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Abstract

We study the inverse problem of determining the position of the moving
C-terminal domain in a metalloprotein from measurements of its mean
paramagnetic tensor . The latter can be represented as a finite sum involving
the corresponding magnetic susceptibility tensor x and a finite number of
rotations. We obtain an optimal estimate for the maximum probability that
the C-terminal domain can assume a given orientation, and we show that only
three rotations are required in the representation of ¥, and that in general two
are not enough. We also investigate the situation in which a compatible pair
of mean paramagnetic tensors is obtained. Under a mild assumption on the
corresponding magnetic susceptibility tensors, justified on physical grounds,
we again obtain an optimal estimate for the maximum probability that the
C-terminal domain can assume a given orientation. Moreover, we prove that
only ten rotations are required in the representation of the compatible pair of
mean paramagnetic tensors, and that in general three are not enough. The
theoretical investigation is concluded by a study of the coaxial case, when all
rotations are assumed to have a common axis. Results are obtained via an
interesting connection with another inverse problem, the quadratic complex
moment problem. Finally, we describe an application to experimental NMR
data.

1. Introduction

The availability of genomic data has created a need for rapid and efficient determination of
three-dimensional structures of the corresponding proteins. It is commonly accepted that each
protein has a unique fold, but no a priori theoretical method is presently available to obtain
it from knowledge of the sequence of amino acids which constitute the protein. The primary
purpose of this paper is to contribute by addressing a related inverse problem.
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There are proteins which exhibit, under particular conditions, a certain degree of freedom.
A widely-studied case is that of calmodulin, which consists of two rigid domains, called the
N-terminal and C-terminal domains, connected by a short flexible linker. The relative positions
of the two domains have been recently studied using numerical methods in [2]. Calmodulin
is a metalloprotein, one of the one-third or so of all proteins that contain at least one metal
ion. For such proteins, new NMR structural constraints, the paramagnetism-based constraints,
can be obtained to study the positions of the domains; see [5]. We focus in this paper on
residual dipolar couplings (RDC) 5;%“, which are due to the induced partial orientation in high
magnetic field caused by anisotropy of the magnetic susceptibility tensor, a 3 x 3 symmetric
matrix x. These are given by the equation (see [14])

Cra
8 = —s= Py X Pap, (1)
Tab

where Cyq is a constant, P,, = (Xup, Yab, Zap)” 18 the transposed position vector in the
same reference system as the matrix x, where (x.5, Yap, Zap) are the differences between the

. . _ /.2 2 .2
coordinates of selected pairs of atoms @ and b, and ra, = /X7, + Y5, + Zop-

Since the isotropic part of the magnetic susceptibility tensor x does not influence the RDC,
the trace of x is usually assumed to be zero, and we will make this assumption throughout the
paper.

For many metalloproteins, it is possible to substitute one metal ion with a different one.
In these cases more than one set of RDC can be obtained, as different metal ions determine
different magnetic susceptibility tensors (see [1, 3]). The removal of the metal ion present in
the binding site may cause conformational modifications; however, these can be limited by
substituting the metal ion with one having the same charge; see [1].

The binding site of the metal ion in calmodulin belongs to the N-terminal domain. The
measured values of RDC for pairs of atoms belonging to the N-terminal domain can be used
to determine a good estimate of x. The measured values of RDC for pairs of atoms belonging
to the C-terminal domain can be used to study the relative orientation of the two domains.
The rigid structures of both domains are assumed to be known in a reference frame, the lab
frame. The orientation of the C-terminal domain with respect to x may be represented by a
rotation matrix R, transforming the lab frame into the orientation of the C-terminal domain.
There is an unknown probability measure p in the set of rotations such that the mean RDC §"%
are given by

- C
fide = =X [ (RPw)*x(RPuy) dp(R).
rab N

(See section 2 for definitions and notation.) Using the 3 x 3 matrix x called the mean
paramagnetic tensor, defined by

Xij = / (R*xR)ijdp(R), )
505
this formula may be recast in the form
srde Crd * =
Sy = 5 PiyX Pab- 3)
Tab

Clearly, the mean RDC of any pair can be calculated from j. On the other hand, ) can
be estimated from a number of mean RDC of the C-terminal domain (specifically, five are
enough, if the mean RDC are exact, to determine the quadratic form associated with j, while
if errors are present a larger number are needed to get a good fit by numerical methods).
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In this paper we study the inverse problem of determining the position of the moving
C-terminal domain from measurements of . The fact that ¥ contains information about the
motion of the C-terminal domain is already clear from the following extremal cases.

(i) Suppose the C-terminal domain does not move. Then p = §g, for some rotation Ry
and ¥ = R x Ro has the same eigenvalues as x.

(ii) Suppose that all orientations of the C-terminal domain are equally likely, that is, p is
the Haar measure (see section 2) in SO3. Then ¥ = 0, by lemma 3.1.

Note, however, that knowledge of the five distinct entries of the symmetric matrix x does
not allow exact reconstruction of the probability measure p.

We begin our analysis in section 3 by observing that a mean paramagnetic tensor ¥ can
be assumed to be of the special form

X =Y piRjxR;, “)
J
where the sum is finite, R; € SOj3 for each j, and Zj pj = 1 with each p; > 0. What is of
interest to chemists is the maximum probability such that the C-terminal domain can assume a
given orientation. They do this by a numerical fit based on an assumption that representation
(4) involves a particular number of rotations. This number therefore is also of interest.

In this paper we prove that one can always find a representation (4) of x involving only
three rotations (see theorem 3.5) and that this number is in general the minimum. Moreover,
theorem 3.8 provides an optimal estimate of the maximum probability that a given orientation
may be assumed by the C-terminal domain.

