatives. The first three tests are due to Yates
and the other two are based on Kendall's rank correlation tau and
Spearman's rank correlation rho. The tests considered are quite easily
performed and show a considerable gain of power against most regression
dependent alternatives, compared to the chi-square and likelihood ratio test.

Consider the setting of Sections 2.2 and 2.3 where PO and PL denote
" the null-hypothesis and local alternative conditional Poisson distributions

for the empirical probability table f(N)

, drawn from underlying tables
(2.2.11) and (2.2.12) respectively and where the conditioning matrix A
satisfies (2.2.10). Recall that P' denotes the limiting alternative table.
Before turning to the tests under consideration, the following
remark should be made. In case the underlying probability table shows DRl-
dependence, one might hope that the first pair of empirical canonical
M) g GO0
the statistics (2.3.2) and (2.3.3), with a and b strictly monotone too,

functions @ are often monotone of order 1. Hence tests based on
might performe well against such alternatives. However, Proposition 2.3.4
shows that such tests are inconsistent against most DRI—dependent alter-
natives. So an attempt to base tests sensitive to regression dependence on
the first pair of empirical canonical variables only, fails. The strength

of the dependence must be taken into account too.

YATES (1948) introduced a test of independence which is based on N*
times the sample (product moment) correlation between row and column
variables scored with preassigned values a = (a,,...,a )T and b =

1 n

(b ...,bm)T, which are not proportional to the vector e, i.e. based on

(3.5.1) Tf{“) @M poaTe My Ta My QTR M 5 (aTe )25 Te My (T2 (M2

Against alternatives with (limiting) canonical functions wl and w], Yates'
test performs asymptotically best when a = @, and b = w]. Thus when DRI—
dependent alternatives are expected, one should take a and b monotone of
order 1; e.g. a = (l,...,n)T and b = (l,...,m)T if no prior information

about the canonical functions is available.
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THEOREM 3.5.1. Under the hypothesis P

0’
(3.5.2) Tf{N) >, N (0,1) as N + @
and under local alternatives PL’
(3.5.3) ™ 5 N (e, 1) ag N +
s y  p Ni(OTys

where

TY = (aTP'b-aTrch)/«aTRa-(aTr)z)(bTCb-—(ch)z»i.

N) .

Furthermore, the test which rejects for large (positive) values of Ty~ 8

consistent against all fixed alternatives of interest.

PROOF. Note that
T T
TéN)=Niarﬁ(mi,;,(N)a(N)ib,(ar@(N)_f(N)f(N) yapT @M _ a7

(N)’ f(N)’ ¢ (M)

Since R and converge under P, and PL in probability to

0
R, r, C and c respectively, the results (3.5.2) and (3.5.3) follow from

(2.2.14) and (2.2.15). Furthermore, under fixed alternatives PA’ ﬁ(N) con-

. TE -3 (N s 3,
verges in probability to W' and hence N iTé ) converges in probability to
T¥ as N > «, Therefore, the test which rejects for large positive values of
TYN) is consistent against fixed alternatives with Ty > 0. 0

In case alternatives are expected in which only @, is monotone of
order 1 or in case the ordering of column categories induced by regression

dependence is unknown, one can use the test statistic

(N~ (NY= D~ (N T . .
1 CyrEMe® BT, (T )2y, (TRMD, - (TaMy2,

where a is monotone of order | (nmot proportional to e). This statistic can
be interpreted as N times the square of the maximal achievable sample
correlation between scored row and column variables, when the scores of
the row variable are the preassigned values a = (al,...,an)T. Similarly
define
AN Tam)~ 1A i

W =N B &M EMy - (T M2y /(T8 My - Te )2,
THEOREM 3.5.2. The asymptotic distributions of Tég) and Tég) under P, are
chi-square with m-1 and n-1 degrees of freedom respectively. Their asymp-

totic distributions under PL are non—central chi-square with the same
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degrees of freedom and non-centrality parameters

ezTiR = 92(aTP'C-lP'Ta-(aTr)z)/(aTRa-(aTr)z)
and
ezrfm =02 TR - Te) 2/ bTeb - (bTe)d)

respectively. Furthermore, tests based on these statistics are consistent

against all fixed alternatives.
PROOF. Analogous to the proof of Theorem 3.5.1. a

The next two tests are based on probability table adaptations of
Kendall's rank correlation tau and Spearman's rank correlation rho.
Adaptation can be done in several ways; the present choice is motivated in
Section 4.4. The probability table version of Kendall's tau for a proba-

bility table P is defined by

%@ n m i-1 j~1 i-1 m
$.(P) =2 I I p..(z E ppy= X Z p )
K i=1 j=1 1 \k=1 g=1 K =g g=jer K

2{sum of all 2x 2 determinants}.

(N)

For an empirical probability table P this equals

$k(§(N))= (#{concordant pairs of obs.} - #{disconc. pairs of obs.})KﬁNZL

The probability table version of Spearman's rho for P is defined by

e n m i=] n j=1 m

4)S(P) =¥ iE] jEl pij<k§1 ' k§i+l rk)<z§1 e ~ ££j+l CZ)'
NOE? that Zi;: r,- Z£=i+1 r for i = l,...,n are ientered mid-ranks times
2N for the categories of the row variable. Thus ¢S(P) is the covariance
between row and column variables, scored with these centered mid-ranks.
The test statistics based on Kendall's tau and Spearman's rho are

M _ bz M) 6
T = RV /e

N i"‘ a(N ~(N
Té ) = -61N q)S(P( ))/V( )

where ¥ is the product of the sample standard deviations of row and

column variables scored with (sample) mid-ranks, i.e.

s _ (

i-1 i-1 2\
P(I 0 B o(iE o 2 )

T :
TINS5 T S Vo P i S/ et Bk B V=) B R = P8

n
z
i=
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THEOREM 3.5.3. Under the hypothesis Pys

) ) .
TK +D Nl(O,l), Ts *D N](O,l) as N >

and under local alternatives PL’

™

(N)
Tg ~ 7p N (BT 1), Ty

) NI(GTS’I) as N »
where
T =l"'(P')/( s r.(izl B = r jz s c.’jil ey = & c )2>£.
s~ 5% \i=1 1\ K k=isl K/ e Jkﬂ:] L =i £
Furthermore, tests based on both statistics are consistent against all

fized alternatives of interest.

PROOF. The proof is based on an application of the d-method (cf. RAO, 1973,

p. 388). Denote by p the vector with components

n i-1
(3:5:4) p. = X r - X r for © = lswewsn
L geisl K =y K

and by Y the vector with components
m i1

(3:5.5) Y

= X ep = X e for j
I A

]
B

Straightforward computations show that the derivatives of $k at P = rc! are

given by
3, (®)
ap. .
1 pareT
(5 e, - I 2 He,-F F
= P - = = .
el £l TRE T jml Eeied TR fmiel =1 DKL Gemiel Loyl R :
P=rc
= ZDin°
Similarly the derivatives of $S at P = rc! equal
3 (®) ‘
P -
1] P=rcT
(i—lj-l i-1 m n j-1 n m
=3( X X - Z Z - E b3l + I z +D.Y.)
k=1 251 PR T 1= 25541 PRET Ziag gy PRET (Zieg £mger PR VT
P=rc

= 6pY;-

T
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Furthermore, by Lemma 2.2.1 it follows that under PO

1 - T
szec[P(N)-r(N)c(N) ] *n Nnm(O,t) as N >
and under PL

T
N%vec[f(N)-r(N)c(N) ] * Nnm(evec[R}w'Ci],t) as N »
where

f=(Rec)-(ReC)A(AR e C)A) AR @ C).
Therefore application of the 9-method yields under PO
N EM) > N (0,400 @ TP @ 1))
NE M) o) N, (0,36(0 © VTE(p © ¥))
and under PL
wg M) o) N oo rbw cly 400 © MTE © 1)
N£$é(§(N)) » N](699TR£W'C£Y,36(Q e v)f(p e )

as N > o, It is easily verified that pTr = 0 and YTc = 0. Moreover, since
the conditioning matrix A is of the form (2.2.10) it follows that

(p ® y)Tt(p ®y) =(p® y)TR ® C(p ® v) = pTRpYTCY. Furthermore, one can
verify that pTRiw'Ciy = §$S(P'). Since G(N) converges under PO and under PL
in probability to (pTRpYTCY)%, the limiting distributions of the statistics
under null-hypothesis and local alternatives follow. Under fixed alterna-

tives PA, ﬁ(N) converges in probability to P', implying consistency of the
éN) and T(N)

S against fixed alterna-

tests which reject for large values of T

tives with $k(P') > 0 and $S(P') > 0. O

It is shown in Section 4.4 that these tests are unbiased in finite
samples against CR] and RR]—dependent alternatives.
The limiting distributions of another adaptation of Kendall's tau is

studied in GOODMAN and KRUSKAL (1963, 1972).

It is easily shown that the sequences of statistics {T(N)}w s
(N)i}m {T(N) }w {T(N)}m and {T(N)}w are Bahadur YtanﬁZld
YR N=1’ Y'¥¢T In=17 Yk IN=1 #0C Mg Ineg T s

sequences with approximate slopes

{T
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sy(P') = Ti,

syp(P") = TiR’

syc(®') = Téc’

s (B") = B2 (2")/ (4v?)
sg(B") = F2(2")/(36v%)

where v2 = pTRpYTCY, provided attention is restricted to alternatives with
Ty > 0, Tyr # 0, Tye # 0, $k(P') > 0 and $€(P') > 0 respectively. This in
combination with the approximate Bahadur slopes given in Section 2.3

suggest that the chi-square test, the likelihood ratio test and even the
canonical correlation test always dominate Yates' test. Numerical com-
putations show that this is certainly not true; in the present case ap-—
proximate Bahadur efficiencies very badly describe the relative performances
of tests. Note that the Pitman efficiency of TéN) with respect to TéN)
equals unity. No (further) studies have yet been made of the relative
performance of the tests in this section. GROSS (1981) compares tests based
on measures of Yates, Spearman and HABERMAN (1974 b) by means of particular
asymptotic relative efficiencies. NGUYEN (1982) describes tests which are
superior to tests based on Spearman's rho and Kendall's tau for a restricted
class of alternatives.

(N)

The vectors of preassigned scores a and b in the statistics T, ’,
) (N) !
TYR and TYC
in probability to constants a and b, then the same limiting distributions
N) N)
S Y
of a and b leading to tests which are (in some sense) asymptotically most

can also be taken random. When such random vectors converge

apply. So T can be considered as a special case of T . Other choices
stringent against quadrant dependent alternatives are considered by

SNIJDERS (1979, p. 216).
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CHAPTER 4

ORDERINGS FOR POSITIVE DEPENDENCE

4.1. DEFINITIONS AND BASIC PROPERTIES

This section introduces some partial orderings for bivariate distri-
butions which order distributions according to positive dependence. Con-
sider two arbitrary (empirical or underlying) distribution functions F and
F'. Let (X,Y) and (X',Y') be pairs of random variables with distributions
F and F' respectively. Throughout this chapter, the support X of the mar-
ginal distribution F. of X is defined by X = {x € (-»,+=] :Fr(x') < Fr(x)
for all x' < x}. This definition of support is unusual, but it is essential
that F.. is strictly increasing on X. The supports Y, X' and Y' of the mar-
ginal distributions of Y, X' and Y' are similarly defined.

Although several intuitive formulations of "more dependent' can be
given, not much attention has been paid in the literature to make them
precise. (An ordering according to a single measure of dependence can be
misleading: bivariate dependencies are generally too complex to be repre-
sented by one single number.) One suggestion for an ordering "more depen-—
dent" for probability tables has actually already been given in the lines
preceding Theorem 2.1.5. This ordering can easily be formulated for arbi-
trary bivariate distributions, but it is intuitively clear that it orders
distributions according to dependence discarding its sign or form (e.g.
negative dependence is "more dependent'" than independence). WHITT (1982)
discusses orderings for multivariate distributions which are related to the
so called HPK inequality (see also EATON, 1982, formula (3.6) or KARLIN and
RINOTT, 1980, formula (1.18)). These orderings order distributions according
to positive dependence, but they seem to be quite strong because they do
not order the standard bivariate normal distributions. The ordering of
KOWALCZYK and PLESZCZYNSKA (1977) is too weak for our purposes.

An ordering much weaker than that induced by the HPK inequality but

stronger than the one of Kowalczyk and Pleszczyfiska is introduced in
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TCHEN (1976) (see also MARSHALL and OLKIN, 1979, p. 381) and independently
of Tchen also in CAMBANIS, SIMONS and STOUT (1976). This ordering is of

more interest to us and is defined as follows.

DEFINITION 4.1.1. The distribution F' is said to be more concordant than F,
c
denoted by F' $ F or by (X',Y') = (X,Y), when F;(x) = Fr(x), Fé(y) = Fc(y)

and F'(x,y) 2 F(x,y) for all x,y € R.

This ordering for positive dependence, in particular its extension
given in Definition 4.1.2 below, has some desirable properties. For example,
it is a partial ordering, it is invariant under strictly increasing trans-
formations of the marginals, it arises naturally in many examples and most
well-known measures of dependence preserve the ordering. But still this
ordering is unsatisfactory because the order preserving property does not
carry over to samples in any useful sense. Therefore, a somewhat stronger
ordering called more associated is introduced (Definition 4.1.4) which
actually is stochastically preserved in samples by most measures of positive
dependence whenever it is present between underlying distributions. The
name ''more associated" is explained by Proposition 4.1.2 which shows that
each pair of variables which is more associated than an independent pair is
associated in the sense of ESARY, PROSCHAN and WALKUP (1967). Furthermore,
two interesting special cases of the ordering 'more associated" are dis-
cussed. Definitions and properties below are frequently formulated in terms

of random variables, but they only concern their distributions.

c
A disadvantage of the ordering > is that it is only defined for dis-
tributions with the same marginals. The following extension imposes less

restrictive assumptions on the marginals.

