-

View metadata, citation and similar papers at core.ac.uk brought to you byff CORE

provided by edoc Publication server

The small-deformation limit in elasticity and elastoplasticity
in the presence of cracks

DISSERTATION

zur Erlangung des akademischen Grades

doctor rerum naturalium
(Dr. rer. nat.)

im Fach Mathematik

eingereicht an der
Mathematisch-Naturwissenschaftlichen Fakultat der
Humboldt-Universitat zu Berlin

von
Herrn MSc. Pascal Gussmann

Prasidentin der Humboldt-Universitidt zu Berlin:
Prof. Dr.-Ing. Dr. Sabine Kunst

Dekan der Mathematisch-Naturwissenschaftlichen Fakultat:
Prof. Dr. Elmar Kulke

Gutachter:

1. Prof. Dr. Alexander Mielke

2. Prof. Dr. Dorothee Knees

3. Prof. Dr. Friedemann Schuricht

Eingereicht am: 06.02.2018

Verteidigt am: 12.06.2018


https://core.ac.uk/display/301531825?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1




Abstract

The small-deformation limit in presence of a given crack is considered in three distinct continuum-
mechanical models. First, a purely static finite-strain elasticity model is considered in the limit
of small loading, where the constraint of global injectivity is shown to converge in the sense of
Gamma-convergence to a local constraint of non-interpenetration along the crack. Second, finite-
strain deformation plasticity based on the multiplicative decomposition of the strain tensor is
shown to Gamma-converge to linearized deformation elastoplasticity with crack conditions. Third,
the rate-independent evolution of elastoplasticity is considered with a generalized class of global
injectivity constraints for the finite-strain model. On the one hand, neglecting the constraints
the evolutionary Gamma-converge to linearized elastoplasticity is proven. On the other hand, a

conjecture is made, subject to which the evolutionary Gamma-convergence with constraints still
holds.






Zusammenfassung

Der Grenzwert kleiner Deformationen in Anwesenheit eines gegebenen Risses wird in drei ver-
schiedenen kontinuumsmechanischen Modellen betrachtet. Erstens wird fiir rein statische Elas-
tizitdt mit finiter Spannung im Grenzwert kleiner Belastung bewiesen, dass die Nebenbedingung
globaler Injektivitdt im Sinne der Gamma-Konvergenz eine lokale Nichtdurchdringungsbedingung
auf dem Riss ergibt. Zweitens wird Deformationsplastizitdt mit finiten Spannungen und multiplika-
tiver Zerlegung des Spannungstensors behandelt und die Gamma-Konvergenz zu linearisierter De-
formationsplastizitdt mit Rissbedingungen gezeigt. Drittens wird die ratenunabhéngige Evolution
der Elastoplastizitat betrachtet mit einer allgemeineren Klasse globaler Injektivitdtsbedingungen
fiir den finiten Fall. Hierbei wird einerseits die evolutiondre Gamma-Konvergenz unter Ver-
nachlissigung der Nebenbedinung gezeigt, andererseits eine Vermutung aufgestellt, unter deren
Voraussetzung die evolutiondre Gamma-Konvergenz auch mit Rissbedingungen gilt.
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1 Introduction

In [DMNP02] Dal Maso, Negri, and Percivale proved the I'-convergence of finite-strain
elasticity to small-strain linearized elasticity under the assumptions of small loadings.
Later, this result was extended to different settings, e.g. to situations with much weaker
coercivity conditions by Agostiniani, Dal Maso, and DeSimone [ADMD12], to multi-well
energies by Schmidt [Sch08], or to materials with residual stresses by Paroni and Tomas-
setti [PT09, PT11]. Also evolutionary problems were treated, e.g. in elastoplasticity by
Mielke and Stefanelli [MS13] and in crack propagation by Negri and Zanini [NZ14]. This
dissertation discusses extensions of the results in [DMNPO02] to three different settings
where the reference domain €2 has a crack ['c, of a certain class including cracks with kinks,
see Section 2.2 for details. Namely, Chapter 2 deals with (static,) pure elasticity, Capter
3 with deformation plasticity and Chapter 4 with the full evolution of (rate-independend)
elastoplasticity.

The presence of the crack destroys the Lipschitz property of the cracked domain Q¢ :=
O\ I'c; and therefore crucial tools, such as the well-known rigidity estimate from [FJMO02],
have to be adapted to the setting of cracked domains, see Proposition 2.5. More impor-
tantly, the setting of domains with cracks requires to introduce an additional constraint
of global injectivity of the deformations v : Q@ € R¢ — R?. A crucial step for the small-
deformation I'-limit is to show that this particular global injectivity condition leads to a
local non-interpenetration condition along the crack I'c;.

In [CN87] Ciarlet and Necas proposed the condition [, det Vu(z) dz < Vol (v(£2)),
where Vol(A) denotes the d-dimensional volume. This condition has been used in various
applications, e.g. by Giacomini and Ponsiglione [GP08] in the SBV-theory for brittle
materials or by Mariano and Modica [MMO09] in the theory of weak diffeomorphisms to
describe deformations in “complex bodies”. In [GMS98, Prop. 3.2.1], Giaquinta, Modica,
and Soucek showed that the above condition is equivalent to the condition

/ ¢(v(z)) |det Vou(z)|dz < / o(y)dy for all ¢ € Co(R%, R) with ¢ > 0, (1.1)
Q R4

which will be simply called GMS condition.

This latter condition turns out to be an appropriate formulation for our purpose. In
particular, assuming that v, : @ — R satisfy (1.1) we will deduce that a weak limit
ug : Q — RY for € — 0 of the rescaled displacements

1
us = (ve(x) — )
€
satisfies the local jump condition on the crack

0 < [uo(@)lre, = (i (2)—ug (2)) - v(a), (1.2)
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where v is the normal vector on I'c; pointing up and uar and u, are the traces of ug on
T'cr from the upper and the lower side, respectively, see Theorems 2.10, 3.5 and 4.10. This
condition will be called local non-interpenetration.

Our analysis is based on energies of integral type, e.g. £(v) = [ W(Vuv(x))dz in the
case of finite pure elasticity in Chapter 2. Apart from classical assumptions on the elastic
energy density W, such as coercivity and local orientation preservation, for the derivation
of the linearized theory, we need to impose conditions on the quadratic behavior of W
near the identity matrix F' = I:

IC>0withCT =CVd>03rs >0VA € B, (0) c R
1
’W(I+A)—§(A,CA>‘ < 5(A,CA). (1.3)

To take the small-deformation limit one considers small deformations of the form v, =
id+ewu, for small parameters € > 0, where u,. remains bounded in a suitable function space.
As the quadratic behavior of W around I suggests, the scaling of W(Vuv,) = W(I4+&Vu)
by 6% will be appropriate to obtain linearized elasticity in the bulk, namely the condition of
quadratic behavior above implies pointwise continuous convergence of the rescaled energy
densities 1 1

VA: = Ao We(de) = 5 W(IHeds) = §|A0|§:,
where the notation of the semi-norm |A|é := (A, CA) implicitly assumes the symmetry of
C and the frame indifference of W implies |A| c= | A5y > see the discussion after (2.1).

The results from Chapter 2 are published online first in [GM18]. The small-deformations
limit in (static pure) elasticity in the spirit of [DMNPO02] is considered, i.e. for the rescaled
stored energies now completed by the constraint of global injectivity by the GMS condition

() { Joo, We(Vu)dz = [o LW (I+eVu(z))dz  if v = id+eu satisfies (1.1),
e\u) =

%) otherwise,

and for an external loading ¢, one is interested in solutions to the minimization problem

of the total energy

ue € Argmin (G (u)) := Argmin (F.(u) — (¢, u))
ueld uel
over a suitably defined function space U and in the hypothetical convergence u. — wug to
a minimizer ug of a limit functional Gy.

The question of convergence of minimizers of a series functionals to minimizers of lim-
iting functionals can be answered by the theory of I'-convergence. In Theorem 2.1 Mosco-
convergence of F. in U C H(Qcy, ]Rd) is proved, where Dirichlet boundary conditions are
implemented in the function space, i.e. I'-convergence in both strong and weak topology:

FEMr iy, ie
Vus —uin U : Fo(u) < liminf F.(ue),
e—0

Vueld Ju. »u: Fo(u) > limsup Fe(ue).

e—0
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The proved limit functional Fj is the quadratic limit functional from [DMNPO02]
- 1. .
Fotw= [ SIvuride
Qcr 2

equipped with the constraint of local non-interpenetration:

Fo(u) =

00 otherwise.

{ Fo(u) if u satisfies (1.2) H? '-a.e. on Icy,

The following two Chapters 3 and 4 aim to lift the results from Chapter 2 to mod-
els involving plasticity. In particular the model of the small-deformation limit in rate-
independent elastoplasticity as in [MS13] is considered. Finite elastoplasticity is commonly
based on the multiplicative split

Vv = Falp

of the deformation gradient Vv into the elastic part Fp € GL4(d) and the irreversible
plastic part Fj,; € SL(d). The stored energy in integral form without constraint reads as

E(v, Fy) = / Wa(VoF; ") dz + Wi(Ep) de,
O\Tey N\Tor

where W, is a frame indifferent elastic potential as considered in the pure elastic case in
Chapter 2 with F},; = I and W), describes hardening. Dissipative effects are modeled by
a suitably defined dissipation distance D: SL(d) x SL(d) — [0, o], that is given in terms
of a positively 1-homogenous dissipation potential R by

A A 1 .
D(Fyi, Byp) = D(I, FyuFyt) 1= inf / / R(PP~Y)dtdz,
O\Ie, Jo

where the infimum is taken over the set of all smooth trajectories P: [0,1] — R**? con-
necting F}, and Fpl.

Given the stored energy &, the dissipation distance D and an external loading force
0:10,T] x Q\ I'c; — R? one can study the full evolution e.g. by the concept of energetic
solutions as we will do in Chapter 4. However, Chapter 3 will restrain to a certain
subproblem. A common approach to the full evolution with continuous time is to consider
a time discretization by a partition 0 = t° < ... < ¢V = T, solve the (iterative) incremental
minimization problems

(v*, Fél) € Argmin(é’(v, Fo) — / (v —id)L(t") dx + D(Féfl, Fpl))
Q\FCr

U,Fpl

and investigate the convergence of the right-continuous, piecewise-constant interpolants
@M, ) = (' By on [t )

as the diameter 7(\V)

= max{t’ — ¢ti~1} N2 0 vanishes. These incremental problems
for a fixed time step 7 and fixed initial plastic load FIE{ ), from now on called one-step

minimization problems, are the interest in Chapter 3:

For given F;ElT) and £, find minimizers of the functional:

G(v, Fypi) = E(v, Fyn) — (v — id, L) + D(EL]), Fy).

3
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This deformation plasticity fits the framework proposed by Ortiz and Repetto in [OR99]
and Carstensen, Hackl and Mielke in [CHMO2] and is used by a broad community ever
since (see e.g. [COO05], [CT05], [KZ10], [CDK13] or [AD14]).

In addition to the energy densities W, and W) admitting quadratic expansions by
tensors C and H respectively as in (1.3), we assume small loadings and small deformations

as in Chapter 2 as well as small plastic strains:
le=¢l, ve=id+eu, Fy.=1+¢z.

As in the pure elastic case the integral parts of stored energies are rescaled by 8%

1 1
& (u,2) = / S W+ eVu)(I +e2) ) da + S Wil +e2)da
O\, €2 O\Te, €7

and completed by the GMS condition:

E(u,z) =

E.(u,z) if v =id 4 eu fulfills GMS-condition (1.1),
o0 otherwise.

For the dissipation a rescaling by % will be suited to obtain the desired convergences:

1
D:(2,2) = ED(I +e2,1+¢€z).

The different scaling of £ and D, despite them sharing the same physical dimension can
be heuristically explained by noting, that with decreasing € not only should the quantity
of the dissipation be scaled by E%, but also the yield stress should be of the same order
of magnitude as the plastic strain Fj . = I + ez, for plastic deformations to be still
observable. Thus by rate-independence and 1-homogeneity of R another ¢ in the scaling
of the dissipation may be expected.

Choosing some data (E(T), ,:?:(T)) for the external load and initial plastic strain now gives
rise to a series of one-step minimization problems for the total energy

ga(T)(u,Z) = 55(’11,, Z) — <€(T),U> + DE(Q(T), Z)

on a suitably defined state space Q@ = U x Z, where the notation shall suggest the corre-
spondance to the fixed time step 7 > 0. The dissipation Da(é(T), -) in the context of the
one-step problem is considered a part of the total energy QE(T), as in the corresponding so-
lution concept, dissipation DE(Q(T), -) and stored energy & play roles of equal rights. This
is in contrast to the concept of energetic solutions in the full evolution in Chapter 4, where
stored energy and dissipation play very different roles. Actually for the sake of simplicity
Chapter 3 will restrict to the choice 2(7) = 0, as the goal is not utmost generality, but
rater a proof of concept for the use of the GMS condition in the small-deformation limit
in the presence of plastic strain. The question, whether the series of minimizers
(te, 2:) € Argmin(G{7) (u, 2))
(u,2)€Q
converges to a minimizer of some limiting one-step minimization problem is fully answered

by Theorem 3.1, where Mosco-convergence of gé” to

QéT)(u, 2) = Eo(u, 2) — (60, u) + Do (37, 2)
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is proved, where

Do(2,2) = A R(z — 2)dx
Cr

and the linearized stored energy

Joe, $Vu — z[édm + Jae, %|z|§ﬂdx if u fulfills (1.2) H% !-a.e. on Icy,

o0 otherwise,

Eo(u,z) =

is quadratic, has the constraint of local non-interpenetration (1.2) and displays an additive
splitting for the linearized elastic tensor Ag = Vu — z.

Note that the different splittings mark a regime change. In the finite case the deforma-
tions v are continuous maps on the manifold 2 and a combination of two deformations
v1 and vy should be done by composition v9 o v1. Since by chain rule the gradient of a
composition of maps is the product of the gradients, a multiplicative splitting Vv = Fg I,
corresponds to a compositional splitting v = ve © v of the maps, although the notation
of the multiplicative splitting does not assume the tensors Fy and I}, to be gradients. In
the linearized setting however, the displacements u should be read as tangent fields on the
manifold €, thus one should distinguish the space R% > Q in which Q is embedded from
its tangent spaces R = T,Q. Tangent fields combine by addition, thus the multiplicative
split from the finite case translates to the additive split in the linear case. The same differ-
ence may be observed in the transformation behavior of the GMS condition and the local
non-interpenetration. For a bijective transformation 7': Q — Q) between manifolds as in
Section 2.2 continuous maps v:  — R? on the manifold Q are transformed to continuous
maps on the manifold O by

(T v d=voT !,

and for v satifying the GMS condition by smoothness and bijectivity of T' the GMS
condition for ¢ follows with integral transformation. However, in differential geometry a
vector field u is transformed by the gradient, this in the context of continuum mechanics
is called the Piola transform (see (2.10)), which preserves the non-interpenetration (1.2)
(see (2.11)).

Chapter 4 considers the full rate-independent elastoplasticity by the concept of en-
ergetic solutions. Starting from [MTO04], this concept has been used in many different
rate-independent contexts and recently an exhaustive presentation of the theory of rate-
independent systems is available in [MR15]. A strategy for the small-deformation limit
is presented using the abstract theory of evolutionary I'-convergence for rate-independent
systems. This theory was developed in [MRS08] and states, that for the convergence of
solution trajectories in addition to separate liminf estimates on the energy and dissipa-
tion also a limsup estimate on the transition cost 7 is needed (see (4.18)). The latter is
obtained by the construction of a mutual recovery sequence which is much more involved
than the construction of the (common) recovery sequence in Chapter 3. This is due to the
fact, that in the deformation plasticity one needs a sequence (ue, z:) for any state (g, o),
that is simultaneously a (usual) recovery sequence for both the stored energy and the
dissipation, while a mutual recovery sequence (1., 2:) aims to recover competitors (g, Zo),
which are to be compared to a given sequence of states (u., z:) by the transition cost 7z.

5
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For an external loading ¢: [0,7] — U’, which is now given on a whole time interval,
the same state space Q and dissipation distance D, as in Chapter 3 are considered. The
rescaled stored energies however are slightly modified. The part of the stored energies
without constraint & is identical to the case of deformation plasticity, but we propose
a relaxed slightly weaker constraint, since the full GMS-condition seems to be still too
difficult for the mutual recovery sequence (see Remark 4.15 on Cnjecture 4.14). Namely,
for § > 0 we introduce the weaker J-GMS condition, which allows for interpenetration in
a d-neighborhood Us(I'c;) of T'ey:

/ o(v(z)) |det Vou(z)| dz < /(p(y) dy for all ¢ € Co(R%,R) with p > 0. (1.4)
Q\Us(Tor) R4

Choosing an exponent « € (0, 00] the 6-GMS condition with §(g) = €® is imposed in the
finite case on the rescaled total energies, the notation again suggesting the dependence on
the choice of a:

Ge(t,u,z) = E(u, z) — (€(t), u),

Ge(t,u,z) if id+eu fulfills €*-GMS-condition (1.4),
géa) (tu,z) =

00 otherwise.

For a = 0o we use the convention €* = > := 0, such that the e*-GMS condition (1.4)
becomes the original GMS condition (1.1).