In practice (see [2, 4]), more than one metal ion can be substituted. We limit the analysis
to the two-metal-ion case for simplicity, considering a compatible pair (¥', ¥2) of mean
paramagnetic tensors, each of form (4), for the same rotations R; and coefficients p;. The
corresponding magnetic susceptibility tensors x' and x? can clearly be assumed to be not
proportional; moreover, a slightly stronger assumption (assumption A), that x ' and x? do not
have a common eigenvector, can be justified on physical grounds. As was noted in [10], the
data can now be combined to remove a certain non-uniqueness issue (compare lemma 3.7 and
proposition 4.5). In section 4, we use a version of Carathéodory’s theorem to prove that a
compatible pair of representations can always be found involving at most 10 rotations (see
theorem 4.2). It is quite likely that this number may be reduced, but we give an example
in section 6 (see also theorem 4.4) to show that under assumption A, at least four rotations
are needed in general. Also under assumption A, theorem 4.6, a two-metal-ion counterpart
of theorem 3.8, again provides an optimal estimate of the maximum probability that a given
orientation may be assumed by the C-terminal domain.

The difficulty of finding the minimum number of rotations involved in representations of
mean paramagnetic tensors is highlighted in our discussion in section 5 of an apparently much
simpler special case in which all the rotations have a common axis. The minimum number of
rotations is then three, but to prove this we resort to a fascinating connection with the famous
moment problem, specifically the quadratic complex moment problem. Our result is obtained
as an easy corollary of the recent solution of the latter by Curto and Fialkow [6], but this
solution is itself by no means simple.

Finally, section 7 describes an application to experimental NMR data.

2. Definitions and notation

As usual, the standard orthonormal basis for n-dimensional Euclidean space R" will be
{e1,...,e,},and §"~! is the unit sphere in R”. The norm in R" is denoted by |-
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The dimension of a set A is the dimension of its affine hull, and written dim A.

The determinant and transpose of a matrix M are denoted by det M and M*, respectively.

We write SO5 for the special orthogonal group of rotations in R*. There is a unique
rotation-invariant (uniform) probability measure in SO3, the Haar measure; see [13, Satz
1.2.4] for a clever direct construction of this measure. By 8, we mean the Dirac measure of
unit mass concentrated at the point x.

The coordinate axis reflections in R3 will be denoted by S;,i = 1,2,3, where S; is
the diagonal matrix with 1 in place ii, and —1 in the remaining diagonal places. It will be
convenient to write Sy for the identity matrix. The matrix with all entries zero will be denoted
by 0.

3. The one-metal-ion case

In this section we study the information that can be gathered from measurements arising from
one metal ion.

Let fimin, 2, and pmax be the eigenvalues of the magnetic susceptibility tensor yx, in
increasing order, and let

Mmin 0 0
xi=|1 0 w2 O ®)
0 0 imax

be the standard diagonalized form of x. The calculated values (see [3]) show that in physical
situations no eigenvalue can be zero, and all eigenvalues are distinct. We shall therefore make
this assumption in this paper. Then, using the fact that trace x = 0, we have

Mmin < 0 < fmax and — 2max < Mmin < —HMmax/2. (6)

Lemma 3.1. Let the mean paramagnetic tensor ¥ be given by (2). If p is the Haar measure
in SO3, then x = 0.

Proof. We may assume that x = y, is given by (5). The matrix for the rotation R around an
axis parallel to the unit vector (x, y, z) by angle 0 < o < 27 is given by

cosa+ (1 —cosa)x? (1 —cosa)xy —zsina (1 —cosa)xz + ysina
R=| d—-cosa)xy+zsine cosa+(l—cosa)y? (1—cosa)yz—xsina|. (7)
(1 —cosa)xz —ysina (1 —cosa)yz+xsinae  cosa + (1 — cosa)z?

(Compare [15, p 582].) In terms of spherical polar coordinates (p, 6, ¢), where p > 0,
0<60<27rand0 < ¢ <, wehave x = pcosfsing,y = psinfsing, and z = p cos ¢.
Substituting these values into (7), and using the formula (see [9, (4.77)])

1
dp(R) = il sin(a/2) sin ¢ do d9 dep,

the right-hand side of (2) can be shown to be equal to zero for all i and j by routine calculation.
We omit the details. (|

We assume henceforth that the mean paramagnetic tensor is given by

X =) piRixR;, ®)
J

where the sum is finite, R; € SO; for each j, and Zj p; = 1 with each p; > 0. (It is
convenient to allow p; = 0, though of course in this case the corresponding term in (8) can
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Figure 1. Hexagon (shaded) representing the set H of diagonal matrices.

be dropped.) This assumption, that the general representation (2) of  can be replaced by (8),
is equivalent to assuming that the measure p in (2) is concentrated on a finite set of rotations.
Theorem 3.5 below justifies the assumption.

Let V = V(x) be the set of all mean paramagnetic tensors of form (8). Each matrix in
V is symmetric and so can be represented as a point in R, for example by taking, in some
particular order, the entries of the upper triangular part of the matrix excepting the lower right
diagonal entry. In this way V can be regarded as a subset of R*. The following lemma collects
some basic properties of V.

Lemma 3.2. Let x € V. Then

(i) X is symmetric,

(ii) tracejyy =0,
(iii) V is a compact convex subset of R®, and
(iv) R*xR € V, for each R € SOs.

Proof. Property (i) is trivial and (ii) follows from the linearity of the trace and its invariance
for similar matrices. As for (iii), representation (8) shows that V is precisely the convex hull
in R of the compact set {R*x R : R € SOs}. Property (iv) follows from the fact that the
product of rotations is a rotation. O

Let H be the set of all diagonal matrices D = (d;;) with zero trace and with eigenvalues
in the interval [min, Umax]. SINCE Umin < d3z = —di — day < Umax, €ach element of H
is represented by the point (d);, da») in the shaded hexagon shown in figure 1. Each vertex
of the hexagon corresponds to a diagonal matrix whose diagonal entries are the eigenvalues
Mmin, M2 and fmax of x, ordered in one of the six possible ways. Therefore each such vertex
corresponds to a matrix QF xsQ;, where Q; is one of the six rotation matrices that permute
the axes of the reference system (possibly reversing the direction of an axis). The vertices are
all distinct because the strict inequalities (6) hold.

