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The electricity transmission network is regarded as one of the greatest
engineering achievements of the 20th century [46], and is expected to power
day-to-day human activities in a reliable and seamless fashion. The increase of
intermittent renewable generation such as wind and solar photovoltaics (PV)
in the first two decades of the 21st century [155] is making this expectation
challenging to live up to.

A well-managed power grid should meet the required power demand at all
times, while ensuring that reliability constraints are not violated. Such con-
straints specify admissible ranges for key quantities, such as transmission line
currents and temperatures. For instance, avoiding transmission line overheating
is crucial in order to prevent sag and loss of tensile strength, which could result
in the tripping of the line.

The system operator traditionally achieves this by making periodic control
actions, such as power rescheduling or curtailment, that adapt the operating
point of the grid in response to changing conditions. This paradigm relies on the
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fundamental assumption that the grid remains roughly static between control
instants. Such an assumption, while reasonable in the previous century, is
hardly realistic for modern grids with ever-growing supply-side uncertainty.

1.1 General background

The inherently uncertain nature of renewable energy sources like wind and
PV is responsible for significant amounts of variability in power output in the
short term [123][90], caused by changing meteorological conditions. Moreover,
the power outputs of individual renewable generators can exhibit considerable
correlations. For example, the diurnal cycle of solar power production can result
in ramps and shortages of power output from PV generators during different
hours of the day [190]. Moreover, the power output from wind farms exhibits
correlations which are influenced by the geographical distance between the
farms [115], and wind energy follows diurnal cycles as well [108].

Power imbalances caused by generation intermittency may cause grid sta-
bility constraints to be violated. For example, 80% of the bottlenecks in the
European high-voltage grid in 2015 were already caused by renewables [204]]. In
order to ensure that stability constraints are not violated, grid operators might
reschedule power from flexible dispatchable controllable generators (such as
hydroelectric and natural gas power plants) in response to excesses or shortages
of renewable generation, and failing that they might resort to curtailing either
power demand or power production. Both measures are undesirable events: on
the one hand, modern societies have became used to a continuous and reliable
supply of energy; on the other hand, renewable energy is a clean and virtually
zero-cost energy source.

In order to meet the objective that 50% of the state’s production should come
from carbon-free sources by 2030 [36]], the state of California has significantly
increased its renewable generation capacity in recent years. Unfortunately,
curtailments are also on the rise: Fig. [1.1|shows the steady growth of renewable
curtailment in the California Independent System Operator (CAISO) in recent
years, with historical peak of more than 220,000 megawatt-hours of electricity
in May 2019. In the words of CAISO [34]]: “The ISO is seeking solutions to avoid
or reduce the amount of curtailment of renewable power to maximize the use
of clean energy sources”

Furthermore, the increased supply-side uncertainty may result in higher risk
of grid components failures, such as transmission lines overloads, which may
trigger cascading failures and blackouts, resulting in tremendous economical
and societal costs. The frequency of major blackouts increased substantially in
recent years [14]], with two prominent examples being the Northeast blackout
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Figure 1.1: Wind and solar power curtailment in California in the period 2014-
2019 [34].

in 2003 [[183] and the San Diego blackout in 2011 [[63].

Energy markets are also affected by the increase in renewable energy pro-
duction [54] [141]]. Energy prices can exhibit significant volatility throughout
different hours of the day, and while the exact mechanisms behind energy
pricing vary from market to market (see Section [1.3.2|for a description of the
Locational Marginal Pricing mechanism, a common market design in the US),
a recurrent feature is that prices are usually negatively correlated with the
amount of renewable generation in the grid mix [141]], as illustrated in Fig.
In some cases prices can even turn negative: Fig. illustrates joint occurrences
between curtailments of wind generation in the Texas electric grid and real-time
negative electricity prices for the West HubEI

In markets adopting the Locational Marginal Pricing (LMP) mechanism,
such as the Californian one, prices are location-dependent, and variable supply
mix and grid congestion status may result in significant spatial price variations,
as can be appreciated in Fig. In view of the above discussion, it is clear that
there is an urgent need to take into account short-term variability in power grid
operations.

Quoting the US national academic report [131]]: “In short, the greatest
achievement of the 20th century needs to be reengineered to meet the needs
of the 21st century. Achieving this grid of the future will require effort on

! Wind curtailments and corresponding negative prices have substantially dropped after 2011
thanks to Texas’s transmission expansions programs [60].
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Figure 1.2: Total daily CAISO renewable production and real-time prices, June
2014 .
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Figure 1.3: Joint occurrences between curtailments of wind generation and real-time
negative electricity prices in the Texas electric grid [[60].

several fronts. Certainly there is a need for continued shorter-term engineering
research and development, building on the existing analytic foundations for the
grid. But there is also a need for more fundamental research to expand these
analytic foundations.”

With this goal in mind, in this thesis we develop novel probabilistic tech-
niques to analyze power grid operations while taking uncertainty into account,
which allow us to:
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Figure 1.4: CAISO Day-Ahead Locational Marginal Prices on 14th October, 2019, ex-
hibiting significant geographical variability [35]].

« Derive probabilistic counterparts of reliability constraints which are ana-
lytic and computationally tractable (Chapters 2 and 3).

+ Understand microscopic and macroscopic features of cascading failures
and blackouts in a probabilistic sense (Chapters 4 and 5).

» Unveil and exploit the relation between energy prices and generation mix
in order to forecast price fluctuations (Chapters 6 and 7).

The probabilistic approaches adopted in this thesis include large deviations,
concentration inequalities and machine learning techniques, as described in
detail in Section 1.3. These techniques offer a very flexible framework that
allows us to work with both static and dynamics settings, asymptotic and pre-
asymptotic regimes, and microscopic and macroscopic perspectives. Such
techniques have been successfully applied in many fields of science and engi-
neering (e.g., communication networks, finance, and queueing theory), but their
application to power grid analysis is novel and their potential in this area is
mostly unexplored.

This introduction is organized as follows: first, we provide a description of
power transmission networks in Sections|[1.2|and[1.3] with a particular focus
on the optimization paradigm that drives their actual operations, the so-called



6 Chapter 1. Introduction

Optimal Power Flow problem, and on the corresponding reliability constraints
that are of interest to us. The same section also describes the Locational Marginal
Pricing mechanism. A review of the existing literature on uncertainty-aware
analysis of power grids is provided in Section[1.4] Next, Section[1.5|provides
the necessary probabilistic background, while Section [1.6] presents the main
contributions of this thesis.

1.2 Power systems modeling

A power grid is an interconnected network for delivering power from produc-
ers, or generators, to consumers, or loads. . The power is transferred over large
distances via the transmission grid, which delivers power from generators to
electrical substations at high voltages, in order to minimize losses. Electrical
substations reduce the voltage and inject the power into distribution systems,
which typically cover a smaller geographical area (such as a city or a neigh-
borhood) and deliver power to individual customers at a lower voltage. This
dissertation focuses on the transmission grid, which will be referred to simply
as the power grid moving forward, for which we now provide a more detailed
description. A power grid can be seen as a connected graph G = (N, £), where
nodes i € N' = {1,...,n}, or buses, house (possibly multiple) generators and
load, and edges ¢ € &, or lines, represent transmission lines that carry power
between buses. Let n = |A| and m = || denote the number of buses and lines,
respectively.

1.2.1 Power flow equations

Power is generated and transmitted in alternating current (AC) form, for which
we now provide a description (for details, we refer to [14]). Since power can flow
in any direction on an edge, the graph that models the power grid is naturally
undirected. In the following, (k,m) will denote a line joining bus k and m from
the perspective of bus k, and (m, k) denotes the same line from the perspective
of bus m. For example, the power flowing from bus % to bus m will be denoted
by Sk, while Sy, refers to the power flowing form bus m to bus k. The
relation k ~ m means that there is a line between buses k£ and m, which we
denote by {k, m} when the orientation is not important.

Let j € C denote the imaginary unit. At time ¢, let Sg, (t) = Pg, (t) +
iQaq, (t) € C be the complex power produced by bus k, and let Sp, (t) =
Pp, ) +i@p,(t) € C be the complex power consumed by bus k. The net
complex power injected into the grid by bus k is denoted as Sy (t) = Py (t) +
jQr(t) € C, where Py(t) = Pg,(t) + Pp,(t) € R is known as the active
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power and Qi (t) = Qg, (t) + Qp, (t) € R as the the reactive power. Similarly,
Skm () = Pem (t) + jQim (t) € C, where Py, (t) € R is the active power flow
and Qpm (t) € R the reactive power flow.

If bus k houses a generator but has no load, then Py (t) > 0, whereas if it
k has a (positive) load and no generators, Py (f) < 0. If a bus k houses both
generators and loads, then the sign of Py (t) can change according to different
demand and generation profiles, with the convention that Py (t) > 0 (P < 0)
means that power is being generated (consumed) at node k.

If bus k is connected to bus m, them bus k injects into transmission line
(k,m) a complex current iy, (t) € C at voltage vi(t) € C, where vi(t) =
vk (t)]€3%%, vy ()| € R is the voltage magnitude and &), € (—, 7] is the voltage
phase angle. For notational simplicity, in the following we suppress the depen-
dence of power, voltage and current on time when not essential. For a complex
number z, we denote by x* its complex conjugate.

The power injected in line (k, m) by bus k satisfies the equation:

Skm = UkiZm' (1~1)

The AC power flow equations are governed by two physical laws: Ohm’s current
law and Kirchoff’s current law.

Ohm’s current law states that the current flowing on line (k, m) is directly
proportionaﬂ to the voltage drop at these nodes:

Z.km (t) = ykm(vk (t) — Um (t))v (1~2)
where Yim = Ympk is the (series) admittance of line {k, m}, given by
. 1 1

. 9
Zkm Tkm + JTkm

where the real parameters gim , bkm, Zkm > Thm, Tim are the conductance, suscep-
tance, impedance, resistance and reactance of the transmission line, respectively.
We use line admittances to build up the bus admittance matrix Y = G +iB €
Cn*™ as follows

Yien = _y:m , k#Em , Grom = _g:m , k#EFm . Bem = _b:m , k#m
2ty k=m Y g k=m =1 bt k=m.

In polar form, Yi,, = |Yim|e!¥ ™. For {k,m} ¢ £, we set Y, = 0.
Kirchoff’s current law states that the current injection at each bus is equal
to the sum of the currents flowing out of that bus

k= itm (1.4)

mn~k

2 Ignoring the effect of shunt components ( [14], Chapter 1, Section 1.2).
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Combining Kirchoff’s law and Ohm’s law (1.2), we get

n n
ik = § ykm(vk - Um) = E Ykmvma (1-5)
mn~k m=1
or, in matrix form, i = Yv, wherei = (iy,...,i,)" € R"andv = (vy,...,v,)"

R™. Combining Eq. and Eq. (L.5), we get the AC equations for complex
power:

n n
Sk = U Z v Y = Z |k | [V | | Vi €3 O —0m =) (1.6)
m=1

m=1
In terms of net active and reactive power, the AC equations read

n

Pk - Z |Uk:HUm|(Bkm Sin(ék - 67n) + ka COS((Sk - 6771)) (17)
m=1

Qk = Y _ [0kl[vm|(=Bim cos(0 — 6m) + Grm sin(3, — 6,n)),  (1.8)
m=1

and the corresponding power flows are

Pim = —IUk|2ka + |'Uk||'Um|(Bkm Sin(ak - 6m) + Gim COS((Sk - 5m))7 (1.9)
Qrm = \Uk|2Bkm + |vk||vm | (— Brm cos(8k — 0m) + Gm sin(dx — dm)), (1.10)

where we see that P, = > | Pym, Qr = >, Qm. Note that, in general,
Pkm, 7£ *Pmks since Pkm + Pmk = gkmlvk - vm,|2 = Tkmlikm|2 > 0. The
right-hand side of this expression is the amount of active power lost on line
{k, m} due to resistance.

A classical problem in transmission system analysis consists in determining,
given a set of values for generation, demand and voltages, the line power flows
that satisfy the the AC equations (1.9). However, the AC equations are
nonlinear and often analytically intractable, and may not even be well-posed.
A solution may not exist for a given set of parameters or, on the other hand,
multiple solutions may arise, even for very simple networks [[14].

AC equations are usually solved with numerical methods [14]], but their
non-linearity can introduce significant complexity, making it challenging to
routinely solve large-scale Optimal Power Flow problems (see Section [1.3.1) in
the normal operational time windows of 5-15 minutes. The efficient calculation
of energy prices faces similar challenges, with the additional caveat that the way
prices are calculated should be as interpretable and transparent as possible. For
this reason, several markets use linearized versions of the power flow equations
in order to compute LMPs [33].

S
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1.2.2 DC approximation

In transmission system analysis, the AC power flow equations are com-
monly approximated by a set of simpler linear equations, known as DC approx-
imation [[151} 150} [175]]. Compared to the AC power flow equations, the DC
power flow equations are always feasible (provided that the grid is connected),
and as such do not suffer from feasibility or multiple solutions issues. The
DC approximation stems from three practical observations about high-voltage
transmission systems:

« The resistance of the transmission line {k, m} is significantly less than the

reactance, i.e., 7 L Trm. SINce grm = Tii"; and by, = _1’“;”
km

this means that we can approximate g, ~ 0 and by, = —gj— There-
fore, we assume Yj,,, = jBim, and we define the weight of an edge
{k,m} € € as the inverse reactance

>

Whm = Ty (1.11)

By convention, we set wy,,, = 0 if there is no transmission line between
k and m, and wy,, = Wy > 0 otherwise.

« Under normal operating conditions, the voltage angle differences 65 — d,,
are small, so we approximate sin(Jy, — 0., ) with d; — J; and cos(dx, — 6,
with 1.

« Under normal operating conditions, the voltage magnitudes at the buses
are very close to 1 in the per-unit systemﬂ The DC approximation
therefore assumes |v| = 1 for all buses k.

Finally, the DC approximation only considers active power to describe power
flow behavior, ignoring reactive power. Incorporating these simplifying assump-

tions, Eqgs. (1.9) and (1.7) for active power reduce to

Prm = B (0k — 0m) = —bkm (0 — 0m) = Wiem (0 — dm), (1.12)
Pi=> Pim (1.13)
m#k

for each bus k and each line (k, m).
In the following, to specify that we are considering active power flows based
on the DC approximation, we use the notation fy,,, rather than P,,, and the

3 A measuring system that scales all physical quantities by appropriate constants [14], so that
resulting values are close to unity.



10 Chapter 1. Introduction

m-dimensional vector of power flows will be denoted by f € R™. Furthermore,
since there is no possibility of confusion, we refer to f simply as the vector
of power flows, since reactive power flows are not considered under the DC
approximation. The DC power flow problem consists in computing the power
flows Py, given the power injections P.

For mathematical convenience, we choose an arbitrary but fixed orientation
of the transmission lines, which allows us to denote an edge by the ordered pair
{ = (i,j) € £. The active power flowing over line (i, ) is denoted by f;;, with
the convention that power is flowing from bus ¢ to bus j if fij > 0 and from
bus j to bus ¢ iffij < 0.

The network topology is described by the edge-vertex incidence matrix A €
R™*™ defined as

Ay =< -1 ifl=(4,7),
0  otherwise.

Denote by D € R™*™ the diagonal matrix containing the edge weights in
Eq. (1.11), defined as D = diag(w, ..., w,,). Finally, the network topology
and weights are simultaneously encoded in the weighted Laplacian matrix of
the graph G, defined as L = A T DA or entry-wise as

o, i
Lij=4" ' 7 (1.14)
Dok Wrj ifi=j.

The matrix L is symmetric, and if the graph is connected its rows sum up to zero
and thus L is singular with rank n — 1. The eigenvalue zero has multiplicity
one (thanks to the assumption that the graph G is connected) and the corre-
sponding eigenvector is 1 = (1,...,1)T. Denote by v, ..., v, the remaining
eigenvectors of L, which are orthogonal to 1 and thus have all zero sum.

Note that Eq. reads

P, = Z wkm((sk - 6m) = (Z wkm)(sk - Z wkmém = ZLk7n5ka
m#k m#k m#k m
and can thus be rewritten in matrix form as

p =L, (1.15)

where p,6 € R" are the vector of net (active) power injections and phase
voltage angles, respectively. By adding all the rows of Eq. (1.15) we find that
> r_, pr = 0, implying that power balance between generation and demand
must hold at all times. In order to solve the DC power flow problem we need to
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solve the linear system p = Ld. The matrix L is singular and p € Im(L), the
column spaces of matrix L, therefore such a system has an infinite number of
solution spanning a 1- dimensional linear space:

d(w)=Lp+(I-L'L)w, weR", (1.16)

where L™ denotes the Moore-Penrose pseudo-inverse of the matrix L. The
matrix Lt can be expressed in closed-form as
1N-1 1
Lt = (L+ —J) )
n n
where J € R"*™ denotes the matrix with all entries equal to one.
In the literature, there are two common choices for solving Eq. (1.15). The
first one reads
§=L"p (1.17)

and corresponds to a choice of w = 0. This choice implicitly picks an av-
erage value of zero for the nodal voltage phase angles, since Y, _, dp =
>t Yomet L = X1 P Xy L, = 0. _

The second commonly used option is to construct a matrix L, calculated
using the inverse of the (n — 1) x (n — 1) sub-matrix obtained from L by
deleting one row and the corresponding column, denoted by L:

- 0 o0

i = [0 il} .
The standard choice is to delete the first row and the first column. In this case,
the first node is used as reference by setting is phase angle §; equal to zero.

We observe that these two procedures, like any other stemming from

Eq. (L.16), are equivalent if one is interested in the line power flows, as these
latter depend only on the phase angle differences, and it can readily be seen
from Eq. that for every line (k,m) and every pair of w,w’ € R",
0k (W) — (W) = (W) — §,n(W’). Choosing the first option, for exam-
ple, the line power flows can be written as a linear transformation of the
power injection via

f=Vp, (1.18)

where R
V = DAL*' € R™*" (1.19)

is usually referred to as the power transfer distribution factor (PTDF) matrix.
Choosing the second option, one the other hand, yields the PTDF

V = DAL = [0 DAL '] € R™*", (1.20)



12 Chapter 1. Introduction

where A € R™*("=1) ig the matrix obtained by deleting the first columns of
A, and L("=D*("=1) the one obtained by deleting the first row and column of
L. We remark that, while the matrices defined in Eqs. , are different,
they yield the exact same vector of power flows f. In the rest of this thesis, we
will use either formulation, depending on the problem at hand.

The (¢, k)-th entry of the PTDF matrix quantifies the change in flow on edge
{ corresponding to a change of power injection at bus k. With each transmission
line / is associated the corresponding line limit f; > 0 (Section , which
constraints the amount of power that is allowed to flow on it:

|fel < fe.
It is often convenient to express line flows in units of the line limit
fo=fel fe, (1.21)

so that f is the vector of normalized power flows, which can be expressed in
vector form as

f=Af e R™, (1.22)

where A is the diagonal matrix A := diag(1/f1,...,1/fm). Correspondingly,
the normalized PIDF is given by

V = AV. (1.23)

1.3 Operations of power systems

Operating a power grid entails addressing multiple design, planning and opera-
tional problems, a detailed description of which can be found in the book [[14]
and is beyond the scope of this thesis. In this section, we describe a simplified
version of one of the most important mathematical problems arising in the
context of power grid operations.

1.3.1 Optimal Power Flow

The Optimal Power Flow (OPF) problem [94] is an optimization problem that
is used to determine the generation schedule that minimize the total system
costs while meeting the power demand and satisfying operating constraints
of generators and transmission lines. The OPF is run at different time scales,
ranging from every 24 hours (for day-ahead planning operations) up to shorter
time windows of 5 minutes for real-time operations [16], and it sets generators’
output in order to meet the expected demand for the upcoming time window. In
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its full generality, the OPF is a nonlinear, nonconvex optimization problem, due
to the underlying AC power flow equations, which is hard to solve in full gener-
ality. These difficulties motivated extensive interest from the power engineering
and optimization communities, and a non exhaustive list of solution methods
for the general AC OPF include Newton-Raphson methods [190]], interior point
algorithms, convex relaxations and linearization techniques. For a thorough
review of solution techniques, the interested reader is referred to [29].

The inherent difficulties in solving large-scale AC-OPF problems has moti-
vated researchers and practitioners alike to make use of the DC approximation,
described in Section[1.2.2] While a simplification of the underlying AC equations,
DC-based models are simple and fast, and are commonly used in transmission
system analysis [151} [150} [175].

In what follows, we describe a simplified version of the OPF problem based
on the DC-approximation, referred to as DC-OPF, which will be used throughout
this thesis to demonstrate the potential of the novel mathematical techniques
we propose. The DC-OPF is formulated in terms of active power only, and
network losses are ignored. For a in-depth discussion on more general AC-OPF
formulations, the interested reader is referred to [14]

Let gi and dy, respectively, denote the active power produced and consumed
at bus £. In the notation of Section gx = Pg, and dy, = Pp,. We denote
the vectors of generation and load as g = (¢;)7~, € R",d = (d;)"~; € R,
with the convention that if there is no generator (respectively, no load) at node
k, we set g, = 0 (respectively, d, = 0). Solving a DC-OPF instance entails
determining the generation vector g (the decision variable) that minimizes a
convex separable objective function of the form J(g) = >, Ji(g;), subject to
four types of constraints:

« Power balance: the generator output g must meet the expected demand d
for the current time window: >\, g; = > ., d;.

« Power flow: the DC power flow equations (1.12) must be satisfied at all
times.

+ Generation: for each generator k£, the amount of power that can be pro-
duced is constrained: 9y < 9k < Gk

« Thermal limit of transmission lines: for each transmission line ¢, there are
constraints on the amount of power that is allowed to flow on it: | fg| < fo
These constraints are particularly important from a reliability perspective
because if a line overloads for a sustained period, then it may overheat,
sag and lose tensile strength, potentially resulting in the tripping of the
line (for instance, by touching the ground or trees). In order to avoid this,
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high-voltage transmission lines are endowed with security relays that
perform an emergency shutdown as soon as the current flowing in them
exceeds a dangerous level, and the limit f is usually set to be lower than
the threshold used by the security relays.

Using the notation described in Section|[1.2} the DC-OPF problem can be formu-
lated as the following optimization problem:

i Ji(g; 1.24
[nin 2 (9i) (1.24)
st. Y (gi—di)=0 : Aen (1.25)

=1
f<V(g-d)<f p,put (1.26)
g<g<g T, T (1.27)
(1.28)

where J;(-) : R — R denotes the cost function of generation at bus 4, which is
assumed to be an increasing quadratic function; g, g € R™ are the vectors of
nodal minimum and maximum generation capacities, respectively; f, f € R™
denote the vectors of transmission line limits; V is the PTDF matrix introduced
in Eq. (1.18), and the symbol < denotes component-wise inequality. We also
denote by J(g) := > .-, Ji(g;) the aggregated cost function.

The variables A\, € R, =, ut € R and 77, Tt ¢ R? denote the
dual variables of the energy balance constraint (1.25), transmission line con-
straints (1.26), and generation constraints (1.27), respectively.

The DC-OPF sets an operating point (or base level) which instructs generators
on how much power to produce in the upcoming time window, based on the
forecasted load d, which acts as a parameter of the problem. We point out that
generation and line limits, power grid topology and line reactances are also
parameters of the problem, but for our purposes they will be considered fixed
over the time scale of interest. [

On the other hand, the demand d does vary on shorter time scales and
is thus seen as a flexible parameter: it is often of interest to investigate the
sensitivity of the optimization problem to a change in the demand parameter,
as we do in Chapter 6. The DC-OPF is a strictly convex optimization problem,
and, as such, for every demand vector d, there exists a unique optimal solution,
which we denote by g* = g*(d).

4We remark that the grid topology can in-fact be altered by means of transmission line switch-
ing [79], which are not considered in this thesis.
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In practice, real-time loads can deviate from the expected levels, and these
deviations are usually handled by Automatic Generation Control (AGC) mecha-
nisms (or, more precisely, by a combination of primary and secondary frequency
controls [14]), which operates at smaller time scales than the OPF (seconds to
minutes). As these fluctuations are typically small, the scheme based on com-
bining the risk-unaware OPF with automatic real-time adjustments has worked
quite well for traditional power grids with low penetration of renewables [16]],
but as supply-side uncertainty increases a paradigm shift becomes necessary, as

we discuss in Section[1.3.3

1.3.2 Locational Marginal Pricing

Electricity markets designs can exhibit important differences across different
parts of the world, reflecting diverse economic and political settings [47]]. Loca-
tional Marginal Pricing (LMP) is a market architecture adopted by several US
markets following the 2003 FERC white paper [64]. Under this architecture, the
prices of energy are nodal and their calculation is deeply connected with the
OPF. Specifically, the LMP at a specific bus is defined as the least cost to service
the next increment of demand at that location consistent with all power system
operating constraints [[140} [112].

Recall that g* = g*(d) and J* = J*(d) denote, respectively, the optimal
solution and the value function of the DC-OPF in Egs. - (1.27), corre-
sponding to the demand vector d. Denote by L the Lagrangian function of the
DC-OPF, given by

L= "Ji(gi) = Aen D _(g: — i) (1.29)

p)T(F-Vie-a) - @) (Ve-d-1) 130
™) Eg-g) ") (g—g). (1.31)

In what follows, we give a mathematical definition of LMP based on the simpli-
fied DC-OPF formulation described in Section[1.3.1]

Definition 1.1 (LMP [[112]). Let g* be the unique optimal solution of the DC-
OFF in Egs. - (1.27), denote by J* the corresponding value of the objective
function, and let L be the corresponding Lagrangian function. The LMP at bus i
is the partial derivative of the optimal objective function J* with respect to the
demand d;, and is equal to the partial derivative of the Lagrangian L with respect
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to demand d; evaluated at the optimal solution:[ﬂ
oy oL
T ad;  ad;

A straightforward calculation (see also [101]]) shows that the LMP vector LMP =
(LMP;)?_, € R™ can be represented as

. (1.32)
-

LMP = \n1+ V' p € R”, (1.33)

where g = p~ — pT € R™, and 1 € R" denotes a vector of ones.

Definition and Eq. are based on the DC-OPF formulation, and as
such they do not include the effect of active power losses. Most LMP-based
markets calculate the LMPs according to Definition but they also add a
correction accounting for power losses [74]]. The loss component is typically
negligible [172][101]], and its inclusion goes beyond the scope of this thesis. For
a more general discussion of LMPs, which includes a derivation in the case of
AC power flow equations, we refer the reader to [112]].

We remark that the LMPs, like the dispatched generation g, are an output
of the DC-OPF. As every optimization problem, the DC-OPF depends on the pa-
rameters that define it. As already discussed, while grid topology and line limits
can for most purposes be considered fixed parameters, it is of interest to study
the impact of variable parameters, such as the demand d and uncontrollable
renewable generation, on the DC-OPF outputs. In particular, the LMPs depend
on changing conditions of nodal demand and uncontrollable generation, and,
more in general, on the changing generation mix in the grid. This observation is
the basis of the work in Chapters 6 and 7.

1.3.3 'The role of uncertainty

Modern-day power grids are undergoing a massive transformation, both in terms
of decentralization and the introduction of large-scale renewables. Existing
transmission grids have been built, for the most part, assuming that generation of
electricity is predictable and controllable, and are not designed to accommodate
risks caused by large variability.

As mentioned above, the OPF problem computes the most economic dispatch
of generation g that satisfies reliability constraints while meeting the expected
demand d for the specific time window. Real-time demand variations are
generally small in the time scale of interest of 5-15 minutes [[16], and are usually

SEq. holds true in the DC-OPF case and, for more general formulations of the OPF,
whenever the value function J*(d) is well-defined and differentiable with respect to d (cf. envelop
theorem [117]).
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taken care of by automatic control mechanisms that operate at smaller time
scales [14] which do not significantly change the grid operating point. More
precisely, the real-time adjustments calculate a modified power output g™ that
meets the variable real-time demand d™. If the load forecasting error |[d — d"|
is small, as it is usually the case, the corresponding power injections g™ and
power flows frt = \A/'grt will be close to the forecast-based OPF outputs g, f,
and constraints such as the ones on transmission lines | fkm\ < frm would
be rarely violated [16]. In other words, the frequency control adjustment
and load changes are on well-separated time scales. The situation changes
when large supply-side uncertainty enters the picture. In the case of real-time
significant fluctuations in uncontrollable power output, such as wind and PV
generation, the adjusted power output from controllable generators g™ may
be large, resulting in steep changes in real-time power flows that can violate
transmission line constraints.

Even if demand is assumed to be constant, power injections and power flows
are effectively random variables, and effective reliability analysis of power grids
must thus adopt techniques from probability theory and stochastic optimization.

When a transmission constraint is violated, the corresponding line will be
removed form the network (see discussion on thermal limits of transmission
lines in Section [1.3.1), causing a global redistribution of power flows which
can in turn create stress on the remaining lines. In some cases, this can trigger
further outages and result in a cascading failures process propagating through
the network. The role of supply-side uncertainty is at least two-fold here, one
straightforward and the second more subtle. First, the increased risk of initial
contingencies affects the likelihood of subsequent failures. Second, cascading
failures and blackouts in the presence of uncertainty show peculiar features
that are observed to a lesser extent (or not at all) in a deterministic setting, as
described in Chapter 4 of this thesis. For example, a line failure might occur
endogenously in the grid as a result of many small correlated fluctuation at
individual nodes, and the way failures propagate in the network is often of
a non-local nature [[99, [103]]. Moreover, the complex interaction between the
physical structure of the power grid and spatio-temporally correlated random
injections results in specific lines having a much higher contingency risk than
the majority of the other ones. The traditional deterministic N-1 reliability
criterion (Section , in this sense, is insufficient to inform grid operators
on the true vulnerabilities of the network: a probabilistic analysis rooted in
complex network theory is crucial to understand such phenomena.

Volatile renewable generation is also responsible for considerable fluctua-
tions in electricity prices. As wind and PV energy is significantly cheaper than
traditional sources, prices tend to be lower when large amounts of these sources
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are available, and can even turn negative (Fig.[1.3). Moreover, steep changes
in demand and generation profiles are responsible for different congestiorﬂ of
transmission lines. Under the LMP market architecture (Section , the pres-
ence of congested lines causes prices to vary wildly across different locations
and contribute to their erratic behavior, as depicted in Fig.
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Figure 1.5: Real Time LMPs for randomly selected nodes in the Southern Power
Pool (SPP) market [154].

At the same time, understanding and predicting fluctuations in electricity
prices is highly relevant for wholesale energy market participants, as doing
so would allow them to design risk-averse trading strategies while meeting
financial and environmental goals.

1.4 Literature Overview

Accounting for short-term variability in power grid operations is of crucial
importance, both in terms of the analysis of single contingencies, multiple
(cascading) failures, and regarding the impact of supply-side variability on
prices. This section presents the relevant literature on the topic.

1.4.1 Probabilistic guarantees on constraint satisfaction

In terms of power grids reliability, a naive idea would be to come up with
a planning that accounts for worst-case behavior of the underlying random

®A status describing a line that, while still functioning, reached its operating capacity and no
more power is allowed to flow on it.
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quantities. Clearly, such an approach is overly conservative and unsuitable
for actual operations. This has motivated several recent works that attempt to
consider power injection uncertainty by examining various forms of stochastic
guarantees on constraint violations [197,[191]]. This paradigm entails making a
planning admissible when the probability of a constraint violation is sufficiently
small:

P(constraint violation) < g, (1.34)

where ¢ € [0, 1] is some appropriate threshold. The major difficulty in dealing
with chance-constrained optimization is the fact that probabilistic constraints
are usually hard, or even impossible, to evaluate analytically. Techniques in-
vestigated in the literature include scenario-approach, (rare-event) simulation,
robust optimization and chance-constrained optimization. We now describe
these approaches in more detail.

The scenario approach consists of sampling the relevant uncertain parameter
(i.e., wind power production) a certain number of times and use the samples
to substitute the chance constraints in Eq. with a set of deterministic
constraints, resulting in a tractable optimization problem. In [31]] the authors
provide a bound for the number of samples necessary for the transformed
problem to maintain the same level of probabilistic guarantees.

A widely used criterion in traditional deterministic power grid reliability
analysis is the so-called N-1 security criterion [14]]. This rule entails setting the
system operating point in such a way that the failure of any single component
does not lead to subsequent failures. In [189] the authors formulate a stochastic
optimization problem that integrates the (N-1)-based security constraints into
a DC-OPF program, and solve using a scenario approach. A similar approach
is used in [21] in the context of chance-constrained AC-OPF: the authors set
out to solve a chance-constrained AC-OPF via a scenario approach, and tackle
the AC power flows’ nonlinearities by means of convex approximations. Such
methods can be effective but may require a large number of samples. Moreover,
modelling stochastic behavior at particular snapshots of time, they are difficult
to implement in dynamical continuous-time setting, like the one investigated in
Chapter 2 of this thesis.

A related body of literature is based on the idea of handling a chance con-
straint using simulation techniques, namely (crude) Monte Carlo methods or
rare-event simulation. Crude Monte Carlo techniques are based on rewriting a
probability P(A) in the form E[1 4], where 1 4 denotes the indicator function of
the event A. Next, the expectation E[1 4] is approximated by the empirical mean
taken over repeated independent samples of the underlying random variable.

The scenario-based approach described above is related to this class of meth-
ods in that it provides theoretical results on the number of samples necessary
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to achieve a desired probabilistic guarantee [30]. Detailed simulations can
require a prohibitively large number of samples, especially for events with
small probabilities [190], and are thus impractical to be used for short-term
operations.

Rare-event simulation aims to handle the prohibitive computational cost of
crude Monte Carlo Simulations for estimating very small probabilities, and com-
monly used techniques are splitting [110} [167], and importance sampling [161]].
Rare-event simulation can be faster than crude Monte Carlo methods, but are
still not fast enough to use as a subroutine in real-time chance constrained
optimization. Moreover, like Monte Carlo methods, they suffer from the lack of
analytic expressions that can be useful for gaining theoretical and operational in-
sights in what causes the constraint violations in the first place. Large-deviations
techniques offer a solution as they provide a framework to describe the most
likely way a certain rare event happens.

A chance-constrained version of the OPF problem (CC-OPF) is studied in [16]],
where the authors formulate an OPF with separate chance constraints for each
generator and transmission line, and obtain analytic reformulation of the con-
straints by assuming normally distributed fluctuations w. For example, for each
line (i, j) a probabilistic constraint of the type

P(|fij (@) > fij) < q

is introduced into a DC OPF, where ¢ € [0, 1] is a small, prescribed threshold,
and an affine control scheme is proposed to ensure that supply and demand
are matched at all times. The paper [159] generalizes the approach in [16] by
considering weighted chance constraints (WCC-OPF) which can give different
importance to violations of different magnitudes. This entails substituting a
constraint of the form

P(y(w) > 0) < q,

where y(w) denotes the magnitude of the overload (for example, y(w) =
fij(w) — fi; in the case of upper line limit violation), with

/h@w»wmes%

where ¢ (w) is the distribution function of w, and the weighting function h(y),
which is non-zero only if y > 0, describes the risk related to the overload.
WCC-OPF can distinguish between small and large overloads as it assigns larger
weights to larger violations, and as such can be more effective in reducing the
probability of large overloads compared to CC-OPF, while being less restrictive
when it comes to small violations.
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Assuming that w follows a multivariate Gaussian distribution, the chance-
constraints in [16}[158] can be approximated by closed-form expressions, which
are not based on large deviations techniques. The large deviations approach
considered in this thesis, on the other hand, allows us to develop closed-form
approximations for a broader class of stochastic processes, and to deal with
more general events such as

P(3line (i,5) : |fij| > fij) < q, (1.35)

as described further in Section[L.6

In [[176]), the authors propose a computational approach to solve stochastic,
multiperiod optimal power flow problems based on the convex relaxation of a
chance-constraints, introduced in [[132]]: a constraint of the form P(f(z, ) <
0) > 1 — avis rewritten as Eop(t 1 f(x,6)) > P(f(z,0) > 0) > 1 — «, where
the generating function v : R — R is a nonnegative, convex function with
P(z) > ¥(0) =1Vz>0.

Most papers in this line of research use the DC power flow equations, and
we will make the same assumption throughout this dissertation as well. Recent
works on chance-constrained AC-OPF include [21} (188 [157]], which handle the
AC power flow nonlinearities by means of convex approximations, relaxations
and local linearization around a forecasted operating point. A recent work on
the analysis of temperature constraints in a discrete-time setting is [102], which
focuses on instantons, or most-likely events.

1.4.2 Features of cascading failures

In the second part of this thesis, we study features of cascading failures from a
probabilistic perspective. To this end, we view the power grid as a complex net-
work, where power is produced and consumed at grid nodes, and is transported
across the network via transmission lines according to power flow physics. The
event of a line failure can cause a global redistribution of power flows, which
can in turn create additional strain on the remaining transmission lines. In some
cases, this can trigger further outages and result in a cascading failure process
propagating through the network.

Cascading failure processes are not limited to power grids, and are of in-
terest for the study of many different types of complex networks, including
communication networks [107], transport networks [37] and biophysical sys-
tems [85]]. The microscopic analysis of cascading failures is in general a difficult
problem [58][169] [164], and is particularly challenging in the context of power
grids. One of the main reasons is that power flow physics are responsible for
a non-local propagation of failures across the network, making traditional epi-
demic models [[196] [127] [85] [144] unsuitable for the task. This challenge has



22 Chapter 1. Introduction

created extensive interest from the engineering and physics communities in
the last two decades [[1} [2 3} [49] 50} [124] [129] [128} (801 [105} [162] [179} [206} (196l 201}
199,200}, 205} [48} [92]].

Although many different mechanisms for the cascade evolution have been
proposed, they all share a common property: the initial contingency triggering
the cascade is an external event that directly leads to the failure of the attacked
network component [[44] 45| [129]]. In view of the discussion in Section m
on the impact of supply-side uncertainty on line limits constraint violation, it
is important to consider the possibility that line failures can emerge indirectly
as a result of random, weather-correlated fluctuations of nodal inputs. Such
a configuration of nodal inputs is not only the cause of the initial line failure,
but can also impact the way subsequent failures propagate in the network. The
study of emergent line failures and cascades in power grids is carried out in
Chapter 4 of this thesis.

Despite the complexity on a microscopic level that we just discussed, there is
empirical evidence for one macroscopic characteristic of blackouts that follows
a simple probabilistic law: blackout sizes are scale-free [38| 57, [86] [39]. More
precisely, if one defines the total size .S of a blackout as the number of customers
affected, the analysis of historical blackout data [42] reveals that S follows a
Pareto distribution, i.e., there exist constants & > 0, ¢ > 0 such that, for large
Z,

P(S > z) = cx™“, (1.36)

where the symbol ~ means that the ratio of both quantities converges to 1 as
T — 00.

Given the tremendous societal impact of large blackouts, understanding
the nature of Eq. is of major significance. Moreover, the study of power
laws is of interest for many other areas of science and engineering, and many
possible explanations for their occurrence have been proposed.

In many complex networks applications [[10, (144} [73] [153]], the scale-free
phenomena relate to the scale-free nature of the nodal degree distribution, due
to a mechanism known as preferential attachment. However, as the topology
of power grids is not scale-free [195]], this deduction is not valid in the case of
power systems [[69].

