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ABSTRACT. We study the asymptotic convergence to a periodic steady state of
the solution of a nonlinear system of equations modelling electric conduction in
biological tissues. Such model keeps into account both the resistive behaviour of
the intracellular and extracellular domain and the capacitive/resistive behaviour
of the lipidic cellular membrane. Because of the large number of cells involved in
the model an homogenized version of the problem is also available. Also for the
homogenized problem asymptotic convergence to a periodic steady is proved. The
rate of convergence is analyzed, moreover the systems of equations satisfied by the
limits are exhibited.
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1. INTRODUCTION

;:introduction|

Composite materials have widespread applications in science and technology and,
for this reason, have been extensively studied especially using homogenization tech-
niques. In this framework the authors have deeply investigated a problem arising in
electric conduction in biological tissues (with the purpose of obtaining some useful
results for applications in electrical tomography), see [?], |?], [?], [?], [?], [?], [?], [?],
[?].

From a physical point of view the problem consists in the study of the electric cur-
rents crossing a living tissue when an electrical potential is applied at the boundary
(see [?], [?], [?], |?], [?]). Here the living tissue is regarded as a composite peri-
odic, domain made of extracellular and intracellular materials (both assumed to be
conductive, possibly with different conductivities) separated by a lipidic membrane
which experiments prove to exhibit both conductive (due to ionic channels in the
membrane) and capacitive behavior. In this regard the large number of cells con-
tained in the biological sample allows us and even imposes to use an homogenization
technique. Such technique yields the system of partial differential equations satisfied
by the macroscopic electric potential u, i.e. the limit of the electric potential u. in

the tissue as € (the characteristic length of the cell) tends to zero.
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Naturally, if we want the capacitive and the conductive behavior of the membranes to
be maintained when £ — 0 we must properly rescale the capacity and the conductivity
of such membranes with respect to €. In [?] and [?| the authors have shown that,
essentially, only three scalings are physically sensible. One of these scalings seems to
be the more suitable to describe the behavior of the membranes at radiofrequency
range (which is the standard frequency used in electric tomography) and for this
reason it has been widely studied by the authors in [?], [?], [?], [?], [?], [?]. In
this peculiar model the magnetic field is neglected (as suggested by experimental
evidence) and the potential u. is assumed to satisfy an elliptic equation both in the
intracellular and in the extracellular domain while, on the membranes it satisfies the

equation
a0 [ue] .
ga[us]—i-f( . > = o°Vu, - 1,

where [u.] denotes the jump of the potential across the membranes and o*Vu, - v,
is the current crossing the membranes. Note how the scaling parameter ¢ appears
in our model. The previous condition on the membranes was rigorously obtained by
the authors by means of a concentrated capacity technique in [?].

From a mathematical point of view a big difference does exist between the case of
linear f and the nonlinear case. Homogenization limits have been rigorously found
in both cases. In the linear case the result has been obtained in [?], [?] and [?], via
asymptotic expansion in € and it has been proved that the limit potential u satisfies
an elliptic equation with memory for which an existence and uniqueness theorem has
been proved in |?|. In the nonlinear case the approach is much more complicated and
relies on the two-scale convergence technique. The final result is that, in this case, a
memory effect is still present but it is not possible to find a single partial, differential
equation satisfied by u (see [?]). Indeed, in this situation, u is coupled with another
function u; and together they satisfy a system of partial differential equations where
uy keeps into account the microscopic properties of the material and depends both on
the macroscopic variable x and the microscopic variable y (also for this case existence
and uniqueness results have been proved in [?]).

Going back to the technical applications of bioimpedence tomography it must be
noticed that usually a time harmonic boundary data is applied and it is assumed
that the resulting potential inside the biological material is time harmonic too. Under
this assumption the behavior of the biological tissue is modeled by means of complex
elliptic equations (one for every harmonic frequency). The correctness of this model
has been proved by the authors in the linear case in [?], [?] and [?], investigating the
time limit, as t — 400, of the solution u of the homogenized problem. The authors
were able to prove that the equations presently used in electric tomography can be
rigorously obtained by means of an asymptotic limit with respect to ¢ (when time
periodic boundary data are assigned). They proved that u tends exponentially to a
limit «” and such a limit satisfies the partial differential equation currently used in
applications. Also, as a new input, they were able to find the relation linking the
complex admittivity of the limiting partial differential equation to the frequency of
the assigned boundary data.
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It is remarkable that an elliptic equation with memory has no, in principle, asymptotic
stability even if the memory kernel decreases to zero exponentially when t — 400 (see
[?]). For this reason, in [?], [?] and [?], the result is obtained proving an asymptotic
exponential convergence in ¢ for the problem of level ¢ (i.e. before homogenization)
and observing that such a convergence is stable with respect to ¢, so that it passes to
the limit and holds also for u. The proof relies on an appropriate eigenvalue theorem
for the problem of level € satisfied in a periodic unitary cell. See, for instance, [?] and
[?] for an alternative approach relying on some extra-assumptions on the structures of
the kernel. Nevertheless the problem at level € is not in general asymptotically stable
in £. In fact, if f is identically equal to zero, u. does not tend to zero exponentially
in ¢ even if a homogeneous boundary condition is assigned. To get such a result the
initial jumps of the potential across the cellular membranes must have zero mean
value on each membrane. However this fact will have major consequences when the
nonlinear case will be treated. Indeed, in the linear case we can always assume that
the initial jumps have zero mean value by subtracting from the initial potential a
piecewise constant function, while in the nonlinear one this is not possible and we
must proceed in a different way. However such a pathology does not appear in the
homogenized problem.

Motivated by the previous considerations, in this paper we investigate the behavior
as t — 400 of the nonlinear problem introduced in |?|. We will prove that, if periodic
boundary data are assigned and f is coercive in the sense of (?7), then the solution
of the e-problem converges as ¢ — 400 to a periodic function solving a suitable
system of equations. In this case then such a convergence is exponential. Moreover,
if we have homogeneous boundary data, then at least the homogenized solution tends
exponentially to zero for a much more general class of functions f; for example f may
be not increasing, provided it is Lipschitz-continuous and

f(Sl) — f(SQ) > —L_(81 — 82), VSl, S9 € R

with L_ sufficiently small (see Remark ?7).

