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Abstract

We consider a coexistence problem for nonoscillatory solutions to the Emden-
Fowler type differential equation

(a@®)| x'|* sgnx’) +b(t)| x |B sgnx =0, >1. (*)
For the special case
x” +b@)| x |B sgnx =0,t2>1, (x%)

this problem has been posed by Moore and Nehari when 1 < [24] and by
Belohorec when 0 < <1 [2]. Nonoscillatory solutions to (¥*) can be
classified into three types, according their asymptotic behavior as ¢ — «, and

in [2, 24] it is shown that these three types of nonoscillatory solutions cannot
simultaneously coexist for (¥*). When the sublinear case o >  occurs, this
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result has been recently extended to (*) in [17, 25]. In the superlinear case
o < B, a partial answer has been given in [9]. Here we complete this study,

by showing that in any case this triple coexistence for nonoscillatory solutions
is impossible also for (*).

1. Introduction

In this paper, we consider the second order nonlinear differential

equation
(a(t)| x"|* sgn x’) + b(t)| x |B sgnx = 0, (1)

where o, B are positive constants such that o < B, the functions a, b are
continuous on [¢j, ) and

a(t) > 0,b() 20,sup{b():t =1} >0 forany t > tg. (2)
A prototype of (1) is the equation

(t2| x"|* sgnx’) +b(t)| x |B sgnx = 0,

arising in the study of radially symmetric solutions of partial differential
equations with Laplacian operator in Rg, [7, 16].

Since 0 < o < B, the initial value problem associated to (1) has a unique
local solution, that is, a solution x such that x(t) = xg, x’(t) = x; for
arbitrary numbers x, x; and any ¢ < ¢,. Moreover, if a, b satisfy suitable
smoothness conditions and b&(t) > 0, then any local solution of (1) is
continuable to infinity, see, [28, Appendix A]. On the other hand, under the
weaker assumption (2), equations of type (1) with uncontinuable solutions
may exist, see, [27].

Here, by a solution of (1) we mean a function x defined on some ray

[T, =), T, = tp, such that it’s quasiderivative x[l], i.e. the function

2@y = a@)| x'@) |* sgn @), 3)

is continuously differentiable, and satisfies (1) for any ¢ < 1,.
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As usual, a solution x of (1) is said to be nonoscillatory if x(¢) # 0 for

large ¢ and oscillatory otherwise. Equation (1) is said to be nonoscillatory if

any solution is nonoscillatory. Notice that, if o # B, nonoscillatory solutions
of (1) may coexist with oscillatory ones, while if o = B this fact is impossible,

[283, Chapter III, Section 10].

If both integrals
_ oo —l/(x _ oo
I, = Ito a (s)ds, I = jto b(s)ds

are divergent, then all solutions of (1) are oscillatory, while, if both integrals

I, and I, are convergent, then all nonoscillatory solutions and their

quasiderivatives are bounded, [21, 23]. Thus, the interesting case is when

only one of integrals I, I, is divergent, that is either
Iy < o0, Iy = oo (P)
or
I, = o, I < o (Py)

Our aim here is to consider the superlinear case 0 < oo < § when (P;) holds,

that is the case

O<a<PB, I, <o, I =-co 4)

Observe that the remaining cases have been already treated in the literature
and are discussed below in Section 4.

If x is a solution of (1), then —x is a solution, too. Thus, let P be the class
of all eventually positive solutions x of (1). In view of (4), the class P can be
divided into three subclasses, according to the asymptotic behavior of x as
t — oo, [19]. More precisely, any solution x € P satisfies one of the following

asymptotic properties:

lim x(f) = 0,, 0</{, <o, (5)

t—>o0

. x(®) -
Al ©
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. 4
th_)rg%zfx, 0</?, <oo )

where 7, is a positive constant depending on x and
AW =~ a V%(s) ds.

Let x, y € P satisfy (6), (7) respectively. Then x, y tend to zero as t —
and 0 < y(t) < x(¢t) for large t. Hence, solutions of (1) satisfying (6) are called
slowly decaying solutions, and solutions satisfying (7) strongly decaying
solutions, [17]. Solutions satisfying (5), (6), (7) are referred also as dominant

solutions, intermediate solutions and subdominant solutions, respectively, [4,
15, 16, 20].

