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Chapter 1

Introduction

1.1 The N =4 SYM Theory

The N = 4 Supersymmetric Yang-Mills (SYM) theory is a very intriguing quantum
field theory. It has a rich mathematical structure and the magic of supersymmetry
makes it more constrained and amenable to exact treatment. For these reasons it is
probably the main candidate to be the first quantum field theory exactly solvable
in four dimensions.

The theory has the maximal number of supercharges for a four dimensional theory
without gravity (namely sixteen supercharges) and it shows very interesting fea-
tures. The main one is certainly the fact that it is finite and exactly conformal at
the quantum level. Perturbative arguments [1] and general considerations |2, 3, 4]
suggest in fact that the § function of the theory could be zero to all orders. This
peculiarity makes the theory simpler to treat but, at the same time, makes it very
different from the ordinary quantum field theories like quantum chromodynam-
ics.

The simplest way to construct the N/ =4 SYM is via dimensional reduction of the
N =1 supersymmetric Yang-Mills in ten dimensions. Its field content comprises
a gluon A, (u = 0,1,2,3), six real scalars ¢! (I = 4...9) and four Weyl spinors
which can be rearranged as a sixteen components ten-dimensional Majorana-Weyl
spinor W. In terms of these fields the Lagrangian reads

Ly=4=Tr _%(FMV)2 + (Du ¢I)2 - Z[¢I’ ¢J]2 + i@FuDu\I’ - @PIW)I? ‘1’]

1<J
(1.1)
where covariant derivatives and the field strength are defined as usual: D, =
Ou—ilAy, | and F,, = 0,A, —0, A, +[A,, Ay]. Here the I'y are the Dirac matrices
in ten dimensions.
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The global symmetries of the theory are :

e Conformal Symmetry, forming the group SO(2,4) generated by transla-
tions PH, Lorentz transformations L,,, Dilation D and Special Conformal
transformations K,

e R-Symmetry, forming the group SU(4)r generated by 7% with a = 1...15

e Poincaré Supersymmetries, generated by the Supercharges Q% and Q,
witha=1..4

e Conformal Supersymmetries, generated by the Superconformalcharges
S% and S4q with a = 1...4.

All these symmetries fit into the full supergroup PSU(2,2[4) whose elements are
schematically represented by the supermatrice of the form

< P,uaL,uz/DaKu ‘ QZ, gda >
Sa Qoa | T°

Thanks to the AdS/CFT correspondence the N' = 4 SYM has been in focus of
theoretical research for the past decade. This duality relates it to a type 1B super-
string theory on a curved background [5]. Connections between gauge and string
theories are not a novelty in theoretical physics, they have been a wide field of
research since the 1974 when all the story has begun. In a seminal paper [6] 't
Hooft showed that the perturbative expansion of gauge theories can be rearranged
so that it displays a stringy behavior. He considered a U(N) theory at large N
while keeping A = ¢g?N fixed. In this limit any Feynman diagram can be viewed
as a triangulation of a closed oriented two dimensional Riemann surface. Quite
surprisingly one finds that the sum over the Feynman graphs can be reinterpreted
as the perturbative expansion of a closed string theory if we identify 1/N with the
string coupling constant. However 't Hooft beautiful work did not give a precise
prescription to find what string theory is dual to a particular gauge theory.

Other non-trivial examples of gauge/string correspondence are the relations be-
tween a zero dimensional field theory (namely a matrix model) and two dimensional
quantum gravity (see 7] and reference therein) and the relation between QC D>
and string theory that we will briefly analyze in the appendiz B [8, 9, 10].

About fifteen years ago, in a beautiful paper [5] Maldacena proposed a conjecture
that relates N' = 4 supersymmetric Yang-Mills theory in four dimensions to a
superstring theory. Afterwards some important aspects of the correspondence were
clarified in the two nice papers [11, 12| (for a comprehensive review on the subject
see [13] and [14]). The precise form of the conjecture states that
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N = 4 Supersymmetric Yang Mills theory (SYM) in four dimensions
with gauge group SU(N) and coupling constant g,
Type IIB Superstring Theory on AdS5 x S° with string coupling g
AdSs and S° with the same radius R
the self-dual RR-five form Fj has an integer flux trough the five-sphere |, <5 FE,Jr =N

with the identification

gs = g}Q/M R' = 47TgsNa2

and where the VEV of the axionic field of the type IIB string theory (C) is equal
to the instantonic angle 67 of the N/ =4 SYM. This duality is more general than
't Hooft original correspondence since it is expected to hold not only in the large
N-limit but also for finite N and for all value of the coupling gs.

One of the main features of the AdS/CFT correspondence is that it is an wltra-
violet/infrared duality. Let us briefly review what it means. On the gauge side
perturbation theory is valid if the coupling A = gaMN < 1. In the dual picture
this limit corresponds to the region % ~ M/* <« 1 (with s = y/a the string length)
and thus we are in a limit where the supergravity approximation is not reliable
since we have to take into account the massive string states. Conversely, if on the
string side the supergravity approximation is valid, the N' = 4 SYM is strongly
coupled. In summary when a theory is in a weak couple regime (manageable with
the usual perturbative techniques) its dual is in a strongly coupled one (difficult to
treat). This peculiarity is interesting since in principle one can easily approach the
gauge theory non-perturbatively by using the dual classical supergravity and apart
from lattice techniques there is no other straight way to treat them. At the same
time it makes the conjecture hard to prove since we do not know how to study
string and gauge theories for generic value of the coupling constant.

The idea is thus to look at a particular limit of the conjecture in which the duality
becomes more tractable. For example a weaker equivalence is obtained considering
the ’t Hooft limit that consists in keeping A fixed and letting N to infinity. The
large N limit of the N' = 4 SYM is thus expected to be dual to the classical
type IIB string theory on AdSs x S°. The 1/N corrections in the gauge theory
correspond on the string side to string loops contributions (in gs). If instead we
let N to infinity and set A > 1 the correspondence is between the strongly coupled
N=4 SYM in the large N limit and the type 1IB supergravity on AdSs x S°.

The first step towards testing the duality can be made in terms of symmetry. Both
the N' = 4 SYM and the type IIB superstring theory have the same global sym-
metry, the superconformal PSU(2,2|4) group where, more precisely, the conformal
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group SO(2,4) and the SU(4) R-symmetry of the gauge theory correspond respec-
tively to the AdS5 and S° isometries. However to define better the correspondence
and to prove it, it is necessary to establish a sort of dictionary between the two
theories, a prescription for comparing physical quantities and amplitudes. Follow-
ing the idea of the holographic principle [15, 16| that states that a physical content
of a quantum gravity theory defined on a region M can be encoded by another
theory that lives on the boundary M, a concrete realization of the duality has
been done independently in [11] and [12].

The N'=4 SYM in four dimensions (CFT) is specified by a complete set of confor-
mal operators Op(x) and lives in Minkowski space-time (the boundary of AdSs). It
is dual to a five dimensional theory obtained by the Kaluza-Klein compactification
of the type IIB string theory on AdSs x S° over the five sphere. On the gravity
side a field h(x,x5), the excitation of the string background coming from the S°
compactification, knows about the operator Op(z) in the CFT via the boundary
coupling [ d*z Op(x)h(x,x5)zs—0; namely the restriction of the five dimensional
field h(z,z5) to the boundary of AdS is the source that couples with the operator
On(z) (a complete list of operators in N' = 4 SYM and of the corresponding fields in
AdS is given in the table 7 of ref.[14]). A natural mapping between the correlators
in the SYM theory and the dynamics of string theory is given as follows.

The generating functional Zo|h(z,0)] = (¢/ ¥'*On@h(@0) for the connected green
functions of the operator Op(x) is related to the partition function Zyh(z, x5)] =
e~ SIM@2s)] on the string side by the relation

Zo[h(z,0)] = e~ Sh@es)], (1.2)

In the supergravity approximation, S[h(x,z5)] is just the type 1IB supergravity
action on AdSs while, beyond this limit, S[h(z,z5)] will have also to include o/
corrections due to massive string effects.

We stress that to test the correspondence we have to look for protected or exactly
solvable operators. Only in this case in fact, the comparison between the two sides
of the correspondence will be possible since they provide interpolating functions
between weak and strong coupling regimes. Examples of this type of observables are
provided by the chiral primary operator or by the supersymmetric (BPS) Wilson
loops that will be the central theme of this thesis.

The relation of NV =4 SYM with the string theory is the most but not certain the
only important feature of the theory. Another nice property is that it is supposed
to be invariant under a generalized electric-magnetic duality called S-duality. His-
torically this conjecture has been originated by the work of Montonen and Olive
[17] who proposed that in some gauge theory there is an electric-magnetic symme-
try that inverts the gauge coupling and replaces the group G with the so called
Langslands dual group “G in which the root and the weight lattices are exchanged.
The simple situation in which this duality is realized, is the A" = 4 SYM theory
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where elementary electrons and monopoles belong to the same multiplet and have
the same quantum numbers. In the eighties it was discovered that this electric-
magnetic duality can be extended to a more general SL(2,7Z) symmetry acting on
the generalized coupling constant

0 47
= — 4+ — 1.
T= oo 7 (1.3)
. +b
at
T = 14
T +d (1.4)

with ad — bc = 1. The full duality states

N =4 SYM with gauge group G and coupling constant 7

N =4 SYM with gauge group “G and coupling constant 7

This correspondence defines an isomorphism between operators in the two theories.
As example, since it exchanges the electric with the magnetic degrees of freedom,
it maps the Wilson loop that describes an electric charge moving on a closed path
C with t Hooft loop that instead describes a monopole passing trough the same
contour. Several progresses have been done in the understanding the action of
S-duality especially on chiral primary operators [18, 19, 20|, on suface operators
[21, 22, 23] and on Wilson/’t Hooft loops [24, 25, 26]. In the perspective of the
Maldacena correspondence, the S-duality has a natural manifestation on the string
side. Indeed type IIB superstring theory on a the curved background is conjectured
to have an identical SL(2,7Z) self-duality symmetry acting on the generalized string
coupling constant 7 as usual

cy 1 . ar+b
T=—"4+——=T7T=

— 1.
2 gs cT +d (15)

and that exchanges fundamental strings with D1-strings, D5-branes with NS5-
branes and take the D3-branes into themselves.

Actually we can tell more about S-duality in N' = 4 SYM. In a very interesting
series of paper, E. Witten and collaborators [21, 27| show that it is related to the so
called Langlands duality that is a kind of unified scheme for many results in number
theory and specifically to the geometric version of this duality that involves curves
over ordinary complex Riemann surfaces (the so called geometric Langlands pro-
gram). The connection between these dualities is based on a dimensional reduction
of a twisted version of N' =4 SYM to a family of topological sigma- models in two
dimensions on a Riemann surface ¥ [28]. This N' = (4,4) two-dimensional sigma-
model obtained has a T-duality that corresponds to the 7 — 1/7 transformation in



10 Introduction

the gauge theory. Since the geometric Langlands correspondence is based on the
action of this T-duality on some eigenbrane, in a sense it arises from the electric-
magnetic duality. For more details on this subject we refer the reader to [27| and
reference therein.

The story is not over yet and the AV = 4 SYM reserves us other surprises. Other
elegant structures have been observed in this theory; we refer to the anomalous
dimensions of the composite operators and to the n-particles scattering amplitudes.
An impressive development for what concerns the anomalous dimensions in N' = 4
SYM have been done with the discovery of the integrability in the planar limit
(large N limit). In their seminal paper [29] Minahan and Zarembo showed that
the planar dilation operator of SO(6) scalar sector of N' = 4 SYM at one loop
can be identified with the Hamiltonian of an integrable SO(6) spin-chain. So
the problem of computing spectrum of local operator (the diagonalization of the
dilation operator) can be reformulated as the diagonalising of an integrable spin
chain Hamiltonian. Afterwards using Bethe-Ansatz methods, the work of Minanh
and Zarembo has been generalized to the full PSU(2,2|4) sector by Beisert and
Staudacher [97].

One of the most spectacular result in the integrability framework was made by Beis-
ert, Eden and Staudacher studying the asymptotic Bethe-Ansatz for the anoma-
lous dimensions of composite operators in a SL(2) sector of the N’ =4 SYM. They
have arrived to an astonishing result concerning the so-called cusp anomaly, whose
nonperturbative expression was found to be encoded into an exact integral equa-
tion (BES equation) [30]: the weak coupling perturbative solution agrees with the
Feynman diagrams expansion [31] while the strong coupling asymptotic solution
[32, 33, 34, 35, 36| reproduces the sigma-model result obtained from string theory
[37, 38]. Recently another very intriguing development has been done with the
proposal of the so called Y-system. Indeed in [39, 40] the authors propose a set of
equations which determine the anomalous dimensions of composite operators for
any length of the operator and at any coupling constant g,,, in the large N limit
of the =4 SYM.

The AdS/CFT correspondence leads to expect integrability on the string side as
well where the scaling dimensions of the gauge theory are identified with the ener-
gies of the dual strings. The classical string sigma model on AdSs x S is integrable
and this property becomes manifest with the existence of the Lax Pairs. For a com-
prehensive review on the subjects see for example [86] and reference therein.

Another domain where new and unexpected structures have emerged is that of
scattering amplitudes. For the so-called maximally helicity violating (MHV) gluon
scattering amplitudes, namely those in which only two gluons have a certain helicity
while the others have the opposite one, a simple expression holds. Indeed all
tree level MHV amplitudes satisfy particular recursion relations derived by Britto,
Cachazo, Feng and Witten [42, 43]. These relations can be solved to yield a closed
form for the MHV amplitudes at tree-level. At higher loops, MHV gluon amplitudes
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have been calculated using unitary-based techniques and a direct evaluation of
the integrals exhibits a surprising iterative structure [45]. In fact Bern, Dixon
and Smirnov (BDS) suggested that the rescaled n-point MHV amplitude is given
by

My =exp | Y a (fi(€) + efi(e) + € f5(€)) My (€) + C' + O(e) (1.6)
=1

where the coefficients f} are the coefficients of the cusp anomalous dimension

FO) =Y d W, (1.7)

l

f1 and fy are in relations with the collinear anomalous dimension and M, is the
n-point function at one loop.

This surprising relation has been successively shown to hold only for the four and
five points amplitudes, while for the case of six or more external particles this
relation has to be modified adding a function of the conformal ratios [46, 47].
Motivated by the BDS ansatz, the strong coupling analysis of gluon amplitude
using string theory tools has been performed in two interesting work of Alday
and Maldacena (AM) [48, 49]. Here the authors suggested that the planar gluon
amplitudes in this regime can be calculated solving the problem of a minimal surface
that stretchs in the AdS space and that is bounded by the polygon C,, made of n
light-like segments [z;, z;+1], with the coordinates x; related to the on-shell gluon
momenta by the relation z!" — 2!’ 41 = p". Summarizing they proposed

VA

log(M,) = “or

Apin(Ch). (1.8)
The above relation makes clear that the strong coupling computation of the scatter-
ing amplitude coincide with the calculus of the expectation value of a Wilson loop
W (C) defined on the light-like contour C made by the n-segments [z;, z;11].

Afterwards the gluon amplitude/Wilson loop duality proposed by AM has been
conjectured to hold also at weak coupling [50, 51|. Explicitly we have

log (1 + Z alM,lL> = log (1 + Z d Wl + O(G)) (1.9)
=1 =1

where M! and W are respectively the [-loop correction to the MHV amplitude
and to the VEV of a Wilson loop defined on C. The above equality also implies
that the gluon scattering amplitudes inherit the space-time conformal invariance
possessed by the Wilson-loop. This new symmetry of the amplitudes is not the
original conformal invariance of the theory, because it acts in momentum space
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and it is realized by local operators in [50]. It is usually called dual conformal
symmetry to distinguish it from the other. Quite surprisingly when one commutes
the conformal with the dual conformal generators a particular algebraic structure
emerges [52]. The full PSU(2,2[4) symmetry of the theory is in fact lifted to a
Yangian (the same structure appears also in the study of the spectrum of anomalous
dimensions). For a comprehensive review on the gluon scattering amplitudes and
their relation with Wilson loops see [53] and reference therein.

N =1SYMin 10d

N =4 SYM in summary

1.2 The Wilson loops in N'= 4 SYM

This thesis is devoted to study supersymmetric Wilson loops in N' = 4 SYM. As
observed in the previous section these observables are interesting essentially for two
reasons: the first one is that in some cases they can be useful tools in checking the
AdS/CFT duality and the second one is that they are related to the gluon scattering
amplitudes. In this work we discuss these observables and their general properties
with particular attention to the first point. Indeed we will present different exactly
calculable operators; we will able to derive a general results for their VEV valid
at any value of N and at any coupling constant g and to check the results both at
perturbative and non-perturbative level .

A notable example of such operators is the half BPS circular Wilson loop [64,
65, 98|. In that case it has been rigorously proven with a localization procedure
[66] that its VEV is fully captured by a hermitian matrix model with a gaussian
potential. On the gauge side the Feynman diagrams computation performed in
[64] coincides with the perturbative expansion of the matrix model. On the string
side the dual operators are minimal surface in AdSs ending on the loops at the
holographic boundary and their expectation value can be obtained by calculating
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the string action after a suitable regularization. Quite surprisingly the result match
exactly with the large A limit of the matrix model.

It is important to extend this example to a richer class of observables that preserve
a less amount of supersymmetry but still exactly solvable. Interesting operators
with this properties were considered in [58, 59, 60]. These Wilson loops, defined
for an arbitrary contour lying on S3, couple to only three of the six scalars of the
N =4 SYM and generically preserve only two supercharges (a linear combination
of the Poincaré and superconformal ones).

The situation becomes more interesting when we restrict the loops on a two sphere
inside S3. Indeed these operators (1/8 BPS) exhibit very nice features : their ex-
pectation value is supposed to be captured by the analogous computation in the
zero instanton sector of the ordinary bosonic YMs on a two sphere. The two di-
mensional Yang-Mills theory is an almost topological theory, namely it is invariant
under area preserving diffeomorphism, and is exactly solvable. Here the VEV of
the Wilson loops can be computed and the solution is given by the gaussian matrix
model with a rescaling of the coupling constant by a factor that depends from the
areas delimited by the loops.

BPS Wilson loops on S? in N =4 SYM

Wilson loops on S? in the zero instanton sector of YM;

In our work we have found some interesting checks of this conjecture. The first one
is the two-loop non-trivial perturbative computation illustrated in chapter 3 [75].
After a carefully analysis about the cancelation of divergences that appear in the
intermediate steps of computation, we have sum the ladder with the interaction
diagrams for a particular circuits on S? (a "wedge") finding a good numerical
agreement with the matrix model prediction. Differently from the half BPS circular
case, here the interactions do not cancel (at least in Feynman gauge) but have an
intriguing interplay with the ladder diagrams to reproduce the matrix model result.
Other checks have been proposed in literature; we briefly review them in the rest
of the chapter 3 (a strong coupling computation and the derivation of the matrix
model from localization procedure).

Another/but similar class of Wilson operators exactly solvable are presented in
chapter 4. They lie on a hyperbolic three space Hs and they are related to the
previous one by a Wick rotation of the scalar couplings. Generically they are 1/16
BPS but when they lie on a Hy inside Hs, the restriction enhances the preserved
supercharges to four. Also here a gaussian matrix model is supposed to capture
the VEV of these operators at least if the contour is finite (on Hpy there are non-
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compact loop but in that case we don’t know if and how the reduction holds).
The chapter four will be dedicated to give a perturbative two-loop evidence of the
proposal [113].

In [78, 79] we have extended the relation N' = 4 SYM/Y M, to the case of the
connected correlator of two Wilson loops.

The Correlator of two Wilson loops on S? in V' =4 SYM

The Correlator of two Wilson loops on S?
in the zero instanton sector of YM,

As a first step we have computed the two matrix model governing the correla-
tor in the zero instanton sector of YMsy. Then we have tried to demonstrate the
equivalence by means of some perturbative and non-perturbative checks. We have
performed an hard perturbative computation (up to ¢% order) finding a good nu-
merical agreement for two explicit configurations. When one of the two circuits
shrinks to zero the numerical computation becomes more and more slowly and we
have considered another approach to check the conjecture. In this limit the correla-
tor can be computed by considering the operator product expansion (OPE) of the
Wilson loop. Each operator in the expansion contributes to the correlator with a
prefactor that goes like the shrinking radius to its conformal dimension. Therefore
the expansion at small coupling generically produces logarithms in the shrinking
radius if quantum corrections modify the classical dimension. Since these logarith-
mic terms cannot be reproduced by the matrix model proposal, their presence will
then indicates a failure of our conjecture. Fortunately this is not the case. Indeed
with a very non-trivial cancelation all log terms cancel in the ¢® computation and
thus only non "dangerous" contributions survive in this limit (as predicted).

Finally we have performed a strong coupling computation. In this regime, taking
the limit in which the separation between the Wilson loops is much larger than
their size, namely the situation in which the two circles migrate to the poles of the
sphere, one has to calculate the exchange of the light supergravity modes between
the two worldsheets that describe the Wilson loops in this dual picture. We have
found only a partial matching with the matrix model. Indeed there should be a
non-trivial cancelation between the light and the more heavier supergravity modes
that contribute in the computation but we are not able to reproduce correctly this
vanishing.
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Chapter 2

BPS Wilson Loops in N = 4
SYM

2.1 Wilson loops: from QCD to N =4 SYM

Wilson loops are interesting non-local objects usually defined in any gauge theory.
They have been proposed by K.Wilson as an order parameter in the lattice formu-
lation of quantum chromodynamics [54]. Essentially they measure the response of
the gauge field to an external quark-like source passing around a closed contour
C. In a more mathematical language they are the path-ordered exponential of the
connection 4,, along C:

W(C)) = diml(R)TrR [73 exp (Z 7{ Audx“ﬂ . 2.1)

In QCD these operators in the fundamental representation F' are used to distinguish
the different phases of the theory. Indeed from the expectation value of a particular
Wilson loop one can extract the quark-antiquark potential. Taking a rectangular
contour C' = LT, where L and T are respectively the space and the time extension
of the loop, it is easy to see that (W(C)), in the large T limit, behaves as

(W (C)) g ~ e TVE), (2.2)

Here V(L) is the gauge field energy associated to the static quark-antiquark source.
The quarks are then confined if this potential, in the large separation limit, goes
as

V(L) ~ oL (2.3)

! Above R denotes the representation of the gauge group, where the quark-like external source
transforms.
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where o is the (QCD) string tension. Lattice simulations show for its behavior a
linear rise at large L and a Coulomb behavior at small L (as expected).

To be precise these considerations hold only for pure gauge theories. For full QCD
the situation is more involved since the linear rising of the potential is screened.
The flux string between the quarks breaks when the energy is large enough to
pop an additional quark-antiquark couple out of the vacuum and to create two
mesons. This phenomenon of the screening can be tested by plotting V(L) for
different values of the dynamical quark mass and observing the flattening of the
linear rise.

In the N = 4 supersymmetric Yang-Mills (SYM) theory with gauge group U (N +
1) the situation is quite different since no field transforms in the fundamental
representation of the gauge group, but they all belong to the adjoint. In other
words, there is no simple analog of the massive quarks.

In order to introduce a massive source in the fundamental representation, one has
to break the original U(N +1) gauge symmetry to U(N) x U (1) giving a non-trivial
expectation value ¢ to one of the scalar fields. Then the spectrum will contain
W —bosons with a mass proportional to |¢g| and transforming in the fundamental
representation of U(N). So in the limit |¢g| — oo they provide the very massive
“sources” necessary to define a sensible Wilson loop in the U(N) theory.

The Wilson loop in /' =4 SYM can be then defined as the phase factor acquired
by an infinitely massive W —boson moving along a closed path C'. Quite naturally
the operator that we obtain [55, 56] couples not only with the gauge field but also
with the six scalars of the theory and it has the form

(W(C)) = %ﬁ [79 exp ( jqfc (i At + 610! (s)|]) ds)] , (2.4)

where the couplings 67 (I = 1....6) with 670! = 1 map each point of the loop to
a point on a five-sphere. The additional scalar couplings in (2.4) become natural
if we think to the N' =4 SYM as the dimensional reduction of the N' =1 SYM
in ten dimensions. Indeed if we consider a Wilson loop of the form (2.1) in ten
dimensions, the dimensional reduction naturally yields

W(C)) = %Tr [73 exp ( 740 (i A + Ty (s) ds)] , (2.5)

where we have used that the original gauge field A, breaks into a gauge vector A,
and six scalars ¢! and we have denoted with y! the coordinates in the six transverse
dimensions. In (2.5) the path y!(s) in the transverse directions do not need to be
closed to ensure gauge invariance, since the gauge transformations depend only
on the space-time coordinates z*. To recover the form (2.4), it is sufficient to set

y!(s) = 12107 ().
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The meaning of the condition #’#’ = 1 can be understood if we consider the
behavior of the Wilson loop (2.4) under the supersymmetry transformations:
§A, =VTue and  dcpr = UTye. (2.6)

In order to avoid cumbersome expressions, we have adopted a ten dimensional
notation. The four Weyl fermions ¢y of N' = 4 SYM and the supersymmetry
parameters € have been collected into two ten-dimensional Majorana-Weyl spinors
VU and e. Moreover, we have denoted with I'yy = (I, I'7) the usual Dirac matrices
in ten dimensions. Then the supersymmetry variation of the Wilson loop (2.4)
reads

1
(56W(C) == NTI'

P/ ds (il i, +T107|7))ex
C

(2.7)
X exp (72 (1A, 3" + ¢'0!(s)|2]) ds)] .
Some part of the supersymmetry will be preserved if the condition
(iT i, + D101 (s)|2])e = 0 (2.8)
admits a non trivial solution for e. Consistency requires that
(iT,d, +T101(s)2))2e =0 = |#*(1 —6'6") = 0. (2.9)

Therefore the condition 8767 = 1 is necessary to endow these Wilson loops with
a certain amount of supersymmetry. This constrain will also ensure a regular
behavior of the effective propagator at coincident points, namely

(i Ait+ @70 (s1) |1 ]) (1A + ¢70 (s2)|ia])) =
(#1-31)2 (&1 - &1) (2.10)
(1 - 41)2 + (&1 - ) + O((s1 — 82)).

In other words, for regular contours, which do not contain cusps, the typical power-
like singularity of the propagator for sy — s; has been smoothed out.

== 3 [P0t -

However the constraint (2.9) is not sufficient to ensure an actual invariance of the
loop under supersymmetry transformations. Since the spinor € solving (2.9) may
depend arbitrarily on the parameter s of the contour C, it does not generate, in
general, a super-conformal transformation. In this case, with an abuse of language,
we shall say that the operator is only locally supersymmetric.