Analogously, the asymptotic convergence of the solution (u,u;) of the homogenized
problem to a periodic solution (u?,u'?) solving a suitable system of equations is
proved when periodic boundary data is assigned. Such convergence is exponential if
the boundary data is identically equal to zero. If this is not the case, as before, f
must be assumed to satisfy (77).

It is important to note that in [?], [?] and [?] our approach was based on eigenvalue
estimates which made it possible to keep into account (as far as the asymptotic rate
of convergence is concerned) both the dissipative properties of the intra/extra cellular
phases and the dissipative properties of the membranes. Here, for technical reasons,
we are able to use this method only in the case of homogeneous boundary data.
Instead, in the general case, we proceed by exploiting the coercivity of f, hence the
electrical properties of the intra/extra cellular phases do not appear in the rate of
convergence.

If f is not coercive it must be assumed to be monotone increasing and we can proceed
in to different ways: with the first one the asymptotic convergence of (u,u') as
t — 400 is proved via a Liapunov-style technique and the rate of convergence is not
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quantified, with the second one &SPERIAMO CHE FUNZIONI the convergence of
(u,ul) is, again, proved to be exponential.

The paper is organized as follows: in Section 2 we present the geometrical setting and
the nonlinear differential model governing our problem at the microscale €. In Section
3 we prove the exponential decay in time of the solution of the microscopic problem,
both in the case of homogeneous boundary data and in the case of time-periodic
boundary data. In this last case, we need the additional coercivity assumption on
the nonlinear function f, governing the dissipative properties of the cell membrane.
Finally, in Section 4, we recall the definition and some useful results concerning the
two-scale convergence on bulks and on surfaces and we prove the exponential decay
in time of the solution of the macroscopic (or homogenized) problem, providing also
the differential system satisfied by the limit function.

2. PRELIMINARIES

Let 2 be an open bounded subset of RY. In the sequel v or 7 will denote constants
which may vary from line to line and which depend on the characteristic parameters
of the problem, but which are independent of the quantities tending to zero, such as
g, 0 and so on, unless explicitly specified.

2.1. The geometrical setting. The typical geometry we have in mind is depicted
in Figure 1. In order to be more specific, assume N > 3 and let us introduce a
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FIGURE 1. On the left: an example of admissible periodic unit cell Y =
E1UFE>UTI in R?. Here Fj is the shaded region and [ is its boundary. The
remaining part of Y (the white region) is F5. On the right: the corresponding
domain 2 = (27 U 25 U I'*. Here (2] is the shaded region and I is its
boundary. The remaining part of {2 (the white region) is £25.

periodic open subset E of RY, so that E + z = E for all z € Z". For all ¢ > 0
define 5 = 2 NekE, 25 = 2\ eE. We assume that {2, F have regular boundary,
say of class C*™ for the sake of simplicity, that (25 is a connected subset of (2 and
dist(1,082) > ~e, where I'° = 0£5. We also employ the notation Y = (0,1)", and
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Ey,=ENY,E,=Y\E, I'=0ENY. As a simplifying assumption, we stipulate
that I' N 9Y = (). We denote by v the normal unit vector to I" pointing into Es, so
that v.(z) = v(e 'z).

For later use, we denote also

01 if Yy € El,
o(y) = and oo = |E1|o1 + |Eslog,
(y) {02 ity € By, 0 = |Ei|oy + | Ealo
1

where o1, 0y are positive constants, and we also set 0°(z) = o(¢7 x). Moreover, let
us set

CL(Y):={u:Y - R | g €C(E), wyg, € C'(E2), and u is Y — periodic},

Xy(Y):={ue L*(Y) | wg, € H(E\), ug, € H'(E,;), and u is Y — periodic},
and
XH02) ={ue L*() | wo: € H'(£2), wos € H'(15)}.
We note that, if u € X%E(Y) then the traces of ug, on I', for ¢« = 1,2, belong to
HY2(T), as well as u € X'(f2.) implies that the traces of ujge on I, for i = 1,2,
belong to HY/2(I®).

2.2. Statement of the problem. We write down the model problem:

—div(oyVu,) =0, in 27 x (0,7); (2.1)
—div(oyVu,) =0, in 25 x (0,7); (2.2)
[0°Vu. - v =0, on I'* x (0,7); (2.3)

%%[UE] + f (hi—s]) =o0°Vu, - 1., on I'* x (0,7); (2.4)
[us](x,0) = Sc(z), on I'%; (2.5)

us(z) = V(z,t), on 02 x (0,7, (2.6)

where o1, 09 are defined in the previous subsection and o > 0 is a constant; moreover,
we note that, by the definition already given in the previous section, v, is the normal
unit vector to I'® pointing into (25. Since wu. is not in general continuous across /™
we set

ugl) := trace of u. s on I'* x (0,T); ug) := trace of u.p; on I'* x (0,7).

Indeed we refer conventionally to (27 as to the interior domain, and to (25 as to the
outer domain. We also denote

[we] = u® — M

Similar conventions are employed for other quantities, for example in (2.3). In this
framework we will assume that

S. € HYV*(r*), /Sg(x) do < ~e. (2.7)

Is

eq:PDEin
eq:PDEout
eq:FluxCont

eq:Circuit

eq:InitDate

eq:BoundDat

eq:assumpt:
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Moreover, f : R — R satisfies

f is a Lipschitz-continuous function with Lipschitz constant L, (2.8)
f is a strictly monotone function and f'(s) >0, Vs € R; (2.9)
F0)=0, (2.10)
f'(s) = do, for a suitable dy > 0 and Vs sufficiently large. (2.11)

Previous assumptions imply also
f(s)s > \is® — Agls], for some constants A\; > 0 and Ay > 0. (2.12)

Finally, ¥ : {2 x R — R is a function satisfying the following assumption
i) Vel (R; HQ(Q)) ;

loc
i) Ve L (R H(£2); (2.13)
iti) W(x,-)is 1-periodic  for a.e. z € (2.