The interesting problem which arises is whether all three types of
nonoscillatory solutions can simultaneously exist. Since there are known
necessary and sufficient conditions for the existence of subdominant and
dominant solutions, the coexistence problem leads to the problem on the

nonexistence of intermediate solutions.
Observe that for the linear equation

(a@®)x) +b(t)x =0

this triple coexistence is impossible. This question has a long history, which
started sixty years ago by Belohorec [2] and Moore and Nehari [24], for the

special case
x+b(@t)|x|Psgnx =0, B ®)

Equation (8) is the well-known Emden-Fowler equation and it is widely
studied in the literature, [18, 23, 27] and references therein. Moreover, it is
easy to show that nonoscillatory solutions of (8) can be divided into three
types, according to their behavior as ¢t — «. which cannot simultaneously
coexist, [2, 24].

Later on, for the limit case o = B, that is for the half-linear equation

(a(t)| x"| * sgnx’) +b(#)| x| * sgnx =0, 9)
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the same coexistence problem has been proposed by Kusano et al. in [16, page
213]. A negative answer has been given in [3], by using an extension of the
wronskian and a Minkowsky type inequality. It is worth noting that results
in [3] are proved assuming the positivity of the function b, but they continue
to hold also when (2) holds, with minor modification.

When (P;) holds, in [17] the sublinear case has been considered and the

above coexistence problem has been solved in a negative way for the more
general equation (1). Here we complete this study, by considering (1) when (4)
is valid.

The main result is given in Section 3, jointly with some consequences and
examples. In Section 4 a summary of the coexistence problem, jointly with
some comments and suggestions for future researches, are presented.

2. Auxiliary Results

In view of (4), any eventually positive solution x of (1) is decreasing and

U

is negative nonincreasing. Hence, the class P can be divided into the
subclasses:
M o ={xeP:x() =1, M) = —0, 0 <1, <o},
My o ={x e P:x(e0) = 0, xM(e0) = oo}, (10)
My _y={xeP:x() =0, xM(w) =—r,,0< 1, <o},
The superscript symbol “_” means that solutions x € P satisfy x (¢)x1 ()

<0 for any large ¢. Clearly, classes M, _., My _.. and Mg _, coincide

with the ones given by (5), (6) and (7), and are called dominant solutions,
intermediate solutions and subdominant solutions, respectively.

Define

oo 1 S 1/(1
J = jtoam(jtob(r)dr) ds,

B
w0 !
Y = J.tob(S)(J.s ]-/T(r)dr\J dS,

a
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Z=I;“”Uj¢m“”¢f“'

Here, we recall some results, which are needed in the proof of our main
result. The following holds.

Proposition 1. Assume (P;). Then:

(iy) For (1), including (9), the class M, _., is nonempty if and only if

J < eo. Moreover, for any (,0 < { < oo, there exists x € M, _., such

that lim ;_,,, x(t) = L.

(i) For (1) [9] the class Mg _, is nonempty if and only if Y < e [Z < =].
Moreover, for any (,0 < { < oo, there exists x € Mg _, such that
lim .. xM@) = .
(i3) Any solution of (1) is oscillatory if and only if Y = co.
Proposition 1 follows from [15, 19], see also [1, Theorems 3.13.11,

3.13.12]. Concerning the half-linear case o = B. we refer to [3, Theorems 6

and 7]. Observe that these results are proved by assuming the positivity of
the function b. Nevertheless, it is easy to verify that they continue to hold
also in case when (2) is valid.

As already claimed, the problem of coexistence of the above types of
nonoscillatory solutions is completely solved for the half-linear equation (9) in
[3, Corollary 1]. Using this result, we obtain the following.

Proposition 2. For equation (9) at most two of the subclasses

My _y, My oo M, _., are nonempty.

The relations between the convergence of the integrals </, Y and Z are
completely described in [11, Lemma 3] if o # f and in [8, Lemma 2] if o = .

Here we report some of these results, which will be useful.

Lemma 1. (i) If o 21 and Z = oo, then J = .

() If 0 <a <P and J < oo, then Y < oo,
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We close this section with two inequalities, which are needed in the
sequel. The first one is a Holder-type inequality and it is proved in [9, Lemma
1].