To have a BPS (i.e. supersymmetric) Wilson loop, the dependence on s must be
of the form ?

€(s) = eo + at(s)T e, (2.11)
where €; are constant spinors. This requirement yields constraints either on the
loop (i) or on the scalar couplings (67(s)) or on both quantities.

2Let us recall that a superconformal transformation on R? is generated by a spinor of the form
€ = eo + 2"T' 1. The constant spinor € is responsible for the Poincaré part, while the constant
spinor €1 for the conformal part.
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2.2 BPS Wilson loops in N =4 SYM : Supersymmetric
properties

A simple idea to solve eq. (2.8) and to obtain a supersymmetric Wilson loop for an
arbitrary shape of the contour was proposed by Zarembo in [57]. The construction
is based on the additional requirement that the position of the loop on the five
sphere defined by the vector #!(s) follows the tangent vector of the contour C.
Namely one chooses

0l(s) = M (2.12)

gtd '

with M/f a rectangular 4 x 6 matrix that satisfies MiMl{ = 6, (we do not need
to give its explicit form since SO(4) x SO(6) is a global symmetry of the theory).
Substituting this ansatz into the equation (2.8) and considering only super-Poincaré
transformations all s-dependence factors out

it (T —iMT") e=0. (2.13)

and for a contour whose tangent vector spans R* we remain with four independent
algebraic equations

Ty —iMIT)e=0. (2.14)
These four equations are consistent and the subspace of the solutions has dimen-

sions 1. We obtain a Wilson loop which preserves 1/16 of the original Poincare
supersymmetry.

If the curve lies in a lower dimensional subspace of R*, the requirement (2.14) is too
strong: we have an enhancement of the supersymmetry according to the dimension
of the subspace. The line is 1/2 BPS; if the path belongs to R?, the loop is 1/4
BPS; if it is contained in R3, we obtain 1/8 BPS operator.

Another interesting proposal to solve (2.8) has been put forward by Drukker,
Giombi, Ricci and Trancanelli (DGRT) in [58, 59, 60]. There, the authors con-
sider an interesting new class of Wilson loops of arbitrary shape and defined on a
three sphere S3. We shall not discuss them here in detail since a complete analysis
of this class of operators and of its supersymmetric properties will be presented in
chap. 3.

The above two families do not exhaust all the possible supersymmetric Wilson
loops with only bosonic couplings. Recently a systematic classification of all the
solutions of (2.8) has been obtained by Pestun and Dymarsky in [61]. Their first
step was to recast the eq. (2.8) in a full ten dimensional language by introducing
the vector vM = {22 ¢1(s)}. One finds

oM ()T pre(z) =0 (2.15)

where, as usual, I'yy = (I, I'7) are the ten dimensional gamma matrices. Then to
solve this system of equations, they fix € and look for the couplings v so that eq.
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(2.15) is satisfied. We can distingush two different types of solutions depending on
whether or not the vector u™ = eI"™ ¢ vanishes.

When uM (€) # 0 there is a unique solution of eq. (2.15) and it is given by v™ =
MM with A a complex number [61]. The resulting circuits are the orbits of the
conformal transformations generated by Qf(m). If we consider only closed loops,
we obtain operators defined on (p,q) Lissajou figures where p and ¢ are integer
numbers.

If uM is identically zero, the spinor € is not generic, but it is a pure spinor [62]. This
kind of spinor is annihilated by the largest possible subspace of the ten dimensional
Clifford Algebra, namely by “half” of the gamma-matrices I'™. This property can
be used to endow R1? x C with an almost complex structure J. [63]. The solutions
of (2.15) are then antiholomorphic vectors with respect to Je. More generically
the authors show that the interesting solutions can be found when v is pure in a
subspace ¥ of R*. In fact in that case one can always find a set of scalar couplings
that makes supersymmetric the Wilson loop supported by any curve in 3.

With the above method the authors of [61] reduce the classification of all the
possible supersymmetric Wilson operators to the study of the subspace 3¢ of R1°
which admit a pure spinor. The well-known DGRT and Zarembo’s Wilson loops
can be recovered as a particular limit of these new interesting operators.

2.3 The circular Wilson loops

Supersymmetric Wilson loops can be sometimes computed in a closed form, namely
to all orders in the 't Hooft coupling. For example, it is relatively easy to show
that the vacuum expectation value (V EV) of all the Zarembo’s loops is trivial and
it is given by 1, independently of the shape of the contour?.

The first and best-known example of BPS Wilson loop which possess a non-trivial
V EV is the circular one discussed in [64, 65, 66]. Its value can be exactly computed
providing us a quantity which smoothly interpolates between the weak and strong
coupling regime. The result for large 't Hooft coupling can be thus compared with
the prediction of the AdS/CFT correspondence.

In the following we shall review some features and properties of this observable,
starting from its construction and proceeding then to its explicit evaluation, both
from gauge and string theory side. This operator is a Maldacena-Wilson loop (2.4)
defined on a circuit parameterized by

x,(7) = (cosT,sinT,0,0) (2.16)

3From the point of view of the correspondence this result is not immaterial, in fact it states
that there is an entire family of minimal area problems for which A,.in = 0. This was explicitly
verified in [69].
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with 0 < 7 < 27 and with the scalar couplings 67 (s) constants 6} that essentially
describe the position of the loop on the five sphere. Using the SO(6) R-symmetry
it is immediately to see that effectively the circuit couples to only one of the six
scalars of the theory, say ¢o = 01¢;. Thus the operator can be written as

(W(C)) = %Tr [P exp ( 74 (i 4,5" + o) dsﬂ . (2.17)

The equation (2.8) for the super-conformal spinors,

e(z) = e + z, e, (2.18)
which preserve the loop (2.17), is solved by choosing

€1 = —i0iT 15T ¢ (2.19)

The loop is not invariant under Poincaré (e; = 0) or conformal (¢9 = 0) transfor-
mations separately, but only under a combination of them. This is different from
what occurs in the case of Zarembo’s operators. Since (2.19) simply expresses €]
in terms of the ey which is still arbitrary, we are dealing with a loop, which is 1/2
BPS.

Let us try to calculate its V EV perturbatively. The first ingredient to compute is
the effective propagator ((iA4,(z1)#) + ¢o(x1))(GAu(z2)Eh + ¢o(x2))):

11— (1) - &(72) _
472 (z(11) — 2(12))?

(1AL (1)@ + ¢o(21)) (1A (22)2h + Po(w2))) =

1 1—cos(mi — 1) (2.20)

1
T 4n22(1 —cos(m — 7)) 872

Since this propagator is constant, the contribution of all the ladder diagrams,
namely of all the graphs which do not contain any internal vertex, can be summed
with the help of the following gaussian matrix model

1 1 2
Wiadder = 7 /DMNTr exp(M) exp (—ngrM > , (2.21)

where ) )
7 = /DMNTr exp (—gQTrM2> : (2.22)
and M is an N x N Hermitian matrix.

Next we have to take into account the diagrams with internal vertices. To begin
with, we shall consider the order g*. We have two families of contributions: [a]
spider diagrams and |b] the bubble diagrams, all depicted in fig. (2.1). It is possible
to show that the sum of all these graphs is not only finite but it vanishes as observed
firstly in [64].
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Figure 2.1: One-loop correction to the gluon and the scalar exchange and spider-
diagrams, gauge and scalar contributions.

In [64, 65] it was conjectured that the above cancellation for the diagrams contain-
ing internal vertices extends to all order in ¢g2. In other words, the value of the
circular Wilson loop is only captured by the ladder diagrams and it is simply given
by the matrix model (2.21).

The actual value of the matrix integral can be computed quite easily by means of
the orthogonal polynomial technique, as illustrated in [65]. One finds

N-1
1 A A1, A A
<Wcircle> = N Z L] <_4]V> exXp |:8]V:| = NLN*l <_4]V> exXp |:8]V:| (223)

J]=

where L' are the Laguerre Polynomials

L (z) = % exp(z)z™™ % (exp(—z) ") (2.24)

and A = ¢2N is the 't Hooft couplings.

Let us consider the large N—limit of this expression, where only planar diagrams
survive. Recalling that

lim [n*aLg (%)} = 272, (2/7), (2.25)

n—oo
we find the complete expression of our Wilson loop at large N:

<Wcircle>Large N = \/Q_—AJI(\/T/\) = \%Il(\/x) (2.26)

We can easily take the strong-coupling limit of this expression and for the leading

contribution we find
2 VA
<Wcircle>Large N -0 ;W (227)

It would be interesting to compare this prediction with the same computation
performed on the string side. This issue will be discussed in sec. 2.5.
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2.4 Localization for the circular Wilson loop

The conjectured value (2.23) for the circular Wilson loop can be proven to be correct
by exploiting the so-called localization procedure |66|. This method is a powerful
and general tool in supersymmetric gauge theories. When it can be successfully
applied, the quantum average of the observable receives contributions only from a
particular subset of the classical configurations.

The localization can be explained briefly as follows. Let’s consider a theory defined
by an action S that is invariant under a fermionic symmetry

QS = 0. (2.28)

Let Q% = £ be some compact bosonic symmetry of the theory and 7 a Q-closed
operator (Q7 = 0). If we deform the action with a Q-exact term

S — S+ tQV. (2.29)

the expectation value of 7 doesn’t change. Indeed

d

5T =({T{Q,V}) ={Q,TV}) = 0. (2.30)

and so

(T)e =(T), (2.31)

the expectation value of 7 in the deformed theory is the same as in the undeformed
one. If now t goes to infinity and the term added ¢t QV is semipositive defined, we
observe that the theory has to localize (by semiclassical arguments) on some set of
critical points of @ V over which we have to sum. Since we can take ¢ strictly equal
to infinity, the contribution of each critical point to the path-integral is simply
given by the one-loop saddle point approximation.

Coming back to the N' = 4 SYM, we could use the localization to calculate the
VEV of the 1/2 BPS Circular Wilson loop. To begin with we shall consider
the euclidean version of the theory on a four sphere (with radius ) obtained via
dimensional reduction of the euclidean N'=1 SYM 10d and described, using the
ten dimensional notation, by the action

1 1 , — 2
Shey = S Vadtx <2FMNFMN — UMDy v+ 2¢A¢A) (2.32)
gYM g4 T

where the last term in eq. (2.32), added to the usual action in flat-space, is nec-
essary to preserve conformal invariance. The theory is invariant under the super-
conformal transformations
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6 Ay = UTpe (2.33)
1 1
SV = iFMNFMNc‘—i-EFMAquV”G (2.34)

where V# is the covariant spinorial derivative and

1
€= 72(60 + 2T eq) (2.35)
1+ 4=

is the conformal killing spinor on S% in stereographic coordinates. At this step
the superconformal algebra closes only on-shell [66] but to use the localization
method we need an off-shell closure of the fermionic subalgebra (at least for the
charge that we use in the localization procedure). To close off-shell the relevant
supersymmetry of the ' = 4 theory on S* we make the dimensional reduction of
Berkovits method [68] used for the ten-dimensional N'= 1 SYM. The number of
auxiliary fields compensates the difference between the number of fermionic and
bosonic off-shell degrees of freedom modulo gauge transformations. In the N = 4
case we add 16 — (10 — 1) = 7 auxiliary fields K; with free quadratic action and
modify the super-conformal transformations to

SAy = WDy (2.36)
1 1 :

5V = 5FMNrMNﬁLirwqaf‘wwrKﬂ/ (2.37)

6K = —UTMDyu, (2.38)

with the seven ten-dimensional Majorana-Weyl (commuting) spinors v* ( i=1...7 )
that satisfy

el'pv; =0, (e ye) I’gﬁ = Véué%—eaem VZ-I’MZ/]- = 5ij€FM€. (2.39)

1
2
At this point we can evaluate the circular Wilson loop, following the general picture
briefly illustrated at the beginning of this section. First, we choose one of the
super-conformal spinor €(x) defined by (2.18) and (2.19) by selecting an €y, which

satisfies
F123460 = —F5678€0 =—1 ¢€e=1. (2.40)

Next we shall denote the super-conformal transformation generated by this spinor
with Q.. By construction, Q.Ssyy = QcWeircle = 0, moreover Qg yields a combi-
nation of a rotation and of an R—symmetry transformation and thus it generates a
compact subgroup of the bosonic symmetries. We now add the following Q.-exact
term

V= (¥,Q9), (2.41)
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where VU is the Majorana-Weyl spinor present in the theory. The corresponding
bosonic part of the (Q V)-term,

Sp. = (QU,QU). (242)

is semipositive definite. After a tedious computation explicitly performed in [66],
one can conclude that the critical points of Slfi . are given by

$o=0, K;=—wia (i=1,2,3; with wyw’ =1/r%)  [other fields] = 0,
(2.43)
where a is a matrix belonging to the Lie algebra of the gauge group G and it is a
constant over the four sphere. The infinite dimensional path integral thus localizes
over the finite dimensional locus described by the hermitian matrices a, namely it
reduces to the matrix integral

¢0=0, K;=—w;a
[other fields]=0

—an2r? iy [g2] ,
:/[da]e 9y M Tr[e%r”a]. (2.44)

To be more precise this is not the all story. We have an additional contribution
given by the fluctuation determinants around the locus (2.43), the so-called one-
loop determinants for the different fields appearing in the action. In [66] it is shown
that the fermionic and bosonic contributions cancel and produce just 1 because of
supersymmetry. We refer to the original paper [66] for the details. Therefore (2.44)
is the exact value for the circular Wilson loop.

2.5 Wilson loops at strong coupling and Minimal Sur-
face

Now we have a rigorously derivation of the matrix model that captures the VEV of
the circular Wilson loop for every N and every coupling consant g. As previously
discussed it is interesting to verify the matching between the matrix model result
in the large A limit, eq. (2.27), and the VEV at strong coupling calculated using
the dual supergravity picture.

Recalling that the physical meaning of the Wilson loop (2.4) (on the gauge side)
is the phase factor associated to an infinitely massive W-boson (obtained by the
higgsing of the gauge group), we can construct the dual string state as follows.

Consider a stack of N + 1 D3-branes (giving the SU(N + 1) gauge theory); we
place one of them very far away from the others. In this way the gauge group
is higgsed to SU(N) x U(1) and the W-boson that arise is described by an open
string stretched in the AdS space from the boundary to the interior.

The Wilson loop can thus be viewed as a surface that stretchs in the AdS space
and that ends on the contour C on which the loop is defined [5, 65, 69]. So a
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very natural prescription to compute its VEV is to calculate the string partition
function with given boundary conditions.

In general we should consider the full partition function of the string theory on
AdS® x S° but in the large *t Hooft limit it can be computed using a saddle point
approximation and is related to the area A(C) of a minimal surface bounded by

c
(W) o~ e VAA©), (2.45)

To be more precise the expectation value (W) is not given by the Area A(C)
(which is actually infinite) but by an appropriate Legendre transformation [65]
since not all the boundary conditions of the open string are of the same type [six
are Neumann’s and four are Dirichlet’s|. The Legendre transformation is performed
only for the coordinates obeying Neumann conditions and it is obtained by adding
a boundary contribution to the original action. This procedure will also eliminate
the divergence present in A(C') and will produce a finite result for the area. From
a more physical point of view this transformation corresponds to subtract from the
action a divergent factor corresponding to the infinite mass of the W-boson.

For the circular case, the solution corresponding to the minimal area can be easily
found if we start with the Polyakov action in the conformal gauge. Since the loop
lies on a two dimensional subspace of R* and couples with only one scalar we can
neglect the S° part of the solution: the open string is frozen in a point of S°.
Moreover, in AdS5, we can look for a minimal surface which lies entirely in a AdS3
subspace. The metric on this subspace can be written as

L2
ds* = bl (dy? + dr® + r°d¢?) (2.46)

where (7, ¢) are the polar coordinates of the plane on which the loop is defined, y
is the coordinate transverse to the R* space and L is the radius of AdSs. Choosing
the static gauge ¢ = 7 and making the ansatz

y =y(o), r=r(o) (2.47)

with (7,0) the worldsheet coordinates ( 0 < 7 < 27 and 0 < ¢ < o0), the La-
grangian in the conformal gauge can be written as

L= 522 <<2§>2 - (Z;)Z) +r2> : (2.48)

The solution to the Virasoro constraint

(jg)Q + (;l(:)z =r? (2.49)
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Figure 2.2: Minimal Surface ending on the circular loop
and to the equations of motion
d2y dy 2 dr\? 9
Yy <d0'2) - <d0’> + (d0> +r =0 (2.50)
d*r 2 (dy dr
R [ a4 — ] = 0 2.51
(7)) (%) @

1
y = tanh o r=
cosh o

is given by

(2.52)

(see fig.(2.2)). If we evaluate the classical string action on this solution after the
inclusion of the boundary term [65]

1 d%y dy 2
we obtain

o 1 1 1
Sreg = \6\/0 do <sinh (0)? ~ sinh (0)? ~ cosh (0')2> =2 (2:54)

and so
(W) ~ e = eV, (2.55)

Quite surprisingly this is essentially the strong coupling expansion of the conjec-
tured matrix model. The factor A™3/% in the eq. (2.27) is recovered by taking into
account the zero-modes of the fluctuations around the minimal surface [65].



Chapter 3

Supersymmetric Wilson Loop on

SB

3.1 Supersymmetric properties

In order to study loop operators preserving less supersymmetry than the circle but
still exactly solvable, an interesting class of BPS Wilson loops has been considered
in [58, 59, 60]. These loops lie on a three-sphere and couple to only three of the
six scalars of the N/ = 4 SYM. They can be written as

1 : ) Vst
W = N TrPexp]{d:c“ (i4, — 07" M 1(I>I) (3.1)

where the matrix M?; is 3 x 6 dimensional the Ufw are bagsically the 't Hooft symbol
used in writing down the instanton solution and they are defined in terms of the

right-invariant one-form O'Z-R on the three sphere:
ot = 2[(z%dx® — 23dx?) + (ztdat — 2tdat)] =2 allwx“d:c” (3.2a)
ot = 2[(aPdxt — 2tda?) + (¢1da? — 2Pdat)] = 2 afwx“da:” (3.2b)
ot = 2[(z'da® — 2?dxt) + (¢tda® — 2Pdat)] = 2 Uil,x“dx”. (3.2¢)

Local supersymmetry (2.9) imposes that M M7 is the unit 3 x 3 matrix.

The basic idea behind this family of Wilson loops is a topological twist. The partic-
ular choice of the scalar couplings breaks the R-symmetry group SU(4)g of the N
= 4 SYM theory to a SU(2), x SU(2), where the former group rotates the scalars
that couple with the loop while the latter the remaining ones. The twist consists
into replacing the anti-chiral part of the Lorentz group SU(2)r with the diagonal
part of SU(2)gr and SU(2),. After this replacement two of the supercharges are no
longer anticommuting spinors, but become anticommuting scalars and close on a
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R-symmetry transformation (type II in the Vafa-Witten classification [70]). Then
one can regard this two scalars supercharges as BRST charges and the Wilson loop
will be an observable in their cohomology.

In the following we review the supersymmetric properties for a subclass of these
operators, namely when the contour lies on a two sphere inside S? and we list the
results for more general circuits into table 1.

The invariant one-forms on S? can be easily written as O'Z-R = 2eijk9:j dz® and thus
the Wilson loops (3.1) for a generic shape on the two sphere read

1
W = ¥ Tr P exp j([ ds (1Ax! + € 2Ha” OP) . (3.3)

In terms of the conformal Killing spinor €(z) = €9 + z*~,€1, the vanishing of the
supersymmetry variation of (3.3) can be written in a compact form as

ivjker = €ijrp' Y €o (3.4)

where v, are the usual Dirac matrices of SO(4) and p’ belong to the SO(6) Clifford
algebra (R-symmetry group). Since (3.4) is a set of three independent equations
(jk = {01},{02},{12}) we can conclude that for a generic contour on S? the
Wilson loop preserves 1/8 of the original supersymmetries. The four supercharges
preserved may be written as

a a

Q= (im); (QW +5%) Q" =€ (Qaa — Saa) (3.5)
and they are a linear combination of the Poincaré supersymmetries and of the
superconformal ones. Some remarks on the notation are in order. The original
SU(4) index I (Q') has been splitted into two SU(2) spinor indices (a,a). The
dotted index a belongs to the fundamental of SU(2),, while the second one a lives
in the fundamental of SU(2),. The 4 supercharges are collected in two SU(2)
doublets.

It is also instructive to obtain the full supergroup preserving this subclass of oper-
ators. Since the loop lies on a two sphere (x4 = 0) there is an extra U(1) bosonic

symmetry generated by

1 .
L= 1% (Pag — Kad).- (3.6)

To write the algebra satisfied by these charges, it is convenient to consider the
linear combinations

QL= (@ £, (3.7

which are the eigenstates of L. We obtain the superalgebra
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Q1. Q%] =[Q%,Q%], =0 Q4. QY] = —T% +¢L

[L,Q1] = £Q% .

Here T% are the generators of SU,(2) in spinor notation and while the commu-
tators with themselves are canonical. The above superalgebra is isomorphic to
SU(1]2).

For particular shapes of the loop inside S? the supersymmetry preserved is en-
hanced. For example if the circuit is a latitude at polar angle 6y the Wilson loop
is 1/4 BPS. Indeed parameterizing the loop as

x# = (sin O cost, sin Oy sin t, cos O, 0) (3.8)

the supersymmetry variation is given in terms of two independent constraints (if
0y # /2 otherwise only one)

cosbp (y12 + p12) €1 =0 (3.9)

p°7 €0 = [imz +73p°" cos O(v23 + pas)ler. (3.10)
The eight supercharges preserved by the latitude are the four one in (3.5) plus

a 1 & (AHa aa . o a o
L 0 (@ S2a) + ooty ), (@2 - 5

(11§ (Q% + 54%) + cot By () (Q% + 5%,) - (3.11)

Q" =

Interestingly one can note, from the explicit expression of the scalar couplings, that
this configuration describes also a latitude at angle 7/2 — 6y on the dual S? C S°
associated to the three scalar.

sin 90

The last configuration that we analyze is 1/4 BPS and it can be obtained con-
sidering two arcs of length m connected at an arbitrary angle 6. The explicitly
parametrization is

_{(sint, 0, cost, 0) 0<t<mw

(—cosdsint, —sindsint, cost,0) 7 <t <2rm

The operator couples with ¢1 on the first arc of the circuit and with —¢q coséd +
$osind on the second one (on the dual S? this configuration corresponds to two
points separated by an angle m —9). The supersymmetric variation of this operator
is given by two independent equations

p2Y5€0 = 1Y31€1 (3.12)
sind p1ys5€0 = 78in d Yo3€1 (3.13)

(if sin d # 0 otherwise only one) and thus the supercharges preserve are eights and
read as
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Q= (im)j (Q4 + 5%) Q =e€da (@Za - gtga)

Qs = (n); (Q% —S&) Qs = (136)*" (Qai + S'aa)-

Other configurations with different amount of supersymmetries and the respective
superalgebras preserved are listed in the table below.

’ Circuits \ Supercharges preserved \ Superalgebra ‘
Equator on S? 1/2 BPS OSp(4]4)
General Curves on S? 1/8 BPS SU(1]2)
Latitude on S? 1/4 BPS SU(2[2)
Two Longitudes on S? 1/4 BPS SU(1]2) x SU(1|2)
Hopf fiber on S? 1/8 BPS 0Sp(1]2) x OSp(1]2)

Table n. 1: Supersyminetries of different loops

3.2 From N =4 SYM in 4d to Y M, on S?

In the present subsection we show some evidences about the equivalence between
the above class of Wilson loops on S? and the analogous observables in the zero-
instanton sector of the ordinary bosonic two dimensional Yang Mills on S? [59, 60].
The YMs is a very well-known theory (see appendiz B) and it has a series of
interesting properties. It is almost topological, namely it is invariant under area
preserving diffeomorphism, and it is exactly solvable. It would be nice to relate it
to the more complex four dimensional A' =4 SYM theory.

We begin considering a (DGRT) Wilson loop defined on a generic path in S? and
we try to calculate its perturbative VEV at first order in the coupling constant.
This operator has the form

1
W = N Tr P exp (7{ ds (iA,z" + em,pdv"x”@’)) (3.14)

and a simple evaluation of its expectation value up to gid order gives

(W) =1 - oL TP / dit dy' (i) A () — eimteimna™y™ (6 (2) 6" (1)) =

| z—y)i(r —vy);
=1- ggjr]j fm ds dt i (s) 5 (t) (;gij _ | (g)—(y)Q y)]> _

2 x—y)i(T —y);
=1 STl f ds dt i'(s) 7 (1) (;gzj = <§>i(y)2 y”) - (3.15)
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The last line can be evaluated with the help of the Stokes theorem applied, for
example, to the y—contour integration and subsequently to x—contour. One ob-
tains

gZdN A1 Az
4 24

where A; and Ay are the areas delimited by the loops and A = A; + Aj is the
total area of the two sphere. Intriguingly we see that the overall result does not
depend on the particular shape of the loop, but just on the area of the two sectors
Aip,Az: it suggests a sort of invariance under area preserving transformations. This
fact and the appearance of the peculiar combination Aﬁ—jz bring to mind a similar
result for the pure Yang-Mills theory on the two-dimensional sphere [71].

W =1+

+O(gia); (3.16)

In that case the theory is completely solvable [72] and the exact expression for
the ordinary Wilson loop is available [73, 74]: restricting the full answer to the
zero-instanton sector (for details see appendiz B) one obtains

1 A A g5, ALA
o) = e (27052 ) e |- 3.17

where LY, _|(z) is a Laguerre polynomial (2.24). Let us notice that its first order
perturbative expansion (goq < 1)

ATAR
24 A2

coincides exactly with the N' = 4 SYM result (3.16) after identifying the two-
dimensional coupling constant g%d with the four-dimensional one through

(W) =1-=g3;N-"= + g5y (2N? + 1) + 0(9%) (3.18)

It
4

Generalizing this result the authors of [60] have thus conjectured that the 1/8
BPS Wilson loops constructed on S? can be computed exactly leading to the two-
dimensional result.

93q=— (3.19)

BPS Wilson loops on S? in N =4 SYM

Wilson loops on S? in the zero instanton sector of YM,

As we will see in the following this conjecture has passed a series of different and
more refined checks. In the sections (3.3) and (3.4) we report a detail two-loop
analysis [75, 76] and a strong coupling check [60] of the conjecture finding in both
cases an exact agreement between NV = 4 SYM calculation and the prediction
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(3.17). From these results one could infer that a localization procedure like those
presented in [66] and briefly illustrated in section (2.4) for the Maldacena-Wilson
loops could also apply to this more general class of operators. Indeed in |77]
the author has shown that the 4d path integral localizes to the semi-topological
Hitchin/Higgs-Yang-Mills theory and that perturbatively the computation of this
class of Wilson loops reduces to an analogous computation in the zero instanton
sector of the YMy on S2. The proof of this reduction however is not complete.
There are two missing ingredients: an exact computation of the fluctuation deter-
minant is still missing and it is not clear if the ' = 4 instanton contribute.