Another explanation that has been put forward involves the concept of
self-organized criticality (SOC) [[7], the notion that many systems operate in a
critical regime in which many events of interest exhibit power law behavior. In
the context of energy networks, it has been suggested that Eq. may occur
as a consequence of self-organized criticality [38] 57 [14] [178]. These results,
which are based on simulations and indirect analogies between blackout models
and models known to exhibit SOC, fail to take into account the physics of power
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flows and are thus unable to provide a causal explanation for the mechanism
behind Eq. in power grids.

Other strands of literature models the cascading mechanism as a branch-
ing process with critical offspring distribution [[104], where each outage (the
“parent” in the current generation) triggers a random number of subsequent
outages (the “children”) with mean equal to one. Such models lead to blackout
sizes with infinite mean, corresponding to an exponent o < 1 in Eq. (1.36),
while recent findings based on advanced statistical analysis of actual blackout
data [42] indicate a finite mean blackout size [86][39] with o > 1. For a more
complete overview of macroscopic cascading failures models, not limited to
power networks, we refer to [170].

Despite the widespread interest that the study of power laws received in
the literature, none of the proposed explanations seem adequate to explain the
emergence of scale-free blackout sizes in power grids, thus hindering our un-
derstanding of network vulnerabilities. In Chapter 5 of this thesis, we propose a
different, yet simpler, causal mechanism behind the nature of scale-free blackout
sizes.

1.4.3 Electricity prices forecasting

As discussed in Section|[1.3.3] electricity prices can be highly volatile (see Figs.[1.2]
and[L5). In order to fully understand the cause of such volatility, it is important
to realize that the wholesale energy market is different from traditional financial
markets, due to the nature of the commodity being traded: electricity cannot
be stored in an economically feasible way [[198][100], and it has to be produced
and consumed instantly. As presented in Section supply and demand
must be balanced at all times in order to ensure power system stability and,
as a consequence, the variable nature of renewable generation and real-time
demand is reflected in the volatility of energy prices, in terms of both expected
intra-day price variations and sudden, momentary price spikes.

In this thesis, we focus on wholesale energy markets adopting the Locational
Marginal Pricing system described in Section [1.3.2] LMPs are used in many
US markets, as well as in Singapore, New Zealand and Argentina, while most
European markets utilize a zonal pricing mechanism [138] (we refer to [67]]
for a global market overview). One of the main differences between the two
mechanism lies in the handling of network congestion. On the one hand, LMPs
account for the impact of network congestion in an organic and structured
fashion, through the Lagrange multipliers of the OPF. This way, the LMP at a
specific node reflects the marginal cost of supplying the next increment of load
at that node, consistent with all power grid operating constraints, including
transmission line capacities.
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Conversely, zonal pricing determines a single price for each zone in the
market (which is, in most cases, an entire country) ignoring intra-zonal trans-
mission congestions, which are then managed locally using a variety of different
mechanisms. For an overview of the different market structures around the
world, and relevant discussion regarding the merits of a potential transition
from zonal to nodal pricing in European markets, we refer to [138][65]).

The topic of energy price forecasting has received a lot of attention in the
forecasting community in the last 20 years, since the restructuring of energy
markets from a government-controlled system to a competitive, deregulated
market [198]]. In this thesis, we specifically focus on the impact of random
renewable generation and demand to prices in LMP-based market, with the goal
of developing novel algorithms and techniques to predict price fluctuations. For
a study of the impact of uncertainty on prices in European zonal markets, and
the development of forecasting techniques, we refer to [141]] and references
therein, as well as to the review paper [198] for an extensive survey of energy
price forecasting techniques.

Thanks to the rich mathematical structure of the LMP mechanism, prediction
models for LMPs are not limited to traditional statistical analysis and stochastic
models-based techniques, but include structural methods exploiting the mathe-
matical properties of the supply-demand matching process performed by grid
operators (namely, the OPF).

The relevant literature on structural prediction models can be categorized
based on whether it takes an operator-centric [19}[111} 20} 97] or a participant-
centric [101 209} 70l [18] point of view. In the former case, it is assumed that the
modeler has full knowledge of all the parameters defining the OPF formulation,
such as generation cost functions, grid topology, and physical properties of the
network. Clearly, this allows for the explicit computation of nodal LMPs as dual
variables of the corresponding OPF optimization.

In [19], the authors analyze the uncertainty in LMPs with respect to total
load in the grid, relying on the structural property that changes in LMPs occur
at the so-called critical load levels, under the DC approximation. The calculation
of such levels is based on the algorithm proposed in [111]. In [20], the model is
extended to the AC power flow framework. In [97] both load and renewable
generation uncertainty is considered, and a multiparametric programming
formulation that partition the uncertainty space into different critical regions,
assuming the DC formulation, is proposed.

The market participant-centric point of view, which relies only on publicly
available data without assuming knowledge of the network parameters and
operating conditions, has received less attention in the existing literature. The
publicly available market data depend on the specific market, and are commonly
limited to historical grid-level generation mix (the percentage of total production
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from different sources, such as wind or solar), grid-level system loads, and nodal
LMPs. On the other hand, OPF parameters such as generation cost functions,
generator capacities and transmission line limits are not available.

In [209] the authors utilize the structure of the OPF formulation to infer
the congestion status of transmission lines based only on zonal load levels,
without considering generation information. Through the concept of System
Pattern Regions (SPR), which describe the marginal status[] of generating units
and congestion status of transmission lines, and are based on the notion of
critical regions in multiparametric programming [11]], zonal prices are obtained
by learning the map between zonal load and the corresponding zonal price.
In [70] a data-driven approach based on learning nodal prices as a function of
nodal loads using support vector machines (SVMs) is presented. The approach
is not fully decentralized, since it assumes knowledge of nodal loads, and is
computationally unscalable, limiting its applicability to synthetically generated,
small grid examples. In [18]], the authors assume knowledge of supply bids, nodal
generation and nodal prices, and propose an inverse optimization procedure to
estimate the remaining parameters of the OPF, which are then used to obtain
nodal price predictions. As a result of assuming nodal information on generation,
the approach is not fully decentralized and, hence, not suitable for performing
predictions from a market-participant perspective.

Finally, in [101]] the authors present a methodology to recover grid topology
information based only on publicly available historical nodal prices, leveraging
results from convex optimization. Although [101] is not concerned with price
predictions, the methodology developed therein can play an important role in
developing a fully decentralized forecasting algorithm when combined with
advanced machine learning techniques and structural properties of the OPF
mechanism, as presented in Chapter 6 of this thesis.

The algorithms described above have varying levels of performance, but
they all have limitations when predicting extreme price spike values. In the
case of price spikes corresponding to rare extreme fluctuations in renewable
generation, the worse performance of machine learning-based methodologies
can be attributed both to the scarcity of data covering such events, and to the
unavoidable errors introduced by a decentralized approach.

Even assuming a centralized perspective, forecasting price spikes is a noto-
riously difficult problem [113], and is mostly undertaken within the framework
of zonal electricity markets. In [78], the authors use a logit model to predict
the occurrences of extreme price occurrences using wind power and demand
as explanatory variables in the German market. In [28] [143]], the authors pro-
pose the use of extreme value theory to forecast the extreme tails of electricity

7 The status of a generator k is marginal ifgk < gk < Jk-
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price distributions, with applications to the Nord Pool market and the German
energy markets. Regime switching models, which differentiate between a base
price regime and higher/lower spike regimes, have been applied to the problem
of forecasting extreme prices occurrences in the Australian market [83] and
the European Power Exchange EPEX [142] [187]. For a more extensive review
of techniques for spike prediction in zonal markets, including stochastic and
machine-learning based models, we refer to the literature review in [[78]].

In Chapter 7 of this thesis, we study the probability of nodal price spikes
occurrences in LMP-based markets, a problem that received less attention in
the literature compared to zonal markets, proposing an approach which com-
bines the multiparametric programming approach of [11]] with large deviations
techniques.

1.5 Probabilistic methods

1.5.1 Large deviations results

The theory of large deviations (LD) is concerned with calculating the proba-
bilities of large fluctuations (or rare events) that decay exponentially fast as a
function of some parameter, such as the magnitude of the noise €. The theory
has found applications in fields such as queueing theory, telecommunication
engineering, and finance [27]], and its potential for power system applications
is investigated for a large part of this thesis. This section provides a brief
introduction to the subject.

Consider a sequence of independent, identically distributed random variables
X1, Xo, ... with mean ;1 and variance 02 < oo, and consider the sequence of
sample averages S, = % >% . Xi,n > 1. Large deviations theory can be seen
as a refinement of the Law of Large Numbers and the Central Limit Theorem,
as we now show. From the Law of Large Numbers we know that S,, converges
in probability and almost surely to the mean p as n — oo. In particular, the
tail probabilities P(|.S,, — p| > d), for § > 0, converge to zero as n — oo. The
Central Limit Theorem gives more detailed information about the distribution of
Sp, stating that for large enough n the distribution of S,, is close to the normal
distribution A (i, 2 /n). In particular, for § > 0, it holds

~57 de. (1.37)

B(1S, — | > 3/vn) m

The central limit theorem thus deals with deviations of .S, from p of the order
1/4/n, which are “typical” in the sense that the probability of such a deviation,
according to (1.37), is O(1). The theory of large deviations, as the name suggests,

deals with larger ﬂuctuatlons. As an illustration, for the particular case of i.i.d.
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Gaussian random variables X; ~ N'(u,0?), the sample average S, is itself
Gaussian with mean g and variance o2 /n, so that

2 > z2
B[Sy — | > ) = W/Me—wdx (1.38)

and therefore

1 52
~log((|Sy — | 2 0)) (1.39)

n—oo 202

Eq. states that the probability that S,, deviates from ;1 more than §

decays exponentially fast as e~"9°/(20") and is an example of a large deviation
principle, for which we now give a general definition.

Definition 1.2. A family of probability measures {P. }.~o on a Polish space X
is said to satisfy a large deviation principle (LDP) [55] with rate function I if, for
all Borel measurable set E C X,

. < limi
mlenEfO I(z) < IIIEILI(I)le log (}P’E (E)) (1.40)
< limsupelog (P-(E)) < — inf I(z), (1.41)

e—0 rek

where the rate function I : X — [0, 0] is a lower semicontinuous functional on
X, and E°, E denote, respectively, the interior and the closure of E.

The reason to work with a lim inf and lim sup is mainly technical, and often
we can interpret Eq. (1.40) simply as

P(E) ~ exp(— inf I(z)/).

The quantity inf,.c g I(z) is referred to as the decay rate of the rare event F,
while the term arginf . I(x) is known as its most likely realization. The
reason for such a name is that every realization x of the rare event F has a
certain cost (quantified by the rate function I(x)), and the LDP states that the
realization with the smallest cost is what dominates in P.(F) as ¢ — 0. More
precisely, it can be shown (cf. Lemma 4.2 in [68]) that for any neighbourhood
B of arginf . I(z), the conditional probability P. (X \ B| E) converges to 0
ase — 0.

A very useful tool in the LD arsenal is the contraction principle, which allows
to map large deviation principles from one space to another [55]]. In the context
of this thesis, we will often start from a random model of power injections
Ps, and then use the contraction principle to derive large deviation principles
for quantities such as line temperatures and line power flows. For further
background, and other engineering applications of LD we refer to [27]]; for an
introduction of large-deviations theory aimed at physicists, see [182].
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1.5.2 Concentration inequalities

Concentration inequalities provide non-asymptotic bounds on the likelihood of a
function of many random variables to deviate from its expected value. In contrast
to large deviations results, which hold true in the limit as ¢ — 0, concentration
inequalities are non-asymptotic and are thus valid also in the prelimit. Many
concentration bounds have been proved, see [193] for an overview. In our
context, we make use of the following result ( [193], Theorem 2.26).

Theorem 1.1. Let X = (X1,...,X,,) be a vector of i.i.d. Gaussian variables
distributed as N'(0,0?) and let f : R™ — R be L-Lipschitz. Then,
t2

P(f(X)-E(f(X))] >1t) < 2exp(—m) forallt > 0. (1.42)

1.6 Contribution of this thesis

This dissertation consists of three main parts. In the first part (Chapters 2 and
3) we focus on deriving chance constrained versions of reliability constraints
for single line failures, which are analytic enough to provide insights into
strengths and vulnerabilities of the network, and computationally tractable
enough to be used for the purposes of short term planning and control. The
second part (Chapters 4 and 5) is devoted to understanding the prominent
features of multiple line failures and blackouts, both from the microscopic and
macroscopic perspective. Finally, the third part (Chapters 6 and 7) focuses on
understanding the impact of uncertainty on electricity prices, with the goal
of forecasting price fluctuations, uncovering and exploiting the relationship
between electricity prices and uncertain renewable production and demand.

Part 1: Uncertainty-aware reliability analysis

In Chapters 2 and 3, we propose techniques based on large deviations theory to
handle chance constraints such as in Eq. (1.34). The main idea is to approximate
the probability of the constraint violation event F with

@)7

e

P.(F) ~ exp(— (1.43)
where ¢ is “small” and I*(F) is a particular function of the (rare) event E. Such
an approximation is an informal description of a rigorous result known as large
deviation principle. The parameter € quantifies the magnitude of the noise in the
system. For instance, in the context of stochastic differential equations (SDE)
models (Chapter 2), 1/ is a multiplicative constant in front of the Brownian
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motion component of the equation, while in the case of static models (Chapters
4 and 7), ¢ multiplies the covariance matrix of the random vector of interest. In
particular, for € = 0 the system becomes completely deterministic.

The appeal of such a result partially resides in the fact that the term [*(F),
known as decay rate of the event E, can often be expressed analytically and in
closed form, with obvious benefits from the point of view of scalability of the
approach and interpretability of the results. Moreover, large deviation principles
can be derived for both random variables and random processes, which allows
us to study both static and dynamical frameworks. Finally, the derivation of
I*(z) gives as a byproduct the most likely way, or most likely path, for the rare
event F to happen, which has important consequences for uncertainty-averse
planning. For a rigorous definition of concepts such as large deviation principle,
decay rate and most likely path, we refer to Section[1.5]

In Chapter 2, we study the probability of overloading of any transmission line
over a given time interval [0, T'], and we analytically characterize the capacity
regions of the grid, i.e., the set of controllable parameters o (such as power
injections at time 0) such that this probability stays below a fixed threshold
throughout the time window [0, T']. That is, we study probabilistic constraints
of the form

pla) = IE”( sup max |0, ;(t, a)| > 9‘;}-&") <q, (1.44)
tefo,T) (4:3)€E

where ©;,(t, a) is the temperature of line (2, j) at time ¢ corresponding to the
parameter vector o, and we describe capacity regions in the a space of the
form

R(q) = {e : p(a) < g}. (1.45)

The approach models the stochastic behavior at the process-level by using
stochastic differential equations models for random power injections, taking into
account the transient relationship between line current and line temperatures.
Since line temperature responds gradually to current, a short-lived current
overload does not necessarily lead to a temperature overload and as such does
not constitute a reliability risk. With this in mind, we develop capacity regions
for both current and temperature overloads, and investigate the capacity gains
achieved by a less conservative approach.

The derivation is based on Freidlin-Wentzell theory for large deviations,
and the regions enjoy convexity properties that make them amenable to be
used within OPF in the 5-15 minutes time frame, in contrast with approaches
based on long Monte-Carlo simulations. In some particular cases closed-form
expression are available, resulting in a chance-constrained OPF version with the
same computational complexity as the deterministic counterpart. Even when
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closed-form expressions are not available, the existence of efficient algorithms
for decay rates calculations [82]] makes our approach computationally feasible.
Finally, compared to many papers discussed before, which model stochastic
behavior at particular snapshots of time, we employ a process-level model that
allows to exploit the transient relationships between current and temperature,
leading to a less conservative approach. Chapter 2 is based on [133].

The large deviations methods in Chapter 2, while powerful, rely on a scaling
procedure and produce results which are theoretically valid in the asymptotic
regime € — 0. A natural-follow up question is how to develop chance con-
straints that are valid in the prelimit as well, without any restriction on the
magnitude of the noise . We set out to this task in Chapter 3, where be derive
strict upper bounds for the probability of a line failure E = {maxyee |f¢| > 1}
Assuming a multivariate Gaussian model for power injections with mean p and
covariance matrix ¥, we develop bounds of the form

P(E) < ¢(u, %),

where ¢ is a deterministic function of it and . Such bounds can be used to derive
approximation of chance constraints that are guaranteed to be conservative, and
that are explicit enough to be used for optimization purpose on short time scales.
This leads to convex polyhedral capacity regions that share similarities with
those of Chapter 2, without any assumptions on the magnitude of the noise .
The mathematical tools behind the derivation of such bounds are concentration
inequalities, for which we have provided a short introduction in Section [1.5]
Chapter 3 is based on [136].

The methods used in the first part of the thesis, namely large deviations
results and concentration inequalities, can be seen as complementary efforts
towards the goal of deriving novel chance constrained versions of reliability
constraints that can be effortlessly embedded in existing power grid optimization
routines.

Compared to [[16]], a crucial element of the approach taken in this thesis is
that we work with chance constraints of the form

P(3line (i,7) : |fij| > fij) < 4, (1.46)
while in [16] the m constraints
P(|flj‘ > ﬁj) < qij V line (7;7j)7 (1.47)

are used. The constraint in Eq. requires that the probability of any line
overload be smaller than a reliability target ¢, and thus correctly controls the
probability of the actual event that we seek to avoid. Reaching the same relia-
bility level using the approach in Eq. would require to use the thresholds
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gi; < g/m, resulting in a much more conservative approach. On the other
hand, the constraint in Eq. is harder to evaluate analytically than that in
Eq. but, as it turns out, large deviations and concentration inequalities
techniques are powerful enough to handle this difficulty.

Part 2: Features of cascading failures and blackouts

While the first part of this thesis studies the event of single line failures and
tries to prevent constraint violations by deriving probabilistic counterparts
of reliability constraints to be used in stochastic versions of OPF, the second
part (Chapters 4 and 5) focuses on how the world looks like in the case of a
line failure. Moreover, it seeks to understand what happens after a failure, in
an effort to move beyond the classic N-1 deterministic criterion (described in
Section [1.4.1) using a probabilistic framework.

Chapters 4 retains the microscopic perspective adopted in Chapters 2 and 3,
and models power grids as complex networks with random, possibly correlated
power injections at the nodes, modeling variable renewable production. In
contrast to traditional studies on cascading failures, where the initiating event is
a deliberate attack (either targeted or random) to the grid stability that triggers
subsequent failures (which is also the setting of the N-1 criterion), we study
failures that can emerge endogenously from the network as a result of random
power injections at the nodes, coupled by the network structure and power
flow physics. This is a natural follow up study to the research of Chapters 2 and
3, which focused on estimating the probability of line failures and, as it turns
out, provides the most likely way for such failures to happen as a byproduct.
Here, we deliberately focus on this aspect and use large deviations techniques
to explicitly determine the most likely configuration of power inputs leading to
line failures, and rank transmission lines according to their failure probability.

Moreover, we are able to predict how subsequent failures will propagate
in the network after the first endogenous failure and compare this cascading
process to that induced by a purely exogenous disturbance, finding out that
cascades can propagate quicker under the novel framework than classical vul-
nerability analysis. The results are mathematically exact in a small-noise regime,
and their accuracy has been validated in a case study using realistic data for the
German transmission grid.

Compared to previous studies on cascading failures, which are for the most
part based on epidemic models [85] [196]], the research presented in Chapter
4 clearly illustrates the potential of using large deviations theory to analyze
the novel concept of emergent failures, and its widespread implications for
understanding blackouts in complex transport networks under uncertainty.
Chapter 4 is based on [137]
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The topic of cascading failures in power grids is investigated once more in
Chapter 5, from a different perspective. Here, we devote our attention to one
well-known macroscopic feature of blackouts: the scale-free nature of blackout
sizes. That is, if S denotes the number of customers affected by a blackout, the
distribution of S follows a Pareto law, namely there exist constants C, & > 0
such that, for large z,

P(S>z)=Cx™ . (1.48)

As discussed in Section[1.4.2] many explanations have been proposed to explain
why such a scaling law should emerge, none of which entirely satisfactory.

The main contribution of Chapter 5 is to propose a novel, causal and simpler
explanation: we argue that the scale-free nature of blackout sizes connects to
the scale-free nature of city sizes. It is well-documented that city sizes exhibit a
Pareto distribution [38] 57,86} [39], with a tail index o which is remarkably close
to that of blackout sizes. Motivated by this simple observation, we model power
grids as graphs with heavy-tailed Pareto-distributed sinks, which represent
demand from cities, and study cascading failures on such graphs initiated by
an initial disturbance. As power flows get redistributed, more lines can be-
come overloaded and, after a sufficient number of failures, the power grid will
eventually disconnect in islanded components. A power shortage (blackout)
happens when the generators present in a component are not sufficient to meet
the demand, and we show that the distribution of the size of such shortages is
determined by that of the cities in the island.

Our approach differs from traditional explanations in that it does not relate
scale-free phenomena to the scale-free nature of the network topology, and
suggest new ways of approaching such phenomena in other transport networks.
Moreover, our analysis shows that in order to make the grid more resilient to
large blackouts the focus should be on making the individual cities more resilient,
as opposed to the commonly suggested approach in the power engineering
literature to perform network upgrades. We illustrate how such upgrades do
not affect the tail index of the blackout distribution, which is what ultimately
determines the likelihood of large blackouts. On the other hand, short-term
emergency responses aimed at surviving blackouts of predetermined duration,
such as local storage, may prove vital in drastically reducing the economic and
societal consequence of large outages, since the distribution of blackout duration
has a lighter tail than that of blackout sizes. Chapter 5 is based on [134].

Part 3: Impact of uncertainty on energy prices

The third and final part of this thesis deals with the topic of electricity prices
fluctuations. In Chapter 6, we develop a machine learning methodology to
predict Locational Marginal Prices (LMP) from a decentralized perspective, i.e.,
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by using only publicly available data. The topic is particularly important as
electricity market price predictions can enable market participants to shape
their consumption and supply while meeting their environmental objectives.
The decentralized viewpoint if unavoidable when developing market predictions
that could be used by market participants, which usually do not have proprietary
information on power grid parameters (such as line and generator limits) that
are needed to solve the OPF, which is deeply connected to the calculation of
LMPs (Section[1.3.2). However, the decentralized perspective makes the analysis
much more challenging due to the scarcity of publicly available data, which
amounts to aggregated grid-wide demand and generation mix (i.e., the fraction of
supply coming from various sources such as wind, solar, coal etc), and historical
nodal prices. On the other hand, ISOs compute LMPs on the basis of complete
information on nodal demands, individual generators bounds, transmission
line limits, grid topology and physical parameters of the lines, which are all
unknown from the market participant perspective.

In order to predict prices in such an under-determined setting, we develop
a structured machine learning methodology to recover the salient features of
the energy market that copes with scarce, public and high-dimensional market
data. Specifically, our methodology is based on (i) exploiting the mathematical
properties of the supply-demand matching process to characterize LMPs as
deterministic (although unknown) piece-wise affine functions of renewable
supply and nodal demand; (ii) using advanced machine learning and convex
optimization techniques to infer grid topology and congestion status, and ulti-
mately learning the piece-wise affine function; (iii) predicting prices based on
grid-wide load and generation type mix forecasts, which acts as surrogate of the
corresponding unknown nodal information. Chapter 6 is based on [154].

It turns out that the methodology developed in Chapter 6 performs re-
markably well in forecasting intra-day price variations given the restricting
assumptions and limited availability of public data, but in some cases fails to
correctly predict price spikes, which is a notoriously difficult problem as dis-
cussed in Section For this reason, in Chapter 7 we take the centralized
perspective of the grid operator and focus on predicting extreme fluctuations
in LMPs. By assuming full knowledge of the power grid parameters, we are
able to explicitly derive the deterministic piecewise affine function linking the
stochastic input process, modeling renewable generation, which allows us to
use large deviations theory to identify the most likely ways for extreme price
spikes to happen as a result of unusual volatile renewable generation profiles.
This line of work can be seen as a first contribution to the goal of develop-
ing a “economically-constrained” stochastic OPF, an augmented version of the
OPF which incorporates probabilistic guarantees on the event of extreme price
fluctuations. Chapter 7 is based on [135]].
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In this chapter we consider the problem of developing tractable probabilistic
counterparts for key reliability constraints introduced in Section[1.4.1] such as
allowed ranges for current and temperature of a transmission line. In particular,
we use large deviations techniques to study the probability of current and
temperature overloads in power grids with stochastic power injections, and
we characterize the set of admissible nominal power injections (referred to as
capacity regions) such that the probability of overloading of any line over a
given time interval stays below a fixed target.

It was noted in [191] that a transient current overload does not necessarily
lead to a temperature overload, due to the fact that line temperature responds
gradually to current. In order to investigate this phenomenon, we model power
injections at the process-level using stochastic differential equations (SDE),
and apply Freidlin-Wentzell theory to derive capacity regions for current and
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temperature overloads events. We show how enforcing stochastic constraints
on temperature, rather than on current, results in larger capacity regions, and
thus in a less conservative approach.

Due to the nonlinear relationship between current and temperature, the
decay rate (Section[1.5) for the temperature process is hard to compute explicitly.
To address this issue, we derive two tractable approximations: the first is an
inner bound, and the second is based on a Taylor series expansion of the decay
rate of the temperature overload probability. Both of the two regions coming
out of these approximations capture the benefits of incorporating the transient
relationship between temperature and current, and they both have the same
computational complexity as the current-based capacity region.

Moreover, we prove important convexity properties of the capacity regions,
which enable their efficient application for planning and control purposes, such
as in OPF formulations. Finally, in the particular case where the random power
injections are modeled by an Ornstein-Uhlenbeck (OU) process, we express the
capacity regions in closed form.

Chapter outline. The chapter is structured as follows. In Section|2.1] we
describe our model for power injections, line currents and line temperatures,
based on stochastic differential equations. Sections|[2.2] and [2.3] constitute the
core of the chapter: using Freidlin-Wentzell theory, we develop and characterize
large deviations-based capacity regions for line currents and line temperatures,
respectively, and we provide explicit expressions in the particular case that
the power injections follow a multivariate OU process. Moreover, we prove
important convexity properties of the different regions. In Section numerics
for the OU case are presented. We summarize and discuss connections to the
remaining chapters of this thesis in Section Finally, extended proofs are

reported in Appendix

2.1 System model

2.1.1 Model for the power grid and DC approximation

The network is specified by a connected graph G = (N, E), where N =
{0,1,2,--- , N} is the set of [N| = N + 1 nodes, modelling buses, and £ is
the set of || = m edges, representing the transmission lines. After choos-
ing an arbitrary but fixed orientation of the transmission lines, we denote by
¢ = (i,7) € & the transmission line between buses i and j, and by z; ' > 0
the weight of edge ¢ = (4, j), corresponding to the inverse reactance of that
transmission line. By convention, if there is no line between ¢ and j we set the
weight to be zero.
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Let p(t) = (p;(t))ien denote the vector of active net power injections at
time ¢, with the convention that p;(t) > 0 (p;(¢) < 0) means that power is
generated (consumed, respectively) at bus ¢. Node 0 models the slack bus, which
ensures that there are no active power imbalances in the network.

Let I(¢) = (I4(t))ecs be the vector of line currents, and K (t) = (K,(t))ses
be the vector of line temperatures. Each transmission line £ is associated with a
thermal limit K max, which is the maximum permissible temperature of the
line [[194]. We define Ij yax > 0 such that if [I,(t)| = Iy max at all times, then
limy_, o0 K¢(t) = Kp max- Throughout this chapter, we work with normalized
currents Y (t) = (Ye(t))ece, defined as Yy(t) = I;(t)/Ismax. In order to
model the relation between power injections and Iine currents, we make use
of the DC approximation, described in Section | which leads to a linear
relationship between power injections and active power flows f= Vp, where
f= (fl, e fm) € R™ and fy is the active power flow on line £. Under the DC
approximation, one can approximate the line currents with the (active) power
flow on the line

I~ fu, (2.1)

as noted in [119,[43], so that, in the notation of Section|1.3.1} we have Iy max =
fe

Recall that the normalized currents are defined as Y (t) = I¢(t)/ ¢, max, and
let A = diag(1/l1 max, - - - » 1/Im,max) - In view of Eq. (1.18) and Eq. (2.1), the
active normalized line currents Y can be written as a linear transformation of
the power injections X

Y(t) = Vp(t), (22)
where V := AV and V = DAT, is the PTDF matrix defined in Section

2.1.2 Stochastic and deterministic power injections

We assume that power injections at nodes 1, ..., n,, < NN are stochastic, mod-
elling buses housing intermittent renewable power generation. On the other
hand, power injections at nodes n,, + 1, ..., N are assumed to be deterministic
and constant, modeling conventional loads/generators.

We will be interested in capturing the probability of current/temperature
overloads over a finite horizon [0, T'], which corresponds to the interval between
periodic control actions by the grid operator. Thus, the busesin {n,,+1,..., N}
are those that may be assumed to have a steady power injection over this time
scale, denoted by . Note that the power injection at the slack node 0 is also
stochastic, since po(t) = — Y., p;(t). The power injection vector is of the
form p(t) = (po(t), X(t), up), where X(t) € R™ is the vector of stochastic



38 Chapter 2. Large Deviations Analysis of Temperature Overloads

injections, and pp = (1p,i)i,,, 11 € RN ™" We denote the initial condition
for the stochastic power injections by p := X(0), and let &t := (p, up).

In order to make the dependency of the normalized current on stochastic
and deterministic power injections more explicit, we note that

po(t)
Y(it)=Vpit)=(0 V Vp| [X(@)], (2.3)
KD

where 0 = [0,...,0]T € R™, V € R"™*"» Vp € R™*("~"w) are the subma-
trices of V corresponding to stochastic and deterministic injections, respectively.

More compactly,
Y (t) = VX(t) + vy, (2.4)

where y := Vppup. We will refer to Eq. (2.4) as the DC power flow equations.
The following lemma shows that matrix V has rank n,,, i.e., the number of
stochastic power injections.

Lemma 2.1. If the network graph is connected, rank (V) = N and rank (V) =
Ny . In particular, the matrix V has linearly independent columns.

We may interpret ;1 = (u, p) as the vector of power injections set by the
grid operator at time O (for example, fz could be the result of an OPF planning
based on a forecast for renewable production). Recall that the initial condition for
the normalized currents is Y (0) = v, where v := V u+y. We are interested in
scenarios where power grids operate safely, by assuming that the nominal power
injections & are such that the corresponding expected line currents at time ¢ = 0
do not exceed the critical level, i.e., |[V]c = maxe=1.. m |Ve| < 1 (possibly,
several || could be close to their threshold, modeling a high-stress situation).
Subsequently, some of the power injections fluctuate randomly because of the
variability of the renewable generators. Our focus is to characterize the set

of power injection vectors g such that the probability of current/temperature
overload over a finite horizon [0, 7] is below a prescribed target p.

2.1.3 Mapping between line current and line temperature

In this section, we describe how line temperature depends on line current.
Recall that Ky(t) denotes the temperature of line . We work with normal-
ized line temperatures, defined as follows. Let K.,y ¢ be the ambient tem-
perature around line ¢. We define the normalized line temperatures ©(t) =

(©4(t))ece as O4(t) = % Note that the reliability constraint on

line temperatures reads ||©¢||oc < 1, where || f| s := maxyeo,7] [[f(t)[|oc =
maxye(o, 7] MaxX;=1,....m | fi(t)| for a continuous function f : [0, 7] — R™.
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In this spirit, in Sectionwe characterize the capacity region of the power
grid based on bounding the temperature overload probability. In other words,
we describe the set of initial power injection vectors & such that P(||®]| - >
1) < p, where p is a prescribed reliability target.

The transient relationship between the normalized temperature ©; and the
normalized current is given by the ordinary differential equation [147]

dOy,
Tt 0, = (Y2)?, (2.5)
t
where 74 > 0 denotes the thermal constant of the transmission line {. Thus, we
have

t
O(t) = O4(0)e /™ + Tl/ e~ =9/ (v, (s))2ds. (2.6)
¢ Jo

Note that the instantaneous line temperature depends on the history of the line
current process, with an exponentially decaying weight on past values. The
parameter 7y determines the dependence of the instantaneous temperature on
past values of current. If 7, is small, the dependence on past current values
becomes weaker, i.e., the line temperature responds more quickly to changes
in current. In the limit as 74 | 0,the response is instantaneous, i.e., ©,(t) =
(Ya(t))>.

For the sake of simplicity, we assume the initial condition ©,(0) = (Y;(0))? =
v} VI € & for line temperatures. Note that 1/7 is the steady-state temperature
corresponding to a constant line current WF_] With the above initial condition,
let us denote the mapping from the current process Y to the temperature
process © as

0 =& (Y), (2.7)

where we emphasize the dependence on the thermal time constants 7 = (7¢)sce -

2.1.4 Stochastic model for power injections

We now describe our stochastic model for the power injections X (t). Recall
that in order to characterize the capacity region of the power grid, we have to
estimate the following overload probabilities:

P([Ylo = 1), P(|O]cc = 1).

! This assumption, which ignores the history of the temperature process prior to time ¢ = 0, is a
natural engineering assumption if the past line temperatures are unavailable. If such measurements
are available, it is possible to incorporate these into our capacity region based on temperature
overload (Section[2.3.1) as well as its inner bound (Section[2:3:2), although the analysis gets more
complicated (see [192] Section 4.3]).
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We model the random power input sources as small-noise stochastic dif-
ferential equations (SDE), for which a comprehensive and sufficiently explicit
theory of large deviations is available. SDEs are a flexible modeling tool for
continuously varying processes, and their use for wind speed modeling has
been adopted recently by several authors [192] 95| [125] [96]]. Formally, we model
the vector of random power injections X*(t) = (X7 (t),..., X, (t)) as the
strong solution of the n,,-dimensional stochastic differential equation (SDE)

dX°(t) = b(X(t))dt + e T(X(t))dW(t), t >0, (2.8)

where X(0) = 1, b(2) = (b1 (1), b, (), D) = diag({7:(:)}1,)
and W(t) = (W;(t))i=1,...n,,- The function b is referred to as the drift function,
and captures the evolution of the process in the absence of noise. The noise in the
evolution of the process is introduced by the second term in Eq. (2.8): W;(¢) is
a standard Brownian motion in R. This noise is modulated in a state-dependent
fashion by the diffusion function I, and the scaling parameter € > 0 captures
the amount of randomness in the power injections. As ¢ — 0, the magnitude of
the noise injected into the evolution of the process X°(t) diminishes, making
large deviations from the “noise-less” behavior exponentially (in 1/¢) unlikely.

It is in this regime that LD theory gives us tractable approximations of
the probabilities of the rare events corresponding to current and temperature
overloads. In practice, € can be chosen so that the variance of the process X¢(t)
matches the estimation error for renewable production over a specific time unit
(Section[2.4.2). We make the following regularity assumptions: Vi = 1,...,m,
b; : R — R is Lipschitz continuous and differentiable with b;(p;) = 0; ; :
R — (0, 00) is Lipschitz continuous, bounded and differentiable.

The e—scaled current process Y¢(¢) = (Y°(t))eee is defined as per the
DC power flow equations: Y¢(¢t) = VX¢(¢) + y. Similarly, the ¢—scaled
temperature process @%(t) = (O (t))sce, with thermal constant T, is defined
as @ = £,.(Y®), where the map &.- is given in Egs. - [2.7). In the following
sections, we apply the theory of large deviations to estimate the probabilities
P(||]Y¢||eo = 1) and P(||©®¢||so > 1), in the limit as ¢ |, 0.

2.2 Capacity regions based on current overload

The traditional approach for ensuring line reliability is to impose the condition
1Y (t)]lco := maxseg |Ye(t)] < 1 at all times. In this spirit, in this section we
characterize the capacity region of the power grid obtained by bounding the
probability of current overload over [0, 7] by a prescribed target ¢

P( Y]l > 1) < gq.
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Our focus is to characterize the space of initial power injections that can be ‘set’
at time 0, such that the probability that the inherent variability in the stochastic
sources leads to a current overload before the next control instant is smallf|
The above approach is in line with the conventional technique of enforcing
the thermal limits of transmission lines by capping the peak current on each
line. In Section [2.3.1]a more refined approach, taking into account the transient
relationship between line current and line temperature, is presented.

In the following, we first provide a large deviation principle for the current
overflow event {||Y¢||o > 1} in the limit as ¢ | 0. Next, we use this char-
acterization to define the current-overload based capacity region, and prove
a convexity result which facilitates its application as a constraint in OPF. We
then provide two lemmas that are useful for computing the capacity region in
practice and we give a closed-form characterization of the capacity region when
the stochastic injections follow an OU process.

2.2.1 Large deviations results

As described in Section[1.5.1] the theory of large deviations (LD) is concerned
with calculating the exponential decay of rare events probabilities, by means of
the so-called rate functions. This subsection is based on the Freidlin-Wentzell
theory [55], which is concerned with large deviation principles for the paths of a
stochastic process. Thanks to Theorem 5.6.7 in [55]], the power injections process
X satisfies a sample path large deviation principle (SPLDP) over the function
space Cy,([0,T]) = {g : [0,7] — R™ : g is continuous and g(0) = p}, with
good rate function

g) = ZIpow,i(gi)- (2~9)
1=1

Here, g = (91, .-, 9n, ) and Z,4,; is the good rate function for the SPLDP
associated with the process X£(t), i = 1,...,n,, and it is given by

i(9:)
0o ifg; ¢ Hli(]R).

gz_b (g7 . ) 1
IPOW,i(Qz‘) = fo ( ) dt ifgi € Hui (R)7

Here, H),(R") := {g : [0,T] — R™ : g(t) = p + f o (s)ds, o) ¢
L2([0,T])} is the space of absolutely continuous functions with value w at
time ¢ = 0 and which possess a square integrable derivative. Next, we apply a

2 Given the equivalence between line currents and power flows under the DC approximation,
the results in this section can also be interpreted in terms of the probability of exceeding line power
flow limits.
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very useful tool in LD theory, known as the Contraction Principle, which allows
to map large deviations principles from one space to another. Thanks to the
Contraction Principle, Theorem 4.2.1 in [55] and Eq. (2.4), the current process
Y ¢ satisfies a SPLDP with good rate function

Tow(f) =  inf  Z,ow(g).
gGH}L:
y+Vg=f

Thanks to Lemma the matrix V has linear independent columns. Therefore,
its Moore-Penrose inverse has an explicit formula V¥ = (VTV)~!V T and it
is a left inverse of V. Thus, for f € y + V(H,,(R")) C HJ(R™) the equation

y + Vg = f has unique solution g = VT (f —y), yielding

Toow (VT (f — if £ V(HL (R
Tan(f) = { w(VH(E =) iff €y + VHLR™)), .10
9 otherwise.
For the current overload event we then have that
limsupelogP(||Y®|leo > 1) = -7, (2.11)
e—0
I = inf ) T () = inf1 Toow(8), (2.12)
f€y+VHM: gGHM:
[Iflloo>1 ly+Vglloo>1

with 77, the decay rate for the current overload event[|

2.2.2 Derivation of capacity region

Eq. yields the following approximation for the current overload probability
for small e: B
P([Y* oo > 1) x e~ TanlB)/e, (2.13)

We use the above approximation to define the capacity region for the power
grid, based on the constraint that the probability of current overflow must not
exceed p, where p > 0 is a small pre-defined threshold:

R = {me RN : T, (1) > —¢log(p)}. (2.14)

In the remainder of this section, we shed light on structural properties and
computational aspects of this capacity region. Our first result shows that the
capacity region is convex with respect to the deterministic power injections.