Lemma 2. Let A, u be such that pw>1,Au>1 and let f, g be

nonnegative continuous functions for t > T. Then

n
( [ ; 2(s) ( | : f(x) dt) ldsJ

o) oo e)

Lemma 3. Let A > 0, and let X, Y be two positive numbers. Then

X+ <o (X* +Yh),
where
6, =1if A <1 and oy =21 if A >1. (11)

Proof. If A > 1, the assertion follows from the convexity of the function
82(0 > 0). Let 0 < A <1 and consider for 8 > 0 the function G(8) = 1 + o™
-1+ 9)7‘. Since G(0) =0 and G is increasing, putting 6 = Y/X the
assertion follows.

3. The Coexistence Problem
The main result is the following.

Theorem 1. Assume (4). If J < «, then for equation (1) the subclass
My _ o, isempty.

This result will be proved by using some integral inequalities, a half
linearization technique and a sharp asymptotic estimate for nonoscillatory
solutions of (1). We start by stating the decay rate of intermediate solutions of
(1). The following holds.

Lemma 4. If (4) holds, J < , and 0 < a <1, then for any x € Mg _.,

we have
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<P

lim inf
s @)

t—o0

jt b(r)dr > 0.

lo

Proof. Without loss of generality, suppose for ¢ > t; 2 ¢,

0<x@t) <1, «M@) <o. (12)

Integrating (1), we get for t > t;
t
xM@) = xM@y) - jtl b(s)xPB(s) ds. (13)

In view of Lemma 3 we have

xP@) = Utw| x'(r) | dr)B < GB(-[tzl x'(r) | dr)B + GB(J;| x'(r) |dr) B,

where ¢ > ¢t and op is defined in (11). Hence, from (13) we obtain

2@ = 2 6y) - o [ 50) {U REC IdSJB +([7 150 | ds) B} dr (14

M) - op j;l b(r) Uf' x'(s)|ds) Bdr _ (j:’| x/(s) |dsjB j;l b(r)dr.

Setting

(3=

in view of Lemma 2 with A =B, p = o™}, f(1) = | x’(t)| and g(r) = b(r), we

obtain

Li b(r) Uf| x'(s) |ds) Bdr

7 . /o a, - -a
sM[Ltl|x’(r)|(jt1b(r)dr)1 dr] Utt1|x'(r)|dr)ﬁ .

Since, in view of (12), we have
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0< J‘Z|x'(r)|dr =x(t)—-x() <1,
i

taking into account that |x[1]| is nondecreasing for ¢ > ¢;, we get

ji b(r) U:| ©(s) |ds) Bdr
7 1o . /o
<M U;l (ﬁ) |x[1](r)|l/a(It1 b(r) dr) dr]

M@ (j:l (ﬁ jtz b(r) drj dr) e

Thus, from (14) we have

o

@) - W)

_ . Ja
> — oM [« (D)) U; (ﬁ [ o0 dr)l dt)

o

w B.7
- op UZ | x'(s) | ds) Ll b(r)dr.
Since xM (@) < 0 and

(j;°| x'(s) |d8)B =xP@),

we obtain

W) P01 gt Yoo % B@) (it
1 < ogM Ll(mjtlb(r)drj dt| -op b(r)dr

S T @) ‘a
or

PO i (1 e Voo 1% %)
Gﬁmjtlb(r)drzl—GBM jtl(mjtlb(r)dr) dt g,

Since J < o and limj_,,, M (t) = — oo, the assertion follows.
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Now we are in position to prove Theorem 1.

Proof of Theorem 1. By contradiction, suppose that there exists
xe Mg _., such that 0<x()< l,x[l](t) <0 on [t,),t 2t and

lim,;_,.,x() = 0.

First, suppose 0 < o < 1. In view of Lemma 4, there exist € > 0 such

thatfor t > ¢ > t;
xB(t)j;b(r)dr > )W) (15)

Without loss of generality, suppose

o s o
[ (%J‘tob(r)drjl ds<81/°‘/2 (16)

From the equality

_ : o 1M
x(t)—x(t)=—J‘tx'(r)dr=J‘t(W} dr,

in view of (15), we have for t > ¢

x(f)—x(t)ﬁ(ljl/ujt( L ijW“@)(j;b(r)dr)l/ads.

€ ila(s)

Since x is positive decreasing, x(s) <1, and f > o, in view of (16) we obtain

@) -x() < &) wx(t‘)j;( 1 )l/a(j;b(r)drj Y s < %x(f).

as)
Thus
L <xw,
2
which gives a contradiction as ¢ — oo, because lim;_,,, x(¢) = 0.

