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I. INTRODUCTION

AT low growth speed and high thermal gradient, the liquid-
solid interface is planar during directional solidification of
binary alloys. It first becomes cellular and then dendritic as
the growth speed increases. It has now been well established
that convection influences the planar-to-cellular transition[1–4]

and the primary cellular/dendritic spacings.[5,6,7] During
upward directional solidification, the thermal profile in the
melt provides stability against convection because the melt
density decreases with increasing temperature. However, the
solutal profile in the melt is stabilizing only for those alloys
where the increased solute content results in increased melt
density, for example, hypoeutectic aluminum-copper alloy.
Even for these alloys the radial thermal gradient at the triple
junction of the solid-liquid interface and the ampoule wall
causes mild convection that is localized in the vicinity of the
liquid-solid interface.[8,9] The solutal profile in the melt is
destabilizing for those alloys in which the melt density
decreases with increased solute content, for example, hypoeu-
tectic lead-antimony. This solutal gradient can cause exten-
sive convection in the overlying and the interdendritic melt
and result in a severe macrosegregation along the solidified
length for the planar, cellular, or dendritic morphologies.[10,11]

Since most theoretical dendrite growth and morphology
models consider only diffusive thermal and solutal trans-
ports, attempts have been made to eliminate convection to
enable a quantitative comparison of predictions with experi-
mental observations.[9,12] In a recent study, it has been shown
that reducing the ampoule diameter to about 1 mm almost

completely eliminates convection during directional solidi-
fication of Al-4 wt pct Cu alloy.[8,9] The purpose of this
research was to examine if similar reduction in the ampoule
diameter can reduce the more intense, longer range, convec-
tion that occurs during directional solidification of Pb-2.2 wt
pct Sb.

II. EXPERIMENTAL PROCEDURE

A. DS Furnace

Since the directional solidification furnace is described
earlier,[10,11] only a brief description of its operation will be
presented here. To accomplish directional solidification and
avoid convection, the furnace assembly is translated and the
sample is held stationary. In addition, the entire assembly
sits on top of a vibration isolation platform. Samples are
kept in quartz ampoules and are directionally solidified in
a flowing argon atmosphere. The furnace is initially trans-
lated downward to remelt the cast alloy feed stock and about
1-cm length of a 5-cm long single-crystal lead seed (length
parallel to [100]) kept at the bottom. The furnace is then
translated upward to achieve the directional solidification.
After solidifying for about 10 cm, the rest of the melt col-
umn is quenched by withdrawing the furnace quickly and
blasting the ampoule surface with helium gas flowing through
a liquid nitrogen tank.

B. Precasting of Capillary Samples

Cast Pb-2.2 wt pct Sb feed stock cylinders were placed
into a quartz directional solidification ampoule (7-mm i.d.)
on top the single-crystal seed. The ampoule also contained
a bundle of 1-, 2-, and 3-mm i.d. quartz capillaries that were
connected to a vacuum setup. The furnace was first lowered
in order to melt the charge and about 1-cm portion of the
seed. A 20- to 22-cm long melt column was then sucked into
the capillaries by inserting the capillary bundle into the melt
and activating the vacuum suction. The capillaries were
further lowered until their bottom was near the liquid-solid
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The Pb-2.2 wt pct Sb alloy has been directionally solidified in 1-, 2-, 3-, and 7-mm-diameter cru-
cibles with planar and dendritic liquid-solid interface morphology. For plane front solidification, the
experimentally observed macrosegregation along the solidified length follows the relationship pro-
posed by Favier.[17,18] Application of a 0.4 T transverse magnetic field has no effect on the extent of
convection. Reducing the ampoule diameter appears to decrease the extent of convection. However,
extensive convection is still present even in the 1-mm-diameter crucible. An extrapolation of the
observed behavior indicates that nearly diffusive transport conditions require ampoules that are
about 40 �m in diameter. Reduction of the crucible diameter does not appear to have any significant
effect on the primary dendrite spacing. However, it results in considerable distortion of the dendrite
morphology and ordering. This is especially true for the 1-mm-diameter samples.
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interface and the entire assembly was directionally solidified
at 10 �m s�1 for a distance of about 5 cm. This method of
casting provided about 4-cm-long directionally solidified solid
portion at the bottom of the capillaries that was parallel to
[100]. This ensures that during subsequent re-melting and
directional solidification, the precast capillary samples will
grow along [100].