These relations between the N' = 4 SYM in four dimensions and the ordinary
bosonic YMs has been intensively studied also in [78, 79, 80] where the link has
been extended to the case of the correlators of Wilson loops (we analyze in detail
this point in the chapter five). The two-matrix model capturing the VEV of the
correlators in the two dimensional theory has been calculated and an agreement
with the AV = 4 SYM calculation has been found both at perturbative and non-
perturbative level.

The Correlator of two Wilson loops on S? in V' =4 SYM

The Correlator of two Wilson loops on S?
in the zero instanton sector of YM,

In another interesting paper [26] the authors have generalized the proposal into an-
other direction: they have conjectured that in N’ =4 SYM the insertion of 't Hooft
operators on a maximal circle on $? and their correlators with the Wilson loops
are captured by the non-zero (unstable) instanton contributions to the partition
function of the 2d Yang-Mills theory.

The Correlator of 1/2 BPS ’t Hooft loop and 1/8 BPS Wilson loop
on S?in N =4 SYM

The Wilson loop on S? in a non-zero instanton sector of YM,

't Hooft loops are disorder operators and, differently from the Wilson loops, there
isn’t a direct formulation in terms of fields. They are defined by giving a singularity
for the fields near the loop C on which the 't Hooft loops are defined |27, 81]. To
compute their expectation value one has to integrate over the configurations that
are smooth everywhere except on C where they are required to have the prescribed
singular behavior. This singularity is the one associated to the 1/2 BPS monopole
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configurations where the field strength and scalars behave [81] as

1 Y
Fir(y) =T

= 3]y
T- 1 3.20
Po(y) = 77”@ (3.20)

Gily) =0 (i=1.5)

where m is a set of N integers, Tj; is a U(N) diagonal matrix with entries given by
m and |y| is the distance from the loop. The authors note that when one restricts
this configuration to the boundary sphere S2, it becomes precisely of the same
form of the unstable-instanton contributions to YMs, the classical configurations
solving DF = 0 on which the partition function of 2d Y M on S? localizes [82,
83| (see appendiz B). This new conjectured has not yet been proved but some
indications about its validity are shown in the original paper [26]. Nonetheless
it would be nice to obtain other non-trivial checks (for example an agreement
between the matrix model and the N'=4 SYM computation of the 't Hooft/Wilson
loop correlators).

3.3 Two-Loop check of the conjecture

Two-loop expansion for supersymmetric loops on S?

To verify the conjecture illustrated in the previous subsection, a non-trivial two-
loop computation is in order. Thus in the following we discuss this perturbative
expansion for a supersymmetric Wilson loops lying on S2. To perform a quantum
analysis we will need to adopt a regularization procedure since, as we will see,
divergent diagrams could appear in the intermediate steps of the computations. We
choose the familiar dimensional reduction, consisting in considering N' = 4 SYM
in 2w dimensions as a dimensional reduction of /=1 SYM in ten dimensions. We
shall perform firstly our analysis for a generic contour and subsequently we shall
consider and calculate numerically the specific example of spherical wedge whose
boundary is two longitudes of the sphere S2.

The first ingredient in our computations is the effective gluon-scalar propagator ap-
pearing in the perturbative expansion of the Wilson loop (3.14). In 2w dimensions
and for a generic circuits on S? it has the simple form

w — 1) (:I':1~:i’2)[(:1c1~:c2)—1]—(:c1-:1':2)(:x2~:i’1) '

I(
Aab t t :5ab
(t1,t2) o (21 — 22)2)~—1

(3.21)

In order to investigate the singular behavior of the supersymmetric Wilson loop,
it is instructive to study the effective propagator when t; approaches to, i.e. when
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the two points on the contour are about to collide: it is convenient to rearrange
A (t1,t5) as follows
w—1)[1

T .. —w
Aab(tl,tg) :5ab(47Tw i(xl-xg)((xl —$2)2)2 ~+

(r1 — 22) - To(21 — 22) - T4
((z1 — 22)?)t

(3.22)

Let us consider the case of smooth loops: the above expression (3.22) is com-
posed by two contributions, that are of the same order in the coincidence limit. A
straightforward Taylor-expansion gives indeed for (3.22) the following leading be-
havior T'(w — 1)(|21]?)3“(t1 — t2)*~2 and it is completely finite when 1 < w < 2.
An analogous result holds for smooth loops with the usual constant coupling, where
O! is a constant unit vector in R®, as first shown in [64]. In this last case divergen-
cies at coinciding points could appear when considering loops endowed with cusps
and are related to the famous "cusp anomaly". We can examine the non-smooth
loop in our case as well: here the situations is more subtle. Let 1 and z3 be the
extreme of the propagator approaching the cusp from the left and the right respec-
tively. If the cusp is located at © = xg, we can always choose the parametrization
of the contour such that o1 = xg + t1n1 + O(t?) and x5 = xg + tang + O(t3) with
n% = n% =1 and t1,t2 > 0. Then we find that the leading behavior of A“b(tl,tg)
when both t; and t2 are close to zero is given just by the second term

W — 1) 2(1 — (n1 . n2)2)t1t2
4w (t% + t% — 2t1t2(n1 . nz))w_l '

Aty 1) ~o L (3.23)
A simple power counting argument shows that this object is integrable around
(t1,t2) = (0,0) for all the values of w less than 3 and in particular for w = 2.
This regular behavior entails therefore an important difference between the family
of loops with the new scalar couplings and the ones previously considered: no
singular contribution is associated here to the presence of the cusp. In some way
the celebrated cusp anomaly appears to be smoothed away at the leading order
when considering this class of supersymmetric Wilson loops. Actually we shall see
that this also occurs at two loops and probably it is true at all orders.

Then we shall consider the effect of the one loop correction to the effective propa-
gator (3.21). The relevant diagrams are schematically displayed in fig.(3.1) (bubble
diagrams). The value of the contribution in Feynman gauge can be easily com-
puted with the help of [64], where the one-loop correction to the gauge and scalar
propagator has been calculated. The final result is

(w-1)
2T20(2 — ) (2w — 3) |
(@1-@2)[(z1-22) — 1] — (w1 -@2) (2 d1)
X fdﬁ dTo [(;I;(l) _ JT(Q))Q]Qw_3
I(w-1)
2729 (2 — w) (2w — 3)

Sy =—g*(N? - 1)

= (3.24)

—g*(N? -1) ¥.[C).
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Figure 3.1: One-loop correction to the gluon and the scalar exchange.

with
(Z1-@2)[(w1-w2) = 1] = (21 -F2) (w2 T1)
[(z() — 2(2))2]27?

[0 = ?{dﬁ dro (3.25)
The coefficient of (3.24) exhibits a pole in w = 2, which keeps track of the divergence
in the loop integration.

The next step, at this order, is to investigate the so-called spider diagrams, namely
the perturbative contributions coming from the gauge vertex A® and the scalar-
gauge vertex ¢?A (see fig. 3.2). We have to compute

53 = ?;g;\)ffdtldtgdt:;n(tltgtg)<T1“[A(t1).,4(t2)./4(t3)]>0, (326)

where the short notation A(t;) stands for the relevant combination
1Ay (w0) 2y — 0,25 xf M° 1D ()

and
n(t1,ta,t3) = 0(t1 — t2)0(t2 — t3) + cyclic permutations. (3.27)

After a simple, but tedious computation, in Feynman gauge S5 takes the form

4(nN2 _
S3 :M j{dtldtgdtg €(t1,t2,t3)%
1 (3.28)
o 0T (s — w, @ — |
< (i) () 1] (1) )]t TS =L T2 = 1),
3

where we have introduced the symbol

€(t1,ta,t3) = n(t1,ta, t3) — n(t2, t1,t3),

that is a totally antisymmetric object in the permutations of (¢1,t2,t3) and its
value is 1 when t; > t3 > t3. The quantity Z1(x,y)' is defined as the following
integral in momentum space

( ) d2wp1d2wp2 eiP1T+ip2y
Ii(z,y E/ .
(2m)%  pip3(p1 + p2)?

Y7, (x,y) is evaluated and its properties are discussed in detail in appendiz C.

(3.29)
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Figure 3.2: Spider-diagrams: gauge and scalar contribution

It is quite important, at this point, to understand the potential divergences arising
in (3.28) when w — 2: their appearance originates directly from the integration
over the contour. In fact since the integral (3.29) is finite and regular for x,y # 0,
singularities can only arise in the contour integration when two of the z; collide.
In that case, a pole at w = 2 appears in the expression of Z;(x,y): for 21 = z2 one
finds (see appendiz C)

I (w—1) 1

Ti(z3 — 11,0) = (2w —3)(2 — w) 6472 (21 — x3)2) 2%

(3.30)

The same behavior occurs when z; = 3 or 9 = 3 since Z; is totally symmetric in
the exchange of the z;: we observe three different regions, namely [(z1 ~ x2), (x1 ~
x3), (z2 =~ x3)], which are potential sources of divergences. Actually, the situation
is better than what one would naively expect: the true singularity at w — 2 appears
just in a single region, for the following reasons. One observes that the divergent
behavior at 1 = x3 becomes integrable because of the presence of the kinematical
pre-factor (&7 - @3)[(z1 - x3) — 1] — (21 - @3)(x3 - £1), inherited by the vector/scalar
coupling, which nicely vanishes in this limit. The contribution coming from the
region x1 ~ x5 becomes instead ineffective due to the derivative with respect to x3,
when acting on Z;. The only dangerous singularity appears when x3 approaches
xI9.

A similar pattern for the divergences was discussed in [64] for the usual Wilson-
Maldacena loop (the loop with constant 67). The authors made the crucial ob-
servation that the residual divergence at zo =~ z3 is exactly compensated by a
contribution coming from the one-loop correction to the effective propagator . A
subtle cancelation among singularities in the contour integration and the loop in-
tegration yields a completely finite result for the Wilson-Maldacena loop at the
fourth-order in perturbation theory, in the case of smooth circuits. This nice con-
clusion suggests that the divergences appearing in each diagram are indeed gauge
artefacts and do not have a physical meaning, canceling out in the final result. In
particular, one could expect that all the diagrams can be made separately finite
with a suitable choice of gauge: in appendix A of [75], as an example, it is shown
that the light-cone gauge does enjoy this property for smooth circuits lying in the
plane orthogonal to light-cone directions.
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The situation is analogous for the class of supersymmetric Wilson-loop we are
considering. Firstly, we shall show that we can explicitly factor out the divergent
part of the spider diagram and that it has the same form of the bubble contribution.
This can be achieved by rearranging the original expression (3.28) for S3 with the
help of this trivial identity:

g'(N* —1)

d ..
0= %dtldtgdtg d7t2 E(tl,tg,tg) ((I‘l-x;g)((l‘l . :123) — 1)—

(3.31)
— (xl'i'g)(l‘g-.’tl))z-g(iﬂg —X2,T1 — xg):| .

The definition and the properties of the function Zs are listed in appendiz C. With
this addition, the expression can be rearranged by decomposing Ss as the sum of
two different contributions, S35 = A + B, as follows

4 N2 -1
53 = g<4)fdt1dt2dt36(t1,t2,tg)[(.i‘l'i‘gg)[(xl'l‘:;)—l]—(wl'j}g)(.%‘g'i‘l)]x
A)—
X:t’u 611(:1:3—:1:1,:52—351) _ 312(1‘3—1‘1,:132—3}1) ( )
2 Oxk ozh
4 N2 -1
_g(2) %dtldtg ((.7}1.%‘3)((1'1 . .%'3) — 1) — (331'%'3)(.%'3-.7.}1)) X (B) (332)
X [Ta(x3 — 21,23 — 21) — To(x3 — 21,0)],
where we have used
d
d—t;(tl,tg, t3) = 2(0(ty — t3) — 6(t1 — t2)). (3.33)

We start by focussing our attention on B: it has exactly the same structure of the
result S, produced by the bubble diagrams, as can be easily inferred looking at
the kinematical prefactor. We are led to collect all these contributions and sum
them together. Exploiting the explicit behavior of Zy(z,y) for y = z and y = 0,
as given in appendiz C, we can write the sum of all bubble-like contributions Byt
as

B B gt (N?—1) INw—2) _
Biot =8 + B = ooy —— (r(s ) 20 (2w — 4)) ¥u[Cl = (334
4 2 .
__ WEQ[C] L0 ((w-2)).

In other words, when we sum the term B present in (3.32) to the original one-loop
correction coming from the bubble diagrams, we obtain a completely finite result
Biot, where the pole in w = 2 has disappeared. Since the contour integration is
also finite in this limit, we can consistently pose w = 2 in (3.34).

The finiteness of (3.34) clearly hints that also the combination 4 appearing in
(3.32) is free of divergencies, as w approaches two: this is indeed the case. The



40 Supersymmetric Wilson Loop on S

contribution A can be rewritten as follows, once the derivatives have been explicitly
taken

g*(N? — 1) (2w

A== 128729 (w — 1

)_ 2) fdtldtgdt;),E(tl,t2,t3)[(i'3'ft1)[($1'x3)_1]_

_ («Tl'iS)(JI;J,-i’l)]/lda [a(1 — a)]w—ljjg (z1 —x3) 2F1(1,2w — 2;w; &)

0 (a(x3 — 29)2 + (1 — ) (29 — 21)2)2% 2

(3.35)

Here we have denoted with & the following combination of the original coordi-
nates
(v3 — 21 — a(z2 — 21))?
alrg —22)2 + (1 — a)(wg — 21)?’

which appears in the argument of the hypergeometric function o F (1, 2w — 2; w; £).
The integral (3.35) is nicely convergent in the limit w — 2, in fact by setting w = 2
we find

4 2 . . . .
g (N -1) (@1-@3)[(z1-23) = 1] — (w1 -23) (x3-d1)
A :W dtldtgdtgé(tl, t2, tg) ($3 — x1)2 X
. ! 1
X &g - (x3 — :I:1)/Odoaa($3 e G ey p——" =
4 2 . . . .
g (N° - 1) (#1-d3)[(w1-23) — 1] — (21 -d3) (w3-41)
= — W dtldtzdtge(tl,tg,t;g) (1'3 — $1)2 X
Tg - (1‘3 — 1‘1) (332 - 1’1)2
5 log < .

(z3 — 2)? — (22 — 71) (z3 — 22)?

(3.36)

We remark that the original power-like singularity for xo — x3 has disappeared
and it has been replaced by a milder logarithmic one, which is integrable both for
smooth and cusped loops.

We can actually go further and extract from (3.36) another bubble-like contribution
that cancels completely B! With the help of the following identity

(22 16 - )

(z3 — 22)* — (21 — 22) (z3 — x2)

i (o [E22E]) |+ e (2.
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we can integrate by part (3.36). We arrive to the following expression

40 N2
_gi (N 1)
A= 2l
4 2 . . . .
g (N —1)% (@1-23)[(21-w3) — 1] — (w1 -d3) (23-31)
712871'4 dtldtgdtge(tl,tg,tg/ (:Cg — $1)2 X
(x3 — x2) - &2 <(-’E2 - 951)2>
X I .
(5 —22)7 0\ (23— 21)?

(3.38)

We see that the first term exactly cancels B and the only surviving contribution
from the spider and the bubble diagrams can be written as a relatively simple
convergent integral

g'(N? -1)

(£1-23)[(21-23) — 1]~ (21-d3) (23 31)
12874

dtidtodtse(ty, ta, t3)

f 1dtadtse(ts, ta, t3) (3 — 21)2
_ . — 2

% (333 x2) - T2 log <(362 561)2) '

(z3 — 22)? (z3 — 1)

Itot =

(3.39)

It is remarkable that this expression holds for any kind of loop on S?, both cusped
and smooth, and being free of divergencies is amenable, if necessary, to a plain
numerical evaluation, once the contour is specified. In the circular case Z;y is
easily seen to vanish by simple symmetry arguments, recovering without tears the
result of [64].

This is not of course the end of story: we have still to consider the double-exchange
diagrams to the perturbative expansion of the Wilson loop, namely we have to
analyze the contribution

?:; 7{} dtydtadtzdtsO(t; —12)0(t2 —t3)0(ts — ta) (Tr[A(t1)A(t2)A(t3) A(ts)])o- (3.40)

Recalling that the effective propagator has the color structure A%(¢;,ty) = 6% A(ty, ta),
the relevant Green function can be written as

(Tr[A(t1)A(t2) A(ts) Ats)])o = %Tr([Tb,T“] [T, T A(t1, t3) A(ta, tg)+
+ Tr(TaTaTbTb) [A(tl, tQ)A(tg, t4) + A(tl, t3)A<t2, t4) + A(tl, t4)A(t2, tg)] .
(3.41)

The term multiplying Tr(T*T*T*T?) is symmetric in the exchange of all the ¢; and
therefore is insensitive to the path-ordering. It simply yields 1/2 the square of the
single-exchange contribution

. . ¥ y 2
1<g2NjécdtldtQ(:cl-xg)[(:vyl’z)—”—(331'552)($2'371)> _ (3.42)

5 87‘(’2 (xl - 1‘2)2
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This simple manipulation expresses the trivial exponentiation of the so-called abelian
part of the Wilson loop. The remaining contribution, which is proportional to
Tr([T%, T9][T?, T), is usually called the mazimally non-abelian part and it is the
new ingredient in the double-exchange contribution. We are left to compute the
integral

N2 - DI (w—1
9 (W —1) }'{ dtvdtadtsdtaf(ty — t2)0(ts — t3)0(ts — ta) ¥
C

6472w

(@1-@3)[(x1-w3) — 1] = (z1-@3) (w3 81)  (d4-d2)[(24-22) — 1] — (4-d2) (w2 d4)
(21— @3)?)~ ! (24 — @2)?)~ ! '

(3.43)

This contribution is of course finite and we can set safely again w = 2.

The cusped loop on S?

In the present subsection we will provide a fourth-order evidence that the super-
symmetric Wilson loops lying on S? are actually equivalent to the usual, non-
supersymmetric Wilson loops of Yang-Mills theory on a 2-sphere as conjectured
in [60] on the basis of a one-loop calculation (see previous subsections). We have
not been able to show this equivalence in general: one should compute (3.39) and
(3.43) for a generic contour on S? and compare the total result with (3.17). This
task seems particulary difficult, especially because we do not see any simple way
in which (3.39) and (3.43) could generate something proportional to (X2[C])2. In
the parent circular case, that corresponds to a contour winding the equator of S2,
two obvious simplifications appear: the vanishing of (3.39) and the constant be-
havior of the effective propagator, that allows an easy computation of (3.43). For a
generic loop on S? both properties seem to disappear, at least in Feynman gauge,
and the matrix model result could be recovered only through a delicate interplay
among interacting and double-exchange contributions. We are led therefore to
check, as first instance, the conjecture against a particular class of loops, for which
the calculation of (3.39) and (3.43) is relatively easy.

We will focus on a particular family of 1/4 BPS Wilson loops made of two arcs
of length 7 connected at an arbitrary angle § (see section 3.1) : another explicit
parametrization is

(‘713&27 0, —i;ii) for —oco<t<O0
x(t) = (3.44)
(%cosé, 1i%siné, %) for 0<t<oo

This path starts from the south pole of the sphere (0,0,—1) for (t = —0c0). When
t increases, we move along a meridian ¢ = 0 up to the north pole (0,0,1), which
is reached for (¢ = 0). From the north pole, we move back to the south pole along
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d

Figure 3.3: Stereographic Projection of the “wedge”.

(a) (b) (c)

N

Figure 3.4: Single-exchange diagrams

the meridian ¢ = ¢ and we again reach the south pole when t = +o00. Notice that
this parametrization for the contour is nothing else but its stereographic projection
on the plane.

Let us start by discussing, as a warm up, the lowest order contribution. For this
kind of loop the single exchange splits in three sub-diagrams: the diagram (a) and
(b) are equal, since we cannot distinguish the two longitudes. We have that

¢*N [° 1 ¢°N

(@) + () =20) =55 oo " /_; r2 E+1)(E+1) 16 (345)

The diagram (c) is given by

2 00 00 2 2
g*N —2t1ty + (112 + t2?) cos(d)
=< dt dt 3.46
(C) 472 /0 ! /0 2 (t12 + 1) (t22 + 1) (t12 + t22 — 2totq COS((S))’ ( )

where we have performed the change of variable to — —to. Next we pose t; = tow
and we integrate over 2. Then we get

(c):_4w2 0 Y1 (w?+1—2wcos(6))  4n?

PN [ log(uw) (07 +1) cos(d) —2w) __g2N (5 - 3r—95).

(3.47)
Summing the three different contributions, we find the first-order contribution

9*N

le(a)Jr(b)Hc):W

(27 — )5, (3.48)
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1 2 3 4

Figure 3.5: Double exchange diagrams: type (I)
consistently with the matrix model prediction (3.17) once one notes that

ArAz 627 —9)
A A2

(3.49)

The next step is to tackle the double-exchange diagrams, as first contributions at
order g*. Since the abelian part of these diagrams is given by 1/2 the square of
the contribution of order g2, as we have seen in the previous section, we shall focus
our attention only to the maximally non-abelian part. The relevant diagrams can
be separated in three different families, according to the number of propagators
with both ends on the same edge of the circuit. To begin with, we have the case of
diagrams of fig.(3.5). The contributions of diagram (Ia) and (Ib) are equal. Their
value is

0 =0+ 1 =20
N2 o 1 1
= / dtl/ dt?/ dt3/ b )2+ 1) (82 + 1) (B2 + 1)

g (
3072 '

(3.50)

Consider now the second family of diagrams represented in fig.(3.6). Again the two
diagrams are equal and we can write

(11) (HC) (I1d) = 2(Ilc)
N2 -1) 2 2
cos(8)t;+2tst1+cos(d)ts _
/dtl/ dt?/ dt3/ dty (t2+41) (£3+1) (¢241) (t2+2 cos(d) tat1 +13) (t3+1)

- 1 2 2
— cos(8)t]+2t3t1+cos(d)t:
- 877 /dtl/ dt?’/t:ZtQ/ dty (2+1) t2+1)(t§+1)(tf+2cos(a)t3;1+t§)(t§+1)'
(3.51)

The integration over to and t4 are trivial and can be performed analytically. We
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(c) (d)

2 3 4 4

Figure 3.6: Double exchange diagrams: type (IT)

0.5

Figure 3.7: Plot of D; as a function of § in the range [0, 7]. We focus our attention
to this interval because all the integrals possess the symmetry § +— 27 — 4.

have

™ 24+1) (B +1) (3 + 2cos(d)tsty + 13)

(N2 1) [> [0 tan~! (%) tan=1 (t3) (cos(0)(t? + t3) + 2tsty)
L
4 2 )

_g (N1

(3.52)

We could now perform the integration over ¢; since the integrand is a rational
function of this variable, but this is not particularly convenient. We would end
up indeed with a function of t; that we cannot integrate analytically, but only
numerically. For this reason, we start our numerical analysis already at the level
of D;. The result as a function of § is given in fig.(3.7).

We consider finally the last diagram contributing to the double-exchange. It is
schematically drawn fig.(3.8). The actual integral to evaluate for this diagram is
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(e)

3 4

Figure 3.8: Double-exchange diagrams: type (III)
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Figure 3.9: Plot of Dy as a function of ¢ in the range [0, 7.

given by
4 N2 -1 00 00 t1 ta
(IIT) = —g()/ dtl/ dt4/ dtg/ dts %
1674 0 0 0 0
((t12+t32) cos(8)—2t1t3) ((t22+ta?) cos(8)—2tats) _ g4(N2 — 1)D
x (t12+1)(t22+1)(t32+1)(t42+1)(t1272t3COS(5)t1+t32)(t2272t4 COS(5)t2+t42) = 167T4 2
(3.53)

where we have performed the following change of variables t3 — —t3 and t4 — —t4
and then we have rearranged the order of the different integrations. In this form,
the integration over ¢ and t3 can be performed analytically, while the residual two
integrations can be done numerically. The final result for Dy is plotted in fig.(3.9).

Having evaluated the double-exchange diagrams, we are left to consider the effective
contribution due to the interactions and summarized in the result (3.39) found in
the previous subsection. In order to write the actual integrals we have to compute,
we distinguish two cases: (A) when the legs of the vertex are attached to the
same edge of the circuit (see fig.(3.10)) and (B) when the legs of the vertex are
not attached to the same edge of the circuit (see figs.(3.11),(3.12)). The diagrams
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() (b)

Figure 3.10: Diagrams of type (A)

PV <

2 (a

Figure 3.11: Diagrams of type (B): set(1)

belonging to the family (A) vanish. To convince the reader let us consider , for
example, the first of the two diagrams that it is given by

2 2
647r /dtl /dt2 /dt3€ b ) T 2 1) (= ) (2 £ 1)

(3.54)
This integral is equal to zero because the integrand is antisymmetric in the inter-
change (to,t3), while the integration region is symmetric. We are finally left with
the diagrams belonging to the family (B). We have six diagrams: (1) three with
two legs of the vertex attached to first edge of the spherical wedge and (2) three
with two legs attached to second edge. The contribution of the two classes is equal
because our loop is symmetric under reflection with respect the longitude ¢ = /2.
We shall consider the first class only and we will multiply the result by two. Then
the total contribution of the interaction is given by the following integral

(@ 3 (b) 2 € 1

Figure 3.12: Diagrams of type (B): set (2)
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-0.25
-0.5
-0.75

ItOt

-1.25
-1.5

g4(N2 o ) o]
Liot i /dtldtgdtg, [(sgn(ts — t2) V1 + sgn(ty — t3)Va +sgn(ty — t1)Vs] =
0
_g' (N 1),
— 647'('4 tots
(3.55)
where
2 2_ cos 2
2(tata+1)((t12+13?) cos(3) -2 log< (5;213((532_ifjcosffffjisz)))
Vi= (#1241) (222 +1) (f3—t2) (£32+1) (t1 2—2t3 cos(8)t1 +132)
22 2_ cos 2
2131 1) -1 )t o) s () )
Ve = (124 1) (222 +1) (632 +1) (t22—2¢3 cos(8)t2 +132)
2 2 2 2 (t27t1>2(t32+1)
2((t2 —1)t3 COS((s)—tQ(tg —1))((t1 +t3 )COS((S)—2t1t3)lOg (t22+1)(t12—2t3 cos(5)t1+t32)
V3 =

(tl2+1)(t22+1)(t32+1)(t1272t3 COS(5)t1+t32)(t2272t3 COS(5)t2+t32) :
(3.56)

If we expand the logarithms in this expression, we can always perform one integra-
tion analytically: the argument of each logarithm always depends only on two of
the three variables. It turns out that one of the three integrations always reduces
to find the primitive of a rational function. As we have done before, the remaining
two integrations can be easily performed numerically and the result is given in
fig.(4.9). We can finally collect all the results to obtain the maximal nonabelian
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1.5

0.5

Figure 3.14: Plot of R as a function of § in the range [0, 7].

contribution at order g*:

b __ GHNZ 1) gH(N? - Up, _ g*(N? — Vp, + gHN? 1),
2 3072 8l 1674 64t
4 2 4 4 2
g*(N*—=1) (7 1 1 g*(N*—1)
=4 (L _p4+-Dy—-1,)=-2" —"p
grrd 384 1T gt gt grrd

(3.57)

The plot for R is given in fig. 5.7. We can easily perform a fit of the numerical
result R with a polynomial of the following form P(§) = coé?(2r — §)2. This
particular dependence is necessary in order to be in agreement with the conjectured
relation with the zero-instanton sector of pure Yang-Mills theory on the sphere. The
coefficient ¢ is easily determined and it is 1/(48). The difference between R and
the polynomial P is less than 10~® over the whole range of the value of 4.