Theorem 3.3. The set V is the set of symmetric 3 x 3 matrices with zero trace and with
eigenvalues in the interval [[Lmin, Umax]-
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Proof. Let x € V. Then x is symmetric and has zero trace, by lemma 3.2(i) and (ii).
Moreover, for each unit vector x, using (8), we obtain
Xgx = pi(Rix) X (Rix) < D pjllmax = Hemax-
J J

Similarly, x*}x > pmin. It follows that the eigenvalues of ¥ lie in the interval [min, fAmax]-

Now suppose that M is symmetric with zero trace and with eigenvalues in the interval
[Amin> #max]. Then M is similar to a diagonal matrix R* M R in H, which is represented by
a point in the shaded hexagon in figure 1. This point is a convex combination of three (not
necessarily distinct) vertices of the hexagon; let the corresponding rotationsbe Q;, j = 1, 2, 3.

Then R*MR =Y 3_, p; 0} xa Qi yielding

3
M = Z Dj (Qif R*)*Xd(Qin*)'
j=1
Comparing (8), we see that M € V and the theorem is proved. ]

The previous theorem and its proof give the following corollary.

Corollary 3.4. The set V has the following properties.

(i) The zero matrix0 € V,
(ii) dimV =5, and
(iii) each x € V has a representation (8) involving at most three rotations R;.

Proof. Only (ii) requires comment. For this, note that if ¥ € V has eigenvalues in
(Mmins Mmax), then by continuity of the eigenvalues with respect to the elements of the matrix,
a neighbourhood of ¥ in R also belongs to V. (]

Theorem 3.5. Suppose that x is a mean paramagnetic tensor of the general form (2). Then
X also has a representation of form (8) involving at most three rotations.

Proof. Note that representation (2) implies that x is symmetric and trace y = 0. For each
unit vector x, we have

205 = [ ROARD PR < [ s dDR) = s
S03 SOS
and similarly pmin < x*jx. It follows that the eigenvalues of j lie in the interval [min, max]-
By theorem 3.3, y € V, and the proof is completed by corollary 3.4 (iii). ([

Lemma 3.6. The zero matrix 0 € V has no representation of form (8) involving only two
rotations. However, 0 can be represented in the form
0=13xa+ 5P xaPr+ 5P xa P2, )

where Py and P, are the two rotations that cyclicly permute the axes.

Proof. Suppose that 0 = p| R} x R| + p2 R} x R, for some Ry, R, € SO3, where p; + pr = 1.
Then p; det(R xR1) = —p; det(R5 x R»), so (p; + p3) det x = 0. This implies det x = 0,
contradicting the fact that the eigenvalues of x are nonzero.

A direct computation with

01 0 0 0 1
Pl =10 0 1 and P2 = 1 0 0
1 00 01 0

establishes representation (9). U
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Note that (9) is not the only way to represent the zero matrix. For instance, if
—Mmin > Mmax, then direct calculation yields

0= Mmax L+ Mmin T Hmax Pl*Xd P+ _(Mﬁqin + MminMmax t Mﬁqax) Q;Xd 0,, (10)
Mmax — Mmin 2 kmin + Mmax (Mmax — Mmin) CMmin + Umax)
where
0 0 -1
o,=10 1 0
1 0 O

Similarly, if —pmin < Umax, We have

0= Xa " _(/’ernin + UminMmax + /'L[Znax)
Mmin — Mmax 2Mmax + Wmin (//Lmin - /’Lmax)(zlumax + Mmin)
Note that the denominators of the coefficients in (10) and (11) are nonzero, by (6); however,
these coefficients now depend on the eigenvalues.
The only rotations R such that R*x;R = y, are the identity Sy and the coordinate
axis reflections S;, i = 1,2, 3 (see section 2). There is a consequent non-uniqueness in the
representation (8) of certain y, as the following lemma demonstrates.

Mmin + Mmin T Hmax *

PixaP> 03xaQ2. (11)

Lemma 3.7. Let ¥ = R} x4 Ro for some Ry € SOs3. Then every representation of x as in (8)
can also be written as
3

X = Zpi(SiRO)*Xd(Si Ry), (12)
i=0
where p;,i =0, ..., 3 are arbitrary nonnegative coefficients with ), p; = 1.

Proof. Note that for each i we have (S; Ro)* xa(Si Ro) = R xaRo. Thereforeif p;,i =0,...,3
are arbitrary nonnegative coefficients with Zi pi = 1, then (12) holds.

On the other hand, the eigenvalues of x,; and ¥ are the same. If § = ) i Pj R;f XxaR;, then
Xa = Rox R§ = Zj Pi(R;R{)* xaR; R§. Therefore

Mmax = €3 Xa€3 = ZPj(RjRéea)*XdeRf;% < ijﬂmax = Mmax-
J J
It follows that for each j, (R; Rje3)* xaRjRjes = iimax, and hence, since the eigenvalues of
Xa are simple, that R;Rje3 = £e3. Analogously, using fiyin, we obtain R; Rje; = *£e; for
each j. This shows that for each j, there is an i such that R; R = §;, i.e., R; = S;Ro. Thus
(12) holds. O

Let x be a mean paramagnetic tensor, and let Ry be a given rotation. From the physical
point of view, it is important to obtain an estimate of the maximum probability pmax for
which the C-terminal domain can assume the relative orientation Ry. In practice (see [2]) it is
reasonable to suppose that the orientations for which small values of pp,x are obtained cannot
be assumed by the domain. The following result is an optimal estimate.

Theorem 3.8. Let j be of form (8), let Ry € SO3, and let pnax be the maximum probability
such that the C-terminal domain can assume the relative orientation Ry. Then

X —tRxaR
X 0Xd OEV}.

1—¢ (13)

pmaxzsup{0<t<1:



886 R J Gardner et al

Proof. Let

X — RS xaR
ﬁev}. (14)

X
tmax—sup{0<t<1. T—;
‘We consider various cases.