These assumptions will guarantee the time asymptotic decay of the solution u., when
e is fixed. The set of equations (2.1)—(2.6) models electrical conduction in a biological
tissue. It is important to notice that the first term in the left hand side of (2.4)
models the behavior of the lipidic cell membrane which acts mainly as a capacitor,
while the second term in the left hand side keeps into account the resistive behavior of
the membrane which is caused by channels allowing charged molecules to go through.
Here the resistive behavior is assumed to be nonlinear and it is relevant that the small
parameter e, which is of the order of magnitude of the cell width, appears inside the
argument of f. Existence of such solution has been proved in [?]. Moreover, by
|7, Lemma 3.6 and Remark 3.8| it follows that u. € C°((0,7]; X*(£2.)) and [u.] €
CO((0,T; L*(I)).

3. ASYMPTOTIC CONVERGENCE TO A PERIODIC SOLUTION OF THE ¢-PROBLEM

The purpose of this section is to prove the asymptotic convergence of the solution of
problem (2.1)—(2.6) to a periodic function u# when ¢t — +o0o. The function u¥ is, in
turn, a solution of the system

—div(c*Vu?) =0, in (025U 6%) x R; (3.1)
[c°Vu? 1] =0, on I'° X R; (3.2)
o #
%E[“f] +f ([Ug]) = (0"Vul - 1), on I x R; (3.3)
u (x,t) = V(z,t), on 02 X R, (3.4)
u?(x,-) is 1-periodic, in (2.

Indeed, this problem is derived from (2.1)-(2.6) replacing equation (2.5) with (3.5).
As a first step we will prove the following result.

Proposition 3.1. Under the assumptions (2.9)~(2.12), problem (3.1)—(3.4) admits
a 1-periodic solution u? € C°([0, 1]; X1(£2.)).

eq:assumptl
eq:a37
eq:assumptl

eq:a38

eq:a36

eq:hil

7§ g

eq:per_PDEL
eq:per_Flu:

eq:per_Circ

i

eq:per_Bour

eq:per_peri
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Proof. For § > 0, let us denote by fs(s) := f(s) + s, for every s € R, and consider
the problem

—div(o°Vuly) =0, in (22U (%) x R; (3.6)
[aEVujfé ve] =0, on I'* X R; (3.7)

#

0 (O
Oty <[ ]) Vi, o xR 39
uis(x, t) =V(x,t), on 012 x R; (3.9)
uis(x, -) is 1-periodic,  in f2. (3.10)

For any positive € and 9§, the preceding problem admits an unique periodic solution
because of the results already proved in [?].
On the other hand, denoting with u. s such a solution, multiplying equation (3.6)

by ujfé — U, integrating by parts on {2 x [0, 1], using the periodicity and taking into
account equations (3.7)—(3.9), we get

1 1 # 1
€ U £
//%|Vuf5|2d:pdt+//fa <[ ":’5]) [ufé]dadtg//%wxpﬁdxdt. (3.11)
, 5 ,
0 N 0 Ie 0o N

Finally, using (2.12), we obtain

//—|Vu€5\2dxdt+// dadt<//—|V\If\2dxdt+—>\2\F5| (3.12)

0re

Multiplying now equation (3.6) by uﬁ&t — U, integrating by parts on {2 x [0, 1], using
the periodicity and taking into account equations (3.7)—(3.9), we get

o (1 [l
- / / [us,)* dodt + / fo | === | [y ) dodt
0re 0re
1 1 . 1 .
< //UEVuji;V\I/td:pdt§//%|Vuf;|2dxdt+//%|V\I/t|2d:pdt
0 0 N 0
1 1
o 2 € \2|pe o 2
< [ | =|VUPdedt+ —N\II*|+ [ | =|VT[2dzdt, (3.13)
2 2\ 2
0 N 0

eq:per_PDEL
eq:per_Flu:

eq:per_Circ

eq:per_Bour
eq:per_peri
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where we used (3.12). Hence

1
%//[uf&fdadt
0 Ie
1 (L1 5 1 1
+ # 12 o° 2 o° 2 € \2|re
< ~ 7 — VU — VU — X\
_// O dadt+// v dxdt+// (VP dede+
0 Ie 0 0 0 0

1 1
lopd £ (L+5)2)\1 o°
< — |V 2 dedt + —N\2|I° ——+1 — |V, |2 dzdt
<[ [Fworaars o) (P22 ) 4 [ [ S vnp i,
0 0

(3.14)

where we used again (3.12). Inequalities (3.12) and respectively (3.14), for e > 0
fixed, yield the weak convergence of uﬁa and Vufi; in L2(02¢ x (0,1)),7 = 1,2, and

respectively the strong convergence of [uig] in L*(I'* x (0,1)), for § — 0. Since all the

functions uf; are 1-periodic, denoting as usual with u# the limit of ufé we have that

the same periodicity holds true for u#. Moreover we can pass to the limit, as § — 0,
in problem (3.6)—(3.9), thus obtaining that u# is a 1-periodic solution of problem
(3.1)-(3.4), under the assumptions (2.9)-(2.11).

Since the estimates above, and the ones for Vu, 5, are uniform in ¢, we have that u¥
belongs to the class claimed in the statement. U

Remark 3.2. The uniformity of the above estimates is a result similar to the one
obtained in Lemma 3.6 of |?]. O

Given € > 0, it remains to prove the asymptotic convergence of a solution u. of
(2.1)—(2.6) to u#, for t — +o0, also in this case, as stated in the following theorem.