C. Planar Liquid-Solid Interface

The precast 1-, 2-, and 3-mm i.d. capillary samples were
bundled together and kept inside another 7-mm i.d. quartz
ampoule. The capillary bundle was surrounded by gallium
metal kept in the 7-mm i.d. ampoule in order to ensure that
all of the samples solidified under identical thermal conditions.
After remelting an approximately 14-cm-long portion (leav-
ing about 3-cm-long [100] oriented solid at the bottom), the
capillary samples were directionally solidified at 0.4 �m s�1

with a thermal gradient of 82 K cm�1.
Two 7-mm-diameter samples were also directionally

solidified at 120 K cm�1 and a growth speed of 0.4 �m s�1

in order to examine the influence of transverse magnetic
field on convection. One sample was grown in the presence
of a 0.4 T transverse magnetic field, and the other without
the field.

D. Dendritic Liquid-Solid Interface

The capillary samples with dendritic morphologies were
obtained by directional solidification at 3 and 30 �m s�1

with a thermal gradient of 82 K cm�1. The growth speed of
3 �m s�1 corresponds to the dendrites in the vicinity of the
cell-to-dendrite transition, whereas the 30 �m s�1 corres-
ponds to well-branched fully dendritic regime.

E. Macrosegregation and Metallography

The directionally solidified samples were sectioned along
the directionally solidified length to obtain about 2- to 5-mm-
thick slices, depending on the sample diameter, for chemical
analysis by atomic absorption spectroscopy. An approxi-
mately 2-cm-long portion of the sample in the vicinity of
the quenched liquid-solid interface was used for optical
metallography.

III. RESULTS

A. Plane Front Solidification

1. Influence of transverse magnetic field
Figure 1(a) shows the variation in antimony content as a

function of solidification distance for the Pb-2.2 wt pct Sb
sample grown in the 7-mm-i.d. ampoules with and without
the application of magnetic field. The open symbols indicate
the compositions in the quenched liquid portion of the speci-
men. Both the samples show extensive longitudinal macro-
segregation, an indication of the strong convection present
in the samples.

Figure 1(b) plots the macrosegregation data as a function
of the fraction distance solidified for both the samples, with
and without the application of transverse magnetic field,
where Cs is the solute content after directional solidification
and C0 is the initial solute content of the alloy. The macroseg-

regation pattern clearly indicates that the solutal redistribution
is not diffusive. The profiles are typically those expected
from plane front solidification of a well-mixed alloy melt.
Almost identical solutal segregation profiles indicate that
the application of a 0.4 T transverse magnetic field has no
influence on the convection.

2. Effect of reducing the ampoule diameter
Figure 2 compares the dimensionless composition pro-

file as a function of fraction distance solidified for the 1-,
2-, 3-, and 7-mm-diameter samples that were directionally
solidified with a planar liquid-solid interface. For a diffu-
sive transport, one would expect a steady-state value of unity
for the Cs /C0 after an initial transient during which the
antimony content increases from k0C0, where k0, the solute
partition coefficient, is 0.3.[13] The length of the transient
would be expected to be Dl /Rk0, where Dl is the diffusivity
of antimony in the Pb-2.2 wt pct Sb alloy melt (1.13 �
10�5 cm2 s�1 at 585 K[14]) and R is the growth speed,
0.4 �m s�1. For our growth condition, Dl /Rk0 is 0.9 cm,
which in Figure 2 corresponds to about 0.06 fraction distance
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(a)

(b)