DEFINITION 4.1.2. The pair (X',Y') is said to be more quadrant dependent
than (X,Y), denoted by (X',Y') g (X,Y) or by F' g F, when

c
(FLX"),FL(Y")) 2 (F_(X),F (Y)).

This ordering gives rise to the following equivalence relation.

DEFINITION 4.1.3. The pairs (X',Y') and (X,Y) are said to be equally de-
pendent, denoted (X',Y') d (X,Y) or F' g1-“, when
(F;(X'),Fé(Y')) s (Fr(X),FC(Y))-

: § o a.d s i i
It is easily verified that the relation = is reflexive, symmetric and
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transitive and therefore actually is an equivalence relation. Furthermore,
it can be shown that the ordering g is a partial ordering (i.e. it is re-
flexive, transitive and anti-symmetric) of the equivalence classes defined
by g on the class of all bivariate distributions.

Obviously, two distributions can only be compared by means of g or g
when they are elements of the same class F of bivariate distributions with

marginals satisfying
(4.1.1) X',Y')~F'eF, (X,Y)~FecfF= F;(X')~Fr(x) and F(':(Y')~FC(Y).

Examples of such classes F are F = {bivariate distributions with continuous
marginal distribution functions}, F = {empirical bivariate distribution
functions based on N observations without ties} and F = {bivariate distri-

bution functions with given marginals}.

PROPOSITION 4.1.1. (X,Y) < (X',Y'") iff there exist strictly increasing
funetions v, X > X' and v, i Y > V' sueh that (X',Y') ~ (v](x),vz(Y)).

PROOF. First consider the if-part. Let v; : X' > X and Vy :Y' >V be the
inverses of v, and v, respectively. Since vy is strictly increasing on X'
it follows from X' ~ v](X) that F;(x) = Fr(vl(x)) for all x ¢ X'. Similarly,
Fé(y) = Fc(vz(y)) for all y € Y'. Furthermore, (X,Y) ~ (vl(X'),vz(Y')).
Hence (Fr(X),FC(Y)) -~ (Fr(V;(X')),FC(V;(Y'))) o (F{(X'),FQ(Y'))-
Conversely, assume (F;(X'),Fé(Y')) ~ (Fr(X),FC(Y)). Let U denote the sup-
port of the distribution of F;(X') and Fr(X). Define F} : U > X' by

F;_(u) = inf {x :F;(x) > u}. Obviously, the range of F.~ is X'. Since X' is
the support of the distribution F;, it follows that F;-(F;(X’)) ~ X',
Furthermore, since X is the support of the distribution F, the function F
is strictly increasing on X. Similarly, F; is strictly increasing on U.
Hence the function v, : X > X' defined by vl(x) = F;-(Fr(x)) is strictly in-
creasing on X. By the same arguments it follows that a similar defined

function vz = Fé_(Fc) is strictly increasing on Y. Moreover,

(X',¥') ~ (FL (FL(X)),FL (F (1)) ~ (v;(X),v,(1)). O

This proposition shows that the equivalence classes defined by d
consist of distributions which can be transformed into each other by
strictly increasing transformations of the marginals. Moreover, it follows
from this proposition that the ordering g is invariant under strictly in-

creasing transformations of the marginals.
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The results above show that the ordering '"more quadrant dependent
has some desirable elementary properties. The next section considers
measures of positive dependence which preserve this ordering. But let's
first turn to a somewhat stronger ordering for positive dependence on

which this chapter is mainly focussed.

DEFINITION 4.1.4. The pair (X',Y') is said to be more associated than (X,Y),

denoted (X',Y') & (X,Y) or F' 2 F, when there exist functions Ky XxYy » X!

and K, : XxY > V' such that for all XX, € X and Y sYg € ¥

‘(4.1.2) X S Xyy ¥y Sy, ? Kl(x],y]) < KI(XZ’YZ)’ KZ(X]’yl) < KZ(XZ’YZ)
(4.1.3) Kl(xl’y]) < K](X23y2)s Kz(xl,yl) 2 Kz(xzsyz) - X] < Xys Xy 3 b))
(4.1.4) (X', Y') ~ (KI(X,Y),KZ(X,Y)).

Occasionally, the briefer notation (X',Y') ~ K(X,Y) is used instead of
(4.1.4), where K is the vector valued function K = (KI’KZ)' 0f course
(4.1.2) means that K, and K2 are increasing in both arguments and (4.1.3)
excludes reflection about the diagonal. Reflection is excluded in order to
make the ordering compatible with g and S. Note that &) g (X,Y) does
not imply (X',Y') g (Y,X).

Two special cases of the ordering 2 are also of interest. First, in
case where K| satisfies K](x,y) = x for all x € X, y € ¥, the pair (X',Y')
is said to be more row regression dependent than (X,Y), denoted
X X) EF(X,Y). The second special case arises when Kz(x,y) =y for all
x € X, y € Y and is called more column regression dependent (denoted 30
Clearly, in both cases (4.1.2) implies (4.1.3).

The names of these orderings, and also that of g, are borrowed from
the form of dependence of the class of distributions which are g, E;, -
and g than independence; see Proposition 4.1.2 below. Let's first review
the definitions of these forms of dependence. The pair (X,Y) is called
associated by ESARY, PROSCHAN and WALKUP (1967) if va(Kl(X,Y),KZ(X,Y)) >0
for all pairs of functions K and Ky which are increasing in both arguments
and for which the covariance exists. Furthermore, the pair (X,Y) is called
quadrant dependent by LEHMANN (1966) when their joint distribution function
satisfies F(x,y) 2 Fr(x)Fc(y) for all x,y € R. The following well-known
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relation between these forms of dependence and the forms considered in

Section 3.2 is proved in ESARY et al. (1967) and TONG (1980, pp. 80,86).

o RRl—dep.
TP,-dep. = DR]—dep. ¥ association = quadrant dep.

2 S CR,~-dep. =

PROPOSITION 4.1.2.

(4:1.5) x',Y") g (X,Y), (X,Y) Zs quadrant dep. = (X',Y') Zs quadrant dep.
(4.1.6) x' ¥y g (X,Y), (X,Y) Zs associated = (X',Y') 18 associated
(4.1.7) x',Y") Y (x,Y), (X,Y) is RR,~dep. = (X',Y') is RR ~dep.

(4.1.8) 1) ¥ (X0, &Y is CR,~dep. = (X',Y') is CR ~dep.

Moreover, let X and Y be independent then
(4.1.9) X" ") 3 (X,Y) « (X',Y') Zs quadrant—dep.,

and 1f in addition X and Y have continuous distribution functions, then also

F 4 f
>

(4+1:10) XX (X,Y) & (X',Y') <8 RR]-dep.

oD @L,Y) T Y e (X',Y') is CR,~dep.

PROOF. The proof of (4.1.5) is trivial and (4.1.6) follows directly from
property P4 in ESARY et al. (1967). The result (4.1.7) can be verified as
follows. Let Koy :XxY > V' be an increasing function such that

x*,Y') ~ (X,KZ(X,Y)). Then for x, < X, (x],x2 e X),

P{Y' <y|X'=x} = P{k,(X,Y) <y|X=x,} = P{k,(x,Y) <y|X=x}
> P{KZ(XI,Y) £y|X=x2} > P{Kz(xz,Y) Sy|X=x2} = P{Y' < y|X" =x2}.

Hence the family of conditional distributions of Y'|X' = x is stochastically
increasing in x. The proof of (4.1.8) is similar.
Since independence is a special case of quadrant, RR; and CR -dependence

the implications from left to right in (4.1.9), (4.1.10) and (4.1.11)

follow from the results above. The implication from right to left in

(4.1.9) is trivial. The similar implication in (4.1.10) is proved as

follows. Let X and Y be independent having continuous distribution functions
and let (X',Y') be RR,-dependent. Thus the conditional distribution function

élr('lx) of Y'|X’ = x is decreasing in x. Define in the function
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K, XxY > Y' by
K,(x,y) = inf {n: Félr(n|x) 2 F (N}

Obviously, the range of K2 is Y' and, moreover, K2 is increasing in both

arguments. Furthermore,

K,(x,y) < 0 e inf {n: Félr(nlx) 2 ¥ (7)) £ 0w Félr(elx) > F_(y)-
Therefore,

P{x,(X,Y) <y|x=x} = Plk,(x,Y) <y} = P{F_(¥) SFélr(YIX)} = Félr(y"‘)

‘where the last equality holds because continuity of E. implies that Fc(Y)
is uniformly distributed on the unit interval. Thus the distribution
function of (X,K,(X,Y)) is F' and hence (X',Y')E; (X,Y). Note that (4.1.3)
follows since K](x,y) =x and K2 is increasing. The proof of (4.1.11) is

similar. ]

Note that (X',Y') is more concordant than independence iff (X',Y') is
quadrant dependent. Thus by the same arguments, g could in fact also be
called "more quadrant dependent'. By Theorem 2.1 in ESARY et al. (1967), an
independent pair is associated and hence by (4.1.6), (X',Y') is more as-
sociated than independence implies that (X',Y') is associated. However,
counterexamples can be constructed showing that even in the continuous case
a converse of this result does not hold. But (4.1.10) and (4.1.11) suggest
that the class of associated distributions is not much larger than the
class of distributions which is g than independence.

The ordering g has, just as g, the desirable property that it is in-

variant under strictly increasing transformations of the marginals.

PROPOSITION 4.1.3. Let (X',Y') & U',v'") and (x,Y) & (U,V), then
a a
x',Y') = (X,Y) 2ff (U',v') 2 (U,V).

PROOF. Using Proposition 4.1.1 and the fact that the composition of in-

creasing functions is again increasing, the proof is straightforward. 0

So the ordering g also gives rise to the equivalence classes defined
by g. It can be verified that g is reflexive and transitive. Moreover,
since Theorem 4.1.4 below shows that (under some conditions on the mar-
ginals) the ordering g is stronger than g, anti-symmetry of g follows from

a

s q s . s
anti-symmetry of 2. Hence, 2 7s a partial ordering on any subclass of



bivariate distributions F satisfying (4.1.1) of all equivalence classes
defined by Q_ (On the class of all bivariate distributions, anti-symmetry

a
does not hold and > is only a preordering.)

THEOREM &4.1.4. Let F be a class of bivariate distribution functions with
marginals satisfying (4.1.1). Then for F',F € F

va

a
F' > F =TF' F.

a a
PROOF. By Proposition 4.1.3, (X',Y') > (X,Y) iff (Fé(x'),Fé(Y')) >
(Fr(x)’Fc(Y)) and hence it is sufficient to consider distributions with

a c

the same marginals and prove F' > F = F' > F. So let X' ~ X, Y' ~Y and
Ky XxY » X and Ky XxY > Y be such that (4.1.2), (4.1.3) and (4.1.4)
hold. Choose x ¢ X and y € Y. By (4.1.2) and (4.1.4) it follows

IA

(4.1.12) P{X < %,Y <y} S P{X' < K](x,y),Y' < Kz(x,y)},

(4.1:13) P{X 2 x,Y =2 y} < P{X'

v

K (6,3),Y" 2 Ky (x,y)1,

and by (4.1.3) and (4.1.4)

1\

(4.1.14) P{X < x,Y > y} = P{x"' < K, (x,y),Y" > Kz(x,y)},

(4.1.15) P{X > x,Y < y} = P{x' > K, (x,5),Y" < Kz(x,y)}.

Next consider the following four cases.

(1) Suppose Kl(x,y) < x and Kz(x,y) <y, then by (4.1.12)
(4.1.16) P{X < x,Y < y} < P{X' < x,Y' < y}.
(ii) Suppose Kl(x,y) > x and Kz(x,y) >y, then by (4.‘.13)
(4.1.17) P{X » %,Y 3 y} £ P{X" > x,¥' >y}
(iii) Suppose Kl(x,y) > x and Kz(x,y) <y, then by (4.1.14)
(4.1.18) P{X < x,Y > y} > P{X' < x,Y' > y}.
(iv) Suppose Kl(x,y) < x and Kz(x,y) >y, then by (4.1.15)
(4.1.19) P{X > x,Y < y} 2 P{X' > x,Y' < y}.

Since X' ~ X and Y' ~ Y, it follows that each of the formula's (4.1.17),
(4.1.18) and (4.1.19) implies (4.1.16). Hence for all x € X, y ¢ Y,
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c
(4.1.16) holds, implying F' > F. ]

It is obvious that the converse of this theorem does not hold.

\'A

This section closes with some examples of the ordering

EXAMPLE 4.1.1. This first example gives an intuitive idea of the ordering
g in terms of transformations of mass. Consider the case where (X',Y') is
a linear transform, with positive coefficients, of (X,Y). Since the ordering
g is invariant under location and scale transformations it is no loss of

generality to assume that
(4.1.20) &x',Y") ~ ((1-0)X +ay, (1-B)X + BY)

for 0 < a < B < 1. The figure below illustrates that the mass of the dis-
tribution F in the first and third quadrant of'R2 is mapped by the function
K(x,y) = ((1-0)x +ay, (1-B)x + By) onto the region between the lines

(1-a)y = (1-B)x and ay = Bx.

L

W

\\""r

R R
Clearly, the mass of F' is more concentrated around the line y = x than

that of F.