Suppose first that ¥ = R*x,R for some R € SO3. If R = S; Ry for some 0 < i < 3,
then ppa = 1 because ¥ = R;S7 xaSi Ro = R xaRo, and . = 1 because (¥ — tRjxaRo)/
(1 —¢t) = yx € V foreacht < 1. On the other hand, if R # S;Ry fori = 0, ..., 3, then
Pmax = 0 by lemma 3.7. Moreover, if (R* xR —tR§xaRo)/(1 —t) € V forsome 0 <t < 1,
then by (8) we have

R*xaR =tRyxqRo+ (1 —1) ZPjR7Xde,
j>0
and this is impossible by lemma 3.7 because R # S; Ry. Hence 7« = 0.
Now suppose that ¥ ¢ {R*x4R : R € SO3}, and suppose the C-terminal domain has
relative orientation Ry with probability po. Then ¥ = poR}xsRo+ > j=0Pj Rj XaR;, and so
X — PoRy xaR i
1 —po L—po -

j>0
since ) j=0 Pj/(1 = po) = 1. This shows that pmax < max. To prove the reverse inequality,
note first that since ¥ ¢ {R*x4R : R € SO3}, the numerator of (}¥ — tR;xsRo)/(1 — 1)
is different from O for ¢ close to 1 and the denominator tends to 0 as + — 1. Since
V is compact, this implies that #,,x < 1. Now by the definition of #,,x, we have
()_( - tmaxRE)kXdRO)/(l - tmax) € V’ SO

X — fmax R Xa Ro
T = poRGXaRo + ) iR XaR), (15)
max j>0

where Zj pj=1and p; > O0for j > 0. Setting fy = fmax + (1 — fmax) po, (15) implies that
X —toRyxaRo

1—1

= —1 fj R;kXde evV.
j>0 Po

Since fmax < 1, if pg > 0 we have #y > fn.x, contradicting the definition of #,,x. Therefore
po = 0, and substituting this in (15), we see that

)_( = tmaxR:)(XdRO + (1 - tmax) ijRdeRj
Jj>0

and hence that f,x < pPmax, completing the proof. U

4. The two-metal-ion case

Let x*, k = 1,2 be magnetic susceptibility tensors relative to two different metal ions, and
fork =1,2,let

VE=x kb =) piRix"R,D pi=1.p;20¢,
J J
be the corresponding sets of mean paramagnetic tensors. Let

V2= 3= x) k=) PR Rk =1.2 (16)
J
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be the set of compatible pairs of mean paramagnetic tensors. Each ¥'? € V2 has a
representation

=D PR R Y PiRKCR; | an
J J

where ), p; = 1 and each p; > 0. Note that both these coefficients p; and the rotations R;
are the same for each component of ¥ "2 in (17). Just as we were able to regard V as a subset
of R’ in section 3, so we can regard V12 as a subset of R’ x R’ = R!©,

We summarize some properties of V12 in the following lemma.

Lemma 4.1. The set V2 has the following properties.
(i) V12 is a compact convex subset of V' x V2.
Moreover, if x' and x? are not proportional, then

(ii) the origin in R'® belongs to the interior of V2, and hence
(iii) dim V12 = 10.

Proof. By definition, V!> ¢ V! x V2, and (16) shows that V! is precisely the convex hull
of the compact set {(R*x 'R, R*x2R) : R € SO3} in R’

Though (iii) follows from (ii), our proof will actually supply both statements at once.
Suppose for simplicity that x! = x} is diagonal. Consider the section IT1> = {¥?: (0, ¥?) €
V12}, Using lemma 3.6, we can represent the zero matrix 0 € V! in form (9). Then

=3+ IPIC P+ AP P e TN
A straightforward computation shows that ¥2 has zero diagonal entries and all other entries
equal to x = (1/3))(122 + (1/3))(123 + (1/3))(223, and hence has eigenvalues 2x, —x and —x. By
lemma 3.2(iv), every matrix of the form R*¥?R belongs to I1%, because R*0R = 0. Then
I1% includes the three diagonal matrices having eigenvalues 2x, —x and —x, and hence, by
convexity, a triangle T2 containing the origin in R>. If x # 0, the origin in R’ belongs to the
relative interior of 72.

If x = 0, then we have

X33 = —Xis — X (18)
Suppose first that the eigenvalues w!. and pl  of x! satisfy —p). > pl . Then we can
repeat the above argument, using instead of (9) the alternative representation (10) of the zero
matrix. Let M? be the corresponding matrix in I1%, given by (10) with x, replaced by x?2,
noting that the coefficients in this representation of M? depend on pl. and pul .

We claim that M? # 0. Indeed, if the non-diagonal entries of M? are all zero, then
in particular M2, = 0 and M}, = 0. Using (18), these two equations form a system of
two homogeneous linear equations in the variables x7, and xf;, whose determinant may be
calculated to be

1 1 2 11 1 \2
(2/‘Lmax + I’Lrlnin) (I’Lmax + /'Lrlnin) ((/'l’rlmn) + /‘Lmaxlu“min + (/‘Lmin) )
1 L V(2! 1 )2 '
(Mmax - /’Lmin) ( Hmin T /“Lmax)
Since this determinant is nonzero, we have Xlzz = X123 = 0 and hence that x? is diagonal. In
this case a straightforward calculation shows that M3, = M3, = 0, and hence M? = 0, if and

only x and x? are proportional. Our hypothesis therefore implies that M? # 0 and proves
the claim.

2
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Since M? # 0, it has at least one nonzero eigenvalue and hence at least two nonzero
eigenvalues, because trace M> = 0. Then, as above, there is again a triangle 7% containing
the origin in R’ in its relative interior.

If —pli < wl ., we repeat the above argument, using instead of (10) the representation
(11) of the zero matrix. In this case the same conclusion can be reached similarly.

Every matrix similar to a diagonal matrix with its eigenvalues in 72 belongs to I1%, so
dim 12 = 5.