Thus we have
g'(N? — 1) A7 A3

mnb __ 94( 2 2
W3 = — S 0 (2m — 0) = = r (3.58)

and after the inclusion of the abelian contribution

OB GNP 1) AR gl N 1) A3 AR
L _

Wy 8 A+ 24 At T 24 Al

(3.59)

coincides exactly with the g* order expansion of the Y My prediction (3.18) [71].

3.4 Wilson loops at Strong Coupling

In this subsection we review the construction of the string solutions dual to this
class of Wilson loops defined on S2. We begin with the simple case of the 1/4 BPS
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latitude well studied in [84, 85] and then we will analyze the operator duals to
the "wedge" Wilson loops. Afterwards we will evaluate the string action on these
solutions to confirm at strong coupling the conjecture proposed in the previous
subsections.

Since all the operators that belong to this class are restricted on a S3 inside S*
(x4 = 0) the dual solutions will lie on a subspace of AdS5xS® namely on AdSyxS2.
Its metric can be written as

2 _ L2

ds )2 (dy2 + dr® + r2de? + dazg) + L? (d52 + sin? (5dg02) (3.60)

where the first part is the metric of the AdSy space with (r, ¢) the polar coordinates
in the plane (1, 22) and the second one is the standard metric on S?. The boundary
of the string ends along a closed loop C' described by

x, = (0,7 =sinby, ¢ = 7, x3 = cosby) 0<7<2nm (3.61)

and dp = 7/2 — 6y. To calculate the action we make the ansatz

y =1y(o) r=r(o) d=0(c) ¢=p+m=T (3.62)

where 0 < ¢ < oo and 7 are the coordinates of the worldsheet and where the
phase difference of m between ¢ and ¢ is a consequence of the supersymmetric
construction on the gauge side. The Lagrangian in conformal gauge reads

L2 | (dy\* [dr\® do\? 5
e Y - — in (0)°] . .
L e [(do) + (da) +r <da> + sin (6) (3.63)
The solutions to the equations of motion (3.65, 3.66, 3.67) and to Virasoro con-
straint (3.64)

+ 12

dy\*> [(dr\?® [(d6\? 5 5 o . o.
(da> +<da> +<da> y°—r°—y“sin“d = 0 (3.64)
d*y dy\? dr\®
(&)= (@) +(&) " -0 6w
d*r 2 (dy dr
()3 (@) (@) =0 ew
d%s :
<M>—sm5cos5 =0 (3.67)
are given by
Sin90 1

= sin fp tanh = ind = —— .
y=sinfptanho 7= ——— sin cosh (00 5 0) (3.68)
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where the integration constant og is fixed by demanding that at o = 0 we have
sindgp = 1/coshog = cosfy. Evaluating the classical action on (3.68), after the
addition of the boundary term, we obtain

S—\F/\/ da( L L + ! )——sinﬁo\a
0

cosh?o sinh?c  sinh?o | cosh? (00 +0)
(3.69)

and thus the VEV of the Wilson Loop at strong coupling is equal to

(W) ~ exp {\5 sin 00] (3.70)

that matches with the prediction (3.17). To be more precise there is another
supersymmetric configuration that corresponds to a worldsheet that wraps the
other part of the dual S? C S° (and with opposite regularized action respect to
(3.69)):

y =sinfptanho  r= sing = ———— (3.71)

Both solutions, the stable (3.68) and the unstable one (3.71), appear as saddle
points in the larger A limit of the gaussian matrix model.

Now let us consider the configuration dual to a quarter BPS Wilson loop made of
two longitudes at angle §. The basic idea for finding this minimal surface is the
following; one solves the equations of motion for a configuration made by a cusp in
the origin with opening angle § (see fig.(3.3)) and afterwards performs a conformal
transformation that map the cusp to the wedge on S2.

To begin the analysis we consider the AdS3 x S' subspace with a metric given
by

L2
ds® = 7 (dy? + dr® + r?d¢?) + L* dy? (3.72)

Then in terms of the worldsheet coordinates ¢ and 7 we make the following
ansatz

N
—~~
2
ASS

|

(o)
(o). (3.73)

y = p(7)sin
r = p(T) cos (

=

2

©
|

The lagrangian in conformal gauge thus reads

1 dp\? 1 dv\?  cos?v (d(b 2 dp\?
L=—FFF |-+ — — — 3.74
p?sin? v <dT> * sin? v (da) * sin?v \ do * do (3.74)
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and the Virasoro constraint is given by

1 (dp\*® [dv\? ) do\? do\

2 <d7’) = <da> + cos” (v) o + sin” (v) =) (3.75)
From the equation of motion for p, it is straightforward to obtain p = sge®”.
Subsequently we can recast the Virasoro constraint (3.75) in the more manageable

form ) ) )
dv do . dy
2 92 2 2
“or= (da) sy <da> o <d0) ' (3.76)

Since in (3.74) the ¢ and ¢ dependence is trivial we can find two conserved quan-
tities (the canonical momentums conjugates to them)

cos? (v) (do dy
Po = sin? (v) (da) Pe= (da) ' (3.77)
In the BPS case one can show that Py = P, and the system of equations becomes

more simply to treats. Indeed, we can set a = Py = P, and as a consequence we
find that (3.75) takes the form:

2
<3(I;> = a*(p? — tan®v), (3.78)

that can be easily integrated and gives

siny =

psin (a p?+1 O')
| : (3.79)

WE

Now it is simple to solve the other equations and we find

d
(SD> = Qa —_— (,0 = o a
do

2 /1 2
09521/<d¢) =a—tan(¢+aoc+c) = tan (a0 —I-p).
sin“v \do /1+ p2

The constant p is related to the angle of the cusp d in the following way. The
variable ¢ is the polar angle on the plane defined by the cusp and thus on the
boundary (y = 0) we have that for 0 = 0, ¢ = 0 while for ¢ = 7 we must impose

_ : _ _ 1
¢ = d. We obtain Cl—O,CL—TanDd

S=n (1 - @) (3.80)

At this point we have to perform a conformal transformation that maps our solution
on the two sphere. In other words since a conformal transformation in the gauge
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theory is reflected into an isometry in AdSs we have to find an isometry on this
space that reduces to the usual stereographic projection on the boundary. Working
in global AdS coordinate R, 8, ¢, v, where the metric is

ds? = L*(dR? + sinh® R(d6? + sin® 0d¢?) + dp?) (3.81)
the conformal transformation send € and ¢ into itself and

(1+ 0%

cosh R = -
2psinv

sin #sinh R = cot v (3.82)

After the inclusion of the Jacobian, the action in the new coordinates reads

.12 .
S_ Q AR do p sinh” Rsin 6

Coom Vp?sinh? Rsin62 — 1

(3.83)

This terms is naturally divergent and to make it finite we have to add as usual
a boundary term, namely the Legendre transform of the original Lagrangian with
respect to the coordinates orthogonal to the boundary. The boundary terms that
we have to add is

Sp— 2 / " p?sin @ sinh R?(1 + sinh? Rsin? ) — sin @ cosh R? (3.84)
2 p (sinh? Rsin? 6 + 1)y/p2 sinh® Rsin? 6 — 1
that together with (3.83) give
1 h
S =V (coshR—sinhR— ~/1+2+COtR> =
/ 2
> (3.85)
1
™ 1+ p?
Using eq. (3.80) we immediately obtain
Ao(2m — 6
S = —(:). (3.86)

So the VEV of a Wilson loop on a circuits made by two longitude at angle ¢ is
given by

(3.87)

s

N2 — 6
(W) ~ exp !()]
that is the same behavior of (3.17). Again to match the numerical coefficient we
have to take into account the zero modes of the fluctuations around this minimal
surface.
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Despite these particular examples, a systematic study of the solution dual to the
operators defined on S® has been done in [60, 80]. A nice geometrical picture
comes out in the analysis of [60] : the authors have shown that the dual string
worldsheets are pseudoholomorphic surfaces with respect to an almost complex
structure J defined on AdSy x S2. Writing the metric of this subspace as

1 o
ds® = Z—zdaz“daz“ + 22dy'dy’ (3.88)

with u = 1.4, i = 1,2,3 and where 272 = g%y, the string solution X (7,0)
satisfies the equation

IN 0 XN = \/geasd’ XM (3.89)

where M = 1...7, \/g is the determinant of the worldsheet metric, € is the usual an-
tisymmetric symbol (€;, = —1) and the almost complex structure J in component
is given by [60]

J) = 2ol,y JI=2Pel 0t = =2 T = —Pet. (3.90)
Intriguingly the author of [60] found that the solutions of (3.89) are supersymmet-
ric and automatically satisfy the Virasoro constraints and the equations of motion
for the AdSs x S5 o-model. Moreover they have explicitly shown that these con-
figurations preserve the same supercharges of the dual Wilson loops on S2. The
action of a surface obeying (3.89) is given by

VA

T oor Jy

S (3.91)

where J is the two-form associated with the complex structure J. To be more pre-
cise from (3.91) we must subtract a boundary term that cancels out the divergences
and as usual reads

e
SB = /82 dr z E (392)

with z the radial AdS coordinate (orthogonal to the boundary).

Another interesting check of the conjecture at strong coupling has been found
in [80]. Indeed it was shown that under an arbitrary small perturbation of the
boundary loop C' — C + 6C such that both the loop and the perturbed one live
on a S?, the variation of the action reads
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5S = —FSA (3.93)

where F is a constant and where A is the area enclose by the loop C. In other
terms the authors prove that the string action is invariant under an arbitrary
deformation of C that leaves the area unchanged. This fact is very nice since the
conjecture N'=4 SYM/YM; is expected to hold at strong coupling and thus the
string configurations must have the same properties of the YMy theory (that, as
we know, is invariant under area preserving diffeomorphism).
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Chapter 4

Wilson Loops on Hyperbolic
Space

4.1 Introduction

In this chapter we will discuss a family of Wilson loops in Minkowski space-time
that has been considered for the first time in [90] and that is closely related to the
one constructed on S3. The loops lie on a three dimensional hyperbolic space Hj
(Euclidean AdSs3) and generically they are 1/16 BPS operators. In particular we
will focus on a sub-class of these operators, namely when the loops are restricted
to live on Hy C Hs. Such loops are interesting since they are asymptotic to the
light-cone and thus they are similar to light-like cusped Wilson loops that have
been used to calculate scattering amplitudes. Moreover, as we will see they are
expected to be fully captured by a gaussian matrix model.

Indeed a first order computation suggests (at least for compact shape) the equiva-
lence between the N' =4 SYM calculation and the analogous computation in YMs
on a Hy, captured by [90, 92]

1 A(A + 4m) g5, A(A + 4m)
Whvm, = NLJIV_1 <9§d 4ﬂ_> exp [—;d x| (4.1)
after the identification of the couplings
2
2 9
= 4.2
924 e (4.2)

and where A is the area of the region enclosed by the loop. For non compact loops
the situation is more involved since is not clear how and if the reduction to the 2d
Yang Mills works.
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In the following sections, after the analysis of the supersymmetric properties of
these observables, we perform a perturbative two-loop computation in order to
check the relation with the result (4.1)(at least perturbatively).

4.2 Supersymmetric Wilson loops on Hj

The Wilson loops that we will analyze are defined on a hyperbolic sub-manifold of
the Minkowski space [90, 91| defined by the constraint

—xi+ai+ a3 +ai=1. (4.3)

Essentially these operators are constructed from those that live on a three sphere
presented in chapter three by a Wick-rotation; indeed the invariant one-form de-
fined on a two sphere (3.2a), (3.2b) and (3.2c) can be rotated into

wy = 22! —2'da® +i(2?dx® — 23da?) (4.4)
wy = 2%d2® — 2%da® +i(2%dxt — xlda?) (4.5)
wy = ada® — 23da® + i(atda? — 2Pdat)

to define the couplings to the three scalars. The Wilson loop in terms of the
modified connection

A=A, dat 4 iwMig" (4.7)

where M} is a 3x6 matrix (with MM " is the 3 x 3 unit matrix), can be written
as

1 s
W = NTrPexpj(I{iAds. (4.8)

If e(x) = o+ aH,€1 is the conformal Killing spinor with €g and €; constant spinors

that generate respectively the supersymmetric and the superconformal transforma-

tions, the variation of a generic loop on Hs can be recast in this manner
ittt = Miplet

Lo (49)

€, =¢ =0

where 7¢ are the Pauli matrices, the p’ belong to the Clifford Algebra of SO(6) and

e(jil = %(1 +v5)ep,1. In the first line one can reads three independent equations that

together with the constraints €] = ¢; = 0 reduce to two the number of supercharges
preserved. Restricting the curve to Hy doubles the number of supersymmetries;
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indeed in that case, the vanishing of the supersymmetric variation of the operator
gives

1701 €1 = P175€0
02 €1 = p*7€o (4.10)

3.5
Y12 €1 = P Y €0,

and thus a generic contour on this subspace will be 1/8 BPS object. In the same
notation of appendiz A, the preserved supercharges read

Q" = (im); Q¥ + ()2 ™S Q" = (—iT1)gq Q¥ + (11)** ™ Ssap (4.11)

(a = 1,2). If instead we choose a particular contour, supercharges preserved can
be more than four, for example the hyperbolic line and the circle are respectively
1/2 and 1/4 BPS objects [90].

The two-loop computation for a generic circuit appears cumbersome to analyze
and so we choose a particular shape for the Wilson loop. In the next section we
study numerically an operator defined on a circuit C made by two finite rays with
a cusp in the origin at opening angle § plus an arc that closes the contour (see fig.
4.1). This circuit is the "analogous" of a truncated wedge on the two sphere. We
parameterize the contour C as follows

x# = (cosht,sinht,0,0) —0<t<0 (4.12a)
y"* = (cosht, —sinhtcosd, —sinhtsind,0) 0<t<o (4.12b)
2zt = (cosh@,sinhfcost,sinh@sint,0) T—d<t<m (4.12¢)

where 6 is the hyperbolic angle of the arc and d is the opening angle of the cusp.
Along the three edges the couplings with the scalars are defined trough the one-
forms

wy = (1,0,0) (4.13)
wy = (—cosd,sind,0) (4.14)
w, = (—cosh@sinh@sint,cosh@sinhf cost,isinh?f) (4.15)

Since the supersymmetric variation for this particular type of Wilson loop can be
rearranged as in (4.10) (case of the generic circuit), these operators are 1/8 BPS
objects.
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T 20

Figure 4.1: Area on Hy delimited by the Wilson Loop

4.3 Perturbative Calculation

Two-loop expansion for Wilson loops on Hy

In this section we discuss the expansion at the first two perturbative orders of
a supersymmetric Wilson loops lying on the contour defined in (4.12) inside Hs.
We work in Feynman gauge and we will need to adopt a regularization procedure
(dimensional regularization) since, as we will see, divergent diagrams appear in
intermediate steps of the computations. Nonetheless the final results for a compact
contour will be finite like it happens for the case of the Wilson loop on the two-
sphere [75].

We begin considering the effective gluon-scalar propagator that in 2w dimensions
reads as

P(w —1) cap—2i(n1) - 25(12) +wi(n) - wj(12)

(1 19) =
A (T1,72) = (zi(m1) — xj(TQ))2)w—1

i (4.16)
Since at g2 order the equivalence with the Y My computation is shown in reference
[90] here we directly pass to analyze the g* order where interactions must be taken
into account. Different terms contributes to the expectation value and not all of
them are finite; for this reason a dimensional regularization procedure has to be
introduced. We skip technicalities of the divergencies cancelation and report them
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in the appendiz F since they are quite similar to the case of the Wilson loops on
the two sphere well analyzed in the previous chapter.

In summary when one considers the term coming from the so called bubble dia-
grams, the divergent part cancels exactly the divergence of the three vertex ( of
the type AAA + A¢¢ ) and finds a completely finite result. The only surviving
contribution Zio; from the sum of the spider and the bubble can be written as a
relatively simple convergent integral as

g*(N?—1)
12874

jgdtldtgdt?ﬁ(tl, ta, tS)(wa e $;$3)
(3 —x1)

" (x3 — 2) - &2 log <(1:2 - x1)2> '

(z3 — 22)? (z3 —21)?

Itot =

(4.17)

Then we have to consider the double-exchange diagrams in the perturbative expan-
sion of the Wilson loop that can be written as

?\j fc dtydtadtzdtsO(t; —1t2)0(to —13)0(t3 —ts)(Tr[A(t1)A(t2).A(t3)A(ts)])o. (4.18)

The effective propagator has the color structure A®(ty,t5) = §%A(t1,t2) and the
relevant Green function can be written as
1
(Tr[A(t1)A(t2)A(t3)A(ts)])o = 5Tr([T”,Ta] [T°, T A(t1, t3)A(ta, ts)+

+ Te(TTOT T?) [A(t, ta) A(ts, tg) + A(ty, t3) A(ta, ts) + A(ty, t4) A(ta, t3)] -
(4.19)

As usual this formula can be rearranged as a sum of two contributions: the so-called
abelian part that is exactly 1/2 the square of the single-exchange contribution and
the maximally non-abelian part respectively given by

1 92N (wm'wm _'%"1'1"2) ?
5 (87T2 ﬁdtldtz 3 (4.20)

(71 — x2)
and

1/ N2

SN2 —1)

- dt1dtodtsdt,0(t1 — t2)0(ty — t3)0(t3 — ¢t
Y 7401234(1 2)0(ta — t3)0(ts — ta)x

(wm ‘Wgg — ) "7;13)(“)3?2 ‘Wry — x'2‘i4)
(:Ul — x3)2 (374 — .732)2

(4.21)
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Figure 4.2: Single-exchange diagrams

Numerical Calculation

In the present subsection we will provide a fourth-order numerical evidence that
the supersymmetric Wilson loops lying on Hy are equivalent to the usual, non-
supersymmetric Wilson loops in the zero instanton sector of the Y My on Hy. We
consider the loop as described in (4.12) with a fixed 6 angle (we analyze three
different @ = 0.75,1,1.25). Let us start by discussing the lowest order contribution.
At this level the diagram that contributes are those in figure (4.2). The diagrams
(a) and (b) are equal, since we cannot distinguish the two ray. We have that

2 6 2
B _ 9 N _ A0
() + (0) = 2(a) = ~ 45 /0 dndty =~ (4.22)

The diagram (c) is given by

2N o s : 2
_ 9 Nsth/ __)\smh95
(C) = 73271_2 ) dtl dtg = 7327[_2 (4.23)
Diagrams (d) and (e) are also equal
0 pm . _ .
(d) = (¢) = / / ' )\Slnh(c?)(cosh(tl) cosh(#)) sin(ts + 0) dtrdty
0 Ja_s 16m2(sinh(ty) sinh(0) cos(te + ) + cosh(t1) cosh(f) — 1)

(4.24)
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R[¢]

03¢}
025
02}
015}
0.1
0.05 |

1 2 3 4 5 6
Figure 4.3: Plot of R[d] as a function of § in the range [0, 27| (0 = 0.75 (red), 1
(green), 1.25 (blue))

The last diagram that contributes at this order is given by

/ / (cos(0)(cosh(ty) cosh(ta) — 1) + sinh(t) sinh(t2)) dtvdts (4.25)

1672 (sinh(t7) sinh(t2) cos(d) + cosh(t1) cosh(ta) — 1)

Then we sum all the different contributions and evaluate numerically the result for
three configurations with 6 = 0.75,1,1.25. Defining the function R(d,6y) as

(W) = —\R(5, 6p) (4.26)

we can plot it as a function of the opening angle ¢, finding the result shown in figure
4.3. Consistently with the calculation of [90], if we note that for our particular
choice of the shape the area enclosed by the loop is given by

A = 26 sinh? (Z) (4.27)

we can see that R[5, 0] is in agreement (up to relative error of 1077) with the Y My
prediction (the first order expansion of the matrix model 4.1) after the rescaling of
the coupling constant (4.2)

A(A + 4m) A Adsinh? (4) (20 sinh? (§) + 47
W)ym, =1- AA T A7) 3%2”) =1- (2) (167r2 ) ). (4.28)
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\ (df) 7
\ (dl) 7 x (dm) 77 \ (dn) 7
(do) (dp) W

Figure 4.4: Double-exchange diagrams

(da)

The next step is to taken in account the double-exchange diagrams, as first contri-
butions at order g*. We shall not consider the abelian part since these diagrams are
given by 1/2 the square of the contributions of order g2 (see the previous section)
but we shall focus to the maximally non-abelian part. The relevant diagrams are
depicted in figure 4.4.

To begin, we consider the equivalent diagrams (da) and (db) of fig.4.4. Their value
is given by

_ 1) _ g'(V?-1)8"
(da) + (db 2 db / dtl/ dt2/ dtg/ dt4 1287‘(’4 = — 30727T4 .
(4.29)

For the diagram (dc) we can write
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(dc) _ /7r it /t1 dts /t2 dta /.tg ds g4(N2 _ 1) sinh4(9) _ _g4(N2 _ 1) sinh4(9) 64 .
T—0 Jr—§ - Jr—6

25674 61447+
(4.30)
Consider now the diagram (dd) (equal to (dh) ); we have
t1 t2
(dd) = / dt4 / dty / dt / dt
=0 (4.31)

g*(N? — 1) sin(t) sinh®(6) (cosh(#) — cosh(t4))
256774( cos(t2) sinh(t4) sinh(6) 4 cosh(t4) cosh(f) — 1)

The integrations over ¢; and t3 are trivial and can be performed analytically to
obtain

B B O g*(N? — 1)ty (0 — t2) sin(ty) sinh(#)(cosh(tz) — cosh())
(dd) = (dh) = /0 dty . dtz 25674 (— sinh(t2) cos(t4) sinh(6) 4 cosh(tz) cosh(f) — 1)’
(4.32)

which can be evaluated numerically. Diagrams (de) and (df), respectively equiv-
alent to (dg) and (di), are of the same type of (dd). Indeed two of the four
integrations over the circuit variables can be done easily remaining with the inte-
grals

t2 (6 — t2)(cos(d)(cosh(tz2) cosh(ts) — 1) — sinh(t2) sinh(t4))
(dd) /dt2 /dt4 2567?4( sinh(t2) sinh(t4) cos(d) + cosh(tz2) cosh(ts) — 1)
(4.33)

dta [ dts 4(N? — 1) t2 6(t26 — 0) sinh®(8) sin(t26)(cosh(t40) — cosh(0))
/ 4/ 2567r4 —sinh(#) cos(t20) sinh(t40) 4 cosh(6) cosh(t40) — 1)
(4.34)

Other double exchange diagrams are (do), (dl) (respectively equal to (dg), (dn)),
(dp) and (dm). They can be written as

i 4(N? — 1) sin(t3) sin(t4) sinh?(6)
/dtl / diz /dt3 / dts (2 sinh( t1 cos(t;)smh(@) — 2cosh(t1) cosh(0) + 2)
(cosh(#) — cosh(t1))(cosh(#) — cosh(tz2))
6474(2 smh(tg) cos(t4) sinh(0) — 2 cosh(tz) cosh(f) + 2)

(4.35)
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DE(6)

—0.005

—-0.0101

-0.0151

Figure 4.5: Double-Ezchange diagrams as function of § in the range [0, 27], (6 =
0.75 (red), 1 (green), 1.25 (blue))

0 0 4(N? — 1) sin(t3) sinh() (cosh(t1) — cosh(6))
_/Odt4 /Odt1 / dtz /dt3 — sinh(t1) cos(ts) sinh(#) + cosh(t1) cosh(f) — 1)

(cosh(t2) cosh(ta) cos(d) — sinh(t2) sinh(t4) — cos(d))
25674 (— sinh(t2) sinh(t4) cos(d) + cosh(tz) cosh(ts) — 1)

(4.36)
£ — 1) cosh(t1) cosh(ts) cos(d) — sinh(t1) sinh(ts) — cos(d))
/dtl / déz /d2t4 /dt3 — sinh(t1) sinh(t3) cos(d) 4 cosh(t1) cosh(ts) — 1)
(cosh(tz2) Cosh(t4) cos(d) — sinh(t2) sinh(t4) — cos(d))
25674 (— sinh(t2) sinh(t4) cos(d) + cosh(tz) cosh(t4) — 1) s
0 g*(N? — 1) sin(t2) sinh?(0) sin(t1 — §)
B /OdtQ/ dh /dt4 /dtS (— cos(t2) sinh(t3) sinh(#) + cosh(ts) cosh(#) — 1) (4.38)

(cosh(t3) — cosh(#))(cosh(0) — cosh(ta))
25674 (— sinh(t4) sinh(6) cos(t1 — ) + cosh(t4) cosh(d) — 1)

Summing up all all double-exchange diagrams and defining the function DE|d, 0]
(0o fixed) as

Doubled-Exchange = ¢*(N? — 1)DEJ[6, 6 (4.39)
we can plot the result in figure (4.5). Having evaluated all ladder diagrams, we

move to analyzing the more complicated interaction diagrams. In order to write
these integrals systematically, we distinguish three different cases:

e (A) when the three legs of the vertex are attached to the same edge of the
circuit (see fig.4.6, diagrams I-11I )

e (B) when two of the three legs of the vertex are attached to the same edge
of the circuit (see fig.4.7, diagrams TV-XXT )
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, 0 /N () 7 \ (1) 7

Figure 4.6: Interactions diagrams - (A) type

(VII-VII-IX) (X-XI-XII)

(IV-V-VI) (XHI-XTV-XV)

(XVI-XVIEXVII) (XIX-XX-XXT)

Figure 4.7: Interactions diagrams - (B) type

e (C) when all legs of the vertex are attached on different edge of the circuits
(see figs.4.8, diagrams XXII-XXVII ).