Special cases of the transform (4.1.20) give rise to one-parameter

families of bivariate distributions {F(a)}aeA’ e.g.
& @y o ((1-0)x +ay,¥) for o ¢ A = [0,1].
: B o . . o (a') ¢r _(a)
For this family it is easily shown that 0 < o < a' < 1 implies F > F 7.

Another example is the family
(x(a)’Y(a)) ~ ((1-u)X +aY,aX + (1-0)Y) for o € A = [0,}],

which is a special case of a family considered by KONIJN (1956); see also
RUYMGAART (1973). Elementary calculations yield for this family that

') a
Osasa'sﬁiffF(a)zF(a).
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Linear transforms (4.1.20) form perhaps the most important examples of
a
the ordering > for continuous distributions. Unfortunately, families
{F(a)}a>0 generated by trivariate reduction

x@ vy o (Z, +02,,2, +0Z,) for o > 0,

where Z_ , Z, and Z3 are independent, generally do not give an example of

i* =35
the ordering 2.

EXAMPLE 4.1.2. Let (X,Y) and (X',Y') have bivariate normal distributions

with correlation parameters p and p' respectively. Then

a
(&= 1.21) (xX',Y') 2 (x,Y) iff -1 <psp! =1,

rr cr
In fact, the stronger orderings > and > hold for the standardized distri-

butions. Moreover, these orderings hold in any elliptical family. Recall

that elliptical distributions have densities of the form

aee ™ ((35) 17 (125))

where § is a symmetric strictly positive definite 2 X 2 matrix and the
function h determines the family (cf. MUIRHEAD, 1982, p. 34). Denote this
distribution by E(h;(E,n),t). The correlation for this elliptical distri-
bution is p = 012/(611 022)£’ where Oij is the (i,j)-th element of t.
Independence is equivalent to p = 0 only in normal distributions. It is
easily verified that elliptical distributions are closed under linear
transformations; i.e. for any 2 X 2 matrix K the linear transform (X,Y)K ~
E(h;(E,n)K,KIKT) whenever (X,Y) ~ E(h;(&,n),}). Hence for (X',Y') ~
E(h;(0,0),§") and (X,Y) ~ E(h;(0,0),}), where '

v (1 e _(1 p
' '(o' l) ol I'(o l)’
it follows by putting Kz(x,y) = y and
K Gy) = (=02 /=02 + (0 - p((1-p" B/ (1-pP N D)y

cr
that (X',Y') > (X,Y) iff 1 < p < p'. It is easily seen that (4.1.21) holds
for elliptical distributions with arbitrary expectations and covariance

matrices.

The following proposition is merely a characterization of the
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a q
orderings 2 and > for empirical distributions. Recall that two pairs of ob-
servations (xl,yl) and(xz,yz) are called concordant when (xz-xlez-y|)> 0
and disconcordant when (x2-xle2-yl) < 0. Furthermore, they tZe in the

row variable when X, = x, and tie in the column variable when Yy = Yo

PROPOSITION 4.1.5. Let ﬁ(N) and f'(N) be two . empirical distribution func-

tions based on two sets of N observations (xl’yl)""’(xN’yN) and
(xi,yi)v..,(x&,yﬁ) respectively. Suppose there are no ties in both sets of
observations. Then

(i) f'(N) ¢ ?(N) 1ff for some permutation (nl,...,nN) Of (1;444,N)

(4.1.22) X. <X.,y. <y.=2x' <x' 1 £ gt

i€ XpYy Sy Xny < Xp yn <y
and

1 Al
(4.1.23) x.,Ti < xﬂJ, yﬂ > y1Tj - < Xey ¥y > Yy

Giy M M iff there exists a permutation (m,...,m.) of
(l1,...,N) such that for i = 1,...,N the number of observations in the first
set which 18 concordant with (xi’yi) 18 less than or equal to the number

of observations in the second set concordant with (Xg ,yg.)-
i i
PROOF. Let X = ...,xN} Y = {yl""’yN}’ X' = {xi,...,xﬁ} and

yr = {yl,...,yN}.
(1) First suppose f'(N) g f(N)
Ky XxY > Y' be functions satisfying (4.1.2), (4.1.3) and (4.1.4). Clearly

(4.1.4) implies that there exists a permutation (ﬂ ...,NN) of (1,...,N)

. Let Kp® XxY > X' and

such that xTT =K (x »Y; ) and yTr = K (x 23 ) for i = 1, ,N. Since there

are no tied observatlons (4. 1,2) and (4 ] 3) imply (4.1.22) and (4.1.23).
Conversely, suppose there exists a permutation (ﬂ],...,ﬂN) of

(ly...,N) such that (4.1.22) and (4.1.23) hold. Define functions K| and K,

in the N points of the first set of observations by Kl(xi’yi) = x&i and

K (x 2V ) = yn for i = I,...,N. Furthermore, let x, = inf {X} and

Yo = 1nf {v} and define « (xo,yo) = inf {X'} and Kz(xo,yo) = inf {V'}.

Extend the functions K| and Ky in other points (§,n) € Xx Y by

i < N},

IA
=

K, (E,n) = sup {K](xi,yi) tx., <E, y; M, 0

i < N}.

A
[

Ky(E,m) = sup {ky(x;,y,) i %, <&, y, <, 0

In order to verify (4.1.2) let El < 52 and nl < nz, then
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{GeLy) ix, <€y <, 0<i <Nbe{x,y)ix, <&,y, <mny, 0<1i<N}
and hence Kl(El,nl) < Kl(Ez,nz) and Kz(g],nl) < KZ(EZ,nZ). Furthermore,
verify (4.1.3) as follows. Let E],Ez e X; nysN, € Y such that

Kl(El,n]) < K](Ez,nz) and KZ(El’nl) > Kz(Ez,nz). Then for the observation
(xi,yi) such that x; < El, 5 < n, and KZ(xi’yi) = KZ(E],nl) and for the

J
follows that Kl(xi’yi) < K](xj,yj) and KZ(Xi’yi) > Kz(xj’yj)' By (4.1.23)

observation (xj’yj) such that xj < EZ’ y. < N,y and Kl(xj,yj) = k](Ez,nz) it

this implies El < 62 and nl > nz.
(ii) The proof of the second part of the proposition follows

B q
directly from the definition of 2. [

4.2. MEASURES OF DEPENDENCE PRESERVING THE ORDERINGS

It is interesting to know which measures of positive dependence pre-
" a g c : "
serve the orderings >, = and >. Measures of interest can be written as real
valued functionals of the (empirical) distribution function. Such a measure

a
¢ is said to preserve 2= when

F' 27 = ¢F") > ¢(F).

TCHEN (1976) and CAMBANIS et al. (1976) considered this problem for the

e
ordering >; their result is formulated in Theorem 4.2.1 below.

DEFINITION 4.2.1. A real valued function | defined on]R2 is called lattice-

superadditive (L-superadditive) when
X <Xy ¥y <y, PUELY ) HU(K,,Y)) 2 V(X ,Y,) HU(Xy,y).

Note that { is L-superadditive iff exp (Y) is TPZ' So examples of L-

superadditive functions are easily derived from examples in Section 3.1.

(&
THEOREM 4.2.1. Let F' > F and Y be right continuous and L-superadditive on
Rz, then

{4:2: 1) II2 V(x,y)dE" (x,y) 2 [[ ¥(x,y)dF(x,y)
R Rr?

provided the integrals exist and either of the following conditions is
satisfied:

(i) V¥ is symmetric and the expectations [ w(x,x)dFr(x) and
J V(y,y)dF (y) are finite,
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(ii) the expectations [ W(x,yo)dFr(x) and | w(xo,y)ch(y) are finite
for some Yo and X
Conversely, if the marginal distributions of F' and F are the same and

(4.2.1) holds for all L-superadditive functions y, then F' S F.

PROOF. The first part of the theorem is proved in CAMBANIS et al. (1976).
Its converse follows by noting that the indicator function of the set

(-2,x] x (-o,y] is L-superadditive. 0

The conditions (i) and (ii) of this theorem can be weakened and per-
haps they are not necessary at all. These conditions or their weaker ver-—
" sions are satisfied in all cases of interest; e.g. Y bounded, Y(x,y) = xy
or any example in which the support of F and F' is bounded (cf. CAMBANIS
et al., 1976).

PROPOSITION 4.2.2. Let F be a class of bivariate distribution functions
satisfying (4.1.1) and let ¢ be a functional which preserves S and is in-

variant under strictly increasing transformations of the marginals. Then

a
¢ preserves > and g on F, Z.e.
lq' ' 1
F' 2F; F',FeF=¢F") 2 ¢(F)
. . " . —— a
and a similar implication a fortiori holds for >.
PROOF. Follows directly from Propositions 4.1.1, 4.1.3 and Theorem 4.1.4. [

By Proposition 4.1.3 the condition that ¢ is invariant under strictly
increasing transformations of the marginals is necessary also. For example,
Pearson's product moment correlation preserves g, but it does not preserve
g nor $ because it is mnot invariant under strictly increasing transforma-
tions of the marginals. It is obvious that rank statistics and measures

based on canonical correlations have this invariance property.

EXAMPLE 4.2.1. Linear rank statistics.
Let J be a real valued function defined on (0,1]x (0,1] and consider

measures of the form

(4.2.2) () = [ J(F (x),F_(y))dF (x,y).

Rr2
(N)

For an empirical distribution function F based on N observations

(xl,yl),...,(xN,yN) without ties, (4.2.2) equals
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(4.2.3) oGFMy -

I; v law 'R N_]Q)

i=1 i’ i

where Ri is the rank of X, among X, ,...,Xy and Qi is the rank of y; among
YyseeeoVye Statistics of the form (4.2.3) are called linear rank statistics.
For underlying distributions F the measure (4.2.2) may be interpreted as a
population value. The function J is called the (generating) score function.
In practice the score function usually depends on the sample size N and is
derived from the generating score function in either of the following two

ways. The frequently used approximate score function is defined by
(4.2.4) JN(u,v) = J(i/(N+1), j/(N+1))

for (u,v) in ((i-1)/N,i/N]lx ((j-1)/N,j/N], i = 1,...,N and j = 1,...,N.
The exact score function is obtained by using

JN(u,v) = FJ(U.

1:N’Vj:N)

instead of (4.2.4), where Ui'N denotes the i-th order statistic in a random
sample of size N from the uniform distribution on (0,1) and V]._'N is an

independent copy of Ui:N'

The (generating, approximate or exact) score functions of most well-
known rank statistics are of product type J(u,v) = f(u)g(v), where f and g
are increasing, right continuous and integrable functions. Such score
functions are L-superadditive and satisfy the additional condition (ii) of
Theorem 4.2.1 (because Y(x,y) = xy satisfies this condition). Moreover,
linear rank statistics are invariant under strictly increasing transforma-
tions of the marginals. Therefore, the following specific examples of
linear rank statistics preserve s and preserve g and g'on classes of dis-
tributions F satisfying (4.1.1).

Spearman's rank correlation rho has the generating score function
(4.2.5) J(u,v) = 3(2u-1)2v-1).

Using the approximate score function in the empirical case (without ties),
this statistic equals the sample product moment correlation of the ranks.

I'isher-Yates' normal score statistic has the generating score function
J(u,v) = ¢ (u)d (v),

where ® is the inverse of the standard normal distribution function. In
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the empirical case the Fisher-Yates normal score statistic is computed with
the exact score function, whereas the approximate score function produces
the vander Waerden statistic.

The generating score function of the quadrant statistic is given by
J(u,v) = sign (u-}) sign (v-1%)
where sign (u) = -1,0,1 as u < 0, = 0 or > 0.

EXAMPLE 4.2.2. Non-linear rank statistics.

Consider measures of the form

(4.2.6) O(F) = [| K(F(~,,))dF(x,y).

R4
Since any bivariate distribution function F is L-superadditive it follows
from MARSHALL and OLKIN (1979, p. 151) that K(F) is L-superadditive when K
is increasing and convex. So if in addition K is also right continuous and
either one of the conditions (i) or (ii) of Theorem 4.2.1 is satisfied,
then F' 5 F implies [[ K(F')dF' > [[K(F')dF > [ K(F)dF. The last inequality
holds because K is increasing. Hence under these conditions on K, the
measure (4.2.6) preserves g and preserves g and g on classes of distribu-
tions F satisfying (4.1.1).

Kendall's rank correlation tau is a rank statistic of the form (4.2.6) with
(4..2.7) K(u) = 4u-1.

For empirical distributions based on N observations (without ties) one

usually takes
(4.2.8) Ky(u) = (N- 1Y Vigane - 5 - 3.

Clearly, these functions K have the desired properties. Inserting (4.2.8)

in (4.2.6) yields the well-known formula
¢K(f(N)) = (#{concordant pairs} - #{disconc. pairs})/#{pairs},

provided there are no ties. Therefore it alternatively follows directly
a
from Proposition 4.1.5 that Kendall's tau preserves > and g for empirical

distribution functions without ties.

EXAMPLE 4.2.3. Signed canonical correlation.

The signed canonical correlation of a pair (X,Y) with distribution function
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F is defined by

(4.2.9) bgo (F) = sup Corr (0(X),¥(Y))

where the supremum is taken over all increasing functions @ and Y for which
the correlation exists. It is easily verified that the signed canonical
correlation preserves g and preserves g and g on classes F satisfying
(4.1.1). To this end let F' g F. Choose € > 0 and let wl and w] be in-
creasing functions such that ¢SC(F) < Corr Gpl(x),wl(Y» +€. Then by Theorem
4.2.1, ﬂ(p]wldF' > ij]w]dp. Since @, (X') ~ © (X) and ¥, (Y') ~ ¥, (¥) it
follows that ¢SC(F') > Corr Qol(x'),w](Y')) > ¢SC(F)-€. Since € is arbitrary,
'¢SC(F') 2a¢SC(F). Application of Proposition 4.2.2 yields the desired re-

sult for > and 2.