® Note that f € H. \ (y + VH]) implies Zow(f) = oo, thus I3, =
inf ey vl ) o >1 Zer(E) =i0fec ey oy Zour ().
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Lemma 2.2. R&f}‘ﬁ is convex in the deterministic power injections vector pp.

Lemma [2.2]is important as convexity enables the set of allowable determin-
istic injections to be incorporated as a constraint in OPF problems (see, for
example, [16]). For the special case where power injections are modeled as an
OU process, we show in Section that the capacity region 7%2?};“ itself is
convex. Letting

e = fg}{fl Icu!r(f) = g}rfl IPOW(g)’
L gEH:
I £elloc>1 llve+Viglloo>1

with V; being the /-th row of matrix V, we note that Z}
E={te& VvV, #0L[]

In other words, the decay rate for a current overload in the network is the
minimum of the decay rates corresponding to the overload of each line. Decay
rates, together with Eq. (2.13), provide an analytical tool to rank transmission
lines in terms of their vulnerability. The next lemma shows that the current
overload on any line most likely occurs at the end time.

= mingegr 1y, where

Lemma 2.3. V{ € &', 1)y = ) inf Toow(8)-
gEHu: |lye+Veg(T)|=1

For a # vy, define

b = inf Toow(£), (2.15)
fey+VH: fo(T)=a

so that ¢, = él) A 1/}271) = min wél), éfl) and

75 = minyM AT, 2.16
cur ggg}w Yy (2.16)

Eq. (2.16) allows us to rewrite the capacity region as
R = () {BmeRY: ¢ > —clog(p)}. (2.17)
€€’ ae{~1,1}
Thus, obtaining the capacity region 7%&?2“ hinges on computing ¢§a), which
by definition is the solution of Eq. (2.15). To solve this variational problem with
boundary constraints, one can for instance use the Euler - Lagrange equations
(see also our discussion in Section [2.4). For simple diffusion models, this ap-

proach can be used to obtain the optimal path and wé"’) in closed form, leading

to an explicit characterization of the capacity region ﬁéfzr). Next, we illustrate
this for the case where the power injections are modeled as an OU process.

* Note that if V; = 0, then Y7 (t) = Y7 (0) = y, is constant and |y;| = |v¢| < 1, yielding
Py = inf Tpow(g) = oo.
g€H: lyelloc>1
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2.2.3 Explicit computations for Ornstein-Uhlenbeck process

In this section we suppose that the power injections X¢(t) follow a multivariate
Ornstein-Uhlenbeck (OU) process, which is the most tractable example of an
SDE and is, in particular, a Gaussian processE] Such a process is of the form

dXe(t) = B(p — X°(t))dt + /e TdW (t) (2.18)

i.e., the functions b(-) and I'(+) in the SDE are b(x) = B(pu — x) and
I'(x) = T, where B = diag({b;}),I' = diag({;}), and b;,y; > 0 for all
t = 1,...,m. For this model, the capacity region can be expressed in closed
form, as shown in the next Proposition

Proposition 2.1. If X (t) is defined by Eq. (2.18), then

REp = {me® : ul < 1—felog(1/mvinrv;T .

eee’
In the particular case B = b, Eq. simplifies to

Leg’!

Here, M, = IT?B~ (I — e~ 2B%)eB(-T) gng

_ =207 2
By = \/(1 e )Z log(1/p)o; 7 a? :: WFQ‘/@T~
We make the following remarks regarding Proposition (i) R is a
closed convex set; in particular, it is a polyhedron in RY. We note that this
property enables us to incorporate the capacity region in OPF problems; (ii) 5,
is a strictly decreasing function of b, implying that 7%&?;” shrinks as b becomes
smaller. This is intuitive, since for small values of b, the OU process will revert
to its long-term mean g with less force; (iii) the longer the time 7" between two

control instants, the greater the probability that the fluctuations in the power

injections will result in an overload, yielding a smaller 7@&?2‘) ; (iv) the expression

for 7’:’,&?) encloses in a single formula the dependency on the initial condition
v, on the window length T, and on the topology of the network, the physical
properties of the transmission lines and the evolution of the stochastic power
injections, encoded in the matrices V, T, B.

5 The Gaussianity assumption for wind power is debatable. While consistent with atmospheric
physics [16] and recent wind park statistics [106} [12], different models are preferred for different
timescales [121]].

® Note that our framework allows to extend Propositionto mixtures of OUs, providing
flexibility to the modeler while keeping the benefits of closed-form expressions.
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2.3 Capacity regions based on temperature overload

Since temperature responds gradually to current, a current overload of short
duration does not necessarily imply an overload in temperature. By explicitly
capturing the transient relationship between temperature and current, we can
enlarge the conservative capacity region obtained in Section[2.2] In the follow-
ing, we first provide a large deviation principle for the temperature overload
event P(]|©%7 ||« > 1). After that, we define the temperature-overload based
capacity region and prove a convexity result for it, analogous to the result in
Section[2.2]

However, due to the non-local in time relationship between current and
temperature, the decay rate for the temperature process is hard to compute
explicitly. As a result, the capacity region cannot be expressed in closed form
for even the simplest diffusion models. To address this issue, we develop two
approximations of the capacity region: the first is an inner bound, while the
second is based on a first-order Taylor expansion of the decay rate around 7 = 0.
These approximations have the following appealing properties, which make
them amenable to application in OPF formulations. Firstly, both approximations
are supersets of the current-based capacity region 7@&3). Secondly, they have
the same computational complexity as 7~2£C7ur). Thirdly, for the special case where
the stochastic power injections are modeled by an OU process, both regions can
be expressed in closed form (Sections[2.3.4] [2.3.5). Finally, both approximations
are convex over the deterministic power injections.

2.3.1 Derivation of the capacity region

Thanks to the relationship in Eq. (2.5), the contraction principle yields that © -
satisfies a SPLDP with good rate function

Timp,~(h) = inf Zo(f) = inf = Z.(f). (2.20)
feH,): fey+VH.:
f‘r(f):h f‘r(f):h

For the temperature overload event we thus have

limsupelog P(|©°7 ) > 1) < =T, - (2.21)
e—0 ’
Towpr = inf Ty (), (2.22)
' heé, (H,,)
lIh]lec>1
where 7y, . is the temperature decay rate. Letting, for £ € &',
we=inf Tyyp-(h) = inf Toow(8), (2.23)
heg, (HL): gcHL:

u
llhelloo>1 167, (ye+Veg)lloo>1
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we see that the decay rate for the temperature is 7, . = mingeg wy. Note that
we and Zj, - depend on x, 7 and T'. As before, Eq. (2.21) yields the following

approximation for the rare event probability, for small :
P(|©°7 |0 > 1) v e Limr (/€ (2.24)
This leads to the following definition of the capacity region
REPT = {meRY : Iy, - (1) > —clog(p)}
= N{EERY : wi(m) > —<clog(p)}. (2.25)

Lee’

We have the following convexity result:

Lemma 2.4. R(tmp’ ™) is convex in the deterministic power injections vector (p.

The variational problem for the temperature overload is difficult to
solve in general, and numerics can also prove to be challenging. Motivated
by this difficulty, in the next subsection we develop approximations for the
temperature decay rate, and the corresponding capacity regions, by reducing

the problem (2.22) to the easier problem (2.15).

2.3.2 Inner bound for the capacity region

R(t mp,T)

In this section, we develop an inner bound for the capacity region

which is larger than the capacity region ’Rép ") based on current overload, and
thus captures some of the benefit of incorporating temperature dynamics. Define

(LB (ap) Ot[
1, in b, A

tmp, T

The next lemma shows that It(mp + is a lower bound for the temperature decay
> 7(EB).

*
rate, i.e., Z, tmp, T

tmp,T

Lemma 2.5. For all { € &', we have wy > wé(”) A 1/1§_(”), where oy =
1—v2e=T/me
1—e—T/7¢

The capacity region based on the lower bound It(npr.Z

ﬁgt’r;p»vaB) ={meRN : 7B (T,m) > —elog(p)}.

tmp,T

The following proposition states that the capacity region based on the lower
bound, while being an inner approximation of the actual temperature-based
region, is less conservative than the current-based capacity constraint.
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Proposition 2.2. 7 < I,(mp) <TI and 7%&;‘;) C ﬁéfZP’T’LB) - 7@8’””’ )

cur tmp,T
forallT > 0.

t LB 5
As a consequence, using R( T LB ver Réf;‘ﬁ allows for larger power

injections values (i.e., less curtallment), while still bounding the probability of
a temperature overload and without additional computational burden. Finally,
we note that the inner bound satisfies the following convexity property.

Lemma 2.6. R(tmp"r LB)

KD

The proof goes along the same lines of the proofs of Lemmas[2.2]and[2.4and
is therefore omitted.

is convex in the deterministic power injections vector

2.3.3 Taylor approximation of the decay rate and
corresponding capacity region

In this section we derive a heuristic approximation for the temperature decay
rate

Ittnp ' f Imp,T(h)v (2-26)
. h€§f(y+VH )s Ihlleo>1

based on a Taylor expansion around T = 0. First, write the temperature rate
function in Eq. (2.20) as

Zunp,r(h) = {

where G (7, h) is defined explicitly in Eq. in Appendix[2.A]

G(t,h) ifhe & (y+ VH),),

00 otherwise,

Taylor approximation 1. Let f, be the optimal current path to overflow. For
small T, we will use the approximation

Troper Ifi;Ll =T+ T Vo G(7,£2) |20, (2.27)
where G is defined in Eq. (2.46) in Appendix[2.A]
If T isof the form T = To(l e l)T, To > 0, we obtain the closed-form expression
T = T2, + %, (2.28)
where
N
Or, =Y | Ku(£.(T),£/(T)) = Ki(£.(0),£/(0))] (229)
i=1

VIEL() — bi(Vi (£ (t) — Y)))2

/ — 1
Ki(£.(1), £1(1)) = 5( w(Vi (£(t) —y))

(2.30)
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with b;(-) and v;(-) the drift and diffusion terms for the i th stochastic power

injection X7 in Eq. (2.8). In particular the approximation I, ,m ,‘r depends only on
the current decay rate T}, and on the values f,.(0), (f,)’(0), f*(T), (£)(T).

The heuristic is motivated by the formal Taylor expansion of I/, around
T=0,1ie, Lo+ 7 VI |r=0 + o(T). If T = 0, the optimal temperature
path to overflow is h, = (f.)?, s0 Iy, » = Zeue (hi) = Zeu(fi) = Zd,,
and the substitution of V. G(7,f?)|r=o for V. I, -|-=o is motivated by an
infinite-dimensional version of Danskin‘s Theorem [22]], Proposition 4.13. The
explicit calculations for the case 7 = 75(1,...,1)T, 79 > 0, are reported in
Appendix

Eq. provides an approximation of the temperature decay rate which
depends only on the current decay rate and the corresponding optimal path,
which are generally easier to obtain. The capacity region corresponding to the
Taylor approximation is

RUmpmTL) = (e RY « T2, (1) + mo®s, > —clog(p)}.

In Section we show that the inequalities It(mpL.,). > Ik, and R(t mTL) )

R(Cur) hold in the OU case, confirming the intuition that the temperature-based
approach is less conservative than the current-based one.

2.3.4 Explicit computations for OU: lower bound

In this section we assume that the power injection process X¢(t) follows the
OU process in Eq. (2.18), and we explicitly compute the lower bound It,pr,. and
the correspondlng capacity region R(tmp mLB)

Proposition 2.3. IfX¢(t) is defined by Eq. (2.18), then

LB (o — |vg])?
Ifmp72 =min
ce’ ViMyV,

2
']é(tfnﬂ‘r,LB) — e RN . (Ozg — |V€|) > ] 7
NEer": R = —clos)

[1—vZe T/me 2y —1 —2Bt\ B(t—T)
Qy = W, MT:FB (I—e )e .

In the particular case B = bl, we have

where

RUmPTLE) .= (Y {m e RN : |ug| < 6}, (2.31)
e’
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S = \/1 —mngeT/me(1 — e T/me) — (1 — e_T/”), (2.32)

1 1 2 1— —2bT
e = \/‘E og( /p)"l})( ) o2 = VT2V, (233)

If B = b1, we see from Prop. that ﬁéﬁ‘;"’f’w) is a convex polyhedron in
R¥, as in the case of the current region, and is in particular a scaled version of
the polyhedron R( ur) . Moreover, §; € (1 — g, 1), d¢ T7% 1 and §, 720, Ne.
This means that, as T increases, the capacity region gets closer to the
larger region {zt € RY : |v||o < 1}, which is the stability region for a
deterministic system. On the other hand, as 7 — 0, the region in Eq. boils
down to the smaller current-based capacity region given in Eq. (2.1).

2.3.5 Explicit computations for OU: Taylor approximation

In this section we consider again the OU process X () in Eq. in the
particular case B = bl, and we develop the capacity regions based on the Taylor
approximation

Proposition 2.4. Fort = 1(1,...,1)T we have

2
ok = (1 + 270b) Th, (1) = (1 + 270b) mln % (2.34)

R(Zmp‘rTL) ﬂ{MGR lve| <1 —n4/ /1+2T0b}’

Lee’!

It is clear that R(tmp TTL) s a convex polyhedron, as it was the case for the
current region R( ) and the lower bound region T\’,(f 70LB) Moreover, since
1+ 279b > 0, we see that R(tmp’T L) 2 R(Cur) and in particular R(tmp T g

a scaled version of R(Cur) Recall that this was also the case for the lower bound

capacity region: the difference is that, while the lower bound holds for every
)

T > 0, the approximation It(mp + is meaningful only for small 7. In general,

7%2‘,‘;,“’ TTL) and 7%2‘;‘?””) are not subsets of each other.

2.4 Numerics

In order to compute the temperature decay rate Z,, ., one has to solve the
variational problem in Eq. (2.23), which is computationally harder than the one
for the current in Eq. (2.15), due to the integral mapping in Eq. (2.6).
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On the other hand, the theory we presented enables us to reduce the com-
putation of the decay rates It(rpr.Z, I&fl to the easier variational problem for
T: . capturing the benefits of incorporating the temporal dynamics between
current and temperature without additional cost. Variational problems like
Eq. , which are based on Freidlin-Wentzell theory, are well studied in the
literature, and when closed-form expression are not available efficient numerical
algorithms have been developed [82].

In the next subsections we apply our theory to derive the capacity regions
for two IEEE test cases in MATPOWER [210]], and we quantify the capacity

(tmp ™LB) R(tmp’T L) ur) assuming an OU model

gains achieved by R over R( &.p
for power injections.

Thanks to the analytic characterization of capacity regions for the OU model,
our approach is fully scalable and can effortlessly be applied to larger power
networks, as there is virtually no computational burden in computing 7%&6;‘,” and,
therefore, all the other capacity regions. For a detailed analysis on computational
costs for solving Eq. for a general SDE, the interested reader is referred

o [82], Section 3.3.

2.4.1 IEEE 14-bus test network

In this section we develop capacity regions for the IEEE 14-bus test network,
corresponding to the test case case14 in [210]. The grid consists of 14 nodes and
20 lines, and the original test case has constant deterministic power injections
Pp € R, We replace two of the deterministic injections (nodes 2 and 13) by
OU processes with long term mean equal to the original deterministic power
injection, and we assume we control the injections at nodes 6 and 9. The test
case reports the parameters Pp, x;; and C, but does not include line limits,
which we define as follows. For each line ¢ we set the maximum permissible
current Iy max = being the nominal current in line ¢ obtained
from Pp via the DC power flow equation, and K = 1.5. WesetT = 1,b; =
1,72 = 10,e = 0.25 and 79 = 0.5.

We compute two-dimensional capacity regions, which correspond to the

amount of power that can be injected at the controllable sources so that the
probability of overload in [0, T'] is sufficiently small. The current-based capacity
region is
ﬁéf;r) = {(ﬁG»ﬁQ) S RQ |7 ﬁ = (PD,27 ey PD,5)E6) PD,?a
PD,87E97 PD,lO; ceey PD,14)3 ICUr(ﬁ) > _Elog(p)}7

and the other regions are defined similarly. In Figs. [2.1a] [2.1b] the 2-dimensional
capacity regions Réf;‘f), Réﬁ‘,’,“’ TLB) and RS‘;}P 7 TL) (denoted as R(cw) R(1B)
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and R(™) in the legend) are shown for two different target probabilities p,
together with the region corresponding to a deterministic system

Raet = {(p1, p2) € R? || <1 W0 =1,2,3} (2.35)

In particular, Fig. shows that for p = 1077 the lower bound region

ﬁef?p’T’LB) is more than two times bigger than 7@2?;‘}), and the Taylor region

~£tf;p’T’TL) is approximately two times bigger than 7%2‘;“’**’”). This result
suggests that for small target probabilities, the temperature-based approach
yields a significative capacity gain.

Another application of the proposed methodology is the identification of
the most vulnerable parts of the grid. For a given value of 1, let £*(@x) :=
argmin, 5,1/151) (') A wé_l) (fr) denote the line with the highest chance of over-
loading in Eq. (2.16), and, for a line k € &', define

Sk = {(Tg: Fio) € R? [ |[V]loc < 1,0*(B) = k} C Rger. (2.36)

The region S C Rget characterizes the controllable power injections such
that, in the event of large fluctuations of stochastic power injections, line % is
the most likely line to overload. The Sj;-s partition R 4¢; in several subregions, as
shown in Fig.[2.1d Such characterization can help detecting the most vulnerable
components of the grid: in this case, line (12, 13), corresponding to the biggest
sub-region in Fig. Finally, Fig. shows the topology of the network.

2.4.2 IEEE 118-bus test network

In this section we perform a case study on a larger system, corresponding to
the test case c118swf.m [130]]. The system has 118 nodes, 210 lines and 52
generators, 11 of which are modeled as wind units (indexed by j1, ..., j11). In
order to simulate a more heavily loaded system, we define I,,,,x to be equal to
50% of the line limits provided in the test case.

For our study, we first solve a DC OPF [177]], which is an optimization
problem determining the generation schedule that minimizes the total system
generation cost, while satisfying demand/supply balance and network physical
constraints, under the assumptions of the DC approximations (see Section[1.3.1).
Let i € RS be the resulting optimal net power injections vector.

Next, we model the 11 wind generators as OU processes, using the hour as
the unit for temporal quantities. The parameter y, of generator jj is set to be
equal to fi;,, which is interpreted as the nominal power injection of generator
Jk-

The parameters ¢, B = bI, T’ = diag({~y;}) and T are calibrated in such a
way that the standard deviation of each OU process at the end time 7" matches
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Figure 2.1: ab) Capacity regions for the IEEE 14-bus network, depicted using different mesh
styles, for two different target probabilities; c) Subdivision of R 4e according to which lines are the
most vulnerable, as in Eq. 2:36); d) IEEE-14 topology. Stochastic and (deterministic) controllable
nodes are represented with square and triangular vertexes, respectively. The six solid lines are the
most vulnerable ones.

realistic values for wind power forecasting error (expressed as a fraction of the
wind plant installed capacity) over different control periods:
el —oTh (installed)

std;, (T) = %(1 —e 20 =q(T) - 3, : (2.37)
Given T, we set ¢ = ¢(T'),b = 1, = 1 and solve Eq. (2.37) for 7. The values
for ¢(T), shown in Fig. are taken from [89], and correspond to the
Root Mean Squared Forecast Error obtained applying a persistence forecast to
ERCOT wind data. Note that this setting can capture renewable generators with
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different installed capacities. The overload probabilities are chosen in the range
[107,107 Y, and 7 = 0.5.

To quantify the capacity gain achieved by the different regions, for each
choice of the parameters we solve three distinct DC OPFs, each incorporating
a different capacity region R in the constraints. Note that since the capacity
regions are convex polytopes, solving these OPFs has the same computational
cost as solving the deterministic one.

Next, we compare the total system costs, which is the value of the objective
function at optimality, to the cost obtained by solving the deterministic OPF
(that is, the one incorporating R in the constraints), by means of the Cost of
Uncertainty (CoU) metric

R det
CoU(R)(q,p) _ cost (q,p) — cost

>0, (2.38)

costdet

defined as the relative increase in system costs when uncertainty-aware relia-
bility constraints are considered. Fig. reports CoU(g, p) for various values
of ¢ and p.

——e— Current
=+ @+« Lower bound
s — &= Taylor

CoU

10* 10
Overload probability p Overload probability p

(a) T = 1/4 (15 minutes), ¢(T") = 0.018. (b) T = 1 (60 minutes), g(7") = 0.04.

Figure 2.2: CoUR) for different overload probabilities p and time intervals T, R €

(R R0 RUp T,

We see that enforcing constraints on line currents results in higher system
costs than the ones achieved by using temperature-based constraints, consis-
tently across different probability levels and time intervals. The gain is more
pronounced over shorter intervals, capturing the intuition that current over-
loads are permissible for short periods, and for smaller probabilities: for in-
stance, CoU drops from 8% to 3% when 7%2‘,‘,‘3"7“3) is used over 7%5;;‘,'), for
T=1/4,p=10"".
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2.5 Concluding remarks

We employed large deviations theory to develop tractable capacity regions for
power grids with variable power injections, modeled as small-noise diffusion
processes, assuming currents behave according to the DC power flow equations.
These capacity regions define the set of initial power injections such that the
probability of a current/temperature overload in a given interval is very small,
and can be used as computationally tractable chance-constraints in OPF formu-
lations. Incorporating the transient relationship between line temperature and
line current leads to enlarged capacity regions, due to the fact that a temporary
current overload does not necessarily lead to a temperature overload. While this
enlarged region is difficult to compute, we develop tractable approximations
that improve upon the capacity region defined by the conservative current
overload constraint. Moreover, we note that potential of our large-deviations
approach goes beyond the development of capacity regions. For example, our
results can be used to speed up more detailed simulations, as in [[192]].

The results presented in this chapter are valid in the asymptotic small-noise
regime € — 0. Analytic chance constraints that are valid in the prelimit as well
are developed in Chapter 3. Finally, the ranking of transmission lines according
to their overload probability makes our techniques applicable to identify the
most vulnerable parts of the network (as in Fig. [2.1d). This topic is further
pursued in Chapter 4, with applications to a large-scale realistic network.

Appendix
2.A Extended proofs
Proof of Lemmal2.]} Recall that V.= ADAL, where

A = diag(l/-[l,max; R 1/Im,max)7

and D, A and L have been defined in Section Since ¢ # 0, Iy max # 0
for all ¢/ € &, the matrices A and D are nonsingular. Following [15] we see
that rank L = N, and Lemma 2.2 in [9] guarantees that rank (A) = N and
Ker (A) = Span((1,...,1)T). Since D is nonsingular,

rank (DAL) = rank (AL) < min(rank (A),rank (L)) = N.

On the other hand, if x € Ker (AL) then ALx = 0 <= Lx € Ker (A) =

Span((1,...,1)7) <= Lx = 0 <= x € Ker (L), where in the
second implication we used that the first component of Lx is 0. Therefore
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dim Ker (AL) = dim Ker (L) = 1, yielding
rank (AL) = N + 1 — dim Ker (AL) = N.

Since A is nonsingular, the matrix V has N linear independent columns. But its
first column is zero (since the first column of L is zero), therefore the columns
from 2 ton,, < N of V are linearly independent, hence V has full rank n,,. O

Proof of Lemmal2.2 First notice that a vector (i, ptp) such that

[¥]|oc = IVt + VDuplleo < 1

belongs to the capacity region RS, ie.,
Zew(p, up) = inf Tpow(g) = €log(1/p),
gGH“:

[Vg+Vppp|lee=1
if and only if the following implication holds:

Jg € Hy, st Toow(g) < clog(1/p) = ||V + Vbppglle < 1. (2.39)

Consider two admissible vectors (p, up), (1, fin) € 7%?;” and let A € [0,1].

We want to show that (u, \up + (1 — \)iap € 7%2“;” To this end, take
g € H,, to be such that 7,y (g) < €log(1/p), and let us write

[AVbpp + (1 = A)Vphp + Vglle
=[[A(Vpoup +Vg) + (1 = A)(Vpip + Vg)lw
<A[(Vbpp + Vg)|leo + (1 =N [[(VpiD + Vg)|l
<A+(1-=-X) =1,

where we used property and the fact that (u, pup), (i, fip ) are admissible.
Therefore, \ip + (1 — A) fip is admissible (notice that the above calculation
implies in particular that |V + Vp(App + (1 — A) )]s < 1). O

Proof of Lemma Define

Si={g e H} : |Vig(T)+yelloo > 1}, S2 ={g € H,, : IVeg(T)+yelloc = 1}

We need to prove that infgegs, Zyow(g) = infges, Zpow(g)- Since Sy C S, it
follows thatinf e s, Zpow(g) < infyes, Zpow(g). To prove the reverse inequality,
we show that for any g € S, there exists g € S such that Z,5w(8) < Zpow(g)-
Pick g € Sy, and let t' € [0,T] be the first time such that |y, + Veg(t')| = 1.
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Clearly ¢ > 0, since |ye + Vpg(0)| = |ve] < 1. If ¢ = T, we may take
g(t) = g(t). Ift' < T, define g(t) by time-shifting g(T") to the right as follows:

5(t) = u forO0<t<T-t,
W=V gt—T+t) forT—t' <t<T.

It is easy to check that g € Sy, and that Z,w(g) < Z,ow(g), because the path
& incurs no cost up to time T — t'. Indeed, g is equal to the constant p in the
interval [0, T — t'], so we have b(g(¢)) = b() = 0 and g'(t) = 0, yielding
T—t' (g —bi(g:)\*
In (9,7(7(;?)) dt = 0 and thus
o [T (3= bi@) 2 /f’ 9 — bi(gi) 2

Toow = =) dt = ) dt < Thow(g)-

vov(8) »/Tft’( vi(ge) > 0 ( Yi(g:) ) < Trow(e)
O

Lemma 2.7. The function a — @Déa) is non-decreasing for a > vy and non-
increasing for a < vy.

Proof. First suppose a > a > vy > 0. The case a < a < vy < 0 is analogous.
We want to show that for all f € y + VH}, such that f;(T) = a, there exist a

f € y+VH], with f(T) = G and Zeu (f) < Zewe(f). Since f,(0) = v, < a<a
and f is continuous, there exist a t' € (0,T)) such that f(#') = a. Define f(t)
as follows:

) = v for0<t<T-—t
ft—T+t) forT—t' <t<T

It is easy to check that f € y + VHY, fg(T) = a and Icu,(f') < Zewe(f). The
proof that Q/Jéa) is non-increasing for a < v, goes along the same lines. O

Proof of Proposition[2.1] Following the methods in [192], for € &' = {£ € £ :
Ve # 0} it can be shown that

Wa) _ (o= v

= 2.40
A (2.40)

where M, = T?B~1(I — ¢=2B%)eB(=T) The corresponding optimal paths for
power injections and currents leading to the overload of line ¢ are

XOt) = (a — ) +p € R™,

tVy
ViMpV," (2.41)
YO t) = VvXO(t) +y e R™.
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It follows easily that

- (1 — Jve))®
T =m 2.42
cur () reg’ ViMrV," (2.42)
A straightforward calculation yields the desired result. O

Proof of Lemma(2.4 Firstnotice thatavector (@, pup) such that ||v||oo = [[Vu+
Vpuplleo < 1isadmissible if and only if the following implication holds:

Jg € H,, st Toow(g) < elog(1/p) = |h9**P | < 1, (2.43)

where

P (t) = Ex(y + VE) = (ye + Vep)?e "/ T+
1

t
- [ e Vig(o)Pds, = Voo,
0

For all £ € € and for all t € [0, T}, h"*"** (t) is non-negative and convex in
i p. Using the property in Eq.(2:43), the rest of the proof goes along the lines of
the proof of Lemma O

Proof of Lemma The proof follows easily from the observation that the event
1077 ||oc > 1 implies the event ||Y/ ||oc > a¢. Indeed, it is easy to check that
if |Yf(t)| < ag forall ¢t € [0, 77, then it follow from Eq. that ©77(¢) < 1
for all ¢t € [0, 1]. Thus, we have

we =lim —elogP(||07 7 ||eo > 1) > lim —elog P||Y7 ||oo > ae
el0 el0

— inf Ipow(g) = inf Ipow(g)

g [lye+Veglloo >y g |y +Veg(T)|=ay

— wéaz) A wE*ae).
U

Proof of Proposition[2.Z Thanks to Lemma H we see that It(npr.Z is a lower

bound for the temperature decay rate, i.e, Zj,, » > It(rpr.Z Since iy > 1 > |vy]

Ve, Lemma [2.7] implies (™" A o{"* > " A {7, yielding Tiays >
T 0

cur*

Proof of Proposition ] Thanks to Lemmawe have It(mp ) = mingeer ¢(gaz) A

Q/Jé ¢ From Eq. (2.40) we get w((”) = x(/a1</1 V{)T and thus 1/)(0”“7) A 1/1( ) =
(sign(ve)ae) _ (ag—|ve])®

¢ = Vi, where sign(a) = 1if a > 0 and sign(a) = —1
4
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otherwise, yielding the expression for 7%2‘;“””). In the case B = b1 a
straightforward calculation yields the result. O

Proof of Proposition[2.4 In the case B = bI, according to equation Eq. (2.41),
the optimal current paths to overflow in line ¢ and the corresponding decay
rate are

(1 _ e—2bt)eb(t—T)

¢
s g

Y(Z)(t) = (sign(vy) — vp)

2.44
b (1 w)? (244
1/)3 - 1 _ 6_2bT O'l? bl

2y,T
where R := ‘\/:11:72% € R™and 07 = V,I'?V,. Take any ¢* € arg min,c ¢ 1.

Recall that /* depends on the initial condition g, i.e. ¢* = ¢*(f). Letting
S* = sign(vy-) — vp~ € Rand R* = R, the optimal current path to overflow
is f,(t) = Y (t) and in particular £, (0) = v, f,(T) = S*R* + v, (f.)'(0) =
13@{;T S*R* (£.)(T) = %S*R*. After a lengthy but straightfor-
ward calculation, which is reported below, the formula for the Taylor approxi-
mation reads

Tiaper (1) = (14 200b) I8, (). (2.45)
The capacity region defined by the Taylor approximation is

5 (tmp,7,TL) _
Rep =

_ b(1 — |ve|)?
= ﬂ (HeRY: s (1 4 210b) > —¢log(p)},
e’ (1 =)o,

which can be rewritten as
Rz T — (\{me RY & jul < 1= ne/v/T+20b .
Leg’

O

Proof of equation (2.29). Since &-(f) = h if and only if 7h’ + h = f2, the

temperature rate function reads

G(t,h) ifhe&(y+ VH)),

00 otherwise,

Itmp,‘r (h) = {

G(T7 h) = Icur2 (Th/ + h) = Icur(ffh’-‘rh) = Ipow(v+(f7h’+h - Y))7 (2-46)
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where Z 2 (F) = inffelefQ:F Tewr(f) is the rate function for the current

squared process (Y*(t))? and fg := arg min,. ;1 : Zew (f). Note that Z 2 (F)
f2=F
can be written as

LV — bV (Ee(t) — y)) 72
K(F().F'(1) = 5 | FS)(W(EF(t)(jg))) Y%

The partial derivatives of the function
7 — K;((th’ +h), (h” + 1))
in 7 = 0 read

aa K, (Th 4 h,h" +h) = K®(h,h')h) + K™ (h, ')k,
T¢

=0

yielding

d
—K;(h,h’
T:O dt ( )

WE

Ki(rh' + b, 7h" 4 1)

~

l
Q Q
\® Fle

G, h)|,e U*Za sz(rh’+h)

T=0

Ms NgE

=3 Z/ Pt (0 nrn )|
Naw T Tﬂ

:g/ Th’ +h,7h” +h/> o

_nzw:/ i(h,h')dt = i[Ki(h(T),h’(T))*

=1

Ki(1(0), 0 (0))] =: @(£a(0), £ (7). £ (0), v (7)) = s,

Ifr = 7(l,....,1)T, 79 > 0, we get 7 - VG(7,h)|r—0 = 70Py,. Finally,
Eq. follows by noticing that if f, is the optimal current path and h,, = (f)?
then f,, = f.. O

Proof of Egs. (2.34), (2.45). We have
Ki(ha(T), (h)"(T)) =
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(VD) W (7)) — i)

T 27
_L (e oy Forpr U+ 2
_Qvg(ws VIR0V R + V(v —y) - bui)

2
(b(l +672bT)S*‘/i+R* + (1 _ e*2bT)b(‘/i+S*R*))
21— TP
_ 26°(1 — v ])? (1t 2
B ()
Ki(h.(0), (h.)'(0)) =

(VRO V. 0) — y) — )

)
1 2be 0T N 5
o (T STV R+ 0V o = ) i)

2,267 (1 _ 11, [\2 5
_2 ¢ (1 — |ve-|) (WR*) ;
(A=)

Ny

b, =3 [Ki(h*(T), (h.)(T)) — K;(h.(0), (£2)'(0))

i=1

20 (1 — |y |)? i(V;R*)Q
B — p—2bt )
1 e =1 YI
The Taylor approximation thus reads
Lo (70, 1) 1= Tou(f1) + o1, =
b (1= Jve=|)® 27002 (1 — |vex])? s V+R*
+ > )

1—e-20T o 1—e20¢
b(1—|ve)? /1 < VERY\ 2
1 — e 2T (E+2Tob_§=:l( 1 ) ) -

b(1 — |ve-|)? (1—&-27’1)% ’ngce* )_

(1 _ 6_2bT

i=1

b(l - |Vg* |

W (1 + 27-0b> (1 + 270b) Lo ().
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In this chapter, we develop upper bounds for line failure probabilities in
power grids, under the DC approximation and assuming Gaussian noise for the
power injections. Compared to Chapter 2, the results presented in this chapter
are not approximations of failure probabilities based on a small-noise asymp-
totics, but are rigorous upper bounds for the actual failure probability regardless
of the magnitude of the noise, and are thus guaranteed to be conservative. The
bounds are derived using concentration inequalities techniques, and lead to
the characterization of safe operational capacity regions that are conservative,
convex and polyhedral, making our tools compatible with existing planning
methods.

Chapter outline: The chapter is organized as follows. In Section 3.1 we
provide a detailed problem formulation, defining the failure probabilities of
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interest. Our main results are two different upper bounds on the failure proba-
bility that we present in Section The first upper bound is explicit, while the
second one is sharper and explicit up to a finite-step minimization procedure.
These bounds are compared numerically with the exact safe capacity regions
in Section 3.3] Proofs are reported in Section 3.4} and concluding remarks are
provided in Section[3.5]

3.1 Problem formulation

3.1.1 System model

We model the power grid network as a connected graph G = G(N, ), where N/
denotes the set of buses and & the set of directed edges modeling the transmission
lines. Let n = |N/| be the number of buses and m = |€| the number of lines.
The rest of the model is the same as in Section 1.2} and will not be repeated here.
Let p € R™ denote the vector of power injections and f € R™ the vector of
power flows over the lines. As usual, we use the convention that p; > 0 (p; < 0)
means that power is generated (consumed, respectively) at bus i.

We make use of the DC approximation described in Section which
states that the line power flows f can be written as a linear transformation of
the power injections p, i.e.

f=Vp, (3.1)

where V.= DAL* € R™*" is the PTDF matrix introduced in (see
Section|[1.2.2]for the definition of the matrices D, A and L).

Transmission lines can fail due to overload. We say that a line overload
occurs in transmission line £ if | fg| > fy, where f; is the line capacity. If this
happens, the line may trip, causing a global redistribution of the line power
flows which could trigger cascading failures and blackouts (Section[1.3.1). It is

convenient to look at the normalized line power flow vector f € R™, defined

component-wise as fy := fg/fg for every ¢ = 1,...,m. The relation between
line power flows and normalized power flows can be rewritten as f = Af, where
A € R™*™ is the diagonal matrix A := diag(f; ',..., f!). In view of (3.1),
we have

f=Vp, (3.2)

where V := AV € R™*" Henceforth, we refer to the normalized power flows
simply as power flows, unless specified otherwise.
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3.1.2 Stochastic power injections and line power flows

In this section we describe our model for the bus power injections. As our focus

is on network reliability under uncertainty, we assume that each bus houses

a stochastic power injection or load. This choice allows to model, for example,

intermittent power generation by renewable sources or highly variable load.
In order to guarantee that the network balance condition

1Tp = 0, (3.3)

is satisfied even with stochastic inputs, we assume that bus n is a slack bus,
which means that its power injection is chosen in such a way that the vector of
actual power injections is a zero-sum vector as required in (3.3).

More specifically, we assume that the the vector of the first n — 1 power
injections (p1,...,pn—1) follows a multivariate Gaussian distribution, with
expected value g1 € R”~! and covariance matrix 3 € R("=1*("=1) Since the
covariance matrix ¥ is positive semi-definite, the matrix VI e Rv=Dx(n=1) jg
well defined via the Cholesky decomposition of 32. We are now able to formally
define the vector p of power injections as the n-dimensional random vector

p=S(VEX+p), (3.4)

where X ~ N,,_1(0,I,,_1) is a (n — 1)-dimensional standard multivariate
Gaussian random variable and S is the matrix

S .= ( Inil ) c Rnx(n—l).

By construction we have p = (p1,...,Pn—1, — Z?:_ll p;), so that is satis-
fied. Note that this formulation allows us to model deterministic power injections
as well, by means of choosing the corresponding variances and covariances
equal to zero (or, from a practical standpoint, equal to very small positive
numbers, so that the rank of X is not affected).

It is well known that an affine transformation of a multivariate Gaussian
random variable is again a multivariate Gaussian random variable. Thus, iden-
tity tells us that the power injections p are indeed Gaussian, and hence, in
view of , so are the line power flows f. As it is convenient to look at the
line power flows f as an affine transformation of standard independent Gaussian
random variables, combining and , we can write

f= WX+ WwWrem, (3.5)
where W := VSVX € R™*(n=1) gpnd Wnom) .— v§ ¢ Rm*(n=1) e

denote by v := W (™) 4 the vector of expected, or nominal, line power flows.
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To summarize, the line power flows f follow a multivariate Gaussian distri-
bution f ~ N, (v, WWT), where the network topology and the correlation
of the power injections are both encoded in the matrix W. Note in particular
that f; ~ N (v, 07), where the variance can be calculated as

n
2 2
of = WP, (3.6)
j=1

The main assumption behind our stochastic model is that the power in-
jections are Gaussian. In [16] Section 1.5] it is argued how this assumption,
although simplifying, is reasonable in order to model buses that house wind
farms. Note that, compared to the power injections model in [16], our formula-
tion allows for general correlations between stochastic injections, as we do not
impose any restrictions on the covariance matrix 3.

3.1.3 Line failure probabilities

The main goal of this chapter is to understand how the probability of an overload
violation depends on the parameters of the systems and characterize which
average power injection vectors g will make such a probability smaller than a
desired target tolerance.