Theorem 3.3. Let € > 0 be fized and let u. be the solution of problem (2.1)-(2.6).
Then, for t — 400, u. — uf in the following sense:

[l 8) — (1) 12y = 0 (3.15)

tliin [Vue(-,t) — VuZ (-, 1) || 2 = 0; (3.16)
.1

Jim —[l[ue]( 6) = [w)C Ol = 0 (3.17)

Proof. Setting r. := uf — u., we obtain that r. satisfies
—div(e°Vr,) =0, in (£27 U £25) x (0,400);
[0°Vr. v =0, on I'* x (0, +00);

[r]

3.18)
3.1

[re](2,0) = [u? (2,0)] = S:(2) = Sc(w),  on I 3.2
re(x) =0, on 02 x (0,400); (3.2

eq:decayper
eq:decayper

eq:decayper

eq:PDEbothl
9) |eq:FluxCont

(
(
g%[ra] + ge(z, t)? =0o°Vr. - v., on I x (0,400); (3.20) |eq:Circuitl
(
(

1) |eq:InitDate
2) |eq:BoundDat
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("D ) -r (1) )
where g.(z,t) := %3 ™
= ()= (z0t)

5

because of the energy inequality satisfied by u# and by (3.12). Multiplying equation
(3.18) by r. and integrating by parts we have

> 0, and @(x) still satisfies assumption (2.7)

/ﬂwﬁmwg/mmgw+/%%ﬂmww:u (3.23)

2 Ie Ie

Equation (3.23) implies that the function t — 2 [, [r.(x,1)]*do is a positive, de-
creasing function of t; hence, it tends to a limit value 7. > 0 as t — 4o00. We
claim that the value 7. must be zero. Otherwise, there exists ¢ > 0, such that,

for t > t, ¢ [.[re(z,t)]?do > Z=. On the other hand, given ¢ > % and setting

IE (t) = {z € I : [re(a,1)]* < gl577 ), it is evident that

/ [r(z, )] do > %, vt >t (3.24)

PENIE_ (1)

(0%
S

Indeed, for every ¢t > t, by definition,

%gﬁ/mgﬁﬁmS% / m@@ﬁm+g/ﬁu%m%a
19
Ie Te\IE (t) IE ()
o a T o T
< - 2do+ — — |TE | < — (2, D) do + =
<t [ pleorast i<t [ P

TENIE (1) PENIE_ (1)

which implies (3.24). Moreover, for t > £, we have that, on 1'°\ I'Z (t), g-(z,t) > x >
0, where  is a suitable positive constant depending only on (7., e, a, |[I"|) (this last
result follows from assumption (2.9)—(2.12)). Hence, using (3.23), it follows

< %/m@@ﬁm g—/ LD (012 do
Ie Te\TE (1)
< —y / (@ )P do < — T2y < 0. (3.25)
- £ ’ - da

eNIE (1)
Inequality (3.25) clearly contradicts the asymptotic convergence in ¢ of the function

t— 2 [ [re(z,1)]*do, hence

t—+4oco €
I"E

lim & /[7’5(x,75)]2 do=0. (3.26)
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In particular, this gives (3.17). Integrating (3.23) in [t, 00) and taking into account
(3.26), we get

+oo
//05|Vr5\2dxdt§ ;/[rs(x,t)]Qda, (3.27)
19
t re
which implies

+oo
tliin //0€|V7’€|2d:pdt:0. (3.28)
t 0

Condition (3.28) guarantees that for every positive 7 there exists a #(n) > 0, such

that
+oo
//UE\VTEFdxdtgn,
0

which, in turn implies that, for every natural number n, there exists a t,, € (?—1— n,t—+
(n+ 1)), such that

/0€|Vr5(x,tn)\2 dz <n. (3.29)
7
Now, we multiply (3.18) by 7., and integrate in {2, so that

[ovrTratenas+ 2 [inawopao+ [EEp o) froeo]do =0,
9 Ie re
(3.30)
which implies
92(1,7 t) 2
/UEV’I“EV'I“Etdx < / = [re]“do. (3.31)
’ 20

19 re
Moreover, integrating (3.31) in [t,, t*] with t* € [t,,t, + 2] and using (3.29), we have

o€ 5 n L2
sup /—\VT (x,t)]*dx | < —4+—
tE[tn,tn-i-Q} 2 : 2 20[2 te[tn7+00) €

FE

Since t,41 — t, < 2, the intervals of the form [t,, ¢, + 2], when n varies in IN, are
overlapping; hence, we obtain

€ LQ
sup J—|Vre(x,t)|2 do | <2422 sup e [ro)?do | . (3.32)
2 2 a?
te[t+1,+00) te[t,+00) e
Because of (3.26) the integral in the right-hand side of (3.32) can be made smaller

-1 R
than 3 (i—j) , provided t is chosen sufficiently large in dependence of . This means

sup g/[7}(3:,1&)]2 do|, VneNN.
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that
sup /U—|V7"E(x,t)\2dx <n, (3.33)
te[t+1,4+00) 2
hence
tlifrn o°|Vr(z,t)*dz = 0. (3.34)
2

In particular, this gives (3.16). Finally, Poincare’s inequality together with (3.26)
and (3.34) yield

tliin / re(z,t)|*dz =0, (3.35)
which gives (3.15). O
Remark 3.4. Observe that this asymptotic convergence result implies uniqueness of
the periodic solution (in the class of functions specified above). O

4. EXPONENTIAL DECAY OF THE SOLUTION OF THE HOMOGENIZED PROBLEM

The aim of this section is to prove a result similar to the one proved in the previ-
ous section; i.e., the convergence of the solution to a periodic steady state, for the
homogenized problem. We will employ a slightly different technique which is maybe
simpler than the one displayed above. To this purpose we will make use of some
fundamental properties of two-scale convergence, which we recall in the following.

4.1. Two-scale convergence. In this subsection we recall some definitions and
properties concerning two-scale convergence in the time-dependent case (for a survey
in this topic see, for instance, |7, Section 4]).
We firstly recall the following definition (|?, Definition 2.1]).
Definition 4.1. A function ¢ € L*((0,7); L*(£2x Y')), which is Y-periodic in y and
which satisfies

T

lin%// dx dt = / / ©*(x,y,t)dedydt, (4.1)
0 2xY
is called admissible test function for the two-scale convergence on L*((0,T); L*(£2)).