In the case without self contact on a reference configuration with Lipschitz boundary,
the evolutionary I'-convergence of finite elastoplasticity to linearized elastoplasticity in
the small-defortmation limit was shown in [MS13]. The results of Chapter 4 include the
extension of that to the case of the non Lipschitz domain ¢, but without the constraints,
i.e. the evolutionary I'-convergence (Q, g~5,DE) I (9, go,Do) is shown in Theorem 4.19.
Furthermore for the energetic systems with constraints (Q,Qs(a),De) on one hand the
lim inf estimate needed in the proof of the evolutionary I'-convergence is shown to hold for
« > 1, on the other hand the lim sup estimate obtained from the mutual recovery sequence
2p—2d - 1s the exponent, that emerged proving a

2p—2d-+p
priori estimates in Propositions 2.9 and 3.3. The Conjecture 4.14 is posed and discussed

is proven for o < § < 1, where g :=

in Remark 4.15, assuming which we are able to prove the mutual recovery sequence with
constraint for the conjectured aicon > 1. This in turn enables us to prove the evolutionary
I-convergence with constraint (Q, Qg(acon),DE) EN (Q,G0,Dp) in Theorem 4.20.



2 Linearized elasticity as Gamma-limit of
finite elasticity

2.1 Introduction

The starting point of this Chapter is pure elasticity with stored elastic energies of integral
type, i.e. E(y) = [o W(Vy(x))dx, where we want to combine the small-deformations limit
in the spirit of [DMNPO02] with a cracked domain Q¢ := Q\ I'cy, which will be specified in
Section 2.2. In finite-strain elasticity, the classical assumptions for W are coercivity, i.e.
p-growth from below as in (2.1c), frame indifference (2.1b), and the determinant constraint
giving local orientation preservation, see (2.1a). For the derivation of the linearized theory,
we need to impose conditions on the quadratic behavior of W near the identity matrix
F =1 With GL,(d) := {A € R™¥| detA >0} and SO(d) := {R € R™|R"R =
I, det(R) = 1} the following conditions on the stored-energy density W : R¥*?¢ — [0, oo]

are posed:

VF € R™4\ GL,(d) : W (F) = oo; (2.1a)
VE e R™ ReSO(d): W(RF)=W(F); (2.1b)
Ip>d, ew,Cw >0VF e R

W (F) > cw max {dist(F, SO(d))?, !FI”—CW};} (219

IC>0withC' =CVé>03rs >0VAc€ B, (0) c R
) (2.1d)
W (I+4) - 5(A,(CA>‘ < §(A,CA).

In particular, condition (2.1d) states that A ~— 1(A,CA) is the second order Taylor
expansion of W around I. It implies W (I) = 0, 9pW (I) = 0 and 92W (I) = C, where the
second part yields that the material is stress free and, if W would be C? in a neighborhood
of I, from the third part the assumed symmetry of C could be deduced. Moreover the
semi norm given by |A|% := 1(A,CA) is equivalent to the semi norm A — [A%™| as on
the one hand the frame indifference (2.1b) implies CA = CA®™ for every A € R%*? and
on the other hand the first part of assumption (2.1c) being W (F) > ey dist?(F, SO(d))
and assumption (2.1d) imply

ewl AT < AL, (2.2)

which will give uniform convexity of the linearized energy by Korn inequality (see [MS13]
for the details).

To take the small-deformation limit one considers small deformations of the form v, =
id + eu, for small parameters ¢ > 0, where u. remains bounded in a suitable function
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space. As the above discussed quadratic behavior of W around I suggests, the scaling
of W(Vv.) = W(I+eVu) by E% will be appropriate to obtain linearized elasticity in the
bulk, namely in Lemma 2.13 the pointwise continuous convergence is shown:

_ 1 1
VA: = Ag: We(Ad) = 5W(IHeA) — 3[4 (2.3)

2
-
The correspondingly rescaled elastic energies (cf. [DMNP02]) without GMS condition read
~ 1
Fe(u) == /Q E—QW(Q:,I—i—EVu(:U)) dz
while we are interested in the elastic energy with the GMS condition (1.1), namely

Fo(u)  if id4eu satisfies (1.1),
Fe:U - RU{c0}, ur (2.4)
00 otherwise,
where I'pj, and U are specified in (2.13) such that v € U implies (u—g)|r,,, = 0. The
functional F, is the one considered in [DMNPO02], and it is shown to I'-converge to

~ 1 1
Fo(u) = / §<e(u),Ce(u)>dm, where e(u) := (Vu)™™ = i(Vu + (V) ).
QCr
The main result of this chapter is the Mosco convergence (i.e. I'-convergence with respect
to both weak and strong H!-topology) of F. to the functional Fy, which is obtained from

Fo by adding the local non-interpenetration condition (1.2), namely

Fo(u) if u satisfies (1.2) H% '-a.e. on Icy,
Fo:U —->RU{o0}, ur (2.5)

00 otherwise.

The equi-coercivity of the functionals F. is directly implied by the equi-coercivity of
F., once the rigidity result of [FJMO02] has been generalized to our class of crack domains
Qcy = Q\Io; as specified in Section 2.2. Thus, the coercivity (2.1c) and the energy bound
Fo(us) < C < oo imply |uell: < C and [Jeug|r < C, which gives ||eue|p~ < CeP for
some 3 > 0, see Proposition 2.9. Our main Theorem 2.1 states the following I'-convergence:

FEMr iy, ie

Vue = uin U : Fo(u) < ligélf Fe(ue), (2.6)

Vueld Ju. »u: Fo(u) > limsup Fe(ue).
e—0
Section 2.4 provides the liminf estimate (in the weak topology of H'(Qc,;R?)), where
because of the result in [DMNPO02] it remains to establish the local non-interpenetration
condition (1.2) as a limit of the global condition (1.1), which is not too difficult, see The-
orem 2.10. The construction of recovery sequences for the limsup estimate (now in the
strong topology of H') is more delicate, as in general (even for very smooth) displacements
u € H'(Qc;; RY) satisfying the local non-interpenetration condition (1.2) the associated
close-to-identity deformation v, = id 4+ eu does not satisfy the GMS condition (1.1) for
global injectivity, see Example 2.16. On the one hand, our construction of recovery se-
quences invokes an approximation of functions in H'(Qc;; R?) satisfying (1.2) by functions
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in W12 (Qcy; R?) still satisfying (1.2), which is reminiscent to the density results in Propo-
sition 2.19 for convex constraints derived in [HR15, HRR16]. On the other hand, we have
to use an artificial forcing apart of the two crack sides to be able to guarantee (1.1), see
Proposition 2.17.

2.2 Transformation and main result

Throughout this dissertation considers a reference configuration with a Lipschitz domain
Q) and a given crack I'c; on which the displacements v € H*(Qq¢y, ]Rd) may have jumps.
We expect that our theory works for general domains 2 and cracks I'c, that are piecewise
CLUP if all the edges and corners are non-degenerate. However, to avoid an overload of
technicalities we concentrate on the essential difficulties that arise by (i) smooth pieces of
the crack, (ii) by the edge of the crack, (iii) by kinks inside a crack, and (iv) through the
intersection of the crack with the boundary 0.

Thus, we define a model domain () with a model crack I, that displays all these
difficulties and then consider all domains €2 with cracks I'c, that are obtained by a bi-
Lipschitz mapping 7 : © — €2 such that Ty = T(Tcy).

Conditions on the model pair (Q, ;). The conditions essentially say that Qcy = Q\ ey
can be written as the union of two Lipschitz domains A, and A_ that have a nontrivial
intersection Ay N A_, which is a Lipschitz set again, and that define [cy as the intersection
of the boundaries A, and 0A_, where we understand Lipschitz boundary as locally
being the preimage of a plane under a bi-Lipschitz chart. Using the upward normal vector
v € S%1 of the crack Ty, the outward normal vector 71 € ST1 on 90 and the standard

normal base (e;)1<j<dq of R¢, the precise assumptions are the following.
Q) c R? is a bounded Lipschitz domain; (2.7a)
Toe == (0, 1]x {0} xR*?) U ({0} x[0, 00] x R*~2) ),
Cedge = {(1,0)} x R%72, (2.7b)
Diink = {(0,0)} x R%2,
the sets Ay :={Z € Q| (@1 > 0,3, >0) or #; > 1}
and A_:={2e€Q|Z <0 or Z; >1 or Zp <0} as well as (2.7¢c)

A, NA_ and A_\ A, have Lipschitz boundary

Transversality of Lop: 0Q and Ty intersect transversally, i.e.

36>0 VagedNNTe \ TeageUTink) J0>0: (2.7d)

(A(Z) - D(F0))” < 16 for H L-ace. T € OQ N B,(70).

9



10 | Chapter 2: 2 Linearized elasticity as Gamma-limit of finite elasticity

o~

A_cQ

Figure 2.1: Left: Crack Ter (areas shaded in light blue) inside the domain ), the crack edge
f‘edge is red, the crack kink fkink is green lying between the two shaded areas,
and 9Q N T, is blue. Right: Decomposition of a planar Q into overlapping
Lipschitz domains A, and A_ according to (2.7¢).

Transversality of fedge and f‘kink:

fedge and f‘kink intersect with 99 transversally, i.e. (
. . N 2.7e)
16 >0 Vzge (Pedge U Fkink) No do>0:

(A(Z) - e1)” + (A(T) - €2)” < 1-6 for H  2-ae. 7 € 90N B,(F).

The conditions on (Q,fCr) are illustrated in Figure 2.1. The model crack f‘Cr defined in
(2.7b) contains two special subsets, namely (i) the crack edge T'eqge and (ii) the crack kink
Dkink. For all other points we have the well-defined crack normal v(Z) = (1,0,..,0)T € R¢
or (0,1,0,..,0)T, respectively. Conditions (2.7d) and (2.7¢) ask that the crack I'c; and its
edge f‘edge and kink f‘kink to not meet the boundary o0 tangentially.

The decomposition Q¢ € Ay UA_ in (2.7¢) will be used for three purposes, namely (i)
for the derivation of a rigidity result for the cracked domain, (ii) to construct enough good
test functions for deriving the jump condition in Theorem 2.10, and (iii) for distinction of
different cases in Proposition 2.17.

The domains 2 and the cracks I'c; for which we will formulate our theory are now
obtained by a bi-Lipschitz mapping 7 : R¢ — R? that is additionally CLMP = W20,
Thus, the conditions on the pair (£2,Tc;) or the cracked domain Q¢ := Q \ I'c; are the

following:

Assumptions on (Q,I¢;):

(Q,Tcr) satisfy (2.7) and there exists a bi-Lipschitz map 7' : RY — R? (2.8)

such that Q =T(Q), T =T(Ic), and T e CHHP(RYRY).
Note that the true crack I'cy will be piecewise CUMP since we allowed for a kink in f‘cr.
In [LT11] the quasistatic evolution of fracture in linearized elasticity is developed, where
cracks may occur along arbitrary paths that have CLHMP regularity, which is the same

regularity needed piecewise for our analysis.



2.2 Transformation and main result |

As a first consequence of this assumption we see that ¢, can also be decomposed
similarly to Q¢ in (2.7¢). Defining As := T—(A+) with AL from (2.7¢) we have that

A4, A_ C Q are Lipschitz domains with Ay U A_ = Q¢ } 2.9)
2.9

such that Ay N A_ and A_ \ A, are also Lipschitz domains.

This overlapping covering of ()¢, in assumption (2.9) is used for three different purposes.
First, it allows us to extend the rigidity result from Lipschitz domains to our crack domains
Qcy, see Corollary 2.6. Second, it allows us to derive the jump condition (1.2) in Theorem
2.10 by applying the divergence theorem on a disjoint cover given by Ay and A_ \ A;.
Finally, and third, we use it in Proposition 2.17 for the construction of injective close-to-
identity deformations.

The assumption that 7 : R¢ — R? is a bi-Lipschitz mapping means that it is bi-
jective and that both 7" and T—! are Lipschitz continuous. The additional condition
T € CHEP(RY; RY) then implies T~ € CVUP(RE; R?). A diffeomorphism v :  — RY can
be transformed to a mapping on Q) via the transform

In particular, for v_~:=id + et : () — R we find the expansion

ve(x) = T_l(ﬁ ~(T(x))) =x+ eVT(z) 7 a(T(z)) + O(e?),

g,u

The mapping from u to the corresponding term in v, is called the Piola transform Pr for
vector fields, cf. also [KMZ08, KS12]. Under the assumption (2.8) the mapping

[ HY(Q) — H'(Q)
PT'{ i e iz VT(2)"la(T(x)) (2.10)

is a bijective bounded linear mapping as well as its inverse Pp—1 : H' () — H(Q).

The Piola transform is especially useful for us, as it also transforms the local non-
interpenetration condition in the correct way, see e.g. [KMZ08, KS12]. If v(Z) is the
normal vector at Z € Loy, then it is related to the normal vector v(z) at z = T~'(Z) € T
via
(w) = 1

IVT(x) "o ((T ()|

B 1
VT(2)" Tv()]

VT(z)"9(T(2)) or o(T(x)) VT (z)” "v(z).

Thus, for the jump over the crack we obtain the relation

) = (u' (2)~u"(2)) - v()
= (VT (z)"'a"(T(x)) = VT (2) "' (T(x))) - v(x)
= (@"(T(x)) - (T(x))) - VT(2)” "v()
= |VT(2)~ Tw(x)| [a] (T ().

[u]re, (2

(2.11)

Thus, the jumps translate correctly if we take into account the prefactor that associates

with the stretching of surface elements.

11



12 | Chapter 2: 2 Linearized elasticity as Gamma-limit of finite elasticity

For future use of the above assumptions on (2, I'c;) we derive the following well-known

consequences, which will be employed below in our theory of I'-convergence:

Q Lipschitz domain, and for all ¢ € 02 there exists an open
neighborhood U € R? of z and a bi-Lipschitz V,,:U—=VC R4
such that UNQ C U '({fv €V |v-eg > 0}) and

UNoc U M ({veV|v-es=0});

(2.12a)

transversality of I'c, and 0€: for all zg € I'c; N OS2 there exist
Mo € S¥1, k>0, and U and ¥, as in (2.12a), such that

(i) VU, (z) eq- VI(2) Hpy >k L%ae. inUNQ,

(ii) ey - VT(z)" Tv(z) =0 HY ae. in UNTgy,

(iii) o € {(0,0)} x R9~2 if 29 € 90 N Tedge,
where Tegge 1= T_l(fedge) with fedge ={(1,0)} x R%2,

(2.12b)

Note that condition (ii) in (2.12b) simply means 7, - 7(T(x)) = 0, where U takes one of
the values e1, es € R?, or even both values if T(z0) € fkink. Hence, this condition follows
directly from (2.7d), but we will use the form as given in (2.12b) for a full neighborhood.
Similarly, condition (iii) in (2.12b) is a direct consequence of (2.7e).

Note that the angle of 5 at the kink of ey is not essential and will be varied by the
mapping VI~ (#) for & € Ty NQc;. Furthermore the choice of Te, = T'(I'e;) € Q2 in (2.8)
is just an example as easy as possible while still showing the crucial difficulties. We expect
that the theory works for any Lipschitz surface that is piecewise CT'MP. The proofs and
constructions are made with the intention to be adaptable to other special situations.

The transversality condition (2.12b) requires the crack I'c, and the boundary 92 to
intersect transversally. Technically it enables us to use the following implicit function the-
orem for Lipschitz maps to conclude o0 being a graph in the direction 7, which is parallel
to fCr in a whole open neighborhood of T'(xp). You can interpret this graphically when
having in mind the fact, that normal vectors transform by the cofactor of the gradient.
Then equation (i) of (2.12b) can be read as the vector field 7,, = VT (2)~ "%y,, which is
constant on the flat configuration € \ I'cr having an angle bounded away from 5 to the
normal on the boundary, which is given by VW, (2)eq = V¥, (2)(0,...,0,1)T. The last
two requirements specify that for xg € I'c; or ¢ € I'eqge the vector 7)., is tangential to fCr
or f‘edge respectively.

To collect all the assumptions we now specify the boundary conditions in terms of the
part I'piy C 02, where the Dirichlet boundary conditions (u—gpir)|rp, = 0 are imposed.

FDir N Ficr = q)v ,Hdil(FDir) > 0, gpir € Wl’OO(Q§ ]Rd)
(2.13)
U = closip () ( {# € WH(Qcr RY) | (u=gpie) Iy, =0} ).

Note that we chose Dirichlet boundary conditions just for simplicity and other boundary

conditions may be considered as well.

Theorem 2.1 (Mosco convergence F M Fo). Let assumptions (2.1), (2.8), and (2.13)
be satisfied and F. and Fo defined as in (2.4) and (2.5). Then F. Mosco-converges to Fy
in the H'(Qcyp; RY) topology.
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The proof of this result is the content of the following sections. In particular, the liminf
estimate is established in Proposition 2.14, and the limsup estimate in Theorem 2.20.

The following result is a weak version of the implicit function theorem (see [Cla90]) that
will be needed to represent the boundary 02 near a point zg € 9Q N I'a:, see Corollary
2.3.