In view of the definition of line overload given in Section [3.1.1] we define
the line failure event L as

L= {34: L...,m : |fol > fe} = U{Ifel > fi}.
/=1

Leveraging the normalized line power flows introduced earlier, we can
equivalently rewrite £ as

L= {Z_r{{z'afm|fg| > 1} .

Given a power injection covariance matrix 3, define the risk level () associ-
ated with a power injection profile p as

r(p)=E[,

ax | fel],
ey

which is a well-defined function r : R"~! — R of the average injection vector
u. Indeed, in view of we can rewrite 7(p) = E[maxtgzl,,,.7m |[W,X +
WK(D)[J,H, where W, and WZ(D) denote the ¢-th row of the matrices W and
W (™) respectively, and X ~ N,,_1(0,1,,_1).
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We aim to characterize, for a given covariance matrix X, the average power
injection vectors p that make line failures rare events, say P(L) < g for some
very small threshold ¢ € (0,1) to be set by the network operator. In other
words, given g € (0, 1), we aim to determine the region T\’,Zr“e C R"~! defined

by
rue .__ n—1,
Ry ={pneR"":P(L) < ¢}

Computing the region Rffue entails calculating, for every given p € R"~1,
the probability IP,,(£). This, in turn, means solving many high-dimensional
integrals containing a multivariate Gaussian density, which is a non-trivial and
computationally expensive task (see also the remark in Section [3.3).

To overcome these difficulties, in this chapter we develop analytic tools
which are explicit enough to be useful for planning and control of power grids
in the short-term. More specifically, in the next section we propose capacity
regions that can be calculated much faster and that can be used to approximate
RZruc.

3.2 Main results

This section is entirely devoted to the derivation of three new capacity regions
RyP, Ry, and Ry that we introduce to approximate Rzrue. We first introduce
the probabilistic upper bounds on which our method is based in Section3.2.1]

then formally define the regions RyP, R7, and R;'i' in Section , and lastly
discuss the trade-offs between these different regions in Section

3.2.1 Concentration inequalities

Our methodology relies on a well-known concentration bound for a function
of Gaussian random variables. Concentration bounds describe the likelihood
of a function of many random variables to deviate from its expected value. In
our context, we are interested in understanding how likely the random variable
maxy—1,_m |fe|isto deviate from its expected value r(p) = E [maxs=1,__m | fe|]-

Many concentration bounds have been proved in the literature, see [193]
Chapter 2] for an overview. The relevant results for our setting are presented and
proved later in Section[3.4} The next theorem presents an explicit upper bound for
the line failure probability that can be derived using the aforementioned concen-
tration bounds, and which is expressed in terms of (@) = E [maxy=1,...m | f¢|]
and the variances 02, ..., 02, of the line power flows.
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Theorem 3.1 (Upper bound for line failure probability).
Ifr(p) <1, then

1— 2
P(L) < exp(—%) (3.7)
2maxy—1,....m 0}
Note that E [max;=1,.._m |fe]] = 7(pt) < 1 is a natural assumption, since

the case where r(p) > 1 is definitely not a desirable operational regime for the
power grid, since line failures would not be rare events anymore.

3.2.2 Capacity regions

Given g € (0,1), region R is defined as the region that consists of all average
power injection vectors g such that the upper bound for P(L£) given by the
concentration inequality (3.7) is smaller than or equal to g, i.e.

R(C]l — {M cR™1 . exp(—%) < Q}’

2maxy—1,...,m 0

which can be rewritten as

R;‘i‘ = {u eR™! 5 r(p)<1— ,nax oo/ 2log ql} .
Unfortunately, the exact calculation of () is computationally expensive, for
the same reasons as outlined at the end of Section[3.1} Furthermore, we want
to have a better analytic understanding of the dependency of r(u) on the
power injection averages p, on the network topology and on the variances oy,
something that is hard to obtain from purely numerical procedures. Aiming to
overcome these issues, we propose an explicit upper bound for (), namely

r(p) <r'P(p) = ,Jnax lve| + Jnax oy 2log(2m), (3.8)

i s

where we recall that v = W (™)  is the vector of average line power flows.
The bound in (3.8) is proven in Lemma[3.1]and can be used to obtain the following
sub-region of R¢™"

RyY = {p R PP () <1 - ,fnax O'g\/QIqu_l},

1,....m

which can be rewritten explicitly as

Ry = {u eR"! . ,nax [ve| <1-— , fnax ag(\/Qlogq*1 + \/210g(2m)}.
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In terms of u, we see that R;p is the intersection of half-spaces, and so R};P is
convex and polyhedral. A refinement of our analysis (see Lemma 3.1) shows
that it is possible to obtain a sharper upper bound r* () for r(),

r(p) < r*(p) < r'P(p),

which results in the following region

R; = {H eR™! ¥ (u) <1 — ,max 04\/210gq1}.

While there is no analytic expression for 7* (), we show in Section [3.4] that
calculating 7* () requires only the evaluation of a function in a finite number
of points, making it a numerically viable approach, and the resulting capacity
region remains convex and polyhedral. Summarizing, we have:

Theorem 3.2 (Inclusions among capacity regions). Given g € (0,1), if r(p) <
1, then the following inclusions hold:

RuP C Ry CRe™CRY™M (3.9)

3.2.3 Discussion

We can guarantee that a line overload is a sufficiently rare event by enforcing
that the risk level () is at most 1 —maxy—1 ..., 0¢+/21og(1/q). This approach
has the merit to provide a capacity region Rg'i' that can be expressed as a simple
linear condition on the risk level (), but has the drawback that it requires
the computation of (), a non-trivial task.

The smaller region RP, although more conservative, is expressed in closed-
form and, moreover, its dependency on the parameters v, o and m is made
explicit. In particular, the maximum standard deviation of the power flows,
i.e. maxy—1 .. m 0¢ plays a big role in defining the capacity regions. Indeed, to
larger values of maxy—1 ..., 0¢ correspond smaller regions, which is intuitive
since a bigger variance results in a higher probability of overload.

In between the two regions R;P and Rg'i' lies the intermediate region
R, which is less conservative than R;P and can be computed very efficiently,
even if it cannot be expressed in closed-form (see Section [3.4] for more details).
Both regions R? and R} are sufficiently explicit to be used as probabilistic
constraints into chance-constrained versions of OPF problems, as studied in [16]
176].
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3.3 Numerics

To illustrate how the three new regions compare to Rff“e, we consider first a
very simple network with a circuit topology, consisting of 3 buses, all connected
with each other by 3 identical lines of unit reactance and capacity M = 5. We
take the power injections in the non-slack nodes to be independent, zero-mean
Gaussian random variables with variance € = 0.5, which corresponds to taking
p = (0,0) and ¥ = el. The corresponding four safe capacity regions with

q = 1073 are plotted in Fig.

We then plot in Fig. [3.1b|the two-dimensional capacity regions Ry and R
for the IEEE 14-bus test network, where we replace the deterministic power
injections at nodes 6 and 9 with Gaussian random variables with average p
equal to the original deterministic values and variance € = 2 - 10~2. The line
capacities have been chosen to be equal to 1.5 times the average line power
flow v = W(""m)u, and we used ¢ = 10~%. The data for 1, line reactances and
network topology have been extracted from the MATPOWER package [210]. The
regions Rg'i' and R} have been omitted since the calculation of multivariate
Gaussian probabilities such as P, (£) and () is a non-trivial problem and the
subject of active research [51]] that goes beyond the scope of this chapter.

—42 -31 -20 -9
H2 Ho

(@) 3-bus cycle network (b) IEEE 14-bus network. The round corners
are an artifact of the visualization.

Figure 3.1: Capacity regions comparison for different power grid topologies.
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3.4 Mathematical tools

Proposition 3.1 (Unilateral concentration inequality for the maximum of mul-
tivariate Gaussian random variables). Let X = (X1,..., Xg) ~ Ni(p, X) be
a multivariate Gaussian random variable, and let §; := /%, ; be the standard
deviation of X;, i = 1,..., k. The following concentration inequality holds for
everys > 0:

2
P(_maxk|XiIE[.maxk|Xi|] 28> < exp <3> .

..., L., 2 max; 07

Proof. The multivariate Gaussian vector X can be seen as an affine transfor-
mation X = v/SZ + p of a standard Gaussian vector Z ~ N3 (0,1;). Then
we apply[193] Theorem 2.26] to the random vector Z choosing the function
h : R* — R that maps Z into h(Z) := max;—1__x |[(VE);Z + j;|. A straight-
forward computation shows that h is a Lipschitz function with Lipschitz con-
stant equal to max;—1,..  d;. O

Proof of Theorem[3.1 Write

B(£) = P(,max [fil ~E[ max |fi] >1-E[ max |f[]).

Set s := 1 — E[maxy=1,..m |fe]] > 0 and apply Proposition [3.1] to f. In-
equality follows as the standard deviation of f; is equal to oy, in view of

definition (3.6). O

Lemma 3.1 (Upper bounds for the risk level). Letr(p) := E [maxe—1,.. m | fel],
and define

. log(2m) o?
x — f £ .
rw)i= { s T gt
Then
r(p) <r (p) < | nax lve| + | nax oo/ 21log(2m). (3.10)
Proof. Take 2m random variables Y7, ..., Ya,, defined as

fj ifj=1,...,m7
Y i -
—fj—m ifj=m+1,...,2m.
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From the definition of these random variables it immediately follows that

maxe=1,..m |fe| = max;—1, . 2m Y; and therefore E [maxo—1 . |fe|] = E[max;—1, . 2m Yj]
Note that

Vj ifj=1,...,m,

o (3.11)
—Vj_m fj=m+1,...,2m,

and Var [Yj] = Var[Yj;,,] = o7 for every j = 1,...,m. For every j =

1,...,2m, let m;(s) := E[e®Y7] = e7:"/21X5% be the moment generating
function of the random variable Y;. Following [52]], for any s > 0 we have

esIE[maszl _____ 2m Y] « E [esmaxj:1 ..... 2m Y]} _ E m(s) <9m max E [eéyj}
= — N = j=1,....2m
j=

Taking the log on both sides and rearranging we obtain

E[ max Y;]< inf 1log <2m.max E[esyj])

j=1,....2m T s5€(0,00) S j=1,....2m
log(2 1
= inf {og( m) + —log { max (e0332/2+/\18)] }7
s€(0,00) S S 7j=1,....2m

yielding the first bound, since the RHS is equal to *(u). If we now define
D i=maxy—1 . om A\¢ = maxXe—1,_m |V¢|and 62 = max,—1 ., 07, we have

82 2. 5
max;—1, . omm;(s) < ez 17 forall s > 0. Thus

log(2 52
E[ max v < 08@m) ¢

—s+ v
j=1,....2m s 2

forall s € (0, +00). Optimizing over s in (0, +00) yields E [max;—; . om Y;]| <

U+ 64/2log(2m), corresponding to s = 6~ 14/2log(2m), thus proving the
other inequality in (3.10). 0

Lastly, we make some final remarks on how to calculate r* () which is the
infimum over (0, c0) of

log(2m) o?
= — - . 3.12
9(s) s Tmax | sl (3.12)
This can be seen as the point-wise maximum of m functions g¢(s) := % +

2
s+ |vel, € =1,...,m. Note that 7* () can be computed by evaluating the
function g in at most m +m(m — 1) /2 points and then take the minimum value:
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the candidate points are the m local minima of the functions ¢1(s), ..., gm($)

(which are given by s} := y/2log(2m)/o¢, £ = 1,...,m), and the points
sij = 2(vil = lvil)/(0F —a7), i,5 =1,...,m, i # j, (if they exist and
are positive) which are at most m(m — 1)/2. This analysis implies that the

resulting capacity region is convex and polyhedral.

3.5 Concluding remarks

Probabilistic techniques, in particular powerful upper bounds for Gaussian
random vectors, can be applied to generate explicit upper bounds for failure
probabilities and corresponding safe capacity regions. The resulting regions
are convex, polyhedral, and can be efficiently incorporated in optimization
routines such as OPF, due to the fact that they can be expressed in closed-form
(modulo taking the minimum of a finite set of values as in (3.12)). A limitation
of this approach is that it does not scale well with the size of the network.
In particular, the upper bounds 7*(p), r"P(u) are not very tight for larger
networks, resulting in over-conservative regions. In order to study a realistic
network for the German power grid with approximately 10* lines in Chapter 4,
we use large deviations theory instead.

The results presented in Chapters 2 and 3 have been focusing on the event a
single line failure, from the different perspectives of asymptotic approximations
(Chapter 2) and non-asymptotic upper bounds (Chapter 3). A natural extension
of this line of research is the study of multiple line failures, which is carried out
in Chapters 4 and 5.
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In this chapter, we study in detail the concept of emergent failures in power
grids, which has been introduced in Section and start our analysis of cas-
cading failures. We model power grids as complex networks in which line
failures can emerge indirectly, or endogenously, as a consequence of stochastic
fluctuations of the node inputs (modeling renewable energy production), going
beyond traditional models assuming that failures are triggered by deterministic,
external events (see Section [1.4.2).

In general, line failures can arise when the network is driven from a stable
state to a critically loaded state by external factors. Then, intermittent power
generation at the renewable nodes causes random fluctuations in the line power
flows, possibly triggering outages and cascading failures. Thus, line failures can
emerge indirectly due to the interplay between noisy, correlated power input

75
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at the nodes, the network topology, and power flow physics. We analyze this
interplay using large deviations theory. In particular, we can identify the most
vulnerable lines, rank them according to their likelihood of failing, and establish
the most likely configuration of power inputs leading to failures and subsequent
cascades. We find that, when weather correlations are taken into account, an
emergent line failure does not occur due to large fluctuations in neighboring
nodes only, but as a cumulative effect of small unusual fluctuations in the entire
network “summed up” by power flow physics.

Moreover, we show that the most likely configuration of nodal noise re-
sponsible for the initial failure impacts the way subsequent failures propagate
in the network, leading to a higher number of subsequent failures than one
would obtain from traditional failure models, which assume that the initial
contingency triggering the cascade is an external event. Finally, our approach
sheds insights on why the propagation is often of non-local nature, which is a
well-known characteristics of cascading failures in power grids.

Finally, we validate the adequacy of our large deviations framework by
showing that both the ranking of lines, the most likely configuration of noise,
and the most likely propagation of failures obtained via the large deviations
approximation are remarkably close to the exact ones (based on numerical
evaluations of pre-limit probabilities). Our analysis is mathematically rigorous
and explicit in the small-noise limit ¢ — 0, where € > 0 is related to the forecast
error for wind and solar power generation on a selected time window, and, as
such, quantifies the magnitude of noise in the system. Our results are validated
with data from the German transmission network and several IEEE test cases.

Chapter outline: In the rest of this chapter, we first provide a model
description in Section Next, we identify and rank the most vulnerable
lines in Section and we analyze the most likely way for failures to occur in
Section[4.3] We extend the analysis to subsequent failures in Section[4.4} and we
summarize our results in Section [4.5] Finally, Appendices[4.A] and

provide details on the mathematical derivation, proofs and data analysis.

4.1 System model

The system model is based on the description in Section which we briefly
recall here. We model a transmission network by a connected graph G with
n nodes representing the buses, and m directed edges modeling transmission
lines. The nominal values of net power injections at the nodes are given by p =
{1ti}i=1,... n- We model the stochastic fluctuation of the power injections around
p, due to variability in renewable generation, by means of the random vector
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p = {pi}i=1,....n, which is assumed to follow a nondegenerate multivariate
Gaussian distribution
P~ Na(p,exy), (4.1)

with density

exp(—3(x — )" (e8,) "t (x — p))
(27m)% det(eX,)?

p(x) = : (4.2)
with X, € R™*" being the nonsingular covariance matrix of p. We interpret
the mean p as the nominal, or expected, power generation for the next opera-
tional window. In our case study for the German transmission grid, we obtain
p by solving an OPF problem (see Appendix based on realistic data for
wind and solar generation.

Regarding the terms ¢ and X, in Eq. (4.1), we observe that the distinction
between the noise parameter € and the covariance matrix X, is relevant only
for the theoretical analysis, where we take the limit ¢ — 0 while keeping the
matrix 3, fixed. Indeed, as far as the numerical case study is concerned, all
the results are obtained by using the product €X,,, which is directly estimated
from the SciGRID data. For this reason, without loss of generality, in the case
study we normalize € = 1 and estimate 3, using ARMA models; for details
see Section [4.B.1] which also describes an extension of the model covering both
stochastic renewable generators and deterministic conventional power plants
(see Section[4.A.T).

The Gaussian assumption is debatable, both for solar and wind power.
While such an assumption is consistent with atmospheric physics [16] and
recent wind park statistics [[106] [12], different models are preferred for different
timescales [23] [166] [146] [121]]. An extension of our framework to the dynamic
model in [121]] looks promising, using Freidlin-Wentzell theory as in Chapter 2
of this thesis. For a static non-Gaussian extension, see Appendix

Assuming the vector p has zero sum and using the DC approximation
described in Section which is commonly used in transmission system
analysis [[151}[175] [202]], we can express the line power flows f = {f;};=1 . m
as

f = Vp, (4.3)

where V € R™*" is the PTDF matrix (see Section|1.2.2), which encodes the grid
topology and parameters. The total net power injected in the network >, p; is
non-zero as p is random. Automated affine response and redispatch mechanisms
take care of this issue in power grids. Mathematically, this corresponds to a
“distributed slack” in our model: the total power injection mismatch is distributed
uniformly among all nodes (the matrix V accounts for this; see Appendix[4.A.1).
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A line overloads if the absolute amount of power flowing in it exceeds a given
line limit. We consider a static setting, and in particular we assume that such
overloads immediately lead to the outage of the corresponding line, to which we
will henceforth refer simply as line failure. The rationale behind this assumption
is that there usually are security relays on high-voltage transmission lines
performing an emergency shutdown as soon as the current exceeds a dangerous
level. Without such mechanisms, lines may overheat, sag, and eventually trip
after a variable amount of time.

We can express the line flows in units of the line capacity by incorporating
the latter in the definition of V (see Appendix as well as Eq. in
Section , so that f is the vector of normalized line power flows and the
failure of line ¢ corresponds to | f¢| > 1. In view of Egs. - (.3), the line
power flows f also follow a multivariate Gaussian distribution with mean v and
covariance matrix X .

The vector v = Vu € R™ describes the nominal line flows, while the co-
variance matrix eX; = eVX, V7 describes the correlations between line flows
fluctuations, taking into account both the correlations of the power injections
(encoded by 3,)) and correlations created by the network topology due to power
flow physics (Kirchhoff’s laws) via V.

We let the power grid operate on average safely by assuming that
maxy—1,..m |[V¢| < 1, and we consider the small-noise regime ¢ — 0, so that
only unlikely fluctuations of line flows lead to failures. We are most interested
in scenarios where power grids are highly stressed, meaning that the nominal
power injections {y;};=1,...n are such that the corresponding nominal line
power flows {vy}o=1,... m are close to their thresholds. Such a stress could be
caused by very high wind generation [148].

An illustrative scenario is reported in Fig. which depicts a snapshot
of nominal line flows on the SciGRID German network [118]. SciGRID is a
simplified model of the actual German transmission network with n = 585
buses and m = 852 lines that we use as main illustration. The dataset includes
load/generation time series, line limits, grid topology and generation costs. In
our case study of the German transmission network, we obtain the nominal
vector p by solving an OPF problem (see Section[1.3.1). In order to model a
heavily-loaded but not overloaded system, in the OPF we scale the line limits
by a factor of A = 0.7 (see Appendix [4.B.1|for more details).

The fluctuations around the nominal schedule p are modeled as a zero-mean
Gaussian random vector with covariance matrix €33,,, which is estimated using
statistical models as explained in Appendix
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—Loo

Figure 4.1: Heatmap visualizing the nominal power flows values |v| in the SciGRID model for
the snapshot 11am of 01/01/2011.

4.2 Identification and ranking of vulnerable lines

We now turn to the analysis of emergent failures and their propagation using
large deviations theory [182]. We begin by deriving the exponential decay of
probabilities of single line failure events |fy] > 1for £ = 1,...,m. As line
power flows are Gaussian, we obtain (see Proposition [4.1)

(A= |we))?

4.4
o (&4

Ip = —limelog P (|fe| > 1) =
e—0

where 07 = (X 7). We call I the decay rate of the failure probability of line /.
Thus, for small €, we approximate the probability of the emergent failure of line
{ as

(1 — [ve])?
> ~ — = — .
P(|fe| > 1) = exp(—1I;/¢) exp( 2202 ), (4.5)
and that of the first emergent failure as
]P)(méiX [fe| > 1) = exp(— méin Iy /e). (4.6)

These approximations for failure probabilities may not be sharp in general,
even when ¢ is small, since all terms that are decaying subexponentially in
1/e are ignored. Nevertheless, Eq. is quite useful for ranking purposes,
allowing to explicitly identify the lines that are most likely to fail. To verify this
empirically, we note that the expression in Eq. only depends on the product
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EO‘? = E(VZPVT> ¢0, and thus, ultimately, only on the product €33, which in
our case study we estimate directly from the SciGRID data, see Section [4.B.1]

Fig. [4.2| shows the heatmap for the line failure probabilities P(| f;| > 1)
(calculated numerically), for the same snapshot as in Fig. The most likely
line to fail is line 361, which connects two buses housing wind farms (EON Netz
and Umspannwerk Kraftwerk Emden). This line is at capacity (|v361| = 0.7) and
has the highest standard deviation (0361 = 0.142). However, we observe that
a larger |vy| does not necessarily imply a higher chance of failure, suggesting
that decay rates are a better indicator of system vulnerabilities.

Figure 4.2: Heatmap visualizing the logarithm of the exact overload probabilities log, o P(| f¢| >
1) in the SciGRID model, for the snapshot 11am, 01/01/2011.

For instance, several lines in the south of Germany have a moderate to high
value |v|, see Fig. In particular, line 310, which connects buses Véhringen
Amprion and Umspannwerk Dellmensingen, is at capacity (|v319] = 0.7), but
ranks only 66-th out of 852 lines, with a power flow standard deviation almost
one order of magnitude lower than the standard deviation of the most likely
line to fail.

Fig. depicts the 5% most likely lines to fail, ranked according to the large
deviations decay rates I, = %, where o, = () = (VE,V ). The
ranking based on the large deviations approximation successfully recovers the
most likely lines to fail, and, in fact, yields the same ordering as the one based
on exact probabilities. As an illustration, in Table are reported the indexes,
the exact failure probabilities and the decay rates for the 20 most likely lines to
fail.

Fig.|4.3| also illustrates the nominal renewable generation mix: the buses
housing stochastic power injections have different colors (blue/light blue for
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Figure 4.3: Top 5% most likely lines to fail according to Eq. for the snapshot 11am, 01/01/2011.
The buses housing stochastic power injections have different colors depending on the type of
renewable sources (blue for wind offshore, light blue for wind onshore and yellow for solar) and
sizes proportional to the absolute values of the corresponding nominal injections.

wind offshore/onshore, yellow for solar) and sizes proportional to the absolute
values of the corresponding nominal injections. Many vulnerable lines are
located where the most renewable energy production occurs. However, the
interplay between network topology, power flows physics and correlation in
power injections caused by weather fluctuations, results in a spread-out ar-
rangement of vulnerable lines, which is hard to infer by looking at nominal
values only. The large-deviations-based ranking provides a parsimonious way
to detect vulnerable lines, and can be used to appreciate qualitative differences
among different hours of the day. Table [4.2]lists values for total generation (G),
and generation mix for different hours of the day (py,o for wind offshore, py,.on
for wind onshore and p; for solar). For example, in the morning there is more
solar generation and moderate demand, while in the afternoon there is zero
solar generation and higher demand.

In Fig. [4.4)the top 5% most likely lines to fail are depicted (in red) for four
different hours of the day, together with the nominal values outputted by the
OPF for renewable generation. By comparing Figs. and Figs. 4.4d|
for example, we see how solar generation is responsible for an increased number
of vulnerable lines in the south of Germany.
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| PAfl21) | L
361 1.743e-02 2.225
803 8.228e-04 4.954
19 6.783e-04 5.132
27 6.033e-04 5.240
389 4.503e-04 5.511
390 4.460e-04 5.520
670 3.527e-04 5.737
809 7.575e-05 7.177
586 5.574e-05 7.466
587 5.454e-05 7.486
810 2.496e-05 8.225
712 6.440e-06 9.514
682 5.337e-06 9.693
683 5.318e-06 9.697
714 3.876e-06 9.999
715 1.052e-06 11.249
554 4.267e-07 12.117
488 4.209e-07 12.130
707 1.199e-07 13.341
818 1.199e-07 13.341

Table 4.1: Line indexes, exact failure probabilities and decay rates of the 20 top
most vulnerable lines in the SciGRID model, for the snapshot 11am, 01/01/2011.

hour G DPw.off Dw.on Dsol

0 am 51.75 GW 1.7 % 35.6 % 0.0%
4 am 4471 GW 2.0 % 45.6 % 0.0%
8 am 44.83 GW 4.5 % 44.7 % 8.1%
11am | 52.52 GW 44 % 324 % 17.3%
4 pm 57.56 GW 4.1 % 239 % 0.0%
8 pm 54.74 GW 4.1 % 229 % 0.0%

Table 4.2: Total generation and renewable percentages for different hours of the day.

4.3 Most likely configuration of power inputs leading to
failures

We proceed with an analysis of how emergent failures occur, using again large
deviations theory. In particular, we provide an explicit estimate of the most
likely power injection that caused a specific emergent failure. To this end, we
fix a line ¢ and consider the conditional distribution of p, given |f;| > 1. The
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(c) 4 pm. (d) 8 pm.

Figure 4.4: Top 5% most likely lines to fail (in red), together with nominal stochastic generation
values, for different hours of the day 01/01/2011. The buses housing stochastic power injections
have different colors depending on the type of renewable sources (blue for wind offshore, light
blue for wind onshore and yellow for solar) and sizes proportional to the absolute values of the
corresponding nominal injections.

mean of this distribution greatly simplifies as € — 0 to

. 1 _
p¥) = arg inf -(p— H)sz '(p— w). (4.7)
peR™ : 6] Vp|>1

If vy # 0, the solution is unique and reads

p(é) =pu 4 (Slgn(zg) - I/e) EpVTég, (48)
¢
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where sign(a) = 1if a > 0 and —1 otherwise, and &, € R™ is the ¢-th unit
vector. As ¢ — 0, the conditional variance of p given |f;| > 1 decreases
to 0 exponentially fast in 1/¢, yielding that the conditional distribution of
p given |fs| > 1 gets sharply concentrated around p(*) (Proposition [4.1|in
Appendix . We interpret p(©) as the most likely power injection profile,
conditional on the failure of line ¢. The corresponding line power flow profile
£ = Vp® is (see Proposition

O =+ ch(ﬁ, £1), VEk#L. (4.9)

¢
As such, our framework provides more explicit information than the approach
in [41]], which approximates the most likely way events happen using the mode,
without leveraging large deviations. In our validation experiments, we found
that the error between p'“) and E[p | |f¢| > 1] is typically less than 1% of the
nominal values (see Appendix [4.B.2|for more details).

(a) Non-diagonal X, (b) Diagonal 3,

Figure 4.5: Representation of the most likely power injection p® causing the isolated failure of
line 720 (red), and subsequent failures (orange). The bus sizes reflect how much p(®) deviates from
p (red positive deviations, blue negative). Left, with correlation in noise); Right, without correlation
in noise (setting to O all the off-diagonals of 33,). The illustration corresponds to the snapshot 11am,
01/01/2011.

A numerical illustration is given in Fig. A key finding is that an emergent
line failure does not occur due to large fluctuations only in neighboring nodes,
but as a cumulative effect of small unusual fluctuations in the entire network
“summed up” by power flow physics, and correlations in renewable energy. Such
an emergent failure requires every line flow to be driven to an unusual state
f,ge), which deviates from the nominal value v by an amount proportional to
the covariance Cov( fy, fx), in view of Eq. (4.8).
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A non-diagonal noise matrix X, exacerbates these effects. Experiments
with our SciGRID case study suggest that, if there is a correlation in noise, for
example due to fluctuations in weather patterns, the number of subsequent
failures can become higher. Furthermore, it is easier for a failure to be triggered
by many small disturbances across the network (Fig.[4.5a), compared to the case
where these correlations are not taken into account (Fig. . In the latter case,
we see a more local effect with relatively larger disturbances.

4.4 Most likely subsequent failures

We continue by investigating the propagation of failures, combining our results
describing the most likely power injections configuration leading to the first
failure, and the power flow redistribution in the network afterwards. To this
end, we first differentiate between different types of line failures, by assessing
whether the most likely way for failure of line ¢ to occur is as (i) an isolated
failure, if |fk | <1 forall hne k # ¢, or (ii) a joint failure, if there exists some
other line k # ¢ such that | fk | > 1.

Any type of line failure(s) cause(s) a global redistribution of the line power
flows according to Kirchhoff’s laws, which could trigger further outages and
cascades. In our setting, the power injections configuration p'*) redistributes
across an altered network G(¥) (a subgraph of the original graph G) in which line
{ (and possible other lines, in case of a joint failure) has been removed, increasing
stress on the remaining lines. The way this redistribution happens on G(*) is
governed by power flow physics and we assume that it occurs instantaneously.
Extending this to dynamic models [168][163] is a natural future topic, as transient
effects may make the impact of line failures more severe.

The power flow redistribution amounts to compute a new matrix v linking
the power injections and the new power flows, which can be constructed analo-
gously to V (see Appendix [4.A.4). The most likely power flow configuration on
G after redistribution is f(©) = \N/'p(e).

In the special case of an isolated failure (say of line ¢) it is enough to calculate
the vector ¢(©) € R™~1 of (normalized) redistribution coefﬁcients known as
line outage dlstrzbutzon factors (LODF) [[77]. The quantity gZ) %) takes values in
[-1,1], and |¢ | represents the percentage of power ﬂowmg in line ¢ that
is redirected to line j after the failure of the former. The most likely power
flow configuration on G(¥) after redistribution then equals f() = { f,ge) bote +
fg(e)q_’)(e), where fz(é) = 41 depending on the way the power flow is most likely

to exceed the threshold 1. The power flow configuration £ can be efficiently
used to determine which lines subsequently fail, by checking for which k we
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have |ﬁcz)| > 1, see Proposition [4.3]and Appendix
There is much evidence that failures propagate non-locally in power grids [99]

103] (1091 [160l [1T6]]. To analyze this in our framework we first consider a ring
network with p = 0 and 3, = I. In this network there are two paths along
which power can flow between any two nodes, using the convention that a pos-
itive flow corresponds to a counter-clockwise direction. If line ¢ fails, the power
originally flowing on line £ must now flow on the remaining path in the opposite
direction. To make this rigorous we show in Lemma[4.1] Appendix [4.A.5|that
gb,(f) = —1for every k # {. As power flows must sum to zero by Kirchhoff’s law,
neighboring lines tend to have positively correlated power flows, while flows
on distant lines exhibit negative correlations. Hence, the power injections that
make the power flows in line ¢ exceed the line capacity (say by becoming larger
than 1) also make the power flows in the antipodal half of the network negative.
These will go beyond the line capacity —1 after the power flow redistributes,

see Fig.

-13/35

-13/35-1
13/55 @ /55lg

-19/35 -19/35-1
1// \ / //7—1 /
O )
1 -13/35 failed‘\\ -13/35-1
o o o o

Figure 4.6: Left: most likely power injections p(® leading to the failure of line £ (orange),
visualized using the color and size of the nodes (red positive deviations, blue negative), together

with power flows f ,EZ). Right: situation after the power flow redistribution with three subsequent
failures and the values f1 = f{”) — 1,k # €.

Fig. shows how the emergent isolated failure of line / = 27 (in red)
causes the failure of six more lines k1, .. ., kg (in orange). This example shows
how the failure spreads non-locally: in particular, lines 316 and line 602 in the
south of Germany are 394 Km and 517 Km far from the original failure. For
validation purposes, we found numerically that

P(line k; fails Vj =1,...,6 | | f27| > 1) > 0.9987.

Conversely, the failure of line 27 under the nominal power injection profile
leads to only two subsequent failures. The atypical input caused other lines
to be more loaded than expected, and these lines get more vulnerable as the
cascades progresses, resulting in more subsequent failures.
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Figure 4.7: The most likely configuration p(27) that leads to the failure of line £ = 27 (in red)
in the SciGRID model, for the snapshot 4pm, 01/01/2011. The sizes of the buses reflect how much
p(27) deviates from p (red for positive deviations, blue for negative ones). The failure of such a line
causes, after power redistribution, also the six lines (in orange) to fail.

To validate this insight, we have looked at the first two stages of emergent
cascading failures for several IEEE test networks provided in MATPOWER [210],
and compare them with those of classical cascading failures, obtained using
nominal power injection values rather than the most likely ones and determinis-
tic removal of the initial failing line; see Appendix[4.B.4]for a precise description
of the experiment. As before, emergent cascades tend to lead to a higher number
of subsequent failures in each stage.

4.5 Concluding remarks

In conclusion, we illustrated the potential of large deviations theory to analyze
emergent failures and their propagation in complex networks. Exogenous noise
disturbances at the nodes, potentially amplified by correlations, push a complex
network into a critical state in which edge failure may emerge. Large deviations
theory provides a tool to rank such failures according to their likelihood and
predicts how such failures most likely occur and propagate. When an emergent
edge failure occurs, its impact on the network can be more significant than a
purely exogenous failure, possibly resulting in cascades that propagate quicker
than in classical vulnerability analysis.

The accuracy of the small noise limit has been validated in our case study,
making the case for applying large deviations techniques to more realistic
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models. Finally, in Appendix [4.B.3|we propose an economic application of our
approach, showing how our framework can shed light on the trade-off between
network reliability and societal costs, expressed in term of energy prices. The
impact of uncertainty on energy prices will be investigated further in Chapters
6 and 7 of this thesis. Finally, we note that the analysis carried out in this
chapter uses large deviations techniques to study failures and cascades from a
microscopic perspective. However, there are phenomena, such as the scale-free
nature of blackout sizes (see Section[1.4.2), that are best investigated assuming
a macroscopic viewpoint, as we describe in Chapter 5 of this thesis.

Appendix
4.A Model extensions and mathematical results

4.A.1 Detailed model

The model is the one described in Section For this chapter, we choose to
use L rather than L to describe the relationship between the vector net power
injections p € R™ and the phase angles § € R" they induce in the network
nodes:

6 =L"p. (4.10)

This latter identity is particularly useful in our context, since it holds for any
vector of power injections p € R", even if it has no zero sum. Indeed, decom-
posing the vector p using the basis of eigenvectors 1,vs,..., v, of LT one
notices that the only component of p with non-zero sum belongs to the null
space of L™ (generated by the eigenvector 1).

This mathematical fact corresponds to the assumption that the power grid
has automatic redispatch/balancing mechanisms, in which the total power
injection mismatch is distributed uniformly among all the nodes, thus ensuring
that the total net power injection is always zero. Conversely, the matrix L
does not account for the distributed slack, which needs to be added by post-
multiplying by the matrix S = I — 1J € R"*", where J € R"*" is the matrix
with all entries equal to one.

The real line power flows f are related with the net power injections p via
the linear relationship

f = Vp.
As usual, it is convenient to look at the normalized line power flow vector f € R™,
defined component-wise as f; = fg/Mg for every £ = 1,...,m, where f; is
the line capacity of line ¢, which is assumed to be given. Line thresholds are in
place because a protracted current overload would heat up the line, causing sag,
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loss of tensile strength and eventually mechanical failure. If this happens, the
failure may cause a global redistribution of the line power flows which could
trigger cascading failures and blackouts.

The relation between line power flows and normalized power flows can be
rewritten as f = Af , where A is the m x m diagonal matrix
A = diag(M; !, ..., M;;"). In view of Eq. (3.1), the normalized power flows
f can be expressed in terms of the power injections p as f = Vp, where
V = ADAL™T € R™*" (see Section . We now briefly outline how the
model presented above can be extended to a setting where only a subset of
nodes houses stochastic power injections (modeling wind and solar parks), while
the other nodes house deterministic injections (corresponding to conventional
controllable power plants).

First, we introduce the following notation: if z is a n-dimensional multivari-

ate Gaussian random vector with mean A\ and covariance matrix A, it will be
denoted by z ~ N,, (A, A). Define the following:

N number of stochastic buses,
nd number of deterministic buses,
Zs € {1,...,n} indices of stochastic buses,
ZsC{1,...,n} indices of deterministic buses,

Ps = (pi)ieIS cR" stochastic power injection,
Pd = (pi)iez, € R"®  deterministic power injection,
V, e RM*"s matrix consisting of the
columns of V indexed by Z,
Vg € R™*"d matrix consisting of the
columns of V indexed by Zg4,
f = Vips € R™ stochastic component of f,

f; = Vgpa € R™ deterministic component of f.

If a bus hosts both stochastic and deterministic generators, it is considered
a stochastic bus. Stochastic power injections are modelled by means of a ng-
dimensional multivariate Gaussian random vector with mean gy € R™s and
covariance matrix 3, € R™*"s which we denote by

Ps ~ Nn, (H'Sa 5217)7

With the previous notation, the normalized power flows can be decomposed as
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f=f,+f; =V,ps+ f;, where

fo ~ N (vs,€Xy),

vs = Vs,

T,=V.2, V] (4.11)
The nominal power flows values are thus equal to v = v + f;. The decay rate

for an overload in line ¢, analogously to Eq. (4.8), is given by

1
Iy = inf - _ Tyl . .
! psER"s 1 &) (Vops+fq)|>1 2(ps s) P (Ps — s)

Provided that v, # 0, the solution is unique and reads

sign(vy) — vy . "
pl) = ((G;)z:pvjeg +ps € R™ (4.12)

where 07 = (X);,¢. The corresponding most likely realization for power flows
reads

£ =v,p¥ +1,

= wvszpvjéz +v,+ £, €R™. (4.13)
9%

In the next section we prove these claims for the particular case of ns = n.

4.A.2 Large deviation principle in the Gaussian case

In this section we provide proofs for Eqgs. - (4.9). For the sake of clarity we
present here only the proofs for the case n = n,, and we remark that Egs.
- can be proved along similar lines. In the following, we write p. and f.
to stress the dependence of the power injections and of the line power flows on
the noise parameter €.

Proposition 4.1. Assume that maxj—1, . |v;| < 1. Then, for every { =

1,...,m, the sequence of line power flows (f.)c~¢ satisfies the large deviation
principle
. 1 |VE|)2
>1)=-——"1 — ], _
811n})510g1?’(|(f5)g| 1) ) ? I (4.14)

The most likely power injection configuration p) € R™ given the event |(f.)s| > 1
is the solution of the variational problem

. 1 _
p) = arginf S(p—-p)', (p—p) (4.15)
peR™: &/ Vp|>1
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which, when vy # 0, can be explicitly computed as
sign(ve) — vy R
p =p+ (sign(ve) — ve) 2) )Evaeg.
T

The next proposition shows that the conditional distribution of p, given
|(£.)¢| > 1, gets concentrated around p(*) exponentially fast as ¢ — 0, motivat-
ing the interpretation of p(*) as the most likely power injection configuration
given the failure of line /.

Proposition 4.2. Assume that maxyg—1 . m |vk| < 1, and that vy # 0. Then,
forall nodesi =1,...,n, and forall § > 0,

lim log P((p.): ¢ () = 6,p" + ) ||(£)e = 1) < 0.