These examples show that all familiar measures of positive dependence
preserve g and g. It follows directly from Example 4.1.2 that omnibus
measures such as Pearson's x2 (2.1.8), the canonical correlation, the cor-
relation ratio, the rank statistic (ﬂ’(F(x,y)-Fr(x)Fc(y))zdF(x,y))i of
HOEFFDING (1948), etc. do not preserve these orderings. But the canonical
correlation actually preserves both orderings on the class of DRl-dependent
probability tables (distributions) satisfying (4.1.1), because by Theorem
3.3.2 the canonical correlation and the signed canonical correlation are

equal for such distributions.

a
4.3. SAMPLING PROPERTIES OF THE ORDERING 2

The main results formulated in this section show that the order pre-
serving properties of the ordering g given in the previous section carry
over from population distributions to finite samples from these distribu-
tions. The ordering g does not share this property with g. This is the

a
principal reason for introducing 2.

Let F and F' be arbitrary bivariate distribution functions and let

~(N) ?v(N)

F and be empirical distribution functions based on samples of N

i.i.d. observations form F and F' respectively.
a
THEOREM 4.3.1. Let ¢ be a measure which preserves >. Then

(4.3.1) F' o F a'P{¢(f'(N% >t} > P{¢(f(N)) > t}
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for all t and N; Z.e. ¢(f'(N)) 18 stochastically larger than ¢(f(N)) for
all sample sizes N.

PROOF. Let (Xl’Yl)""’(XN’YN) be a sample of N i.i.d. observations from F
and let F be the corresponding empirical distribution function (the super-
script (N) is suppressed). Since F' g F there exist functions K| and K,
such that (Kl(xi’Yi)’KZ(Xi’Yi)) for i=1,...,N is a sample of N i.i.d ob-
servations form F'. Denote its empirical distribution function by f'.
Clearly, the empirical distribution function F' of any other sample of N
i.i.d. observations from F' has the same distribution as H'. Furthermore,
it is obvious that P{fi* = f} = 1, which implies P{¢p(H"') > ¢(F)} = 1. Hence
for all t, P{¢(F) > t > ¢(H')} = 0 and (4.3.1) follows. [

e cr
It is clear that similar results also holds for > and > and measures

preserving these orderings. The measures discussed in the previous section
preserve g on classes of distributions with marginals satisfying (4.1.1)
and hence the theorem is not directly applicable to these statistics. But
if the underlying distributions have continuous marginal distribution func-
tions, the class of all empirical distribution functions drawn from such
underlying distributions satisfies (4.1.1) and therefore the following

corollary holds.

COROLLARY 4.3.2. Let F and F' be bivariate distributions with continuous

a
marginal distribution functions and let ¢ be a measure which preserves = on

classes of distribution functions satisfying (4.1.1), then (4.3.1) holds.

It follows from the examples in the previous section that when F and
F' have continuous marginals, then (4.3.1) holds for Spearman's rank cor-
relation rho, Fisher-Yates' normal score statistic, vander Waerden's statis-—
tic, the quadrant statistic,Kendall's rank correlation tau and the signed
canonical correlation. This result implies that tests based on these statis-
tics have a higher power against F' than against F. In particular, it follows
from Proposition 4.1.2. that these tests are unbiased against all RRI-depen—
dent and CRl—dependent alternatives with continuous marginals. This unbiased-
ness result is, for some of these statistics, also proved in LEHMANN (1966).

Note that (4.3.1) also holds for these statistics when the functions
K4 and Ky of Definition 4.1.4 are such that for any sample (XI’YI)""’
(XN,YN) from F the empirical distribution function of this sample and the
empirical distribution function of (K](X],Yl),Kz(Xl,Y])),...,

(K,(XN,YN),KZ(XN,YN)) satisfy (4.1.1).
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a
Another aspect of the order preserving property of the ordering > is
a
the following. Suppose F' and F are associated and F' > F. Then samples

from F' are more frequently associated than samples from F.

a
PROPOSITION 4.3.3. Let F be associated and F' > F, then for all sample

sizes N

P{§'<N) is associated} > P{f(N) is associated}.

rr
Similar results hold for RRl—dependence and > and for CRl-dependence and

(&
>

a
PROOF. By (4.1.6), F' > F and F is associated imply F' is associated. Using
the same set-upas in the proof of Theorem 4.3.1, it follows that F is
associated implies fi' is associated. Hence

P{F is associated} < P{H' is associated}. 0

4.4. THE DISCRETE CASE

If the distributions F and F' contain atoms, the main result given in
the previous section is generally not applicable to the statistics con-
sidered in Section 4.2. Moreover, these rank statistics are not well-defined
for samples containing ties. Furthermore, Definition 4.1.4 requires that
the whole mass of each atom of F is moved to an atom of F'. In particular,
when F and F' correspond to probability tables P and P' of the same size,
this means that cell's of P are pooled in order to obtain P' and empty
cell's in P' arise. Thus the ordering g is only present between probability
tables in very few and simple cases and although Theorem 4.3.1 is valid,
statistics to which this theorem can be applied are still unknown.

This section discusses a modified definition of the ordering 'more
associated" which is more appropriate for probability tables. It is shown
that the results of the previous sections continue to hold for the modified
ordering in the probability table case, provided the measures of dependence
are appropriately defined. The idea used here can also be applied to dis-

crete distributions in general, but the notation is then more complicated.

This section is only concerned with the probability table case and
it is assumed that (X,Y) and (X',Y') are distributed on Xx Y and X' xVY'
respectively, where X = {1,...,n}, ¥ = {1,...,m}, X" = {1,...,n'} and

' = {I,...,m"'}. Their distributions F and F' correspond to probability
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tables P and P' with entries Fys = P{X=1i,Y=3j} and pij = P{X'=1,Y"' =j}

for appropriate indices i and j.

DEFINITION 4.4.1. In the probability table case (X',Y') is said to be more
assoctated than (X,Y), denoted (X',Y') 2 (X,Y), when

a
X'+U Y'+V') 2 (X+U,Y+V)

where U', U, V' and V are independently and uniformly distributed on [0,1)

~

and also indepenggnt of (XL,Y') and (X,Y). Equivak;ntly to (X',Y') .= (X,Y)
&

Ve

the notation F' gNE or P' S P is used. Orderings E:, ;; > and the equi-
valence relation g are similarly defined.

The assumption of uniformityof U, U', V and V' is no restriction.
Their independence is not essential but has convenient consequences (e.g.
Proposition 4.4.1).

Clearly, (X'+U',Y'+V') and (X+U,Y+V) are distributed on
[1,n'"+1)x[1,m"+1) and [1,n+1)x[1,m+ 1) respectively and have continuous
marginal distribution functions. These contigyous versions of (X',Y') and
(X,Y) are denoted by F' and F. Thus x',Y") ¢ (X,Y) iff T g F.

2
It follows from the results in Section 4.1 that the orderings >

- and
3 are partial orderings of the equivalence classes defined by d over all
probability tables.

Furthermore, it is easily verified that the pair (X,Y) is independent,
quadrant dependent, associated, RRI—dependent or CRl—dependent iff its con-
tinuous version (X+U,Y+V) has the corresponding form of dependence. There-

fore, the following proposition follows directly from Proposition 4.1.2.

PROPOSITION 4.4.1.
(0. & g (X,Y), (X,Y) ©s8 quadrant dep. = (X',Y') 78 quadrant dep.,
(x',Y') g (X,Y), (X,Y) s associated = (X',Y') is associated,
X", Y') é?(X,Y), (X,Y) s RR]—dep. = (X',Y') zs RR]-dep.,
(X', ¥") é?(X,Y), (X,Y) s CRI—dep. = (X',Y') Zs CRl-dep..

Moreover, when X and Y are independent, then

x',Y) 2 XY e &',Y') is quadrant dep.,
(X',Y) > (X,¥) o (x',Y') is RR ~dep.,
X',Y) T (X,Y) @ (X',¥') s CR ~dep. .
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3 q
PROPOSITION 4.4.2. (X',Y') = (X,Y) = (X',Y') = (X,Y).

Next consider a measure of dependence ¢ which is (properly) defined
for bivariate distributions with continuous marginal distribution functions.

Define the probability table version % of ¢ for a probability table P by
(4.4.1)  F(@) = 6(F)

where F is the continuous version of the distribution function F corres-
ponding to P. Thus even for an empirical probability table the probability
table version $ is defined as ¢ computed at its continuous version. The
probability table version of rank statistics show similarity to the
randomization procedure of removing tied observations: the randomization
procedure is not performed but the randomization distribution is considered
instead. In the case that the score function J in the measure (4.2.2) is
bilinear and in the case that the function K in the measure (4.2.6) is
linear, the probability table versions a of these measures ¢ are equivalent
to the statistic ¢ using mid-ranks for ties (see Examples 4.4.1 and 4.4.2).
In general $ need not be equivalent to ¢ with well-known treatment of ties
(such as: expectation of the statistic over randomization of ties, expecta-
tion of score function over randomization, mid-ranks, least favourable
value of the statistic, most favourable value, etc; cf. HAJEK and §ID§K,
1967, pp. 118-124). Nor need $ correspond to other well-known adaptations
of rank statistics to contingency (probability) tables. But the version
(4.4.1) is a natural choice for adapting statistics for which results, simi-
lar to those given in the previous sections, can easily be derived.

In the following two examples the probability table versions of Ken-
dall's tau and Spearman's rho are calculated. First note that for an nxm
(empirical) probability table P the distribution function of its con-

tinuous version equals
o - i-1 j-1 o j=1 -l
(4.4.2) F(x,y)= L X p o+ (x-i) "X p.,+(y-j) k‘:‘

.+ (x-iXy-31)p. .
k=1 £=1 =1 1 Pkj (x=iXy-3)p;

J

for i < x < i+l and j <y < j+l and i=1,...,n; j=1,...,m. A summation

Zg=l is assumed to be zero.

EXAMPLE 4.4.1. Kendall's rank correlation tau.
By (4.4.1), (4.4.2), (4.2.6) and (4.2.7) the probability table version of

Kendall's tau for an nxm (empirical) probability table P equals
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~ ~ ~ n i+l j+1 o
% (P) = J'J' 4FdF-1=4 X X p.. | I F(x,y)dydx -1
K 1= 1= 1] C s
i=1 j=1 i j
n m (i—l =1 y i-1 ) j;l | i
=4 ¥ I ol X Ppp t I p,.. + . Py F p..) =
i=1 j=1 Pii\= g=1 K k=1 KJ £=1 it 1

Elementary calculations yield

. (P) 2 g % P (iil jil P, — 1£] % P )
i 3)K i=1 j=1  ii\g=1 £=1 KL g=p g=je1 KL

2{sum of all 2x2 determinants}.

To show this we employ a more transparent notation. Let (xl’Yl) and (XZ’YZ)
‘be independent, both with distribution specified by P and let U], V], U2

and V, be independent and uniformly distributed on [0,1). Then

2
b (P) = 4P{x‘ +Up S Xy +U, Y +V) < Y2+V2}-l
(4.4.4) = z.(P{x1 < XY, < Y2} + gp{xl < Kys¥; = Y2}
+£P{xl = X,,¥; < YZ} - 113{)(l = X,,Y, = YZ}) -1.
Furthermore
o e 1= 2(P{x] < X,,Y, < Y2} + P(X, < XY, > Yz} + P{X, = Xy, ¥, < Y2}
- P{xl < X,,Y, = Yz} - iP{x] = X,,Y, = Yz}).

Inserting (4.4.5) in (4.4.4) yields

$K(P) 2(P(X, < X,,¥, < L} - PlX, < %,¥, > Y1)

225 2’71
= 2(P{(X1,Yl) is concordant with (XZ,YZ)}
-P{(X],Y]) is disconc. with (X2,Y2)}),

™)

establishing (4.4.3). In case of an empirical probability table P based
on N observations, (4.4.3) becomes

~ A(N) 4 . # . . 2
(4.4.6) P (BH7) = ( {concordant pairs} - #{disconc. pairs})/(}N7).

This is equivalent to two other adaptations of Kendall's tau to contingency
tables. First, KENDALL (1975, p. 34) suggests using the well-known

definition

(#{conc. pairs} - #{disconc. pairs})/#{pairs}
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without removing ties. Clearly, this yields N$k(§(N))/(N-I). Secondly, it
is equivalent to using mid-ranks for tied observations. Denoting the number

5(N)

of observations in the (i,j)-th cell by NiJ = Np , the mid-rank of the

observations in this cell is
=1 §=1

= E "E N By
Q.. KL + 4

j=1
> .+ T N., + }(N..-1)+1
iJ k=1 £=1 k=1 KkJ ££=1 TR T

(i.e. the expected value of the randomized ranks of the observations in the
cell, where the expectation is taken over the randomization; see HAJEK and

gIDAK, 1967, p. 121). Therefore, Kendall's tau (4.2.8) with mid-ranks equals

4N<§ T N-ZN..Q..—N—3>/(N—I) =N EWy /(- 1),
i=1 j=1 137°1] K

Other adaptations of Kendall's tau, such as the measure proposed by

GOODMAN and KRUSKAL (1954)
(#{conc. pairs} - #{disconc. pairs})/(#{conc. pairs} + #{disconc. pairs})
or the second adaptation proposed by KENDALL (1975, p. 34)

(#{conc. pairs} - #{disconc. pairs})/
(#{pairs with no tie in row var.}#{pairs with no tie in col. var.})£

are not equivalent but quite similar to (4.4.6). It is not clear whether

Proposition 4.4.3 and Theorem 4.4.4 hold for these two measures.