Theorem 2.2 (Special version of Implicit Function Theorem). Let U, C R™, U, C R"
be open sets, a € Uy, b € Uy, and F : Uy, X U, — R™ be a Lipschitz map with F(a,b) = 0.
Suppose there exists a constant K > 0 such that for oll x € U, and y1,y2 € U, it holds

|F(z,y1) — F(2,92)| > Kly1 — y2l. (2.14)

Then there exists an open neighborhood Vi, of a, Vi, C Uy, and a Lipschitz map ¢ : Vi, —
R™ such that p(a) = b and

F7(0) = {(z,(2))|z € Vin}.

Proof. We will sketch the proof briefly.

By (2.14), which is a Lipschitz analog of the invertibility of V,F' in the differentiable
version of the inverse function theorem, the map f : Uy, x U, D R™t" — R™T" (z,y) —
(z,0F (z,y)) is bi-Lipschitz for 0 < § < ||[VF|;&. In particular f is continuous, injective
and maps an open subset of R™™" to R™", thus by Brouwer’s invariance of domain
theorem f is an open map, i.e. f(Uy, x U,) is open in R™™™ and f~! is continuous.
Consider the embedding e, : R™ — R™"™ x + (z,0) and the projection p, : R"™ x R" —
R", (z,y) + y. Both e, and p, are Lipschitz continuous , thus ¢ := p,, o f~! o e, defines
a Lipschitz map on V,, := e} (f(Un x Uy)), which is open by continuity of e, and f1.
Because of the assumption F(a,b) = 0 we have a € V,, and ¢(a) = b. Regarding the
claimed equality F~1(0) = {(z,¢(x))|z € V;,} we get on the one hand the inclusion “>”
from F(z,p(x)) = 0, which follows by construction of ¢. On the other hand for every
(z,y) € Up, x Uy, with F(z,y) = 0 we have f(x,y) = (x,0) such that x lies in the domain
Vin of @ by construction of V,,,, which gives the other inclusion “C”. O

We are now able to write the boundary O near Ty € OQNTe, as a Lipschitz graph over
the plane ]350 through o = T'(xo) that is normal to 7, . This construction will be needed
in the proof of Proposition 2.19.

Corollary 2.3. Let 2y = T'(xp) € LeyNOQ and U and Ny 0S in the transversality condition
(2.12b). Set Py, :={% € R% | (Z—T(x0)) - oy = 0}. Then, there is an open neighborhood
1% of T(xo) and a Lipschitz continuous function g, : VN ﬁxo — R such that the function

§: VR () = 0y (7 — [(F-T(20)) 7] Bes) — (F=T(0)) 7y

characterizes O locally via 9(z) >0 forz € Q, 9(z) =0 forz € o0, and 9(z) < 0 for
7 € R\ clos(Q).

Similarly, the boundary 02 near a point xg € T'cy NI can be characterized by the
function g = go T, where § is obtained as above for To = T(x).

13
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Proof. Take U, as in the transversality condition (2.12b) and introduce local coordinates
z € 13:;:0 and y € R providing a unique representation of z € RY via & = z + yi,,. The
map

F:UNPy xR—R; F(z,y) :=eq- ¥y (T (24 YTy,
is Lipschitz and satisfies F~1(0) C 9. Moreover, applying the chain rule, we obtain the
transversality condition (%F(z, Y) > K.

As ﬁxo can be identified with R%~!, the special version of the Implicit Function Theorem
2.2 is applicable and we obtain the Lipschitz function ¢z, such that F'(z,y) = 0 can locally
be expressed as y = @z, (2).

The remaining assertions follow by simple computations. O

2.3 Coercivity via rigidity

The equi-coercivity of the F; is directly implied by the equi-coercivity of the ]-Aé, since
F. > F. holds. For extending the proof of the equi-coercivity of F. from [DMNPO02] we
have to generalize the rigidity estimate from [FJMO02] from Lipschitz domains to domains
with cracks. For this we will use the overlapping decomposition Q¢ = AL U A_ from
(2.9).

Definition 2.4 (Rigidity domains). A domain Q c R? is called a rigidity domain, if

1,5 . 9 .
d . \V4 . << V .
1C >0VveH (Q,R ) 1Snf( ) ” v RHLQ(Q) CHdlSt( v, SO(d)) (2 15)

2
Re ”L?@'

The smallest such constant we call rigidity constant R(£2).

In [FJMO2] it is proved, that every bounded Lipschitz domain is a rigidity domain.
Furthermore a doubling argument can be found therein similar to the one used in the

following proof.

Proposition 2.5. Let A, B C R? be bounded rigidity domains such that ANB is a rigidity
domain with positive volume. Then AUB is a rigidity domain, and we have

R(AUB) < (2+4p4)R(A) + (2+4up)R(D) + 4(pa+up)R(ANB),
where pa = Vol(A)/ Vol(ANB) > 1 and pp = Vol(B)/ Vol(ANB) > 1.

Proof. We fix v € H'(AUB,R?%) and denote by R4, Rp, Ranp € SO(d) the minimizers
R € SO(d) in (2.15) on the corresponding domains. Hence on AUB we obtain the estimate

/ |Vo(x)—Ranp|?dx < I + I, where Ip := / |Vo(x)—Ranp|*dz.
AUB D
Writing shortly §(F) := dist(F, SO(d))? we can estimate:
Iy < 2/ \Vv(m)—RA\de—i—Q/ |Ra—Ranp|*dz
A A

< 2R(A) /Aé(Vv(:c))dx +2pa /AOB |Ra — Ranp|*du,
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where we used that Ry is the minimizer for the set A, that |[Rqa—Ranpg| is constant and
the definition of p4. For the second term of 14 we have

/ |Ra—Runs|>de < 2/ yRA—vu@)y?de/ Vo (x)—Ranp|? dz
ANB ANB ANB

< 2R(A) / 5(Vo(z))de + 2R(ANB) / §(Vo(z))da.
A ANB
Together we find T4 < ((2+4p4)R(A) + 4puaR(ANB)) [4,50(Vv(z))dz.
Interchanging A and B we find the analogous estimate for I, and the result follows. [

In this form, the rigidity estimate applies to our situation by our assumption (2.7c) on
the decomposition of €2 in two overlapping Lipschitz domains. We simply apply the above
proposition to Qcy = AU B with A = Ay and B = A_, see (2.9).

Corollary 2.6 (Q¢, is a rigidity domain). Let (Q2,Tcy) satisfy (2.8). Then, Qcy = Q\ Ty
s a Tigidity domain, i.e. there is a constant C' > 0 such that

Vv e HY Qe RY) 3R € SO(d) : IVo—Ryll2(00,) < CHdist(Vv,SO(d))HLQ(QC )

(2.16)

Before proving coercivity, let us note the following quantitative statement on the rota-
tions showing up when applying the rigidity estimate to small deformations v. = id + eu.
In [DMNPO02] as well as for us, it is a main step in the proof of the equi-coercivity. More-
over, we will need it for proving Theorem 2.10 on the local non—interpenetration in the
next chapter. The main point is to show that for mappings v. = id + cu the corresponding
rotation matrices Rjq4e, that are minimizers in the rigidity estimate are also close to the
identity matrix I € R9*¢. For this we use the boundary conditions u|r,. = g.

Lemma 2.7. Let Q,Icy, and W satisfy the assumption (2.8) and (2.1) and fix gpi €
WL°(Q). Then, there exist constants Cr,Cr > 0 such that for all ¢ € ]0,1] and all
u € U the following holds:

/ [+eVu(z) — Raped?de < Cre?Fo(u), (2.17a)

QCr

|I—Riqieu|® < CRgz(fa(u) +/ ygDirPde—l), (2.17b)
I'pir

where R, denotes the minimizer R € SO(d) in (2.16) for fized v € H'(Qc,; RY).

Proof. Combining the coercivity of W in (2.1c) with the rigidity constant from Corollary
2.6 we obtain (2.17a) with Cp = R(Qcy)/cw -

To derive the second estimate we set R, := Riqyey and (¢ := ]CQCr (x—i—&tu(w) — Rga:) dx.
By continuity of the traces and Poincaré’s inequality we find

/F |(z4eu(z)) — Rew — (AR < Co| (z+eu(z)) — Rew — CEHHl(QCr,]Rd)
Dir

< 0y / (I+eVu(z)) — Re2dz < C1e2Fe(u)
QCr

15



16 | Chapter 2: 2 Linearized elasticity as Gamma-limit of finite elasticity

with Cy = CrC3. Exploiting u|r,,. = gpir and the prefactor € we obtain
[ 10-Row = Pant™ < G (Fw) + [ lgouPani ™),
1—‘Dir 1_‘Dir
Note that R.—1I is an element of the closed cone K generated by SO(d) — I, on which
Lemma 3.3 from [DMNPO02] applies (see the derivation of (3.14) therein). Thus

I—R.]2 < Cq gg]g% (I=R.)x — C[2dH4 T,
Dir

and the estimate (2.17b) follows with Cr = CsCs. O
Now we can proof the equi-coercivity of j—"; onU.

Proposition 2.8 (First a priori bound). Assume that Q,Tcy, and W satisfy (2.8) and
(2.1). Then, there exists cr,Cr > 0 such that

Veelo,1[Vueld: Fo(u)>cr|ulf —Cr.
Proof. By the first part of assumption (2.1c) on W and Corollary 2.6 we have
I(I+eVu) — Re||2 < Cy / dist?(I+eVu(z), SO(d)) de
QCr

< Cy W (I+eVu(z))dz < Coe® Fo(u).
QCr

Using both estimates from Lemma 2.7 we proceed to obtain
¥MM@§%M4H§+M%WHRMQSﬂMﬁWHA lg? an=)
Dir

with C3 = 2CF + 2Cg. Dividing by €2 and exploiting the boundary conditions in U as
well as Poincaré’s inequality we arrive at the desired result. O

The above result shows that sequences (uc). with bounded energy F.(us) < C' < oo
are bounded in H'(Qc;; R?). The next results provides a weaker, but still useful a priori
bound, which implies that eu. converges to 0 in L°°(£; ]Rd) for energy bounded sequences.

Proposition 2.9 (Second a priori bound). Let W satisfy assumption (2.1). Consider a
sequence (Ug)e>0 With sup,sq Fe(us) < Cy < 00. Then, there exists a constant C > 0 such
that

lewe|lwiw < C  and ||eue|pe < CeP (2.18)
with =1 ford =1, B €]0,1[ arbitrary for d =2, and = % €10,1[ ford > 3.

Proof. The first estimate in (2.18) follows directly from the coercivity (2.1c) for W:

20, > 2F (u) > / aw T+ V(@) ~Civ ) do > T eV |7, — .
QCr

Using Poincaré’s inequality for u. € U we obtain a uniform bound in WP(Q; R9).
For the second estimate in (2.18) we use the Gagliardo-Nirenberg interpolation estimate
for f = eu., where we crucially exploit p > d as provided in (2.1c):

1o < ClF ol 115

For d = 1 we can take 6 = 0 because H! C L*°, and for d = 2 any 6 € ]0,1] is sufficient.
For d > 3 we can choose 0 = 2p+fil+pd €10, 1], and the result follows by using Proposition

2.8, which gives ||f||11{?9 <el=fC. O
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2.4 The liminf estimate

In contrast to the equi-coercivity the I'-liminf estimate for F. does not follow directly
from the I'- lim inf estimate for 7., since we have to consider the case Fy (u) = oo carefully,
i.e. we have to show that the global injectivity condition (1.1) generates the local non-
interpenetration condition (1.2) in the limit ¢ — 0. This is the content of the following

result.

Theorem 2.10 (Local non-interpenetration). Consider u.,ug € H'(Qc;, RY) such that

Ug LN ug and lim iglf Fe(ue) < oo; then [ug]r,, > 0 holds H 1 a.e. on Toy.
E—r

To prove this theorem we will first prove the following linearization result concerning
the determinant of I+eVu:

Lemma 2.11. There exists Cget > 0 depending on 2, I'py, Iy and the exponent p > d
and constants from assumption (2.1c) such that

Veel0,l[Vuel:

_ (2.19)
/Q | det (I+eVu(z)) — 1—edivu(z)|dz < % Cet (Fe(u) + Cet).-
Cr
Proof. For matrices A € R%*? we have
|det(I+A) — (1+tr A)| < C4(|A]* + |A]D), (2.20)

where we will insert A = eVu(x). To control the term |A|? we will use W (I+A) and
|[+AJP > | AJP — C1, which yields

W(I+A) > e ([T+A]P — Cyy) > %W(myp — (). (2.21)

Using W(F) > 0 we even have W([+A) > CTWHAV? _ 02]
Because of p > d > 2 there exists C, > 0 such that

. » where [a]; := max{a,0}.

t4 < C.(? + (tP—Cq)y)  forall t > 0.

Combining this ¢ = |A| with (2.20) and (2.21) and setting C3 = Cy(Cys+1)(Cw +1), where

Cw is taken from (2.1c), we arrive at:
|det(I+4) - (1+tr A)] < CalC. + (AP + [[AF - C3].)

< C3(|AP + W (I + A)) for all A € R4, (2.22)

Thus, inserting A = eVu(z) and integrating over Q¢ results in

/QCr

Together with Proposition 2.8 we see that the assertion holds with Cyet chosen as the
maximum of C3(cr + 1)/cr and Cr/(cr +1). O

det (I+eVu(z)) — (1+ediv u(x))‘dx < EQCg(HVUHiQ + .%;(u))

17
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With this lemma at hand, we are now able to complete the proof of the main theorem
of this section. The idea is to consider the GMS condition (1.1) for global injectivity for
ye = id + eu. with non-negative test functions ¢ € C*°(2). Dividing by ¢ and passing to
the limit with the help of the above lemma one can derive the relation [q  div(pu)dz > 0,

which provides the local non-interpenetration condition (1.2).

Proof of Theorem 2.10: As liminf. .o F:(ue) < oo there is a subsequence (g;,u;)
such that id + e;u; fulfills the GMS-condition (1.1) and det(/+&;Vue;) > 0 a.e. on .
Hence, by rearranging (1.1), for every ¢ € C°(R?%) with ¢ > 0 we have:

02 = [ (elateyu(e) det (142, Ve, (1) — p(a) da

- slj Q2 p(x+eju;(x)) (det (I+¢;Vue; (z)) — (1+¢; div ug (x))) dw

. 1
+ o(x+ejue, () divue, (z)dr + — (cp(m—i—ajug]. (z)) — w(m)) dx
Qcy Qcr E.j

=0+ 1+ Is.

By Lemma 2.11 and Hélder’s inequality the first summand I; on the right-hand side is
bounded by ¢;]|¢||Lee Cdet(+Caer) and thus converges to 0 for j — oo.

The second summand I = [q @(z+ejue; (7)) divue, () dz is treated as a pairing of
one strongly and one weakly converging sequence in L?. On one hand, by weak convergence
ue; — ug we have divue; — divug weakly in L%(Qc;, R). On the other hand by Lipschitz

continuity of ¢ we have
lo(z+ejue, () — p(@)F2 = /Q o (z+ejue, () — (@) do < 1Vl Foolue, 172,
Cr

where on the right-hand side [|ue; |2 is bounded by wu.; m ug, such that ¢ (id+ejuc,) = ¢
strongly in L?(Qc;, R) and thus I — Joe, ¢(z) divug(z) dz follows.
Finally, for the integrand of third term I3 = [ % (go (z4ejue, () — @(x)) dz we have

pointwise convergence

;(‘P(Wr&juq (@) = (@)

- ;(So(a:JrEjUsj (x)) — 90($+5juo(f”))> +51j (90(x+€ju0(x) B gO(SE))

<1V ellLee e, (2)—uo(2)| -0
= V(z)uo()

as well as the dominating bound

1

—(platejue, @) - (@) < Vel lue, (@)] = gj(a).
J

By the convergence u.;, — up weakly in H' we have ug; — up strongly in L2, such that
for the dominating bound g; we obtain g; — ||V¢||lLe|ug(z)| strongly in L'. Hence,
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by the generalized Lebesgue dominated convergence theorem we have the convergence
I3 = Jo., V() - ug(z)da.
Altogether the limit € — 0 provides three limit values on the right-hand side, namely

0> 0 + o(z) div ug(z)dz + V() - up(z)de
Qcr Qcor

= [ divtpun)(@)dr =~ | (@) [uolre, (@) da(z).
Cr Ter

For the last identity we now restricted to ¢ € C.(€2) such that no boundary terms on
0N are present. Moreover, we have to recall that u lies in & C H'(Qc;; R?) such that
the upper and lower traces at the crack I'c, may be different. Applying the divergence
theorem on the Lipschitz sets A4 and A_ \ A4 (see (2.9)) separately, all terms cancel
except for the jump along I'c;. As ¢ > 0 was arbitrary, we conclude [u[r,, > 0 HI L ae.
on I'cy. ]

The Theorem 2.10 takes care of the constraints in the liminf estimate. The integral
quantities we will treat with the following lower-semicontinuity tool, which we cite from
[MS13, Lem. 4.2] without proof.

Lemma 2.12 (Lower-semicontinuity tool). Let fo, f-: R™ — [0, 00| be lower semicontin-

uous, i.e.

Voo € R™:  fo(vo) < {nm it fo(ve) | ve vo},

E—

fo convex and w. — wo weakly in L1(Q, R™).
Then it holds:

[ fotwo)de < timipt [ f.we)d.