The diagrams belonging to the family (A) vanish, in fact the integral

4 2 0 0 0 COth( to—t3 ) log 1—coth(t1—t2)

g (N _ 1)/ / / 2 1fc0th(t17t3)

Y] dt dt dts e(ty,to,t (4.4
647t ), 1 ; 2 ; 3 €(t1,t2,13) F1o.1 (4.40)

is equal to zero because the integrand is antisymmetric in the interchange (t2,t3),
while the integration region is symmetric. We are finally left with the diagrams
belonging to the family (B) and (C), in total twenty-four non vanishing dia-
grams.

Here we only report the general formula for the total interactions, self-energy plus
three vertex contributions and we remaind the reader to the appendiz G where all
interaction integrals are written explicitly. In summary we have to evaluated the
formula
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(XXII - XXVII)

Figure 4.8: Interactions diagrams - (C) type

INT(5)

—0.00021

—0.00041

—0.0006

—0.0008

Figure 4.9: Plot of all-interaction diagrams as a function of § in the range [0, 27],
(0 =0.75 (red), 1 (green), 1.25 (blue))

4 2

9 (N - 1) 7{ (w$3 "Wy — 'xl'xi’))
= ¢ dtidtadtze(ty, to, t3)
1287T4 1 2 36( 1,02,03) (.fU3 . $1>2

X (x3 — @2) - @2 log <(x2 — x1)2> |

(z3 — 22)? (z3 —21)?

Itot =

(4.41)

for the case B in which two of z1, x2, 23 variables are on the same edge and in the
case C where each variable (21,22, 3) is on a different edge. After writing down
all the integrals, they can be evaluated numerically with Mathematica. Defining
the function INT[d, 6] as

Total Interactions = g*(N? — 1)INT/[6, 6 (4.42)

it can be plotted in the fig.(4.9). At this point we can collect all the numerical
results, doubled-exchange plus interaction diagrams, to obtain the maximal non-
abelian contribution at order g*. If we define
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R(6)

—-0.005+

-0.010+

-0.015

Figure 4.10: Plot of R[§] = INT[d] + DE[d] as a function of § in the range [0, 2], ( 6
=0.75 (red), 1 (green), 1.25 (blue))

R[5,60] = INTI[5,600] + DE[5, 0] (4.43)

we plot R[0, 0] as a function of the opening angle 0 (for 0y fixed) in fig.(4.10). In
the next steps we perform a polynomial fit of the numerical result R[d]; we find
that this function is well fitted by —% the square of the contribution to the single
exchange

. . 2
R[5,0) = —é <5smh2 ) (215;2}12 (3)+ 4W)> . (4.44)

Indeed the relative error between the numerical calculation and the polynomial that
fits it is less than 107 in the whole range of the opening angle (0< & < 27). If we
add also the abelian part that is % of the square of the single exchange contribution,
we obtain

(Wgs = ( 2 6 1672

IN? 41 <5sinh2 () (26sinh? (2) + 47r)>2

g'N? AN 1)) <5sinh2 () (26sinh? (4) + 47r)>2

4.45
6 1672 (4.45)
If we use eq.(4.27), it is easy to see that previous equation coincides precisely with
the result of the Wilson loops computation in the zero instanton sector of the Yang
Mills 2d on the Ha. In fact the perturbative expansion of the matrix model (4.1)
(up to order g%)

A(A+4m)A N A% (A + 47)2g4(2N? + 1)
8T 38472

exactly coincides with (4.45) after the usual rescaling of the coupling constant.

(WY =1- (4.46)
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Chapter 5

Correlator of Wilson Loops

5.1 Introduction

In the present chapter we study in detail the correlators of two Wilson loops on
S? introduced in the previous chapters. A similar analysis for the correlators of
Maldacena-Wilson loops has already been done in [93, 94, 95| where these operators
have been studied both at strong and weak coupling. First of all, after a brief
review of the supersymmetric properties of the correlators, we extend the conjecture
analyzed in the previous sections; we derive a general formula valid for any coupling
constant g and any value of NV for correlators of BPS Wilson loops with arbitrary
contours on S? in terms of the multi-matrix model governing the zero instanton
expansion of YMs.

To check our conjecture we report some interesting test. Perturbatively a higly
non-trivial computation in NV = 4 SYM for the correlator of two latitude has
been performed (up to g order) finding for two particular configurations a nu-
merically agreement with the matrix model prediction. Afterwards we investigate
analytically the limit where one of the two latitudes shrinks to zero size: since our
non-perturbative formula is an order by order polynomial in the shrinking radius,
the absence of logarithmic terms is a crucial test of the matrix representation. We
find indeed the absence of leading logarithms in the shrinking radius, a quite non-
trivial result, differing dramatically from the analogous computation of non-BPS
correlators [94] where logs are present. Interestingly, by analyzing the OPE of the
shrinking Wilson loop one can relate the absence of the logarithmic terms to the
protection of a local operator which may be expressed as the trace of the square of
a twisted field strength.

Finally we can take the large N and strong coupling limit and try to compare
it to the NV = 4 correlators from the string side. In the limit where the two
latitudes shrink to opposite poles on the sphere, this calculation reduces to the
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semi-classical exchange of supergravity (SUGRA) modes between the two string
worldsheets describing the Wilson loops at strong coupling. We find that at leading
order in the large-separation limit, the matrix model result seems to capture the
exchange of the SUGRA modes dual to a certain chiral primary operator. Other
modes, dual to other protected operators present in the weak coupling OPE, has
also been carefully included but while reproducing the geometrical dependence of
the matrix model result, we find a mismatch in the numerical coefficients.

5.2 The conjectured matrix model description

In this subsection we try to argue that the correlator of two (or more) Wilson-loops
of type (3.3) might be an exactly solvable quantity since it belongs to a topological
sector of N' = 4. In particular we focus our attention on the problem of writing
a general formula for the correlator of two Wilson-loops. The starting point is
to recall that, as we have seen in the previous sections, the expectation value of
one Wilson-loop appears to be computed by the matrix model governing the zero-
instanton sector of YMy on the two sphere [59, 75, 76]. Since as we will show the
single Wilson loop and the correlator generically share the same symmetries we
expect that this equivalence also extends to the case of correlators. Therefore we
conjecture that

The Correlator of two DGRT Wilson loops on 52
in V' = 4 Supersymmetric Yang Mills theory

The Correlator of two Wilson loops on S?
in the zero instanton sector of YM,

The construction of the matrix model governing the zero instanton sector of YM,
is quite simple since YMs is an almost topological theory (it is invariant under
area-preserving diffeomorphisms) and its observables can be computed with the
help of some simple string-like Feynman-rules [10]. For the present computation
we need just three ingredients: the cylinder amplitude (heat-kernel propagator),
the disc and the Feynman rule for the observable, i.e. the Wilson loop. The first
quantity is represented in fig.(5.1) and is given by

24

A 24
K(A;Ur,Up) = (Uale™ 2 [U1) = > xr(Un)xh(Uz)e™ 2 ), (5.1)
R

where A is the area of the cylinder and the sum runs over all the representations
R of U(N). The amplitude also depends on the two holonomies U; and Us defined
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U, )

A /
- 7

Figure 5.1: Propagator

on the two borders of the cylinder. There is a dual representation for the cylinder
amplitude where the sum over representations is replaced with a sum over the
instanton charges

(g°A)~ N2 PH(N-1)Y & 1 - N2
K(A; U1, Uz) = Y N ICANIED] > (1) P | ~537 Z(@-@Pm +2mit;)? |,
PeSyn tezN i=1

(5.2)
where {e"} and {e'®'} are the eigenvalues of the matrices U; and Us respectively

and 0o
0;) = [[2sin |~ ).
J(6;) H sm( 5 )

i<j

The disc is obtained from (5.2) by choosing one of the two holonomies to be trivial,
namely equal to the identity. Finally, the insertion of a Wilson loop with winding
number 7 is realized by introducing the factor Tr(U™) at the border of the cylinder.
The amplitude for the correlator of two non-intersecting loops with winding num-
bers n; and ng is schematically represented in fig.(5.2), and the corresponding
expression is given by the following two-matrix integral over the unitary matri-
ces:

A 1 n n
W(Al,Ag) :m/'DUlpUQTI‘(Ul 1)Tr(UQ 2)]C(A1; 1, U1)K(A3; Uy, UQ)IC(AQ; Us, 1) =

N

1 ~ , .

=23 > /dNGquSJQ(Gi)JQ(qﬁi) S eimbrtinads |
PeSN £,m,sezN rs=1

N2

(g2A) "2

N
oY (=)= 23 & A(; + 278;) exp (- ! > (6 +27r€i)2> X (5.3)

29241 {

N

(g%A3)~N/2 PH(N-1)Y s; 1 2
X (-1 Siexp | ————— i — Op(s) + 27mis;
J(0:)J (¢i) = 292 A3 ;((b PG )

_N2

(g%A2)” 2

N
@) (1)(N_1)ijjA(¢j+2Trmj)eXp( : Z(¢i+27rmi)2>7

292 Ao

=1

A being the Vandermonde determinant.

The amplitude W(A;, Ay) is related to the true correlator by the relation W(A;, Ay) =
ZW(A4, As), where Z is the partition function of YMy on the sphere. We can ex-

tend the region of integration over the entire R?" by means of the sum over ¢ and
m and we can rewrite the above expression as
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K(A 3:U,U,) THUR)

Figure 5.2: The string-like Feynman-diagram for the correlator of two Wilson-loops.

N

4 2
WAL Ag) = (g*A142)~ ¥ g°A3)" 2 Z Z DPHN-DY s [ gNggN ( Z einler+i”/2¢s) «

2N
NZ PeSN sezN JR r,s=1

N

N
1
A(0;) A 07 — —— i — Opy + 2mis;)? — e
x A(6;) (¢)exp< 2924, Z 292A32(¢ (i) + 2mis;) 292 A, ;:1(25:

(5.4)

The result (5.4) is the exact amplitude and it contains all instantonic corrections.
To single out the zero-instanton sector of this amplitude it is sufficient to con-
sider the case where all instanton numbers s; vanish. If we introduce the diagonal
matrices © = diag(fy,...,0n) and ® = diag(¢q,...,on), using the Itzykson-
Zuber integration formula and defining the hermitian matrices V3 = U -10U and
Vo = V®V ! we can recast the original integral as the following hermitian two
matrix model for the correlator of two Wilson loops

A1HA3 myy2yo A2EA3 pyp2yp Ly, v
/D%D%e%uwsdl)%“w3“2HFEr“2)

W (As, Az) = Tr(e™ V1) Tr(e"") =

CNN2
/D‘/lDVQQ 292A Tr(v12)72921A2’I‘r(v22>72921f’3Tr((V17V2)2)Tr(ein1V1)Tr(ein2v2)
CNN2 )
(5.5)
where the normalization is chosen to be
_ _A1t+Ag 2y_ _Ag+Ag 2 1
Cy = / DV, DVye 20aa5 (VD)= 520500; Tr(Va)+ o Tr(hve) (5.6)

Actually, in the sector s; = 0 of (5.4), the angular integration can be performed by
means of an expansion in terms of Hermite polynomials and by exploiting the rela-
tion between integrals over Hermite polynomials and Laguerre polynomials. Then
one finds the following finite IV closed expression for the connected correlator

W (A1, As) — W(AW (Ag) =

_ 1 (Arda(mina)®tAs(niArin3ag))e® g% (Azny + Az(n1 + n2)) (A1(n1 + n2) + Asng)
_ﬁe 2A LN*I n —+

1 («41(42+43)7l%+A2(A1+A3)ng)g2
B h : (5.7)
N2
5> iﬂgﬁggw%%g;gﬁrngﬁ%&&iﬁ)Lmn a®n3A1(As + Az)
(ip — 1! A i1—1 A )

i1,i2=1
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where A = A; + A + Az is the total area of the sphere. For small g this expression
can be expanded in a power series and one finds

A1 Azg*ning
NA
A1A2(A1A2(7L1 + n2 + n1n2) + Ag(Alnl + A2n2))g ning n
2A2
A13A2(Az + A3)? (2N3 + N)nf  A13422(Az + As) (2N3 + N) nang
s g ( 21A3N?2 * 1243N2 *
n A12A22 (3A3(A2 + A3)N2 + A (3A3N2 + As (4]\[2 + 1))) TLQQTL% "
12A3N
i A12A23(A1 -+ Ag) (2N3 -+ N) n23n1 n A1A23(A1 -+ A3)2 (2N3 -+ N) n24
12A3N?2 24A3N?2

W (A1, Az)—W (AW (Ag) = —

) +0(9")
(5.8)

In the following subsection we compare this perturbative result (5.8) with the
actual computation in NV = 4 SYM. After performing the standard redefinition
g% — —g?/A and setting ny = na = 1, we find a complete agreement up to order
g* and numerical evidences at g% order. Notice, moreover, that the agreement with
YMjy demands the absence of logarithmic singularities when the area of one of the
loops is small, to all orders in perturbation theory. Our result of subsec.(5.5) is
congsistent with this prediction.

In order to analyse the large N limit, we can write a simple compact representation
for the connected correlator in N' = 4 SYM by exploiting a contour representation
of the Laguerre polynomials

A(A.l Al'w2n%+A2A2n§w1)
w1+w2+

nin dw dw AZwywy Ay A
Wi, Ay~ WA (1) = 352 [ G0 [ S S
A2n2w1 - A1n1w2)

(5.9)
where A; = A — A; and As = A — As. This expression can be computed as an
infinite series of Bessel functions. We limit our attention to the case ng = ng =1
and are actually interested in the normalized correlator, which is given by

Ao A AL A
Wem _ 3 1 : f:k( T 2>k+lfk<2\/ ;22>1k<2\/ Agl>
T N2 A2 A2 = = —
WiWw,  NZ2A pt A1As I <2 /,\%2,42> I <2 /,\112,41>

(5.10)
In the subsection (5.6) we will be interested in comparing this result with the strong

coupling prediction of super-gravity. For this reason, we have to expand the above
result for large A. This can easily be done by recalling that

k() _ 1.0 (1> _ (5.11)

z
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Then the correlator in the strong coupling regime becomes

- 3
Weonn A AAy | A1A A A
conn. = 122 ~1 ~2 9 ~1 ~2 + (512)
W1W2 N A A1A2 A1A2

The first term in the expansion corresponds to the U (1) factor present in U(N) and
we shall drop it since it is not generally considered in the super-gravity analysis.
The first non trivial term which can be compared with super-gravity is the second
one.

5.3 Correlators in N’=4 SYM : Perturbative Computa-
tion

As we have already shown in section (3.1), demanding the vanishing of the super-
symmetric variation of the Wilson loop on a latitude at polar angle 6y one finds
two relations

cos by (712 + p12) €1 =0 (5.13)

03700 = [iv12 + y3p%7° cos 0(y23 + p23)]er- (5.14)

It is clear that each of them reduce the supersymmetry by half, and therefore a
single latitude is 1/4 BPS. We will be mainly interested in the correlator of two
such Wilson loops, as shown in figure (5.3). The first relation (5.13) is shared
between two such latitudes, whereas the second is clearly not. Thus two latitudes
are collectively 1/8 BPS, each sharing half of their individual supersymmetry. For
a particular case in which one of the two latitude is at the equator the system is
1/4 BPS.

Figure 5.3: Two Wilson loops given by latitudes at polar angle 6} and 62

In the following we perform a perturbative analysis up to order g° for the connected
correlator W(C1, Cy) = W(Cy, Ca) —W (C1)W (C2) of two latitudes in the case that
the gauge group is U(N).
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g® and ¢* computation‘ To begin with, we shall consider the g2 diagram de-
picted in fig. 5.4 [Notice that this contribution would be absent in a SU (N )theory].

Figure 5.4: ¢g* diagram

In order to carry out the computation, we parameterize the two circuits using polar
coordinates

2C1 =R(0, sin 0, cos T, sin 0, sin 7, cos ;)

e, . o (5.15)
y,> =R(0,sin 6 cos o, sin Oy sin o, cos ),
and define the effective propagator Ac, ¢, (7, 0) connecting the two loops
sin 64 sin 0 s(T—o)(cos 6 s 02 —1)+sin 01 sin 6
Acl Cs (T7 J) = % <TI‘(A) (T)TI‘(A) (J)>0 = - 1871'2((:(2)5901 ((:os GQEZOS(;EZ) s?n 61):111 inl) s

where A denotes the effective field i 4, (z)#*+O;®! (x)|#|. Then the g?—contribution
is given by

A ik,

N (A= ¢°N), (5.16)

2 2
VOO = 2 [ drde Aciey(ro) =

where A is the total area of the sphere, and A; and Ay are the areas enclosed by
the two Wilson-loops given by

Ar 2r(l—costh) . o061 Ay  2m(1+4cosbh) 5 0o
A= s = =cos” o (5.17)

At order g*, we have to consider the diagrams in fig.(5.5). First, we shall consider
the contribution S,2_ 2 due to diagram (b1). Its evaluation reduces to the following
integral over the circuits

4 21
Sg' —g2 :%/dTldngUule |:ACng(7—1;UI)AClCQ(T%JZ)+A0102(7—170'2)AC1C2(7-2,01) =
0

(5.18)

4 0 202]7 A7 ARA3
8 8 2 2

27 2 4
=9 { ; dndalAclcz(n,m)} =2 |:28in2 — cos =oNE AT
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(b,) (©)

Figure 5.5: ¢g* diagrams

Next we shall consider the contribution S,_ ;s due to the two diagrams (b2). The
sum of the two diagrams yields

4
Sg_gzs :%% d’7'1% dO’ldGQdUg(Aclcz(’Tl,Ul)ACQCQ(Jg,Og) + AClC2 (T1702)AC2C2(0'1,0'3)+
- JCy Co

+Ac, 05 (T1,03)Acy 0, (01,02)) + (C1 < C2) =
94 .2 01 2 02 .2 .2 2?2
=16 2sin 5 cos 5 (sin” 01 + sin” ) = WAlAz(/hAg + AsAs + 241 A),

(5.19)

where Ac,c, (04, 05) = Sig% and A3 = A— A1 — As. If we sum all the contributions

at order g% to the one at order g2, the total result is

Ay N

WV(CL o)) = =g + onead

AlAQ(AlAg + AsAsg + 3A1A2). (5.20)

that exactly reproduce the matrix model prediction (5.8) with n; = ng = 1.

g% computation| We now come to considering the ¢% contributions. Since, at
this order, the N/ =4 SYM interactions will start contribute, a complete analytic
evaluation of all the relevant integrals is out of reach. However we will write com-
pact formulas which can be used in the numerical evaluation. To do the numerical
analysis two explicit configurations will been chosen (see (fig.5.3)):

© SYMMETRIC CASE: The two latitudes are located at opposite positions with
respect to the equator of the 2-sphere, namely one at # = § and the other at
0 = 7 — 6, where 6 denotes the standard polar coordinate on S2.

© ASYMMETRIC CASE: The first latitude is fixed and it is chosen to be the
equator of S?, while the second latitude is free to move (§ = & with 0 < § <
).



5.3 Correlators in N=4 SYM : Perturbative Computation 79

C, C,
.y é ()
C,
C,

Figure 5.6: Symmetric configuration and Asymmetric one

LLL

Figure 5.7: The four diagrams g - g°

¢% Ladder diagrams| To begin with, we shall consider all the diagrams which
do not contain interactions. They can be naturally split into three families char-
acterized by the number of field insertions at each latitude. Therefore, at order g°
one has to consider the following possibilities: ¢ - ¢°, ¢ - ¢* and ¢ - ¢°.

:  We have four diagrams with only one propagator insertion in one of the
two latitudes and we have schematically listed them in fig.(5.7). Notice that the
third and the fourth diagram can be obtained from the first two by exchanging the
two latitudes (C] < C2) and thus we have really to compute only two diagrams. In
the following we shall denote with ¢ the angular parameter running over the latitude
C1 and with s, the one spanning the second latitude Cs. Then the contribution of
the diagrams in fig.(5.7) can be summarized as follows

6 6
gl . gb :%P ]{ dty [ dsi(Tr[A(t1)] Tr[A(s2) A(s3) A (1) A(s5) A(s6)] o+
C1,02 =9
+(C1 = Cy), (5.21)

where the symbol P in front of the integral means that the integration over the s;
is ordered (0 < s < s5 < 84 < s3 < s9 < 27) and A stands for the usual effective
connection constructed out of the gauge potential and the scalars. In (5.21) the
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vacuum expectation value is obviously taken in the free theory and by expanding
it in terms of free propagators we find

1, g5 596N

dty HdszA12 t1, 52)Aoa(83, 54)Aoa(ss, s6)+
CiCa ;59

5
+ iP dty HdSzAIQ t1, 52)A2a(83, 55)A22(s4, s6) + (C1 < Ca),

(5.22)

where Aq2(t;, sj) represents a propagator connecting the latitudes C; and Co, while
Aq1(ti, t5) and Aga(s;, s;) denote an internal exchange on C; and Cy respectively.
Their explicit expression, if we use the polar representation for our circuits (C7 =
{0,sin 0y sint, sin 0 cost,cos b1}, Co = {0,sinbs sin s, sin b cos s, cos Oz }), is given
by

sin 6 sin O ((cos 01 cos B — 1) cos (t; — s5) + sin (01) sin (62))

Aqa(ts, s;) = ' '
12(ti, 85) 872 (sin 6y sin 6 cos (t; — s5) 4 cos 61 cos O — 1) (5.23)
Sin2 91 Sil’l2 02 .
Anltity) =——3 Aa(siy sj) = =g 5

The integration over the two circuits can be easily performed in a closed form for
two generic latitudes at 8 = 61 and § = 02 and we obtain the following compact
expression

gl g — 9°(N +2N?)
24 A6 N2
in terms of the area A; (As2) enclosed by the circuit Cy (Cq) and the area As de-

limited by the two latitudes. For our choice of configurations, the above expression
yields the following two results

(A%(AQ + A3)2 + Az(Al + A3)2)A1A2, (5.24)

SYMMETRIC: %ms (%) sin (%) ,

ASYMMETRIC: %EVVQ) (11 — 4 cos (26) + cos (46)) sin (3).
(5.25)

:  Again we have four diagrams with two propagator insertions in one
of the two latitudes and they are shown in the fig.(5.8). Using the same con-

ventions introduced for the previous case, the contribution of the above diagrams
reads

o gt = ]iQ pj[c lcgltldtgll_lgds, (Tr[A (1) A (t2)] Tr A (s3) A (50) A (s5) A (s6)] Do+
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LOLD

Figure 5.8: The four diagrams g2 - g*

The symbol P denotes, this time, both the ordering in t—integration (0 < to <
t; < 2m) and in the s—integration (0 < sg < s5 < s4 < s3 < 27). If we expand the
integrand of (5.26) in terms of free propagators, we obtain

GN 6
g2 . gt _9N Pj{ dtydty H dsiA12(t1, 53)A12(t2, 54)Aga(ss, 56) + (5.27)
2 Jae i=3

6 6
+ ng dtydts HdSiAH(Sl» 53)A12(t2, 55)Ao2(s4, 86) + (C1 < C2).
4N C1Cs s

The above expression can be evaluated for generic latitudes and yields

2 4 _ 9%(N + 2N3)

g°-g 12462 (A1A3 + AsAs + 2A1A2)A%A% . (5.28)

For our particular choice of the configurations this formula reduces to

o, SYMMETRIC: % cos (g)2 sin (g)lo
g2 gt — ) ) A (5.29)
ASYMMETRIC:  — 9 UT2) (Cos (8)* — 2) sin ($)".

: The remaining class of contributions in the absence of interaction is
depicted in fig.(5.9) and is given by

3
I :Jfé p7§c ) [T dtisics (Tr[A (1) A (t2) A (1) Tr[A(s1) A s55) A sl o +

For this family of graphs it is convenient to compute separately the three different
contributions. The first one is similar to the diagrams considered in the previous
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LI

Figure 5.9: The three diagrams g2 - g°.

cases. The sum of D2 and Dg in fig.(5.9) can be instead separated into the so-
called abelian and mazimally non-abelian part. To begin with, let us consider the
diagram Dj which is given by

f Hdt dsi+3A12(t1, s4) Ar1(t2, t3)Aga(ss, s6) + (C1 — Ca).
c

1021
(5.31)
Its evaluation is straightforward and one finds
SN symmeTRIC: £ cos (%)4sin(%)8
D, = (Ag +A3)(A1 +A3)A2A2
4A6 ¢SN . 2 . 5\ 2
ASYMMETRIC: 5o sin (6)“sin (5)”.
(5.32)

We come now to examine the abelian part, namely the part which is separately
symmetric in (t1,t,t3) and (s4, S5, 5¢). We can exploit this symmetry to eliminate
the path-ordering in the integral and to write

6

g
Ab=—— ||dtdz Aqo(t1, 84)A12(ta, s5)A12(t3, 5.33
ASN 101 Si+3 12( 1 84) 12( 2 85) 12( 3 86) ( )

This integral is simply the cube of the single-exchange diagram and it value is

SN - SYMMETRIC: %sim(g)12
Ab = S AL 6 6 (5.34)
. .
ASYMMETRIC: %% sin (§)
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Finally, we have to compute the mazimally non-abelian part, whose expression is
given by

NAb = ;£ —N) j{ Hdt dsiy3 [A12(751,S4)A12(752786)A12(t3,$5)+
Ci1Ca;
(5.35)

+ Aqa(t, s5)A1a2(t2, s4) A12(ts, s6) + A1a(t1, s6)A12(ta, s5)A12(t3, 54) ] .

For two generic latitudes, we can perform five of the six integrations finding

NAb (NP -N) | J /27r doo?(cos by cos By — 1)(cos g — cos )3
- N2 3272 J, cos? Z(cos by — cos 1) 4 (cos By cos By — 1)2 sin? g
—% (cos By cos by — 1)(—2cos by + cosBa(cosby +2) — 1) + 273 J‘ﬂ =
N3 - N
= ¥NAB[91, 0, (5.36)
N2
where the constant J is defined by!
2T
J = / ds Alz(t, S). (5.37)
0

Actually we could also perform the last integration in terms of Lis(z), but for the
subsequent numerical analysis this integral representation is more useful.