EXAMPLE 4.4.2. Spearman's rank correlation rho.
The probability table version of Spearman's rho for an nxm probability

table P equals

(4.4.7) ®=3 2 I (o 3 € it )
LA P z o T T oHr.—1 Y Cp+ies—I1
¢S i= 5 F ol e=1 £ 7]
where 2, = Zm_ P 4 for i=1l,...,n and c. = Zn P, for j=1,...,m. For an
3=l A (N) i =1 "ij

emp1r1ca1 probablllty table P77, (4.4.7) is equ1va1ent to Spearman's rho
(formula (11) on p. 113 of HAJEK.andngEK 1967) with mid-ranks

i f(N) +%(Nr(N) +1) for the observations in the i-th row and with

HOM e

§—
By = Doy B

mid-ranks Q 2% 1 Nc

column. The statistic obta1ned 1n this way equals N ¢ (P(N))/(N -1).

+1) for the observatlons in the j-th

The following results easily follow from their counterparts in

Sections 4.2 and 4.3.
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a rr
PROPOSITION 4.4.3. Let ¢ be a measure of dependence which preserves > (2,
cr . . . . . . .
> or g) for distributions with continuous marginal distribution functions.

Then its probability table version ¢ preserves g (E;, < or g).

) and ?'(N) be empirical probability tables based on

THEOREM 4.4.4. Let P
multinomial samples of size N drawm from P and P' respectively. Then for
3

~ 0
any measure ¢ which preserves =,

VR

P 2 pBA ™y s ¢} > pFEM) > ¢}

for all t and N.

~

Thus when P' g P, the probability table versions of Spearman's rho,
Kendall's tau, Fisher-Yates' normal score statistic, the quadrant statistic
and the signed canonical correlation based on multinomial samples of size
N drawn from P' are stochastically larger than those based on multinomial
samples from P. In particular, tests based on these statistics are unbiased

against RRl—depenggnt and CRl—dependent alternatives. s
In case P' = P, the result of Theorem 4.4.4 also holds when P'
§(N) are based on samples of size N from P' and P which are conditioned
on row sums. A similar property holds of course for B and conditioning on

and

~

column sums. It is not clear whether such results extend to other conditional
Poisson samples; this problem cannot be solved by the method of proof used
in Theorem 4.3.1.

Proposition 4.3.3 immediately leads to the following result.

2
PROPOSITION 4.4.5. Let P and P' be associated ard P' > P, then for multi-

nomial samples of size N,

P{f'(N) is associated} > P{f(N) is associated}.

Similar results hold for RR]—dependence and ¥ and CRl—dependence and & .

s

£X () g
When P and P' are DRj-dependent and P' > P and P' > P then
P{ﬁ'(N) is DRl-dep.} > p{P(N) g DR]—dep.}. This indicates that the ordering
property of CA more frequently arises in multinomial samples from P' than

in multinomial samples from P.

It should be emphasized that Theorems 4.3.1 and 4.4.4 generally do not
v e . a a . g
hold for statisticswhich preserve 2, or 2 only on special subclasses of bi-

. . 3 . 3 . a
variate distributions. For example, the canonical correlation preserves >
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on the class of all DRl-dependent probability tables (cf. Section 4.2). But

since samples from such probability tables need not be DRl—dependent,
Theorem 4.4.4 does not apply for the canonical correlation. The following

example shows that the reversed stochastic inequality may even hold.

EXAMPLE 4.4.3. Let the distributions of (X',Y') and (X,Y) be specified by
the 2 X2 probability tables

i o 3/16  1/16
P' = and P =

b

rr
respectively. Note that X and Y are independent. Furthermore, P' = P. Let
cbCC
samples of size N=3 the following exact distribution functions can easily

9/16  3/16

denote the canonical correlation functional. Then for multinomial

be computed

e s (3)y L _ ~ 5(3) _
P{¢CC(P ) < 0} = .71875, P{¢CC(P ) < 0} = .68359375,
P < 43 = 0625, (3, B) < 4} = .sous3nzs,
a oy (3) _ & a(3) _
P{¢CC(P ) <1} = 1.0, P{¢CC(P ) <1} = 1.0.

Thus $EC(§(3)) is stochastically larger than $EC(§'(3))' Since for 2x 2
probability tables the canonical correlation test is equivalent to the
chi-square test, this example shows that the canonical correlation test
and the chi-square test are biased. In fact one can prove that for all N,
P{$5C(f'(N)) =1} < P{$EC(§(N)) = 1} and hence for all N there exists an o

such that the power of the level o test against P' is strictly less than a.
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CHAPTER 5

THE MULTIVARIATE CASE

5.1. MULTIPLE CORRESPONDENCE ANALYSIS

CA can be generalized to the case when more variables are involved.
This generalization is called multiple correspondence analysis (abbreviated
MCA); other names in the literature are homogeneity analysis (GIFI, 1981)
and first order correspondence analysis (HILL, 1974). This section summarizes

some basic properties of MCA.

In order to attack the multivariate case, notation must be altered at
some places. Let XI’XZ""’Xk be nominal variables, where XZ has n, integer
labeled categories (£ = 1,...,k). The bivariate marginal distribution of Xj
and X, is given in the nj xn, probability table sz, for Jol = 1,.eepk. IE
is clear that PTZ = sz for j,£ = 1,...,k. The diagonal matrix containing
the univariate marginal distribution of XZ is denoted by Rﬂ = PZZ’ for
£ =1,...,k, assumed to be non-singular.

MCA seeks k functions wll’wZI""’wkl’ defined on the categories of

XI’XZ""’X respectively, such that the first principal component of the

k
correlation matrix of wll(xl),wZI(Xz),...,wkl(Xk) has maximal variance.
This principal component is called the first MCA component. Subsequently,
MCA seeks a second component which has maximal variance but which is un-

correlated with the first, etc.

DEFINITION 5.1.1. The t-th MCA component is the linear combination of

transformed variables

k
Te = o5y %% X

for which Wy = Var (Yt) is maximal subject to
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Ewlt(xz) = 05 Var @qat(xl)) w 1 for £ = 15035k

k 2
(5.1.1) 251 ag, =1,

Cbrr(Yt,Ys) =0 for g = 1,,00,t"1.

The MCA solution consists of all (k+1)-tuples (ut,u]twlt(xl),...,aktwkt(xk))
for t = 1,2,...

The present definition of MCA may depart from other definitions given
in the literature with respect to the normalization of the variable weights

alt""’akt' It is clear from

Var(Yt) = jgl Zgl ajtalthrr(“ﬁt(xj)’wlt(xl))
that MCA considers only the bivariate marginals of the k-dimensional dis-
tribution, which is a drawback of the technique.

MCA may be interpreted as a generalization of principal component
analysis for categorical variables. Moreover, in the case that x],xz,...,xk
are all dichotomous (i.e. n, = 2 for £ = 1,2,...,k), the functions wﬂt are
determined, up to a change of sign, by their normalization. Hence maximali-
zation of the variance of Yt is only with respect to the variable weights
Opp for £ = 1,...,k. Therefore, MCA is in the dichotomous case equivalent
to principal component analysis of the correlation matrix of the nominal
variables X],XZ,...,Xk. Note that for dichotomous variables the correlation
matrix is defined up to changes of sign of rows and columns. This property
of MCA was first noted by NAKHLE (1976).

Another special case arises when there are only two variables involved.
The following proposition states that in case k=2, MCA is equivalent to CA

(see also GIFI, 1981, p. 139; GREENACRE, 1984, p. 135 and LEBART et al., 1977, p. 139).

PROPOSITION 5.1.1. Consider the case k = 2 and assume, without loss of

generality, that n <n,.

(i)  Suppose (Xt,wlt(xl),wzt(xz)) for t = Iyeoisn -1 18 a CA solution.
Let wzt(xz) for t = n],...,nz-l be normalized variables such that wzs(xz)
s uncorrelated with wzt(xz) for s < tand t = 1,...,ny-1. Then a MCA

solution is given by

(|+At,z’*wlt(xl), z'*wh(xz)) for t = 1,...,n-1,

(1, 0, (DZt(Xz)) for t n],...,nz-l,
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_ -1 | - it o .
(1 As, 2 wls(xl), 2 wzs(Xz)) where s=n +n,-t 1 for t=n,,...,n +n, 25

(ii) Conversely, for t = 1,...,nl-l the variables(p]t(xl) and th(XZ)
of the MCA solution are a pair of t—th canonical row and columm variables

with corresponding correlation At=1Jt— 1, provided At > 0.
PROOF. Follows directly from (2.1.4), (2.1.5) and Theorem 5.1.3 below. [

For general k, the MCA solution satisfies the following generalization

of Proposition 2.1.1 (simultaneous linear regression).

PROPOSITION 5.1.2. The tuple (ut,a]twlt(xl),... - kt(x )) 28 a t-th tuple
of the MCA solution iff

(5.1.2) (1, = Doy @y (Xp) = j§£ ath(cpjt(xj)IXK) a.s. for £ = 1,...,k
where Mo 18 maximal subject to (5.1.1).

PROOF. The proof is quite similar to the proof of Proposition 2.1.1. First
suppose that the tuple satisfies (5.1.2) with ue maximal subject to (5.1.1).
Multiplying (5.1.2) on left and right hand side by alﬁptt(xt) and taking

expectation over XZ yields
(n, - 1o, Var (@, (X)) =
t Lt I )
J#Z o, Jthv qut(xﬂ),w (X )) for £ = 1,...5k.
Adding these k equotions produces u, = Var (Yt)' Hence the tuple maximizes
Var(Y ) subject to (5.1.1).
Conversely, suppose that the tuple maximizes u, = Var (Y.) subJect to

(5.1.1). Let B, th and wﬂt(xﬂ) for £ = 1,445k be such that XE 1 th ’
Var(wlt(xl)) =1 for £ = 1,...,k and

(5.1.3) (6-1)Bp Vp, (Xp) = E'((p ¢ X )|x£) a.s. for £ = 1,...,k.

#/& o 1

. v _ vk .
Define Yt = Z£=‘ Bﬂtht(xl). Notice that

k
> Var (thwet(xz)) = 0.

1 i 1
(ut Var (Yt)) > Cov (Yt’Yt) =0 )

Furthermore, by Cauchy-Schwarz,



88

=
L[}

k
Var (Yt) =0 [El Cov (aetht(xz), Bﬂtht(xz))

|
D

IA

k } k }
¢} (KEI Var ("‘I_t“’u("z)) (fE] Var (B&U)&(XK))) =

with equality only if
(5.1.4) altw!,t(x!,) = Bhlllh(xz) avgs for £ m T,ue:.K

Thus Wn’(YE) > Var (Yt) with equality only when (5.1.4) holds. Moreover, one
can show by induction over t that Yé is uncorrelated with Ys for
s = 1l,...,t=1 whenever Yt is. To this end suppose that (5.1.2) holds, with

t replaced by s, for s = 1,...,t-1. Then for s < t,
k 0 .
u  Cov (Y,Y ) = bu, L}=:1 Cov (ap 0p (Xp), Bp Wp, (Xp)) = 0 Cov (Y[,Y ).
This proves the proposition. a

This proposition already indicates that the MCA solution can be ob-
tained by solving a matrix eigenvalue problem. In order to formulate the
eigenvalue problem introduce the following notation. Let Ver denote the

nt-dimensional vector of category scores
_ i
Vee = (@pr@pr(1)s- -+ 0p Ppy (np))

of the £-th variable on the t-th MCA component for £ = I,...,k and
t =1,2,... . All category scoreson the t—th MCA component are summarized

in the vector of length n = Z§=l np,
- T
Ve, (altwlt(l),...,altwlt(nl),... ...,akt(pkt(l),._..,aktcpkt(nk)) ‘

Let R be the nxn diagonal matrix with the diagonal elements of Rl""’Rk

on the diagonal and let B be the nxn block matrix containing the bivariate

marginals
Ry Flp 1k
P R P
B= 21 2 2k
Pei Pio - Ry

Recall that e denotes the vector having all its components equal to unity.

Define the n-dimensional vectors Upseeesty o as follows. Let the first n
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components of u, be equal to unity, the next n, components equal to -1 and

all other compo;ents zero; let u, be the vector having the first n, com-
ponents equal to unity, the next n, components zero, then n, components
equal to -1 and all further components zero; etc., until U which has
its first n, components equal to unity, the last n, components equal to
-1 and all other components zero.

THEOREM 5.1.3. The vectors Ve containing all category scores on the t—th
MCA component exist for t = 1,...,n-k. Moreover, the vectors
€5V Vs e e sV 15U seee,y | CaR be any complete set of suitably normalized
etgenvectors of the matrix R'B corresponding to the eigenvalues

k > My 2 Hy 2 ... 2 ”n—k >0=... =0 (where My 18 the variance of the

t=th MCA component).

. . -1 .
PROOF. First note that a complete set of eigenvectors of R B exists and
that €U ,...,uy _, are eigenvectors corresponding to eigenvalues

k,0,...,0.By Proposition 5.1.2 the MCA solution satisfies

(5.1.5) v = R_IB\)t

where M, is maximal subject to

T T
e RpV, = 0, for £ = 1,...,k, Vtht =1,

vLth =0, fors=1,...,t-1.