Remark 4.2. We recall that any function ¢ € C° (ﬁ x [0, T7; C%(Y)) is an admissible

test function as well as any function ¢ € L5 (Y;C°(£2 x [0,T])) (see [?, Remark
1.5]). O

Definition 4.3. Given a sequence {h.} € L*((0,T); L*(£2)) and a function hy €
L2((0,T); L*(£2 x Y)), we say that h. two-scale converges to hg in L?((0,T); L*(£2 x
Y)) for e — 0 (and we write h. = ho) if

T
lir%// z, ) dxdt / ho(z,y,t)p(z,y,t)dedy dt
0

02xY
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for any admissible test function.

th:2scale_new| Theorem 4.4. (See [?], [?])

e From any bounded sequence in L*((0,T); L*(£2)), it is possible to extract a two-
scale converging subsequence.

o Ifh, g ho then, setting h(x,t) fY ho(z,y,t) dy, it follows that h. — h weakly
in Lz((O T); L*(£2)).

° Ifh =% ho then, setting h(x,t) fY ho(z,y,t)dy, it follows that

hIED;,lglf ||h6||L2((O,T);L2(Q)> Z || 0||L2((0,T);L2(QXY)> Z ||h||L2((O,T);L2(Q)) :

Proposition 4.5. Let {h.} C L? (Q x (0, T)) be a sequence of functions converging
to a function h € L*(£2 x (0,T)) strongly in L} ((0,T); L*(2)). Assume also that
there exists a constant v > 0 such that ||he|| 2oy o ry) < V- Then he =

Recalling [?], we extend the notion of two-scale convergence to sequences of functions
defined on periodic surfaces and depending on the time ¢.

scale_all_new| Definition 4.6. Given a sequence {h } e L*((0,7); LQ(FE)) and a function hy €
L2(02x(0,T); L*(I")), we say that h. two-scale converges to hg in L2 (£2x(0,T); L*(I))

for ¢ — 0 (and we write he =3¢ ho) if

T

T
lir%a//ﬁs(x,t)ﬁ <x,§,t> dodt = ///Eo(x,y,t)@(x,y,t) drdo(y)dt
0 I*

0 2T
for any test function @ € C°(2 x [0, T];CL(Y)).
Remark 4.7. In some part of the paper we will choose as test function @r, with

p e (ﬁ x [0, T];C;(Y)). In this regard, v will denote a continuous extension of
the normal vector to the whole Y. U

2scale_allnew| Theorem 4.8. (See [?], [?])

e From any sequence {/I{E} in L2((0,T); L*(I%)) bounded in the following sense

T

6//|ﬁ€(x,t)|2dadt§7,

0 r

where v 1S a positive constant, it is possible to extract a two-scale converging
subsequence.

o If {Es} is a sequence in L*((0,T); L*(I°)) which two-scale converges to ho €
L2(£2 x (0,T); L*(I')), then the measure eh.do converges in the sense of dis-
tribution in £2 x (0,T), to the function /ﬁ(x,t) = fpﬁo(x,y,t) do(y), with he
L2(02 % (0,7)).
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o If {/ﬁa} is a sequence in L*((0,T); LQ(FE)) which two-scale converges to hy €
L2(£2 % (0,T); L*(I")) then, setting h(z,t) = /r ho(z,y,t) do(y), it follows that

hmlnf \/_Hh || (OT LQ(FE) - ||h0||L2(_Q>< (0,7); LQ(F)) = || ||L2((OT) LQ(Q)) ’

Theorem 4.9. Assume that {u.} € L*((0,T); X'(£2.)), be a sequence of functions
such that u. =V on 952 and

T

T
//|Vu5|2dxdt+%//[uap(x,t) dodt <7, (4.2)
0 re

0

then there exist two functionsu € L*((0,T); H'(£2)), u =¥ on 002, andu' € L (Qx
(0,7); X#(Y}) such that, up to a subsequence, u, i u, 1 peVue "— 23 W+ Vv, ut
in L2((0,T); L*(2 xY)) and e~ [u.]v. 23 WMy in L (2 x(0,T); L¥(I')) fore — 0.
Remark 4.10. Since the normal v, can be included in the test function for the two-
scale convergence in L?(£2 x (0,T); L*(I')) (see Remark 4.7), by Theorem 4.9 we
obtain also that £~ [u.] *=3° [u] in L2(02 % (0,7); L*(I)).

U

4.2. Asymptotic convergence to a periodic steady state. Let (u,u') € LQ((O, T);
H'(2))x L*(£2x(0,T); X#(Y}) be the two-scale limit obtained in Theorem 4.9, when
u. is the solution of problem (2.1)-(2.6) and the initial data S; satisfies the additional
condition that S./e two-scale converges in L?(£2; L*(I")) to a function S; such that
Si(z,-) = Sip(x,-) for some S € C(£2;CL(Y)), and

lim & / (%)Q(x) do = / / S2(z,y) dz do(y) . (4.3)
I

Ie

2, Theorem 2.1|, the pair (u,u') is the solutloMf problem

in {2 x (E1 U Eg) X (O,T), (45)

[o(Vu+V,u')-v] =0, on 2 xI'x(0,T); (4.6)
&%[ul] + f([u']) =o(Vu+Vu') - v, on 2 xI'"x(0,7); (4.7)
[w'](2,y,0) = Si(z.y), on 2 x T; (4.8)

u(z,t) = V(x,t), on 002 x (0,7). (4.9)

eq:humlbis:

eq:init_asy

' W
Z V\,W\Jmﬁx o@&(‘zig I@

eq:PDEper_1
eq:FluxCont
eq:Circuit_

eq:InitDate
eq:BoundDat
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Note that the variational formulation of problem (4.4)-(4.9) is the following:

/T// (Vu+Vyul) (Vo + V,®) dxdydt+7//f<[u1])[¢]dxdadt

T

a/// dxdadt—@//[cb]sldxda:o. (4.10)

0

Moreover we assume that u satisfies the boundary condition on 02 x [0,7] in the
trace sense (i.e. u(z,t) = ¥(x,t) a.e.) and u' is periodic in Y and has zero mean
value in Y for every (x,t) € £2x (0,T).

Here ¢ is any regular function depending on (x,t), with compact support in (2, and
® is any Y-periodic function on {2 x Y x [0,T], which may jump across I, is zero
when ¢t = T and is regular elsewhere.