Fig. 1—Macrosegregation along directionally solidified length of Pb-2.2 wt
pct Sb alloy samples grown in 7-mm-i.d. crucibles at 0.4 �m s�1 and
120 K cm�1. One sample was grown in the presence of a transverse magnetic
field of 0.4 T, and the other without it. (a) Variation in the antimony content
(Cs) as a function of solidification distance. Open symbols are for the quenched
portion of the sample. (b) Cs /C0 vs fraction distance solidified.
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solidified. Since the minimum slice thickness required for
chemical analysis was about 0.5 cm, the very initial solute
content k0C0 is not seen in Figure 2. The solutal profiles in
Figure 2 are clearly not those expected from a diffusive mass
transport. Their segregation pattern indicates extensive con-
vection and mixing during directional solidification. The
extent of macrosegregation, however, shows a systematic
decrease with the decreasing ampoule diameter. This indicates
that the intensity of convection decreases with decreasing
ampoule diameter.

B. Primary Dendrite Spacing and Morphology

1. Morphology and disorder
Figure 3 shows the transverse microstructures of the

Pb-2.2 wt pct Sb samples grown in 1-, 2-, 3-, and 7-mm-
diameter crucibles at 30 �m s�1. The extent of dendrite dis-
order appears to increase with decreasing sample diameter
in spite of the fact that they were all grown from the same
single crystal seed. The 1-, 2-, and 3-mm-diameter samples
not only had the same seed but they were also directionally
solidified together, as one bundle, under identical growth
conditions. Yet, the 1-mm-diameter sample has a much poorer
dendrite ordering and alignment compared with the 3-mm
sample.

Figure 4 shows the frequency distribution of the number
of nearest neighbors in the 1-, 2-, 3-, and 7-mm samples
grown at 30 �m s�1. The number of nearest neighbors was
obtained by constructing Voronoi polygons in a manner
described in Reference 15. The solid curves are the Gaussian
fit through the data points. The figures also show the corres-
ponding Gaussian fit parameters: A0, the peak height, A1,
the center, and A2, the width. There is a dominance of six
neighbors. However, significant fractions of dendrites, about
40 pct for the 7-mm-diameter sample and about 70 pct for
the 1-mm-diameter sample, do not have six neighbors. One
should, however, note that there are only about 20 dendrites
in the 1-mm sample. A small number of dendrites coupled
with the fact that dendrites at the crucible wall are affected
by the wall effects do not allow an accurate statistical com-
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Fig. 2—Influence of reducing the ampoule diameter on the longitudinal
macrosegregation in directionally solidified Pb-2.2 wt pct Sb alloy sam-
ples. The 1-, 2-, and 3-mm samples were grown at 0.4 �m s�1, 82 K cm�1,
while the 7-mm sample was grown at 0.4 �m s�1, 120 K cm�1.

parison. However, it is apparent that the most probable num-
ber of nearest neighbors (A1) increases in the following order:
5.3, 5.6, 5.9, and 6.0 for crucible diameters of 1, 2, 3, and
7 mm, respectively. This suggests that a decrease in the cru-
cible diameter results in increased distortion in the order-
ing of primary dendrites.

2. Primary dendrite spacing
Figure 5 shows the average primary dendrite spacing in

the samples grown at 3 and 30 �m s�1. The mean and stand-
ard deviation values of primary spacing were obtained by
minimum spanning tree analysis of dendrite centers, as
described in Reference 15. The mean spacing ranges from
175 to 180 �m for the 3 �m s�1 samples, and from 142 to
151 �m for the 30 �m s�1. There does not appear to be
any systematic influence of the ampoule diameter on the pri-
mary dendrite spacing for the 3 �m s�1 samples; the ranges
are overlapping with each other (Figure 5). However, at
the higher growth speed of 30 �m s�1, there appears to be
a systematic increase in the primary spacing with decreasing
ampoule diameter.