Let us collect the above results in a compact form. Apart from the mazimally
non-abelian contribution, all the other ladder graphs can be summed to give

6
LAD™/A5 (5] = PNTADY™ ™ (5] + L LabTN s, (5.39)
where
5 S\* . (5\® 1 5\* . ("
SYM _ 2 e : v - e H e
Lapyv[d] = 15 08 <2> sin (2> + 3 cos <2> sin <2> , (5.39a)
LADN™[d] = 3073 sin? (g) (47 — 20 cos(d) — 24 cos(26) + 4 cos(39) + cos(46)),
(5.39b)
LADSYM[é]—i §4in ég—i—1 0 2in 0 1O—i—lin 0 N
UNEI= 1998 g) T 2) T \2) T2 67 \2)
(5.39¢)
1

LaDyjN"[0] = sin’ (g) (83 — 84 cos(d) + 4 cos(26) + 4 cos(39) + cos(46)).

(5.39d)

6144

'The result does not depend on ¢ since A1a(t,s) = Aq1a(t — s).
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The remaining mazimally non-abelian part NAB[01, 2] can be evaluated numeri-
cally with high precision starting from expression (5.36), with irrelevant numerical
error.

g% Interaction diagrams| We now consider all the diagrams at order g% con-
taining one or more interaction vertices. They could be divided into three different
classes which are separately finite [H-DIAGRAM, X-DIAGRAM and I'Y-DIAGRAM].

The H-diagram is the one depicted in fig.(5.10). Using the usual

parametrization (5.15) we can write the contribution from this diagram as fol-
lows

A3 4

+ QM(xlay17w)DwPM(I27y27w) +Q]u('rlvylaw)D’lUQM(IQay27w) )
B A

2

P]w(xlvylaw)DwPIM(IQay27w) +P]w(xlvylaw)DwQM(lQayQ;w)+
A B,

1

(5.40)
where
2w
PM(xi,yi,w) = /dTidUi 2™ (i - 0y, Ti(wi, yi, w)) — 28 (4 - O, Ti(i, yi, w))]
0
(5.41)
and
’ 2w
QM(xi, Yis ’LU) = /dTidO'i(i'i e} yi)(é?xMIi(mi, Yis w) - 8yMIi(xi, Yis w)) (5.42)
0 1 1

In eqs.(5.40), (5.41) and (5.42) the index M is a ten-dimensional label running
from 1 to 10. We have also defined 2™ = (2#,i07|i|), Oy = (9,,0) and indicated
with o the ten-dimensional scalar product while with - the four dimensional one.
The spatial components P* of PM satisfy the following two simple identities:
2, Pt = 9,P" = 0, as can easily be checked by direct computation. Moreover,
for two latitudes parallel to the plane (2,3), P! and P* trivially vanish. Since P*
is a just a function of z#, all these properties are consistent if and only if P* = 0.
This result simplifies dramatically the computation for the correlator of two lati-
tudes: in fact the contributions By and Bg in (5.40) are identically zero. Recall,
in fact, that Q™ is different from zero (by construction) only when M is spatial.
Thus we are just left with Ay and Ag to be computed.

To begin we first compute Ag. It is convenient to rewrite this contribution as
follows

AB g
A2 = W /dTldedaldUQ(l‘l oyl)(xg Oyg)(aml —8y )(8902 —8y2)H(:r1,y1;:1:2,y2),
0
(5.43)
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where
1 d*zd*w

2m)10 / (21— 2)%(y1 — 2)2 (2 — w)* (22 — w)?(y2 — w)?
(5.44)

H($17y1;$2,y2) :(

The action of (0, — 0y, ) - (Oz, — Oy,) on H(x1,y1; 22, y2) can then be evaluated
with the identity (A.7) given in [97]. One finds

(Ozy — Oyy ) (Ony — Oy ) H(1, Y15 T2, Y2) =

(@ y1)21(:r2 — ) [1(4)(3517%73?27?/2)((371 —22)*(y1 — y2)” — (21 — y2)* (w2 — y1) )+

+ (Y(z1,22,y2) = Y(y1,22,92) + Y (22,21, 91) — Y (y2, 21, 91)) | ,

1
(2m)?
(5.45)

where Y (1,22, 23) = Z1 (21, 22, 73)[(21 — 23)? — (21 — 22)?]. Both in the SYMMET-

RIC and ASYMMETRIC case the integration over the circuits can now be carried

numerically and one determines the color-stripped contribution A2[6;,605] defined

by

g°*(N? — N)
2

Ay =T

A2[6,,0,]. (5.46)
Next we consider the evaluation of the Aj contribution. We shall follow a different
path in our analysis, namely we shall first perform the integration over the circuit
analytically and then we perform numerically the integration over the position of
the vertices. The first step is to study the function PM (w). The only non-vanishing
components are M = 4,5

P (w) = — 2isin 6y sin Oa(cos O — cos O) (I5(02)Duy Io(01) — 1.(62)Dw, Is(61)))

(5.47a)
PP (w) = — 2isin 6y sin Oa(cos O — cos O) (I5(02)Du, Io(61) — 1.(02) 0w, I5(61))) .
(5.47b)

where the function I.(0) and I5(6) are given in appendiz C. In summary, we have
to evaluate

A= SV D) [, PIPIE) PP

SN2 (w— 2)? (5:48)

Two of the eight integrations can be performed analytically (we do not present the
cumbersome result): if we set

B g6]\7(N2 -1)

Ay = T AL, ), (5.49)
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S D

Yy Y2
(b)

Figure 5.10: H-diagram
i
& D
Y, Yo

(a)

Figure 5.11: X-diagram

the remaining six integrals defining the quantity A1[f;,62] can be computed nu-
merically. This step is the most delicate one and the most unstable from the point
of view of the convergence of the numerical integration.

The second diagram to be considered is the so-called X-DIAGRAM

(see fig. 5.11). Its expression is quite compact and it is given by

gﬁN(NQ _ 1) 27
o
» /d4w (€1 0 yj2) (22 0 1) — (¥ 0 T2) (Y2 0 Y1)
(1 —w)2 (22 — w)2(y1 — w)?(y2 — w)?

X = dtldt2d81d82><

(5.50)

For the numerical evaluation the most convenient thing to do is to perform, first,
the integration over the contours. Evaluating the integrals over the two circuits,
for two generic latitudes we obtain the following expression in terms of I[0], 1.[d]
and I5[d] defined in appendiz C
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Y, © Y,

Figure 5.12: The two “IY-diagrams” and the self-energy correction.

X = W/c#w sin® 0 sin® 2[(1(61)* — I.(61)% — Ls(61)%) (1e(62)*+

+ I,(67)% — 1(92)2)] + [sin 0y sin (1 — cos 61 cos O2)(1.(61)1.(02)+
+ 15(91)13(92)) — SiIl2 01 Sin2 92[(91)[(92)]2 (551)
If we define the function X[01, 62] as

g6N(N2 —1)

X = N2

X641, 02], (5.52)

for our specific configurations we can proceed with the numerical integration with-
out encountering particular problems.

[Y-DIAGRAM ‘ The last term that we have to consider corresponds to the sum
of the diagrams depicted in fig.(5.12). We have two contributions that we call
respectively I'Y yp |(c) in fig.(5.12)] and I'Y gown [(d) in fig.(5.12)], and a diagram
which takes into account the one-loop correction to the effective propagator [(e)
in fig.(5.12)]. We shall denote this third diagram by Budiag. To begin with, we
focus our attention on I'Y yp, whose expression is

XJ [P . Sy . Dy
SNZ /d’7'1d’7'2d’7'3d0'26(7'1, T2, 73){ (1 0 Y2)&2 - (Oyy — Oz, ) — (1 0 £2)Y2 * Day }Z1 (1, T2, Y2),
0

(5.53)

IYup =

and on I'Y gown, which is obtained from Yp by exchanging the roles of ¢ and 7
(and therefore z; and ;). In its evaluation we encounter divergences at coincident
points (71 — 72) in the integration over the upper circuit. This singularity though
is compensated by the standard ultraviolet-divergence of the self-energy graph: half
of diagram Budiag cancels the divergence for 71 — 7, while the other half cancels
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the same singularity in I'Y gown for o1 — o02. To see this, we perform a trivial
integration by parts and rewrite I'Y yp in the following form

A3 J

Yor =55

2m
|: dTldTQdT3dU26(T1,T2,T3) {(-131 o 92)23.32 . 8y2 - (j31 ] -i32)y2 . 8x2}11(x1,x2,y2)+
0

27 . ) 1 27 ) )
- 2/ dridrados (i o §2)Ti (21, 22, y2) +5/ dridrsdoa (i1 0 Y2)I1 (21, 71, y2) | -
0 0
(5.54)

The singular part for coincident points is now singled out in the last term, which
is proportional to the function Z(x1,x1,y2) (see appendiz C for its properties).
Since
)\3J 2
Budiag = —m / dTldngO'Q(il e} y'g)Il(Il, x1, y2). (555)
0

half of Budiag exactly cancels the singularity present in Yup and we are left
with

PN
- 8N?

27
IY wp { dridredrsdose(T1, 72, 73) {(£1 0 Y2)2&2 - Oyy — (1 0 £2)Y2 - Ouy Y1 (21, T2, Y2)—
Jo

2m
—2 dTldTQdO'Q(i‘l 092)11(331,332,212) .
0
(5.56)
This expression does not exhibit any singularity at coincident points. The next
step is to evaluate explicitly the integration over t3 by means of the formula
f027r dtse(ty,ta, t3) = 2mwsign(t] —ta) — 2(t] —t2). If we define the function I'Y [0, 6]

as follows 63

g'(N" —N)
N2

its value can be computed numerically both for the SYMMETRIC and for the ASYM-

METRIC case.

Y up + IY down = IY[6;, 6], (5.57)

5.4 Comparison with YM,

We can now compare our numerical result with the analytic prediction given by
two-dimensional Yang-Mills theory. Let us sum first all the contributions computed
in the numerical analysis. The result is summarized for the SYMMETRIC CASE in
fig.(5.13) while the ASYMMETRIC CASE is given in fig.(5.14).

The prediction in the present two cases can be derived eagily from the general
expression for the correlator in the zero instanton sector given in (5.8). For the
SYMMETRIC CASE we find

6

W) = L2 (5 4 4cos s + cos 62) si AN A (5.58)
96 = 24 COS COS S1n 9 12N Sin 9 s .
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Numerical value of the Corrlator — O (N) Numerical value of the Correlator ~ O (1/N)
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Figure 5.13: symmetric case: Leading (¢ N) and sub-leading (¢®/N) contributions.
The points are the results of the numerical analysis, while the light gray line is the
YMs prediction.
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Figure 5.14: asymmetric case: Leading (¢g°N) and sub-leading (%) contributions.
The points are the results of the numerical analysis, while the light gray line is the
YMs prediction.
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Figure 5.15: SYMMETRIC CASE: Acal_preqa at the leading (¢°N) and sub-leading
g%/N contribution

Absolute Error - ON) Absolute rtor - O(N)

Figure 5.16: ASYMMETRIC CASE: Acal_pred at the leading (¢°N) and sub-leading
g%/N contribution

while for the ASYMMETRIC CASE we obtain

(WW) e :gﬁl (sin (g>2 (—36 cos(d) — 20 cos(29) + 4 cos(30) + cos(40) + 59)) +

b (sin2 (g) (=52 cos(8) — 4cos(26) + 4 cos(38) + cos(4d) + 59)) .
(5.59)

In order to compare the results presented in figs.(5.13) and (5.14) with the answer of
matrix model, we compute the difference Aca_pred between the calculated values
and the predicted ones. The results of this analysis are plotted in figs.(5.4) and
(5.4), where the bar denotes the estimated errors. We see that the difference from
the central value 0 is quite small. It is easy to see that the average absolute error
is of order 107% / 1077, the relative error is of the order 10~* at worst.

We also note that the error bars increase as the coincident limit is approached.
This is a generic feature of the calculation as the integrands become increasingly
singular in this limit. Conversely, the error is relatively small for small §, how-
ever the precision required to reliably calculate certain integrals in this “shrinking”
limit becomes prohibitive for § less than about 0.7 (1.0), in the SYMMETRIC CASE
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(ASYMMETRIC CASE), and this defines the lower bound of our chosen range. We
thus conclude that the conjecture is verified with a relative error of order 10~ in
the range 0.7 < § < 7/2 for the SYMMETRIC CASE and in the range 1 < § < 7/2
for the ASYMMETRIC CASE.

5.5 Operator Product Expansion

In this subsection we will present another perturbative result, in particular, we
will consider the limit in which one of the latitudes shrinks to a point at the pole
of the sphere. This limit is motivated by the fact that the emerging structure
can be usefully understood in terms of the OPE and its physical meaning is quite
transparent.

The crucial observation is that, viewed from a comparably large distance, the
unshrunken Wilson loop sees the shrunken loop as a collection of local operators
[95]: the quantum behavior is encoded into Wilson coefficients and anomalous
dimensions. The story was worked out in detail for two circular Wilson-Maldacena
loops in [94]. Here, for the 1/4 BPS latitude, we will find that the relevant OPE
is quite different, giving rise to novel operators which appear to have protected
dimensions.

When analysing the OPE, we can in fact consider the general situation of loops
with arbitrary contours on S? that are generically 1/8 BPS. As noticed in [60] the
Wilson loop on S? can be written in terms of a new gauge connection

. Ok
A, = A; + ieijk z’ ﬁ (560)

The OPE expansion will appear particularly simple using this generalized connec-
tion. The first step is to determine the classical expansion of our Wilson loops in
terms of local gauge-invariant operators when the circuit is small. To achieve this
goal we shall assume that the circuit can be written as follows

z'(t) = xh 4+ ri'(t), (5.61)

zo being the point about which the loop is shrinking and r a parameter that will
control the limit. We expand the contour integral by exploiting the Fock-Schwinger
gauge (z — x0)"A;(x) = 0, where the following formula holds in terms of the new
gauge curvature Fj;

1
Ai(z) = / A (& — 0 Fyi(o + Az — a0)). (5.62)
0
The leading order result is given by

7{ thi(a:)a'si :T;}}j (wo)f dt:&i(t)i:(t) + O(TB) = T;Gijk}}j (xo)ng(zo) + O(r3),
¢ ¢ (5.63)
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ni(zo) being a normal vector to S? at the point xg, depending on zg and the
contour. The expansion could of course be extended to any given order in 7,
producing a series of local operators Oé(aj) determined by the particular shape of
the Wilson loop, the generalized connection A4; itself depending on the contour.
Because these operators should share the BPS properties of the associated Wilson
loop, we obtain a practical realization of the proposal of [96]: in particular we
could expect that their correlation functions, when restricted to the relevant S2,
are somehow protected from quantum corrections.

In our specific example we take as our shrinking point the north pole, zg =
R(0,0,1), while r = sinfy and 2%(t) = R(cost,sint,tan %O). Due to the trace in
the path-exponential the first non-vanishing contribution to the OPE is quadratic
in the fields, and we get explicitly at leading order

72 sin 93
Wo=1+ TN Ox(xp) (5.64)

where

2
Or(xo) = Tr [QR By — iR2 Fio — R2 (019 + 82<I>2)} . (5.65)

We note a peculiar feature that makes this OPE quite different from the usual
circular Wilson-Maldacena case [94]: operators of classical dimension 2, 3, and 4
all couple with the same power of the parameter which sets the size of the shrinking
latitude: the polar angle 6 (in the standard case the power is the classical dimension
itself). Indeed the overall scale R of the S? is just a place keeper. The conformality
of N = 4 SYM prevents it from playing any role, and it drops out of the calculation
of any observable.

We notice that we can easily obtain the leading term of the two latitude correlator
at order g* from the OPE (5.64), once we restore the canonical normalization for
the fields. We just need to compute the correlation function

y ) ko cos(fy)+1
(Ox(x0) y{dt (aclAi(xl) — e, )2 @ (:1:1))> = 1(4;_), (5.66)
that enters in the Wick contraction. Taking the relevant color traces we get
(WoW) g (o200 20\ gt 6
e — 1 == 2sin” — =] == —. :
Wo) (W) g | 2sin” o cos”™ 2 35 €05 5 (5.67)

Actually we can learn something more: the general expectation for the structure
of the OPE of a shrinking Wilson loop is given by [94, 95, 98]

w

W = 1+ ZJ: £5(g>) LA O (z) (5.68)

where L is the size of the shrinking loop, and O;(x) is an operator of classical di-
mension J and quantum dimension Ay = J + ¢ Af,l) +.... The Wilson coefficients
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€7(g%) depend on the coupling constant g2. The curious structure of the latitude
OPE is a reflection of the fact that the coefficients £;(g?) which describe the cou-
pling of the Wilson loop to a specific operator O(x) are themselves functions of ¢

[107], and can be expanded as £;(g2,0) = >, Sk) (¢%) 6% in the limit § — 0. This
provides us with the general structure for the OPE of Wy

Wo
(Wo)

=1+ €1(6%,00) 657 Og(z0) =1+ (6% 657 O5(x0) =
J gk (5.69)

=1+ & 05272 0a(0) + €57 0571 O3(w0) + £ 65 Ou(o) + ...

where we have dropped the scale R (to restore it replace O(z¢) — R®7 O(x0)),

and have noted the vanishing of 5&0’1) and §§0) from the explicit expression of (5.65).
The explicit form of Oz 3.4 (o) is simply obtained from Oz (zg). Actually there are
multiple operators of the same classical dimension, so there is an extra suppressed
index on the £5(g%,00), Ay, and O (xg), which is implicitly summed over in (5.67).
In the last line we are referring only to the operators appearing in (5.65) as these
are the only ones present at leading order in 6y. We derive the following general
relation in the shrinking limit

Wi W, .
W =147 052" (W1 Oa(0)) +&" 05° " (Wi Oa(w0) + €27 05" (W1 Oa(ao)) + ..

(5.70)

We notice that when expanded at small coupling the HOA 7 terms generically pro-
duce logarithms HOA 7= 0({ + g? Af,l) 95{ log8g + ... if quantum corrections modify

the classical dimensions. The quantities 5%2), fél), and 54(10) may easily be read-off
in our case from (5.65). Since the operators appearing in the explicit expression

are quadratic in the fields, one has that 552), fél), and fflo) lead as ¢g*. We there-
fore generally expect terms of the form ¢%logfy to show up in the perturbative
expansion of the correlator at order g%, in the shrinking limit.

The presence of logarithmic corrections would be a signal that anomalous dimen-
sions are playing a part, suggesting that the full interacting theory should be taken
into account and localization techniques would not be sufficient in the exact com-
putation. It would also rule out the relation with two-dimensional Yang-Mills that
produces just polynomial dependence on 6 at any order of perturbation theory,
as we will see in section 5.2. In the following we show that, surprisingly, no such
logarithmic terms appear at order ¢%, supporting the matrix model proposal. This
indicates that the composite operator O(z), arising from the OPE of the BPS loops,
should be protected, at least at the first non-trivial quantum order. In other words
logarithmic divergences should be absent in the two-point function (O(z1) O(z2) ),
when z1 2 belong to the relevant S?, in the same way as the operators defined in
[96]. Tt is not difficult to show in fact that O(x) inherits the BPS properties of the



94 Correlator of Wilson Loops

latitude loop, and a certain amount of supersymmetry is preserved by its correla-
tors.

For this computation, we limit our attention to the gauge group SU(N) and we can
separate the diagrams into two classes: the ladder diagrams and the interaction
diagrams. It is easy to realize that the ladder diagrams cannot generate any contri-
bution of the form 7% log(r). They are actually analytic in the small r—limit. The
contributions ¥ log(r) are instead generated by the interactions diagrams in figs.
(5.10)(5.11) and (5.12). The origin of this non analytic behavior can be traced back
to the small distance singularities appearing in the integration over the position of
the vertices. Thus in order to extract these logarithmic singularities, we have to
first perform these integrations analytically, and only after that can we expand in
powers of the radius. To illustrate the procedure let us start by considering the
X-diagram. Its expression can be cast into the compact form

A3 R
X / dridradoidoy [(21 0 y2) (22 0 91)—
0

~ 8NZ (5.71)
— (i1 0 &2) (51 0 92)] T (21, T2, y1, ¥2),
where (& 0g) =i -y — |2]|§|Os - Oy with |2|0L = Mle;si"2° and
1 d*w
7 _ / . (572
(xthayl?yQ) (27’(’)8 (xl — w)2($2 — w)g(yl — 1U)2(y2 — w)2 (5 7 )

Differently from the numerical analysis where first the integration over circuits has
been performed, here we integrate over w (the position of the vertex). Then it is
straightforward to extract the singular part when we shrink the latitude 8 = 6; to
the north-pole of the sphere S? . It is given by

' log r
4)sing. =
7 (4)sing (71, 22,Y1,Y2) = _WX
/1 do
X 2 2 _ > B} 27
0 (IT—a)(yr —22)%(y2 — 21)? — a(l — a)(x1 — 22)%(y1 — y2)? + alyr — 1) (y2 — 22)

(5.73)

where r = sin 0. Now the integration over the circuit can be easily performed and
can be evaluated by Taylor-expanding in r. At leading order we find that

5r4 cos? (%2) log(r)

Xsing —
76872

+O(r®). (5.74)

Consider now the H-diagram in fig.(5.10). As we have seen in the previous section
we are just left with Ay and Ag contribution.

Let us first compute first Ag. In eq.(5.43), when the first latitude (8 = 6) is
shrunk to zero the logarithmically divergent terms can be generated by Z(* and
by the Y that depends both on x; and 9. Therefore we can write
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A S (1 0 41) (&2 0 y2) (4)sing. 2 2
A =gNe /()dTldTQdaldaz @ — 912w — ) | Tz e)((E ) )
1 sing. sing.
— (21— y2)*(x2 — y1)°) + )2 (Yo" (21, 2, y2) + Y (22, 21, 91)) |5

(5.75)
where we have defined

YO (24, w9, y2) = I3 (w1, w2, y2) (21 — 12)° — (1 — 22)°)
and
Ysing.(x27x17y2) = Ifzng'(xl,.Tg, 3/2)[(132 - y2)2 — (1‘2 - -Tl)z].

(the expression for Ilsmg "is given in appendiz (C)). The integration over the circuits
can then be easily performed with the help of Mathematica if we first expand the
integrand of (5.75) in powers of r. At leading order we find

7rt cos? (%) log(r)
153672

ASTE = — + O(r?). (5.76)
Now we have to compute the contribution Aj. To extract the divergent part
we follow a different approach respect to the perturbative g% computation of the

previous sections. The first step is to add two total derivatives to the integrand of
PM

33'1,3/1, /d’7'1 /dO’l 2y1 11 . Gylll(yl —w,r1 — w) — $1 . 6111'2(3,/1 —w,r1 — 'I_U))f

K1

— 2 (41 - Oy Th (21 — w,y1 — w) — Y1 - Oy, To(z1 — w, Y1 — w)))

K

(5.77)

These two new terms obviously yield a vanishing result when the integration runs
along the circuits. Since the following identity for Z; and Zy holds (see appendiz
C)

(z—y)?
y) = -2 log( v ) (5.78)

o 0
g ) = g B y) = o e T T AT

Oxt Oy+

the combination K appearing in PM can be rearranged in the following compact
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form
S T _(xl_y1)2 1 (z1 —w)> 1\
K= 647r4(y1 — w)2 dr [L12 (1 ((L‘l — w)2) + 2 (log [(xg — y2)2:|> "
1 (r1 —w) - a1 (r1 —11)?
+3%Hm—w%m—mﬂ%(@rmﬁ)' 570

The combination K9 can be also recast into the same form. The only difference
from (5.79) is that the roles of x; and y1, and of 71 and o1, are exchanged. The
terms in K7 and K> that are total derivatives with respect to 7 and o1 can be
dropped since they yield a vanishing contribution to PM, and we are left with the
compact expression

PM(z, g1, w drido
e w) M W)y — w)? (02— 12

(5.80)

_ o i M (z1 —w) @1 — @M (g1 —w) - 1 (z1—y1)?
o 1671'4 0 Og ’

Then, if we take into account that

2T
1 1
—OwPM (29, yo, w Z/deU 25oM i - 0y, — 283 4js - O ,

(5.81)

we can rewrite the Ay contribution in the following form

A3 (1 —y1)? . C
A1 = 4N? odndmdglda2 o (22 — y2)? [(41 0 Y2)d2 - Oy, — (41 © &2)52 - Ony ] X

X &1 - S(21, T2, Y1, Y2) — [(¥1 0 Y2) T2 - Oy, — (1 0 2)P2 - Dy |t - S(21, T2, Y1, Y2)

(5.82)
where
Su(mla z2, y1792) = (47‘(’2)4 /d4w (xl — w)Q(yl — UJ)Q(xQ - w)Q(yQ - 'ZU)2 .
(5.83)

The nice feature of (5.82) is the disappearance of one of the integrations over the
position of the vertices. Although this result simplifies the procedure for extracting
the logarithmic terms appearing in the limit §; — 0, the computation is still a little
bit cumbersome and some of the details are given in appendix A of [78]. Here we
shall only give the final result after the integration over the circuits. At the leading
order in (= sin6;), we find

r4 cos? (%) log(r)

A =
! 51272

+ O(r°) (5.84)
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The final set of diagrams to consider are the so called IY-diagram. First we note
that the logarithmic part arising when we shrink the upper circle to a point is then
obtained by replacing Z; in the expression (5.56) with the Z;""?" found in appendiz
C. Next we Taylor-expand in r and integrate over the circuits. At leading order in
r we find

r4 cos? <%2) log(r)

25672

Let us now sum all the different contributions at leading order in r

r* cos* (£) log(r) ( 5 1 1 7 ) e

+ O(r%) (5.85)

sing. __
Tysine —

X51ng.+IYilpng.+Alslng.+A251ng. _ -2

768 256 ' 512 1536
(5.86)

Namely, we have verified that the logarithmic singularities cancel at the first non
trivial order. This implies that the effective anomalous dimension of the opera-
tor OF vanishes at one-loop, supporting the idea that this operator is actually
protected.

5.6 Correlator at strong coupling from supergravity

At strong coupling, the AdS/CFT correspondence may be used to compute the
correlator between two Wilson loops in N/ = 4 SYM [95] and thus to test our
conjecture that relates them to the analogous observable in the bosonic YMas.
Practically, by taking the limit in which the separation of the two Wilson loops is
much larger than their sizes, and working at large N, the correlator is computed
by calculating the exchange of light supergravity fluctuations between the Wilson
loop worldsheets. At infinite separation, only the lightest fluctuation modes need
be considered; the subleading contributions stemming from the relaxation of this
limit are given by the exchange of heavier modes.

In the following we show that only one of the contributions to the correlator from
a class of modes (dual to the N'= 4 SYM chiral primary operators Tr(®3 +i®,)”)
which includes a representative of the lightest modes (i.e. for J = 2) matched the
YM; result. Beyond this, a remarkable pattern of matching between contributions
from the modes dual to Tr(®3 + i®4)” for general J, and corresponding terms in
the YMy expression for the correlator was uncovered. This remarkable pattern of
matching terms has since been corroborated using the techniques of localization
[101], where it was shown that the localization conditions equate the superprotected
operator appearing in the Wilson loop’s OPE expansion to precisely the chiral
primary operator referred to above.