The previous argument can be applied also to the section 1! = {M' : (M!,0) € V!?}
(using the lab frame for the second metal ion as the reference frame), yielding a triangle
T! in TT' containing the origin in R in its relative interior and allowing us to conclude
that dimIT' = 5. Then, by convexity, dim V2 = 10, and the origin is an interior point
of V12, ]

A few remarks are appropriate in connection with the previous lemma. Firstly, an
alternative to our proof of part (iii) would be to find an explicit set of 11 points in V!> whose
convex hull has positive volume in R'?, and the fact that the origin in R'® belongs to V-2 can
easily be proved using lemma 3.1. However, our proof of these facts via part (ii) provides
more information.

Secondly, the proof shows that if x = 0, we have found a representation of the origin in
V12 involving only three rotations.

Thirdly, we see from lemma 4.1 that dim V!> = 5 if x! and x2 are proportional, and
dim V12 = 10 otherwise. Thus dimensionally speaking, we can gather more information in
the two-metal-ion case if and only if x' and x? are not proportional.

Theorem 4.2. Each 3" € V2 has a representation of form (17) involving at most 10
rotations.

Proof. As in the proof of lemma 4.1(i), V12 is the convex hull of the connected set
C={(R*x'R,R*x*R) : R € SO3)}

in R!°. Suppose that "2 € V2. By a version of Carathéodory’s theorem (see, e.g., [12,
theorem 1.1.4]) due to Fenchel [7] (see also [11, theorem 1.4]), there is a subset D of C
consisting of at most 10 points such that x> belongs to the convex hull of D. This proves the
theorem. ]

For our next results, we require a slightly stronger assumption than that x ' and x 2 are not
proportional, which however is justified on physical grounds (see [3]):

Assumption A. The matrices x ' and x? do not have a common eigenvector.

As a consequence, x ' and x? cannot both be diagonal. It is always possible to suppose
that x! is diagonal, by appropriately choosing the reference frame.

Lemma 4.3. Suppose that assumption A holds. If x' = x (} is diagonal, then there are at most
three zero entries in x>.

Proof. Suppose there are at least four zero entries in x2. In view of the symmetry of x2, it
is not possible that all the diagonal entries and at least one non-diagonal entry are zero, since
this would imply that det x2 = 0. Then, since x? has zero trace, it can have at most one zero
diagonal entry, and since it is symmetric, there must be at least four non-diagonal zero entries.
It follows that there is an index i such that the only nonzero entry in row i or in column i of
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x? is the diagonal entry Xizi- But then e¢; is an eigenvector of both x L} and x2, contradicting
assumption A. (]

Theorem 4.4. Suppose that assumption A holds and suppose that in the reference frame where
x ' is diagonal, each non-diagonal entry of x? is nonzero. Then there exists a 3> € V12 that

has no representation of form (17) involving less than four rotations.

Proof. We may assume that ' = XL} is diagonal. Let p; > 0,j = 0,...,3 satisfy
Zj pj = 1, and define

3 3
3= (s 1) = | Do piSixaSis Y piSix’S; | (19)
j=0 =0

where the rotations S; are as defined in section 2. By lemma 3.7, every representation of x [},
and hence every representation of x ', involves only the rotations § ;. Suppose that

3 3
=0 1) = | Do aiSixaSis Do aiSixn*Si | (20)
j=0 j=0
where g; > Ofor j =0,...,3 and ) ;4; = 1, is another such representation. Let ¢; =

pj—4qj,j=0,...,3,sothat
co+ci+cy+c3=0. 2n

By (19) and (20), we have

3
Z C‘/‘S‘/‘XZS]‘ = 0,
j=0

and this implies that
Xh(co—c1—cr+c3) =0
Xi(co—ci+ca—c3) =0

XH(co+ter—ca—c3) =0

Each entry of x? appearing in this system may be cancelled, by our hypothesis. The resulting
system of three equations, together with (21), forms a linear system whose determinant is
nonzero. Therefore ¢; = 0 and so g; = p; > 0 for all j, completing the proof. ]

Note that the hypothesis in theorem 4.4 that each non-diagonal entry of x2 is nonzero
holds quite generally, in fact for all but a set of x?’s of zero measure.

The next result, proved in [10, theorem 1], shows that the non-uniqueness in lemma 3.7
can be avoided in the two-metal-ion case.

Proposition 4.5. Suppose that assumption A holds. Let 2 = (R; x'Ro, R; x2Ro) for some
Ry € SOs3. Then there is no other representation of x -2 of form (17) in which the coefficients
pj are all positive.

The following theorem is an optimal estimate for the maximum probability for which the
C-terminal domain can assume a given relative orientation.
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Theorem 4.6. Suppose that assumption A holds. Let 32 € V12, let Ry € SOs, and let

Pmax be the maximum probability for which the C-terminal domain can assume the relative

orientation Ry. Then

%' — t(R5x ' Ro, R x*Ro)
1—1¢

Pmax = Sup {0 <t<l1: € v”} ) (22)

Proof. The proof is very similar to that of theorem 3.8 for the one-metal-ion case. Indeed,
the latter can be followed step by step with only very minor changes, using proposition 4.5
instead of lemma 3.7, and we therefore omit the details. O

Corollary 4.7. Suppose that assumption A holds. We have

Sk * o,k
—tR R
pmaxgtl'zzm%nsup{0<t<l:wevk}.

k=12 1—1¢

Proof. Note that

X2 — t(RGx"Ro. Rix*Ro) _
1—t¢

tl‘zzsup{0<t<1: VIXVZ},

so the result follows from lemma 4.1(1). O

The value pp,.x is very hard to compute, because is not easy to check whether a given
pair (M', M?) of symmetric matrices with zero trace belongs to V2. On the other hand,
theorem 3.3 provides a straightforward method of checking whether M* € V*. In this way,
t12 can easily be computed.

A numerical way to estimate the probability for which the C-terminal domain can assume
a given relative orientation Ry is to scan the possible representations involving Ry. This has
been done in practice in [2].

5. The coaxial case

In this section we consider the particular case when the linker between the two domains is
confined to a single dihedral angle. This may happen in the determination of the fold of
tertiary or residual protein structures.