The line power flows corresponding to the power injection configuration
p can be calculated as
£ = vp® = v+ —@g“(fjg “ v, Ve, € R
L
We observe that the vectors p(*) and f(*) are equal to the conditional expectation
of the power injections p. and power flows f., respectively, conditional on the
failure event f, = sign(vy), namely

p¥ =E[p. | (f.), = sign(v)], (4.16)
£ =E[f. | (f-)¢ = sign(vy)].

In particular, forevery k = 1,...,m,

Cov(fe, fx)
Var(fy)

Note that the case 1, = 0 has been excluded only for compactness. Indeed, in
this special case the variational problem has two solutions, p(“t) and
p“~). This can be easily explained by observing that if the power flow on line
£ has mean vy = 0, then it is equally likely for the overload event {|f,| > 1}
to occur as {f; > 1} or as {fy < —1} and the most likely power injection
configurations that trigger them can be different.

The previous proposition immediately yields the large deviation principle
also for the first line failure event ||f. ||, > 1, which reads

: Lo (0 ]
>1)=-— -,
fig g P18l > 1) = = uin =5

79 = vy + (sign(ve) — ve)
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Indeed, the decay rate for the event that at least one line fails is equal to
the minimum of the decay rates for the failure of each line. The most likely

power injections configuration that leads to the event ||f. [ o > 1is p(*") with

(1—ve])?
seeey M 20'? :

0* = argmin,_,

Proof of Proposition Let (Z();cn be a sequence of i.i.d. m-dimensional
multivariate normal vectors Z(Y) ~ N, (v, 3;), and let Sy, = 1 Zle Z® be
the sequence of the partial sums. By setting ¢ = %, it immediately follows

that that £, 4 Sk, where 2 denotes equality in distribution. Denote ¢g(p) =
$(p — 1) "=, (p — p). Following [182| Section 3.D], we get

lim elog P((f:), > 1) = lim 1 logP((Sk)e > 1) =
e—0 k

k—oc0

. (1 — Vg)2
= inf =t 4.17
s Hvpsn 9(p) 207 (4.17)

: 1
lim elog P((f:)e < —1) = lim —logP((Sk)e < ~1) =

. (—1 — I/[)2
= — inf = - 4.18
pER™ :&] Vp<—1 9(p) 207 (418)

The optimizers of problems (4.17) and (4.18) are easily computed respectively as

1—Vg

p(@ﬁ‘) =u + 5 Evaé@,
9

_ —1—w .

pm ) = m+ 5 EPVTeg.
T
Note that trivially
inf g(p) = min { inf 9(p), inf g(p)},
pER™ : |éZVp|Zl pER” :éZVpZI pER” :éz—Vpgfl
and thus identities and immediately follow. U

Proof of Proposition|4.2, We have

log P((p)i ¢ (0" — 6,0 +6) ||(£2)e] > 1)
=log P((p.); ¢ (") — 8,p{" +8), |(£)¢| > 1) — logP(|(£.)e| > 1).
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Denote g(p) = 3(p — ) ', ! (p — ). From large deviations theory, it holds

that that

lim elog P(|(f.)e] > 1) = — inf g(p) (4.19)
e—0 pER™: &) Vp|>1

lim elog P((p.); ¢ (p;” = 6.p;” + ). [(£:)e > 1)

=— inf g(p)- (4.20)
PER™ : 8/ Vp[>1,
lp: —p'|>5

Define the corresponding decay rates as

I = inf 9(p), Je= inf 9(p).
peER™: 6] Vp[>1 pER™ : &, Vp|>1,
Ipi—p"|>6

Then we can rewrite
lim e log P((p-)i & (b — 6.9 +0) [ [(£:)e] = 1) = = Je + I,

and, therefore, the claim is equivalent to proving that J, > I,. Notice that the
feasible set of the minimization problem is strictly contained in that of
the problem (4.19), implying that .J, > I,.

Recall that p(*) is the unique optimal solution of (4.19), and let p) be an
optimal solution of (4.20). Clearly p(*) is feasible also for problem (4.19). If it
was the case that J, = I, then f)(é) would be an optimal solution for ,
and thus by uniqueness (g(p) is strictly convex) p(©) = p(©). But this leads to
a contradiction, since p¥) is by construction such that |p; — ]52@)| > . Hence
Jy > Iy and we conclude that

lim elog P((pe); ¢ () — 6.0 +6) [ |(£)] 2 1) <0. O

4.A.3 Extension to non-Gaussian case

In this section we briefly describe how to extend the analyis to the non-Gaussian
scenario. Consider a model for the power injection vector given by

pe = p +VeX,

where p € R" and X = (X3,...,X,,) is a random vector with mean 0 and
log-moment generating function

log M (s) = log E[e®%)].
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The power flows vector is thus given by f. = V p.. Define the Fenchel-Legendre
(also known as the convex conjugate) transform of log M (s), i.e.

A*(x) = sup ((s,x) — log M(s)).

seR”
Then, for every £ = 1, ..., m, the sequence (f.). satisfies the large deviation
principle (see [55]])
lim elogP(|(fo)e] > 1) = — inf A (),
lim elog P(|(f:)] > 1) I (z)

and the most likely power injection configuration p(*) € R™ given the event
[(fo)e] > 1is
p = p+ arg inf A*(z).
x€R™:|e] V(pu+x)|>1

The rest of the analysis can then be carried out along similar lines as we did for
the Gaussian case.

4.A.4 Power flow redistribution

For every line ¢ define 7 () to be the collection of lines that fail jointly with ¢
as

T ={k : |f9 =1}

Let j(¢) = |J (£)] be its cardinality and note that j(¢) > 1 as trivially £ always
belongs to 7 (¢). Denote by G the graph obtained from G by removing all the
lines in 7 ().

Let us focus first on th~e case of the isolated failure of line ¢, that is when
J(¢) = {¢}. In this case G = G(N, & \ {¢}) is the graph obtained from G
after removing the line ¢ = (4, j). Provided that the power injections remain
unchanged, the power flows redistribute among the remaining lines. Using the
concept of effective resistance matrix R € R™*" and under the DC approxima-
tion, in [40} [165} [171]] it is proven that alternative paths for the power to flow
from node i to j exist (i.e., G(*) s still connected) if and only if a:i_’lei’j #1.In
other words, z; ; R; j = 1 can only occur in the scenario where line £ = (4,7)
is a bridge, i.e., its removal results in the disconnection of the original graph
G in two components. If G is still a connected graph, the power flows after
redistribution f(¥) € R™~! are related with the original line flows f € R™ in
the network G by the relation

_g) = fi+ fé(e)gbgf), for every k # ¢,
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where fée) = +1 depending on the way the power flow on line ¢ exceeded

the threshold 1. If £ = (i, ) and k = (a, b) the coefficient ¢,(f) € R can be
computed as

1 fe Raj—Rai+ Rui— Ry,
08 = Oy (am) = T e
k (4,5),(a,b) k fk 2(1_5% 1Ri,j)

The ratio f;/fi appears in the latter formula since we work with normalized

, (4.21)

line power flows and we correspondingly defined ¢p(*) = {(i)ff) }ste to be the
normalized version of the classical line outage distribution factors (LODF, [[77])).
Moreover, we define the most likely power flows configuration £ ¢ gm—1
after redistribution as

A,(f) = ,Eé) + fg(é)gb;f), for every k # /. (4.22)

4.A.5 Ring topology

We now focus on a particular topology, namely the ring on n nodes, which
we use as an illustrative example to show the non-locality of cascades. In this
topology, nodes are placed on a ring and each node is connected to its previous
and subsequent neighbor. Denote the set of nodes as ' = {1,...,m} and the
setoflines & = {l1,...,l,}, wherely = (n,1),lo = (1,2),...,l, = (n—1,n).
It is easy to prove that, in a ring network with homogeneous line capacities and
unitary reactances, ¢y, = —1 for every £ # k.

Lemma 4.1. Consider a ring network with homogeneous line capacities (f; = M
for every line £) and homogeneous unitary reactances (x; = 1 for every line £, see

Section . Then

i) The effective resistance between a pair of nodes i, j is given by

P Bl LR W)

ii) For every pair of lines l;, = (k — 1,k),ly = (¢ — 1,¢), with k # {, the
LODF is constant and equal to ¢(1,—1 ry,0—1,0) = —1.

Proof. i) See identity (4) in [8]. ii) First, observe that the effective resistance
between two adjacent nodes ¢ and j = % + 1 in a circuit graph is equal to
R;; =21, thanks to Eq. (4.23). After a straightforward calculation, and using
that x[l =1, fo = M for all lines ¢, Eq. (4.21) becomes

2

Olh—1,k),(b—1,0) = = = — L. 0
2n(1 - =)
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4.A.6 General topology

Going back to the case of a general network topology and any type of failures,
isolated or joint, the power flows after redistribution f () € Rm=3(O) are related
with the power injections p € R™ by the relation

£ — VOp,

where the (m — j(¢)) X n matrix V© can be constructed analogously to 'V,
but considering the altered graph § (©) instead of G. We define the most likely
power flow configuration f(©) after redistribution as

FO ZvOp0,

which generalizes Eq. to any kind of failure, isolated or joint. The next
proposition shows that it is enough to look at the vector £ to determine
whether a line that survived at the first cascade stage (i.e., that did not fail jointly
with ¢) will fail with high probability or not after the power redistribution (i.e.,
at the second cascade stage).

Proposition 4.3. Assume that maxg—1,._m |Vk| < 1, and that v, # 0. Then,
foralllinesk € £\ J(£), and forall 6 > 0,

lim elog P((E)x ¢ (/;” = 6. /(" +9) | I(£)e] 2 1) <.

In particular, 1]“|J?,£Z)| > 1, then
PIEO)N] > 1]|(E) > 1) 1 ase -0,
exponentially fast in 1/e.

Proof. Let A. j denote the event A, j, = {(ﬂ(@)k ¢ (f,gé) -9, Ay) +94)},
and define Q = lim._,gelogP(Ac ;| |(f-)¢] > 1). The proof that Q@ < 0 is
analogous to the proof of Proposition [4.2] For the second part, it follows from
lim._,o elog P(A. ’ [(f.)e] > 1) = Q that for every n > 0 there exists a &
such that, for every € < &,

Q —n <elogP(A, ’ |(f-)el > 1) < Q +,
and thus
Q@-n
€

eXp( ) <P(Ac ‘ [(£)el > 1) < eXp(@).
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Let A¢ ) denote the complementary event of Ac x. Since \f}f” > 1, for §
sufficiently small we have

AC L = {IED), — O < 6} C{IED)e] > 1,
yielding

P(|(E)| > 1] [(£2)e] = 1) >P(AS, | [(£2)el = 1) > 1 — eXP(L:n)-

Since ) < 0, the result follows. O

4.B Numerical case study

4.B.1 SciGRID German network

We now demonstrate our methodology in the case of a real-world power grid
and a realistic system state.

Dataset Description

We perform our experiments using PyPSA, a free software toolbox for power
system analysis [26]. We use the dataset described in [24] [25]], which pro-
vides a model of the German electricity system based on SciGRID and Open-
StreetMap [118] [139]. The dataset includes load/generation time series and
geographical locations of the nodes, differentiating between renewable and
conventional generation. It also provides data for transmission lines limits,
transformers, generation capacity and marginal costs, allowing us to couple our
theoretical analysis with realistic OPF computations. The time-series provide
hourly data for the entire year 2011. For more technical information on the
dataset, we refer to [24] [25]].

The SciGRID German network consists of 585 buses, 1423 generators in-
cluding conventional power plants and wind and solar parks, 38 pump storage
units, 852 lines and 96 transformers. For the analysis carried out in this chap-
ter, storage units are not included and we exclude transformer failures. The
renewable generators are divided in three classes, solar, wind onshore and wind
offshore. Each bus can house multiple generators, both renewable and conven-
tional, but it is limited to at most one renewable generator for each class. Let
Naofts Nw.on, Neol denote the set of buses housing, respectively, wind offshore,
wind onshore and solar generators, with |[Ny.off| = 5, [Nyon| = 488, | Nyol| =
489, and Nyoff € Ny.on C N;or. The remaining 96 buses house 441 conventional
generators.
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Let ny = 489 denote the total number of buses housing renewable gen-
erators. If a bus houses both renewable and conventional generators, it will
be considered a stochastic bus for our decomposition formulation. We model
stochastic net power injections by means of a multivariate Gaussian random
vector ps ~ Ny, (ll/sa €Ep)'

As explained above, the distinction between the noise parameter € and
the covariance matrix X, is relevant only for the theoretical analysis. As a
consequence, in the following we will take € = 1 and refer to the covariance
matrix of p, simply as 3,,.

Data-based model for p

In order to get a realistic nominal line flows value v, we perform a linear OPF
relative to the day 01/01/2011, for different hours of the day. A linear OPF
consists of minimizing the total cost of generation, subject to energy balance,
generation and transmission lines constraints, under the assumptions of the DC
approximations. In order to model a heavily-loaded but not overloaded system,
in the OPF we scale the true line limits f, by a contingency factor of A = 0.7.
This is a common practice in power engineering that allows room for reactive
power flows and stability reserve.

More precisely, let g(i) be the generation at bus i as outputted by the OPF
for a given hour, and let us write it as g(i) = g, (¢) + ga (%), with g,-(¢) the power
produced by renewable generators attached to the bus, and g4(i) the power
supplied by conventional generators. If the demand at bus ¢ is given by d(7),
then the average stochastic power injection vector ps € R™° is modeled as

(“s)i :gr(i)+gd(i)_d(i)7 i= 1a~~~7nsa

while the deterministic power injection reads p; = g4(7) — d(i) for i € Z,.

Data-based model for 33,

In order to model the fluctuations of renewable generation around the nominal
values, and thus estimate X,,, we use realistic hourly values of wind and solar
energy production to fit a stochastic model. We then use the steady-state
covariance of the model residuals as an estimate for 33,,. Following [122], we
choose to use AutoRegressive-Moving-Average (ARMA) models, which we
describe in detail below. Note that we do not aim to find the best possible
stochastic model for renewable generation, which is beyond the scope of this
chapter, but instead to provide an estimate for the covariance matrix 3, in
order to validate our theoretical results, which are asymptotically valid in a
small-noise regime. We speculate that more sophisticated models, and/or data
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on smaller time-scales, may lead to smaller values for the correlations in X,
thus getting closer to the small noise limit.

We now describe the estimation procedure for 3, (as mentioned before we
normalize ¢ = 1 in our empirical study). The SciGRID dataset contains time

series
M x5 M x488 M x 489
Ywoff € R y Ywon € R y ¥Ysol € R )

for the available power output of wind offshore, wind onshore and solar gen-
erators, for each hour of the year 2011, accounting for a total of M = 8760
measurements for each generator [24]. For each time series, y.)(t,j) denote
the available power output at time ¢ for the j-th generator of a given type, in
MW units.

Wind power model

As a pre-processing step, we merge together the two time series Yy off; Yw.on PY
summing up the onshore and offshore wind power at the buses Ny o € Ny.on.
This yields the time series of wind power production

Z/w(t,j) = yw.on(tvj) + 1jer_ofny.Oﬁ(t7j)7

where 1y is the indicator function of the event in the bracket, taking value 1 if
the event is satisfied, and 0, otherwise.

We select one portion of the data {1,...,7} C {1,..., M}, corresponding
to the month of January, to be used to fit the model. For each windpark j,
following [[122]] we consider an ARMA(1,24) model of the form

$(t7j> :al,jx(t - 17]) + €<t7])
+mq je(t —1,5) + ...+ maq je(t — 24, ),

where x(t — 1, j) is the auto-regressive term, and e(t — k, j), k = 1,...,24, are
the white-noise error terms. For each windpark j, we fit the above model to the
wind power data {yy (¢, ) }1=1.7 in R using the function arima, and consider
the time series of the residuals ey (1,7), ..., ew(T, 7).

The empirical variance of the residuals is used as proxy for the variance of
the output of windpark j, namely

(Ew)jj = VE;'(ew(laj)a R ew(T>j))7

where Var denotes the empirical variance. In a similar way, the empirical
covariance of the residuals is used to model the covariance between the output
of windparks i and j, i # j, namely

() = Cov({en(t: i herir. {ew(td)}irir).
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where Cov denotes the empirical covariance.

Solar power model

State-of-the-art models for solar irradiance often combine statistical techniques
with cloud motion analysis and numerical weather prediction (NWP) models,
see [4] for a review. Since the available data in our case study are limited to
historical records for power production of solar generators, and do not include
any weather data, we used the purely statistical model ARMA(p,q), which has
been used succesfully in [93].

Regarding the orders p, g of the ARMA model, after some exploratory anal-
ysis we decided to use an ARMA(24,24) model with all parameters fixed to
0, except for the ones corresponding to the seven hours before, and the one
corresponding to twenty-four hours before. The rationale behind this choice is
that by using the value corresponding to twenty-four hours before, we capture
the dependency on the hour of the day, while the values from 7 hours before
capture the shape of the current day.

More precisely, the model reads

z(t,j) =a1 2t —1,5)+ ...+ a7 jz(t—7,7)
+ agq jx(t — 24,7)
+e(t, j) +myje(t —1,5) + ... +mz et —7,5)
+ moa je(t — 24, j).

For each solar park j, we fit the above model to the solar power data (yso1 (¢, j))t=1.7>
using again the R function arima, and consider the time series of the residuals
(€sol(t,5))teD, where D C {1,..., T} denotes the set of daylight hours of Jan-
uary 2011. The covariance matrix for the solar power generation is obtained

as

(B, = Cov ((eatlts))eps (eso(t: ) e )-

Since we perform numerical experiments for different hours of the day
01/01/2011, we need to model renewable fluctuations taking into account
whether or not we consider a daylight hour, as there is no solar energy pro-
duction before sunrise and after sunset. In view of this, and assuming that the
residuals for the wind and solar models are independent (see [208]]), we model
the covariance matrix relative to an hour h as

Ep(h) = EW + ]lhEDl 2sola

where D; C {1,...,24} denotes the set of daylight hours of 01/01/2011.
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The magnitude of power injections noise at bus i is quantified by the standard
deviation /(X,);;, expressed as a percentage of the combined installed capacity
of wind and solar generators located at bus ZEI In our numerical study, we find
that for daylight hours the mean of these standard deviations across all buses is
8.5%, while during nighttime the mean reduces to 5%.

Data-based model for X ¢

In view of Eq. (4.11), the covariance matrix for the line power flows f; is calcu-
lated as £y = V3, V. The magnitude of power flows noise is quantified by
the standard deviations oy = /(3 ). Since the nominal values for the power
flows v, have been standardized as fractions of line capacities, and thus range
within the interval [—1, 1], the values of o, describe the magnitude of the power
flows noise as a percentage of the corresponding line capacity. In our numerical
study, we find that for daylight hours the power flow standard deviations lie
within the range [0.00007,0.14219)], with mean 0.0228, while during nighttime
the range is [0.00001, 0.14203], with mean 0.0131.

4.B.2 German network: Most likely power injections

In order to keep the notation light, in the following two subsections we omit
the subscript s (which refers to stochastic power injections) from the vectors
w, p9, pe, B,

The small-noise regime theoretical power injections configuration responsi-
ble for the failure of line ¢, as given by Eq. (4.16), reads p') = E[p. | (f.), =
sign(v)]. As an illustration, Fig. 4.5 depicts p!) leading to the isolated fail-
ure of line 720. The bus sizes reflect how much p(?) deviates from p, and the
color-coding uses red for positive deviations, blue for negative ones.

In order to validate the accuracy of the large-deviations approach, we com-
pare p'¥) to the pre-limit conditional expectation of power injections given the
failure of line ¢, namely

I_)g) = ]E[ps | |(fs)£‘ > 1]a

which according to Proposition converges to p(*) in the limit as ¢ — 0. As a
measure of error, we consider, for each line /,

o ()
err(f) = S Z M

Ng Mg

’
=1

! We note that normalizing the error using the installed capacity of a generator is standard in
the literature [89].
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which quantifies the difference between p() and pﬁ‘), expressed as a percentage
of the nominal values p, averaged across all stochastic nodes. We found that,
for the same hour as in Fig. the average error across all lines is err =
LS, err(€) = 0.2%, with a maximum value of 2.6%, see Fig. Table
shows that the errors are uniformly small across different hours.

0.025
I

Error
0015 0.020
L L

0010
L

0.005
I

0.000
L

0 200 400 600 800

Line

Figure 4.8: Relative error err(¢) at 11 am, for ¢ = 1,...,852.

hour err max err({)
4 am 0.1% 1.5%
8 am 0.4% 4.6%

11 am 0.2% 2.6%

4 pm 0.1% 2.3%

Table 4.3: Average and maximum err(¢) for different hours.

Failure propagation

In view of Proposition the subsequent six failures have been determined by
looking at the vector f(©) = V(©)p(®) and checking whether \fl(f)| > 1 for each
line k& # ¢. According to Proposition [4.3] the pre-limit conditional probabilities

P(|(£9)x; | = 1[](£)el > 1)
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converge exponentially fast to 1 as ¢ — 0, and in particular the cumulative
distribution functions
P((E), < @ |[(£)el 2 1)

converge to the deterministic distribution f}cf). In order to validate our method-
ology, we numerically evaluate

P(|(E)n, | < 1]1(£2)el = 1),

for j =1,...,6, and found that the probability that all the six lines identified
by the large deviations approach actually fail in the pre-limit is equal to

P(|(ED),| > 195 = 1,...,6]|(£)¢] > 1)

6
> 1= P(|(E9)x,| < 1[[(f)e] > 1) = 0.9987.

j=1

4.B.3 German network: System security vs. system cost

In order to model a heavily-loaded but not overloaded system, in the OPF we
scale the true line limits f; by a contingency factor of A € (0, 1). This is a
common practice in power engineering that allows room for reactive power
flows and stability reserve.

We explore the trade-off between system security and system cost, by vary-
ing the contingency factor A in the range A € [0.7,1]. We evaluate system
security by means of the large deviations approximation for the failure proba-
bility of a given line ¢,

prM(0) = exp(—I,(N)), (4.24)

where we emphasize the dependency on A, and we use the average Locational
Marginal Price (LMP, Section|[1.3.2) and the maximum LMP at the grid nodes as
metrics of system costs.

Fig. [4.9)reports the results corresponding to the same setting as in Fig.
From this graph one can, for instance, immediately infer that making line 27
ten times as safe will roughly cost 1 €/ MWh on average, while the increase in
cost in terms of maximum price can be much more significant. This example
shows how our large deviations theoretical framework can be a valuable tool to
help designing a safe and reliable network at minimal cost.

Reducing the security margin does not only influence the average LMPs and
system costs, but also their geographical distribution. Fig. shows the LMPs
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Figure 4.9: Average LMP (scale on left) and Maximum LMP (right) vs. log;q(pr(*)(27)) =
log;o(exp(—1I27)), for the German network at 4pm.

for two values of A, one corresponding to a low effective limit/large security
margin system (A = 0.7) and the other to a large effective limit/low security
margin system (A = 0.95). We can see how a more conservative system results
in higher LMPs, especially in the south and south-west part of Germany, while
in northern Germany the difference is less pronounced. Quoting [26]], this
phenomenon can be explained by the fact that “transmission bottlenecks in the
middle of Germany prevent the transportation of this cheap electricity to the
South, where more expensive conventional generators set the price”.

LMP (EUR/MWh)
LMP (EUR/MWHh)

—10 - e —10

Figure 4.10: Geographical distribution of LMPs for A = 0.7 (left) and A = 0.95 (right), at 4pm.

Furthermore, Fig. shows that reducing the system security margin does
not only increase the likelihood of an overload, but it also increases the number
of lines with a large enough overload probability.
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or of lines
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Figure 4.11: Number of lines £ with overload probability pr(») (¢) > q.

4.B.4 IEEE test cases: analysis of classical vs. emergent failures

As illustrated earlier, the most likely power injections configuration leading to
the emergent failure of a given line can be used in combination with the power
flow redistribution rules to generate the failures triggered by that initial scenario.
By repeating this procedure for all lines, one can obtain insightful statistics
of the first two stages of emergent cascading failures (ec) and compare them
with those of classical cascading failures (cc), obtained using nominal power
injection values rather than the most likely ones and deterministic removal
of the initial failing line. We perform numerical experiments using IEEE test
grids. Since several IEEE test-cases do not report realistic transmission limits,
line capacities are taken to be proportional to the average absolute power flow
on the corresponding lines, i.e., fg = (1 4 «)|v¢|, where vy is a nominal value
provided in the dataset, @ = 0.25 and X, is the identity matrix.

Graph % joint failures | E(FF°) E(F5°) E(F5°)
IEEE 14 65.0% 4.40 8.40 4.95
IEEE 30 97.6% 3.73 9.88 4.95
IEEE 39 80.4% 4.78 11.39 4.85
IEEE 57 88.5% 8.00 19.00 10.44
IEEE 96 72.2% 6.70 21.47 7.31
IEEE 118 91.6% 10.40 24.53 7.56
IEEE 300 87.0% 18.13 39.19 7.42

Table 4.4: Percentage of joint failures in emergent cascades and average number of failed lines F
up to stage 1 and F> up to stage 2 for emergent cascades (ec) and classical cascades (cc) for some
IEEE test systems.

As shown in Table emergent cascades have a very high percentage
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of joint failures and an average number of failures in the first cascade stage
much larger than one (in classical cascades only one line is removed in the first
cascade stage). Furthermore, the expected total number of failed lines up to
the second cascade stage is significantly larger for emergent cascades than for
classical cascades. Lastly, failures propagate in emergent cascades on average a
bit less far than in classical cascades, as illustrated by the statistics of the failure
jumping distance in Table

Graph | E(D%) | E(D%) | co(D®) | co(D%)
IEEE 14 0.388 0.987 0.600 1.050
IEEE 30 0.754 1.198 0.879 1.115
IEEE 39 0.898 1.633 0.891 1.149
IEEE 57 1.210 2.507 0.863 1.415
IEEE 96 1.450 1.781 0.879 0.946
IEEE 118 0.679 1.638 0.745 1.169
IEEE 300 1.408 2.580 0.806 1.081

Table 4.5: Average and coefficient of variation of the failure jumping distance D in stage 2 both
for emergent cascades (ec) and classical cascades (cc). The distance between two lines is measured
as the shortest path between any of their endpoints.

Our approach also gives a constructive way to build the so-called “influence
graph” [87, 88, [152], in which a directed edge connects lines ¢ and ¢’ if the
failure of the line ¢ triggers (simultaneously or after redistribution) that of line
2. Fig.shows an example of influence graph built using our large deviations
approach. The cliques of the influence graph (i.e., its maximal fully connected
subgraphs) can then be used to identify clusters of cosusceptable lines [[207]],
which are the lines that statistically fail often in the same cascade event.

Figure 4.12: The influence graph of the IEEE 118-bus test system (in black) built using the first
two stages of all cascade realizations has a different structure than the original network (in blue).
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In this chapter, we focus on an important macroscopic feature of blackouts
in power grids, namely that the total size of a blackout is scale-free, i.e., its
probability distribution has a Pareto law, and propose a novel explanation for
this phenomenon.

We model power grids as graphs with heavy-tailed sinks, which represent
demand from cities, and study cascading failures on such graphs. Our analysis
links the scale-free nature of blackout size to the scale-free nature of city sizes,
contrasting previous studies suggesting self-organized criticality (Section[T.4.2)
as a possible explanation. In particular, we show that the tail behavior of the
blackout size distribution is completely determined by the city size distribution.

109
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Our results are based on a new mathematical framework that combines a
structural model of the power grid with rare event analysis for heavy-tailed
distributions, and are validated on the German transmission grid, as well as
various synthetic networks.

An implication of these results is that, as we elaborate more extensively in
Section 5.5] the classical approach of enhancing power grids’ resilience (e.g. by
investing in network upgrades [57,[206]) would only lead to a modest decrease
in the likelihood of big blackouts. Conversely, our insights suggest that it
would be more effective to strengthen the resilience of cities by investing in
responsive measure, such as energy storage, that enable consumers to mitigate
the consequences of large blackouts.

Finally, our insights are not limited to power grids, and offer new ways of
approaching scale-free phenomena in other transportation networks as well.

Chapter outline: The rest of the chapter is organized as follows. In Sec-
tion we describe our model for the power grid, formulate our research
question, and present results from the statistical analysis of historical blackouts.
In Section [5.2) we present the mathematical framework that we use to model
the cascading failure process, and state a property of Pareto distributions that
is a crucial ingredient of our analysis. Next, we provide the rigorous math-
ematical derivation of our results in Section [5.3] and present the simulation
experiments in Section[5.4] Finally, we conclude in Section 5.5 Details on the
statistical analysis and modeling, as well as extended proofs, are reported in

Appendices and

5.1 System model and problem formulation

Following the model description of Section[1.2.2] we view the power grid as
a connected graph G = G(N, ) with |N| = n,|E| = m, where nodes
represent buses, which are connected by edges £ modeling transmission lines.
Moreover, we let g,d € R™ and p = g — d € R" represent the nodal (active)
generation, demand, and net power injection vectors, respectively. We assume
that every node i € A represents a city with size X;, where we define the size of
a city as the number of inhabitants, and we denote by X = (X1,..., X,,) € R”
the vector of city sizes.

We consider a static framework where each inhabitant demands one unit of
energy, therefore identifying the energy demand of a city with its size, i.e.

d; = X; foreveryt=1,...,n. (5.1)
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In view of Eq. (5.1), we will use the notations X and d interchangeably.
Under the DC approximation, the power flows f € R™ are given by f = \A/'p,
where the PTDF matrix V was defined in Eq. (1.19). In this context, the DC
power flow model has been shown to be accurate in describing the evolution of
the cascade that led to the 2011 San Diego blackout [13]]. Some useful properties
of matrix V, that will be used later, are reported in Appendix

Under normal conditions, the power grid is a single fully functioning net-
work with balanced supply and demand, ie., e’ (g — d) = 0, where e =
(1,...,1)T € R™. Following [[14], a typical way for a large blackout to occur is
as follows: after several line failures, the network breaks into disconnected sub-
networks, referred to as islands in the rest of the chapter. In particular, suppose
that after several line failures the network disconnects in two islands, Z; and
Zo = N'\ Z;. In general, the balance between supply and demand is not guaran-
teed to hold in the individual islands, i.e. 3 ;.7 (9i—di) = = > ;7 (9i —di) #
0. Without loss of generality, assume that ) ;.7 (g; — d;) < 0, so that Z; faces
a power shortage. We define the size of the blackout, up to the first disconnection,
in terms of the amount of load that needs to be shed in Z; in order to restore

balance, i.e.
Z (9 — di)
i€Zy

S = = (di —g:) > 0, (5.2)

€Ty

which is equivalent to the number of customers affected, in view of Eq. (5.1).
After this first disconnection, the cascade may progress leading to a network
having several disconnected islands. The total blackout size is defined as the
cumulative load shed in each island facing a shortage until the cascading failure
process ends or, equivalently, as the total number of customers affected by the
blackout in view of Eq. (5.1). A rigorous description of our model for blackouts
is given in Section|5.2

Research question: It is well-documented [38] 57, [86][39] that blackout sizes,
expressed in terms of number of customers affected, are scale-free, i.e., their
distribution is consistent with that of a Pareto random variable. A Pareto-
distributed random variable X with minimum value x,;, > 0 and tail exponent
a > 0 is described by its complementary cumulative distribution function
(CCDF)

F(:c):IP’(X>x):( ‘

Tmin

—«
) y L 2 Tmin- (53)

The expected value of X is equal to (@@ min)/ (e — 1) if @ > 1, and co otherwise.
Whenever we are only interested in the tail index «, we will use the notation
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P(X > z) = Cx~ %, where ~ means that the ratio of both quantities approaches
lasx — oo, and C' > 0 is a constant. The results of the statistical analysis
for historical blackouts in the US are reported in Table In particular, we
observe that the estimated tail index is greater than 1, implying a finite mean.
The statistical analysis is based on the PLFIT method in [42], and details are

reported in Appendix

Dataset N Ngail A (&min) Tmin KS p-value
US city sizes (X 103) 19447 580 1.37 £0.08 52.5+11.6 0.76
US blackout sizes (x 103) 1341 448 1.31 £0.08 140 £ 31.3 0.32

Table 5.1: PLFIT statistics for US city [42] (based on the 2000 Census) and blackout sizes [184].
Nyl i the number of data points x; greater or equal than Zyiy. Standard deviations obtained
via nonparametric bootstrap with 1000 repetitions, and KS p-value denotes the result of the
Kolmogorov-Smirnov goodness-of-fit test (Section[5.A1).

The central thesis of this chapter is that the scale-free nature of city sizes
in the network is what drives the scale-free nature of blackout sizes. In par-
ticular, we will show that city sizes X and blackout sizes S both have Pareto
distributions with similar tail behavior, i.e.

P(S > z) ~ Ciz™% P(X > x) ~ Cox™ (5.4)

for C1,Cy > 0. For the case of the US blackout sizes and city sizes, we
corroborate this with historical data as summarized in Fig.|5.1|and Table
which shows that the distribution of city sizes is also scale-free [42], and that
the tail parameters « for blackout and city sizes distributions are remarkably
similar (blackout sizes: o« = 1.31 & 0.08; city sizes: « = 1.37 £ 0.06). We refer
to Appendix for details on the historical data analysis and the statistical
procedure.

5.2 Cascading failures model

In what follows, we formally state our results by introducing a new mathematical
framework that captures the salient characteristics of actual power system
dynamics [14] and sheds light on the connection between blackout and city
sizes.

In accordance with data analysis (see Table [5.1), we model the size of a city
with a Pareto distribution with tail index «, i.e.

P(X > z) ~ Cox™°, (5.5)

for a constant Co > 0, and we assume that city sizes are independent and
identically distributed. For convenience, we relabel the nodes such that X
represents the largest city.
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Figure 5.1: a) Pareto tail behavior of US city [42] and blackout sizes [184] in the region z >
Zmin. Estimates for a and @min, along with standard deviations, are based on PLFIT [42], and are
statistically significant based on the Kolmogorov-Smirnov goodness-of-fit test (see AppendixA
Points depict the empirical complementary cumulative distribution function (CCDF); Solid line
depicts the CCDF of a Pareto distribution with parameters o, Zmin. b) Visualization of the estimated
« obtained by only considering values in the region > min, as a function of p;,. The PLFIT-
estimated xp;, for city sizes (blue dot) and blackout sizes (red dot) lie within a region where the
values of « are relatively stable, corroborating the results of the PLFIT procedure.

For the operations of our network, we employ the Direct Current Optimal
Power Flow (DC-OPF) formulation, which plays a central role in the daily
operations of actual power systems [14,33]. As described in Section[1.3.1} the
OFPF is a cost-minimization procedure that determines the optimal generation
schedule satisfying demand/supply balance and network operating constraints,
such as generator and transmission lines limits, under the assumptions of the
DC approximation.

5.2.1 Planning, operational and emergency problems.

In order to obtain a fundamental, causal understanding of the correlation be-
tween blackout sizes and city sizes using the DC approximation model, we
require a framework that adequately sets the transmission lines limits by taking
into account the topology of the network and the distribution of city sizes. In
addition, we need to specify a mechanism that causes the initial line failure, as
well as which lines possibly fail next after the power flow redistribution. For this
purpose, we consider a framework that consists of three problems: the planning
problem, the operational problem, and the emergency problem. Next, we explain
our framework in more detail, followed by listing some vital properties.
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The planning problem. The planning problem refers to the design of the
power network, and in particular, how the line limits f for the next phase, the
operational problem, are set.

Recall that, in our static framework, each inhabitant demands one unit of
energy, i.e. d; = X, for every 7 = 1, ..., n, and that city sizes X;’s are i.i.d. and
have a Pareto tail, as given by Eq. We assume that the generation cost
function at node 7 is a strictly convex and quadratic function of g;, and that
generator limits do not pose an effective constraint in the DC-OPF. Specifically,
we assume that J;(g;) = ¢g2/2,i=1,...,n, and g, =—00,gi=00,i=1,..,n
Moreover, we assume that line limits do not pose an effective constraintﬂ

These assumptions ensure that the generation is spread among the cities
as equally as possible, and that the resulting line power flows, as well as the
operational line limits (defined later in Eq. (5.6)), are also Pareto-tailed with the
same exponent as the city sizes.

The solution of the DC-OPF in the absence of any generator and transmission

line limits is
nnin, 1 -
g(Plamning) _ (5 Z Xi)e.
i=1
The associated flow vector is given by

f(planning) _ i\[(g(planning) o X) _ *VX,

where we used that Vg* = 0 (Lemma . Next, in the operational problem,
we set operational line limits as a fraction A of the planning problem power
flows

fo = Nf@Rming) | = X|(VX),], 0=1,..,m, (5.6)
where A € (0, 1] is a safety tuning parameter.
The operational problem. The operational problem consists in solving the

DC-OPF with respect to the operational line limits Eq. (5.6) to obtain the gener-
ation vector g. That is, we solve

. 2
2/9 5.7
min ;gl/ (5.7)
s.t. Zgi = ZXi’ (5.8)
=1 =1

—f<V(Eg-X)<f¥ (5.9)

!We remark that the design phase’s purpose is to set line limits for the operational phase.
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Observe that the line limit constraints —f < \Af(g -X) < f can be rewritten,
in view of Eq. (5.6), as

\A/X—A‘VX’ g\Afgg\AZXJFA‘VX‘ (5.10)

where |\A/'X| denotes the vector with elements (|\A/'X|)J = |(\A/X)J l, j =
1,...,m.
The emergency problem. Finally, the emergency problem concerns how an
initial disturbance propagates through the network. We assume that the initial
disturbance is caused by a single line failure, chosen uniformly at random over
all lines. We point out that our framework can be extended to multiple initial
line failures, or adapted to deal with generator failures. The initial line failure
changes the topology of the grid and causes a global redistribution of network
flows according to power flow physics (see Appendix [5.B).

A subsequent line failure occurs whenever there is at least one line such
that its emergency line limit is exceeded. The emergency line limit is defined as

Fyp=Xfo, (5.11)

with f, being the (conservatively chosen) operational line limits, and \* > 1 is
a constant. A canonical choice is \* = 1/A.

We assume that line failures occur subsequently, and occur first at the line
where the relative exceedance is largest. Whenever line failures cause the
network to disconnect in multiple islands, we assume that the energy balance
is restored by proportionally lowering either generation or demand at all nodes,
as described in more details in Section[5.3.2]

This change in power injections alters the power flows as well, and the
process can continue resulting in a cascading effect. More specifically, before
the initial disturbance occurs, the network flows are given by \A/'(g —d), where
g is the solution of the DC-OPF in the operational problem, and d = X. After
any line failure, we check whether this causes the network to disconnect, and if
so, we proportionally lower the generation in one component and the demand in
the other component such that demand and generation are balanced in the two
disconnected components. The network flows are updated according to the laws
of physics in every component. That is, the removal of one or more lines yields

a modified matrix V (see Appendix , and possibly modified generation g

and demand d. The line flows are given by V(g — &) This cascading failure
process continues until the emergency line limits F} of all surviving lines are
sufficient to carry the power flows.
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This iterative process may lead to the disconnection of the network in mul-
tiple disconnected sets, or islands. Within each island, we alter the generation
and demand to restore the power balance. Observe that there is at least one
island that experiences a power shortage and needs to shed load. Our object of
interest is the total amount of load that is shed during the process.