These primary dendrite spacings are significantly smaller
than those predicted by the Hunt-Lu model[16] for the purely
diffusive mass-transport conditions. The ratio of the experi-
mentally observed and the theoretically predicted spacing is
about 0.32 for the 3 �m s�1, and about 0.65 for the 30 �m s�1

samples. As mentioned earlier, the 3 �m s�1 growth is in the
dendritic regime near the cell-to-dendrite transition, where
the side branches are not as well developed, compared to the
30 �m s�1 sample that is grown in the well-branched dendrite
regime. The mushy zone is, therefore, less permeable for the
30 �m s�1 samples as compared with the 3 �m s�1 ones.
The more intense convection in the 3 �m s�1 sample may
be responsible for the observed larger deviation from the the-
oretical prediction for this growth speed compared with
30 �m s�1; convection is believed to reduce primary dendrite
spacings.[6]

The observation in Figure 5 that primary spacing in the
1-mm sample is larger than that in the 3-mm one, at the
higher growth speed of 30 �m s�1, suggests that decreasing
ampoule diameter may be reducing the extent of mushy-
zone convection. The suppression in the convection is, how-
ever, not as effective at the lower growth speed of 3 �m s�1,
where reduction in the crucible diameter does not have any
influence on primary spacing.

IV. DISCUSSION

Plane front directional solidification in the presence of purely
diffusive mass transport results in a crystal of nearly uniform
composition except for the initial and final transients. The
initial transient is formed while the solute boundary layer builds
up from a liquid composition at the interface of C0 to its steady-
state value of C0/k0 and the solidification distance required to
reach the steady state is approximately equal to Dl /Rk0. In
the presence of convective mixing, a diffusion boundary layer
of thickness � is often assumed, outside of which liquid com-
position is uniform due to convection and inside of which mass
transport is by diffusion only. Favier[17,18] developed an ana-
lytical model in terms of the parameter � � �R/Dl in order to
describe the composition profile for the entire growth regime,
from purely diffusive to completely convective. During the
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initial transient, Cs (x)/C0 � k(�)[1 � A1(�) exp (��1Rx/4Dl)],
where

A1(�) � 8(1 � k0)[k0 � (1 � k0) exp (��)] sin2 	1/
[��1(�)(1 � 2 cos2 	1/((1 � 2k0)�)].

Here, �1 � 1 � (1 � 2k0)
2 tg2 	1, and 	1 can be obtained by the

following equation: 

2	1 cos 	1 � (1 � 2k0) � sin 	1 � 0. If (2k0 � 1) �/2 
 �1,
then �1 � 1 � (1 � 2k0)

2 tanh2 	1.

Favier gives the following relationship as a function of
distance from the location where the initial transient region
is completed (x*) for the rest of the solidification distance
for a sample with total length L:

 [((L � x)/(L � x*))(k(�)�1) � 1]

Cs (x) � Cs (x*) �  k(�)/(1 � k(�))[1 � Cs (x*)]

Figure 6(a) compares the experimentally observed longitu-
dinal macrosegregation with that predicted from the
Favier[17,18] model for the bulk and the capillary samples
examined in this study. It plots the concentration ratio Cs /C0

as a function of fraction distance solidified. The open symbols
are for the 7-mm-diameter sample grown in the presence
of 0.4 T transverse magnetic field. The lines correspond to
the predicted macrosegregation behavior for the various �
values, 0.25, 0.5, 1, 2, 3, and 4. It is apparent that decreasing
ampoule diameter corresponds to an increasing value of �,
i.e., an increasing diffusive and decreasing convective mass
transport. However, there is significant convection present
even in the 1-mm-diameter ampoule. It is also apparent
that 0.4 T transverse magnetic field has little influence on
the extent of convection.