We begin with the one-metal case. Note that while it is always possible to apply the general
theory of section 4, obtaining from corollary 3.4 a representation of the mean paramagnetic
tensor y involving only three rotations, these are not coaxial rotations, so a separate analysis
is required.

In the coaxial case, we are restricting the rotations to a subset

0,=1{R €803 : R(u) =u}

of SO; consisting of rotations preserving a common oriented axis in a fixed direction u € S2.
By choosing a suitable reference frame, we may assume that u = e3. (In this frame, however,
the matrix x is not necessarily diagonal.) Let V,, be the set of all mean paramagnetic tensors
of the form

X =) piRj xR, (23)
J
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where for each j,
cosf; sinf; O
Ry, = | —sinf; cos6; O], 24)
0 0 1
and as usual, Zj pj =1and p; > 0 for each j.

A straightforward computation shows that (23) and (24) imply that the entries of } are
given by

X1+ X22 X11 — X22
= + B, — B,
11 ) < 3 > 1 — X12D2
_ X11 — X22
X2 = (f) B> + x12B1,
X13 = X1341 — X342, (25)
_ X111+ X22 X11 — X22
X2 = - B1 + x12Bo,
2 2
X23 = x13A2 + x2341,
X33 = X33,
where
AIZZPjCOSGj, A2=ijsin0j.
j j 26)
B] = Z Ppj €os 29(,', BQ = ij sin29j.
J J

Lemma 5.1. Let x € V be of form (8), where (i) es is not an eigenvector of x, (ii) x11 — X22
and x 12 are not both zero and (iii) 33 = x33. Then it is possible to determine unique constants
A1, Ay, By and B, such that x is given by (25).

Proof. Using (25), the constants A; and A, can be found by solving the system

)

x23A1+ x1342 = jo3

the determinant vanishes if and only if x;3 = 0 and x,3 = 0, and this happens if and only if
e is an eigenvector of x, excluded by (i).

In the linear system (25), the condition trace ¥ = 0 may be used to eliminate one equation
involving B; and B,. The constants B} and B, can then be found by solving the system

Xl];XZZ B1 _ XIZBZ — _Xll;’XZZ + )—(11
x12Bi + 252 By = 315

X13A1 — 2342 = )_(13}

)

the determinant vanishes if and only if x1; = x22 and x;» = 0, impossible by (ii). Of course,
(iii) must hold for x to be given by (25). O

If hypothesis (i) of lemma 5.1 does not hold, there are two cases: if ;3 = 0 and j3 = 0,
then any A; and A, is a solution, while if ;3 or x»3 are not zero, there is no solution. (Note
that ¥ € V,, would guarantee that y;3 = x23 = 0.) If (ii) does not hold, there are also two
cases: if 11 — (x11 + x22)/2 = 0 and 1, = 0, then any B; and B, is a solution, while
otherwise there is no solution.
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Lemma 5.1 shows that, under certain conditions, starting with any € V it is possible to
find constants A, A,, B and B, such that (25) holds. However, to find a coaxial representation
(23), coefficients p; and angles 6; satisfying (26) also need to be determined. This is not
possible in general. An obvious necessary condition is that A} + A3 < 1 and B} + B} < 1.
This condition is not sufficient, however. To determine such a condition, we let

A=A+ A and B = B, + B)i (27)
be complex constants, and define
1 A A
Mh=(A 1 B, (28)
A B 1

where A and B are the complex conjugates of A and B, respectively.

Theorem 5.2. Let x € V be of form (8), where the hypotheses of lemma 5.1 are satisfied. Let
Ay, Ay, By and B, be determined from (25), where A% + A% < land Bl2 + B22 < 1 and suppose
that det M (1) > 0, where M (1) is as in (28). Then x € V,,, with the coaxial representation
(23). Moreover, the minimum number of rotations in this representation is equal to the rank
of M(1).

Proof. Consider the problem of finding, given complex numbers Yo, Yo1, Y10, Y02, Y11 and
¥20, @ non-negative Borel measure w in the complex plane such that

Vil = /Zkzl du,

for 0 < k+1 < 2. This is the quadratic complex moment problem; see, for example, [6].
This problem contains our existence problem. To see this, note first that (26) and (27) are
equivalent to

A=) pjd= f e du and B=Y p;@E")= / ()2 du, (29)
J J

the first and second moments of the complex variable z = exp(if) with respect to the discrete
measure jL = Y ; Pjd,;- Then itis easy to check that solving (29) is equivalent to solving the
quadratic complex moment problem with 90 = Y11 = y22 = 1, v01 = A, Y10 = A, ypn =B
and y» = B.

Curto and Fialkow [6, theorem 1.3] solve the quadratic complex moment problem, proving
that a measure p exists if and only if the matrix

Yoo Yor V1o
F=1vio Y11 2o
Yor Yo2 Vil

has non-negative eigenvalues, and proving also that ;. may be taken to be supported on a set
of points whose cardinality equals the rank of I". Using the above values for y;; and (28),
we see that I' = M(1). The condition that M (1) has non-negative eigenvalues is equivalent
to the condition that the principal minors of M (1) are non-negative. Since M (1) is given by
(28) and since |A| < 1 and |B| < 1 by hypothesis, the latter condition holds and the theorem
follows. O

Theorem 5.2 can be used to check if there exists a coaxial representation of a general pair
%2 of mean paramagnetic tensors, given by (17). A candidate oriented rotation axis in the
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direction u € S? may be determined from the system

It is then possible to use the reference frame where u = e3. In this frame, if the constants
A1, Az, By and B, of lemma 5.1 are the same for both 3! and %2, and if they satisfy the
conditions of theorem 5.2, there is a coaxial representation of j L2,