In particular, define A; C A to be the island that contains the city with
the largest demand after the cascade has taken place. We point out that the set
A is random, and in particular, A; = {1, ..., n} if the cascade stops without
causing network disconnections.

The mismatch between generation and demand in the component .A;, which
contains the city with highest power demand, is given by

Z (X —94)

i€ Ay

S = =Y (X;—gi)>0. (5.12)

€Ay

In general, the total size of the blackout can be greater than S, as there may
be additional islands experiencing power shortages. Thanks to properties of the
Pareto distribution, however, it turns out that S is a good approximation for
the total size of the blackout, as it yields exactly the same limiting behavior. We
study this notion in more details in the next sections.

5.2.2 Principle of a single city with large demand

A key property in our framework is that the tail of the blackout distribution is
dominated by the scenario where there is a single city that has a large power
demand, while the demand of the other cities is negligible. To formalize this
notion, write dy = max{dy,...,d,} with d;,i = 1,...,n, independent and
identically Pareto distributed power demands. Note that for every € > 0,

P(S>z)=P <S>I;Zdi < ed1> +P <S> vy di > ed1> .
i=2 i=2
The next lemma shows that the second term in the right-hand side is negligible.

Lemma 5.1. Suppose d;, i = 1,...,n are independent and identically Pareto
distributed with tail exponent o > 0, and write d; = max{dy, ..., d,, }. For every
e>0,asxr — o0,

P (S’ > x; idi > ed1> =0 (x_2“) . (5.13)

=2
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In other words, Lemmaimplies that if for some € > 0 sufficiently small,
the approximation

P (S > m;Zdi < ed1> ~Cz™ @

=2

holds for some constant C' € (0, 00), then the only likely way to have a large
blackout is when there is a single city that has a large demand.

As aresult of Lemma in order to understand how large blackouts occur, it
suffices to grasp the behavior in the special case where there is a single city with
a large demand d, while all other demands are negligible, i.e., Y .-, d; < ed;.

To this end, in the next section we first focus on the very special case where
d =ye;,ie,dy =y > 0andd; = 0for j > 1, for which the blackout size S
has a particularly simple expression. In view of Lemma5.1] this special case
describes some form of limiting behavior for the general case, which will be
analyzed extensively in Section[5.3]

5.2.3 Blackout size in the case d = ye;.

In this section, we show that in the special case d = ye;, y > 0, the operational
problem and has a closed-form solution, given by

n—1

glzy(l—/\ ),gj(x):ﬂ for j > 2. (5.14)
n
In turn, this allows us to get a simple expression for the blackout size .S.
First, we consider the planning problem. In the absence of any generator
and transmission line limits, the solution of the planning OPF is g* = %e,

~

with associated flow vector f* = V(g* — ye;) = —y\Afel, where we used that

Vg* = 0 (see Lemma.
Therefore, the operational problem reduces to

n
. 2
min /2 5.15
min ;:1 9;/ (5.15)
st.  e'g=e'e; =y, (5.16)

—\y[Vey| < V(g —d) < M\y|Vey], (5.17)

which we will denote by P(),y). Lemma5.2shows that the solution of P(), y)
is of closed form.
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Lemma 5.2. Let A € (0,1). Let G be assigned the orientation such that Ve, > 0.
Then, the solution of P(\,y) is given by

) =Ale +y(1 - Ner,

ie,g1(N) = y(1-=A"=1) and g;(A) = AL foralli = 2,. .., n. The corresponding
line flows are at capacity and are given by £(\) = —yAVe;.

The proof is reported in Appendix[5.C]

Finally, we solve the emergency problem, which leads to a simple expression
for the blackout size. Note that whenever there is a network disconnection, the
component that does not contain node 1 has zero power demand, and hence the
generation at every node in that component must be lowered to zero in order
to restore balance. Evidently, no consecutive failures occur in this component,
implying that the total amount of load that is shed equals the power imbalance
in just the component containing the biggest city, .4, and reads

=Y X = Y- x) =3 2=at Al s

n
€A JEAL iZ AL

Indeed, the demand at node 1 is reduced by the number of nodes that
disconnect from this component times y\/n, since g; = yA/n for every j > 2.
Next, we will see how this special case can be used to derive the distribution of
the tail of blackout sizes in the general case.

5.3 Blackout size in the general case

5.3.1 Intuitive argument

Before proceeding with the rigorous mathematical analysis, it is helpful to get
an intuitive understanding of the main idea underlying our results. For this
reason, we now provide a sketch of our argument, referring to Sections|5.3.2]
and|[5.3.3|for the full derivation. First, observe that in view of Lemma5.1] the
case where Z?:z d; < edy (for arbitrarily small € > 0) is, in certain settings,
the only likely way to have a large blackout.

Therefore, in the following derivation, we will consider the limiting regime
d — ye;, where we recall that d; = max{ds,...,d,} is the city with largest
demand. By conditioning on the size of the island A; containing the biggest
city at the end of the cascade, we have
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P(S > z) :ZP(S>x|\A1| =j)P(JAL] =)

n—1

~ ZP<)\n]d1 > 2| A :j>]P’(|A1| =j)
=1 "
~ Clm—a,
where
n—1
Cr=nK Y P(lAi| =5)A*(1—j/n)* € [0,00). (5.19)
j=1

Intuitively, the second approximation in the above derivation follows by
considering the limiting regime d — ye;, recalling that in the case d = ye;
n—|A;|

the blackout size is equal to A=y, and invoking an important continuity

property described in Lemma5.1] Finally, in the last step we used the property
P(max{ Xy, ..., Xy} > z) # nP(X > z) ~ nKz™“,

that holds for Pareto tails [156]]. Therefore, if there is a strictly positive probabil-
ity P(|A;| <n—1) = Z;’:—ll P(].A1] = j) > 0 that a cascade creates additional
islands, then C; > 0 and the total amount of load shed has a Pareto tail with
the same exponent as the city size distribution Eq. (5.4). The next subsections

are devoted to the rigorous derivation of this result.

5.3.2 Convergence of cascade sequence and continuity
properties

First, note that without loss of generality, we can always normalize our frame-
work by dividing all parameters (generation, line limits, etc.) by the sum of all
power demands. This yields an equivalent setting where the total power demand
equals one, i.e.,, d = e;. Therefore, we will normalize y = 1 in the derivation
below. In the rest of this section, we first rigorously define our framework for
the cascade evolution, and then we show how, under some assumptions, for all
demand vectors d for which d — e; as € | 0, the sequence of subsequent line
failures (i.e., the cascade evolution) converges to the sequence of line failures as
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if the demand vector would have been d = e;. The operational DC-OPF

1o

= 5.20
lin 58 '8 (5.20)
st. elg=e'd, (5.21)

V(g -d)| <A [Vd

, (5.22)

is a strictly convex optimization problem, and since g = Ade + (1 — \)d
is a feasible point, the feasible set of this optimization problem is nonempty.
Therefore, for each demand vector d, there exists a unique optimal solution
g*(d).

If we view d as a parameter of the problem, then the optimization prob-
lem defined by Egs. (5.20)-(5.22) is an instance of a multi-parametric quadratic
programming (mp-QP) problem with a strictly convex objective function, for
which it is known that the optimal solution g*(d) is a continuous function of
the parameter vector d (Theorem 1, [181]]). This continuity property will be
used extensively in the rest of the section.

We assume in our framework that line failures occur subsequently, i.e., a
next line failure occurs at the line where the line limit is relatively most exceeded.
Recall that F; denotes the emergency line limit of line j € £, and is given by
(taking \* = %)

Fy = XA[(Vd);| = [(Vd);].

We write f;m) as the flow on line j after the failure of the first m — 1 lines and
after the load/generation shedding took place, where we use the convention

that f](l) denotes the flow on line j when no initial disturbance has occurred yet,
and f](m) = 0 if line j has already failed before the m-th step of the cascading

failure process. The cascade is initiated by the random failure of line ¢ = ¢(1).
For m > 2, the m-th line to fail is given by

(7”) _F
pm) — arg max M}

= arg max{ |f](7n)|} (5.23)
JEAm) iy Fy '

jE.A('”) J
where A = {j : |f;m)| > F}} is the set of lines that exceed the limit.

Remark 5.1. Note that the line limits and line flows depend on d and X\ through
the operational OPF, so that the sequence of subsequent failure depends on d, A,
and on the initial failure { = () That is,

Fy=F;(d), £ = f{(d,\), A™ = A (g, x,d), £ = (™) (¢, ), d).
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For notational compactness, we do not write the dependency ond, A and .

We remark that if |.A(™)| = 0, no more line failures occur. Technically, it is
also possible that |.A(™)| > 1 and, hence, the subsequent line failure next needs
to be chosen from a set of multiple lines. We exclude the cases that do not yield
unique maximizers from our framework.

Assumption 5.1. For all lines j, the ratios between redistributed flows and line
limits

Dl _ A(V™e);|
File) — |(Ven|

are all different for all m > 2, where V(™) denotes the PTDF matrix for the
remaining network after m — 1 failures have taken place.

Assumption is needed to ensure the uniqueness of the maximizer in
Eq. (5.23), and guarantees that whenever the first line failure ¢ and the parameter
A are known, the cascade sequence for the demand vector d = e; is unique
and deterministic. This assumption is added for technical convenience, and
we stress that our results hold more generally. In particular, this assumption
rules out certain network topologies with some form of symmetry, but we can
slightly adapt the framework to deal with these cases as well.

That is, suppose that | A™)| > 1 for some m € N and the set A'™ consists
only of lines that are indistinguishable from one another (lines that are ‘sym-
metric’). Since nodal demands are independent and identically distributed, this
implies that each of these lines has an equal probability of being the line that
fails next. By the symmetry of the network topology, regardless of which line is
chosen to fail next, the resulting networks after the cascade are indistinguish-
able.

LetC = {¢M) ... ¢(T)} be a cascade sequence, where £(7) is the last failure
before the cascade stops. In view of Assumption|[5.1] such a sequence is uniquely
determined by the first failure /(") and by the demand vector d and by A, i.e.,
C =C(d, A\, ¢). In view of Lemma and the normalization property, the goal
of this section is to show that if d — e;, then the cascade sequence does not
depend on d anymore, i.e.

C(da )‘7 6) - C(elv )\7 6)

To analyze the power imbalance in this framework, we first introduce some
notation as well as formally define the shedding rule and the redistribution of
power flows.
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Definition 5.1 (Uniform shedding rule). Letg(®) = g* d(Y) = d be the initial

generation and demand vectors. Assume that the removal of lines (V) ... ¢(™),
m > 1, disconnects the network in components gi(m) = (j\/i(m),é'gm)), 7 =
1,..., hm. Define the power imbalance in component gfm) as
YQEM) _ Z (gl(cm) . d](;n)).
ken ™

In order to restore power balance, generation and demand in each component
are modified iteratively according to the following uniform shedding rule, for

ke j\/'i(m):

1 |Yg(777,) | d(m) fY O
- = 1 m) <
d§:n+1) _ Zle_/\/’snl) dl( ) k gl( ) ,
dkm) ingl(m) >0
o) ifY, 0
9i ifYgom <
(m+1) '
gy, = \Yggm) \ m) .
11— — Y (my > 0.
( = o ) g =
Definition 5.2 (Power flow redistribution). Assume that the removal of lines
000 m > 1, disconnects the network in components gz.(’”) = (./\/i(m), Ei(m)),
it =1,..., hy. Then, the line flows in component gi(m) are given by

fé(':ﬂ'i‘l) _ {\/(m+1,gi)(g/(\7[:l+1) _ dﬁ\ZL+1))a

where V(" +1.G4) is the PTDF matrix for the subgraph gfm), and gj(xﬂ), dﬁ:}:H)
are defined as in Definition

In order to show the convergence of the cascade sequence, we require a
second assumption.

Assumption 5.2. For all lines j and m > 2,
1™ (e1)] = Fj(er) # 0.

That is, ford = ey it is not possible for a line flow \fj(m)| to be exactly equal to its
limit. In terms of PIDF matrices and )\, this assumption reads

A(Vm9e) | # [(Ver);l, m> 2.
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Assumption [5.2]states that none of the line flows equal its emergency line
limit in the cascade sequence if d = e;. In practice, this assumption involves
excluding finitely many \’s from our analysis, which correspond to phase-
transitions.

In order to prove the convergence of the cascade sequence, we also need a
continuity property of the line flows at every stage with respect to the demand
vector.

Lemma 5.3 (Continuity of f](m) with respect to d). At each stage m of the
cascade, the redistributed power flows f;m) are continuous in the initial demand

vectord forallj =1,...,m.

Proof. Assume that the removal of lines E(l), .. ,E(m), m > 1, disconnects the
network in components gf’”) = (M(m), Sfm)), i =1,..., hpy. According to
Definition[5.2]

)

gn+1) _ V(m+1,gi)(gj(\7/:;+1) _ d/((/?+l))

for each connected component g}m), so £(m+1) is continuous in g(m+1) , d(m+1),
Moreover, according to Deﬁnition g(m+1), d(™m+1) are continuous functions
of g™, d("™). By unfolding the recursion, and using that g*(d) is continuous
in d, we see that f(™*1) is continuous in d. O

Finally, we can show the main result of this section.
Proposition 5.1. Assume that Assumptions and hold, and let
C(d, N\, 0) = {¢W, ... 1Dy
be a cascade sequence initiated by { = (). Then, there exists ¢ > 0 such that
di =1,dj <e,Vj>2 = C(d,\,¢) =C(e1, A\, {).
The proof is reported in Appendix For an illustration on how one can
easily derive the finite number of phase-transition values, we refer to [134][170].

5.3.3 Asymptotic behavior of power imbalance

In Section[5.2.2] we showed that the only likely way to have a large blackout is
when there is a single city that has a significantly larger demand than all other
cities. Under certain assumptions, given the position of this city (i.e., labeling
this as city 1) and the first line failure, the cascade sequence is deterministic
and the same to the one as if the demand vector would have been d = e;
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(Section [5.2.3). In this section, we exploit these properties to derive the tail
behavior of S, or equivalently, the amount of load that is shed/the number of
affected customers.

We point out that the demands are independent and identically distributed,
so the probability that a city has the largest demand equals 1/n. To obtain the
tail behavior of S, we need Assumptions|[5.1]and[5.2]to hold regardless of which
city has the largest power demand.

Assumption 5.3. Assumptions[5.1 and[5.2 hold for any relabeling of the vertices.

Note that since the number of cities 7 is finite, and inherently also the
number of the possible lines where the first failure occurs, Assumption
excludes only a finite number of possible values of A from our framework. The
main theorem follows.

Theorem 5.1. Suppose there is a fixed topology G = (N, E) and a fixed \ €
(0,1), for which Assumption[5.3 holds. Write Z(i,£),i = 1,..,n, =1,...m
as the number of cities that are not in the same component as city i after the
cascade under demand vector d = e; and first line failure £. If Z(i,¢) = 0 for all
i=1,...,nandl=1,...,m, then asx — oo,

P(S > z) = O(z™2%). (5.24)
Otherwise, as x — oo, there exists a Cy € (0, 00) such that
P(S > x) =~ Ciz™“. (5.25)

The proof is reported in Appendix[5.C See also [170].

5.3.4 Blackout build-up by multiple jumps

As the cascade progresses, the size of the blackout S can gradually build up
by multiple big shocks, or jumps, as the island containing the biggest city is
shrinking in size. Large deviations theory for heavy tails can be applied to show
that each of these jumps is a fixed fraction of the city size, proportional to the
number of generators that are being cut off.

We illustrate this in Fig.[5.2|on a simple network of six nodes, as well as on
the SciGRID simulation in Section [5.4.1} referring to [134,[170] for details. This
example shows how A acts as a tuning parameter: if A > 3/4 the total blackout
size is realized by means of either one or two big shocks (the two scenarios
being equally likely) while smaller values of A only lead to one shock. When
A < 1/4 (an overly conservative value), a single line failure does not lead to a
blackout.
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(a) Initial disturbance occurs at one of the upper lines.
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(b) Initial disturbance occurs at one of the lower lines.

Figure 5.2: Schematic illustration of a cascade in a six-node network with A > 3/4. The
operational flows for the four lower and upper lines are A/24 and 5\/24, respectively, with
corresponding emergency line limits of 1/24 and 5/24. (a) The failure of one of the upper lines
causes the load on the adjacent lower line to surge to A/6, exceeding the line limit and causing this
line to trip (Stage 2). This cuts off node 2 and results in a load shed of A/6. In addition, this causes
the load on the three remaining lower lines to surge to A\/18, resulting in these lines tripping as
well (Stage 3). This isolates node 6 and yields a further load shed of A/6 (Stage 4), at which point
the cascade ends. Thus, the set A; consists of four nodes, and a total load shed of A/3 occurs as a
result of ‘two big jumps’. (b) The failure of one of the lower lines produces a load surge A\/18 on
the three remaining lower lines (Stage 2), causing them to trip and cutting node 6 off. The upper
lines see a reduction in load and survive, so that the set A1 consists of five nodes, and a total load
shed of \/6 occurs as a ‘single big jump’ (Stage 3).

5.4 Simulation experiments

5.4.1 SciGRID network

To support our claims further, we present experimental results using the German
SciGRID network. We perform our experiments using PyPSA, a free software
toolbox for power system analysis [26]. We use the dataset described in [24],
which provides a model of the German electricity system based on SciGRID [118]].
Data for German city sizes are obtained from [203]], while the population of
German districts, together with the corresponding administrative borders, are
taken from [[61]] and [62} 53]].

Since the aforementioned datasets do not include nodal demand data, we
generate relative nodal demands by using population sizes and administrative
borders of German NUTS3 districts, which are then rescaled with hourly nation-
wide demand statistics. This procedure, based on [25], is explained in detail
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below.

Nodal demand

The SciGRID model of the German power grid contains 1423 generators, 585
nodes, 489 demand nodes, and m = 852 transmission lines. Geographical
coordinates of the demand nodes are denoted by P, ..., Pigg € R%. Moreover,
Germany is partitioned into 402 NUTS3 administrative districts: we denote
by pop®'"(j) € R and P; C R?, respectively, the population and the polygon
describing the administrative borders of district j.

In order to attach the loads to the 489 demand nodes, we proceed as follows.
First, we partition Germany using the Voronoi tessellation associated with the
demand nodes. Since some of the nodes lie outside the border of Germany, we
consider a bounding square X that contains Germany and all the P;-s, and we
define the Voronoi cells:

V(P) ={xe X : |lz = Bl <|lz - B|[Vj #i}.

Then, the population of a node P;, denoted by pop™% (i), is taken to be
proportional to the overlapping area between V' (P;) and all the NUTS3 districts
that intersect V' (P;). Rigorously, if we define the transfer matrix T € R489x402

as
402

Area (V(P) N'P;)

Tij=), :

Area(P;) ’ (5.26)

Jj=1

the nodal population can be calculated as the matrix-vector product pop"°d =
T p Opdistr.

Table|5.2|and Fig. 5.4 summarizes the key statistics for the power law fits
of city, district and nodal population. Fig. [5.3|shows the different partitions of
Germany in NUTS3 districts and Voronoi cells associated with SciGRID demand
nodes. Finally, the demand at node i at time ¢, denoted by d;(t), is calculated by
rescaling the country-wide demand d8™?2" (¢) by a factor proportional to the

nodal population, i.e.,
node

; — (8ermany . &
di(t) =d (t) S popi (5.27)

Simulation setup

The dataset described in [24] includes hourly nodal generation time series for
the entire year 2011, together with data for grid topology, lines limits, generation
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Quantity N Thtail « Zrmin - 107 KS p-value
Cities pop. 400 | 271 | 1.29+0.08 44+1 0.35
Districts pop. | 402 | 107 | 2.354+0.34 | 22.9+3.8 0.65
Nodal pop. 498 51 3.77+1.07 | 35.7£7.8 0.76

Table 5.2: PLFIT statistics for German cities, district and nodal population. The KS p-value is

defined in Appendix
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Figure 5.3: Subdivision of Germany according to NUTS3 districts and to Voronoi tessellation
corresponding to demand SciGRID nodes.

capacities and marginal costs. After augmenting it with the nodal demands
generated as described in Subsection we can run Optimal Power Flow
(OPF) instances.

We simulate blackout data by considering one year’s worth of hourly de-
mand data. For each snapshot, we solve the operational OPF and remove one
line uniformly at random, initiating a cascade. The details are reported in Al-
gorithm 1] First, for each of the 24 - 365 = 8760 hourly snapshots of the year
2011, we solve the corresponding OPF using a safety factor A € (0, 1) (line 2 in
Algorithm[T). This corresponds to the operational phase in our mathematical
model. Note that there is no planning phase in this simulation since we are
using a model of a real-world grid.
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Out of the 8760 snapshots available, only a subset results in a feasible OPF,
due to the introduction on the conservative parameter A. Such snapshots are
called feasible OPF snapshots. Next, for each feasible snapshot, we remove one
line uniformly at random (line 4), and let the cascade evolve as explained in
Section (lines 5-11). One stage of the cascade is comprised of lines 7-10.
Note that a load shedding event (line 7) may or may not occur during a cascade
stage, according to whether the previous stage line failures caused a network
disconnection or not.

Finally, we store the resulting blackout realization (line 12) expressed in
terms of the total number of customers affected, obtained from the total amount
of load shed via the relationship in Eq. (5.27). In general, only a subset of the
feasible snapshots resulted in non-zero blackout realization, i.e., a realization
with a strictly positive blackout size, the others stopping without disconnecting
the network, and thus without any load shedding,.

Algorithm 1 Monte Carlo simulation - SciGRID German Network

1: Inputs:
T = {hourly snapshots for the year 2011}
A = line limits scaling factor
2: Initialize:
Solve OPF V¢t € T with scaling factor A € (0, 1)
Set T (\) = {feasible OPF snapshots}
Forall t € T(A), let G(¢) be the corresponding network
: for t € T(A) do
Remove 1 line uniformly at random from G (¢)
Set G(t).changed =True
while G(t).changed =True do
Shed load/generation within each component of G (load shedding event)
Recompute normalized power flows f;
Remove from G all lines exceeding the original line limit
If at least one line was removed, let G(t).changed =True; otherwise, set
G(t).changed =False
11: end while
12: Store blackout realization
13: end for
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Figure 5.4: PLFIT results for German cities, districts and nodes population.
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Figure 5.5: Results for SciGRID blackout simulation for different values of . (a), (b), (c): PLFIT
results and log-log plot of the ccdf of the number of customers affected; (d), (e), (f) Hill plots.
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scaling factor | # feasible OPF snaps. | 7inon-zero
0.7 3718 614
0.8 4988 858
0.9 6127 1220

Table 5.3: Key statistics for OPF feasibility and blackout realizations for the SciGRID case study.
Nnon-zero denotes the number of snapshots associated to a non-zero blackout size.

5.4.2 Results and analysis

Given a cascade realization with n stages, let
L; = cumulative load shed up to stage i, ¢=0,...,n,

denote the cumulative amount of load shed at stage i, with the convention
Lo = 0, and let L; — L;_; denote the amount of load shed at stage i. The
number of load shedding events, or jumps, in a blackout realization with n stages
is

J=|{z=l,,n : Li—Li,1>0}‘

Fig.[5.6]reports the histogram and the ccdf of the total number of load shedding
events in the SciGRID network, for different values of A. Uniformly across dif-
ferent loading factors A, we found that the preponderance of blackouts involves
just a single big load shedding event. For a moderate loading factor A\ = 0.7,
nearly 98% of the blackouts only involve a single jump, and even for a high
loading factor A = 0.9, 90% of the blackouts involve just a single jump, and the
fraction of blackouts with four or more jumps remains below 4% in all cases, as

can be appreciated from Fig.

Fig.[5.7|depicts the largest observed blackout across the 8760 snapshots and
initial line failures, for different values of . Even in this massive blackout, there
are only a few load shedding events, and the bulk of the load shed is the result
of a single big jump. These observations sharply contrast with the branching
process approximations, in which many small jumps take place.

While the single big shock jump is responsible for a large blackout, the
power law behavior is not recovered (see Fig. [5.5). This is due to the small
dimension of the network and the fact that German city sizes are essentially
fixed, as opposed to our mathematical model where X1, ..., X,, are random
variables. For a sufficiently large network, however, a frozen version of our
model still leads to the correct power law behavior, as we show in Section m
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Figure 5.6: Statistics for the total number of shedding events J in the SciGRID simulation.
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5.4.3 Simulations on random graphs with frozen city sizes

Our mathematical framework described in Sectionmodels city sizes Xy, ..., X,
as Pareto distributed random variables, while in the real world the sizes of cities
served by a given power grid are essentially fixed. In this section, we show
that our results still hold for a version of our model where the city sizes are
kept fixed. In order to show this, we synthetically generate blackout data us-
ing a simulation based on the three-stage mathematical model described in
Section In particular, we generate a single instance of a Watts-Strogatz
random graph with n = 10000 nodes, m = 20000 lines, rewiring probabilities
p € {0.3,0.5,0.7} and mean degree K = 4, and set unitary line reactances.
Each node corresponds to a city, and the city sizes are sampled from a Pareto
i =5+ 10%, according to the
results in Table[5.1] The line limit scaling factor is set to A = 0.7. Each iteration
of the simulation stops when there are no more overloaded lines, or the graph
got disconnected in two islands. We remark that the graph topology and city
sizes are sampled only once, so that the only source of randomness during the
simulation is the first outage event. The simulation setup is summarized in
Algorithm|[2] and the results are reported in Table[5.4|and in Fig.

distribution with parameters a(¥) = 1.37 and 7\

P | Nier | Tnonzero | Muail @ Tmin - 10* | KS p-value
0.3 | 2000 1046 109 | 1.29+£0.11 43.9 £ 8.0 0.5
0.5 | 2000 1061 277 | 1.45+0.10 | 22.73 £+ 5.0 0.77
0.7 | 2000 1111 84 | 1.294+0.19 | 39.97+9.0 0.57

Table 5.4: PLFIT statistics for synthetically generated blackout data, using a Watts-Strogatz
random graph model for the power grid topology and keeping city sizes fixed, for different rewiring
probabilities p. Tnon-zero is the number of nonzero blackout realizations. ng,; is the number of
(nonzero) realizations x; greater or equal than Zmin.

We observe that the tail index estimates « are within one standard deviation
apart from the city sizes index o!¥) = 1.37, with p-value > 0.1, consistently
across different values of the rewiring probability p. The result is corroborated
by the analysis of the Hill plots in Fig.|5.8) where we observe that the flat region
of the graph Zyin — @(Zmin) is close to a(@ = 1.37. We conclude that, if the
network is large enough, the Pareto law of blackout sizes is inherited from that
of city sizes as predicted by our model, even in the realistic case where city sizes
are fixed. This is consistent with the data for the (even larger) North American
grid.
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Algorithm 2 Monte Carlo simulation - Synthetic datasets

1: Inputs:

Parameters for sampling network and city sizes:
n7 m’p7 K7 a(d)7 xiﬂ(fl’)l
Line limit scaling parameter A € (0,1)

Number of blackout realizations N,

2: Initialize:

3
4
5:
6:
7
8
9

10:
11:

12:

13:
14:
15: end for

Sample network topology G and city sizes

Solve OPF without line limits; let f* be the resulting power flows
Solve OPF with line limits f = \|f*|

Choose a random subset £’ of lines, with cardinality Nieer

: for £in &’: do

False.

False.

Set G.connected = True
Remove line ¢ from G
Set G.changed =True
while G.changed =True and G.connected = True do
Shed load/generation within each component of G to achieve balance
Recompute power flows
Remove from G the line with the largest relative overload wrt. |£*|
If a line was removed, let G.changed = True; otherwise, set G.changed =
If G is still connected, let G.connected = True; otherwise, set G.connected =
end while
Store blackout realization
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5.5 Concluding remarks

Using data analysis, probabilistic analysis, and a simulation study, we have
illustrated how extreme variations in city sizes can cause the scale-free nature
of blackouts. Our explanation and refinement Eq. of the scaling law
Eq. show that the network characteristics only appear in the pre-factor
Eq. (5.19). The main parameter «, which determines how fast the probability
of a big blackout vanishes as its size grows, is completely determined by the
city size distribution. Decreasing the constant Eq. by performing network
upgrades (which in our framework is equivalent to decreasing A) would only
lead to a modest decrease in the likelihood of big blackouts. As a consequence,
it is questionable as to whether network upgrades, as considered in [57, [206]],
are the most effective way to mitigate the consequences of big blackouts.

Instead, our insights suggest that it may be more effective to invest in
responsive measures that enable consumers to react to big blackouts. It is
shown in [86] that durations of blackouts have a tail which is decreasing much
faster than (1.36). Therefore, if the goal is to minimize the negative effects
of a big blackout, it may be far more effective to invest in solutions (such as
local generation and storage) that aim at surviving a blackout of a specific
duration. This is consistent with recent studies on the importance of resilient
city design [6]].

Finally, our framework and insights suggest new ways of approaching
scale-free phenomena in other transportation networks: while such network
topologies are not scale-free, they can still exhibit scale-free behavior, caused
by the scale-free nature of nodal sizes.

Appendix
5.A Historical data analysis

5.A.1 Statistical procedure

In order to analyze the power law behavior of city and blackout sizes, we use
the PLFIT method introduced in [42] to fit a Pareto distribution to a given
empirical dataset {z;}}Y,. The PLFIT method is based on a combination of
the Hill estimator to find the tail exponent «, and on the Kolmogorov-Smirnov
statistic to find zp;,, as outlined below. For each possible choice of zp,, the
best-fitting tail index « is found via the Hill estimator [84]]

d(azmm):n( Z In 2 )_1.

Lmin
T > Tmin
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Then, the KS goodness-of-fit statistic D(@min) = maxy>y,,, |S(x) — P(z)] is
calculated, where S(z) is the empirical Cumulative Distribution Function (CDF)
of the data and P(x) is the CDF of the Pareto distribution with parameters <,
and &(Zpi, ). Finally, the estimated &, is the one that minimizes D over all
possible choices of . Uncertainty in the estimated tail exponent &(Zmin)
and lower bound Z,;, is quantified via the nonparametric bootstrap method
described in [42]]. Finally, a goodness-of-fit test based on the KS statistic is
used to generate a p-value that quantifies the plausibility of the power law
hypothesis. The authors in [42] suggest to use the following (conservative)
choice: the power law is ruled out if p < 0.1.

We remark that any automatic procedure for the estimation of the parameter
Zmin 18 imperfect and should be paired with additional, case-by-case analysis.
For instance, it is not known whether the PLFIT estimator is consistent. In this
chapter, we always couple the PLFIT procedure with the manual observations of
the Hill plot, i.e., the graph of the mapping Zyin — &(Zmin), and report whether
the PLFIT results are consistent with the visual analysis of this plot, i.e., whether
Zmin lies within a region where the values of « are relatively stable.

5.A.2 Data pre-processing and results

In this section, we analyze the scale-free behavior of US city and blackout sizes.
The data for US city sizes, as per the 2000 US census, are available in [42]]. The
data for US blackouts are extracted from the Electric Disturbance Events Annual
Summaries, Form OE-417 [184] of the US Department of Energy, which covers
the period 2002-2018. Each record of the OE-417 dataset contains information
on the date, area of interest and number of customers affected in a single outage
event. Here, the size of a blackout is defined as the number of customers affected
by it.

The presence of missing or noisy records in the dataset requires the following
pre-processing actions: i) records for which the “Number of customers affected”
entry is unknown are removed; ii) records for which the “Number of customers
affected” consists of two or more values, corresponding to different US states, are
modified by replacing the multiple values with their sum; iii) records for which
the “Number of customers affected” entry is not purely numeric are removed.
The only two exceptions to iii) are when both the “cumulative” and “peak”
number of customers affected are reported (in which case only the “cumulative”
values is retained), and when the number of customers affected is described by
a range of values (in which case the midpoint value is retained).

Fig. 5.1 reports the PLFIT results and the corresponding Hill plots. We
observe that the estimated parameters lie in the flat portion of the Hill plots.
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5.B Properties of V and power flow redistribution

The following lemma is based on a well-known result in graph theory (see, for
example, [185]).

Lemma 5.4. IfG is a connected graph, rk (V) = rk (A) = rk (L) = rk (L) =
n — 1, and the null space of V is the one-dimensional subspace generated by
e=(1,...,1) e R, ie.

Ker (\7) = Ker (A) = Ker (L) = Ker (L") =< e > .

Recall that the matrix V depends on the specific orientation that has been
chosen for the edges & (Section [1.2.2). The following lemmas describe the

dependency of V on the chosen orientation in more detail.

Lemma 5.5. Changing the orientation of a subset of lines &' C & has the effect of
swapping the sign of the corresponding rows of the PIDF matrix V. In particular,
it is always possible to choose the orientation such that Ve; > 0.

Proof. Changing the orientation of a line from l;, = (i, ) to I, = (j,4), by
definition, amounts to swapping the sign of the k-th row of matrix A, yielding

a modified matrix A = I®¥) A, where I(*) is a diagonal matrix with I Z-(Z-k) =1

ifi #kand IV = —1. Since L = A' A = ATINIMWA = ATA = L,
the matrices L and L™ are not affected by the change. As a consequence,

the modified PTDF matrix V = DAL = I®)V differs from V only by the
swapped signs on the k-th row. O

Lemma 5.6. Let G be assigned the orientation such that the set of edges incident
tonode 1 is & = {(1,7)|j is adjacent to 1}, ie. Ap1 = 1 = —Ay; for all
0= (1,j) € &. Then, Vy 1 > 0 for every £ € E;1. The converse is also true.

Proof. First, note that largest element in each row of L is its diagonal entry
(Corollary 1 in [186])), i.e. L+ - ij > 0 forevery £ = (1,5) € 51 For any
line £ = (1,5) € &1, we have Vg 1= (AL%),1 = Ay, 1L1 L+ A LT j» Where
Ap1 = —Ay; = £1 depending on the orientation of line £. Thus, V1 > 0if
andonlyif Ay = 1= —A4, ;. O

In the event of the failure of a subset of transmission lines £ C &, and
provided that the power injections remain unchanged, the power flows will
redistribute among the remaining lines according to power flow physics, pro-
vided that the altered graph G= (N, &\ &') remained connected. The way the
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power flows redistribute is governed by the new PTDF matrix V, which can be
constructed analogously to v, mapping the (unchanged) power injections to
the new power flows. We assume that the redistribution occurs instantaneously,
without any transient effects.

As an illustration, we show how the redistributed power flows can be calcu-
lated in the special case of an isolated failure £’ = {¢}. In this case, it is enough
to calculate the vector d)(@ € R™~1 of redistribution coefficients, known as line
outage distribution factors. The quantity (;55-2) takes values in [—1, 1], and |¢§.€)|
represents the percentage of power flowing in line ¢ that is redirected to line j
after the failure of the former. In particular, the new power flow configuration
after the failure of line £ = (i, j), denoted by () € R™~! is given by

£ = f+ 1080 v Ak, (5.28)

where, for k = (a,b) and ¢ = (3, j), the coefficient ¢y, » € R can be computed

as
1 Ra_’j — Ra’i + Rb,i — Rb’j

= s = . 9 529
Pk = P(a,b), (i) ab 201 — w;lei,j) (5.29)

where R; ; is the effective resistance between nodes ¢ and j, given by

Rij=(e;—e;) LT (e; —e;) = (L) + (L1);; — 2(L 1)

5.C Extended proofs
Proof of Lemmal5.1] We observe that the total mismatch can never exceed the
sum of all demands, and hence
n
S < Z d; < ndy.
i=1
Therefore,
P (S > .’L,dl > Z(L > 6d1>
i=2

d
<P <d1 > E;di > e— for some i = 2, ,n)
n n

<P (di > e% for some i = 2, ,n) .
n
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Write I(y) = {4 : d; > y}|. Since for every n > 0,
P(I(nz) >2) =0 (z7*%)
as T — oo, the result follows. O

Proof of Lemmal5.2 First, note that without loss of generality, we can always
normalize our framework by dividing all parameters (e.g. generation, line limits,
etc.) by the sum of all power demands. This yields an equivalent setting where
the total power demand equals one, i.e., d = e;. Therefore, we will normalize
y = 1 in the derivation below.

First, we note that the selected orientation on G implies that the set of
edges incident to node 1 is & = {(1,;) | is adjacent to 1} (i.e., the edges
in & exit node 1), or, in terms of the edge-node incidence matrix A, that
App =1 = —Ay;foralll = (1,7) € & . This is proved in Lemmain
Appendix Due to the chosen orientation, f(\) = A \\A/'e1| = AVe, and the

line limit constraints in P(\) can be rewritten as
(1—-X\)Ve; < Vg < (1+A\)Vey.

The problem P()) is a strictly convex optimization problem with linear equality
and inequality constraints. Therefore, in order to show that g()\) is the unique
optimal solution, it is sufficient to show that it satisfies the KKT conditions for
P()\), which read

g+ Vi (ut—p ) +ye=0, (5.30)
pt>0,pu" >0, (5.31)
uf (Vg — (14+A\)Vey), =0Vl € €, (5.32)
pr (Vg + (1= M\)Ve), =0V €&, (5.33)
elg=1, (5.34)
(1-A)Ve, < Vg < (1+A)Vey, (5.35)

where 7 is the Lagrange multipliers for the equality constraint and p+, u~ €
R™ are the Lagrange multipliers for the inequality constraints.

Since \Afg()\) = (1 — A\)Ve; and e"g()\) = e'e; = 1, the candidate
solution g(\) clearly satisfies the feasibility conditions - and the
complementary slackness condition (5.33). Moreover, condition is satisfied
if we choose ™ = 0. R R R

Using the facts that Vg(A) = (1 — A\)Ve; and Ker(V) =< e >, pre-
multiplying Eq. by V yields (1—-A)e;+V T p € Ker(V). This is equivalent
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to
(1-X)

n

(1—=Ne1+V = e,

where in the last equality we used again the property that Ve = 0. To conclude
the proof, it remains to be shown that that there exist a nonnegative solution
p1~ > 0 of the matrix equation

VT(—p7)=(1-N(e/n—e). (5.36)
We construct a non-negative solution p~ as follows:

(1—)\) le &

S =(1—=X =
Ky ( )egl {0 l¢5l,

where eg, is a m- dimensional vector containing ones in positions given by
&1, and 0 elsewhere. Invoking Lemma [5.6| we see that Ae; = eg,, yielding
= = (1 — A)Ae;. Using the definition of V.= ALT,L = ATA, and the
property LYL = (I — J/n) (see [186]), we observe that Eq. is indeed
satisfied:

Vipg =—(1-ANVTp =—(1-)N)V'Ae
=—(1-)N)(LTL)e; = (1 - \)(e/n —ey).

Setting v = —1/n completes the proof. O

Proof of Proposition[5.3} Let /(!) be the first failure, and consider

(2)
@ = arg max{ |fj | },
jeam U Fj

where A?) = A@(d,\) = {j : |f](2)| > F;}. Lemma ows that

fJ@) (d) — fj@ (e1) as d — ey, so by continuity and Assumption

2 2
112(d)] - Fi(d) = £ (e1)] — Fjer) #0.
Consequently, there exist € > 0 such that, if d; < ¢ for all j > 2, then
@) q F.(d (2) r
If;7(d)| > Fi(d) < [f;7(e1)] > Fj(er).