This tool enables us to conclude liminf estimates on integrals from pointwise lim inf
estimates on the integrands. The following lemma further shows, that a quadratic expan-
sion as in (2.1d) even gives pointwise continuous convergence, which will be also useful

when showing upper lim sup estimates.
Lemma 2.13. Let f: R" — [0,00] admit a quadratic expansion:
IF >0 withF' =FV§>03rs >0VA€ B, (0) CR":
]f(I+A) - %(A,IE‘A>‘ < §(A,FA).

Then the rescaled functions f.(A) := E%f([—i—sA) continuously converge to fy(A) =

1(A,FA):
_ 1 1
VA = Ay (A = (A0, FAg) = 51A01§,

Proof. Let § > 0 be arbitrarily fixed. By Ac — Ag in R™ on one hand we have

1 1
5 (Ag, ]FA8> — §<A0, ]FAO>,

19



20 | Chapter 2: 2 Linearized elasticity as Gamma-limit of finite elasticity

on the other hand we have €A, € B,,(0) for sufficiently small e, thus the quadratic

expansion gives

1 1
!?f(j'i_EA&) - §<A57FA8>’ <

N

F
(Ac,FA,) < 5|2‘|A5|2 < §|F||Ag|*>  for € small enough.
Taking the limit € — 0 of the latter and inserting the former we arrive at:
1 1 )
|il_ff(1) ;Qf(HfAs) - §<A03FA0>| < O|F[|Aol”.
Since § > 0 was arbitrary, the left-hand side hast to be zero and the assertion follows. [

We are now ready for deriving the lim inf part for the Mosco convergence F MF

Proposition 2.14 (Liminf estimate). For every sequence €5 — 0 and uj,u € U with
u; — u in HY(Qcp; RY) we have

Fo(u) < liminf F. (uj).

J—00

Proof. We can assume that o := liminf;_, Fe; (uj) < o0, since otherwise the inequality
holds trivially. Thus, there is a subsequence (5, u;) such that id+e¢;u; is globally injective
and that 7, (u;j) = ]?Ej(uj) — a. By Theorem 2.10 we conclude [u]r,, > 0. Consequently
the liminf estimate above reduces to the liminf estimate for JF:
Fo(u) = Fo(u) < a = lim F. (u;) = lim Fe,(u;).
J]—00 J—00
Because the integrand of Fy, namely A — %|A|(% is convex, by Lemma 2.12 it suffices to
show the pointwise liminf estimate of the respective densities. From assumption (2.1d)

Lemma 2.13 even gives equality of the pointwise limit. Thus the assertion is proved. [

2.5 The limsup estimate

Showing the lim sup estimate in (2.6) amounts in the construction of a recovery sequence
us — u converging strongly in & C H'(Qc;; R?Y). In the case without constraints (1.1) or
(1.2) the limsup estimate for the I-convergence F. L 7 is much simpler since for u €
WL (Qc,; RY) we can take the constant recovery sequence uj = u. Then, the extension to
general u € U follows by density and the strong continuity of Fo, see [DMNPO02, Prop. 4.1].

Due to the constraints (1.1) and (1.2) in the functionals F. and Fy, respectively, we
have to do some extra work. First, setting

7= {uel| [, >0}

we have to show that W N 7 is dense in J with respect to the H! norm. Second we
have to overcome the problem, that not every u € WH* 0 7 is close-to-identity injective
in the following sense.

Definition 2.15. We say that a displacement u € H'(Qc,, R?) is close-to-identity injec-
tive, if the following holds:

Jey > 0Ve < gy:  id 4 eu satisfies the GMS condition.
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The set of close-to-identity injective displacements we annotate as:
Z:={uel]u is close-to-identity injective }.

Note that Theorem 2.10 gives the inclusion Z C J. The following example of a dis-
placement u with positive jump condition [u]; > 0 that is not close-to-identity injective

shows, that equality of Z and 7 cannot be expected.

Example 2.16 (Non-injectivity). Consider the domain Q = |—1,1[> ¢ R2, the crack
L. = {0} x [0,00], the cracked domain Q¢ := Q\ T, and the displacement

(0,0)7 for xo < 0,
w: Qo — R u(zy, ) = (wo+(22)2,20) T for zo >0 and 1 > 0,
(z2,0) T for x9 > 0 and x1 < 0.

Then, u € W (Qq; R2), and along the crack we have 7(0,z5) = e; = (1,0)" and the
Jjump [u](0,22) = (x2)? > 0, except on the crack tip li;g/e =(0,0)T.

However, v, := id+eu is not injective for any € > 0 near the crack tip. To see this,
we set v = ((%)3,%)T and z7 = (—(5)%,5 + %)T which lie in the first and second
quadrant, respectively. We have v.(z1) = (% +3(5)%,5+ %)T = v.(x7),which violates
injectivity. Even more, we see that the second quadrant is mapped to the set {y € R?|ys >
0, y1 < eyo } while the first quadrant is mapped to {y € R? | y2 > 0, y1 > h(y2) } with

he(2) = ez(1+e+2z)/(14€)?. Thus, each point in the area

{(1,92) |0 <2 <e(l+4e), eya > y1 > he(y2) }
has two preimages.

The main problem in handling domains with cracks is that of the missing Lipschitz
property. For Lipschitz domains  we have CHP(Q) = W1°(Q) with an estimate

Lipg(u) < Col|Vul|pe(q)- (2.23)

For convex domains one has C = 1 but for general domains the constant depends on the
relation between Euclidean distance and the inner distance

dg : Q2 x Q= R; do(z,Z) = inf{ Length(y) | v connects = with = inside € }.

Then, the chain rule guarantees |u(z)—u(Z)| < ||Vullsodo(x,Z). Thus, we can choose
Cq =sup{dq(z,2)/|z—2| |z, € Q, z# T} in (2.23).

In a domain Q¢, with a crack, we obviously have Cq,, = oo, since points 1 and 2~ on
two opposite sides may have arbitrary small Euclidean distance |z™—xz~| but large inner
distance dg, (7, 27). This explains the difficulty in proving global injectivity, since for
a close-to-identity mapping v. = id+ecu we have

(e —ve(27)] 2 lat =2 | — elulat)—u(a)| > o —27 | — e Vullye oo dog, (2 7).

Thus, for Lipschitz domains Q with Cq < oo the global injectivity follows easily if
el VullLe@)Ca < 1/2, but for cracked domains {2c; we have to be much more careful.
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Indeed, we have to require that our functions v € J N Wh*®(Qc,; R?Y) also have a crack
opening that is bounded from below linearly by the distance of the points on the crack
from the edge I'cgge. In the next result, we will show that we can achieve this by a suitable
forcing apart.

Proposition 2.17. For every u € W' (Qcp,RY) N J there exists a sequence uj, €
1
Wl’OO(QChIRd) NU with ug a, u, such that each uy is close-to-identity injective, ie.:

VkeNde, >0Ve €]0,ex[: id+eug satisfies (1.1). (2.24)

Proof. Motivated by the above example we will use the displacement @s,, : ch — R4,
which forces to two sides of the crack I, apart. For two small parameters 6,7 > 0 we
set Ps5n(T) = N (Z)n € Hl(QCY,]Rd) with 7 = (1,1,0,...,0)T € R?% The scalar function
Ay € W (Qc,) is given by

0 ifxg > 1,
min {1, %(1—.%'1)} for z1 € ]0,1] and z2 > 0,
— min {1, %(1—9:1)} for 1 €]0,1] and z2 < 0,
-1 for 1 < 0.

Hence the jump of A\, grows linearly with slope 1/n with the distance from f‘edge and then
saturates at the values +1.

We now choose an exponent « € ]1,2[ and a positive sequence d; — 0 and set 7, = dj.
With this we define ¢ := @5, 5, on Qcy. Using the pullback of @p to the reference
configuration €2 via the Piola transform

pr(2) = VI(2) " ¢ (T(2)), (2.25)

see (2.8). Moreover, using (2.13) we can choose a cut-off function v € Wh°°(; [0, 1]) that
is 1 on a neighborhood of I'c, and vanishes on I'pj,. With this we define the required
sequence

u € Wl’oo(ch,Rd); z = ug(z) = u(z) + v(z)pr(z).

Note that the boundary value on I'p;. is not changed, i.e. u; € U.

1
To show the convergence up = u + ypi 4, & we need the smallness of Yok Using
—1 ~
ekl @) < 1VIwieo @) VT .00 @) 18k 1 0,
will give the first condition for «
1841122 g < Vol(D) A 67

2
3,112 . Ad—1 s2—a
Hv{pkHLQ(QCr) = /Qﬂ{l—nk-<x1<1} (5k/77k') 4z < diam(©) 5k '

where we used 7, = 0f. Because of & < 2 we have ||ug—u||g1 — 0 as desired.

Let us now come to the global invertibility. We establish the existence of ¢ > 0 by
a contradiction argument. For this, we can keep k fixed for most parts of the proof
(namely up to and including (2.32)) and assume there is a sequence €; — 0 such that
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id+ejuy is not globally invertible for all 7 € N. Thus, there exist z;,y; € ¢, with
(id4ejug)(xj) = (id+ejug)(y;), i.e.

0 7é Tj—Yj =¢&;j (uk(y]) — uk(xj)) (2.26)

By boundedness of € there is a (not relabeled) subsequence, such that z; and y; both
converge. Since (2.26) gives |z;—y;| < gjllurllre(ae) < €5(llull Lo (e, +30k), these two
limits are the same, from now denoted by z.,. We next establish the following claim:

Claim: The point 2z« lies in the crack edge Teqge = 771 ({(1,0)} x R%72), and
the convergence gives a very specific picture, i.e. T'(z;)-e2 > 0, T(y;)-e2 < 0,
T(xj)-el <1, T(yj)~€1 < 1, and
) — yjl
(1 —=T(zj)-e1) + (1 —T(y;)er)

That means that z; and y; converge to zo by approaching the crack asymp-

— 0 as j — oo. (2.27)

totically from left above and from left below, respectively.

A major part of the proof of the claim is due to Lipschitz continuity. If both, x; and y;,
are in Ay or both are in A_, then with Ly, := Lip4_ (ux) we would obtain

|zj—yj| = ejlur(y;) —ur(z;)| < ejLrdy(x),y;) < €;LpCulr;—y;l.

For ¢;L,Cy < 1 this implies z; = y;, which contradicts (2.26). Thus, we have z; € AL\ A_
and y; € A_\ A or vice versa. Using xj,y; — 2o We conclude 2o € I'cy.

For the subsequent arguments we choose the notation such that always z; € A, \ A_
and y; € A\ Ay. f 2 :=T(200) € Ty \ [k we have a normal vector to Iy given by

N er :=(1,0,...,0) for ey - zo0 = 0,
vV =
ez :=(0,1,0,...,0) for ey zo =0.
By the above choice z; € A4 \ A_ and y; € A_ \ A} we obtain
(T'(x;) = T(y;)) -7 >0 (2.28)

for sufficiently big 7 € N. Thus, exploiting the smoothness of T across the crack and the
relation (2.26) again we obtain

1
0< ;(T(SUj)_T(yj)) V= /0 VT(ijrt(yj_wj))dt;j(xj_yj).ﬁ

(2.26) (1 R
= /0 VT (xj+t(y;—x;)) dt (uk(y;)—uk(z;)) - .
Passing to the limit 7 — oo we find the jump condition
0 < VT (200) (uy, (200) =t (200)) - 7 = (uy; (200) =11y (200)) - VT (20) ' 0.

However, because of the non-interpenetration condition [ug]r,, = [ulr., + [¢rlre, = 0,

where [¢r]r., > 0 except on the crack edge, we have

(u;{(zoo) — Uy, (200)) - VT (200) 0 > 0,

(2.29)
where equality holds if and only if 2o € egge-
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Thus, we conclude that zo, cannot lie in I'cy \ (T'kink U Iedge)-

It remains to exclude zoo € T'kink. If this would be the case, then both (2.28) and (2.29)
still hold for some ¥ but for different reasons. One the one hand, using z; € Ay and
y;j € A_ for all j, there is a subsequence such that condition (2.28) holds for either U = e;
or U = eg. On the other hand, (2.29) holds for both 7 = e; and U = ey by continuity of
ug. Thus, we similarly conclude zoo & I'kink, and zoo € I'eqge, Which is the first part of the
above claim.

From here on let U := B, (T (zoo)) c Q with o < 1, such that U does cannot touch Tkink.
Then, T(x;), T(y;) € U for j big enough, and z; € A, \ A_ and y; € A_ \ A, gives

T(.%'j) e < 1, T(I’j) < €9 > 0, T(yj) e < 1, T(yj) ceg < 0,

which is the second part of the above claim.
To see the last part of the claim note that we have either (2.27) as claimed or there is
a subsequence (not relabeled) such that

(1=T(x;) - e1) + (1=T(y;) - e1) < C'|zj—y; (2.30)

with some positive constant C' independent of j. We assume now (2.30) in order to
generate a contradiction. Indeed, the smallness of the quantities on the left-hand side
allow us to exploit the Lipschitz continuity of u, on T~ ({Z € U | Z; > 1}), which is the
domain to the right of the crack edge containing the intersection A, N A_. Introducing
the projections

Tl = 7! (T($j) + (1 —=T(z;)e1) el> and y; := 7! (T(yj) + (1 —=T(y;) - e1) el>,

we can compare them with x; and y;, respectively, as well as 2’

% and y to each other:

gyl = fas) =)
< Ju () —un ()| + () —an ()| + Lk () —an ()|
< Lie(laj—af] + o=y + Iy —v51)
< Ly (2l + lay—ys] + 215 —y,1)

< Ll 3] + 29T o (1T ()~ T (@) | + [T)~T(wy))))

< L(jaj=y;| + 2 VT 1= (A=T(;) - e1) + (1=T(y;) - 1))
(2.30)
< Lzj—y;| (14297 1C)

After dividing by |z;—y;| # 0, we see that this contradicts e; — 0, such that (2.30) must
be false, and hence (2.27) and the whole above claim is established.

We still have to produce a contradiction to show that (2.26) is false. But now we can
use the relations in the above claim, in particular the convergence (2.27). To this end, we
will use the assumption o > 1 in the definition 7, = d}.
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In the following calculation we use the abbreviation A; := fol VT (zj+t(y;j—x;)) dt €
R4 and insert relation (2.26) (recall up = u -+~ with v = 1 in a neighborhood of I'c,):

0< jj(:r’@j)—T(yj)) cey = ;Am—yj) cea P2V A (ur(ys) —un(a;)) - 2 (2.31)

_A<(

+ (uly)—u(a})) + (u(@h)—u(w;)) + (prly;)—er(z)))) - e2

< | VT Lo [Vl | Lee (Jy;— y9|+|y] 2| + | —xj]) + Aj (r(y5) —pr(z))) - e2

v3))
(
< (VT oo Vllios (|25 -35] + 201221 + ly=111)) + Aj (or(y5)—or(2;)) - e2
< VT e [ Vulioe (i3] + 21 VT e (1=T(5)-e2)+ (1T (y;)-e1)) )

+ Aj (pr(ys) —pr(a))) - e2

Dividing by (1-T'(x;) - e1) + (1-T'(y;) - e1) and taking the limit j — oo, the assumed
convergence (2.27) implies that the first summand of the right-hand side converges to the
constant C, := 2||VT||L||Vul|Lee | VT~ ||L, which is independent of k. The idea is now
to show that for our choice of @ > 1 the second summand makes the right-hand side
negative for sufficiently small d, which then produces a contradiction.

For this, we exploit the definition of ¢, via the function A,, and the choices x; € AL\ A_
and y; € A_\ Ay. Since z; and y; are near I'cqge We obtain

1 1
(T () = 5(1*T(%’)'61) and  Ay(T'(y;)) = *5(1*T(yj)'61)-
Inserting this with 1 = 3 we find

Aj (gpk(yj)—cpk(xj)) c ey = (5kAJ (VT(yj)il)\ég (T(yj))ﬁ_VT(xj)il/\t% (T(]:]))ﬁ> €2
1

5a VT(yj)_l(l—T(yj)fl)’ﬁ — iVT(xj)_l(1—T(5L‘j)-61)’ﬁ) * €9

= G A, ( 7

= =0, ((1=T(yy)-e1) e2- A3 VT ()i 4 (1=T (;)-€1) €2-A; VT () ') .

The matrices A;VT(y;)~! and A;VT(x;)~! converge to I € R4 by dominated conver-
gence and continuity of V7, thus we have e2-A; VT (z;) "' — es'fi = 1 and similarly for
yj. Because both (1-T'(x;)-e1) and (1-T'(y;)-e1) are positive, this implies the convergence

Aj(or(yj)—or(xs))-e2
(1=T(zj)-e1) + (1-T(y;)-e1)

Inserting this into (2.31) divided by (1-T'(zj)-e1) + (1-T'(y;)-e1) > 0 we obtain 0 <
QCu—%(S,i_a for each fixed k in the limit j — oco. Thus, making d; smaller if necessary, we

a—1
5k

— —1 for j — cc. (2.32)

arrive at a contradiction, because d; — 0 and o > 1.
This shows that (2.26) cannot hold for €; — 0. Thus, the existence of g > 0 is
established, and Proposition 2.17 is proved. ]

The Proposition 2.17 shows that the set of near-identity injective displacements with
bounded gradient W (Qc,; RY) N7 is dense in WH(Qcp; RY) N J. To further extend
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the achieved knowledge from Wi (Qers Rd) N J to the general case u € J, we have to
show that all functions u € J can be approximated by u, € WH®(Qc; R4 N T, i.e. we
have to approximate under the convex constraint of local non-interpenetration. Similar
approximation results for more classical state constraints are contained in [HR15, HRR16].