For later use, let us define

(G 82 O = Nhlleoogzacy + 1V Alleogo,:22(2)
+ 1B leo o z2(2xvy) + IVyhH leoqoazz2iexyy) + 1A leoqoaz2exry »  (4.11)  [eq:a86

where (h, h') € C°([0,T; H'(£2)) x C°([0, T]; L*(£2; X4(Y)), and

111G, BOIN = IRl @) + IR | 2@xyy + IV R 2@y + [P lz2oxry . (4.12) [eq:a85

where (h,h') € H'(£2) x L*(£2; XL(Y)).
As in the previous section, we firstly prove that there exists a periodic solution of the
homogenized problem

—div | oo Vu” + /vaul’# dy | =0, in 2 x R, (4.13) |eq:PDE_limi
Y

— divy (o Vu® + oV, u"*) =0, in 2% (EyUE;) x R; (4.14) [eq:PDEper_]

[o(Vu? + Vyul’#) : I/] =0, on 2 xI'"x R; (4.15) |eq:FluxCont

Ozgt[ L# 4+ f ([u' #4Vul*) - von 2xT'x R, (4.16) [eq:Circuit.

[u"#](z,y, ) is 1-periodic, on 2 x I} (4.17) |eq:InitDate

u(z,t) = U(x,1), on 02 x R. (4.18) |eq:BoundDat

Proposition 4.11. Under the assumptions (2.9)—(2.11), problem (4.13)—(4.18) ad-
mits a 1-periodic in time solution.
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Proof. For § > 0, let us denote by fs(s) := f(s) + s, for every s € R, and consider
the problem

—div [ ooVul +/0Vyu§’# dy | =0, in 2 x R;

Y
(4.19) |eq:PDE_limi

—divy(oVuf + oV,uy*) =0, in 2x (EyUE,)) X R;
(4.20) |eq:PDEper_l

[0(Vul + Vus®)v] =0, on ?xI'xR;
(4.21) |eq:FluxCont

0
E[ué#] + f5 ([uéﬂ) =o(Vuf +Vyuy®)-v, on2x I xR;
(4.22) |eq:Circuit.

[uy*](x,y, -) is 1-periodic, on 2 x I'; (4.23) |eq:InitDate

ul (z,t) = U(z, 1), on 02 x R.

o B

(4.24) |eq:BoundDat

Since fs has a strictly positive derivative on R, by the results proved in |?, Subsec-
tion 4.2, a unique periodic solution (u}, uy™) of problem (4.19)- (4.24) does exist.
Recalling equation (4.40) in the proof of Theorem 4.14 of [?]; i.e.

j / / a<w3§* (x,t)+vyu§,#(x,y,t)) (Vé(z,t) + V,0(z,y, b)) dodydt
ti Y
+ / / / 5 ([us™ (2, y, ) [@(x, y, 1)) da do dt

to
—o [ [ [t ety deds = o0; - (125)
t1 2 I

we obtain that (u(;#,u;’#) satisfies an energy inequality, easily obtained replacing
(¢, ®) in (4.25) with (uf — W, uy#), which implies

1 1
[ ][ 5vut«vatpasdgars [ [ [l aedoar
0 Y 0 2 r

1
— [ [ [5iverasayar. @z
0 Y
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Note that (u5 ,u5 ) because of their periodicity, can be used as test functions, even
if they have not compact support in [0, 1]; indeed, it is enough to apply a routine
approximation procedure.

From (4.26), working as done in (3.11)—(3.12) of Section 3 and taking into account
(2.12) and the fact that

1

/[Uaf /675 t=20

0

because of the periodicity, we get

1
///0|VU§ + V,uy | dxdydt+///)\1 Pdodt <, (4.27)
0 QT

where 7 is a constant depending on )\1, A2, \F | and the H'-norm of V.
Replacing (¢, ®) in (4.25) with (uM \I/t,uat ), by (4.27), (2.12) and taking into
account the fact that

1 1
1
/ (Vuf + Vyuy ™) (Vu, + Vyusf) dt = / \Vu + Vyug#?dt =0
0 0

because of the periodicity, we get

///f5 uy® uM dxdadt+a///u5t dedodt <7, (4.28)
0 QT

where, again v depends on Ay, Ao, |[I'| and the H'-norms of ¥ and ¥;.
Inequality (4.28), together with (4.27), gives

/ / / P dwdodt < v, (4.29)

v depends on Ay, Ay, |I'|, L and the H'-norms of ¥ and W¥;. Moreover, from (4.26),
we obtain

1
//IVUfIdedtS% (4.30)
0 N

1
///|Vyu6#\ dzdydt < . (4.31)
0 Y
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Indeed,

1 1
///|Vyu§’#(:p,y,t)|2dydxdt—|—//|Vu5#|2d:pdt
02V 0 2

-2 / Jus (g, ) Vud (2, 1) dy dz dt

o\

Y

:*y—Q//Vu?E /Vyu};’#(x,y,t) dy | dzdt
0 2

’ (132

1
SVJFZ//WU?W /| (z,y,t)]|do | dzdt
0 r
1
0 QI

<7+z //|Vu5 (z,t)*dzdt + .