Beyond this pattern of matching terms, at respectively subleading orders in the
large separation limit, the contributions of the aforementioned dual chiral primary
modes also include terms absent from the YMsy result. One would expect these
terms to be removed, i.e. canceled, by the inclusion of the other supergravity
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modes which are respectively heavier, order-by-order, compared to the dual chiral
primaries.

In a correlator calculation we are instructed to sum over the exchange of all possible
modes. Let us concentrate on the bottom of the spectrum. In addition to the
mode dual to Tr(®3 +i®4)?, one must also include the mode dual to the conjugate
operator Tr(®3 — i®4)?, and the orthogonal operators Tr(®3 + &% — ®2 — ®2) and
Tr(3(®? + ®3) — 1)2. These correspond in the supergravity picture to various S°
spherical harmonics of weight 2. These extra modes contribute at the leading order
in the large-separation limit, and in order not to spoil the agreement with YM,
should be cancelled by yet other modes.

It happens that there are two types of further supergravity fluctuations around
AdS5 x S% which could potentially do the job. These are the leading fluctuations
of the NS-NS B-field with legs in the AdS5 and S° directions respectively [100][102].
They are dual to the following gauge theory operators (see appendiz A of [103])
Yap — B-field on S° and ¢?o,, 0P 4 2i@4PFf, — B-field on AdSs. The
coupling of these operators has been discussed previously in the context of the 1/2
BPS circular Wilson loop [94][104]. We will find that they provide leading contri-
butions of the right order and sign, but fail to cancel the offending chiral primary
contributions due to mismatched coefficients. By going higher in the supergravity
spectrum, we have verified that the next heaviest modes all contribute beyond the
leading order and are thus powerless to save the agreement with YMs.

The interpretation of the disagreement is not clear. The strong coupling limit here
could be subtle, since we are considering Wilson loops in the limit in which they
become the supersymmetric circles of Zarembo [57|, where the rescaled coupling in
the matrix model approaches zero [105]. Of course, there is also the possibility that
the YMo-DGRT Wilson loop equivalence needs to be adjusted at strong coupling,
perhaps through the effects of the undetermined 1-loop determinant appearing in
the localization formulae [77]. Of course there may also be a subtlety with the
supergravity calculations themselves.

Preliminaries

We briefly review the fundamental string solution corresponding to the latitude
DGRT Wilson loop illustrated in chapter three. We write the metric of AdSs x S°
as

gs? — <dy2 +dr? + r2d¢? + dx® + dz?
Y2

+ cos® 9 dQ2 + dv¥? + sin? 79dg02> (5.87)

where the angle ¥ € [0,7/2]. The worldsheet coordinates are o € [0,00) and
7 € [0,27). The embedding functions are z = df23 = 0 and

2Other possible modes with J = 2 do not couple to the Wilson loop, see appendix D
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sin@i . 1
¢o=71, x=cosb;, sny=-———  =7—m,

cosh(c + )’
(5.88)

where 0; is the position of the latitude on the sphere, i.e. its radius. Note that the
latitude’s path on the internal-space sphere is also a latitude, albeit at

y =sinf; tanho, 7r= ,
cosh o

9, == _ g, (5.89)
2
and so 1
ind; = = cos b;. :
sind; = — p- cos 0; (5.90)

We would like to compute the correlator between two such latitudes at polar angles
0o and 61, in the limit 0 — 0, 61 — 7. In the rest of the document we take

0y — m — 601, so that small 81 indicates a latitude close to the south pole of the
S2.

Dual chiral primaries

The supergravity modes that we are interested in are fluctuations of the RR 5-form
as well as the spacetime metric. They are by now very well known, and details can
be found in [95][100][106][108][109]. The fluctuations are

6J 4

59;w = _?guu‘FmD( Du) SJ(X)YJ(Q)7

09as = 2J gap s’ (X)Y,(9), (5.91)

I

where y, v are AdSs and «, 3 are S° indices. The symbol X indicates coordinates on
AdS® and  coordinates on the S°. The D, D, represents the traceless symmetric
double covariant derivative. The Y;(€2) are the spherical harmonics on the five-
sphere, while s7(X) have arbitrary profile and represent a scalar field propagating
on AdS5 space with mass squared = J(J — 4), where J labels the representation
of SO(6) and must be an integer greater than or equal to 2.

The bulk-to-bulk propagator for s” is given in [95], with normalization from [106].
It is expressed in terms of a hypergeometric function

P(X,X) = % W oy (J, J —3/2, 20 — 3; —4W),

Y (5.92)
W = _
(y—9)2+ (x—2)2+ (2 —2)2+r2+ 72— 2rFcos(¢ — @)’
where,
J—-1 23=IN2J(J - 1)
= B; = 5.93
O[() 27T2 9 J 7T2(J + 1)2 ( )
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Then we construct the traceless symmetric double covariant derivative,
1 1 oo
DD, = B (DD, +D,D,) — =9uv 9 Do, (5.94)

the details of which are given in appendiz E. Using a 10-d index M = (u, «), we
can express the metric fluctuations as Sgyn = dgyn 57 Yy, where

i, — JiJ@Q 1 y}_2J(J—1) 4 [q)2_1 y]_ 2J (J —1)

y TR T T y T T

4 r? ,2J (J —1)

SGur = o,P, <1> Y 2 - —d, + 10, — ,

9 J+1[ + ] e = J+1[ y+r] 2(J+1)
0Gyy = 2J, 5g¢¢:2J51n 9,

(5.95)

and where we have used the fact that D?s’ = J(J —4)s’. We may now assemble
the expression for the correlator

W (:f;) //8 XM XN §gprn P(X, X) 655 0aX M7 XN .

As explained at the beggining of this section (see also appendiz D), at the level of
J = 2, we have four states which couple to the Wilson loops. They correspond to
the following scalar spherical harmonics on S°

L 1 ,
}/02-52 0= 5 Cos 19 sin 19 62Z<p2 Y02_22 0= 0082 9 Sil’l2 192 672up27
: 2 (5.96)
1 .
3 SiHQ U — 1) ) YV()Q’E)%O == —5 COS2 Y cos 2192

1
Y. - =
0,00 = § V3 (
On the string solution we have 99 = 7/2,p2 = 0, and so these harmonics reduce
to

1
Y()Q,fQ,o = YOZ,EZ,O = Y02,62,0 =3 cos? ¥, YOQ,E)% unchanged. (5.97)

We find the following results (higher order results for YOJ 4y for J = 2,3,4 have
been reported in appendiz F; here we are interested in the leading order in 6, 61
which is given by J = 2)

(W(z) W(z)) o e

WaHWw@)|, , W[ 00|,

(W () W(x)) _ X [1363et 36365+ 6301) g0 (5.98)
(W@)W@)| .,  10N?| 532 s 00,
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where O(6") is shorthand for terms of the form 6567 where p + ¢ > 10. The result
coming from large-N YMs in the large A\, N limit calculated in section (3.17) is
given by

+ 00|, (5.99)

T 8NZ| 22

A [93 303

and so matches the contribution of one of the three modes Y02,+2,07 Y027_270, 1/()27670.
The other two modes give contributions which left uncancelled spoil the agreement
with YMs. The Y027070 mode contributes at subleading order, i.e. 636}, and so
doesn’t concern us here. In the next sections we will consider the fluctuations of
the B-field which we will find also lead as 6363. However we will find that they do
not remove the extra two contributions of the first line in (5.98).

NS-NS B-field on S°
Continuing up the spectrum, the next lightest modes (outside of the s7) stem from
the fluctuation of the NS-NS B-field which can have both legs in either the S°, or

the AdSs directions, see eq. (2.48) and what follows it in [100]. Here we treat the
S5 directions, whose fluctuations correspond to an AdSs scalar field

0Bag = ak (2) Yz (), m2 =k —4. (5.100)

The conformal dimension A of an operator related to a scalar field on AdSy,1 with

mass m is given by
A= d+\/ 2+d2 (5.101)
= m? 4+ — :
2 4

A=Fk+2. (5.102)

Thus here we have

The k = 1 mode thus corresponds to a gauge theory operator of dimension 3, in
the 10 of SU(4). Consulting appendix A of [103], we find that the operator is
&ap = Yayp.

The antisymmetric tensor spherical harmonics Y[ZE}E(Q) obey the following equa-
tions

€ad? OV = £2i(k+2) Yy, (—VEs +6) Yiog = (k+2)2 Y5, (5.103)

and may are constructed using the (regular) tensor spherical harmonics given
by
k j j ! I
Y[am = @axl ‘ngj C[ijll](lzmlk) Tt x k, (5.104)
where C' is antisymmetric in ¢, j,l1, symmetric in lg,...,l;, and traceless on any

pair of indices. Using the complex basis (D.49), the Y[Zg}c amount to a choice of sign
for the charges associated with the angles ¢, v2, 3. As it turns out, our Wilson
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loop couples only to d By, and so we require only Y[ng’;]. There are only two modes,
given by

Y[ o = sindsindy e 2 1/[119/;5 = sin ¥ cos ¥g €3, (5.105)

where we have not yet normalized the spherical harmonics. Only the first will be
non-zero on the string worldsheet.

The quadratic action for these fluctuations has been given in [110], see eq. (4.3)
therein. One has

2 1 * [e% * @ * [e% e € D*
S=55 /dm f<2[<1>#3aﬁ OB 4V, By VB 46 BB | — ie* By, <I>VB§5>,

(5.106)

where, in units where the radius of AdSs is unity, 1/(2x2) = 4N?/(2m)>. Subbing-
n (5.100), we find

4N? . 1 A 2
— (I) q)/J' kvi 2 _ kaf .
=20 (2m)? /AdS5 I x\/§<2 { ul @ (a ) }>’ (5.107)

where the constant C encodes the normalization of the spherical harmonics. Specif-
ically one has

99 goe [yL— [>T 5.108
C1 = [ d5¢"g ’Yw’ﬂ’ -5 (5.108)
Thus the propagator is given by
pP= % WA LF (A, A —3/2,2A — 3; —4W) (5.109)
k

where @y = (A — 1)/(272), and B, = 8N2C},/(2n)°. See section 5.6 for the
definition of W.

Coupling to the string worldsheet, we have

A
68 = z£ Ao €0, XM O, XN 5By N = —i;ﬁ / dodr 9 §By,
\F m (5.110)
=1—— [ dodr sin? 6 By,,
2

where a factor of ¢ has been included due to the Euclidean signature of the world-
sheet. Evaluating the contribution of the £ = 1 mode to the correlator we find

W@)w@) | _ X1 (6307 (0301 +656%) .
(W(@)(W(@) |55, N 24< 8 5 >+O(9 ). (5.111)

It is straightforward to further evaluate the k = 2 contributions. They lead as 367
and so don’t concern us here.
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NS-NS B-field on AdSs

The supergravity action for fluctuations of the NS-NS B field with both legs in the
AdSj directions has been worked out in [110], while the dual gauge theory operator
(for the lightest mode) has been discussed in [102]. The AdS/CFT correspondence
relates linear combinations of the Ramond-Ramond 2-form potential C),, and the
NS-NS B field By, to dual operators in the gauge theory [110]

1 - 1 i
=y ATA), 0= "5 (4-4),
(5.112)

for which the action of the modes with both legs in the AdS5 directions is given
by

A=V2B+iC), A=+V2(B-iC), B

1 - _
S = / azl%;\ﬁ—g(—5 (VA p(VHAYP — 7V A — 7P AV 4V, A, T AP

T A, @) Ar ).
(5.113)

The equation of motion for A, factorizes into two first order differential equations
(c.f. eq. (2.61) in [100]),

[zk v i*D} [2(k: +4) —i*D| A, =0, (5.114)
where *D is the operator *DA,,, = €,,"""®,A,r. Thus A, decomposes into two
modes A1 and Ay which obey the two first order equations respectively. In order

to realize this at the level of the action one must introduce auxilliary fields P,
and P, and write the action as [110]

S = / dPzy/—g (—%EWWPW@,,AW + %eWWPW@pAM

1 (5.115)
— 2P, P" — §VQAWVO‘A“” + ie“”””TAMVCI)pAUT>,
and following another linear shift
1
A= 5 (-VaV" + A)IA+ (—VaV +4)71(P — A), (5.116)

1 _
Ay = S (=VaV* + 4)1A — (—VaV* 4+ 4)71(P — A),
one gets the following action
S = _/dlo'x\/ -9 <;€ab6de(Alab(I)cAlde + AQabq)cAQde)

+ (V(=VaVe +4) + 2) A1 AT + (V/(-Va Vo +4) — 2>AQGbA%’J§5.n7>
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Expanding the fields in scalar spherical harmonics Y*, one may replace the Lapla-
cian on S° with —k(k + 4) yielding

(=VaVe+4)=k+2 k>0, (5.118)

and so Ag is the lighter field. In fact the £ = 0 mode is not physical and can be
gauged away (see the text underneath eq. (2.63) in [100]). This leaves us with
k = 1. This mode has been discussed in detail in the paper [102]. There it is
argued that the dual CFT operator is

2i 0P F L+ ho,,08. (5.119)

v

Bulk-to-bulk propagator

The bulk-to-bulk propagator for the field As was given in [111]. The propagator is
expressed as

Poviiv = (G +2H ) Ty + H Ty + K T, (5.120)
where
23/2 1
G(u) = (5.121)

8w [u(u + 2)]3/2

and where u = 1/(2W) (W being given (5.92) of this document). Further, we
have
K=G', H=-(1+u)G —2G, (5.122)

prime denoting differentiation by u. The tensors T" are given by

T = (@0 ) (@,050) - (@,@;@ (@050).
T2 0 = (Pun) (@) (2,050 ) = (1) (00 ) (@00 5129
(@) (®5u) (@s050) + (2) (D) (P, 050),

T2 = e (0,050 (@3050) (@,u).

Coupling to string worldsheet
The string worldsheet couples to the B-field as per (5.110). Since our string solution

in the AdS5 directions has only the variable ¢ which depends on worldsheet-7, and
only y and r which depend on worldsheet-o, we find

VA
S =iy / dodr (y Byy + 7' By ), (5.124)
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where prime denotes differentiation by o.

We are now faced with the task of relating the fluctuations of the B-field to the
fluctuations of the physical propagating mode As. We begin by considering the
field redefinition (5.116). The auxiliary field P, is defined by its equation of motion
stemming from (5.115)
Py, = %EWPAU@,JAM. (5.125)

But, since we are interested only in the propagation of As, the A field must also
obey the first order equation of motion stemming from the first factor in (5.114),
therefore

L Y L (5.126)

AT TR T

By (5.116) we therefore have for the £ = 1 mode

Vi. 1 (i
A2pl/: <Z

5 A = 7 —eu D Ay, — AM,,) =V3A4,, =V3V2B,,. (5.127)

4
The contributing k& = 1 spherical harmonics are two,
Yol,l,o = cos ¥ sin ¥y €72, Y017—1,0 = cos ¥ sin ¥y €72, (5.128)

and each give the same contribution to the correlator

A 1 \? (2n)® 3 _
- > | drdo | drds cos® cosd
472 <\/§\/§) AN?Z 73 / T a/dea oS CO8

X

(W(a) W(z))
(W (2))(W(z))

5By

ylglpaﬁy;&ﬂ +r'7 Per.gr + ylflpcﬁy;@* + T/glpdﬂ";@

9

(5.129)

where we have included the factor 1/(2x2) from outside the supergravity action
giving (27)°/(4N?) and the normalization of the k = 1 spherical harmonic which
is m3/3. The result evaluates to (adding a factor of two to account for the two
modes in (5.128))

(W () W(z))
(W (2))(W(z))

__pAl (3939§+ (0301 + 6363)

N2 \ TR 5 ) +0(6%). (5.130)

6By

This result, in combination with (5.111), does not cancel the extra two contribu-
tions of the first line in (5.98) which spoil the agreement with YM, at the leading
order.
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Boundary terms

In the usual way of comparing two-point functions between supergravity and the
CF'T, the on-shell supergravity action is evaluated. However, for fields with single-
derivative kinetic terms, like here, and also for fermions, the on-shell action vanishes
identically. The solution has been to add boundary terms to the action. In this
case the boundary term is [102][112]

1 -
S = /d9x2A¢jA”, (5.131)

where i, j are indices on the boundary of AdS5. The natural question arises as
to whether the presence of such a term could affect the bulk-to-bulk correlator
computation done here. We believe it does not for the following reason. In our
case the coupling to the boundary term is 7/ Bg,, but 7’ is zero at the boundary.
Thus our Wilson loop has zero coupling to the boundary term.

Heavier modes

The modes we have considered correspond to gauge theory operators of dimension
2 and 3. Going one step higher in dimension, we have the dimension-3 chiral
primaries, and at dimension-4 there are supergravity fluctuations of the dilaton
field, massless symmetric-traceless tensor in AdSs (i.e. graviton), massless AdSs
vector fluctuations (stemming from fluctuations of the g,, metric components),
and of course the higher KK-modes of the fluctuations computed here, i.e. the
k = 2 modes of the B-field on S° and AdS5. With the exception of the k = 2 mode
of the AdS5 B-field, where the literature provides no bulk-to-bulk propagator, we
have verified that all of these modes give contributions to the correlator which lead
as 939‘11.



Chapter 6

Summary and Outlook

In this thesis some recent developments in N'=4 Supersymmetric Yang-Mills the-
ory have been analyzed. In particular we have studied in detail a novel class of
Wilson loops that lies on a three dimensional sphere. These operators are very
nice observables since for particular configurations they are exactly calculable. In-
deed when the contour lies on a two dimensional sphere there are strong evidence
that their expectation value is captured by the analogous calculation in the zero
instanton sector of the ordinary bosonic two dimensional Yang Mills theory.

The first original contribution of this work (sec. 3, [75]) has been a perturbative
two-loop check of the conjecture. Interestingly we have found that, differently
from the 1/2 BPS circle case, the interaction diagrams don’t cancel but have an
intriguing interplay with the ladder diagrams to reproduce exactly the matrix model
governing YMsy on S2. Since in literature other checks have been performed, for
completeness we have reported them at the end og the same chapter.

The second original contribution of this thesis (sec. 4.1, [113]) has been a two-
loop evaluation of another class of Wilson loops defined on a two dimensional
Hyperbolic space. Similarly to the previous case, an exact agreement between the
N=4 SYM calculation and the matrix model that capture the YMs on Hs has been
found.

The last original contribution (sec. 5,[78, 79]) has been the extension of the equiv-
alence to the case of the connected correlators of Wilson loops. After the computa-
tion of the two matrix model governing the the correlator in YMy, we have argued
its equivalence with the DGRT Wilson loops Correlator in N= 4 SYM. In order
to verify our proposal we have performed perturbative checks up to g% order and
non-perturbative tests using the dual supergravity pictures.

There are several hints that deserve a future investigation. For example in our
analysis only loops that lies on S? have been considered. However in the origi-
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nal paper [60] more general operators on S3 has been presented and thus it will
be interesting to understand if and how they localize on some finite dimensional
configurations.

Another aspect to be investigated is the generalized conjecture made by Pestun
and Giombi [26] suggesting that the insertion of 1/2 BPS 't Hooft loops in N = 4
SYM and their correlators with Wilson loops on S? are captured by the non-
zero(unstable) instanton contributions to the partition function of the 2d Yang-
Mills theory. It will be intriguing to check the proposal both at perturbative and
non-perturbative level.

Furthermore since the S-duality predicts some magnetic objects preserving less
supersymmetries than the 't Hooft circle loop (they should be dual to DGRT Wilson
loops), it would be nice to define these operators and to study their properties. All
these directions are currently under investigation.
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Appendix

A The Superconformal algebra PSU(2,2|4)

In this section we write explicitly the PSU(2,2|4) algebra following the convention
of [86]. In the theory there are eight Poincaré supercharges Q% ., eight superconfor-
mal charges S2, and their conjugates Qg‘l and S% (o, ¢, a,a = 1,2 ). The original
SU(4) index I (Q') has been splitted into two SU(2) spinor indices (a,a). The
dotted index a belongs to the fundamental of SU,(2), while the second one a lives

in the fundamental of SU,(2). The commutation relations are given by

[KCYO'M Q%a] = eaﬁ‘?ga [Kadv C?ga] - EaBSga
[Pao'u Qaﬁa] = Eaﬁan [Pao'm Sgd] = EdBdi
[ Za’ QZJBL‘ = _Eaﬁégpad [Sga’ ng)]-»- = _EaﬁégKao}

[ g(a’ Sga]+ — Gdbﬁabjalg 4 %Gaﬁ (6(1de3 4 Edeab _ M('zl}ab _ Edbeabp)
[Qd4 S,gb]+ = _eai)eabja[a + %eaﬁ' <€aqub - fabTab - Mjé’ + %i)eabp)
[T}, Q%] = —65Q5" + 507Q% [T}, Q] = =6, Q0 + 501 Q%
[MMma an] = _%(TM)ZL (Tm)gng [MMma an] = —%(Tm)g (Tm)gng
[Mom, 821 = = H(r)? () S22 [Motms 58] = — 5 ()} (7 )52
[D» an] = —-Qy [D, ?m] = —Q%,

[D, S5 = +Q4" [D, S8l = +Q%,
where Tb“ (1,3), T (3,1) and Mg;)“ = (Tm)Z(Tm)ngm (3,3) are the decomposition

of the SU(4) R-symmetry generators (15) under SU(2), x SU(2)y.

Here Jg and 7% are the generators of SU(2)r, x SU(2)r Lorentz group, P, of the

translations, K* of the conformal transformations and D of the dilatations. The
other commutators are the canonical ones ( [D,0]= dim(O)O with dim(O) is the
dimension of operator O......).

This PSU(2,2|4) algebra is precisely the algebra of the (4[4) x (4|4) complex su-
permatrix (a Z-graded analog of the ordinary matrix).

B Yang-Mills theories in two dimensions

Two dimensional quantum chromodynamics is a good laboratory to obtain non-
trivial information about quantum gauge theories. Several phenomena can be well
understood in QC D- since the theory is exactly solvable. The basic reason is that
gluons are not dynamical in two dimensions and as consequence the correlations



function depend only on the topology and the area of the manifold M on which the
theory is defined. Furthermore in the large N-limit a string picture was derived [9]
and the partition function |72, 74|, Wilson loops [83] and field strength correlators
[114] were computed exactly on a manifold with arbitrary genus.

Let’s briefly review some general properties of this theory. We consider the partition
function for a SU (V) gauge theory on a manifold M

1
Zy = /DAN exp (—492 /M d*z /g Tr FWF‘“’> (B.1)

The theory is invariant under all diffeomorphisms that preserving the area. Indeed
since the two dimensional field F),, can be uniquely written as

Fo =Veuwf (B.2)

where €, is the anty-simmetric tensor and f is a scalar field, the action (B.1)
reads

Zy = /DAM exp <—4;/M d*z /g Trf2> (B.3)

and so the metric appears only trough the volume d’x V9. As consequence a
diffeomorphism that leaves invariant the area, doesn’t change (B.3).

The next step is to evaluate this partition function. To do this we follow the
idea of Migdal [72| to use a lattice regularization of the theory. So (B.1) in this
regularization can be written as

Zy = / [[av: [[ zelel (B.4)
L

plaquettes

where Z, is the heat kernel action of the plaquette defined as

Zp = ZdRXR(UP)engCQ(R)Ap (B.5)
R

with xr(Up) the character of Up in the representation R, A, the area of the
plaquette and C2(R) and dp respectively the quadratic Casimir and the dimension
of the representation R. Since the action Zp is additive the partition function will
be independent of the triangulation. Using this fact one can rewrite the total action
as

Zy =) dy Pexp <—)]\<f4 CQ(R)> (B.6)
R



that depends only on the area A and on the topology of the two dimensional surface
(g is the genus of the manifold).

To calculate the expectation value of an observable it is useful to recall the definition
the heat-kernel propagator

2an 24
K(A; U1, Uz) = (Uale™ 2 [U1) = > xr(Un)xh(Ua)e™ 2 0, (B.7)
R

where A is the area of the cylinder and the sum runs over all the representations
R of U(N). Using the disc amplitude, namely the cylinder (B.7) in which one of
the two holonomies is trivial, it is straightforward to write down the VEV of a
non-intersecting Wilson loop, for expample, on a two sphere

(WA, a, = ﬁ / AU Te[U] K(Ar: 1,U) K(As: U, ). (B.8)

There is a dual representation of this quantity. In the ordinary Y Mas there are non
trivial instanton solutions of the Yang-Mills equation labelled by a set of integer
i = (ni....ny), Ay = AJT; where A) is the usual Dirac Potential. Eq.(B.8) can
be interpreted as a sum over these solutions if we perform a Poisson resummation
(see eq.7-9 of [71]). We are mainly interested to the restriction of this result to the
zero-instanton sector, namely n; = 0. Following [71] in this case the expectation
value of the operator is given by

N
N 1 g?A1Ag] [T
(W)a, a4, = (2m)2 H —exp {— 54 / dz1dzy...dzy exp | — > 22| x

—00

DO | =

N
<11 [(zl ) iV P A( — z) — 92’4?2} A2z zy).  (B.)
=2

With a change of variables and if we express as usual the Van der Monde deter-
minant in terms of the Hermite polynomials, the integral over the eigenvalues has
been done and the result reads

1 ALA AL A
<W>A1,A2 = Nea:p |:_ 2;1 2:| L}Vfl <92 14 2> (BlO)

Another interesting features of the theory as anticipated in the introduction is its
connection with the string theory. Following the original 't Hooft idea, Gross and
Taylor try to formulate a string theory description of the QC Dz [8, 9]. They didn’t
found a precise formulation of the dual string action but relate the expansion of the



QC D3 free energy F to a specific sum over maps. Indeed expanding F in powers
of 1/N

F = iNQ‘zgng(/\A) (B.11)

one can interpret the coefficients ng (AA) as the contribution of a map of a manifold
with genus g manifold M, onto a manifold Mg with genus G. More in detail ff
reads as

fG AA) ZngGexp[ n;A} (AA)! (B.12)

where the sum over n is the sum over maps that wind n times the manifold Mg and
w;i’é is expressed in terms of the number of topological continuous map, branch-
points and collapsed handle.

C Useful Functions and Integrals

’Il (x,y) and Za(x,y) ‘

For the integral Z;(x,y) defined in section (3.3) one can easily perform the inte-
gration over the momenta. In order to integrate over p;, we first introduce the
Feynman parametrization for the two denominators, which depends on p;. Then
we perform the change of variable p; — p; — apy. This yields

( d2wp1d2wp2 eim T+ip2y
Ii(x,y) = /
) (2m)*  pip3(p1 + p2)?

dep2 eng(y ax) d2wp1 etP1T
/ / 2m)2w / (2m)% [p? 4+ a(1 — a)p3]?