To handle our conditions of non-negativity of jumps over the crack we can use a reflection
and decomposition into odd and even parts. To simplify the reading of the following proof,
we illustrate this idea by a simple scalar two-dimensional problem.

Example 2.18 (Straight crack in R2?). We consider Q = R2, T, = R x {0}, and a
function u € HY(Q \ T'cy) with [u]r., > 0. To find a smooth approximation we define

even (

u(w) = 3 (uln, ) buen, —2)) and w(a) = L (uler, za)—uler, ~22)),

2
such that u = u®¥°" 4+ u°44, [ueven]r, =0, and [u®]r,, = 2u44(-,0%) = [u]r,.

We can easily approximate u®¥*® by v, € CX(R?), since it lies in H'(R?). For u°dd
we don’t want to smoothen the jump along I'. Hence, we define a “positive extension via

reflection” as follows:

uOdd(xl,mg) for zo > 0,

odd(

ﬁ(ml,xg):: {

max{0, u®“(z1, —z2)} for zo <O0.

Because of (-, 07) = u°44(-,0") = 1[u]r.,, > 0 we conclude that [@]r,, = 0, which implies
@ € HY(R?). Defining convolution kernels ¢, € C(IR?) with ¢y > 0, [g2 ¥ dy = 1, and
supp(Yr) C By x((0,—1/k)) C R x ]—00,0[ we can define v, = ¢y, +u € C>°(R?) and check
that vy — @ in H'(R?) and that ¥j(z1,0) > 0, because u(x1,x2) > 0 for o9 < 0 and the
kernel 1, also has its support in R x |—o0,0[. Thus, setting

ug(z1, 22) = v (71, T2) + sign(xa) v (21, [22])
we obtain uy € C®°(Q\ Icy) with u, — u in HY(Q\ T'ey) and Jug]rg, > 0.

The analogous construction for our general I'c, C € works similarly by mapping the
displacements u : Q¢y — R? via the Piola transform onto displacements @ : Qor — R,
where the positivity of the jumps is preserved, see (2.11). To simplify the proof we
introduce some notation for mollifiers and shifts. We choose a fixed convolution kernel
Y € Co(R?) with suppy C B1(0), ¥ >0, [ratdz = 1, and ¥(z) = () if |2| = |7].
With this we define the mollifier M} with shift vector a € R? via

@b(z)u(m—%(z—a)) dz = /y—ac|<1/k kdzﬂ(k(x—y))u(y—l—%a) dy.

(M) (@) = |
|2]<1
The shift vector a will be chosen differently above and below a crack to avoid intersecting
the crack, see e.g. (2.33).
Of course, we can take full advantage that the crack Loy is piecewise flat. The only
point that is more delicate arises for points in the intersection of I'cy and 9.

Proposition 2.19. Let v € U with [ulr, > 0, then there is a sequence up € U N
WL (Qc,, RY) with luklre, > 0 such that ug, — u in H (Qcy; RY).
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Proof. First, we show that it suffices to consider the case (Q,T¢;) instead of the more
general (Q,T¢;). For this we can use the Piola transforms Pp : H'(Q) — H'(Q) from
(2.10). With the inverse mapping (Pr)~! = Pp-1. Since, T and T~ lie in W™ we
see that Pr is also a linear bounded map from W1 (Q¢,, R%) into W (Q¢,, RY) with
linear bounded inverse Pp-1. Thus, for the given u € Y with [u]r,, > 0 we may consider
i = Pr-iu € H(Q) with [a], > 0. If we find approximations uy, then up = Pri
provides the desired sequence.

Second, we observe that it suffices to show the assertion locally in a neighborhood
U of each point z* € clos(Q) because by compactness we have a finite cover of such
neighborhoods and recombination by partition of unity gives the result. In all cases we
consider U = Bs(z*) N Q and may consider @ with supp(@) C B.(z*) for some & €
10,6[. Thus, convolutions M{u will be well defined for k sufficiently large, as longs as
supp(u) + By /i (a) stays inside of Bs(z*) N Qcy.

We now discuss the occurring different cases.

Bulk points in Q¢y: For z* € Q¢, and a ball Bs(x*) € Qc, the convolution @y = M,gﬂ is
smooth and converges in H'(Bs(z*), R?) to 4.

Free boundary: For the case z* € o0 \ (fCr UfDir) we extend 4 to the outside of {) first. For
this we take a ball Bs(z*) with Bas(x*) NI'cy = 0 and by the Lipschitz property of 9 there
is a bi-Lipschitz chart ¥ : Bs(z*) — R® with QN Bs(z*) € ¥~ ({yg > 0}), I N Bs(z*) C
U~ ({yg = 0}), and Bs(z*) \ clos(Q) € T~ ({yg < 0}). An H'(Bs(z*), R%)-extension @ of
@ is now given by u(z) = u(¥ 1 (R(¥(x)))), where R(y) = (y1,---,Ya_1, |va|). The desired
approximations are then given by up = M lgﬁ\ Bs(z*)n6

Dirichlet part of the boundary: For z* € I'p;, there exists Bs(z*) disjoint from the crack

T'cr, and by definition of U there is a Wh>®_sequence coinciding with g on f‘Dir.

Flat parts of the crack: For 2* € fCr\(fedgeUf‘kinkU(?fl) we proceed similarly as in Example

2.18. Since z* is neither a point in 0 nor in the crack kink fkink or the crack edge fedgea
we can assume, without loss of generality, that z* € {0} x ]0,00] x R%2 with 7 = ey,
the case z* €]0,1] x {0} x R%"2 with U = ey is analogous. We take Bs(x*) that touches
neither of the critical parts.
For a fixed n € {2,...,d} we approximate the component v = ™ of 4 = (@[1], ... ,ﬁ[d])
simply via
vg(z) = Mzign(xl)elv for z € Bs(z*) \ Ty, (2.33)

where we can use that the parts left and right of the crack at 1 = 0 are independent
(no jump conditions. The shift vectors e; take care that mollifications never touch the
crack.

For n = 1 we need to be more careful since v = 4! has to have a positive jump over
the crack, namely v(07,-) — v(07,-) = [u]> > 0. We define the odd and even parts via

1

o1, za) = 5 (0@, 2a) + (C1) oy, 2)).

The even function v(?) lies in H' (B;(x*)), because it has no jump, thus we can approximate

v(® by the even functions v,(go) = Mlgv(o).
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The odd function v*) has a positive jump which needs to be preserved. Hence we
restrict it to the semi-ball with 27 > 0 and use the nonnegative extension of Example
2.18, namely z — max{0,v")(—z1,zo,...)} for ; < 0. This leads to o € H'(B;(z*)),
which is nonnegative for x; < 0. Thus, the mollifications vy, = M, ‘g converge to v, and
the shift vector —e; guarantees that vy is nonnegative for z1 < 0, which implies that the
trace of vy, on Bs(z*) N {x; = 0} is nonnegative.

The desired approximations for v = ul!) are then given by

ul (@) = v(2) = MU O (2) + sign(a1)vl (Ja1 ], 22, - . ., 2a).

Crack edge: For a point z* € fedge\aﬂ we have U = ey. Fora d € ]0,1[ with ng(:v*)ﬂaﬁ =
0 we proceed similarly. For n # 2 we consider the component v = @™, which may
have an arbitrary jump along Bs(z*) N {x; < 1 and zo = 0} but has no jump along
{z1 > 1 and z3 = 0}.

To handle this case we work with a continuously varying shift vector ax(x) as follows.
Let h(z) = max {0, min{x, 1}} and set

ag - Bs(z*) \ Ter = RY z v sign(zo)h(VE(1—1))ea + VE e

The main observation is that z — fag(z) is a function in Whoo(Bs(z*)\Tep; RY) with
norm bounded by C/vk. Moreover, for all z € Bs(x*) \ T the convolution integration
domain x+ B /i, (ax(r)) does not intersect Lcy. Thus, v = Mgk(x)v is well-defined, smooth
on Bs(z*)\I'cy, and converges to v.

The case v = 62 is more difficult, since we need to maintain the non-negativity of the
jump. Using the even and odd parts

1

U(i)(.%‘l, CeTg) = i(u(azl, coomg) + (—1)iv(x1, —x9,T3, ... ,xd)>,

we see that the even part v() lies in H(Bj(x*)), so we use the mollifications v,g,o) = M),

The odd part vV is delicate, since we need non-negativity of the jump for z; < 1 and
no jump for z; > 1. For this we restrict v() to the upper semi-ball Bs(z*) N {z2 > 0}
and extend it to a function w € H'(Bgs(z*)) which is 0 in {7 > 1 and z3 < 0}. For this,
we define a piecewise affine bi-Lipschitz S map between the triangle {z € ]RQ‘O < x9 <
1 — |z1—1]} and the square [0,1] x [—1,0] via

S(z1,22) = (min{0, 21} — z2, min{0,1—21} — z2)

This mapping keeps (1,0) fixed, is the identity on the line L; := [0,1] x {0}, and maps
the line Ly :=[1,2] x {0} to the line Lz := {1} x [—1,0]. Thus, setting

v () for z9 > 0,
w(z) =< max {0,0M (S~ (zy, 29),23,...)} for x5 < 0and 21 < 1,
0 for x9 < 0 and 21 > 1,

we find that w € H'(Bs(z*)), since the traces on Ly, Lg, and L3 match by construction.
Thus, as w is nonnegative for o < 0 and even 0 if additionally z; > 1, we see that the
approximation

wy = M " w satisfies wy — w € H' (Bs(z*)
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and is still nonnegative for o < 0 and even 0 if additionally x; > 1.
As above we conclude that vy, = v,(co) + sign(zo)wy, lies in W20 (Bj(x*)\I'cr) and con-

verges to v = G2,

Crack kink: Let us come to z* € Dyinx with Bg(g(:z:*)ﬂ(afluf‘edge) = (). We again decompose
the components v = @™ in odd and even parts, but now we have two hyperplanes, so we
need four parts with evenness and oddness in 27 and x9, respectively. For i,j € {0,1} we
set

- 1 .
009 () = Z(’U(.’L'l,l'g,.%'g, oo xg) + (=)' v(—z1, 22,23, . .., Tq)
+ (=1 v(zy, —x2, 73, . .., xq) + (=) v(—x1, —22, 23, . .. ,ard)>.

Thus, each function v(*9) is completely determined by its value in the positive quadrant
Q+ = {z € R?| z1, 22 > 0}, namely

U(i’j)(:ﬂl,l‘z,.xg, L) = sign(m’ixé)v(i’j)(N(SC)), where N(z) = (|z1|, |z2|, 23, ..., Zq).

Each component will be approximated by functions v,(:’j ) € HY(Bs(z*) N Q) such that
the desired full approximations v of v take the form

1 .

vr(w) = 3 sign(aiad)o? (N (2)) (2.34)
4,7=0

However, to guarantee that vy, lies in W5 (Bs(z*)\I'c;) we have to show that there are
no jumps at (i) ¥; := {1 = 0 and 22 < 0} and at (ii) X2 := {21 < 0 and 22 = 0}.
Moreover, for n € {1,2} we need a non-negativity condition on the jump along C,, :=
{z, =0 and xz3_,, > 0}:

(i) : dg) = v,(cl’o) - v,gl’l) has trace 0 on — X = Cf;

(ii) - df) = v,go’l) - v,gl’l) has trace 0 on — X9 = Coy;

ifn=1: s,(cl) = v,gl’o) + v,ﬁl’l) has a nonnegative trace on Cf;

ifn=2: s,(f) = v,go’l) + v,(gl’l) has a nonnegative trace on Cs.

We only explain the case n = 1, since the case n = 2 is analogous when interchanging z;
and x2. The cases n > 3 are even simpler, since only (i) and (ii) are needed.

The idea is to start from the corresponding d® and s for the desired limits v(“/) and
approximate those. The differences d™ € H'(Bs(z*) N Q. ) can be extended by 0 across
the plane C,, = —%,,, C 0@+ such that

d™ = pres=mmemgom) s q(m - in HY(Bs(2*) N Q4)  and d™|g,, = 0.

Here the shift vector —e,, guarantees the vanishing trace, while e3_,, is used to avoid the
other crack part Cs_,,.

Finally, a positivity preserving extension s of s(M across C} via max {0, s (—x1,22,...)}
gives s,gl) = Mk_eﬁe?fsv]Bs(x*)mQJr. Thus, s,(cl) — s in HY(Bs(z*) N Q) and S,(Cl)|01 > 0.
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With this, v,(:’j ) for i+ j > 1 can be uniquely calculated from d,(cl), d,(f), and s,(cl), while the

070)

even-even function v(®9 can be approximated arbitrarily. This results in

,U(070) — M§1+62’U(0’0), ,U](Clal) — 1 (1) d(l)), ,0(170) — d](i,l) —i—’U(l’l) (0,1) — dl(<32) 4+

(1,1)
k k E o U .

k
With this construction, vy defined in (2.34) gives the desired approximations.

Crack and boundary: For z* € o0NNTe, we again use reflection to extend u from QN B; (z*)

to the outside but this time specialized by using Corollary 2.3. With U, @+, and 7, from
there, we define the map R : Bs(z*) — Q) with

R(z) = 2 — 2max {0, (z—2") Ny — @ur (@ — o= (x—2")Ngr ) }1)e,

which is Lipschitz continuous and satisfies the property R~1(U NT¢,) C o and if z* €
fedge we also have R~1(U N fedge) C fedge .. Thus, we can extend 4 by 70 R € HY(V \
Tor, R%) where V = R‘l(fl NU) is an open neighborhood of z*. Now one can proceed as
in the case z* € N fCr above.

Thus Proposition 2.19 is established. ]

Combining Proposition 2.17 and Proposition 2.19 we see that W' (Qc; RY) N T is
dense in J. We are now ready to proof the desired limsup estimate by constructing a
recovery sequence (u.). that converges strongly in H'(Qc,; R?). This result also provides
the final part of the proof of the main Theorem 2.1 on the Mosco convergence JF; M Fo.

Theorem 2.20 (Limsup estimate). For every u € U there exists a sequence (&5, u;) with
g —0, wuj—uinU C HY(Qc;RY), and lim sup F¢ (u;) < Fo(u).
Jj—00
Proof. For Fy(u) = oo there is nothing to show, so we restrict to the case Fo(u) < oo

which implies [u]r,, > 0.

Case u € Wh*®(Qcy, RY): Applying Proposition 2.17 we obtain a sequence (ej,uz) with
up, — u in H'(Qcy, RY) such that vy = id + epuy, satisfies the GMS condition (1.1), which

implies

1
Fep (ug) = Fe (ug) = / — W (I+erVug(z)) de = We(Vug(z)) da.
Qcr €k Qcr

Since all uy, lie in W we may assume that e||Vug|Le < 71/ with 5 > 0 from (2.1d)
for § = % Thus, we have

We(Vu(@)) = W U eTue(z) < (5 + 5) V@) < O] V() = gu(e).

Using Vup — Vu strongly in L2(Q, R™?) we conclude g, — g in L'(2), where g(z) =
|C||Vu(x)|?. Moreover, we may choose a subsequence such that Vuy(z) Fope Vu(zx) a.e. in
Qc:. Using assumption (2.1d) we obtain W, (Vug(z)) = 3|Vu(z)[2 a.e. in Q by Lemma
2.13. Now the generalized Lebesgue dominated convergence theorem provides the desired

limit, namely

lim F;, (ug) = lim Weo(Vug(z))de = /Qc %(Vu(x),CVu(x»dx = Fo(u).

k—00 k—00 JQc,



2.5 The limsup estimate |

General u € J: For a general u € J Proposition 2.19 guarantees the existence of an ap-
proximating sequence u; € J N W (Qc,; RY). By the first case there are for each
J sequences (€j,ujk)keN With ujp € J N Whe(Qc,; RY), gjr = 0, ujr — uj, and
Fejpw(ujr) — Folug) as k — oo.

To construct a diagonal sequence we use the strong continuity of Fy restricted to the

convex set J, namely
ACF > 0Vv e J with |[v—ullm <1: |Fo(v) — Fo(u)| < Cp|lv—u|g:.

With this we can construct a diagonal sequence as follows. For n € N we choose j, > n

with with ||u—u;, ||; < 1/n. Next we choose k, > n with
Ejnden < 1/my W), =, [lgr < 1/m,  and ].ngn,kn (W) k) — Folug,)| < 1/n.
Setting €, = €j, &, and U, = u;, , we obtain &, < 1/n, ||ty — u|m < 2/n, and
| Fz (n) = Fo(u)| < |Fey, (uj, k) — Folug,)| + |[Folus,) = Fo(u)| < 1/n+Cr/n — 0.