Now, assume 1 < a. Consider on [t;, ) the half-linear equation

(a®)|2'(t)|* sgnz'(t)) + b, ()| z(t)|* sgnz(t) = 0, 17
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where
b () =b(t)x ().

Clearly, z = x is a solution of (17) in the class My _.,. We claim that
| :bx(t) dt = . (18)
Indeed, integrating (17) on (¢, t), we get
2(e) - x10) = W) - 200) = [ ()2 0)ds
or, since z is decreasing for ¢ > t;,
x [1](t1) —xM@) < 2% )Li b, (s)ds,

which gives (18), because lim 7_,,, M () = — .

Since x(t) <1 on [t;, =), we have b, (¢) < b(¢). Hence, from J < « we obtain

o s /o
Ll (ﬁjn b, (r) drj ds < oo,

Applying Proposition 1, we get that (17) has solutions also in the class

Mg, _¢. In view of Proposition 2, the three types of nonoscillatory solutions

cannot coexist in the half-linear case. Thus, the class M, _,, is empty for

(17) and, again from Proposition 1, we obtain

| :bx(s) ( [ : a V%) drjuds = o,

which implies Z = «. Since o > 1, applying Lemma 1 we get J = oo, which

1s a contradiction.

From Theorem 1 we get the following coexistence result.
Corollary 1. Assume (4). For (1) solutions in the class M’y _.,, cannot

coexist with solutions in the class M _,. Consequently, at most two of the
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subclasses Mo _;, Mg _.., M7y _., are nonempty for (1).

Proof. Let ze M _,. From Proposition 1 we have J < . Hence,
Theorem 1 gives the assertion.

A necessary condition for the existence of solutions in the class My _,, is
given by the following.

Corollary 2. If (4) holds and (1) has solutions in the class M _.,, then
J = o, Y < oo, Moreover, (1) has also infinitely many solutions in the class
My, -y and every nonoscillatory solution of (1) tends to zero as t — o, i.e.
M7 _ =D

Proof. Let us show that J = c. By contradiction, assume J < . Now,
from Lemma 1-(iy) we get Y < ~ and so, in virtue of Proposition 1, both
classes Mg _y, M) _., are nonempty. Since (1) has also solutions in the class
M, —. Wwe obtain a contradiction with Corollary 1. Thus o = and
M7 _. = @. Moreover, since (1) has nonoscillatory solutions, again from
Proposition 1, we get Y < o and the assertion follows.

The following examples illustrate Corollary 1.

Example 1. Consider for ¢ > e the equation

sgnx =0

(tlogt|x’|* sgnx’) + ——

where 0 < a <1 and B > a. Clearly, (2) and (4) hold. From

e TR 0 b(r)dr)l/ “ao<| = jmdt

we obtain o < . Thus, in view of Theorem 1, we have My _, = Q.

Moreover, from Lemma 1 we get Y < « and so, in virtue of Proposition 1,

both classes Mg _,, M7y _,, are nonempty.
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Example 2. Consider for ¢ > 1 the equation

1/5

(¢]x"|7° sgnx’) + cot4/15| x| 1/3 sgnx =0, (19)

where

1 (7 1/5

Co = E (5) .
Clearly, (2) and (4) holds. It is easy to shows that x(¢) = 772 is a solution of
(19) and x[l](t) =—(7/2) Y5,1/10  Since lim;_,,, x[l](t) =—o0, Wwe have
x € My, _. Moreover, a standard calculation shows that Y < . Hence,

from Proposition 1 and Corollary 1, for equation (19) we have My _, # &

and My _, = &.

4. Concluding Remarks

1. A summary. For the reader’s convenience, we briefly summarize the

situation when (P5) holds. In this case, any solution x € P is nondecreasing

for large ¢ and the class P can be divided into the three subclasses, [13]:

MY, =f{xeP:x(o) = oo, xM(e0) =0,,0< 1, <o},
MJ;,’O ={xeP:x() =oo,x[1](oo) =0}, (20)

The superscript symbol + means that solutions are eventually positive
increasing. Solutions in MJ;,’ /s MJ; 0, and MJ}’ o continue to be referred as
dominant solutions, intermediate solutions and subdominant solutions,

respectively, since if x € MJ;,, 0y Y E MJ;, 0, 2 € MJ} o we have for large ¢

z@) < y(@) <z(t).