In other words, a line limits is exceeded for d = e; (which, due to our assump-
tion, implies that it is strictly exceeded) if and only if it is also (strictly) exceeded
when d is close enough to ey, implying that A (d) = A®)(e;) .
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Moreover, there exists £(1) < £ such that, if d, < € for k > 2, then

2 2 2
S /G N {10V Y /i TP
jeA® (@) Fj(d) jeA@ (er,n)  Fj(d) jeAD (e, Filer)

where in the first equality we used that A?) (d) = A(?)(e;), and in the second
the continuity property. Finally, Assumption 5.1]allows us to conclude that the
max is unique and that the (unique) second failure /(2 (d, \) = ¢() (e, \) does
not depend on d if dj, < eW k> 2.

As Lemma [5.3| holds for every stage of the cascade, we can repeat the steps

above to construct a sequence e < .. ,6(2) < ¢M guch that the cascade
sequence C is well defined and does not depend on d if d; < &™) for all
j>2. O

Proof of Theorem/[5.1 First, since the demands are independent and identically
distributed, we observe that each city has an equal probability of being the
city with the largest demand. That is, if B denotes the city that has the largest
demand, then

P(B=1i)=1/n, i=1,...,n.

By the law of total probability,

P(S>x):i%P(S>x’B:i).

i=1

Fix some € > 0 (sufficiently small), and note that for alli = 1, ...n,

P(S>xz|B=i)=P|S>u) dj<ed;|B=i
J#i
AP (S >2;) dj > edi | B=i

J#i

Due to Lemma we observe that the second term is of order O(x~2%) for all
i =1,...,n, and, hence,

B=i| =0(z"2).

ilp S>x7idg2€dz
= i
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For the first term, note that Assumption [5.3|ensures that Z(i, ) is well-defined
foralli =1,...,nand £ = 1,...,m. Since we choose our first failure uniformly
at random among all lines, we observe that by law of total probability, for all
1=1,..,n,

P|S>a2) dj<ed;|B=i
J#i
m 1 n
=y —P(S>x) dj<ed |[(M=1,B=i
;m xgj € i

In case that Z(i,¢) =0foralli =1,...,nand ¢ = 1,...,m, it follows from
Proposition 5.1] that for all € > 0 sufficiently small, the cascade sequence causes
no disconnections for every city with largest demand and first line failure ¢(1).
Thatis, forallt =1,...,n,l =1,...,m, z > 0 and € > 0 sufficiently small,

P|S>a» dj<ed |[{D=1,B=i|=0.

j#i

Therefore, if Z(i,¢) =0foralli =1,....,nand ¢ = 1,...,m, then for all ¢ > 0
sufficiently small,

zn:%]? S>x;ﬁ:dj < ed;

i=1 j#i

B=il| =0,

and we conclude that holds.

Next, suppose that Z(i,¢) # 0 for at least some ¢ € {1,...,n} and ¢ €
{1,...,m}. It follows from Proposition [5.1| that for all i € {1,...,n} and ¢ €
{1,...,m} for which Z(i,£) # 0, it holds for all ¢ > 0 sufficiently small that
the cascade sequence is the same as the one when the demand vector would
have been d = e;. In particular, whenever Z? £i d; < ed;, it holds for all € > 0
sufficiently small that the set A; is deterministic and is the same set of nodes
as if demand would have been d = e;, and the number of cities disconnected
from city 7 equals Z (3, £). Recall Lemmaand the property that the generator
vector g is a continuous function of d. Consequently, for all i € {1, ...,n} and
¢ € {1,...,m} for which it holds that Z(i, ) # 0, and for all ¢ > 0 sufficiently
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small,

P <S>$,Zdj < edy | Y :Z,B:i)
J#i

(Z(gz - >x,zn:d,- < ed; ‘e“) :é,B:i)
i¢AL j#i

(Zzé =+ ci(e ))di>x7zdj<€di <1):€,B:i>7
J#i

where ¢ (€) is a strictly positive function with ¢1(e) — 0 as e | 0. For
independent 1dentlcally Pareto-distributed random variables X, ..., X,,, it holds
that as © — oo,

P (max{X1,...,Xn} > 2) = nP(X; > z) = nKax ™.
Therefore, forall ¢ € {1,...,n} and ¢ € {1,...,m} for which Z(i,¢) # 0,

lim lim 2°P [ S >, dj <ed; [ (V) =,B=i

€l0 x—o0 —
J#i

i (260 (2 +e0))’
i (26.02)

Similarly, we can obtain the same lower bound, i.e.

=1

n
lim lim z°P [ S > x,Zdj < ed;

el0 z—o00 —
J#i

ot (20002’

We conclude that, as x — oo,

P(S>az)= : ii(zu,z)i)ax—a.

i=1 [=1

Note that term in front of 2~ is a double sum of finitely many terms, and hence
we can also conclude that (5.25) holds. O
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As discussed in Section fluctuations in renewable energy production
and demand introduce variability in electricity prices. In this chapter, we develop
amachine learning methodology to predict electricity prices in wholesale energy
markets adopting the Locational Marginal Pricing (LMP) architecture described
in Section[1.3.2} Our approach takes a decentralized perspective and uses only
publicly available data, which are limited to historical aggregated grid-wide
demand and supply, and historical nodal prices. Conversely, they do not include
information such as grid topology, line limits, and nodal information about
demand and supply.
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The decentralized perspective makes this problem particularly challenging,
since the lack of information on power grids parameters precludes the possi-
bility of directly solving OPF problems, which are used to calculate LMPs as
functions of demand and available supply. Our methodology overcomes this
challenge by learning such functions using techniques from machine learning,
convex optimization, and multiparametric programming theory. In particular,
we exploit structural characteristics of the OPF mechanism to characterize LMPs
as piecewise affine functions of nodal demand and renewable supply, which
are learned using convex optimization and machine learning techniques that
leverage sparsity properties of power grids. Finally, LMPs are predicted based
on forecasted grid-wide demand and renewable supply.

In spite of the limitations inherent to the decentralized perspective, our
methodology performs remarkably well in forecasting price fluctuations, and
is validated using the IEEE 30-bus test network. This chapter is based on the
paper [154]], which includes an extension of this work that includes a validation
on real market data from the Southwest Power Pool market.

Chapter outline: The chapter is organized as follows. In Section 6.1 we
describe the system model and present our main contributions, while Section/[6.2]
contains the necessary background on multiparametric programming theory.
Next, Section |6.3| provides an overview of the forecasting methodology and
describe its main components, which are then illustrated in more detail in
Sections[6.4/and[6.5] Numerical results on the IEEE 30-bus test case are presented
in Section[6.6] while Section [6.7] provides some concluding remarks.

6.1 Model and problem formulation

6.1.1 Power system model

The power grid model is based on the description in Section [1.2.2] which we
briefly recall below. The transmission network is modeled as a connected graph
G = G(N, &), where the set of nodes N' = {1,...,n} represents the n buses in
the system, and the set of edges £ model the m transmission lines. We assume
that N' = Ny UN,, with [Ny| = ng, [Ny| = ny, ng + ny = n, and where
U denotes a disjoint union. Each node in N, houses a traditional controllable
generator, while each node in \V,, houses a renewable generator, like a wind or
a solar farm. Without loss of generality, we assume that Ny = {1,...,n,} and
Ny = {ng+1,...,n}. Furthermore, we let a subset of nodes Ny C A house
loads, with [Ny| = ng.

We denote the vectors of generations and demand, respectively, by g € ng
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andd € R{\(”, where the notation z € R4 indicates that the entries in the |A|-
dimensional vector x are indexed by the set A. To simplify notation, we extend
the vector d to a n-dimensional vector d € R" by setting d; = 0 whenever
i ¢ Ng, and d; = d; otherwise.

The starting point of our methodology is the Optimal Power Flow (OPF)
problem, which has been introduced in Section [1.3.1} To optimally match power
demand and supply, while satisfying the power grid operating constraints, the
Independent System Operator (ISO) solves an OPF problem and calculates the
optimal energy dispatch vector g* € R", as well as the vector of nodal prices
LMP € R" (see Section|[6.1.2).

In its full generality, the OPF is a nonlinear and nonconvex optimization
problem, which is difficult to solve [[126] [17]. For the purpose of this chapter, we
focus on the widely used approximation of the OPF problem known as DC-OPF
(see Section[1.3.1). Following standard practice[72, [177], for every i € N the
generation cost function J;(+) at node ¢ is modeled as an increasing quadratic
function, resulting in the following quadratic optimization problem:

min 2 Jig:) = %gTHg +h'g (6.1)
st. 1T(g—d)=0 : Aen (6.2)
f<V(g-d)<f N T (6.3)
g<g<g A (6.4)

where the variables are defined as follows:

H e R™™"? diagonal positive definite matrix defining the quadratic part of
the objective function;

heR” n-dimensional vector defining the linear part of the objective
function;

\776 R PTDF matrix (see Section[1.2.2] Eq. (1.20));

f.feR™ vector of lower/upper transmission line limits;

g,g R vector of lower/upper generation constraints;

Aen € R dual variable of the energy balance constraint;

p,ut e R dual variables of the transmission line constraints (6.3),
T, 7t ¢ R"  dual variables of the generation constraints (6.4);
1eR” is a n-dimensional vector of ones.
In what follows, we denote by J(g) := > ; J;(g:) the objective function,
and we assume that g, = 0 for all renewable generators i € N . The matrix

V describes the linear mapping from nodal power injections to active power
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flows over transmission lines under the assumption of the DC-approximation,
and reads

V = [0 DAL, (6.5)

where the matrices D, 1&, L describe topological and physical properties of the
grid, and have been defined in Section For this chapter, we have chosen the
formulation in Eq. in order to be consistent with the framework of [101]],
as some of the results obtained therein will be used in the remainder of this
chapter.

6.1.2 Locational marginal prices

In this chapter and in the next Chapter 7, we focus on wholesale energy markets
adopting the concept of Locational Marginal Prices (LMPs) as electricity prices
at the grid nodes. Under this market architecture, which is widely used in the
US. (see the relevant discussion in Section[1.4.3), the energy price at a specific
node is defined as the marginal cost of supplying the next increment of load at
that node, consistent with all power grid operating constraints. LMP-markets
are usually divided into day-ahead (DA) and real-time (RT) markets. In the DA
market, participants submit bids/offers to buy/sell energy. The ISO then runs the
OPF to derive day-ahead LMPs for each grid’s node, together with the optimal
scheduled generation dispatch g*. Since day-ahead scheduled supply may not
meet real-time demand, ISOs also calculate real-time LMPs as often as every
five minutes [33]].

Recall that the LMP at a specific bus is defined as the least cost to service
the next increment of demand at that location consistent with all power system
operating constraints, and in the case of the DC-OPF in Egs. - the
LMP vector LMP = (LMP;)"_; € R™ can be expressed as (see Section

Definition[I.1]and Eq. (1.33))
LMP = \n1+ V' g € R", (6.6)

where pp = p~ — put € R™. Eq. allows us to make the following remarks.
First, note thaE e = 0if and only if line ¢ is not congested, that is, if and only
ifig < fe < fo. In particular, uzr > 0if fp = fe,and p, <0if fo = LAS a
consequence, if there are no congested lines, the LMPs at all nodes are equal,
ie.,

LMP;, = AenVi=1...,n,

! Note that 14—, u™T cannot be both strictly positive, since lower and upper line flow constraints
cannot be simultaneously binding.
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and the common value A, in is known as the marginal energy component.
The energy component A, reflects the marginal cost of energy at the reference
bus [101]]. On the other hand, if some lines are congested, the LMPs will in
general be different at different nodes (see Fig. , and the term 7 := VT [ in
Eq. is called the marginal congestion component.

When ISOs calculate LMPs, they also include a loss component, which is
related to the heat dissipated on transmission lines and is not accounted for by
the DC-OPF model. The loss component is typically negligible compared to the
other price components [172]], and its inclusion goes beyond the scope of this
chapter.

50

Congestions

Node Name
—— AECC_JWTURK
WAUE.NMCA.BANCROFT
SECIGRDNCT1UN3
WR.WPW
PSLO_MISO_WAUE_OTPW
MPS_MPS
PUPP
SGE
WAUE.MRES.EXR3
NPPD_COMB_WEC2

Wholesale market price [$/MWh]

No Congestions

-20
00:00 :00 03200200 ()6100"00 09:00 :00 12:00 00 15 .00:00 18 .‘00'-00,D._00 :00
Time within day

Figure 6.1: RT LMPs for 10 randomly selected nodes in the Southern Power Pool market [154].

The LMP vector also implicitly depends on the dual variables 7—, 77 for
generation constraints, which determine the marginal status of generators. A
generator i is called marginal if 9, < gi < gi, in which case 7,7 = Tf =0,
and saturated otherwise. The reason for this terminology is that the marginal
cost of a marginal generator determines the LMP at its node. Indeed, denoting
by L the Lagrangian function of the DC-OPF defined in (1.29), the stationarity
condition for the optimal solution of the OPF reads

oc
og

03

= “da-V'p-1 471t =0, (6.7)
g* g

g*

showing that LMP; = Aep + (\A/)ZT/J, = J!(g}) is equal to the marginal cost of
generation at node i if 7, = 7;" = On.
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6.1.3 Problem statement

The goal of this chapter is to derive a structured machine learning methodology
to predict LMPs by using only publicly available data. In other words, we assume
we have no knowledge of the power system parameters that appear in the OPF
formulation in Egs. - (6:4), such as grid topology, objective functions, line
limits etc. The rationale for this choice lies in the observation that market
participants usually do not have access to such proprietary data. However, the
topic of decentralized price forecasts from a market participant perspective
is becoming increasingly relevant due the development of Distributed Energy
Resource technologies, which enable the owners of controllable energy assets
to shape their wholesale market participation responsively and in a coordinated
manner [59][145]). To address the environmental and operational challenges, an
important question concerns whether wholesale market prices could be inferred
from the supply/demand mix on the grid and, then, used to create a feedback
for “shaping” energy asset’s production or consumption.

We take a functional viewpoint, i.e., we view the demand and renewable
generation supply as variable parameters 6, or input, of the OPF. In particular,
we consider a setting where the objective function, PTDF matrix, line limits and
generation constraints are assumed to be fixed, although unknown, parameters of
the OPF. Conversely, the demand and renewable generation supply correspond
to a variable parameter 8, upon which the solution of the OPF and the LMP
vector depend. The structure of our parametric approach is described in more

details in Section[6.2]

The collection {0(t), LMP(t)}+c7, where T is a finite discrete set 7 =
{1,...,T}, constitutes the historical dataset that we use to train and validate
the machine learning methodology. In the rest of this chapter we focus on
hourly LMPs prediction, therefore interpreting each time index ¢ as a 60-minute
interval. In particular, we assume T = 24 X Tidays, Ndays € N. We observe,
however, that the methodology developed in this chapter can be applied to
different time windows as well, since the supply-demand matching process used
to calculate the prices has the same structure across different time granularities.
For the same reason, the approach is valid both for DA and RT price prediction.

6.1.4 Contribution of this chapter

In Sectionwe have reviewed the relevant literature on LMP forecasting,
with a focus on the difference between the centralized and the decentralized
perspectives. With that discussion in mind, we now summarize the main contri-
butions of this chapter:
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« By taking the market participants’ point of view, we propose a decentral-
ized price forecasting methodology that utilizes only publicly available
data.

« By combining the theoretical insights on how system operators derive
LMPs, and the latest developments in machine learning and convex opti-
mization literature, we develop a novel algorithm that can predict market
prices with high accuracy.

« The new approach reveals interesting and potentially very useful insights
about different grid state regimes (both in terms of the grid wide gener-
ation/load mix, as well as line congestions) and their impact on prices
across all nodes in the network. However, we observe in the extended
paper [154] that the methodology has some limitations when it comes to
predicting price spikes.

6.2 Multiparametric programming background

As discussed in Section [6.1.3] locational marginal prices can be thought of as
deterministic functions of certain parameters 8, such as nodal demand and
renewable generation supply. In this section we formalize this notion using the
language of Multiparametric Programming Theory (MPT) [11]], which, together
with an additional assumption (see Sectionl6.3] and Assumption[6.1]in particular),
allows us to parametrize LMPs by a vector of publicly available grid-level
renewable supply and load.

Multiparametric Programming Theory is concerned with the study of op-
timization problems which depend on a vector of parameters, and aims at
analyzing the impact of such parameters on the outcome of the problem, both
in terms of primal and dual solutions. In our setting, the vector of parame-
ters reads 6 = [dT,WT]T € R 7w where d € R™ is the demand vector,
and W € R"» is the vector of renewable generation available supply, i.e.,
W = (gi)iGNw fori € Nw.

In this setting, the OPF problem in Egs. - (6-4), henceforth referred to as
OPF(0), can be formulated as a standard Multiparametric Quadratic Program
(MPQ) as follows:

1
min -g H'g+g'h (6.8)
geRn 2

st. Ag<b+E®, (6.9)
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where A € R(Z—&-Qm—i&n)><n7 E ¢ R(2+2m+2n)><(nd+nw)7 b € R2+2m+2n’
are suitably defined matrices and vectors, given below:

r 1T [0 [—17 0]
-17 0 17 o
v L Vi 0

A= -V b=| | E=| Vv 0| g_ 9]
I,, O BN, 0 0 W
o I,, 0 0 L,

—In, 0 8y, 0 0

L 0 —1,, | L 0 | L o 0 |

(6.10)

Here, we denote by I, € R¥** the identity matrix of dimension &, by 0 a

zero matrix of appropriate dimension, and we define gn, = (9)ien, . 8, =
. EAR-YY

(9)ien,- Moreover, V. -, € R™*"4 denotes the submatrix of V obtained by
selecting only the columns corresponding to nodes in Nj.

A key result in MPT [[181] is that the feasible parameter space @ C R"a+"w
of the problem Eqgs. - can be partitioned into a finite number of convex
polytopes, each corresponding to a different system pattern [209]. A system
pattern consists of a grid-wide state vector that indicate the saturated status
of generators and congestion status of transmission lines. In order to state the
result, we first introduce some definitions. System patterns can be formalized
using the MPT concept of optimal partitions.

Definition 6.1 (Optimal Partition). Given a parameter vector @ € ©, let g* =
g*(0) denote the optimal generation vector obtained by solving the problem defined
by Egs. - (6.9). Let J denote the index set of constraints in Eq. (6.9), with
|T| = 2+ 2m + 2n. The optimal partition of J associated with 0 is the partition
J = B(6) UBt(8), with

B(O)={1}{i € J |Aig" =Db+E;6}, (6.11)
B%6) = {i € 7| A;g* < b+ E;0). (6.12)

The sets B and BE, respectively, correspond to binding and non-binding
constraints of the OPF. With a minor abuse of notation, we identify the optimal
partition (B, BC) with the corresponding set of binding constraints B. Given an
optimal partition B, let A g, Ep denote the submatrices of A and E containing
the rows A;, E; indexed by 7 € B3, respectively.

Remark 6.1. The energy balance equality constraint (6.2)) in the original OPF
formulation is rewritten as two inequalities indexed by i = 1,2 in (6.9), which are
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always binding, i.e., they read A;g* = b, +E;0,i = 1,2. Looking at Eq. (6.10), we
see that the two equations A;g* = b; + E;0, i = 1,2, are identical, and thus one
of them is redundant. In the rest of this chapter, we eliminate one of the redundant
constraints from the set I3, namely the one corresponding toi = 2. Therefore, we
write B = {1} U B8 1 B wyhere B(em8) C {3,... 24 2m} describes the
congestion status of transmission lines, and BG%) C {24+2m+1,242m+2n}
describe the saturated status of generators.

Definition 6.2. Given an optimal partition 3, we say that the linear independent
constraint qualification (LICQ) holds if the set of active constraints gradient are
linearly independent, i.e., if Ag € RIBIX™ has full row rank.

The following result, originally established within the multiparametric pro-
gramming literature (see [181]], Theorem 1), and subsequently stated in [209]] in
the context of LMP forecasting, constitutes the theoretical foundation of the
methodology presented in this chapter.

Theorem 6.1. Assume that H is positive definite, ® is a full dimensional compact
set, and that the LICQ regularity condition is satisfied for every 6 in ©. Then,
© can be covered by a union of a finite number M of full-dimensional compact
convex polytopes ©1, ..., Oy, referred to as critical regions, such that:

e their interiors are pairwise disjoint

©,NO, =0 ,Vk+#h,

and each interior ©, corresponds to the largest set of parameters yielding
the same optimal partition.

* within the interior of each critical region O, the optimal generation g*
and the associated LMP wvector are affine functions of 6.

* the map ©® > @ — LMP(0) defined over the entire parameter space is
piecewise affine and continuous.

6.3 Overview of the prediction methodology

The theoretical framework described in Section [6.2] implicitly assumes a cen-
tralized viewpoint, since the calculation of the critical regions ®, and of the
corresponding affine functions @5 > 6 — LMP requires the knowledge of
all the fixed parameters of the OPF, such as the grid topology (encoded in the
matrix {7), generators’ bids (encoded in H, h, g, g), and line limits f, f, as well
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as access to historical data for @, which consists of nodal demand and available
renewable supply.

From a decentralized perspective, however, the aforementioned system
parameters are not available. Even if they were, and thus one could characterize
the maps ®j, > @ — LMP analytically, it would not be clear how to use them,
since accurate historical data for nodal demand and nodal renewable supply
(which constitute the vector 6) are also unavailable.

Our novel prediction methodology deals with both of the aforementioned
problems by assuming no information on system parameters, and only rely-
ing on aggregated grid-level data that are publicly accessible. The publicly
available market data depends on the specific market and commonly includes
historical aggregated grid-level load, aggregated grid-level supply from vari-
ous energy sources (i.e., wind, solar, coal etc.), and nodal LMPs. Specifically,
in the rest of this chapter, we assume that the available data are the grid-
wide demand D(t) = >, di(t), grid-wide available renewable supply
W(t) = >2,_1 . Wi(t), and historical LMPs. The developed methodology
requires at least the aforementioned components. More granular data (e.g. nodal
load and generation) would improve the accuracy of the algorithm, but are not
essential.

In order to use the MPT framework described in Section we need to
relate the nodal demand and renewable supply described by the parameter
0(t) € Rt fort = 1,...,T, to the corresponding grid-level quantities
M(t) == [D(t), W(t)]T € R2, which will be referred to as M vectors from now
on. We do that by (i) introducing the concept of M-regime, and (ii) assuming a
specific relationship between nodal and global quantities.

A M-regime consists of the set of input parameters corresponding to the
same hour of the day, namely Rglmlx) = {0(t)}rer(n), and T (h) = {h,24 +
h,...,24(ngays—1)+h},for h = 1,...,24. The rationale behind this definition
is that demand and renewable supply for the same hour of the day exhibit
significant correlation across different days. For example, solar generation is
always zero during night hours, while total load usually peaks in the evening
around the same time.

The concept of M-regime, in its essence, tries to capture the fact that histor-
ical demand and supply that share similarities can be grouped in clusters, and
doing so can improve the performance of the algorithm. For ease of exposition,
in this chapter we present a very simple clustering rule based on the hour of the
day, and refer to the extended paper [154] for possible generalizations. Next,
we introduce the following assumption.

(mix)

Assumption 6.1. Within each M-regime R; ", all nodal loads preserve the
same consumption ratio with respect to the total load, namely d;(t) = ozz(-d) D(t), Vi €
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Ny, Vt € T(h), with0 < agd) <1, ZieNd agd) = 1. Similarly, we assume that
w;(t) = agw) W(t),Vj=1,...,1ny,with0 < a;w) <L> a;w), Vit €

T(h).

7"'7n711

Intuitively, Assumption[6.1|states that, within the same intra-day M-regime,
each renewable generator preserves constant production fraction in relation to
the total renewable supply, and similarly for demand. For example, when wind
generation increases during a specific hour, we assume that all wind generators
produce proportionally more power.

This simplifying assumption enables us to extend the piecewise affinity
established in Theorem [6.1|to our decentralized framework and parametrize
LMPs using M vectors. More specifically, Theorem [6.1] establishes that nodal
LMPs are piecewise affine functions of the nodal quantity 8 = [d',% '],
while Assumption [6.1]allows to define a one-to-one mapping between 6 and
the grid-level quantity M = [D, W], yielding that the LMP vector is also
a piecewise affine function of the M vectors within each M-regime. We
observe that, by requiring Assumption|[6.1|to hold in each individual M-regime
separately, rather than globally, we make it less restrictive. This is indeed one
of the reasons to define M-regimes in the first place, together with the other
advantages discussed later in Section[6.4]

In order to learn the function M — LMP (M) we conveniently utilize a
statistical procedure for fitting adaptive regression splines, called Multivariate
Adaptive Regression Splines (MARS) [66]. Relying on the piecewise affinity of
the LMP functions, MARS identifies a linear combination of truncated spline
functions of the form max{x; — ¢,0} and max{q — x;, 0}, where z; € R are
the relevant covariates (in our case, grid-level demand and renewable supply),
while the ¢’s are knot locations (critical region switching points) identified by
the algorithm.

Provided with enough “uniform” data, and under Assumption the
MARS algorithm would accurately recover the piecewise affine function M —
LMP(M). In this context, by “uniform” data we mean that samples of M
vectors from each critical region are available in approximately equal propor-
tions. One factor that can negatively affect the performance of MARS is indeed
the scarcity of data corresponding to specific regions. If a critical region is
“rare”, there will not be enough historical datapoints to correctly learn the affine
function within that region.

Moreover, the higher the number of pieces defining the overall map M —
LMP (M), the harder it is for the algorithm to achieve good performance
without increasing the size of the dataset. Conversely, MARS usually performs
better when learning a smaller number of pieces. For example, if one would
know beforehand that a certain subset of data corresponds to a given critical
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region ©;, then on this specific subset the problem reduces to the much easier
task of learning a single affine function ®; > M — LMP(M).

Unfortunately, the exact computation of critical regions requires full infor-
mation on system parameters, thus preventing us from clustering M vectors
based on the critical region they belong to. However, it turns out that we can
use historical nodal prices to infer the set of congested lines, henceforth referred
to as congestion regimes, corresponding to specific subsets of data. More specif-
ically, given a set of congested lines B(°°"¢*) (see Remark , we define the
associated congestion regime as the collection of corresponding time instances,
namely

Rome) .= [t € T : Blome)(g(t)) = Bleones), (6.13)

In Sectionwe describe how we can recover the congestion regimes R (%)
by only looking at historical prices. As a result, after grouping the data in
M-regimes, we are able to further cluster them according to the corresponding
congestion regime. This, in turn, allows us to significantly reduce the number of
pieces that MARS has to learn, since within a fixed congestion regime the only
remaining pieces are those describing the status of saturated generator B!,

To summarize, the congestion recovery and the MARS algorithm constitute
the two main components of our methodology. In the next two sections, we
examine each component in more detail.

6.4 Congestion regimes recovery

Based on the definition of the PTDF matrix in Eq. and of the LMP vector
in (6.6), the marginal congestion price vector (excluding the reference bus, for
which the congestion component is always equal to 0) at a given time ¢ can be
represented as

w(t) =L 'A Dpu(t) = L 's(t) e R, (6.14)

with s(t) = ATDu(t) and p(t) = p~(t) — wt(t). The vector s(t) € R"!
contains the information on the congested lines, since

s(t) =Y pelt)y ay, (6.15)
=1

where a, € R" is the /-th column of AT The non-zero entries of s(¢) repre-
sent nodes corresponding to congested transmission lines. Thus, by stacking
historical 7 (¢), s(t) for T different time intervals as columns of the matrices
II,S € R®~U*T e can rewrite ((6.14)) in matrix form as

II=L"'s. (6.16)
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In the following, we use the previous relationship and the properties of matri-
ces L and S, henceforth referred to as topology matrix and congestion matrix,
respectively, to recover diverse congestion regimes that occur in the grid.

The rest of this section is based on the work in [101], where the authors
derive a methodology to recover matrices L and S via the price matrix IT and the
relation (6.16). We point out that in [101] the goal is to infer an unknown power
grid topology by leveraging only publicly available data, and thus the authors
focus specifically on the topology matrix L. On the other hand, in our setting,
we are mostly interested in inferring the congestion status of transmission
lines, rather than the entire grid topology, hence we shift the attention to the
congestion matrix S. The underlying methodology is the same for both tasks,
and is summarized below for the sake of completeness of this chapter.

Note that the problem of recovering matrices Land S by only knowing the
price matrix IT in Eq. (6.16), is clearly under-determined. The way to approach
this challenge is to exploit structural properties of the matrices, which we
now describe; First, observe that matrix A € R™*(=1) is a full column-rank
matrix, and L € RO=1Dx(=1) i strictly positive definite with non-positive
off-diagonal entries.

Second, note that matrices L and S satisfy the following structural properties:
(1) Lisa positive definite M-matri and is sparse, and (ii) S is sparse and low-
rank. The sparsity of L follows from the fact that the graph underlying a power
grid is usually sparingly connected, especially for US power grids [5]. The fact
that S is sparse and low-rank follows from Eq. and the fact that usually
only a very small subset of transmission lines get congested [101]], implying that
most of the terms in the sum in are zero. In [101]], the authors suggest to
recover matrices L and S by solving the optimization problem:

min  [S||o + Kol Lo
L8 B _ (6.17)
st LII=S,L-0L<I,

where ||X]|o is the ¢y pseudo-norm counting the non-zero entries of matrix X,
and kg > 0. In words, the optimization problem tries to find the sparsest
pair (i, S) that satisfies the structural properties mentioned before. Since this
problem is in general NP-hard, it is suggested in [101] that the following convex
relaxation be used:

2 See Section 1 in [[149] for the definition of M-matrix.
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min  ||S||y + s1tr(PL) — k3 log |L|
Ls B (6.18)
st. LII=S,LecC,

with [|X[[1 = }_, ; [X ;| denoting the £; norm of matrix X, P = I— 117, C =
{i L =0, L <1}, k1,k2 >0, and L > 0 denoting a positive semidefinite
matrix. For small grids, such as the IEEE 30-bus test case in Section the
previous semidefinite program can be solved quite efficiently using standard
software libraries. In particular, we used CVX, a Matlab package for specifying
and solving convex programs [76]].

6.4.1 Recovery of matrix S in a given M-regime

Besides the topology matrix L, the algorithm discussed in Section [6.4|allows us
to recover the congestion matrix S as well. It turns out that it is beneficial to
solve the optimization problem within each M-regime separately, due to
the fact that M vectors corresponding to the same hour h are usually associated
with a few different congestion regimes (see Fig.[6.2), implying that the matrix
S(h), obtained from S by selecting columns corresponding to time indices in
T (h), is particularly sparse.

Congestion regimes during 1 week of simulated data

Congestion
regimes

Transmission lines

Days

Figure 6.2: A segment of the congestion matrix S, visualizing the congestion regimes during two
weeks of simulated data for the IEEE 30-bus test case. The x-axis spans time instances at hourly
granularity, while the y-axis corresponds to node indices. The non-zero entries (depicted in yellow)
represent nodes connected to congested transmission lines, in view of Eq. . Zero entries are
depicted in blue.

Fig.[6.3a] depicts an example of a segment of the normalized version of matrix
S(h), which is obtained by dividing each column j of S(h) by max;ecn S;,; (k).

The x-axis spans time instances, while the y-axis corresponds to node indices.
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Most of the entries of the matrix S are equal to zero, with a few entries having
relatively large absolute values. Those entries represent nodes connected to
the congested transmission lines, in view of Eq. (6.15). As a consequence,
the j-th column of S(h) uniquely identifies the set of congested lines at time

24.(j— 1)+ h € T(h).

Nodes
Nodes

1
08
06
04
0.2
0
0.2
0.4
0.6
0.8
1

e mstances ° Time instances

(a) Segment of (normalized) congestion ma- (b) Segment of (normalized) recovered con-
trix S(h). gestion matrix S(h) .

Figure 6.3: Comparison between actual and recovered congestion matrices.

The focus of this section is on recovering the congestion matrix g(h) within
each M-regime by solving the optimization problem in Eq. (6.18). For each M-
regime, we obtain the corresponding matrix g(h) by solving the optimization
problem in Eq. (6.18 (6:18). An exam le of a segment of the recovered congestion
matrix S(h) is shown in Fig. |6 We can see how S(h) correctly identifies
the non-zero entries of the actual congestion matrix S(h), but introduces some
noise that masks zero entries.

The congestion matrix encodes information that can be used to improve the
accuracy of the MARS algorithm, as discussed in Section More specifically,
in view of (6.14), we recover congestion regimes by clustering the columns of
S(h) using a combination of Principal Component Analysis [98] and k-means
clustering [114]. The red boxes marked by the arrows in Fig.[6.3 highlight the
three different congestion regimes occurring during a subset of 7 (h), showing
that the algorithm is able to correctly recover them.

6.5 Learning the mapping between M vectors and LMP
vectors

The next component of the methodology relies on Assumption [6.1|and The-
orem|[6.1] and focuses on learning the piecewise affine function between the
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vectors M(t) = [D(T), W (t)] " and the LMP vector, as outlined in Section[6.3}

Mapping M vectors to LMP vectors within each congestion regime.

First, we apply the MARS algorithm within each M-regime and congestion

regime separately. More specifically, given an M-regime Rgmix), let

Fli) = {RET R |

be the set of associated congestion regimes, ngcong) > 1. For each pair (3, j)
such that Rgcjo ") ¢ F (), we use the MARS algorithm to learn the piecewise
affine maps

¢! . R? 5 M — LMP € R", (6.19)

where each piece is determined by a different saturation regime (see Section[6.3).

Mapping M vectors to congestion regimes within each ./\/l—regime Dur-

ing the prediction stage, we will use the learned functions (b( ™) to map fore-

casted M vectors for hour i to the associated LMP vectors. In order to do that,

we need to be able to assign the never-seen M vectors to the corresponding

congestion regimes R ("), To this end, given an M-regime Rgmix)

the corresponding M-vectors to one of the congestion regimes in
F(i) = {Rgff“g), L RLeone) }

i,7l£cong)

, we relate

by training a classification algorithm. Thanks to the geometrical structure
prescribed by Theorem|[6.1]and the proportionality Assumption 6.1} the sets of
M vectors corresponding to different congestion regimes can be accurately
classified using, for example, the Support Vector Machine (SVM) algorithm,
leading to the classification rule

d)gcong) : REmiX) SM Rgf;ng) c f(Z)

6.5.1 Summary of the methodology pipeline

Finally, we summarize the finalized methodology by splitting it into the training
and prediction stages.

Training stage:

Step T.0: Collect historical M vectors M(t) = [D(t),W(t)]",t € T, as
well as historical nodal LMP vectors, and cluster the M vectors in

M -regimes (see Section[6.3).
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Step T1: Using historical price data, perform recovery of topology matrix L
and congestion matrix S(i) within each M-regime i (see Section [6.4).

Step T2: For each M-regime i, perform k-means clustering of the columns of
the recovered congestion matrix S(4) to obtain the congestion regimes

F(i) = {Rﬁ.ff“g% ., RE™) 1 (see Section|6.4.1).

7;7ngcong)

Step T3: For each M-regime i, learn the classification rule ¢§c0ng) that maps

M -vectors to the associated congestion regime RECJO ") ¢ F (4) using the
SVM algorithm (see Section [6.5).

Step T4: For each (i, ) such that Rgf;ng) € F(i), use MARS to learn the

piecewise affine function gbgl?p) mapping M vectors to LMP vectors

(see Section|[6.5).

Prediction stage:

Step P0: Obtain M-vectors forecasts, and map them to the matching M-
regime i.

Step P1: Within each M-regime i, use the trained classification model in
step T3 to assign M forecasts to the corresponding congestion regime

R € F(i).

Step P2: For each (4, j) such that Rgf;ng) € F (i), use the trained MARS models
in step T4 to map the M forecast to the resulting LMP vector forecast.

6.6 Numerical case study and validation

In this section we report validation results for the IEEE 30-bus test system of
MATPOWER [210]. The test case includes all parameters needed to run DC-
OPF, but it does not include renewable generators. For this reason, we modify a
subset of the original generators (specifically, the generators located at nodes 2
and 27) as follows: (i) we set the corresponding cost functions equal to a very
small positive numberE] and ii) we let the corresponding generation limit g vary
according to a distribution learned from CAISO data [32], as explained below.
Moreover, we uniformly multiply the transmission line limits by a small
factor, set at 1.2, to ensure that we have few congestion events, in line with
the empirical observation that congestion events are sparse [101]]. Finally, we

3 In order to model the fact that renewable generators are usually much cheaper than
conventional ones.
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scale up the generation limits for the other generators uniformly by a factor 3
to avoid scenarios where there is not enough total supply to match demand,
which would lead to an unfeasible OPF.

6.6.1 Generation of historical M vectors

For demand profiles, we download 3 months of historical total demand pro-
files from S&P Global [173]], collected at hourly granularity. We then fit a
multivariate Gaussian distribution to the historical data and obtain a model
d(®) ~ Noy(ftdem, Sdem), from which we can sample daily total load profiles.
Next, each daily total load realization is scaled down so that its hourly average
value matches the base-level demand of the test case. Finally, for each load node
i, we set its demand to be equal to a fixed fraction agd) of the total demand,
where >, agd) =1,0< agd) <1.

To simulate renewable generation profiles, we download a daily profile for
solar generation in the California ISO [32], which we denote as w(**?) € R?4,
A daily realization is then obtained by sampling from normal distribution

W(tot) ~ N24 (W(tot,o), diag(w(mt’o))ai,),
where we set 02 = 0.1. Next, the generated profiles are scaled down to be
consistent with the base level of the other generators. Finally, the renewable
generation capacity g; for a specific renewable node j is set to be equal to a fixed
(w)

fraction o~ of the corresponding grid-level quantity, where Zj a;w) =1land

0< a;-w) < 1. The values of the fractions a(?), a(*) are based on the base-level
data of the test case.

6.6.2 Generation of historical LMP vectors

In order to generate synthetic LIMP vectors, which are needed for training
and testing of our methodology, we run the DC-OPF in MATPOWER using
the M vectors generated in the previous step. We recover the nodal quantities
necessary to run the DC-OPF by using the proportionality Assumption
and the fractions a(¥), a(*). The nodal quantities are only used to generate a
synthetic historical dataset of LMP vectors[fand they play no further role in
our validation.

* Which are publicly available in the case of actual wholesale energy market data.
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6.6.3 Training and prediction stages

The training phase consists of steps T1-T4 and we perform it using 3 months
worth of synthetic M and LMP vectors. To evaluate the predictive perfor-
mance of our approach, described in steps P1-P3, we generate synthetic day-
ahead forecasts for M vectors as follows. First, we generate 100 samples from
the multivariate Gaussian distributions for total demand and renewable supplies
defined in Section Next, in the prediction phase, we generate daily total
demand dY (i) € R?* and renewable supply w(°) (i) € R?* over a testing
period of 50 days, which we interpret as the actual realizations, and match
each daily realization to the closest (in terms of the L2 norm) typical profile
among the ones identified in the previous stage to obtain the synthetic day-ahead
forecasts A9 (i) and WtV (i) for each day i = 1,.. ., 50.