Thus, (€., Un)nen is a strongly converging recovery sequence for u € J. O

31






3 Gamma-convergence for Deformation
Plasticity

3.1 Assumptions and main result

In the current chapter we aim to lift the results from Chapter 2 on the small-deformation
limit in the case of static pure elasticity on the cracked reference configuration Q¢ =
Q\ I'c; to the case of deformation plasticity. We deal with the identical class of reference
configurations as in previous Chapter by requiring existence of a transformation 7: R% —
R< as in (2.8). The state space

Q:=Ux Z:=U x L*(Q,R¥%)

will contain both the displacement u € U and the plastic variable z € Z = L2(Q, R%*%).
Dirichlet boundary conditions are prescribed on U, identically to the previous chapter, in
terms of the Dirichlet boundary I'p; and Dirichlet data gp,:

Tpi NTer =0, H'(Tpw) >0, gpiw € WH(Q;RY)
1 ; (3.1)
U:= CIOSHl(QCT)({U € W=(Qcrs RY) | (u—g)lrp,, = 0})-

The stored energies & include among other things the elastic part gel,e defined in terms of
the elastic energy density We), on which the assumptions read identical to the assumptions

on W in the previous chapter:

VF € R\ GL,(d): W (F) = oc; (3.2a)

VF e R™ ReSO(d): Wu(RF)=W(F); (3.2b)

Ip >d,cw,,Cw, > O0VEF € R } (3.20)
W (F) > e, max {dist(F,SO(d))?, |F|P—Cw, };

3C>0withC" =C V4 >0 3rq(d) >0 VA€ B, (5(0) C R
1 (3.2d)
(Wa(I+4) - 5<A,<CA>| < §(A,CA).

For a discussion of these assumptions see (2.1). In contrast to pure elasticity in Chapter
2 in plasticity the deformation gradient does not coincide with the elastic tensor, instead

the multiplicative split will be considered in 56175:

VU = Felel- (3.3)
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Furthermore a hardening energy gh,a will be defined. For the energy density of the
hardening part W; we assume:

Wi(P) ifPeK
Wi (P) = { W(P) i PeX, (3.4a)
o0 otherwise;
K is compact in SL(d) and contains a neighborhood of I; (3.4b)
Wh: R? — R is locally Lipschitz continuous; (3.4¢)
JH>0,H'=H V6 >0 3ry(5)>0 VAEB,, (5(0):
. 1 1 (3.4d)
[W(I + A) = 3 (A HA)| < 62 (A,HA)|;
Jen>0 VAR Wi(I + A) > ey| A% (3.4¢)

The conditions (3.4a) and (3.4b) give that Wi has the compact effective domain K =
Wi ((—00,00)) C SL(d), where SL(d) := {P € R%¥? | det P = 1}. This is a rather strong
technical assumption, but crucially needed to provide L°°-bounds essential to control the
quotients Fy . = (I +eu)(I +¢e2)7}, as by (3.4b) we can find a constant cx > 0 such that:

Pc K= |P|+|P ! <ck, (3.5)

1
PeSL\K = [P—1]>—. (3.6)
K

Assumption (3.4d) requires Wy, to admit a quadratic expansion of the same form as do W,
above and W in the previous Chapter. It includes by the implication dpWy(I) = 0 that
the material is free of plastic stress and gives the continuous convergence of the rescaled
plastic densities 8%I/Vh(l + ¢-) by Lemma 2.13. Furthermore, the combination of (3.4d)
and (3.4e) gives:

Jeg > 0VA € R4 cr)A? < AR

The dissipation distance we will define in terms of the dissipation potential R: R%*? —
[0, 0], on which the assumptions read:

RIV: RAX% — [0, 00) convex and positively 1-homogenous; (3.7a)

Jeg, cr>0Vz € RIX4: cplz] < RIV(2) < Cplzl; (3.7b)
RIV(z) if z € RE:Y,

R: R™*? [0, o0); R(z) := { (2) ifz [dev (3.7¢)
o0 otherwise;

where R2X? := {4 € R¥X? | tr A = 0}. The positive 1-homogeneity of R

dev Sym
VA >0: R(A\z)=AR(z)

implements the rate independence of the evolution system considered in Chapter 4, which
uses the same dissipation distance and distance function defined in the following:

D: R™ x R4 5 [0,00],  D(P,P):=

. D(I,PP~1) if P is invertible,
%) otherwise;
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where
1 .
D(I, P) := inf {/0 R(PP~)dt | P e C(0,1],R™), P(0) = I, P(1) = P}.

Note that D(I,P) < oo implies det P = 1, because for a trajectory P as above with
R(PP~') < oo a.e. on [0,1] we have PP~ € R4X? and Jacobi’s formula gives <& det P =
det Ptr PP~ = 0, hence det P = det P(1) = det P(0) = 1. Furthermore, D satisfies the
triangle inequality

D(Py, P3) < D(Py, ) + D(Pa, P3), (3.8)

which can be proven by taking trajectories P12 and P?3) with P(12)(0) = I, P02)(1) =
PPt P23 (0) = I and P@3(1) = P3Py, ! from the definitions of D(I, PP ) =
D(Py, P,) and D(I, P3P, ') = D(P,, P3) and inserting the trajectory

PO () = PU2(2t) for £ € [0, 3],
= ptsnpt mte

into the infimum on the right-hand side of the definition of D(I, PsP;') = D(P, Ps).
Moreover, for P, P € SL(d) by (3.7b) we have D(P, P) < ¢g|I — PP~'| < ¢|P — P|, which
together with the triangle inequality implies continuity of D. Finally let us note that by
inserting P(t) = exp(At) into the infimum of the definition of D(I,exp(A)) one gets:

D(I,exp(4)) < R(A). (3.9)
With this knowledge we can show there exists a constant cp such that:
VP,P e K c SL(d): D(P,P)<¢p,  D(I,P)<cp|P—I| (3.10)

For the first inequality the continuity of D suffices, then the image of D over K x K is
compact and thus bounded in R. Having shown the first inequality, the second one needs
only to be proved on a neighborhood of I. We may assume that on this neighborhood the
matrix logarithm is well-defined. Taking A = log P in (3.9) and using log P < ¢|I — P|
then gives (3.10).

In the finite case we will install the constraint of global invertibility on the deformations
ve = id 4+ eu by the GMS-condition:

/ o (ve(x)) |det (Ve (2))|dz < /sa(y) dy forall p € Cc(RY,[0,00)). (3.11)
N\Ier R4

The functionals of the stored energy with and without constraint, as well as the elastic

and hardening parts we notate as

E(u,z) if v. = id + eu satisfies (3.11),
00 otherwise;

E:Q— {0,00], 5€(u7Z) — {

85(“7 Z) = ~el,a?(uv Z) + gh,s(z);

1
Eelelu, 2) == ;2/9 Wea((I +eVu)(I +¢e2)"')dz and
Cr
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~ 1
Ene(z) = ) /Q Wh(I +ez)dx.

Note that in the definition of &, if we have gh,e(z) < 00, then for the plastic tensor we
have F = I + ez € K a.e., thus (I +e2)7! exists and . (u, 2) is well-defined.
In the limit we will obtain the jump condition for local non-interpenetration:

[ulre, = 0. (3.12)
The corresponding limit functionals read as

Eo(u,z) if u satisfies (3.12) H% '-a.e. on Icy,

s otherwise;

Eo: Q — [0, 00], 50(u,z):{

Eolu, 2) := Eao(u, 2) + Eno(2);

1 ~ 1
86170(u,z):/ §|Vu—z|%dx and 5h70(z):/95|z|%{d1‘.

Qcr

Note that this linearized stored energy displays the additive split of the linearized elastic
tensor A = Vu — z instead of the multiplicative split Fo o = (I +eVu)(I +¢2)7! in the
finite case, which displays a regime change as discussed in Chapter 1.

The rescaled dissipation functions D, and functionals D. we define as:

1
D8(21,22) = gD(I'FEZl,I—FEZQ), Do(zl,ZQ) = R(Zz — 2’1),

D5(217Z2) = / DE(Zl,ZQ)dZU, Do(zl,ZQ) = / Do(zl,ZQ)dib.
Q\FCr Q\I‘Cr
Finally, for the fixed time step 7 we fix a loading £ € ¢/’ and choose for the sake of
simplicity the initial plastic strain to be (™) = 0. For different choices of () see Remark
3.10. For the total energy defined as

G (u, 2) = E(u, 2) — (07 u) +D.(0,2)  fore >0, (3.13)
this chapter’s main result reads as follows.

Theorem 3.1 (Mosco-convergence g ¥ QST)). Assume (3.1)-(3.7) and let 6\ and géf)
be defined as in (3.13) above. Then QéT) Mosco-converges to g((f) in Q.

The proof of Theorem 3.1 may build on some results from Chapter 2, for instance the
rigidity of ¢, from Corollary 2.6 or the density of the set of close-to-identity injective
displacements with bounded gradient W' (Qc,; R?) N Z in the set of displacements that
satisfy the jump condition [J. Other results have to be adapted to the situation with
plasticity, this is the content of Section 3.2. For example Lemma 3.2, which concerns the
rotation matrices Rjq1¢, in the rigidity estimate of close-to-identity deformations id + eu,
and the linearization of the determinant in Lemma 3.4 are variants of Lemmas 2.7 and
2.11, respectively, with ]?E substituted by & on the right-hand sides of the inequalities.
Proposition 3.3 gives further a priori estimates in terms of gg, which include the equi-
coercivity of E in Q Cc H x L2 Finally Theorem 3.5 gives the local non-interpenetration
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(1.2) as a limit of the global GMS condition (1.1) in the plastic context, analogously as
did Theorem 2.10 in the pure elastic case.

Subsequently Theorem 3.1 is proven in Section 3.3 which provides the I'-lim inf-estimate
on QE(T) in Corollary 3.8 and the I'-limsup in Proposition 3.9. The constraints in the
I'-lim inf are taken care of by Theorem 3.5 and the integral quantities of the stored energy
E. are treated by the lower-semicontinuity tool from Lemma 2.12 where the pointwise
estimates are obtained by Lemma 2.13 from the quadratic extensions (3.2d) and (3.4d),
see Proposition 3.6. The proof of the I'-liminf of D, in Proposition 3.7 follows [MS13].
The I'-lim sup is proven by the construction of a recovery sequence, where the results from
section 2.5 enable us to restrict to the case of close-to-identity injective displacements with
bounded gradients. Then ideas from [MS13] on the separate I'-convergence of &. and D,
are used again to prove a common recovery sequence for the sum. The phrasing suites by
both meanings of “common”, on the one hand a common recovery sequence is a traditional
recovery sequence for the sequence QéT) of functionals (in contrast to a mutual recovery
sequence, see Chapterd), on the other hand it is a shared recovery for both the stored
energy & and the dissipation D.(0,-). The Chapter is concluded by a remark on the
choice of recovery sequence for more general cases of initial plastic strain.

3.2 Preliminaries

The cracked domain ¢, is already proven to be a rigidity domain in Corollary 2.6, which
will be as crucial for the coercivity of E. as it was for F. in Chapter 2. Other findings
have to be adapted to the plasticity setting. In this section we collect results that have an
obvious ananlogon in Chapter 2 and whose proofs base on the previous ideas. For instance
in the proof of the next lemma in order to control the distance dist(Vwve, SO(d)) of the
deformation gradient Vv, = I+eVu to SO(d) the elastic energy density is not enough as in
the pure elastic setting in the proof of Lemma 2.7. Instead in (3.15) the combination of the
coercivity assumptions (3.2c) on W and (3.4e) on Wy, is used to control dist(Vv., SO(d))
in terms of the sum of elastic and hardening energy densities.

Lemma 3.2. Let Q,Tcy, Weo and Wy, satisfy the assumptions (2.8), (4.7) and (4.9) and
fix gpir € Wh°(Q). Then, there exist constants cr, Cr > 0 such that for all ¢ € ]0,1[ and
all (u, z) € Q the following holds:

/ |[I+eVu(z) — Rid+5u\2dx < 035255(% z), (3.14a)

QCr

‘I—Rid_i_gu’Q < CREQ(gE(u7 Z) + / |gDir’2d,Hd_l), (3.14b)
Ipir

where R, denotes the minimizer R € SO(d) in the rigidity estimate (2.16) in Corollary
2.6 for a fived deformation v € H(Qcp; RY).

Proof. We may assume gg(u, z) < oo, otherwise the assertions would be satisfied in a
trivial sense. In particular we have ghﬁ(z) < oo and thus I + ez € K for a not relabeled

subsequence.
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For v. = id + eu and F, = V(I + £2)~! we have for every Q € SO(d):

Ve = QP = Ve — QU +2) + Qezl* = [(Fa — Q) +¢2) + Qez?
I+ezeK
< 2|Fy — QP |I + ez|* + 2|Qez|? Eé 2| Fo — QI 4 2|ez|*.

We specialize to Q being the minimizer of the right-hand side and obtain:

dist(Vv.,S0(d))? < |Vv. — Q[ < 2cx dist(Fo, SO(d))? + 2|ez|?

(3.2¢),(3.4e)

C
< 2K

cVVel

1
We(Far) + 2?Wh(I + e2). (3.15)
h

Integrating over Q¢; and using corollary 2.6 with rigidity constant R(Qc;) gives the first
assertion (3.14a) with cg := 2R(Q¢;) max{ Cvfl L.

’7-
cw,;’ Ch

. 2
IH+eVu—RiareullZ2(00,) < R(Qcr)|[dist (Voe, SO)) [ 12(q,,.,
< cR/ We(Fa) + Wa(I + e2)da = cgre®E(u, 2).
Qcr

The second estimate (3.14b) follows from (3.14a) just like (2.17b) follows from (2.17a)
in the proof of Lemma 2.7. We set R, := Rijqtey and (. := jCQCr (z4eu(z) — Rex) dz. By
continuity of the traces and Poincaré’s inequality we find

/F wbeu(e) — Rea =GP O < Gl euta)) = Re = Gl g, o
< C’g/Q |(I+eVu(z)) — Ro|*de < C3e2E.(u, 2)
Cr
with C3 = cpCy. Exploiting u|r,,. = gpir and the prefactor € we obtain
/ IR - AR < Ct (Few) + / ool ).

Note that R.—I is an element of the closed cone K generated by SO(d) — I, on which
Lemma 3.3 from [DMNPO02] applies (see the derivation of (3.14) therein). Thus

I—R.J2 < Cs ilﬁ%/r (I—R.)x — C[2dH41,
Dir

and we arrive at the estimate (2.17b) with Cr = C4Cs5. O

This Lemma will help proving the equi-coercivity of & in Q as it will be used in (3.16)
to obtain an H!'-bound on u. For the L2-bound on z the coercivity (3.4e) of the hardening
energy density Wy, is used. Furthermore compactness of the effective domain K of Wy
and the inclusion K C SL(d) provide an L°°-bound on z and an L!-bound on the trace
tr z. Finally similarly to Proposition 2.9 by an interpolation argument an L*°-bound on u
is obtained, where the exponent
2p —2d

p= 2p — 2d + pd

as the convex coefficient of two Sobolev numbers appears. The latter will be much more
important in Chapter 4 than in the current one.
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Proposition 3.3 (A priori bounds). Assume that Q,Tcy, Wey and Wy, satisfy the assump-
tions (2.8), (4.7) and (4.9) . Then, there exists cg,Cg > 0 such that

Vee]0,1[V(u,2) € Q:
s+ £l + 21 + ellalloe + e 2l < e (B, 2) + Ce).

Proof. The three bounds on z are proven first, subsequently the bounds on u will be
treated. We may assume gg (u, z) < oo, otherwise the assertions would be trivially satisfied.
In particular we have I + ¢z € K and thus by (3.5):

llez||Lee < |+ ez|lLee + [[]|Le < cx + |||l < Ch.

Moreover assumption (3.4e) gives

1
el < o [ GWAU+en)dr € ZEia(0) € Eu(u )

Furthermore we use I+ez € K C SL(d), which gives det(I+ez) = 1, and the estimate
(2.20) on the linearization of the determinant to obtain:

letr 2|l :/ \tr(sz)mx:/ | det(I + £2) — 1 — tr(e2)|

Cr Cr

<Ca [ (s + lealde < Cae? [ (12 + sl f212P%) do
Qcr Qcr

1 ~
< 2Cy(1+ C2)|2]13, < 204(1 + O =& (u, 2).

Ch
Hence, the asserted bounds on z are established.
To bound Vu in L? we use both estimates from Lemma 3.2 to obtain

e VullF2 < 2([[1—Re|72 + |[I+eVu — Rigteull?2)

< e (ga(u, z) + /F ]gDirPde*l) (3.16)
Dir

with ¢; = 2cg + 2Cg|€|. Dividing by €2 and exploiting the boundary conditions of u € U

as well as Poincaré’s inequality we arrive at
lullfn < ca(E-(u, 2) + Ca) (3.17)

with cs obtained from ¢; and the Poincaré constant and Cy = fFDir |gpic| 2 dHIL.
Finally we turn our attention to the L°°-bound on u. By Gagliardo-Nirenberg interpo-
lation we have
leulle < CanlleVullt,? leullfs + Canlleulrs, (3.18)

where = % € (0,1) is given by 0 = (1—5)(* - )+ 83

Using the elementary estimate
1
|eVu| < I +eVu|+ |I| < 2max{|I +eVul|,|I|} <2(|] +eVulP + [I|P)?
and (3.5), we obtain

1
SIEVUP = |17 < |I+eVul? = |(I +eVu)(I +22) 7 (I +e2)?
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< Sl +eVu)(I +e2) 7P,
from which with assumption (3.2c¢) we conclude

Wa((I +eVu)(I+¢e2)7Y) > ew, (|(I +eVu)(I +e2) P — Cw,)

2 eVul? = 2|1 - Cw,).