6. A representation requiring four rotations

Theorem 4.4 provides a relatively easy example in which at least four rotations are needed
to represent a pair of mean paramagnetic tensors, but only under extra assumptions. In this
section we present a more complicated example showing that three rotations are in general
not enough, without the assumptions of theorem 4.4. More precisely, starting with any pair
(x', x?) satisfying assumption A, we shall construct a pair (¥!, x*) of mean paramagnetic
tensors obtained from (x', x2) with a combination of four rotations. We then show that
(x', x*) has a unique representation and hence cannot be represented with fewer than four
rotations.
We use a slight generalization of the coaxial representation. Let

Ou- = {R € 503 : R(u) = —u}

be the set of rotations reversing the orientation of a common fixed axis parallel to u € S°.
Then R € O,; if and only if R = SiRy,, where Ry, is given by (24). Let O+ = O,, U O,;
and let ’

Ve=1%= ZRjXRj, Rj € O,
J

Then x € V,: if and only if

X = Z ij;jXR9/+ Z ij;jSlelej. (30)
j:Roj EO(,3 jIRo/. Gog;

A computation similar to that in section 5 shows that (24) and (30) imply that the entries of j
are given by

= X ;Xzz N <X“ ;X”) (Bf +By) = x12(B; — By),

X2 = <7X“ ;XD) (B3 + By) + x12(Bf — By),

%13 = x13(AT — A7) — x23(A3 + AY), (€1))
+ J—
Fap = X11 2X22 _ <X11 . X22> (BT+BI_)+X12(BZ+ _ Bz_)v

%23 = x13(A3 — AY) + x23 (AT + A7),
X33 = X33,
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where
Y pjcost, Aj= ) pjsing,
JiR; €O, JiR; €O,
Z pjcosb;, A, = Z pjsing;,
R0, JR;€0,-
) ) (32)
> pjcos2e;, By = Y pjsin26;,
JiR;€Oey JiR; €O,
Z pj cos 20;, B, = Z pjsin26;.
jiRjEOe; jZRjGOE;
Define
At = AT +1A3, A” = A] +iA],
. _ (33)
B* = B} +iBj, B~ = By +iB;.

Lemma 6.1. Let x' = x} and let x* satisfy x3, # 0. Then

(i) X5 = x5 (AT — A7) = x33(A3 + A7), 35 = 155 (A3 — Ay) + x35(AT + A7), and
(ii) B* and B~ can uniquely be determined from x' and x>.

Proof. Using (31) with x and ¥ replaced by x2 and 2, respectively, we obtain (i).
Since x| is diagonal, (31) with x and X replaced by x, and ¥}, respectively, yields

1 1 1 1
X" X2 + -\ — 71l XX
( p) )(BI+BI)_X11_ )

xh—x - 1 (34)
() ) = 1
Similarly, (31) with x and j replaced by x? and 2, respectively, gives
2 2
(452) o +57) - (5 - 55) = 2 - 2
(35)

(K522 ) (B7 + B7) + (BT — BY) = ik

Since the eigenvalues of Xd are simple, X11 + Xzz’ SO (B+ + By ) and (B;r + Bz_) can be
uniquely determined from (34) and substituted into (35). Then, since x% # 0, (B} — B;)
and (32+ - B5 ) can be uniquely determined from (35). Finally, (ii) follows since these values
can be added and subtracted to obtain B; and B, , k = 1,2 and hence B* and B™. O

Lemma 6.2. Let ¥ € V. be as in (30). If |B*| + |B~| = 1, then there are 0% and 6~ such
that 0; = 0*(mod ) for all j such that Ry, € O,, and 0; = 0~ (mod ) for all j such that
Ry, € O,; . Also,

B* =y exp(20*1) and B™ =(1—y)exp(2071), (36)
where y = Zj:RjGOQ Dj-
Proof. Equations (32) and (33) imply that

B =| Y piexp0;i)| < Y pi=v. (37)

JiR; €0, JiR;€0,
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Similarly,

BTI< Y pi=1-v (38)
jZRjGOE;

Then
1=|B*[+[B7|<y+(1—y)=1,

so equality holds in both (37) and (38). Equality holds in (37) if and only if the vectors
exp(26;1) have the same direction, and this occurs if and only if there exists 6* such that 20; =
260*(mod 2r). Then B* = y exp(20™1), and similarly we obtain B~ = (1 — y) exp(20~1).

O

Theorem 6.3. Suppose that x' and x* satisfy assumption A. Then there exists x'? =
(x', %*) € V2 with a unique representation (17) involving exactly four rotations with
positive coefficients p;.

Proof. We may assume that x' = x| is diagonal. Suppose first that X122 # 0. By lemma 4.3,
X% and x2, cannot both be zero, so x% +ix3; = rexp(di) for some 0 < 6 < 27 and r > 0.
Choose 0 and 6, so that

01+60 #6,—0, 39
and define

x* = LR x*Ro, + 1R} . X Royun + SRS S1x*S1Ro, + 1R}, S1 %" S1 Royar, (40)

Or+1

for k = 1, 2. From this definition and (32), we obtain
A" =  (exp(61i) +exp((6) +m)i)) =0,

o . . 41
A™ = 7 (exp(Ba2i) + exp((62 + m)1)) =0,

B* = 1 exp(26:i) and B~ = Jexp(261i). (42)

By lemma 6.1(i) and (41), we also obtain
X3 +1%3 = (x5 + x3) A" — (x5 —ix3)A™ =0, (43)
To show that representation (40) is unique, consider an arbitrary representation of ¥ ''> of

form (17). Since X;’ is given by (5), (40) implies that )‘(113 = )‘(213 =0and )‘(313 = /Lrlnax, SO e3 is
an eigenvector of ¥ ! corresponding to u! . Moreover