Since (5.1.5) holds,
T = oTr.(r:} -1 o ol
Hee Rﬂvﬂt e RE(RZ PZI""’RK sz)vt e th,

T, s gl
I"lt\)SR\)t \)SB\)t

Therefore the MCA solution satisfies (5.1.5) with ue maximal subject to

vLRv =0 for & = lsisest=1;

T ; P 5 g -1
This in turn is equivalent to the eigenvalue problem of the matrix R B and
hence v_ for t = 1,...,n~k can be taken as the remaining eigenvectors of

R's. O

GIFI (1981), GREENACRE (1984), HILL (1974) and LEBART et al. (1977) describe
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MCA from other points of view, which also lead to the present eigenvalue
problem. GIFI (1981, pp. 103-104) and HILL (1974) show that the first MCA compo-
nent, according to their definitions, determines a transformation of the va-
riables which maximizes the largest eigenvalue of their correlation matrix.
Similar to CA, the MCA category scores are usually displayed in a
g-dimensional graphical representation. The i-th category of the {-th
variable is represented by the point giﬂ = (ulallmll(i)""’uqaﬂqwlq(i))
for i = l,...,ne and £ = 1,...,k. The interpretation of this graphical dis-
play differs form the interpretation of its CA analogon and is less trans-
parent (cf. GIFI, 1981, p. 102 and KESTER and SCHRIEVER, 1982). Moreover,
in empirical situations it is also quite common to display the scores of
the individuals on the first q MCA components. For further properties,
results and applications of MCA see DE LEEUW (1984), GIFI (1981), GREENACRE
(1984), LEBART et al. (1977) and NISHISATO (1980).

5.2. ORDERING PROPERTIES IN MULTIPLE CORRESPONDENCE ANALYSIS

In Section 3.3 it was demonstrated that (S)DRS—dependence implies
that the t-th canonical row and column functions are (strictly) monotone
of order t, for t = 1,...,s. In the present section it is shown that a
similar property holds for MCA with respect to a (strict) multiple double
regression dependence of order 1. However, it need not hold with respect

to multiple regression dependence of higher order.

DEFINITION 5.2.1. The variables XI’X2""’xk are called (strictly) multiple
double regression dependent of order s (abbreviated (S)MDRS—dependent) if
all pairs (Xj’xl) for j,£ = 1,...,k; j # £ are (S)DRs—dgpendent. Further-
more, k categorical variables are called (strictly) multiple order depen-
dent of order s when there exist integer labels for their categories such

that the labeled integer valued variables are (S)MDRS—dependent.

MDR]-dependence preserves monotonicity of order 1 in the following
sense. Consider the linear regression of Xl on the transformed variables

fj(Xj) for j # £,

(5.2.1) g(x) = j§£ E(fj (Xj)lxz = x).

It is easily seen that g is increasing (monotone of order 1) whenever all

functions fj are increasing (monotone of order 1 in the same direction) and
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all pairs (Xj’xﬂ) for j = 1,...,k are DRI—dependent. However, MDRz—depen—
dence need not preserve monotonicity of order 2 in a similar sense. In case
XI’XZ""’Xk are MDRz—dependent and all functions fj are monotone of order
2 and oscillate in the same direction, then in spite of the fact that by
Theorem 3.2.3 all functions E(fj(xj)lxl = x) are monotone of order < 2,
their sum need not be monotone of order < 2. Moreover, examples are easily
constructed showing that such a property does not always hold for the
multivariate normal distribution. Thus even if stronger forms of ordinal
dependence are present in the k-dimensional distribution, for example if
the joint density of the k variables is TP2 in every pair when the re-
maining variables are kept fixed, then still monotonicity of order 2 need
not be preserved in the regression (5.2.1). (Note that the density of a
multivariate normal distribution is TP in pairs iff the off-diagonal
elements of the inverse covariance matrix are negative.) Monotonicity of
order 2 is preserved when all functions E(fj(Xj)|X£ = x) attain their
maximum (minimum) at the same place. These considerations indicate that
some unnatural condition in addition to MDRz—dependence is required. More-
over, in view of (5.1.2), these arguments make it not surprising that MCA
does not necessarily reflect the higher order monotonicity properties.
Nevertheless, MCA reflects the ordering of categories induced by
(strict) multiple order dependence of order 1 in the category scores on

the first MCA component.

THEOREM 5.2.1. Suppose that, for given category labels, X;5Xy,.. 05X, are
SMDRl—dependent. Then the variance of the first MCA component is strictly
larger than unity and each vector of category scores Vei of the L-th

variable on the first MCA component is strictly increasing for £ = 1,...,k.

PROOF. Let T denote the nXn block matrix with diagonal blocks

Snl,Snz,...,Snk and al} off—diagonal blocks zero. Furthermore, let a'denote
the nxXn matrix 6 = T R BT and let the matrix Q of size (n-k) x (n-k) be
obtained by deleting the rows and columns corresponding to the k indices

0,0+, .. ,n 0ot Lany Similarly to the proof of Theorem 3.3.1 it follows

flomlTheorem 5.1.3 that the vectors Vll’vZI""’vkl are strictly monotone
of order 1 in the same direction iff the eigenvector of Q corresponding to
its largest eigenvalue ¥ has strictly positive or strictly negative com-—
ponents. Since all bivariate marginal probability tables show SDRl—depen—

dence, the elements of Q are positive and even strictly positive exept on
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diagonal blocks. This implies that Q2 is STP]. Application of Lemma 3.1.5

yields that Vv are strictly monotone of order 1 in the same

s Sng W

11°Y217 2V
direction and that ul > uz. Since the diagonal elements of Q are unities and
since each row has some strictly positive off-diagonal elements, the largest

eigenvalue must be strictly larger than unity. 0

THEOREM 5.2.2. Suppose that, for given category labels, X],XZ,...,Xk are
MDR]—dependent, then the vectors with category scores vll’vZI""’vklof the
k variables on the first MCA component can be taken monotone of order 1 in

the same direction.

PROOF. Follows from Lemma 3.1.6, Theorem 5.2.1 and continuity considera-

tions. [

These theorems show that when k categorical variables are multiple
order dependent of order 1, then the (meaningful) ordering of categories
induced by the dependence is reflected in the order of the category scores
on the first MCA component. This supports the use of a£]w£](xl) as

numerical versions of the nominal variables X,, for £ = 1,...,k.

5.3. SCALING OF ORDERED LATENT STRUCTURE MODELS

This section discusses an application of MCA in ordered latent struc-—
ture models. Such models are developed for the following situation which
frequently arises in e.g. psychology and medicine. In a population indi-
viduals must be ordered according to their value on some unobservable
characteristic (e.g. intelligence, knowledge of a subject, attitude in a
given context, a specific disease). For this purpose responses on a set of
variables related to the characteristic are collected for each individual
(e.g. an intelligence test). In this section attention is restricted to the
simple case in which there is only one such characteristic, called the 7
latent variable, and in which the collected responses are dichotomous. The
variables involved are called Ztems and the set of all items is called the
test. Since the characteristic of interest is often hard to separate from
other characteristics, the assumption that responses on the items sys-
tematically depend on only one latent variable is for most applications
more restrictive than the dichotomy assumption.

Introducing TP2 in this situation leads to models with realistic

orderings between items. These ordered models are special cases of the
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model introduced by MOKKEN (1971). Theorem 5.3.2 shows that the orderings
between items in such models are reflected in the MCA scores. Furthermore,
it is shown that the TP2 property is present in well-known examples of
latent structure models. The ordering property of MCA, as described in
Theorem 5.3.2, has already been noted for these examples by GIFI (1981,

Chapter 9), however proofs have not been given.

The latent structure model considered in this section supposes that
the responses of the individuals on the k dichotomous items XI’XZ""’Xk
can be accounted for, to a substantial degree, by an univariate latent
variable Z. It is assumed that conditionally on Z the items XI’XZ”"’Xk
are stochastically independent. This assumption of local independence is
essential in latent structure models. It means that each individual responds
independently on the items. Local independence implies that the (global)
dependence structure between the items is caused and hence can completely
be explained by variation in the latent variable.

Let the distribution function of the latent variable Z be denoted by
H. Results in this section are not based on any assumption on H and thus
the ordering properties of MCA hold for any (sampled) population. Further-
more, the two response categories of each item shall be labeled by I
("correct") and 0 ("wrong'"). The responses on an item Xl are for each

latent value z described by the so called trace line
WZ(Z) = P{XZ = 1|z = z} for £ = 1,...,k.

This probability of a correct response to item Xﬂ for an individual with
latent value z may be interpreted as the (local) difficulty of item XZ for
this individual. The unconditional probability of a correct response to

item XK’
Ty =]J{ Tp(z)dH(z) = P{Xz = 1} for £ = 150030

is the (global) difficulty of item X£ for the population. By local indepen-—
dence the joint probability of correct responses to both item Xp and item
Xj’ £ # j, for an individual with latent value z equals nl(z)ﬂj(z)' The
unconditional joint probability of correct responses to both items is

denoted by

"Kj = %-ﬂz(z)ﬂj(z)dH(z) for £, = ly...,k; j # £;
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however,

Tpp = Tp =_£ mp(z)dH(z) for £ = 1,...,k.
Note that the correlation between items Xl and Xj equals
_ _ _ _ 3 2
Olj = (nﬂj nﬂnj)/(ﬂl(] ﬂz)ﬂj(] ﬂj)) For Lyj = 1y a0 sk

Denote by t = (sz) the correlation matrix of the items.

MOKKEN (1971) imposes two natural conditions on the trace lines of
the items in the test. First, he assumes that for each item the probability
of a correct response increases as the individual scores higher on the

latent variable, i.e.

(5.3:1) z, < z, = nl(zl) < "Z(ZZ) and not dH-a.e. equality, for £=1,...,k,

1

Secondly, Mokken assumes that if for one individual an item is more diffi-
cult than another item, then it must be more difficult for all individuals,
i.e.

the items in the test can be indexed such that

(5.3.2)
1sf<j<k= ﬂz(z)z'nj(z) for all z and not dH-a.e. equality.

Indexing is then from easy to difficult. Tests satisfying (5.3.1) and
(5.3.2) are called doubly monotone. More about interpretation and examples
of doubly monotone tests can be found in MOKKEN (1971). In many examples,
see for instance at the end of this section, double monotonicity typically

occurs in combination with TP2 of trace lines
(5:3.3) z, < Zy5 1 << j<k= "ﬂ(zl)nj(ZZ) > HZ(ZZ)ﬂj(zl)’

and also in combination with a similar TP2 property with respect to wrong

responses,
(5.3.4) zl< 255 1<f<j<k = (l_ﬂl(zl»(l—"j(zz» > (l—ﬂe(zz»(l-ﬂj(zl».

The increasing property (5.3.1) implies that all items are positively

dependent, because
(5:3.5) o5~ Tem; = } l{fz(Trl(zl)-—‘nl(zz))(ﬂj(zl)—ﬂj(zz))dH(zl)dH(zz) >0

for £,j = 1,...,k. Thus correlations are even strictly positive. Moreover,

it trivially follows from (5.3.2) that
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(5.3.6) 1 <f<j<k= Ty > ﬂj and Tos 2 ﬂji for i # j.

Large departures from double monotonicity violate (5.3.5) and (5.3.6) and
might be detected by inspection of these properties. Note that (5.3.5) and

(5.3.6) only concern properties of the observable items.

Analysis of a latent structure model satisfying the assumptions above
with MCA may be motivated by the interpretation of this technique and by
Theorem 5.3.2 below. Recall that in the dichotomous case the first MCA
component

k
Y= % %)

equals the first principal component of the correlation matrix § of the
items XI’XZ""’Xk' Therefore, Yl "best explains' the dependence structure
between the items among all linear combinations of items. Since the latent
variable completely explains this dependence, Y] can be interpreted as the
linear combination of the items which best fits the latent variable Z in
this sense. The category scores on the first MCA component will be used to
analyse the model. Let Y1 = (Y”,...,Ykl)T be the vector with these scores
for the correct categories of the items, thus Y£1=(%Kﬂqeﬁl) for £=1,...,k.
Similarly, denote by w, = (wll,...,wkl)T, where ml] = aﬂlwll(o) for

£ =1,...,k, the vector with wrong category scores. Both vectors can be

computed by solving an eigenvalue problem.

PROPOSITION 5.3.1. The components of the vectors Y, and w, satisfy

Yoy = (“‘“z)/“z)%% and “’u“(“z/“‘_“z))%"‘u

or £=1,...,k, where the vector o, = (0, 5...,0 )T 18 an eigenvector,
11 Kkl g

normalized such that a}al = 1 and first non-zero component positive, cor-
responding to the largest eigemvalue of the correlation matrix § between

the items.

PROOF. By the normalization conditions (5.1.1), wﬂ](l) = ((1-—ﬂ£)/ﬂ£); and
wll(o) =—(ﬂ£/(l-—nz))% for £ = 1,...,k, and thus the variance of Y] is only
maximized with respect to the vector o containing the weights %py for
£ =1,...,k. This is equivalent to finding the first principal component of
the covariance matrix of wll(Xl),wZI(XZ),...,wkl(Xk), that is of the

correlation matrix $ of Xl’x2""’xk' O
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Suppose a subset of items in the test satisfy the double monotonicity
and total positivity conditions. Then these items possess strong orderings
with respect to their difficulties. The next theorem shows that these
orderings are reflected in the correct and wrong scores even when the re-
maining items do not match the orderings of the items in the subset (i.e.
cannot be added to the subset without disturbing double monotonicity or
total positivity). Note that by Proposition 5.3.1 the correct and wrong

scores do not depend on the order in which items are presented to MCA.:

THEOREM 5.3.2. Suppose the test consists of m items which all satisfy
(5.3.1), with k replaced by m. Furthermore, suppose k of the items, which
without loss of generality can be taken as the first k, can be ordered
such that (5.3.2) and (5.3.3) hold. Then the correct category scores of

these k items satisfy
(5:3+7) 0 < Y1 < Y1 £ sy B Yir-

Similarly, <Zf (5.3.1), (5.3.2) and (5.3.4) hold for these first k items
then

(5.3.8) W L Wy L ppw S W < 0,

PROOF. It follows from Proposition 5.3.1 that ¥y = (YH,...,le)T is an
eigenvector corresponding to the largest eigenvalue of the matrix C with

elements
cKj = (ﬂzj-ﬂzﬂj)/(ﬂz(l-ﬂj)) for £,j = 1,.0e0

Recall that Sk denotes the k x k upper triangularmatrix Qith unit elements

on and above the diagonal and all other elements zero. Denote by T the mxm
block diagonal matrix with diagonal blocks S{ and the identity matrix Im—k
respectively. Then its inverse T‘l is a block diagonal matrix with diagonal
blocks S_] and Im-k' Since T is non-singular, Yy is an eigenvector corres-—

k
ponding to the largest eigenvalue of C iff d

=1 : 5
T Y] is an eigenvector

corresponding to the largest éigenvalue of D = T_lCT.