A detailed comparison of experimental observations to
Favier’s model with a small increment in the parameter �,
at intervals of 0.05, was carried out to identify the two
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(a)

(b)

(c) (d)

Fig. 3—Transverse microstructures of Pb-2.2 wt pct Sb samples directionally solidified at 30 �m s�1 in the crucible of diameters: (a) 1 mm, (b) 2 mm,
(c) 3 mm, and (d) 7 mm. The 7-mm sample was grown at a thermal gradient of 120 K cm�1, and the rest were grown at 82 K cm�1.
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plotted in Figure 6(b) as a function of ampoule diameter
(d). A regression analysis with 95 pct confidence interval
shows that ln (�) � �0.22 � 0.50 ln (d, mm) with R2 �
0.90. Assuming that a � value of 4 is required for a domi-
nant diffusive mass transport, an extrapolation of the above
� vs ampoule diameter relationship yields the correspond-
ing ampoule diameter to be 40 �m. This suggests that dif-
fusive mass transport requires 40-�m-diameter capillary.
Since the primary dendrite spacing itself is about 150 to
200 �m, growth in a 40-�m-diameter crucible will not allow
a dendrite array to develop. It will also introduce signifi-
cant wall-effect constraints on the morphology of growing
dendrite.

An ampoule diameter of 1 mm was small enough to sup-
press convection during directional solidification of Al-4 wt
pct Cu alloy.[8,9] Apparently, the convection during direc-
tional solidification of solutally stable Al-4 wt pct Cu that
arises mainly from the small radial thermal gradients near
the liquid-solid interface is less intense compared with the
convection that occurs during growth of solutally unstable
Pb-2.2 wt pct Sb alloy.
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(a) (b)

(c) (d)

Fig. 4—Influence of reducing the ampoule diameter on the ordering of primary dendrites. Frequency distribution of the number of nearest neighbor den-
drites on the transverse sections. The solid lines correspond to the Gaussian fit to the data: (a) 1-mm diameter, (b) 2-mm diameter, (c) 3-mm diameter,
(d ) 7-mm diameter.

Fig. 5—Effect of growth speed and the ampoule diameter on the primary
dendrite spacing as obtained from minimum spanning tree analysis.

closest � values that provide the best fit to the experimental
macrosegregation data since the data did not show an exact
match with specific theoretical curves. These � values are
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V. CONCLUSIONS

The following conclusions can be drawn from this study,
where Pb-2.2 wt pct Sb has been directionally solidified in
1-, 2-, 3-, and 7-mm-diameter crucibles with planar (ther-
mal gradient � 82 and 120 K cm�1, and growth speed �
0.4 �m s�1) and dendritic (thermal gradient � 82 K cm�1,
and growth speed � 3 and 30 �m s�1) liquid-solid interface
morphologies.

1. Convection during directional solidification with a planar
liquid-solid interface produces extensive longitudinal
macrosegregation. Application of a 0.4 T transverse mag-

netic field has no effect on the extent of this convection
or segregation.

2. The longitudinal macrosegregation relationship proposed
by Favier[17,18] appears to fit the experimentally observed
behavior by suitably adjusting the value of the parameter
� � �R/Dl, where � is the momentum boundary layer
thickness, R, the growth speed, and Dl, the solutal dif-
fusivity in the melt.

3. Reducing the ampoule diameter (d) decreases the extent
of convection, the relationship being ln (�) � �0.22 �
0.5 ln (d, mm). By extrapolating this relationship, it would
appear that the diffusive transport condition (� � 4)
would require directional solidification in 40-�m-diameter
capillaries. However, it is too small a diameter to grow
dendrite arrays which usually have 150- to 200-�m pri-
mary spacing.

4. Reduction of the crucible diameter from 7 to 1 mm does
not have any significant effect on the primary dendrite
spacing. However, growth in the small diameter crucible,
especially the 1 mm, results in significant distortion of
the dendrites and increased dendrite disorder.
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(a)

(b)

Fig. 6—Comparison of the longitudinal macrosegregation with varying
� values used in the Favier’s model.[17,18] (a) Cs /C0 as a function of frac-
tion distance solidified. (b) Effect of reducing the ampoule diameter on the
convection parameter �. The open and closed symbols are the two approx-
imate values for each diameter; the solid line is the fitted curve: ln (�) �
�0.22 � 0.50 ln (diameter, mm) with R2 � 0.90. The dashed lines indi-
cate the 95 pct confidence interval.
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