M = €33 =) pj(Rje)* XiRje3 <D Pjlhmay = Hnas:
J J

so that Rjes = tej3 for any j. It follows that R; € O, for any j. This shows that in our
arbitrary representation ' and y? are actually both of form (30). Then (32) holds, so by
lemma 6.1(ii), B* and B~ are uniquely determined. Therefore their values are given by (42),
so |B*| = |B~| = 1/2 and we can apply lemma 6.2 and determine angles 6* and 6~ such
that 0; = 6*(mod ) for all j such that Ry, € O,, and 6; = 0~ (mod ) for all j such that
Ry, € O,;. Comparing (42) with (36), we see that without loss of generality, 6 = 6, and
6~ = 6,. It follows that the arbitrary representation must be of the form

x* = piR} x*Ro, + paR}, o X" Royin + P3RS, S1 X" S1 Ro, + paR, . S1X* S1 Royin (44)
where p; 2 0, j = 1,...,4and2jp_,- =1,fork =1,2.
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Comparing (36) and (42), we find that y = p; + p» = p3 + ps = 1/2, so we may write

) 1—5 t d 1—1¢
= —, = s = — an = —,
P1 ) P2 ) pP3 ) P4 )
where 0 < s, ¢ < 1. Using (32), we find that for representation (44),
A* = (s — 1/2) exp(6,1) and AT = (t — 1/2) exp(6;1). (45)

By lemma 6.1(i) and (43),
0= iy +iXs3 = (Xi3 +ix5) A" — (xi3 — ix33) A~
= (s — 1/2)exp((6; + 0)i) — (t — 1/2) exp((62 — 0)i).

Our choice of 6 implies that s =t = 1/2 and hence p; = 1/4 for j =1, ..., 4, proving the
theorem under the assumption X122 # 0.

Finally, if x, = 0, then x3; # O by lemma 4.3. Then we can repeat the whole
construction, replacing e3 with e; and pl. with ul . to obtain the required example. Of
course, all the results of this section must be reformulated accordingly. |

7. Application to experimental NMR data

In the previous sections we studied, from the mathematical point of view, the problem of
reconstructing the position of a moving protein terminal domain using RDC spectroscopy
data. Any sufficient number of measurements involving two different metal ions is equivalent
to knowledge of the ten coefficients defining the mean paramagnetic tensors. It is evident that
there is no hope of reconstructing the position of the terminal with ten numbers, apart from
special situations such as the extreme case, mentioned in the introduction, when the terminal
domain does not move. In the case of calmodulin the C-terminal domain is effectively moving,
because the absolute value of the eigenvalues of the mean paramagnetic tensors is about 10%
of those of the corresponding magnetic susceptibility tensors (see [2]).

The information we can gather from the mean paramagnetic tensors is of a probabilistic
nature. For any particular relative orientation of the moving C-terminal domain, there is
a maximum probability 0 < pmnix < 1 that the domain assumes that orientation. The
conformational space can then be sampled to look for the most favoured orientations, that is,
those having a large maximum probability.

If data from a single metal ion are available, the maximum probability is given by (13),
and can easily be calculated using the bound on the eigenvalues given in theorem 3.3. A
simple way to combine data from two different metal ions would be to use the minimum of
the two values found, that is, the quantity !> of corollary 4.7. While this is perfectly feasible,
one would only end up with a rough estimate (from above) of pp,x.

The standard way to calculate pmax using real data is via the following fitting procedure.
For each of two metal ions indexed by j = 1 or 2, we are given a set {‘Si,b[} of RDC
experimental measurements for couples of atoms a; and b;. The collections of atoms a;
and b; need not be the same for the two metal ions. Given a suitable finite set of rotations
R; and probabilities p; summing to one, the mean paramagnetic tensors can be obtained
from (17). For j = 1,2, we can replace x by x/ in (3) to calculate the corresponding mean
RDC values {§ b, }. A target function TF can then be defined to measure the difference between
the observed measurements and the corresponding calculated values. Roughly speaking, this

is given by
TF = Z Hgiibi - 8;,‘17:’ H + Z ”Si’bz‘ - (Sibi |

’



Reconstruction of orientations of a moving protein domain 897

0.97
0.87
0.7
0.6
0.57

0.4
0 02 04 06 08 1
fraction of sample

Figure 2. Comparison of ppyax and 12,

for a suitable norm ||-||. In practice, TF is more complicated, involving error filtering and
multi-stage normalization.

With the target function in hand, the first step is to determine an optimal noise level, that
is, the smallest value of TF using ten relative orientations, each represented by a rotation, with
variable probabilities, as suggested by theorem 4.2. Next, the conformational space of relative
orientations, again represented by rotations, must be sampled. For each rotation Ry of the
sample, we look for the corresponding maximum probability pn.«. A tentative probability pg
is such that py < pmax if and only if there exist other rotations with probabilities summing
to 1 — po which, when combined with the fixed rotation Ry with probability py, give a value
of TF not significantly larger than the optimal noise level. The largest py for which this can
be done is a reasonable estimate (from below) of pn.x for Ry. The search for pp.x involves a
bisection method with respect to the variable py.

The use of ten rotations in the fitting procedure can bring numerical problems. We
seek the absolute minimum of a very bumpy function of 39 real variables, three for each
rotation and nine for the probabilities. This is not an easy task, even when methods such
as simulated annealing are used. It is advisable to use as much precision as possible in the
single minimization required for the determination of the optimal noise level, because it is a
reference value employed throughout the procedure. This is not feasible when sampling the
conformational space, due to the very large number of minimizations required. A practical
way of reducing the number of rotations is to start the minimizations using four variable
rotations, according to the results of section 6. It can then be checked whether, repeating the
procedure with five rotations, the value of pp,x remains the same. It can be shown that if this
is the case, the estimate found is a good one.

We made some numerical experiments to measure the improvement obtained by using ppax
instead of 2. We used the RDC of NH couples of the C-terminal domain of calmodulin. Data
arising from Tb>" and Tm*" metal ions were obtained by the Center for Magnetic Resonance
of the University of Florence.

Figure 2 shows the values of r = ppax/t"? for a sample of 8000 rotations. The graph
should be read in the following way. A point (x, y) of the graph means that a value of  smaller
(i.e., better) than y is obtained for a fraction x of the rotations considered in the sample. For
example, half of the rotations in the sample showed a maximum probability reduced by a factor
0.65 or better. This reduction should aid the localization of the zones where the C-terminal
domain has the largest probability of being found.
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