6.6.4 Performance evaluation

By stacking the 24-dimensional vectors d(®V) (i), d(°) (7), w(tV) (i), w(tV) (;) for
the different days in the testing period as columns of the matrices D(t), D(tot) W (tot) Yy (tot)
R24:50 the forecasting relative errors are defined by

(dem) _ D) — DV
DY

||W(tot) _ W(tot) I
- (Wt |p

(ren)

err , err

where [|A[|p = /3, ; |aij|? denotes the Frobenius norm of matrix A, which s
equivalent to the {5 norm of the vector obtained by stacking the columns of the
matrix A one under the other. Similarly, for each node k = 1, ..., n, we stack
the actual and predicted LMPs as columns of the matrices Mllinp, ﬁl,;np € R24:50,
and we evaluate the predictive performance of our methodology using the mean
relative error across all nodes,defined as

1 n Mlmp _ 1/\\/_[lmp
errm0) = LS opylim) gy me) [V M, I
"= M| 7

Figs. and capture the sensitivity of the predictive performance
as a function of the forecasting errors in total load and renewable generation,
showing that the algorithm is able to forecast future LMPs with reasonable
accuracy. [

SFor a comparison of the presented methodology with competing algorithms across a wider
range of accuracy criteria, we refer to the paper [154]], on which this chapter is based on. In
particular, the paper [154] includes a validation on real market data from the Southwest Power Pool
market.
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More specifically, Fig. (respectively, Fig. (b)) shows how the pre-
diction error changes as a function of the forecasting error in the total load

(respectively, total renewable generation) where the generation (respectively,
load) forecasting error is kept fixed.

IEEE 30, LMP Forecast error IEEE30, LMP foreca: st error
M Generation Forecast Error = 1.5% Demand forecast error=1%

cast Error (%)

LMP Fore

05 1 15 2 25 3 1 15 2 25 3 35 4
ore

(a) LMP prediction error err(!™P) as a function (b) LMP prediction error err(!™P) as a function
of err(@em) with err(r® fixed at 1.5%. of err(*n)  with err(dem) fixed at 1%.

6.7 Concluding remarks

In this chapter, we show that the wholesale energy prices can be inferred us-
ing limited, publicly available, historical market data. By utilizing the basic
underlying physical model that captures generation-load matching on the grid,
we develop a methodology for predicting locational marginal prices from a
decentralized perspective, which also sheds light on the connection between
market data and power grid congestion status. The methodology is validated
on the IEEE 30-bus test case. While performing well in predicting intra-day
variations, the proposed methodology may fail to predict rare occurrences of
price spikes [154]. This is imputable to the scarcity of historical data correspond-
ing to such rare events, which impacts the accuracy of the machine learning
algorithms described in this chapter, and to the limitations of the simplifying As-
sumption|6.1] The issue of rare price spikes in LMPs is studied from a centralized
perspective in Chapter 7.
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Large Deviations in Locational
Marginal Prices
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The problem of predicting energy price spikes, as opposed to expected intra-
day variations, is a particularly difficult one, as discussed in Section[1.4.3] In this
chapter, we investigate large fluctuations of Locational Marginal Prices (LMPs,
see Deﬁnition in wholesale energy markets caused by volatile renewable
generation profiles. Specifically, we take the centralized perspective of the grid
operator to study the probability of events of the form

P(LMP ¢ ﬁ[a;?a?_])v (7.1)
i=1

where LMP is the vector of of LMPs at the n power grid nodes, and =, a* €
R™ are vectors of price thresholds specifying undesirable price occurrences.

167



168 Chapter 7. Large Deviations in Locational Marginal Prices

We propose a novel approach combining multiparametric programming [[181]]
with large deviations theory [55]]. By exploiting the structure of the OPF prob-
lem, and assuming a centralized perspective, we first derive the deterministic
piecewise affine, possibly discontinuous function linking the stochastic input
process, modeling uncontrollable renewable generation, to the LMPs. This, in
turn, allows us to utilize large deviations theory to identify the most likely
ways for extreme price spikes to happen as a result of fluctuations of renewable
generation.

The large deviations approach offers a powerful and flexible framework
that holistically combines the network structure and operation paradigm with
a stochastic model for renewable generation. This approach enables us to: i)
approximate the probability of price spikes by means of solving a deterministic
convex optimization problem, ii) rank the nodes of the power grids according
to their likelihood of experiencing price spike events, iii) handle the multi-
modal nature of the LMP’s probability distribution, and iv) relax the LICQ
regularity condition, an assumption that is usually required in the relevant
literature [209] [19] [111} [20]. Our results are derived in the case of Gaussian
fluctuations, and are validated numerically on the IEEE 14-bus test case.

Chapter outline: The chapter is structured as follows. A rigorous formu-
lation of the problem under consideration is provided in Section[7.1] while a
connection to the field of multiparametric programming is established in Sec-
tion[7.2} Next, in Section[7.3] we derive our main large deviations result linking
the event of a rare price spike to the solution of a deterministic optimization
problem, which is analyzed in Section We illustrate the potential of the
proposed methodology in Section[7.5 with a case study on the IEEE 14-bus test
case.

7.1 System model and problem formulation

The power grid model shares many similarities to the one described in Chapter
6, and for this reason full details are not repeated here. In particular, we refer
to Section for the definition of the sets Ny, Ny, Ny, where |[N;| = ng,
[Nw| = nuw, [Ni4| = ng and ny + n,, = n is the total number of nodes in the
grid.

We denote the vectors of conventional generation, renewable generation,
and demand, as the vectors g € Rg\_f" , W E RV v andd € RNd, respectively.
To simplify notation, we extend the vectors g, w, d to n-dimensional vectors

'The notation € R indicates that the entries in the | A|-dimensional vector z are indexed
by the set A.
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g,Ww,d € R" by setting §; = 0 whenever ¢ Ny and g; = g; otherwise, and
similarly for w and d. The vectors of net power injections and power flows are
denoted by p :=g +w — decR"and f € R™, respectively.

As in Chapter 6, the vector of nodal prices LMP € R™ (see Section[1.3.2) is
calculated by solving a DC-OPF (see Section[I.3.1), which can be formulated as
the following quadratic optimization problem:

Join ) Ji(gi) = %gTHg +h'g (7.2)
st. 17(g+w—d)=0 : Aen (7.3)
f<V(g+w-d)<f cp,pt (7.4)
g<g<g T, (7.5)

where the variables are defined as follows:

H e R"*" diagonal positive definite matrix, defining the quadratic part
of the objective function;

h e R" ny-dimensional vector, defining the linear part of the objective
function;

\A/'ie Rmxm PTDF matrix (see Section Eq. (1.20));

f.feR™ vector of lower/upper transmission line limits;

g, g € R vector of lower/upper generation constraints;

Xen eR dual variable of the energy balance constraint;

u,ute R’ dual variables of the transmission line constraints (1.26),
A = Rig dual variables of the generation constraints ;
1eR” is a n-dimensional vector of ones.

We also denote by J(g) := > ., Ji(9;) the aggregated generation cost.
The OPF problem in Egs. - (7.5), besides providing the unique? optimal
dispatch g*, gives as a byproduct the vector of nodal prices LMP € R", which
is related to the dual solution of the DC-OPF as described in Section[1.3.2] In
terms of the parameters in Egs. - (7.5), the LMP vector can be expressed as
(see Section[6.1.2)

LMP = )\n1+ V' p e R", (7.6)

where p = pu~ — pt.

2The optimal generation dispatch g*, when it exists, is unique because H is definite positive,
and thus the OPF is a strictly convex optimization problem.
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7.1.1 Problem statement

In the same spirit as of Chapter 6, we adopt a functional perspective, i.e., we
view the uncontrollable generator as a random parameter, or input, of the OPF.
In particular, we are interested in a setting where the objective function, PTDF
matrix, nodal demand d, line limits and generation constraints are assumed to
be known and fixed. Conversely, the uncontrollable generation w corresponds
to a variable parameter

0 =wecR"™, (7.7)

of the problem, upon which the solution of the OPF problem in Eqs. - (7.5)
(henceforth referred to as OPF(8)), and thus the LMP vector, depend
In other words, the LMP vector is a deterministic function of 8

R™ O © 560 — LMP(9) € R", (7.8)

where ® C R"™ is the feasible parameter space of the OPF, i.e., the set of
parameters 0 such that OPF(0) is feasible. In particular, we model 6 as a non-
degenerate multivariate Gaussian random Vector

0. ~ N, (pne,cX0), (7.9)

where € > 0 quantifies the magnitude of the noise. The mean g of the random
vector 6 is interpreted as the expected, or nominal, realization of renewable
generation for the considered time interval, and we assume that it lies inside
the interior of the feasible parameter set, i.e. g € e. Furthermore, we assume
that 3y is a known positive definite matrix, and consider the regime where
e — 0. In view of the mapping (7.8), LMP is a n-dimensional random vector
whose distribution depends on that of 8, and on the deterministic mapping
6 — LMP(6). We assume that the LMP vector corresponding to the expected
renewable generation pg is such that

o

LMP(pg) € 11, (7.10)

where IT := [[/_, [, a] ], @™, @™ € R™ are vectors of price thresholds. Here
and in the following, the notation A denotes the interior of the set A.

% We introduce the notation with € in order to describe a more general framework. For example,
the parameter @ may model additional quantities, such as variable demand, as in Chapter 6.

4 Technically, 0 is truncated by the feasibility set @. From the viewpoint of the large deviations
approach, however, non-feasible realizations of 8. do not constitute a problem, since the large
deviations result in Eq. involves solving an optimization problem defined on the set Y C ©.
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We are interested in the event of anomalous price fluctuations (or spikes),
defined as

Y =Y(a ,a")={0c© : LMP(9) ¢ ﬁ[a;,aﬂ} (7.11)

%
i=1

{6 € ©® : LMP;(0) < a; or LMP;(8) > o }, (7.12)

1C=

which, in view of Eq. and the regime £ — 0, is a rare event. Without loss of
generality, we only consider thresholds &, & such that the event Y (o™, a™)
has a non-empty interior in R™~. Otherwise, the fact that g is non degenerate
would imply P(Y (a™, ™)) = 0.

We observe that the above formulation of a spike event is quite general, and
can cover different application scenarios, as we now describe. For example, if

a=a; = —a; > 0 for all 4, then the spike event reads

Y(a)={0 €0 : |LMP|» = _nax [LMP;| > a},
i=1,...,n

modeling the occurrence of a price spike with magnitude greater than a pre-
scribed value. On the other hand, if we define = = LMP(ug) — 3 and
a™ = LMP(ug) + 8, for B8 € R", the spike event

Y(B) = U{9 € © : |[LMP; — LMP;(uo)| > Bi},
i=1

models the event of any LMP; deviating from its nominal value LMP;(pg)
more than 3; > 0. Moreover, by setting =~ = LMP(ug) — 3~ and at =
LMP(ug) + 8%, 87,8" € R™* and 3~ # 37, we can weigh differently
negative and positive deviations from the nominal values.

We remark that negative price spikes are also of interest [[71} [75]] and can be
covered in our framework, by choosing the threshold vectors &, a™ accord-
ingly. Finally, note that we can study price spikes at a more granular level by
restricting the union in Eq. to a particular subset of nodes N” C .

7.2 Multiparametric programming

As already observed multiple times throughout this thesis (see Section
and Section [6.1.3] for instance), the LMPs can be thought as deterministic
function of the parameter 8. Therefore, in order to study the distribution of
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the random vector LM P, we need to investigate the structure of the mapping
6 — LMP(6).

In the same way as in Chapter 6, we first rewrite the problem OPF(0)
in Egs. - as a standard Multiparametric Quadratic Program (MPQ),
yielding the equivalent formulation

1
mn -g H'g+g'h (7.13)
gcR™g 2
st. Ag<b+ E®&, (7.14)

where A € R(2+2m+2ng)><ng ; E ¢ R(2+2m+2ng)><nw , b e R(2+2m+2ng) are
suitably defined matrices and vectors, given below:

1, 17d -1,
-1, -1'd 1)
A= | Y| po| YwdHEl g 1Vl ()
—Vy, —Vu,d—f£ \2F
Inq g Onw
_In;] -g 0,,

Here, for £ € N, we denote by 14,0, € R” and I, € R*** the vector of
ones, zeros, and the 1dent1ty matrix of dimension k, respectlvely Moreover,
\Ys N, € R™*"s and A N, € R™*™ denote the submatrices of V obtained by
selectlng only the columns corresponding to nodes in N, and N, respectively.

In the remainder of this chapter, we make use of the concepts of optimal
partition and LICQ condition, which have already been introduced in Defi-
nitions and We recall that, for a given parameter 6, the associated
optimal partition 5(@) consists of the indices of binding constraints of OPF(6)
in Egs. - (7.19).

Since there is always at least one binding constraint, namely ¢ = 1, cor-
responding to the power balance constraint (see also Remark 6.1 in Chapter
6), we can write |B| = 1+ |B’|, where B’ C {3,...,2 + 2ny4 + 2m} contains
the indexes of binding constraints corresponding to line and generator limits.
Let 0y, denote, respectively, the number of binding generator and line limit
constraints, so that B’ = i, + m. Since line and generation limits cannot be
binding both on the positive and negative sides, we have that |B'| < n, + m.

Moreover, it is observed in [209]] that the row rank of A g is equal to min(1+
My + m,ng). Therefore, the LICQ condition is equivalent to

1417y + 1 < ng. (7.16)
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A standard result in Multiparametric Programming Theory (presented earlier
as Theorem in Section and proved in [181]) states that the feasible
parameter space © can be covered by the union of a finite number of convex
polytopes ©®, (called critical regions) k = 1,..., M, and that there exist M
affine maps defined in the interiors of the critical regions

0,36 — LMP| (6) = CPo+e™ k=1...,M,

k

where C*) &%) are suitably defined matrices and vectors. Moreover, if LICQ
holds for every 8 € ©, then the maps agree on the intersections between the
regions ®;’s, resulting in an overall continuous map

© 36 - LMP(0) € R". (7.17)

7.2.1 Relaxing the LICQ assumption

One of the assumptions of 'Iheorem which is standard in the field [209} [19]
1111 [20]], is that the LICQ condition holds for every 6 € ©. In particular, this
means that LICQ holds in the interior of two neighboring regions, which we
denote as ©; and @ Let H be the hyperplance separating ©, and @ The fact
that LICQ holds at G)z implies that, if {41, ..., 4,} are the binding constraints at
optimality in the OPF for 8 € ©,, then in view of Eq. we have ¢ < ng,
where n4 is the number of decision variables in the OPF (i.e., the number of
generators).

Requiring LICQ to hold everywhere means that, in particular, it must hold
in the common facet between regions. As we move from ®, on to the common
facet 7 = ©; N H between regions ©; and O, which has dimension n,, — 1,
there could be an additional constraint becoming active (coming from the
neighboring region ©;), and therefore the LICQ condition implies ¢ + 1 < ny.

In general, critical regions can intersect in faces of dimensions 1, ..., n, —1,
and enforcing LICQ to hold on all these faces could imply the overly-conservative
assumption q + n,, — 1 < ng.

In what follows, we relax the assumptions of Theorem|[6.1|by allowing LICQ
to be violated on the union of these lower-dimensional faces

M .
0,:=0\ (o
k=1

Since this union has zero n,,-dimensional Lebesgue measure, the event 8 € O,
rarely happens in practice, and thus is usually ignored in the literature, but it
does cause technical issues that we now address.
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If LICQ is violated on 8 € ©,, the Lagrange multipliers of the OPF, and
thus the LMP, need not be unique. Therefore, the map & — LMP(0) is not
properly defined on ®,. In order to extend the map from Uiu:l O, to the full
feasible parameter space ®, we incorporate a tie-breaking rule to consistently
choose between the possible LMPs.

Following [180], we break ties by using the lexicographic order. That
is, if {LMP'(0),...,LMP%(0)} denotes the set of LMPs corresponding to
a parameter 8 € F, we first choose those with maximum first coordinate
{LMP?(0)},ck,, with K; = arg max,_; g4 LMP”(8). Then, from this
subset, we choose the LMP vectors with maximum second coordinate, and so
forth.

This choice defines the LMP function over the whole feasible parameter
space ®, but may introduce jump discontinuities on the zero-measure set ©,.
In the next section, we address this technicality and formally derive our main
large deviations result.

7.3 Large deviations results

Proposition 7.1. Let 0. ~ N,,,(pe,cXg) be a family of nondegenerate ng-
dimensional Gaussian r.v.’s indexed by € > 0. Assume that the LICQ condition is
satisfied for all @ € © \ ©,. Consider the event

Y=Y(a ,a") = U{0 €0 : LMP;(0) ¢ [o; , ]},
i=1
defined in Eq. (7.11), assume that the interior of Y is not empty,[| and that

LMP(pg) €I, II:= ﬁ[a;,aj]. (7.18)

i=1
Then, the family of random vectors {0. }.~¢ satisfies

lim clogP(6: € V) = — inf 1(6), (7.19)

where Z(0) = 1(0 — o) "2, (0 — o).

Proof. For notational compactness, in the rest of the proof we will write ¥
without making explicit its dependence on (o™, ™). Defining Z := | J;_,{0 €

SIfY = (), then trivially P(6. € Y) = 0.
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R™ : LMP;(0) ¢ [o; ,; ]}, the event Y can be decomposed as the disjoint
union Y =Y, UY,, where

M
v.=J ©,.NZ, Y. =0,NnZ (7.20)
k=1

and Y, C O, =0\ UQ/[:1 ék is a zero-measure set.

As 0. is nondegenerate, it has a density f with respect to the n,,-dimensional
Lebesgue measure in R?,. Since the n,,-dimensional Lebesgue measure of Y5 is
zero, we have

PO, €Y,) = / f(x)dx =0
x€Y,
and P(0. € Y) = P(0. € Y,). As a consequence, we can restrict our analysis
to the event Y,. Thanks to Cramer’s theorem in R™» [55]], we have

— inf I(0) <liminfelog (P(6. € Y.)) (7.21)
ocy. €0
<limsupelog (P(0: € Y,)) < — inf I(6), (7.22)
e—0 ocy.

where 1(0) is the Legendre transform of the log-moment generating function
of 6.. It is well-known (see, for example, [182]) that when 6. is Gaussian then
Z(0) = (6 — o) 5" (0 — pe). In order to prove (7.19), it remains to be
shown that
inf 1(0) = inf I(0). (7.23)
oeY. 0cY.

Thanks to the continuity of the maps LMP\ék, the set Y, is open, since

M
Y, = U e.NZ (7.24)

k=1
M . n

=J(©xn [ J{LMPilg (0) ¢ [0; .0 1}) (7.25)
k= =1
]\/I1 n

_ (@k nJICPo +e ¢ [ay, aj]}) (7.26)
k=1 i=1
M

Il

(©xNUCEPO +& < a7} u{CMO +e > af}).

B
Il
—
-
Il
—

(7.27)
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Therefore, Y* =Y, and ?* = Y, D Y.. Since the rate function 1(8) is
continuous, Eq. follows. O

Proposition|[7.1]allows us approximate the probability of a price spike, for
small ¢, as

P(f. €Y) ~ exp ( {-:

(7.28)

as it was done in Chapters 2 and 4 in the context of studying the event of
transmission line failures. The minimizer of the optimization problem
corresponds to the most likely realization of uncontrollable generation that
leads to the rare event.

Furthermore, the structure of the problem allows us to efficiently rank
nodes in terms of their likelihood to experience a price spike, as we illustrate in
Section[Z5]

7.4 Solving the optimization problem

In view of Proposition[7.1] in order to study lim._,oclog P(f: € Y (o™, ™))
we need to solve the deterministic optimization problem infgcy, 1(0). The
latter, in view of Theorem and the definition of Y, is equivalent to

inf I(@) = min inf 1(0)
ocy. k=1,...M gcd,nz

= min  min inf 1(0).
i=1,....nk=1,....M GEék,é(k)9+5(.k)¢[a._,a+]

This amounts to solving at most nM quadratic optimization problems of the
form

o, 10

fori=1,...,n,k=1,..., M, where,fori=1,...,n,k=1,..., M,

Tik = Ti,_k: U Tz+w

T, =6xn {CMo+&" <a7}), T =6,n{CMo+e" >af}).

3
In the rest of this section, we show how we can significantly reduce the
number of optimization problems that need to be solved by exploiting the
geometric structure of the problem. First, since

inf (@) = min inf  1(6),
6cY. 1=1,...,n QEUkM=1 T; 1



7.4. Solving the optimization problem 177

we fixi = 1...,n and consider the sub-problems

inf I(0) = min inf 1(0), inf 1(0);. 7.29
6cUrL, Tix (@) {GGU]k,MlTi,k ( )GGUkleTiJ,rk ( )} ( )

The reason why we want to solve the problems in Eq. individually for
every ¢ is because we are not only interested in studying the overall event Y, but
also in the more granular events of node-specific price spikes. For example, this
would allow us to rank the nodes in terms of their likelihood of experiencing a
price spike (see Section[7.5). Define

Ly =0rN (T;)% =N {CMo+e > a7},

L, =0 (1) =0, n{CMo + e <af},

M
Ly :==|]J L, =©n{LMP; > q; },
k=1

M
Lf = J L, =en{LMP; <af}.
k=1

and consider the partition of the sets ;" and L; into disjoint closed connected
components, i.e.,

- — ] W) LF = | | Wit (730)

K2

£&conn. comp. of L~ £&conn. comp. of Lj'

and let Wz(f’: ), We(ij ) be the components containing ptg. Since (AU B) =
DAUOBif ANB = AN B = {), the boundary L] = | |, 7+ aw}““ is the
union of the set of parameters § € © such that LMP () = «; with, possibly,
a subset of the boundary of ® (and similarly for OL;").
As stated by Proposition[7.2] we show that, in order to solve the two problems
in the right hand side of Eq. we need to look only at the boundaries
(i7_) (27+)
oW, 7, 0w,

Proposition 7.2. Under the same assumptions of Theorem[6.1] we have
inf  1(0) = inf 1(6), inf  I(0) = inf 1(6).

6cUrL, T:—k 6colUL, T:—k 6cUrL, T 6calUpl, T
(7.31)
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Moreover,
inf I(@)= inf I1(6), inf  I(0)= inf I(0).
ocUiL, T, ocow 6cUML, T, , ocow )

(7.32)

Proof. First note that the rate function 7(0) is a (strictly) convex function,
since Xy is positive definite. Since U,ﬁil T, is open and I(8) is a continuous
function, it holds that

inf I(0)= _inf  I(6).
9€U£4:1T:,—k fc £4:1T1+k

Moreover, since I(6) is continuous and Ui\il T, compact, the infimum is
attained. The fact that in:l 7520 inzl T, immediately implies that

if  10)< inf 1(6).
GEUkM:1 T::k 0cd U£1:1 T::k

On the other hand, assume by contradiction that

inf  1(0) < inf 1(6).
eeuﬁlzl T;,rk 0co Ukle Tifk
In particular, there exists a point 8 in the interior of U,iwzl Tfk such that

1(6y) < I(0) forall @ € U,]yzl Tfk Define, for ¢ € [0, 1], the line segment
joining pg and Oy, ie. 6; = (1 — t)ug + tBy. Since Oy lies in the interior
of U,iwzl Tfk and pe ¢ Uﬁil Tfk there exist a 0 < ¢, < 1 such that 8; €

Uﬁil Tfk for all t € [t4,1]. Due to the convexity of I1(0), and the fact that
I(pg) = 0, we have

1(6:,) < (1 —t.)I(pg) + t«1(0p) = t.1(60) < I(6y),
thus reaching a contradiction. Hence,

inf 1(0) = inf 1(0), 7.33
eeugng;k ( ) 0coUrL | T;F, ( ) ( )

and the minimum is achieved on 0 U,JCV[:1 T, proving Eq. (7.31).
In view of Eq. (7.31), in order to prove Eq. (7.32) it is enough to show that

inf I(6) = inf I(6).
ecoUdL, T, ocow P
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Given that the sets T;fk —0,U {LMP;(0) > of },fork=1,..., M, are
disjoint, the boundary of the union is equal to the union of the boundaries, i.e.,
0 U11¢M=1 Ti—j_k = 24:1 aT:k. Each term aTi:"k is the boundary of the polytope
Fz}k = @, N {LMP; > «; }, and thus consists of the union of a subset of

,]cwzl 00Oy, (a subset of the union of the facets of the polytope ©;) with the
segment ©;, N {LMP; = a; }. As aresult, d Uiu:l T:',CI(B) intersects 8W£(f;+)
in ® N {LMP; = o }.

We now show that (i) the minimum is attained at a point 6y such that
LMP;(6y) = ozj', so that 8y € | Jyccom. comp. of L+ 8Wéi’+), and (i) 6y €
3W@(f f). Assume by contradiction that LMP;(6o) > «;", and consider the line
segment joining pg and 6y, 0; = (1 — t)g + t6y, t € [0, 1]. The function

0,1] 3t = g(t) := LMP;(6,) = LMP;((1 — t)pe + t6) € R,

is continuous and such that g(0) = LMP(ug) < and g(1) = LMP(6,) >
o. Thanks to the intermediate value theorem, there exists a 0 < ¢, < 1 such

that g(¢.) = LMP;(0;,) = o, and
1(6:.) < (1= t.)I(po) + t.1(60) = t.1(60) < I(60),

which is a contradiction, since 6y is the minimum. The same argument, based
on the convexity of the rate function and the fact that I(ptg) = 0, shows that

0 c 8W£(fji_ ), Lastly, Eq. (7.32) can be derived in the same way. O

Proposition[7.2|shows that in order to solve the problem in Eq. we only
need to look at the boundaries 8W1§f ) BWZ(*Z ), Determining such boundaries
is a non-trivial problem, for which dedicated algorithms exist. Such algorithms
are beyond the scope of this chapter, and we refer the interested reader to the
contour tracing literature and, in particular, to [56].

7.5 Numerics

In this section, we illustrate the potential of our large deviations approach using
IEEE 14-bus test case in MATPOWER [210]]. This network consists of 14 nodes
(each of which houses a load), 6 controllable generators, and 20 lines. As line
limits are not included in the test case, we set them as f = \f(Plaming) where
f (planning) . Mine|£], f is the solution of a DC-OPF using the data in the test file,
and e > 1. We interpret f(planning) 54 the maximum allowable power flow
before the line trips, while the more conservative

f = \f(planning) (7.34)



180 Chapter 7. Large Deviations in Locational Marginal Prices

with 1/4ime < A < 1, is the operational line limit (see also Section in
Chapter 5). In the rest of this section, we set Yy, = 2. This is consistent with
the framework described in Chapter 5E]

We add two uncontrollable renewable generators at nodes 4 and 5, so that
ng = 14,n, = 6 and n,, = 2. The feasible space @ = O()\) is a compact
polytope that depends on A, as shown in Fig. All the calculations related to
multiparametric programming are performed using the MPT3 toolbox [81]].

We model the renewable generation as a 2-dimensional Gaussian random
vector 8 ~ N(ug, Xg), where pg is interpreted as the nominal, or forecast,
renewable generation, and ¥ is computed based on the normalized symmetric
graph Laplacian, following [[91]:

C = 7% (Loym + 7°I) 7" € R™™, (7.35)
where Lgyy, is the normalized symmetric graph Laplacian
Lsym = A_1/2LsymA_1/2a

A € R™*" is the diagonal matrix with entries equal to the weighted nodal
degrees A; ; = ZJ—# wj ;, and K, 72 > 0. The definition of the covariance ma-
trix in Eq. enables us to model positive correlations between neighboring
(thus geographically “close”) nodes.

In our experiments, we set kK = 2 and 72 = 1. Then, we consider the
Nw X Ny Submatrix f)g of C obtained by choosing rows and columns of C

indexed by V,,, = {4,5}, and we define 3¢ as

B := diag({5;};)) T diag({di}j)) € R™ ™, (7.36)

where the parameters §;’s control the magnitudes of the standard deviations
0; = +/Xg(i,1),7 = 1,2. In particular, the §;’s are chosen in such a way that
the standard deviations match realistic values for wind power forecasting error,
expressed as a fraction of the corresponding installed capacity, over different
time windows T’ (see also Chapter 2, Section [2.4.2):

o; = q(T) % u(installed), i

3

=1,2

)

where ¢ = [0.01, 0.018, 0.04], corresponding to time windows of 5, 15 and 60
minutes, respectively. Finally, the installed capacity of the renewable generators

¢ The only difference is that, in Chapter 5, we had Yjj,. = 1, while here we may have to set
Yiine > 1 in order to use a A < 1. The reason is that, contrary to Chapter 5, we enforce generator
limit constraints. As a consequence, it is possible that the OPF is not feasible if A < 1.
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are chosen based on the boundary of the 2-dimensional feasible space ®, namely
gmstalled) _ max{x . (xvy) c 9}7,uémstalled) _ max{y . (xVy) c @}

Although 6 ~ N3(pg, Xg) is in principle unbounded, we choose the rele-
vant parameters in such a way that, in practice, € never exceeds the boundary
of the feasible space ®. Note that the term ¢ is not present in the definition of
0, for the same reasons as explained in Section Since Xg is obtained from
realistic values for wind power forecasting error, the question is whether the
matrix 3g used in the numerics is close enough to the small-noise regime to
make the large deviations results meaningful. As we show, the answer to this
question is affirmative, validating the use of the large deviations methodology.

Exploratory analysis

We set Yiine = 2, and vary A € {0.6,0.7,0.8}. Fig.shows the feasible space
©(A), and its partition into critical regions, for different values of A\. Given

critical regions

critical regions critical regions

(a) A = 0.6, 14 regions. (b) A = 0.7, 13 regions. (c) A = 0.8, 13 regions.

Figure 7.1: Partition of feasible space () into critical regions for various values of A.

Ho € ©, we set the price thresholds defining the spike event as
a; = LMP;(pg) — ety |[LMP; (po)|, @ = LMP;(pg) + errya [LMP; (pg)|,  (7.37)

where err, > 0. In other words, we are interested in studying the event of a
relative price deviation of magnitude greater than err, > 0:

= {0 € © : |[LMP;(0) — LMP;(ug)| > err|LMP;(110)|}-

Multimodality and sensitivity with respect to pg

Next, we analyze in more detail the particular setting A = 0.6, and consider three
scenarios, corresponding to low, medium and high expected wind generation, i.e.
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(IOW) =0.1 ><IJ/(mstallecl) (medmm) =0. 25X”(medlum) H(hlgh) =0. 5xu(mstalled)

and g(medivm) — 0 018, Fig.|7.2|shows the location of j1g, together with 106 sam-
ples from 6, and the correspondmg empirical densities of the random variables
LMP;,i =1,...,14, obtained through Monte Carlo simulation. The red and
blue vertical bars correspond to c; and o in (7.37) with a relative percentage
error of err,; = 0.25.

We observe that the results are extremely sensitive to the standard deviation
and location (more so than the magnitude) of the forecast renewable generation
o relative to the geometry of the critical regions, as this affects whether the
samples of 8 will cross the boundary between adjacent regions or not. This
confirms the importance of a holistic approach that combines distributional
properties of the underlying random quantities with structural properties of
the power grid operations.

In turn, the crossing of a boundary can result in the distribution of the
LMPs being multimodal (see Figs. and|[7.2d), due to the piecewise affine
nature of the map & — LMP. This observation shows how the problem of
studying LMPs fluctuations is intrinsically harder than that of emergent line
failures, as in [136} [137]. The phenomenon is more pronounced in the presence
of steep gradient changes at the boundary between regions (or in the case of
discontinuities), as can be observed in Fig. whichs show the piecewise affine
map @ — LMP((0) for the three different choices of pg. In particular, the
expected LMP can differ greatly from LMP (ug).

7.5.1 Ranking of nodes based on their likelihood of having a
price spike

As illustrated by Eq. (7.29), large deviations theory predicts the most likely
node to be arg mini:1 n Il , where IF .= infgc | 1(6). Indirectly, this
approach produces also a rankin g of nodes according to their likelihood of having
a price spike. The use of large deviations theory to rank power grid components
according to their likelihood of experiencing anomalous deviations from a
nominal state has been validated in Chapter 4 in the context of transmission
line failures. In order to validate the accuracy of the LDP methodology also for
ranking nodes according to the likelihood of their price spikes, we compare
the LD-based ranking with the one obtained via crude Monte Carlo simulation,
as described in Table We observe that the LD-based approach is able to
recover the exact ranking of nodes, for various levels of relative error err.
Table reports the values of the probability @(Yl) of a price spike in node 1,
calculated using Monte Carlo simulation, together with the corresponding decay
rates I} = infaeu%= T 1(0), showing that the LD-based approach correctly
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Figure 7.2: Visualization of pg and empirical distribution of € (left), and corresponding empirical
densities of the random variables LMP;, ¢ = 1,.. ., 14 (right), for different choices of pg, g =
0.018.
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(a) IJ'(glow> —=0.1 % M(installed). (b) N(gmedium) = 025 x (C) “(Bhigh) —0.5x N(installed).
M(inslalled) .

Figure 7.3: Visualization of the piecewise affine map 6 — LMP1(0) for three different
locations of ptg, together with the price thresholds aliO = LMPio(pe) *£ erre[LMP1g ().

identifies the ranking. This property is validated more extensively in Fig.
which depicts the values of P(Y;) against — miny, I} /I across a wider range
of price thresholds errye.

i P(Y;) I; rank
9 8.6371e-01 | 8.1160e-04 1
8 6.8984e-01 | 8.5572e-04 2
7 6.8984e-01 | 8.5572e-04 3
10 | 4.8713e-01 1.0786e-03 4
11 | 4.8690e-01 1.1123e-03 5
6 | 4.8613e-01 | 1.2438e-03 6
12 | 4.8586e-01 1.2849e-03 7
13 | 4.8586e-01 1.3296e-03 8
14 | 4.7559e-01 | 1.6548e-03 9
4 2.1282e-02 | 4.0854e+00 10
5 0 6.8384e+01 11
1 0 1.1584e+02 12
2 0 1.2971e+02 13
3 0 2.6984e+03 14

Table 7.1: Ranking of nodes based on the likelihood of having a price spike, according to both
Monte Carlo simulation (in terms of probabilities P(Y;)) and large deviations results (in terms of
decay rates I7*), for the case y,(ehlgh) = 0.5 x plnstalled) "opp = 0,95 ¢ = 0.018. The values

@(Yz) fori = 1,2, 3, 5, are not reported as the Monte Carlo simulation is not sufficiently accurate
for such small probabilities.
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1
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Figure 7.4: Comparison between empirical probabilities @(YZ) based on Monte Carlo simulation
and normalized decay rates — min; I} /I *across a wider range of values for err.

7.6 Concluding remarks and future work

In this chapter, we illustrate the potential of concepts from large deviations
theory to study the events of rare price spikes caused by fluctuations of renew-
able generation. By assuming a centralized perspective, we use large deviations
theory to approximate the probabilities of such events, and to rank the nodes of
the power grids according to their likelihood of experiencing a price spike. Our
technical approach is able to handle the multimodality of LMP’s distributions, as
well as violations of the LICQ regularity condition. Future research directions in-
clude extending the present framework to non-Gaussian fluctuations. Moreover,
it would be of interest to study the sensitivity of the approximation in Eq.
with respect to the tuning parameter )\, which quantifies the conservatism in
the choice of the line limits. This would allow us to establish a link with the
analysis in Section [£.B.3] Chapter 4, and to extend the notion of safe capacity
regions of Chapters 2 and 3 in the context of energy prices.
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Summary

In this thesis, we develop probabilistic techniques for the analysis of energy
systems under uncertainty. The research is motivated by the advent of renewable
energy sources, such as wind and solar photovoltaics, which brought about a
paradigm shift for the design and control of power grids. To ensure that power
grids reliably and steadily deliver power to customers, stability constraints
such as admissible ranges on power flows must be satisfied at all times. The
inherently uncertain nature of renewable energy sources is responsible for
considerable supply-side variability and may lead to unexpected violations
of stability constraints, which can cause the failure of grid components and
result in widespread blackouts with enormous societal costs. Electricity prices
are also affected by the increased uncertainty in power outputs, resulting in
highly variable prices that can even turn negative during periods of low demand
and high renewable production. This thesis introduces powerful tools such
as large deviations theory, concentration inequalities, and statistical learning
techniques, that can guide the uncertainty-aware operations of power grids.
Chapter 1 provides an overview of the power grid operations landscape, presents
the relevant literature, and illustrates our main contributions to the field.

Chapters 2 and 3 focus on developing probabilistic counterparts of tradi-
tional deterministic reliability constraints. In Chapter 2 we use large deviations
techniques to study the probability of current and temperature overloads in
transmission lines assuming a stochastic differential equations model for ran-
dom power injections and a small-noise regime. We analytically characterize
the set of admissible power injections (referred to as capacity regions) such
that the probability of overloading of any line over a given time interval stays
below a fixed target, and prove convexity properties that make them amenable
to be used within existing planning methods like Optimal Power Flow (OPF).
The approach models the stochastic behavior at the process-level and takes into
account the transient relationship between line current and line temperatures,
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leading to capacity gains compared to static approaches. In Chapter 3 we de-
velop explicit upper bounds for line failure probabilities based on concentration
inequalities techniques which, in contrast to large deviations methods, do not
assume a small-noise regime and are guaranteed to be conservative, leading to
safe operational capacity regions that are convex and polyhedral.

Chapters 4 and 5 are devoted to understanding microscopic and macroscopic
features of blackouts. Chapter 4 focuses on the microscopic viewpoint and mod-
els power grids as complex networks where failures can emerge endogenously
as a result of the interplay between noisy correlated power inputs at the nodes,
the network structure, and power flow physics. Using large deviations tech-
niques we rank transmission lines according to their failure probability, we
explicitly determine the most likely configuration of power inputs leading to
line failures and predict how subsequent failures will propagate in the network.
The results are mathematically exact in a small-noise regime and are validated
in a realistic setting using data for the German transmission grid. In Chapter 5
we analyze cascading failures from a macroscopic perspective, and provide a
causal explanation for the well-known fact that the probability distribution of
blackout sizes is scale-free. We model power grids as graphs with heavy-tailed
sinks, which represent demand from cities, and study cascading failures on such
graphs. Combining the physics of power flows with rare event analysis for
heavy-tailed distributions, our research links the scale-free nature of blackout
sizes to the scale-free nature of city sizes, and is validated using synthetic net-
works and the German grid. Our approach differs from traditional explanations
in that it does not relate scale-free phenomena to the scale-free nature of the
network topology, and suggest new ways of approaching such phenomena in
other transport networks.

Chapters 6 and 7 focus on understanding the impact of uncertainty on
energy prices. In Chapter 6 we develop a statistical learning methodology to
recover the energy market’s structure and predict Locational Marginal Prices
(LMP) from a decentralized perspective, i.e. by using only publicly available
data. In particular, we exploit the mathematical properties of the supply-demand
matching process to characterize LMPs as dual variables of the OPF and use
machine learning and convex optimization techniques to infer crucial informa-
tion about the congestion status of transmission lines, and predict prices based
on system load and grid-wide generation type mix forecasts. Finally, Chapter
7 focuses on predicting large spikes in LMPs, which are difficult to forecast
under a decentralized perspective. By taking the viewpoint of the grid operator
(hence assuming full knowledge of the grid parameters), we look at LMPs as
deterministic functions of the input stochastic processes and use techniques
from large deviations theory to study the occurrences of extreme price spikes
caused by unusual renewable generation profiles.
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