0

Finally, (4.27) and (4.29)—(4.31) allow us to pass to the limit with respect to J in the
weak formulation of problem (4.19)—(4.24), thus proving that there exists a periodic
(in time) solution (u#,u'#) of the homogenized problem

T T
//U(W#+Vyu1’#)-wdxdydt+/ / o(Vu? + V,u'#) . V,® dz dy dt-+
0 2xY 0 2xY

T T
///u[@]dxda(y)dt—(x///[ul’#]%[@]dxda(y)dt:O (4.33)
0 2 r 0 2 r

for every test function ¢ € C} (2 x (0,T)) and ® € C*(£2 x [0, T}; ¢L(Y)) l-periodic
in time (recall the definition of €4 (Y") given in Subsection 2.1). It remains to identify
. To this purpose, we follow the Minty monotone operators method. Let us consider
a sequence of 1-periodic in time test functions vy (z,y,t) = ¢f(z,t) + ¢ (v, y,t) +
A2 (z,y,t), with ¢f € C'(2 x R), ¢f € C' (2 x R; C;&(Y)), ¢s € CL(N2 X R,; (’Z;E(Y)),
with ¢ (-, 1), (bk( y,t) vanishing on 92 for every t € R and every y € Y, ¢f — u¥
strongly in L? (R H'(12)), ¢f — u'# strongly in L (R; L*(12; X, (Y))) and [¢} ]

loc
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stable in L*([0,1]; L2(£2 x I')) because of inequality (4.28), i.e

1
//"¢]f(xa'at>_UL#(«’L',‘,t)”?p(Ei)dtdl'
0
1
—I—//H[lef(x,-,t)]—[ul,#(;p,.,t)]H%g(F) dtdr — 0,  fork — +oo,i=1,2;
0

and

S~

/” ¢1t 5 ]”L2r)dtdx<%
Q

with v independent of k. Taking only into account the monotonicity assumption on
f and the periodicity in time of ¢f and ¢¥, we obtain

1

| [ oVt ¥ - ek - V6t - AV, 00) - (Vaf - Vo) dody

0 2xY

/ / o(Vuf +Vuy® —Vok —V,0F = AV, ) - (Vyuy™ =V, 08 — AV, ¢) dz dy dt

0 2xY

*a///at | = 0% + 2081 ([ug*] = [of + Af]) dodoar

2 QxI

/ [ () = 13 (5 + 36} (1] = fot + k) dodora

= / / o|Vul + Vyuy® — Vol — V,0F — AV, ¢|* dw dy dt

0 92xY

e ///875 ¢1+A¢2]) ([ ]—[¢’f+A¢§]) dz do dt

2 QxI

+ / [ (1) = g3 (0% 4 208) ) () = 04+ 70d)) dododt 2 0. (434)  [equmonoton

0 xI'
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Taking the function (u}éé — ok, uﬁ’# — ¢F — M) as a test function (p, @) in the weak
formulation of problem (4.19)-(4.24), inequality (4.34) can be rewritten as
1
—~ / / o(Vh + YV ¢h + A\Vyo) - (Vuff — V) dadydt

0 2xY
1

- / / o(Vok + Vot + AV, 69) - (Vyuy® — V0 — AV, ) d dy dt

0 92xY

~a / [ [ et 20 () - 6t + 2a)) drdoat

2 QxI
1

- / / [s ([Cblf + )\¢2]) ([Uﬁ#] — [k + )\gbg]) drdodt > 0. (4.35) |eq:monotoni

0 2xI'

Hence, passing to the limit as 6 — 0 and using (4.28), it follows

1

[ [ (Ve V8t AT, - (Vu Vb dudyde
0 2xY
1

— / / o(Véh + V, 08 + AV, ) - (V,u'® — V08 — AV, ¢9) do dy dt

0 2xY

—a/l/ / %wﬁwz} ([u"#] — (¢} + Ago]) dado dt

0 2 O2xI
1
— / / f([¢F + Ago]) ([u"#] = [¢f + Ago]) dzdodt > 0. (4.36) [eq:monoton:
0 2xI'

Now, letting k — +o00, we obtain

1
///U(VU# + Vo u# + AV, b) - AV, da dy dt+
00V

o /1 / / %[ul’#—k/\gbg])\[gbg] dz do(y) dt

+ ///f ([ul’# + )\qﬁg]))\[(bg] drdo(y)dt > 0. (4.37) |eq:monotoni
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Taking into account (4.33) with ¢ = 0 and ® = ¢», it follows

P O/1 ! Y/ oV - Vyda dr dy dt + ar? 0/1 Q/ [/ %[@][@] dz do(y) dt
—A/l//u[qﬁg] dz do(y) dt+)\/1//f([u1’#+)\¢2])[¢g] dedo(y)dt > 0.

(4.38)

Assuming firstly that A > 0 and then A < 0, dividing by A the previous equation and
then letting A\ — 0, we obtain

/// sty 0//

which gives

F/f ) (o] dz do(y) dt,

p=r ([ul’#]) ) (439)

so that (4.33) becomes exactly the weak formulation of problem (4.13)—(4.18). There-
fore the thesis is achieved. O

Remark 4.12. Note that (4.29) is uniform with respect to . Moreover, we can obtain
also estimates for Vu?t and Vyu(ls”;# uniform in §. Indeed, differentiating formally with
respect to ¢ problem (4.19)-(4.24), multiplying equation (4.19) (differentiated with
respect to t) by ((uﬁt - \I/t)@f,u;:f??), where 7 € (0,1/4) and 07 : [0, +00) — R is
a function such that 0 <v"™ <1, 07(¢t) =1, for t > 27, 07 (t) =0, for 0 < ¢ < 7, and
finally integrating by parts, we obtain

1
///|0Vu5t+av u(;t#\ dedydt 4+ o sup //Uat |dxdo
te(27,1)

2r Y I

1
§///|0Vu5t+av ugy P07 (t) dw dy dt
0 Y

+ a sup //u§f2 07 (t)dzdo < (1) (4.40)

te(0,1)

eq:monotoni

eq:identifi
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where we used assumption (2.8), (2.13) and (4.29). Now, proceeding as in the proof
of (4.30) and (4.31), we obtain

1

//|Vu§t|2dxdt <7, (4.41)

2T (2

1

/// |Vyu(15:f|2dx dydt <. (4.42)
2T Y

Therefore, passing to the limit for § — 07, in (4.29), (4.41) and (4.42), we obtain

that the same estimates hold for (u#, ub#).

This implies that (u#,u"#) belongs to C°([0,1]; H'(£2)) x C°([0,1]; L*(£2; X4 (Y)).
U

It remains to prove that any solution (u,u') of the homogenized problem converges
to (u®, ul#) as t — oco. This will be stated in the next theorem.