Under the conditions of the theorem, D turns out to be TPl and D2

even turns out to be STPl. This can be verified as follows. The elements
of the matrix T—IC =B = (sz) are given by

b£j= (ﬂzj—ﬂzﬂj»Kﬂz(l—ﬂj» for £=1,k+l,...,m and j=1,...,m,
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bl ('sz i K Zﬂt_lj)/(ﬂzﬂl_l(l—ﬁj)) for £=2,...,k and j=1,...,m.

Since (5.3.1) holds for all m items, it follows as in (5.3.5) that all cor-
relations are strictly positive and hence b[ >0 for £ = 1,k+l,...,m and
j =1l,...,m. Furthermore, by (5.3.4), K K(Z) is TP2 on {1,...,k} xR and,

moreover, satisfies
-1
i Tp Mp(z)dH(z) = 1 for & = 15: 4 5Ks

Therefore, since ﬂj(z) is increasing in z for each j = 1,...,m, it follows
by Proposition 3.1 in KARLIN (1968, p. 22) or by Theorem 3.2.3 that for
each j = 1,...,m, J ﬂzlﬂz(z)nj(z)dﬂ(z) is increasing in £, i.e.

nl—lnﬂj"ﬂﬂﬂl—lj >0 for £ =2,...,k and all j # £-1,L.

Hence sz >0 for £ = 2,...,k and all j # £-1,£. Obviously, bpp > 0 and
b££_1 < 0 for £ = 2,...,k. Thus the matrix B has positive elements exept
for bZZ-]’ & = 2565 5k But by (5:3:2)5 To_1 > Tp for £ = 2,...,k and it
easily follows that bEK—I'FbZL >0 for £ = 2,...,k. Therefore, D = BT is
TP]' Moreover, since sz >0 for £ = 1,k+l,...,mand j = 1,...,m and since
bkt—]-+b££ >0 for £ = 2,...,k, it follows that the elements in the first
row of D and the elements in the first column of D are strictly positive.
This implies that D2 is STPI.
Application of the Perron-Frobenius theorem (cf. GANTMACHER, 1977,
vol II, p. 53) or of Lemma 3.1.5 with s = 1 yields that the eigenvector
d = (dl,...,dm)T corresponding to the largest eigenvalue of the matrix D
has strictly positive components, i.e. dﬂ >0 for £ = 1,...,m. Since
d = T—]Y1 or equivalently d, = Y, for £ = 1,k+l,...,m and dp = Yo, = Ypo11
for £ = 2,...,k the result (5.3.7) follows. The proof of (5.3.8) is

similar. ]
The result (5.3.7) also holds when (5.3.2) and (5.3.3) are relaxed to

(5.3.9) 1 <2< j<k= Te >3 "j

and

z

z
(5.3.10) _jmn;_llnz_l(t;)d}{(g) z_jwﬂzl'nz(c)dﬂ(c) for all 2z e and B=2ye. vk

however, the latter assumption involves the distribution H of Z.

Theorem 5.3.2 shows that the MCA correct and wrong category scores
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reflect the difficulties of the items. This in combination with (5.3.5) and
(5.3.6) can be used for a first investigation of the model assumptions. More—
over, Theorem 5.3.2 suggests that ordering the individuals according to their

MCA test score Y, is reasonable: responding a difficult item correctly

1
yields a large contribution to this test score and responding it wrongly
does not cost much, whereas for an easy item it is the other way around.

The test score Y, is a weighted sum of items with small weights for items

which are less rllated to the latent variable than the other items. This
procedure is an alternative to the method proposed by MOKKEN (1971) in
which individuals are ordered according to the (unweighted) sum of correct
‘responses. It is unknown, however, in which cases (exept in the Rasch model;
see below) which procedure actually works better. An advantage of the MCA
approach is that a natural generalization of Theorem 5.3.2 to the case of
items with three or more ordered categories can be given.

In practice the probabilities ﬂz for £ = 1,...,k and nlj for
£, = 1,...,k have to be estimated by the relative frequencies of correct
responses. Although the MCA scores based on these estimates need not reflect
the difficulties of the items even when the underlying model satisfies the

conditions of Theorem 5.3.2, one would expect the total score Yl to reflect

the appropriate ordering of the individuals quite well.

Latent structure models for dichotomous variables studied in the
literature (e.g. ANDERSEN, 1980; FISCHER, 1974; LORD and NOVICK, 1968) are
commonly of parametric form, that is, the functional form of the trace
lines is specified. However, there is often no evidence that the specific
functional form is actually present in the test at hand. The parametric
examples below generally satisfy the double monotonicity and total posi-
tivity conditions and therefore analysis both with MCA or with Mokken's
method is legitimate. These examples are also discussed in MOKKEN (1971).
Moreover, the ordering properties of MCA under these parametric models
have already been noted by GIFI (1981, Chapter 9), but proofs where not
given.

In Guttman's model the responses on the items are deterministic func-
tions of the latent variable. The trace lines are given by

1 if z > éﬂ

ﬂZ(z) = { for £ = 1;.us «5K;
0 if z < 6[

where the item parameters satisfy 61 < 62 € wion € Gk. In this model an
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individual cannot respond correctly to a difficult item and wrongly to an
easy item. Hence a perfect analysis is possible. The conditions (5.3.1),
(5.3.2), (5.3.3) and (5.3.4) are easily verified and therefore the results
of Theorem 5.3.2 hold. Moreover, stronger ordering properties of the correct
and wrong categories scores on higher MCA components hold. Denote by

Yt = (Ylt,...,th)T the vector with correct category scoreson the t—-th MCA
component, so Yp, = aztht(l) for & = T,k and & = 1,sesky and write

w, = (w

3 with Wp, = aztht(o) for £ = 1,...,k and t = 1,...,k.

lt""’wkt)

THEOREM 5.3.3. Consider Guttman's model. For arbitrary real numbers
2

s ;
8,58 L seesdg (1 £ x & g %k, Zt=r a_ > 0) the numbers of changes of sign
of the vectors
S S d S

Y= tEr 4 Y., W= tzr aw,  and a = Er ao,
satisfy

r-1<8(y) <5 <s-1, r-1 <5 (W < 8w < s-1

-1 < (o) < ST(a) < s-1

PROOF. First consider the assertion for the vector . By Proposition 5.3.1,

the vectors a ,0,,...,0, are eigenvectors of the correlation matrix § cor-

[ 22 k
responding to eigenvalues Uy > Hy 2w B My In Guttman's model,
ﬂj£_= min(ﬂj’wﬂ) for j,ﬂ = 1,...,k and hence the correlations between the

items are given by

= = % 1 £ 4
o {ﬂj(] ﬂz)/(ﬂz(] nj)) ifF L %3
4 3 . .
“z("‘“j)/(“j("'“z)) if £> ]
Therefore, § is a so called Green's matrix which by a result in KARLIN
(1968, p. 111) is TPk and has some iterate which is STPk iff
-1 ~1 =~ : .
ﬂl (1-ﬂl) < ﬂz (l—'n2) € waw % ﬂk (1-‘nk) or equivalently iff
> Ty > e > M Application of Lemma 3.1.5 gives the desired result. By
Proposition 5.3.1, vectors Ve and w_ are eigenvectors of the matrices
C = (cﬁj) and W = (wlj) respectively with elements
CKj = (ﬂﬂj-ﬂzﬂj)/(ﬂz(]-‘ﬂj)) and Wﬁj = (nﬁj —ﬂZﬂj)/(ﬂj(l —ﬂz)) for
js€ = 1,...,k. By the same arguments as above the result follows for the

vectors Y and w. 0

The practical relevance of these stronger ordering properties is

limited. A slightly weaker result, with respect to the principal components



100

al,az,...,uk has been proved by GUTTMAN (1950) and an interpretation is
given in GUTTMAN (1954); cf. GIFI (1981).
A somewhat more realistic generalization of the previous model is

the latent distance model of LAZARSFELD and HENRY (1968). Its trace lines

satisfy
I-€ if z2 @8
ﬂz(z) = { 1L ) £ for £ = 1,...,k
522 if 2z < 5£
where 61 < 62 & s S 6k and €0 < 17€1p for £ = 1,...,k. If €0 > 0,

€1¢ > 0 for £ = 1,...,k then the double monotonicity and total positivity
conditions never hold simultaneously. But the weaker conditions (5.3.9)

and (5.3.10) are satisfied when Teo1 > Tes Tp€opq > To 1200

“Z(l"ell—l) > ﬂl—l(l"ell) for £ = 2,...,k and hence (5.3.7) remains valid.

In the linear model of Lazarsfeld the trace lines are given by “K(z)=
azz-kbz provided 0 < alz-fbﬂ <1 for £ = 1,...,k. The conditions (5.3.1)
and (5.3.2) are for instance satisfied when ap_, < ay and bl—l > b[ for
£ = 2,...,k. The total positivity conditions (5.3.3) and (5.3.4) hold when
ap_bp < albl—l and al_](l-sz) > at(l-sz_l) for £ = 2,45k

RASCH (1960) developped a model in which the (unweighted) sum of all
correct responses is sufficient for Z. The trace lines for £ = 1,...,k
satisfy ﬂl(z) = z/(z-*éz) (or = 0) when z 2 0 (or z < 0), and where
0 < 61 L sum K dk' This model is actually a special case of a model con-
sidered by Birnbaum. Moreover, Birnbaum proved that in this model Mokken's
(unweighted) sum of correct responses "uniformly best discriminates' the
individuals (see MOKKEN, 1971, p. 141). Double monotonicity and total posi-
tivity of trace lines is easily verified.

The last example consists of models based on shifts in distribution
functions. For an (univariate) distribution function F the trace lines are
defined by Wl(z) = F(z-—él) for £ = 1,...,k and where Gl < 62 C - Gk.
Double monotonicity is obvious. It follows from Corollary 3.1.3 and Example
3.1.1 that the TP2 conditions (5.3.3) and (5.3.4) hold whenever the density
p of F (with respect to some measure) is PFZ' Special choices of such PF2
distribution functions F yield well-known models, e.g. degenerate distri-
bution (Guttman's model), logistic distribution (Rasch's model), normal
distribution (models of LAWLEY, 1943 and LORD, 1952). Other PF2 distribution

functions are the gamma, Poisson and binomial distribution function.
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conditioning matrix; 17

interval;52

vector of preassigned scores; 33, 55, 56

matrix; 20

matrix of bivariate marginals; 88

interval; 52

vector of preassigned scores; 33, 55, 56

diagonal matrices containing column sums of P, P

and ﬁ(N)

vectors containing column sums of P, P

respectively; 8

correlation; 6
covariance; 6

5

vector of unities; 5
expectation, conditional expectation; 6

elliptical distribution; 69

respectively; 8
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(N)

bivariate distribution functions of (X,Y) and (X',Y')

respectively; 6, 40, 61
continuous version of F; 78
empirical distribution function; 70, 75
marginal distribution functions of F; 6
conditional distribution functions; 6
subclass of bivariate distributions; 63
distribution function of latent variable; 93
identity matrix; 5
score function of linear rank statistics; 72, 73
score function of non-linear rank statistics; 74
number of variables; 85
number of categories of column variable Y; 8
orders of monotonicity; 44
sample size; 16, 70, 75
number of categories of row variable X; 8
total number of categories; 88
number of categories of XK; 85

normal distribution; 6
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P, P! probability tables; 6, 8, 21, 78
(DI ¢ 1))
P/, P

5 51 (M)

underlying probability tables; 17, 21
empirical probability tables; 17, 82

le bivariate marginal probability table; 85

P density of F; 6

P{...} probability on event

PO’ PL’ PA sequences of null-hyp., loc. alt. and fixed alt. cond.
Poisson distr.; 21, 22

Qr’ Qc matrices; 47

9. 9, kernels; 42

R, R(N), RV diagonal matrices containing row sums of P, P(N) and
f(N) respectively; 8