The integral over p; can be now evaluated by means of the Schwinger representation
for the denominator in (C.13). We obtain

1 1 0 Y d2wp eipg(yfozz) 2 oo
Il(l'ay):(47r)w/0 aloz/0 dpp’ /(27r)2i 2 e 5 —fali-ar

1 1 s o) - d2wp2 eipg(y—aac) ﬁPQ
~ e | datatt =y [Tagpe [ IR
(C.14)

(C.13)




The integral over the second momentum can be now performed by introducing a
second Schwinger parameter A. We end up with the following parametric repre-
sentation for 77 (x,y)

(y—ax)2 x a(l—a)

Ti(o.9) = ggmdntati=a)? [ ast = [~ e e 6

(C.15)
By setting 7 = A\ + 3, we can first integrate over # and then over 7. In fact

(y— az)2 z20¢(170¢)

Ii(x,y) = a 1) /da( (1—a))~ 2 /OodTT_“’/O dppl=we A T a5 =

_ 2(z%)2-w _y=ax)? 22(1 - a)ar
471'2‘” /da/ drm*™ F(w—2,4>—

2w — N [a(l — a)]“—2
B R / “ oyt Q-
(y — az)?
<ofi (12w =3 o).

(C.16)
In the last equality, we have used the following integral given on the table

g
"B+a

This representation is useful to study the behavior around * =0, y = 0 and y = x.
Since (C.13) is manifestly symmetric in the exchange = < y and = < y — z, it
is sufficient to study the behavior only around x = 0. The other two cases will
obviously display a similar behavior. At x = 0 we find

o’T'(p+v)

Oom“_le_ﬁxl“ v,ax)der = ————"9F <1 +uv,u+1, > . (Ca7
/ (vnaa)ds = SR (Lt v (©a7)

I'(2w — 3)2F1 (1,2w — 3,w,1)

7:1(0,y) = dafa(l — a)|¥ ™2 =
(0y) = P TR 5 fdofa1 o)
(C.18)
B M (w-—1) 1
64 (2w — 3)(2 — w) [y 3
The integral Zo(x,y) is defined as follows
I'(2w — 3) )/1 a1 — a)¥?
Do(x,y) = — do X
e w) 647%(w — D)o [a(1 — )22 + (y — ax)2)> 3
(y — ax)?
Fi(1,2w— .
2 ( 2w = 35w, (y —ax)? 4+ a(l — a)z?
(C.19)

The origin of this object is explained in appendix A and it is related to light-cone
gauge analysis of the Wilson-loop. There, its definition is given in momentum



space. The expression (C.19) is obtained performing the integration over the mo-
menta along the same path followed for Z;(x, y).

In the following we shall compute its behavior at x+ = 0, y = 0 and y = x. At
z=0:

~ PRw=3)F (1,20 = 3,w,1) 1aa”_1 et
B = T - a1 -t -
_ I'(w-1) B
O 12872(2 - w)(2w — 3) ()2 (€20
1
= Tosmiw— 2y T O (- 2)°)
At y=0:
v — 1
Io(z,y) = _647T2“’1;(E)2— 1)?3:]2w_3/0daa2‘”(1 — )% F (1,20 — 3,w,a) =
I'2w—-3)I'3 —w)'(w—-1) ‘ _
T Sty R TRl
_ TPRw =3B -wl(w—-1) [(w—-2) -2I'G —w)['(2w —4)) _
64m2 [2]%73 4w —2)3T(2 — w)T (2w — 4)
= —m +0 ((w=-2)")
(C.21)
At y =
v — 1
Iy = _647r2wr(‘u(;2— 1)[3:22]2w3/0daa“’_1(1 — )Y x o (1,20 — 3,w,1 —a) =

2w —3)I'2—-w)'(w)
64729 (w — 1)[22]20—3 °

Fr(1,2w — 3,2 — w;w, 2|1) =

INw-1
B _F(Qw —3)F(2-w)(w) !~ F(S—a(;)F(QzJ—2) .
T 64T (w — 1)[x2) 23 2(w — 2) N
_ 1 0
64t (w — 2)22 +0((w=2))

(C.22)

A useful combination of 7; and Ig‘ :

In the following we shall show that the following combination of the derivatives of
7, and 7,
V., — 8Il(x7y) aIQ(xay)
w o - )
ozt oyt

(C.23)



can be reduced to a very simple form. First, we shall take the derivative. We
find

=i e (5 o) [ s -

PRw-3) [ [l - o) o o o
T 642 (w — 1)/oda (7 - a:z)2]2“_3G 4 <<9~’r“ i aay“> ’
where
£ = 7 — aw)” and  G[¢] = 2% (1,20 - 3,w,€) . (C.25)

a(l —a)a? + (g — ax)?

Since

0 d z
(a@i aayi> = —2(1— 5)5%, (C.26)

the expression for V), can be rewritten as follows

Vu _ 2F(2w — 3)3?# /CllOé[Oé(l o a)]l—wG/[§]€4—2w<1 _ §)Qw—2_ (027)
0

G4m0 (w — 1)(32) 202

The derivative of G[¢] can be now computed by using the well-known properties of
the hypergeometric functions:

G/(g) - %52“}_4(“}2}7& (17 2w — 3awa§) + £2F1(27 2w—2;w+ 175)) -

= (2w — 3 L (1, 2w — 2, w; £)

(C.28)

where we have used the identity
YeFi(a, B;7;€) — voFi(a, B+ 157;€) + adeFi(a+ 1,8+ Ly + 1;§) = 0. (C.29)
Thus

I'2w — 2)zH ! 1— 202
= — 1-— “oF1(1,2w — 2;w; €)(1 — &)* .
Vi 327r2w<w _ 1)(x2)2w_2/0d05[04( O‘)] 2F1(1, 2w ;w; €)( £)
(C.30)
IW (21, 22, 23, 74)
We consider the integral
1 d*z
1(4)36,;8,;1:,;10 = / . C.31
(022,53 80) = @i | o= 2P laa = 2P = Pa =7 D

It is well-known that this integral can be computed in terms of Z; |?|. In fact if we
define

T (z1 —y2)¥ T (z2 — y2)* —1 (y1 — y2)¥ C
) ; —, .32
N w2 mmw? BT =) (C.32)



we find

—2-2-9 4 —2-9-9
4) . _ T1T573 d*z _TIrTRry
I (x1, 2, T3, T4) (4r2)4 /(fh T (5 — 2275 — 22 12 I (Z1— T2, T3 —T2).
(C.33)
Then
; log(xy — x2)2
I(4)smg. _ _Pe\tt —L2)
(.1'1,,1}2, yhy?) 25671'6
! da
X 2 2 2 2 2 2
o I—a)(y1 —22)*(y2 —21)° — a(l — o) (1 — 22)*(y1 — y2)° + a(yr — 1) (y2 — z2)
(C.34)

For our goals, the most convenient way to compute the integral S* defined in (5.83)
is to use the technique of [?], which allows us to reduce the tensor integrals to scalar
integrals in higher space-time dimensions. We shall perform this reduction in 2w
dimensions and for arbitrary powers of the denominators. The final result is very
nice and compact

F(ai) ) whd**w = 3 S (w S a; .
N e e e (e TR L e R
(C.35)

where

(2w) W a) = F(CLZ) dQUJ
S (wya;) = 1—]1: Araitl / (z1 — w)2)4 (2 — w)2)%2 ((z3 — w)2)3((24 — w)2)a4.
(C.36)

1=

In computing Ay we also need the derivative with respect to x5 of the above ex-
pression. After some manipulation this derivative can be arranged as follows

ﬁ I'(a;)) 0 / whd*w B
L dmaitl gy | (21 — w)2) (w2 — w)2)2 (w3 — w)2)% (24 — w)2)2
4 4
= (5‘“’6(&1 + 1;a; + 51'2) + QWZ Zxéj(wk — J?Q)VG(LU + 2;a; + (51']‘ + di9 + (5]%').
k=1 j=1
(C.37)

Finally, the only other ingredient necessary for our calculation is the behavior of
the integral S(2w;a;) when x1 and x9 approach the same point zg.



I'(w—a1)T (w—a2)T(a3)l'(as)T (a1 + a2 — w) ((z1 — x2)2)(“’_“1_“2)

S(2w;a;) =
e S aitw (@) (@)
256mi=1 I' (2w — a1 — a2)
X {1 +2 (“3% + a4%) : <(332 —x0) + %(m - m)) +O((z1 — x2)2)} )
(C.38)
2m
1(0) =
©) V(1 + |w|? — 2ws cos §)2 — 4(w? + w3) sin §2 (C.39)
27wy sin 0 (1 + |w|?* — 2ws cos §)
1.(0) = 5 5 = | = > —— 1 (C.40)
4wy +w3y) \ /(1 + [w]? — 2w3 cos §)2 — 4(w] + w3)sin§
2 in§ 1 22 5
1.(6) = 771;)2 sm2 (1+ |wl w3 cos d) “1) (can
4wy +wy) \ /(14 [w]? — 2w3z cos )2 — 4(w] + w3) sin &2
Here |w|? = w} 4+ w3 + w3 + w}.
D Spherical harmonics on S°
We describe the metric of S° as follows
ds® = dv? + sin® 9dp? + cos® 0 (dﬂ% + sin? ¥y dip3 + cos® ¥y dgp%) , (D.42)
where 9,92 € [0,7/2] and ¢, p2, 3 € [0,27). The Laplacian is given by
V2 =32 — (3tan® — cot ) Dy + csc® ID2
5= )20 ? (D.43)

+ sec? ¥ ((1?7292 + (cot ¥ — tany) By, + csc? 192<I>22 + sec? 192(1333) )

The weight J scalar spherical harmonics obey V2YY = —J(J +4)Y”. This partial
differential equation is separable and solvable. The orthogonal, but unnormalized
solutions are given by

S ldel 2\1+n/2 |71 2\24J/2 Li(j1p+iewe+ises)
Jisgags W (1 +w ) z (1 +z ) €

1 , 1 . .
2P (14 5 + it =n), 24 50 + Ll +n)s 1+ lial, — =)

1, . . 1. . .
2F1(1+§(U2’—|J3|+”)7 1+§(|,72|+|13|+n); 1+ [72], —wz)a
(D.44)



where z = tan1 and w = tanvs, and

J—1, Jodd
=, J=S"[jil=0,2 4, . Jeven geven _ ’ ,
[ ] EZ:H {J, J even
n=J—ljnl, J =il =2, ..., g2l + 73],
(D.45)

giving the requisite (3+.J)(2+J)2(1+.J)/12 states, i.e. the number of components
in a traceless symmetric rank-J tensor C;, ;) in the embedding space RS, where
the spherical harmonics may be expressed as

=Cyy.pat .. a7, (D.46)
where
z! =sindcosy, z?=sindsing, 2% = cos?sinvy cosps,
2% = cos¥sin J9 sin o, x° = cos ¥ cos ¥y cos ©3, 2% = cos ¥ cos ¥y sin ©3.
(D.47)
The normalization of the le’ Ja.js May be fixed using
Jn
/55 leJst
o8 (1711)?(521)? T (14 5(J = 1] =m)) T 2+ 5(J = |ja| + 1))
(J+2)(n+ )T (14 3(J + i1l —n)) T (2+ J+ygly+n)
L (1+ 5(=lj2| = I7sl +n)) T (1 + 5(=ljo| + 3| + n))

)
U (1+ 3(lj2| = lgs| +n) T (1+ 52l +1ds| +n)
(D.48)

A more convenient basis for the presentation of the scalar spherical harmonics are
the complex variables

z1 =sind e, 29 = cosvUsinty e'¥?, 23 = cosv cos g 3. (D.49)

Using these the 6 Y! are given simply by {z1, 22, 23, 27, 23, 25}, while the 20 Y?
may be summarized as

2 2 2 * * *
{21, 23, 25, z122, 2123, 2223, Z1%4, 2173, %223} + C.C.

(D.50)
and {3’21|2 — 1, |2’2‘2 — ‘23|2}.

On our string solution we have o = /2 and 2 = 3 = 0, which means z3 =
0. However, there is a further simplification: the U(1) symmetry of the string
worldsheets parameterized by the angle ¢ implies that the contribution to the
correlator is zero unless the Y/ are independent of ¢. This issue has been discussed



in some detail in [107]. This leaves the following Y2 harmonics (normalized in
accordance with (5.93)!)

1 ) 1 ‘

Y()QfQ 0= 5 cos” ¥ sin® )y €42, Y()sz 0= 5 cos® ¥sin? ¥y 2442,
’ ’ 2 ) ) 2

2,0 1 2 9 1, (D.51)

Y0.00 = (3sin®9 — 1), Y500 = 5 cos 9 cos 205.

000 = 573

These harmonics of the s/ scalar field in (5.91) correspond to the gauge theory
operators Tr(®3+i®4)%, Tr(®3—i®4)?, Tr(3(®?+®3)—1), and Tr(®3+P3— P2 —P2)
respectively. The spherical harmonics corresponding to the operators Tr(®z+i®d,)”
for general J are

Yoj’j‘[]JO = 277/2 cos? 9 sin? ¥y 42, (D.52)
The 50 Y3 are given by

{z12023, 212223, 212523, ..., 212523},

{2123, 2123, 21252, 21257} + cyclic permutations + c.c.,

{23, 23, 23} + c.c, (D.53)
{=1(]22* = [23]%), 22(4l21]* = 1), z3(4]z1 = D)} + coc.,

{21(1221% + [23]* = 1/2), 22(2]23]* = [22]%), 23(2]22]? = [23]*)} + c.c.

E AdS; metric fluctuations

The action of D, D, on a scalar field ® is,
DyuD,® = 0,0,® — T),0,%. (E.54)

The Christoffel symbols for the AdSs geometry are (comparing to (5.87), here we
use r1 =71, 1 = ¢, & = ro cos Pa, 2 = o 8in P2)

FTi = —p FZ/ — ﬁ F¢i [ F¢i — _1
Pidi v Pidi y ’ @iTi ri Dy y’
Yy 1 T3 1 Y 1 e
Fri"'i = ;, Fy,’,.l = —Z, Fyy = —g, (E.\)O)

where ¢ = 1,2. The trace of D, D, ® is given by

2 2 2

Y Yy

¢"'D,D, ® = <y2a§ — 3ydy, + E : <y2afi + p@i + Ta)) P. (E.56)
=1 ?

'The normalization used is [ |Y]* = 2""/7°/((J + 1)(J + 2)).



F An intriguing Matching

Computing the exchange of the SUGRA modes dual to

1
Tr (B3 + i®y)”7 (F.57)

O —
NG 5N

that are the fluctuations of the RR 5-form as well as the spacetime metric and
taking the expansion about small latitude radii 6y and 6; (where the polar angle of
the latitudes at the south pole is given by m — 1) we obtain these results :

WE)W(@) X |[0567 0501 +0507 0567 6567+ 6563
(W (z))(W(z))  8N2| 22 5-3-26 26 7-33.26

0607 + 05607 05605 6565+ 05067
0 3.270 1 5;);)_ 051.3.20314_0(914),
J—3 (W (z) W()) _ X | 36301 05605 +0501  3(056% 4 6567)
W(x))(W(x 32N 8 2 5-2
(W (2))(W(z)) 2 ° r
50007 | 30001 | (0007 +0567) | 23(6501° +65°01) 37 (65 6% + 65 07) 16
+3426+72.52+ 5 .95 + 7.5.33.97 - 7.5.25 +0(07)
g .  W@W@) _ A s 0607 +0607 0301 +0367 | 1365067
- . 7 - 2 . 2.92 2.94
(W (2))(W(z))  256N2 | °°" T3 T 32.2
+0(6'%)].
(F.58)
The YMy; result in the large A limit is
Wi(x)W(z Asin By sin 0] — 0o 01
o = Z J tan’ = tan’ — (F.59)
x T ' '
WEDW@) |, V2 72

Ignoring J = 1, we may expand in 6 order-by-order in J:




Joo. W@W@) B 1 Qe N L L Gyt
' W) W(z)|,,, 8N?| 22 5.3.26 7.35.26 ’
2
I3 (W (z) W (Z) _ M (36361 6067 +6061  3(056F +6501) | 06067
' W) W@)|, ., —32N*| 8 25 5.27 3.27
2
(65 6% + 65 67) | 23 (65 6:° + 65° 1) 16
5.99 7.5.33.97 +007)],
J_4 (W(z) W(z)) _ A 595 0507 + 60567 0307+ 60567 6067
(W (2)) (W (z)) 256N2 | 071 3.2 32.22 32.92
+0(016)]
(F.60)

There is a remarkable matching of highly non-trivial terms between these two
calculations! The difference between the two calculations sets-in quite late

(SUGRA ~QCDy) s = g [9825 L GO, B BB o),
(SUGRA — QCD,),_, = 32?\] ! [392379? L 3068 9?; 03 69) 37329.55925
(SUGRA — QCD,),_, = 3o [eifz L0,

(F.61)
Although we have considered values of J up to J = 4, we expect a similar pattern

for arbitrary J.

G Divergences cancelation

Let us start to analyze the self-energy diagram. Using dimensional regularization
(d = 2w), the one-loop correction to the gauge and scalar propagator in Feynman
gauge is given by

1—‘2(&}— 1) (w s W —.’tl'i'Q)
_ 4 2 1 2
Sepon = 50 =V ity gy (01 — 2202

(G.62)



The coefficient exhibits a pole in w = 2 and thus this contribution is divergent. For
the so called spider diagrams, namely the perturbative contributions coming from
the gauge vertex A% and the scalar-gauge vertex ¢?A, we have

4(N?2 -1 T (1 — _
Sspider ZM %dtldtzdtg €(t1,t2,t3)(wy, - Wy, — &1-T2)Th 13 331#, 2 m1)7
4 Oz
(G.63)
where the symbol €(t1,t2,t3) = 1 when t; > to > t3 and it is antysimmetric

under any permutation of ¢; ( Z1(z,y) is defined in appendiz C). Rearranging the
expression for Spiger with the help of this trivial identity:

4(N? -1 d o
0= 79 ( ) %dtldtgdﬁg; - {E(ﬁl,tg,tg,) ((wil . wa — xl'.’L‘Q))Ig(l‘g — T2,T1 — 172):|
4 dto
(G.64)

(where the function Zy is defined in appendiz C ), one can note that the sum of the
divergent part in the spider diagram plus the self energy contribution gives a finite
terms that together with the finite part of the spider can be recast in a compact
useful form (free of divergencies) :

(Wag * Wy — -T1-T3)

f dtdtadtse(tn, b3, ts =22
MGCEEDIN <W> .

(z3 — 22)? (z3 — 21)?

g'(N? - 1)

s —
fot 12874

(G.65)

H Interaction Diagrams

We have to evaluated numerically the function Zio for the case B (depicted in
fig.(4.7)) in which two of the three legs of the vertex are attached to the same edge
of the circuits and for the case C (depicted in fig.(4.8)) in which all the legs are
attached to a different edge.

Interactions (B) diagrams : We begin with the diagrams depicted in figure
IV, V and VI (chapter 4) that in a compact formula con be written as



Iivwwi= [( dtl/ dtodtssgn(te — t3)Vq ) +
) 2
+ </ dtg/ dtgdtlsgn 3 —tl > (/ dtg/ dtldtgsgn 1 —tg)v )
0 0

(H.66)

where

sin(t1) sinh(6) sinh(t2 —t3)(cosh(ts)—cosh(8)) Log( o {ta) gg;{;gg;ﬁ)

51274 (cosh(ta—t3)—1)(— cos(¢1) sinh(ts) sinh(0)+cosh(¢s) cosh(6)—1)

Vi =

V, — sin(t2) sinh(¢3) sinh(6) sinhz( t3;t1 ) Log( ginh(?;) Cos(tzl)ji;;};g,g()tzi’i?)(tl) cosh(@)+1
2= 25674 (cosh(t1—t3)—1)(cos(t2) sinh(ts) sinh(0)—cosh(¢s) cosh(6)+1)

Va — sin(ts) sinh(0)(cosh(t1)—cosh(6))(cos(ts) sinh(0) cosh(tz—0)+cosh(0) sinh(t2—0)) «
3 = 5127 (sinh(¢1) cos(ts) sinh(#)—cosh(t; ) cosh(8)+1)(cos(t3) sinh(0) sinh(t3 —0)+cosh(0) cosh(tz—0)—1)

L 1—sinh(¢1) sinh(t2—60)—cosh(¢1) cosh(t2—0)
° sinh(t1) cos(t3) sinh(6)—cosh(t1) cosh(0)+1

(H.67)

These diagrams are identically to the diagrams (XVI, XVII and XVIII) (chapter
4) since one cannot distinguish the two rays of the cusp and thus we have to con-
sider two times the contribution of 7, ,, ;. Then we pass to study the diagrams
indicated with the number (VII, VIII, IX) (chapter 4). Their value is given by the
expression

0 2
Tyirvrinix :g4(N2 -1) [(/ dtl/ dtadtssgn(ts — tg)Yl) +
—0 0
0 2 0 0
=+ (/ dtz/ dtldtgsgn(tg — tl)Yz) + (/ dt3/ dt1dt28gn(t1 — t2)Y3)j|
—0 0 —0 0

(H.68)
where
v sinh(t2 —t3)(cos(8)(cosh(t1) cosh(tz)—1)+sinh(tq) sinh(¢3)) Log( ::3{:83 ::::ég; Zz:ggizz::g:}; ZZ:EE;:;:;)
1 =—

51274 (cosh(ta —t3)—1)(sinh(t1 ) sinh(¢3) cos(8)+cosh(t1) cosh(tz)—1)

(cosh(ta) sinh(t3) cos(8)+sinh(tg) cosh(ts)) Log( sinh(ty) Sinh(t%i:ﬁ?f(j)_t(;tfyl) cosh(tz) =1 )

51274 (sinh(¢2) sinh(t3) cos(8)+cosh(ta) cosh(tz)—1)

Vo =— (cos(8)(cosh(ty) cosh(tz)—1)+sinh(¢1) sinh(¢3))(cosh(ta) sinh(t3) cos(§)+sinh(ta) cosh(ts))
3 51274 (sinh(t1 ) sinh(¢3) cos(8)+cosh(t) cosh(t3)—1)(sinh(ts) sinh(t3) cos(8)+cosh(ta) cosh(tz)—1)

cosh(t; —to)—1
Log <sinh(t1) STh(a) cos(0) T oosh(71) cosh(t;;)fl) .
(H.69)

Since this contribution and the one coming from diagrams (XIX, XX, XXI) is the
same and similarly the diagrams (XIII, XIV, XV) and (X, XI, XII) are equal, the
value of the last three (B) type diagrams to consider is given by



IX,XI,XII =g — 1 [</ dt1/ dtgdtgsgn t2 — t3)W ) +
(/ dtg/ dtldtgsgn(tg - tl)W ) (/ dtg/ dtldtgsgn(tl - t2)W3>:|
—0 =34

(H.70)
where
sin(ts) sinh(@)(cosh(tl)—cosh(@)) sin(tg—tg) Log( sinh(tq) cos(tg) sinh(#) —cosh(ty) cosh(8)+1 )

Sinh(#;) cos(f3) sinh(0) —cosh(Z) cosh(0)F 1
51274 (cos(ta—t3)—1)(— sinh(¢1) cos(t3) sinh(6)+cosh(t1) cosh(6)—1)

1=

W, — sinh?(6) sin? (tl hits )(s1nh(t2)cosh(9) cosh(tz) cos(ts) sinh(6))
2 T 25674 (cos(t1 —t3)—1) (sinh(t2) cos(t3) sinh(9)— cosh(tg)cosh(G)Jrl)

Log ( 4 cos(t1) sinh(t2)csch(0)—4 cosh(ts) coth()csch(8)+coth? (8)+3csch? () —1 )

4(cos(t1—tz)—1)

. . . . sinh?(0) (cos(t] —tp)—1
sin(t1) sin(t2) sinh(t3) sinh?(8) (cosh(#) —cosh(t3))Log Cos(t1) g,nh%)(s,)n(hwg 1cosﬁzts))cosh(9>+l

51274 (— cos(t1) sinh(ts) sinh(0)+cosh(ts) cosh(8)—1)(— cos(tz2) sinh(ts) sinh(6)+cosh(ts) cosh(0)—1)*
(H.71)

Wy =

Interactions (C) diagrams : Now we pass to analyze the (C) type diagrams. We
immediately note that the six diagrams can be divided in two equivalent groups. The total
result is thus given by two times this contribution

T % 0 T 0 0
Tovrrnxvn =9 (N? —1) l / dt, / dts / dt; Cq + / dts / dts / dty Co+
T—30 0 —0 T—0 0 —0
T 6 0
/ dt3/ dtl/ dty Cs
T—0 0 0

(H.72)
where
Cy = sin(t1) sinh(0)(cosh(t3)—cosh(6))(cosh(t2) sinh(t3) cos(§)+sinh(t2) cosh(ts))
1 =7 5127%(= cos(t1) sinh(ts) sinh(#)+cosh(t3) cosh(8)—1)(sinh(tz) sinh(t3) cos(d)+cosh(tz) cosh(ts)— 1)
L sinh(¢2) sinh(0) cos(t148)+cosh(ts) cosh(6)—1
og\ = cos(t1) sinh(t3) sinh(0)+cosh(ts) cosh(0)—1
Cy = sinh(¢3) sinh(0) sin(t2+46)(cos(d) (cosh(t1) cosh(tz)—1)+sinh(¢1) sinh(¢3))

51274 (sinh(¢1) sinh(¢3) cos(d)—+cosh(t1) cosh(tz)—1)(sinh(ts) sinh(0) cos(t2+8)+cosh(ts) cosh(8)— 1)

Lo <7 sinh(¢1) cos(t2) sinh(6)+cosh(¢1) cosh(@)fl)
sinh(¢1) sinh(t3) cos(8)+cosh(t1) cosh(tz)—1

Ca = sinh(0)(cosh(t1)—cosh()) sin(t3+6)(sinh(t2) cosh(8)—cosh(t2) cos(t3) sinh(6)) «
3 T 51274 (— sinh(#2) cos(t3) sinh(#)+cosh(tz) cosh(#)—1)(sinh(#; ) sinh(0) cos(t3+0)+cosh(t1) cosh(0)—1)
L sinh(¢1) sinh(¢2) cos(d)+cosh(¢1) cosh(t2)—1
o sinh(¢1) sinh(0) cos(t3+d)+cosh(t1) cosh(6)—1 ) *

(H.73)
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