Theorem 4.13. Let (u,u') be the solution of problem (4.5)-(4.9). Then, fort —
+00, (u,ut) — (u#,ub#) in the following sense:

tEﬂ-noo ” (u(a t)a ul('a ) t)) - (u#(v t)a ul,#(,’ ) t)) HLQ(QXY) =0; (4'43)
tLiEloo || (vu(> t)’ vyul(" ) t)) - (VUZ;%(> t)’ Vyu;’#(-, ) t)) ||L2(Q><Y) =0; (444)
tEE—noo ”[ul](a *y t) - [UL#](" *y t)”LQ(-QXF) =0. (4‘45)

Proof. As usual, let (r,r1) := (u#, ub#) — (u,ul!), so that the pair (r,r!) satisfies:

o (Vr+V,r') (Vo +V,®) dedydt

eq:ablbis

eq:decayper
eq:decayper
eq:decayper

[l #] — [ul] [r!][®] dz do dt—I—aO/Q/F/[rtl][@] drdodt =0, vVt >0,

(4.46) [eq:a62

where u = 0 on 99 x [0, T] in the trace sense, u! is periodic in Y and has zero mean
value in Y for every ¢t. Here ¢ is a any regular function depending on (z,t), with
compact support in {2 and ¢ is a any function depending on (z,y,t) which jumps
across I', is zero when ¢ = T and is regular elsewhere. Differentiating (4.46) with
respect to ¢, we get

/ / o (Vr+V,r!) (Vo + V,®) dedy + / / / ([T‘;ﬂ% — f:ﬁf‘lb r1][®] dz do

+ a//[rtl][@] drdo =0. (4.47)
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Replacing (¢, @) with (r,r!) in (4.47), we get

//O"VT—FV rlexdy—i—//‘f ul# 1[] 1])[r1]2dxda
+Oz//[rt1][r1]dxd0:0. (4.48)
0T

As in Section 3, equation (4.48) implies that the function t — « [, [,.[r!(z,t)]* do dz
is a positive, decreasing function of ¢, hence it tends to a limit value 7 > 0
t — +o00. The value 7' must be zero otherwise ozfg fp ?dodx > 21 for ¢
t, for a suitable ¢ > 0. On the other hand, fixed t > 0 and setting [a1(t) :

{(x, y) € 2 x I [rP(z,y,t) < #IHQ‘}, reasoning as in the proof of Theorem 3.3,

it follows that
of [ o=

Q I\ (%)

However, on F\]’Fl7 g(z,y,t) = % > x > 0, where Yy is a suitable positive

v g

constant depending only on 7', «, |I'| (this last result follows from the assumptions
(2.9)-(2.11)). Hence, using (4.48), we get

< %//[Tl(x,y,t)]2d0dx s—/ / g,y ) (z,y, D) do da
2 r

Q M\ (t)
< —X/ / [r(z,y,t)]*dodx < —i—;x <0. (4.49)
2 F\FFl(t)

Inequality (4 49) clearly contradicts the asymptotic convergence for ¢ — +oo of
ozfQ fp (z,y,t)do dz, hence

: 1 2 _ :
tginooa//[r (z,y,t)]*dodz =0, (4.50)
QT

which is exactly (4.45). Integrating (4.48) in [t,00) and taking into account (4.50),
we get

+oo

«
///0|VT+Vyr1|2dxdydt§5//[r1(:}c,y,t)]2dad:p, (4.51)
t 2v QT

which implies

+oo
tlifrnoo///0|VT+VyT1|2dxdydt:O. (4.52)
t Y 0
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This last condition guarantees that for every positive n there exists a ?(77) > 0, such

that
+o00
///a\VT—l—Vyrl\dedydtgn,
Ty

which in turn implies that, for every n € IN, there exists a t, € (t+n,t + (n+ 1)),
such that

//0|V7"(:c, tn) + Vyr'(z,y,t,)) dedy <. (4.53)
Hence, replacing (qﬁ, ) with (r,r}) in (4.47), we get

// (Vr? + V') (Vr, + V) dxdy+// g(z,y,t)[r][r}] do dz

—l—oz//[rtl(x,y,t)]2dadx =0, (4.54)

and

// (Vr + V) (Vi + Vyrl) dzdy < //9 DY gy D dode. (4.55)

Moreover, integrating (4.55) in [t,, t*], with t* € [t,,t, + 2], we have

//—|Vr z,t) + Vyr'(z,y,t)> do dy

te [tn tn+2

212
< +— sup // (z,y,t)]*dodz | , Vn € N; (4.56)
2 2& te tn +OO)

ie.,

sup //%|Vr(x,t) +Vyr1(x,y,t)|2dxdy

te[t+1,+00)
LQ
+ — sup (x//[rl(x,y,t)]Qda . (4.57)
Q7 et +00) g9

Because of (4.50) the integral in the right-hand side of (4.57) can be made smaller

than 2 (5—2) ) , provided t is chosen sufficiently large in dependence of 1. This means

2
that

N3
2o

sup //%|Vr(x,t) + V' (z,y,t)Pdady | <7n. (4.58)

te[t+1,+00)



[Allaire:1992]

1 :Hornung: 1995 ‘

1:Gianni:2003a ‘

1:Gianni:2004b ‘

1:Gianni:2004a ‘

1a:Gianni: 2005 ‘

1:Gianni:2006a ‘

1a:Gianni: 2009 ‘

1:Gianni:2009a ‘

1a:Gianni:2010‘

24 M. AMAR, D. ANDREUCCI, AND R. GIANNI

Inequality (4.58) implies

lim //O’|VT(ZL‘, t)+ Vyr'(z,y,t)*dedy = 0. (4.59)

t—-+oo
Now, working as done in (4.32), we get

lim /|V7’(x,t)|2dxdy:0; and lim //|V r(z,y,t))*dzdy =0,

t——+o0 t—4o0

which gives (4.44). Finally, the previous results together with (4.50) and Poincare’s
inequality yield

lim /|T(:L‘,t)|2dl'20; and lim //|r r,y,t)*dr =0,
t——+o00 t—+o0
Q

which gives (4.43) and concludes the proof. U

Remark 4.14. Observe that this asymptotic convergence results implies uniqueness

of the periodic solution (u#,u'#) (in the class of functions specified above). O
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