2(:”(

Integrating over Q¢, and reordering gives
P 25 e<1 ~
leVulli, < e3(eEe(u, 2) + C3) < e3(E(u,2) + Cs) (3.19)

with ¢3 = 2‘/[/—% and C3 = c3 fQ (2I|P — Cw,,)de.
Inserting (3 17) and (3.19) into (3.18) finally gives:

el < Can(es(E(u, z) + C3)) 5 (c2e(Ex(u, 2) + C2))” + Canea(Ex(u, 2) + Cy)

< C4((§5(U, Z) + 04) 66
with ¢; = 2CgN max{c, c3} and C7 = 2Cgn max{Cs, C3}. O

The following Lemma gives a linearization result for the determinant det(I + eVu) of
the deformation gradient. As its analogon Lemma 2.11 in Chapter 2 it contributes to the

proof of infinitesimal non-interpenetration in Theorem 3.5.

Lemma 3.4. There exists Cqet >0 depending on 2, I'py, Loy, the exponent p > d, con-
stants cw,, Cw,, from assumption (3.2¢c) and cx from (3.5) such that

Vee]0,1[ V(u,2) € Q:

_ (3.20)
/Q |det (I+eVu(z)) — 1—edivu(z)|de < % Cyer (E-(u, 2) + Caet) -
Cr

Proof. We may assume &, -(z)<oo since for &, .(z)=oc the inequality (3.20) is satisfied
trivially.

Recall (2.22) from the proof of Lemma 2.11 which holds for Wy as it did for W in
Chapter 2 because Wy satisfies (3.2¢c) :

|det(I+A) — (1+tr A)| < C1(|A]? + Wa(I+A4)).

Inserting
A=A = (T +eVu) I +e2) — 1) =e(Vu—2)(I +e2)7 !,

integrating over (¢, and using Proposition 3.3 we arrive at:
/ |det (I +eVu)(I+¢e2)" 1) — 1—tr (e(Vu — 2)(I +£2)~Y)|dw
QCr
< O (lle(Vu = 2)(I +22) 7[Rz + % (u, 2))

< Cre? (2(lullfs + [12132) + Eaclu, 2))

< Coe?(E(u, 2) + Cg). (3.21)
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Regarding the left-hand side on one hand by I+ez € K C SL(d) we have
det (I +eVu)(I +¢e2)™") = det (I +eVu) det ((I + 62))71 =det (I +eVu), (3.22)
on the other hand we can estimate
‘ tr (e(Vu — 2)(I +e2)7 1) —tr(eVu — 52)‘
= ‘ tr (I +eVu)(I +e2)"' = 1) — tr(eVu — 52)’
< ‘(I +eVau)(I +e2) ' =T —eVu+ EZ‘

<|IT+eVu—(I+eVu—ez)(I+ez)||(I+ez)7Y
<cg|I+eVu—(I+eVu—ez)— (I +eVu—ez)ez|

= cilez — (I +eVu —ez)ez| < ce?|Vu — 2] |2,
which integrated over ¢, gives
H tr (I +eVu)(I +e2)™t = 1) —tr(eVu — €z)HL1 < cxe?|Vu — 2|2 |22
< e 2ce (gg(u, z) + Cg). (3.23)
Finally we arrive at the assertion by combining (3.21), (3.22), (3.23) and Proposition 3.3:

/ch] det (I+eVu(z)) — 1—edivu(z)|de = /ch‘ det (I+eVu(z)) — 1—tr (eVu(z))|dx

<
QCr

det ((I+€Vu(a:))([+€z)_1) —1—tr(e(Vu—2)(I + ez)_l)‘dac

v
QCr

< e2(Cy + cx2ce + Cg)(gg(u, z) + Cg).

tr (e(Vu — 2)(I +e2)7Y) — tr(eVu — e2) ’ dz + /Q |tr(ez)|dx

O]

With Lemma 3.4 adapted to the situation with plastic strain the proof of the following
Theorem 3.5 follows closely along the lines of that of Theorem 2.10.

Theorem 3.5 (Infinitesimal non-interpenetration for plasticity). Let (ue, ze), (uo, 20) € Q
with . LA ug weakly and lim ionf E (g, ze) < 0.
£—
Then [uo]r., > 0 holds.

Proof. As lim iélf E-(us) < oo there is a (not relabeled) subsequence u. such that v, =
e—

id + eu, fulfills the GMS-condition (3.11) and det(I + eVu.) > 0 a.e. on 2. Hence, by

rearranging (3.11) for every ¢ € C°(R?) with ¢ > 0 we obtain:

0> é /ch oz + euc(z)) det (I + eVue(z)) — p(x)dz

1

== /Qc e —i—eue(az))(det (I +eVue(z)) — (1 —i—edivug(:c)))dx
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+ o, o(x + eue(z)) div ue(z) dz + o, %(go(ac + eue(z)) — gp(m)) dz

=L+ L+ I

The first summand I; on the right-hand side converges to 0 for ¢ — 0 by Lemma 3.4
and boundedness of :

|I| < i/ﬂcr ’np(a: —i—eug(m))(det (I +eVue(x)) — (1 —i—sdivug(a;)))‘da:

< 5H(P|’L°°Cdet(g€(usa Zs) + Cdet)'

The remaining terms are treated as in the analogous proof of Proposition 2.10 in Chapter
2. The second summand Iy = [q ¢ (= + cue(z)) divue(z) da converges to

/ o(z) divug(z) dz,
O\,

2 2
as div u, L div ug weakly and ¢(id + eu.) L @ strongly by Lipschitz continuity of ¢:

2
lilid +ue) = ¢l = | [l —cucla)) = pl)] do <2 Tplx | fucle)Pda.
Cr

Cr

Finally, for the integrand of third term I3 = [q %(g&(m—i—eug(x)) - go(:c)) dz we have
pointwise convergence

(plateus) - o(x)

e R TE——

1<V ellnoe [ue (2) —uo ()| =0

— V(z)uo(z)

as well as the dominating bound

~(plateu@) - ¢(@)) < IVl ue(@)] = g:(). (3.24)

By the convergence u, — ug weakly in H' we have u, — wug strongly in L2, such that
for the dominating bound g. we obtain g. — ||V¢| L |uo(x)| strongly in L. Hence, by
the generalized Lebesgue dominated convergence theorem we have the convergence of the
integral Iy — [o ., Vo(2) - uo(z)dz.

Altogether the limit ¢ — 0 provides three limit values on the right-hand side, namely

0> 0 + / o(x) divug(z)dz + V() - up(z)dx
Qcr Qcr

= [ divtpuo)(@)do =~ [ p(a) [uolre, () dao).
Qcr Ter
For the last identity we now restricted to ¢ € C¢(€2) such that no boundary terms on
0N are present. Moreover, we have to recall that u lies in & C H'(Qc;; R?) such that
the upper and lower traces at the crack I'c, may be different. Applying the divergence
theorem on the Lipschitz sets Ay and A_ \ Ay (see (2.9)) separately, all terms cancel
except for the jump along I'c;. As ¢ > 0 was arbitrary, we conclude [ufr,, > 0 HI L ae.
on I'cy. ]
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3.3 Lower and upper Gamma-limit

In this section we will prove the Mosco convergence gé” M> QOT). For the TI'-lim inf-
inequality in the weak H!'xL2-topology on Q we can argue on the summands, namely
stored energy &, dissipation D. and external work —(¢,u) separately. The following
proposition will deal with the of the stored energy. The constraint part in I'-liminf £, > &
is already treated by Theorem 3.5, thus it remains to prove the liminf estimate for the
integral part &., which is formulated explicitly in the following proposition for future
reference in Chapter 4, where &. will be combined with a different constraint. The proof
uses Lemma 2.12 on elastic fj’el’s and hardening part c‘fh,E separately, where the pointwise
estimates on the densities are provided by Lemma 2.13 by the quadratic expansions (3.2d)
and (3.4d).

Proposition 3.6 (I' — liminf for stored energy). Assume (3.2) and (3.4). Then for every

sequence (ug, ze) — (ug, 20) weakly in Q we have
(a) go(uo,zo) < lim infgs(ug,zs);
e—0
(b) Eo(uo, z0) < liminf & (ue, 22).
e—0

Proof. Let us first consider the lim inf-estimate from (b). We may assume without loss
of generality lilgggf Ec(ue, z:) < 00, otherwise the inequality holds true trivially. Thus a
subsequence v, = id+4-cu, fulfills the GMS-condition (3.11) and by Theorem 3.5 we get
[uo]re, > 0. Hence, the inequality (b) reduces to the one without the constraints:

Eo(ug, 20) = go(uo, 20) < lirarl}érlf SNE(ue, Ze) = liglgiglf Ec(Ue, 2¢).
We are left to show (a). Again we may assume without loss of generality that
ligi%lf Ex (e, 22) < 0.

We will employ the lower-semicontinuity tool Lemma 2.12 for the elastic and the hardening
terms separately, hence we need a pointwise estimate for the respective choice of functions
f-, convexity of the limit function fy and weak L' convergence of tensors w, to conclude
the lim inf estimate for the functionals fQCr fe(ws)dzx. For gel,s we take f. = E% a(l+¢)
and by assumption (3.2d) Lemma 2.13 gives the pointwise limit

o1 1
lim —Wa (I +¢4) = S| Afg, (3.25)

where fy = 3|-|% is convex. The role of w. from Lemma 2.12 is taken over by the linearized
elastic tensor )
e =< ((I +eVu)(I +ez) ! — 1).

To investigate the convergence of A, let us consider the inverse of the plastic part (I+ez.) "
first. On one hand, by (4.10) we have the L>°-bound

(1 + 5Zs)_1 — (I —ez)|lL> < cx
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on the other hand rewriting
(T+ez)™ —(I—ez)=(T+ez) ' (I — (I +ez)(I —ez))
=e2(I+ 5z6)_1z§
gives an L!-bound

(7 + 2e) ™ = (T — e20)lle < ez 2

Together, this gives a bound on the L2-norm of d. := %((I +eze) = (I —ez)):

1
lde|F2 < lldelliallde e < ;252@%(”%”%2 <C.

In particular a subsequence of d. converges weakly in L? to some limit and since the above

L'-bound means d. L—1> 0, the limits have to coincide and we get:
%((1 teze)t—1) = —2 in L2(Q, R™*Y).
Using d. we can rewrite
A —Vu, + 2. = é(([ +eVue)(I —ez. +ede) — I) — Vue + 2
=d. +eVue(de — z:).

The weak L2-convergence of the first summand d. — 0 on the right-hand side is already
established. Furthermore on the one hand the established L>*-bound on ed. and (3.5) give

weak L2-convergence of the second summand by the bound
leVue(de — ze)[[12 < [[Vuel[2(]lede |l + [[eze||L~) < C,
and on the other hand we can estimate

leVue(de = 2¢)llLr < el Vel L2 (ldel 2 + [[2]]L2) < ee,

which gives L'-convergence to 0. Hence again the limits have to coincide, such that

2
eVue(de — 2¢) L0 follows and we get:
A. — Vg — zp in L2(Qc,, R,
Finally for the elastic parts of the stored energy Lemma 2.12 gives:

5e10(uo, 20) = / fo(wo)dx < liminf f. (w.)dr = lim inf gele(usa Ze).
’ Qor e—0 e—0 ’

Let us come to the hardening part of the stored energy. Since we assumed the finiteness

lim inf._,q ghys(zg) < 00, we have

_ 1 1 —
Enelze) = /Q §Wh(1+5z€)dx = /Q ?Wh(l—i-szg)dx.
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Thus, we take f. = E%Wh(l + £+) and again the assumption of quadratic extension (3.4d)

gives the pointwise equality
: 1= 10
lim f(A4) = lim Wi (I +ed) = S|Alz = fo(4), (3.26)

with convex limit fo = %| . |% For w. = 2. the weak L!-convergence of w, follows from
weak L2 convergence z. — 7y and we get by the lower-semicontinuity tool Lemma 2.12:

-~ — < . . — . . oy .
En,o(20) /ch folwp)dx < hren_glf fe(we)dx hgl_)%lf Ene(2e)

O

The I'-lim inf-inequality of z + D.(0,2) in L? obviously follows from the I'-lim inf-
inequality of D, on L?xL2. The more general version is proven in the following proposition.
This way we can reference it in Chapter 4. The prove follows ideas from [MS13].

Proposition 3.7 (I'—lim inf for dissipation). Let assumption (3.7) hold and let (zz, 2:) —
(20, 20) converge weakly in (L*(Qcr, ]RdXd))2. Assume additionally tr 29 = tr zo = 0 and

sup ||(1 4 €2:) 7o < 0. (3.27)
&€
Then we have
Do(z0, 20) < lign_jélf De(ze, 2c).
Proof. Assume we had shown the pointwise lim inf estimate on the functions

D()(Zo, 7:’0) = R(éo - Z()) < hHlﬁl(I]lf Dg(Za, 25). (328)
€

Then we can use the lower semicontinuity tool Lemma 2.12 with f.(zc, 2.) = Dg(ze, 2:),
fo(ze, 2:) = R(3. — 2.), which is convex, and w. = (2, 2.) weakly L!-converging by weak

L2-convergence (2, 2.) — (20, 20) to conclude the lim inf estimate of the functionals:

Do(z0, 20) = R(29, 29)dz < liminf D.(z0,20)dz = liminf D.(z., 2.).
Qcr e—0 Qcr e—0

Thus we are left to show (3.28). For the remainder of the proof let under slight abuse of
notation z., 2. € R%*? be converging matrices not weakly converging functions.

We may assume liminf D.(z, 2:) = éll_r}n D.(zc, 2:) < o0, otherwise the inequality would
be satisfied trivially. In particular, by passing to a subsequence we can assume for every
e>0

D(ze,2:) = D(I, (I +2.)(I +e29) ") < o0

and thus (I +e2.)(I +e20)~! € SL(d). Set

(= é(([—{— eze)(I + 520)_1 - 1),

which converges to 2y — zg

ICe — (20 — 20)| = E(Haéa)(uazo)*l 1) — (% - ZO)\
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< (8 — 22) — (80 — 20) + €(80 — 20) 2| (L + £29) !
< (]2 = 20| + |22 = 20| + €20 = 20| |2 )| (I + £20) 7| = 0,

where we used |2. — 29| + |2 — 20| = 0 and ¢|2p — 20| |z:| < Ce by convergence (2, z.) —
(%0, 20) as well as the boundedness of (I + ezp)~! by the additional assumption (3.27).

Furthermore, we get Zp—zg € Rg:vd from det(I + e(.) = 1, since by linearizing the
determinant as in (2.20) we see:

A . 1
| tr(20 — 20)| = 513(1) |tr¢| = 513(1) g‘ det(I +e¢.) — 1 — tr(e¢.)|
1
< lim = Cy(%|¢? + €¥¢|Y) < limeC = 0.
e—=0¢ e—0

By the definition of D in terms of an infimum there exists P. € C(]0, 1[, R*9) with
P.(0) =TI and P-(1) = I + (., such that

1 . 1 .
D(I,T+¢eC) > (1— 5)/0 R(P.P7Y)dt = (1 - 5)/0 RIV(P.PY)dt. (3.29)

Since the right-hand side is invariant under reparametrization of P. by the 1-homogeneity
(3.7a) of RV we will pass to a suitable reparametrization. Consider

1 t ~
s(t) = , / RV(P.P7YY A +tD(I, 1 +£¢.) ),
Jo RI¥(P-P=")dt + D(I, 1 +&¢;) ( 0 ) )

where s(0) = 0 and s(1) = 1. On the one hand, if D(I,I + () > 0, we have

dev ( 5 -1
St = R1 (Pg(ff)PE (t)) + D(I, 1+ e(.) -
Jo RAv(P.P= 1Y) dt + D(I, T + )

such that s=! € C1([0,1]) with s71(0) = 0 and s~%(1) = 1 is a valid parametrization and
Qi t— P.(s7H(1))

gives by 1-homogeneity:

R (Q-(0Q:1 (1) = R ((s7) (0 Po(s7 () P (57 (1))

L e
= Sy (BT ) )

B (Jo BRI (BPoY) A + DT+ 2C) ) R (Po(s™1 (1) P (571 (1)) )
RA(Po(s1(8) P (s71(1)) ) + DL T + £C.)