T, r(N), f(N) vectors containing row sums of P, P(N) and ﬁ(N) res-
pectively; 8

R super diagonal matrix containing marginals of
X],...,Xk; 88

Ry diagonal matrix containing marginals of X,; 85

S, Sn upper triangular matrix; 5

s () approximate Bahadur slope; 30

B B3, S;(-) numbers of sign changes; 38

SM(+) strict order of monotonicity; 44

(™ test statistic; 26, 27, 33, 55, 56, 57

U, o' uniform random variables; 13, 78

v, V' uniform random variables; 13, 78

Var (+) variance; 6

vee [ -] 5

W, W', W(N), Q(N) matrices derived from P, P', P(N) and f(N) respec—

tively; 17, 18

W (eyey) Wishart distribution; 22

X, X' row variables; 6, .8, 40, 61

X standard normally distributed matrix; 22
XZ categorical variable; 85

X, X' subsets of real line, supports; 35, 61

¥, ¥ column variables; 6, 8, 40, 61

Yt t—-th MCA component; 85

¥, ¥°* subsets of real line, supports; 35, 61
Z(N) random matrix; 17

Z latent variable; 93
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MCA variable weight; 85, 86

beta distribution; 33, 34

vector of MCA correct category scores; 95, 99
item parameter; 98-100

CA column point; 14

contamination factor; 22

increasing functions ; 64

™ (™)

t-th canonical correlation of P, P and P res-

pectively; 9, 16, 21

diagonal matrix containing canonical correlations; 19, 22

variance of t-th MCA component; 85

vectors of MCA category scores; 88

CA row point, MCA category point; 14, 90

set of null-hypothesis probability tables; 21
trace line; 93

probabilities; 93

t-th canonical row function (vector) of P; 9, 10

t-th canonical row functions of P(N) and ﬁ(N)

res-—
pectively; 16, 21

MCA function; 85, 86

measure of dependence; 14, 57, 71, 72, 74, 75

probability table version of ¢_(-); 79

t-th canonical column function (vector) of P; 9, 10

™) 5(N)

t-th canonical functions of P and P respec-—
tively; 16, 21

function; 71

vector of MCA wrong category scores; 95, 99

transposed of matrix or vector; 5

Kronecker matrix product; 5

"is distributed as'"; 6

convergence in probability; 6

convergence in distribution; 6

ordering for positive dependence; 62, 64

equivalence relation for positive dependence; 62

ordering for positive dependence in probability
table; 78

equivalence relation for positive dependence in pro-
bability table; 78

number of elements in set (cardinal number)
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SUBJECT INDEX

Approximate Bahadur efficiency, 30, 32, 59, 60
Approximate slope
definition of, 30
of test statistics, 30, 31, 32, 60
Association, see Dependence
Asymptotic distribution
of canonical correlations
under null-hypothesis, 23
under local alternatives, 23
under fixed alternatives, 19
of canonical functions
under null-hypothesis, 23
under fixed alternatives, 19
of conditional Poisson distributions, 17
of test statistics
under null-hypothesis, 27, 33, 34, 56, 58
under local alternatives, 27, 56, 58

Basic composition formula, 36

Biplot, 7

Bivariate distribution
bivariate beta, 54
bivariate binomial, 54
bivariate elliptical, 69
bivariate exponential, 54
bivariate F, 54
bivariate gamma, 54
bivariate hypergeometric, 54
bivariate logistic, 54
bivariate normal, 53, 69
bivariate Pareto, 54
bivariate Poisson, 54
linear by linear interaction model, 54
negative trinomial, 54
standard Dirichlet, 54
trinomial, 54

CA, see Correspondence analysis
Canonical correlation
definition of, 9
test statistic, 14, 26, 27, 28, 30, 32, 33, 60, 75, 83
Canonical decomposition, 12, 16, 51
Canonical function, 9, 10
Canonical variables
definition of, 9
tests based on, 33, 34, 55
Catergory scores
of CA, 10
of MCA, 88
Chi-square test statistic, 14, 15, 26, 27, 28, 30, 32, 33, 60, 75, 83
Column point, 14, 15, 48, 50
Column variable, 6
Complete set of vectors, 11



Complete Tchebycheff system, 39
Concordant, 70
Conditional Poisson distribution, 17
Conditioning matrix, 17, 20
Contingency table, 6
Continuous version, 78, 79
Correlation ratio, 75
Correspondence analysis
definition of, 9
graphical representation of, 14, 15, 48
ordering property of, 48- 51
CR-dependence, see Dependence

Dependence, forms of
association, 64, 65, 77, 78, 82
column regression dependence (CR-dep.), 41-60, 65, 76, 77, 78, 82
double regression dependence (DR-dep.), 41-60, 65, 75, 82
multiple double regression dependence (MDR-dep.), 90, 91, 92
multiple order dependence, 90,92
order dependence, 47-54
quadrant dependence, 60, 64, 65, 78
row regression dependence (RR-dep.), 41-60, 65, 76, 77, 78, 82
totally positive dependence (TP-dep.), 40-54, 91

diag -1, 5

Disconcordant, 70

Discretization, 16, 52

Distribution, see Asymptotic distribution; Bivariate distribution

Double monotonicity, 94

Dual scaling, 7

DR-dependence, see Dependence

Elliptical distribution, 69

First order correspondence analysis, 85

Fisher's contingency table analysis, 7, 10
Fisher-Yates normal score statistic, 73, 76, 82

Fixed alternative conditional Poisson distribution, 22

Generalized multiple hypergeometric distribution, 21
Geometric mean test statistic, 14, 27, 28, 31, 32
Gradient analysis, 7, 15

Homogeneity analysis, 85
Horseshoe phenomenon, 48, 50, 51, 52, 54

Incidence matrix, 15, 54

Increasing function, 5

Invariant convexity preserving property, 41
Item, 92

Kendall's tau
definition of, 74
probability table version of, 57, 79-81
test based on, 57-60, 76, 82

Kronecker matrix product, 5
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L-superadditive (lattice-superadditive), 71
Latent structure models, 92-100
Guttman's model, 98, 99
latent distance model, 100
linear model, 100
models based on distribution functions, 100
Mokken's model, 94
Rasch' model, 100
Latent variable, 92
Likelihood ratio test statistic, 26, 27, 28, 30, 32, 33, 60
Linear rank statistic, 72, 73
Local alternative conditional Poisson distribution, 22
Local independence, 93

Majorization, 13, 20

MANOVA, 26

MCA, see Multiple correspondence analysis

MCA component, 85

MCA variable weights, 85, 86

MDR-dependence, see Dependence

Mehler's expansion, 16

Monotonicity, order of, 44

Multinomial distribution, 20

Multiple correspondence analsysis
definition of, 85, 86
graphical representation of, 90
ordering property of, 91, 92, 96, 99

Multiple order dependence, see Dependence

Null-hypothesis conditional Poisson distribution, 21
Non-linear rank statistic, 74

Optimal scaling, 7
Order dependence, see Dependence
Order preserving property
of CA, see Correspondence analysis
of MCA, see Multiple correspondence analysis
of measures of dependence
in populations, 72, 82
in samples, 75, 82
Orderings for positive dependence
equally dependent, 62
in probability tables, 78
more associated, 64
more column regression dependent, 64
more concordant, 62
more quadrant dependent, 62
more row regression dependent, 64
Orthogonal polynomial system, 38, 51
Oscillation diminishing property, 44, 45

PF function (Poly3d frequency function), 38, 53, 100

Pillai's test statistic, 27, 28, 30, 32, 33

Pitman efficiency, 32, 33, 60

Positive dependence, see Dependence; Orderings for positive dep.
Positive definite matrix, 5



Positive number, 5

Principal component analysis, 7, 85, 86, 95, 99

Probability table, 6, 8
Probability table version, 79

Quadrant dependence, see Dependence
Quadrant statistic, 74, 76, 82

Reciprocal averaging, 7

Row point, 14, 15, 48, 50

Row variable, 6
RR-dependence, see Dependence

Score function, 73, 79
Schur-convex function, 14
Sign changes, 38
‘Signed canonical correlation, 74, 76, 82
Simultaneous linear regression, 7, 8, 9, 87
Slope, see Approximate slope,
Spearman's rho
definition of, 73
probability table version of, 57, 81
test based on, 57-60, 76, 82
Standard sequence, 29, 30, 31, 59
Support, 61

Test statistic
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see Canonical correlation, Canonical variables, Chi-square, Geometric
mean, Kendall's tau, Likelihood ratio, Pillai's, Spearmans' rho,

Yates'
see Asymptotic distribution
Tie, 70, 79

TP (total positivity), 35-54, 94
TP-dependence, see Dependence
Trace line, 93

Trivariate reduction, 53, 69

Underlying probability table, 17, 21
Vander Waerden statistic, 74, 76
Variation diminishing property, 38, 43

vee[-], 5

Yates's test statistic, 55, 56, 59, 60
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SAMENVATTING

Dit proefschrift beschrijft statistische aspecten van ordeningsrela-
ties tussen categorische variabelen. Ordening van categorieén vereenvoudigt
de interpretatie van de samenhang tussen categorische variabelen aanzienlijk.
Bij het analyseren van samenhang onderzoekt men daarom vaak of er relevante
of zinvolle ordeningsrelaties aanwezig zijn. Samenhang in twee-weg kruis-—
tabellen wordt vaak geanalyseerd met behulp van correspondentie analyse
(CA). Problemen die bij dit soort analyses optreden gaven aanleiding tot
het in dit proefschrift beschreven onderzoek.

CA ontbindt de simultane verdeling van twee categorische variabelen
(kruistabel) in een aantal paren zogenoemde canonische functies met bij-
behorende canonische correlaties. Hoewel CA geen veronderstellingen maakt
over, noch gebruik maakt van ordeningen van categorieén, blijkt dat bij
veel toepassingen een intuitieve ordening van categorieen, indien aanwezig, te-
rug te vinden is in het eerste paar canonische functies. Bovendien blijkt dat
het tweede paar canonische functies vaak convex is in het eerste paar. In
Sectie 3.3 wordt aangetoond dat deze verschijnselen optreden indien de
categorische variabelen een bepaalde ordinale afhankelijkheidsvorm bezitten.
Deze ordeningseigenschap van CA betekent dat CA een geschikte methode is om
ordeningen van categorieén in kruistabellen op te sporen. Hierbij rijst de
vraag of toetsen voor onafhankelijkheid aangegeven kunnen worden welke ge-
richt zijn op alternatieven die ordinale afhankelijkheid vertonen. De in-
teresse gaat hierbij uit naar een partiéle ordening van positieve afhanke-
lijkheid zodanig dat het onderscheidingsvermogen van deze toetsen monotoon

is in de partiéle ordening.

De inhoud van het proefschrift kan als volgt samengevat worden.
Hoofdstuk 1 geeft een algemene inleiding en een overzicht van de verkregen
resultaten. Verder worden enkele standaard notaties en conventies vast-
gelegd.

Hoofdstuk 2 geeft een korte beschrijving van de techniek CA. Tevens
worden asymptotische eigenschappen van een aantal toetsen voor onafhanke-
lijkheid, welke gebaseerd zijn op de door CA voortgebrachte canonische cor-
relaties, onderzocht. Het asymptotisch onderscheidingsvermogen van deze
toetsen wordt onderling vergeleken met behulp van de efficienties van Bahadur en
Pitman. De resultaten in dit hoofdstuk worden later gebruikt om asympto-

tische eigenschappen van toetsen gericht tegen geordende alternatieven
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af te leiden.

De genoemde ordeningseigenschap van CA wordt in Hoofdstuk 3 onderzocht.
Hiertoe worden eerst generalisaties van het begrip regressie-afhankelijkheid
geintroduceerd. Deze generalisaties zijn verwant aan de theorie der totale
positiviteit. Zo is bijvoorbeeld de oscillatie verminderende eigenschap van
Stelling 3.2.3 karakteristiek voor gegeneraliseerde regressie—afhankelijk-
heid. Het blijkt dat deze vorm van afhankelijkheid in veel gehanteerde
modellen voor kruistabellen aanwezig is. Het hoofdresultaat van dit hoofd-
stuk, de ordeningseigenschap van CA, wordt in Sectie 3.3 gegeven. De laatste
sectie van Hoofdstuk 3 beschrijft asymptotische eigenschappen van enkele
toetsen voor onafhankelijkheid gericht op geordende alternatieven

Hoofdstuk 4 behandelt partiéle ordeningen voor continue zowel als
discrete positief afhankelijke bivariate verdelingen. Zo'n ordening 2 is
bruikbaar indien het de volgende eigenschappen bezit. Stel dat F en F'
twee bivariate verdelingen zijn zodanig dat F' 2 F, dan zouden maten voor
positieve afhankelijkheid in F' grotere waarden moeten aannemen dan in F.
Bovendien zou men graag willen dat deze maten in steekproeven uit F'
stochastisch groter zijn dan in steekproeven uit F. Deze laatste eigen-—
schap inpliceert dat het onderscheidingsvermogen van toetsen gebaseerd op
dergelijke maten monotoon in de ordening is. In Hoofdstuk 4 wordt een ordening
"more associated" geintroduceerd welke deze eigenschap bezit mits F en F'
continu zijn. Deze ordening is verwant aan de afhankelijkheidsvorm
"association" van Esary, Proschan en Walkup (1967). Speciale gevallen van
de ordening zijn verwant aan regressie—afhankelijkheid. Voor discrete F en
F' zijn de eigenschappen van de ordening "more associated" beperkt toepas-—
baar. Sectie 4.4 laat echter zien dat de resultaten van het continue geval
onverminderd gelden voor het discrete geval als de ordening en maten voor
positieve afhankelijkheid op een geschikte manier voor discrete verdelingen
gedefinieerd worden.

Het laatste hoofdstuk beschrijft een generalisatie van CA, multiple
correspondentie analyse (MCA) genaamd, naar het meer-dimensionale geval.

De generalisatie bezit een ordeningseigenschap analoog aan die van CA. Tot
slot wordt een toepassing van MCA in geordende latente structuur modellen
gegeven. Deze modellen worden in de psychologische meettheorie vaak gehan-
teerd om intelligentietesten (of andere persoonskenmerktesten) te analyseren.
Ze bevatten ordeningen die verwant zijn aan regressie—afhankelijkheid en
totale positiviteit. Er worden realistische voorwaarden gegeven waaronder

MCA de vragen (items) in de test naar hun "moeilijkheidsgraad" ordent.