The problem concerning the coexistence of these three types of
nonoscillatory solutions has been solved in a negative way in [25] in the
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sublinear case, and in [9] in the superlinear case. Summarizing these results
with ones in [17] and using Corollary 1, we get the following complete answer
to the question posed in [2, 24] on the triple coexistence of nonoscillatory
solutions of (1).

Using the terminology of subdominant solutions, intermediate solutions

and dominant solutions for classes M’y _;,, My _,, and M7, _, defined in

case (P;) by (10) and for classes MY o, M%, , and MY, ( defined in case

(Py) by (20) respectively, the following holds.

Corollary 3. Assume (2) and either (P;) or (Py). Then (1) does not have

simultaneously subdominant solutions, intermediate solutions and dominant
solutions.

In other words, the triple coexistence for nonoscillatory solutions of (1) is
impossible for any positive value of o, B independently on the convergence of

the integrals I,, and I.

2. The sublinear case. In case (P;), necessary and suficient conditions

for the existence of subdominant solutions and dominant solutions are given
in Proposition 1. Observe that Proposition 1 can be applied also when
o>p>0.

In the sublinear case, the intermediate solutions can be also
characterized by means of the convergence of integrals J and Y, as the
following result shows.

Theorem 2. [17] Let a > P > 0 and assume that (2) and the case (P))

hold. Then (1) has solutions in the class My _,, if and only if < e and
Y = oo,

We recall that in the sublinear case, the asymptotic growth of
intermediate solutions of (1) can be found in [14, 20], where the study is
accomplished in the framework of regular variation. This approach is
motivated by the monograph of Marié¢ [22] which provides a powerful tool for
obtaining a precise asymptotic analysis of various kinds of nonoscillatory

solutions. The papers [20, 14] require additional assumptions on the function
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b, in particular the positiveness of b. Since Theorem 2 is valid when b has a
sequence of zeros, clustering at infinity, it should be interesting to obtain

asymptotics for intermediate solutions also in this case.

3. The superlinear case. In the superlinear case, in spite of many

examples of equations of type (1) having solutions in the class M) _,, which

can be easily produced, until now no necessary and sufficient conditions for
their existence are known. This difficulty is due to the problem of finding

sharp upper and lower bounds, [1, page 241], [20, page 2].

When (4) holds, sufficient conditions for existence of intermediate
solutions can be found in [9, 10] where monotonicity properties of a suitable
energy function are used. Nevertheless, we point out that [9, 10] require
additional assumptions on the function b, like the positiveness. Now, the
following question arises. In the superlinear case, does equation (1) have
intermediate solutions when b has a sequence of zeros, clustering at infinity?
Recall that in the superlinear case equation (1) can have non-continuable

solutions, if b vanishes at some # > ty, [27]. For this reason, the above

question seems very difficult.

4. A change of variable. For any solution x of (1), consider the change of

variable z = x[1. Then zis a solution of the dual equation to (1)

6P| 2| TP sgnzy +a V@) 2|V sgnz =0 @1

and zM() =b7/B()| 2’|/P sgn 2’ = —x(t). Equation (21) is obtained from (1),

-1/

when a is replaced by b B and b by a . Moreover B_l plays the role of

o and vice versa. Thus, this transformation maps superlinear [sublinear]
equations of type (1) into superlinear [sublinear] equations of the same type.
It is easy to shows that the condition (P;) [(Py)] for (1) becomes the condition

(Pg) [(P)] for (21). Consequently, it is often used in the literature for deriving
the corresponding results for the case (P;) from known results for the case
(Py) or vice-versa. Since this transformation requires the positivity of b, this

transformation does not work in the case considered in this paper. We refer to

[26, page 94] for more details on this topic.
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5. Extensions

In the discrete case, for the half-linear difference equation
Ala, | Ax,|* sgnAx,) +b,| x,,1| * sgnx, 1 =0,

where A is the forward difference operator A x, = x,,,1 — x,,, the coexistence
problem between nonoscillatory solutions with a different growth at infinity
has been completely solved in [5, Theorem 3.1.], for any positive value of «,

independently of the convergence of the series

1/

w5

n=0

. Sp= Db,
n=0

Later on, a partial answer to the same problem for the Emden-Fowler type
discrete equation

Ala, | Ax,|* sgnAx,) + by x,.4] Psgnx,, =0,

has been given in [6, Theorems 2.4 and 3.3]. It would be interesting to
complete the study on the coexistence both for Emden-Fowler difference
equations and dynamic equations on time-scale.
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