1 .
< / RYY(P.P-Y)dt + D(I, T + €(.)
0

(3829) 2 _ ¢
<

(3.10)
< TD(I,I—}—ECE) < 3eplede| < e
— &

If on the other hand D(I, T + ¢.) = 0, from R > 0 we would get R(P.P. ) = 0 for all
t € [0,1] and the above inequality would still hold by 0 < ¢;e.
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Hence, by either reparametrizing Q. := P- o s~! in the case D(I,I + () > 0 or by
renaming Q. := P. in the case D(I,I 4 ¢(.) = 0, we have

LN 1 ev(ir NH—
||Q€Q5 lHLoo(OJ) S %H-Rd (QEQE l)HLoo(o’l) S 6157 (330)

and thus

t . t . t
Q0 —11=| [ Gar| < [ 1Q.Q"1Qudat < [ 1Qular

t
<+ [ 1Qo - 11de),
0
from which by the Gronwall Lemma we get the uniform convergence Q. — I:
|Qc(t) — I| < cieexp(ciet) < cieexp(cie) < cae. (3.31)

Let us further consider the rescaled trajectory
A 1
Qe =1+ E(Qs - I)a

with QE(O) =TI and Qg(l) = I +¢.. On one hand by Q. = éQe and the 1-homogeneity of
RV from (3.29) we get

! D(I,I+¢eC)>(1—¢) / ' RdeV(QEle) dt, (3.32)
0

e

on the other hand by (3.30) we have QgQ_l bounded in L*°, so it converges weakly-*

3

in L* and in particular weakly in L' to some limit @ and the lower-semicontinuity tool
Lemma 2.12 gives

L A — ! ev ev !
liminf | R (Q.Q-")dt > /0 RI(Q)dt > R™™( /0 Qat), (3.33)

e—0

where in the last step we used Jensen’s inequality.
By integrating we have

1 1 . 1 1,
/ th:lim/ Q-Q'dt = lim/ Qsdt+lim/ Q-Q-MI — Q.)dt,
0 e—0 Jo e—0Jo e—0Jo

where on one hand the integral in the second limit is bounded by (3.30) and (3.31) by
ci1c2¢, thus converges to 0, and on the other hand the integral in the first limit equals
Qe(l) — QE(O) = (, and thus converges to 2y — zp. Hence we have fol Qdt = 2y — 29, which
we combine with (3.32) and (3.33) to get

o A o] N b odev (A -1
hlgn_)lglf D (2, %) = llg(r)lf ED(I’I +ee) > hlgn_)lglf (1-— 5)/0 RV(Q-Q7 ") dt

1
> RdeV(/O th) = R¥ (2 — 20) = R(%0 — 20)

= D()(Z(), 20).
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With the I'-lim inf-inequalities of £ and D, proven, the I'-lim inf-inequality of gé” is
an easy corollary.

Corollary 3.8. The total energy QE(T) satisfies the I'-lim inf-inequality:
(e, 2¢) 2 (uo, 20): 1ir£§glf G (ug, 2) > Q(()T)(uo, 20)- (3.34)
Proof. The second summand of
G (e, 7) 1= Ex(ue, 7e) = (07, ue) + De(0, 22).
is a linear functional, thus the external work converges:

lim inf (ue, £7) = lim (0, u.) = (ug, £7).

e—0 e—0

The proof now follows mainly by applying Propositions 3.6 and 3.7 to the first and third
summands, except we are left to prove the additional assumption (3.27) in the latter.

We may assume lim inf. . QE(T) (Ue, z:) < 00, since otherwise the inequality (3.34) holds
trivially. From the convergence of the external work and D, > 0 we then get boundedness
of the stored energies sup & (ue, z:) < co. Hence the a priori bounds from Proposition 3.3
hold and give (3.27). O

In Propositions 2.17 and 2.19 we showed that one can approximate v € U with [u]r,, > 0
by up, € UNWH that are near-identity invertible. When proving the I'- lim sup-inequality
for géf) we will thus be able to restrict to the set

Q= {(u,2) € Q| (u,2) eEW"*(Qcp, RY) x L=®(Qcy, R¥*9),

trz =0, [ulr,, > 0 and u is near-identity invertible}, (3.35)

and conclude the full T'-lim sup-inequality by density arguments. For (ug,zp) € Q we
prove the I'-lim sup-inequality by proving

o _ 1 _
(Ue, 22) := (uo, g(exp(szo) - I)) (3.36)
to be a recovery sequence.

Proposition 3.9. The total energy QéT) satisfies the I'-1im sup-inequality strongly in Q:

I'-lim sup géT) < QST). (3.37)
e—0
In particular for (ug, zZo) € Q there exists a strongly converging recovery sequence (Ue, Ze),
1.e:
(e, Z.) — (@g, Z0) strongly in @  and limsup G\ (i, z.) < géT) (to, 20).
e—=0
Proof. For QST) (1o, Z9) = oo there is nothing to show, so we may restrict to Q(()T)(ﬂo, Zy) <
oo which implies tr Zyp = 0 and [ug]r,, > 0. Thus the constraint in the limit functional is
satisfied
G5 (ito. Z0) = Eo(o, 20) — (7, iig) + Do (0, 20) =: Gy (da0, 20)
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where the right hand side is strongly continuous in (ug, 29) € Q, because it is the sum of
three continuous functionals: the external work u — <€(T),u> is linear, &y is quadratic in
H'xL? and z +— Dy(0, 2) = Jae, B(2)dx is strongly continuous by assumption (3.7b) and
the triangle inequality(3.8). Furthermore (u,z) — I'-limsup géf)(u, z) is lower semicon-
tinuous as every lower and upper I'-limit is lower semgig(?ntinuous. Thus, if we have an
approximating sequence (ug, zx) < (u, z), such that the I'-lim sup-inequality for (ug, zx)
holds, then the I'-lim sup-inequality for (u, z) follows:

I-lim sup G\ (u, z) < lim inf <F— lim sup G\ (ug, zk)) < lim inf (g((f) (ug, zk)> = géT) (u, 2).

k—o0 k—o0

e—0 e—0

Since L (Qc;, R4*?) is dense in L2(Q¢y, R*?) and by Propositions 2.17 and 2.19 for u € U
with [u]r., > 0, there is an approximating sequence ug € U N W1 that is near-identity
invertible, we may now restrict to constructing a recovery sequence for (ug, zg) € Q and
the limsup inequality on the whole Q would follow. We define (u., z;) as in (3.36) and
prove it to be a recovery sequence, i.e. (e, z:) — (o, Z9) strongly in Q and

lim sup G (iic, 2.) < G (o, 7o), (3.38)

e—0
by considering the three summands separately.

External work: Since we chose 1. = ug, the external work is even constant:

lim (07, @) = lim (07, g) = (£ g). (3.39)

e—0 e—0

Furthermore obviously we have the strong convergence u. — ug.

Stored energy: By the near-identity invertibility of u. = ug the constraint in &, is satisfied

for £ small enough, thus we have:
lim & (@, 7) = lim E(ie, Z). (3.40)
In gs(ﬂs, Z) the elastic tensor takes the form
T+eA. = (I +eVau)(I +ez) ' = (I + Vi) exp(—ez)

and by the smoothness of (ug, 29) we have uniform convergence for both the elastic and
plastic tensors appearing in & (e, Z.) = 5% Jae, Wall + eA) + Wh(I + ez.)dx

- 1
| A — (Vo — 20)| = Z|(I+e Vo) exp(—ez0) — I — (Vg - 20)’
1
= (exp(—eZo) — (I —€Zp)) + (Vg exp(—eZzp) — EVﬂo)‘
1 _ _ _ _
< R exp(—ezp) — (I — 520)’ + |Vig| | exp(—ezo) — I

< e[ Vaol|re~ | exp [ c2(p,raxa),

o 1 _ _
Ze — 20| = E’ exp(ezp) — I —e20| < el exp [ c2(praxa),
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where in the respective last steps we used Taylor estimates on the function exp on the
bounded domain B := B (0) C R4, In particular this gives the convergence
Ze — 2o strongly in U and we obtain

(Ue, Ze) — (o, 20) strongly in Q.

Furthermore using assumptions (3.2d) and (3.4e) by Lemma 2.13 we thus have the point-

wise limit:
1 ) 1 ) - )
SWal(I + Vi) (I +e2) )+€—2/9Wh(l+5za)—>\Vuo—z:g|(c+\zo|H.

Moreover, for £ small enough we have |eA.| < re(3) and |ez:| < ru(5), where r¢(5) and
n(6) are taken from (3.2d) and (3.4e) respectively for § = 1, hence we obtain

1 - 1 _ 1 1., + _ - _
Wall +ede) + ZWa(l +ez) < (5 + 5)(\As\¢2: +1Ze[f) < [Cl | Aclfee + [H] (1221 E

< 2(C) | Aol . + 21 | Zo]?

Lebesgue’s dominated convergence thus provides convergence of the integrals:

- .1 < _
il_r}r%] Ec(tie, 2e) = 21_13%)62/ch Wea(I +eA.) + Wi(I 4+ €z.)dx

= /Q |V17,() — 50’(@ + |5()‘de = go(ﬂ(), 20). (3.41)
Cr
In particular, this also gives sup, gg(ﬁs, Ze) < 00, which together with the near-identity in-
vertibility of ug by Theorem 3.5 implies [ug]r,, > 0. Thus we have go(ﬂo, z0) = Eo(uo, 20),
which combined with (3.40) and (3.41) finally gives

lim & (e, 2) = Eo(io, %0)- (3.42)

Dissipation: In the definition of D(I, lf’) in terms of an infimum we can for any ¢ € R4*¢

dev
dxd

qey We take

estimate from above by specializing to chosen trajectory P. For any { € R
P(t) = exp(t¢), which satisfies P(0) = I and P(1) = exp({) and obtain:

1 . 1
D(I,exp(¢)) < / R(PP 1) dt = /0 R(¢exp(t¢) exp(—t()) dt = R(C). (3.43)

0

Inserting ¢ := eZp, using tr Zy as well as the 1-homogeneity of RV and integrating over

Q¢ we arrive at:

1 1
D:(0,z:) = D.(0,z.)dx = - D(I,I+¢ez.)dx = - D(I,exp(ezp))dx
QC‘r € QCr € QCr
1
< - R(Ego)dx = Rdev(go)dsc = Do(o, 20).
€ Qcr Qcr

Combining the latter with (3.39) and (3.42) we arrive at (3.38), which concludes the
proof. O



3.3 Lower and upper Gamma-limit |

The I'-lim sup inequality for gé” concludes the proof of Theorem 3.1. In the definition
(3.13) of G\ the initial plastic strain 2(7) for the fixed time step 7 was chosen to be zero.

The following remark comments on more general choices of (7).

Remark 3.10. There are two possibilities for the choice of initial plastic strain we want
to remark on. The first possibility is to fix some 3(7) € L2(Qcy, R¥™9) independent of .
Then the finiteness QS(T) (ue, ze) of the total energy for some sequence (ue,z:) € Q, where

now

G (u, 2) = E-(u, 2) — (€7, u) + D-(37), 2),

would have implications restricting the choice of (7).

From QéT)(ug,ze) < oo follows g’el,g(zg) < oo and Dg(E(T),ze) < o0, the former giving
I+ ez € K C SL(d), in particular det(I 4+ €z.) = 1, the latter giving det(] + €z.) =
det(I+c2(7)). Together we have det(I4+e2(7)) = 1 for the sequence e and since det(I+£z(7)
18 a polynomial in e, it has to be a constant and all coefficients of positive order have to
vanish. This is d scalar conditions on 7). In 3d for instance it means:

tr 27 = det 27 = tr(adj(2(7)) = 0.

To avoid these restrictions the second possibility is to prescribe initial plastic strains ZéT)

dependent on €. The I'-convergence of the total energies

G (u, 2) = E-(u, z) — (€ u) + D (217, 2),

where DO(Z(()T), z) =R(z— 2(()7))7 would require certain convergence FN Z(()T).

For the I'-liminf inequality of gé” we can use that the I'-liminf inequality of z
Ds(ég),z) in the weak L%-topology is implied by the T'-liminf inequality of D. in weak

(7)

L2 xL2-topology from Proposition 3.7, if iéT) — Zy ' weakly converges in L2(Qc,, R¥*9).

(1)

For the I'-limsup of géf) much stronger assumptions on Ze ° would be needed. A can-

didate for the common recovery sequence for (ug, 29) € Q would be

(e, 2) = (i, é(exp (e(z0 = ) (I +£20) = 1)).

Thus in both cases ZéT) € L>®(Qcr, R would be needed for the exponential term to be

well-defined in L?. Furthermore in Proposition 3.9 the convergence of the elastic tensor

(1)

was needed. Without initial plastic strain, i.e. Ze’ = 0, the convergence of the elastic

tensor was shown:
Ag=0>§(<f + Vi) exp(—eZg) — I) — Viig — Zo.
With ZéT) # 0 the elastic tensor takes the form
A = (1 + eVag) (T + e57)  exp (— (0 — 7)) - 1)
and we want /_1?&0) to have the same limit as Aézo):

—_ - 1
ACO — AP0 = _|(T + eto) (1 +e20)) ™ exp(ezl”)) — T) exp(—e2)|
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1
< |1 + i \(1 + ezy))—l]g\ exp(ez(™) — (I + gzgﬂ)\ | exp(—cz0)|.

The first and last factors on the right-hand side are bounded by (ug, Zy) € Q. If additionally
we assume ||Z§T) e < C, then |(I—|—€5§7))_1| is also bounded and 2| exp(sééT))—(I+62§7))|
converges to 0 by a first-order Taylor estimate. Thus for the I'-limsup of gé” the weak-*

convergence #0 E‘ST) in L®(Qcr, R is needed.



4 Evolutionary Gamma-convergence in
Elastoplasticity

4.1 Introduction

The goal of this chapter is the small-deformation limit of the rate-independent full evolu-
tion of elastoplasticity on the cracked domain Q¢;. Although the GMS condition passed
the proof of concept for plasticity in Chapter 3, where it proved to be appropriate for
the small-deformation limit in (one-step) deformation plasticity, it seems to be still too
difficult to apply the GMS condition in the full evolution, see Remark 4.15. Thus we
will investigate two stages of the generalization of the evolutionary I'-convergence proven
in [MS13] in the case without self contact. On one hand we will prove the evolutionary
I'-convergence in Section 4.5 for the non-Lipschitz domain Q¢, but without constraint
following the abstract theory from [MRSO08]. For that we use separate liminf estimates
on energy and dissipation, that were already shown in the previous Chapter 3 as well as
an limsup estimate on the transition cost given by the mutual recovery sequence con-
structed in Section 4.3. On the other hand a strategy is presented how these lim inf and
lim sup estimates could be approached in the case with constraints. Instead of the full
GMS-condition from Chapters 2 and 3, the 6-GMS condition is proposed, that allows for
interpenetration in a small neighborhood of I'c;:

¢(v(z)) |det Vou(z)| dz < /cp(y) dy  forall ¢ € Co(R%, R) with ¢ > 0. (4.1)
AN\U;s(Te) R4

For §(e) = & with @ > 1 in Proposition 4.10 this weaker condition is proven to still imply

local non-interpenetration
0 < [u(@)]rg, == (ut(x)—u"(2)) - v(z) Hlae. on Toy (4.2)

in the limit € — 0, which is needed for the lim inf estimate with constraint. For the lim sup
estimate with constraint the injectivity of the so-called crack-respecting composition de-
fined in Lemma 4.8 is needed. Proposition 4.13 proves this for d(e) = ¢* with a < f,
% < 1 is the exponent that emerged proving a priori estimates in L
on u in Propositions 2.9 and 3.3.

where g =

The assumptions on the cracked domain ¢, in this chapter differ from the previous
chapters slightly in multiple aspects. On one hand for the sake of simplicity the crack I'c,
is assumed to coincide with the model crack fCr; i.e. the transformation T: Q¢ — ch
from Section 2.2 is assumed to be the identity 7' = id. Furthermore additionally the
Lipschitz boundary of certain sets is assumed. In (4.3d) it is sets used in the proof of
Lemma 4.4 about extensions of smooth functions on Q¢, and in (4.3e) it is the domains
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appearing on the left-hand side of (4.1). On the other hand the transversality of I'c; and
00 in the fashion of (2.7d) and (2.7e¢) may be dropped, because this chapter’s density
result in Proposition 4.5 does not involve the jump condition (4.2) and hence does not
need transversality in contrast to Proposition 2.19. Thus the collected assumptions on
Qcr = Q\ T'ey read as follows:

Q ¢ R? is a bounded Lipschitz domain; (4.3a)
R = ({0, 1x{0} xR*2) U ({0} [0, 50 xR*2))

Fedge = {(170)} X Rd_2v (43b)
Tiink == {(0,0)} x R*"%;

the sets Ay :={z € Q|(x; >0and z2 >0) or z; > 1}
and A_:={ze€Q|xz1 <0 or 1 >1 or x5 <0} as well as (4.3c)

Ay NA_ and A_ \ Ay have Lipschitz boundary;

40p>03Rp>0Vi<dp VR>Rp :

for B(()é) = {z € R? | #1 > 18} the sets (A} U BS(S)) N Br(0) and (4.3d)
(A_U Bé5)) N Br(0) have Lipschitz boundary

ey Vo<0cr: Q2 \ Us(I'cy) has Lipschitz boundary. (4.3e)
The set B(()é) from (4.3d) appears in Lemma 4.4 as the intersection of

Bf) :={(z1 > 0and x2 > 0) or 21 > 1-6} and

BY .= {z1 <0oraxg <0oraz >1-6}. (4.4)

Note that Bf ) are defined such that they are extensions of A in the sense that A+ C Bf ),

We restrict to homogenous boundary conditions for the state space
Q =U x Z = closyp g, ({u € W00 R | ulry, = 0}) x LAQ,R™),  (45)
where the assumptions on the Dirichlet boundary I'p;, still read as in Chapter 3:
TonNTer =0 and  H Y (Ipy) > 0. (4.6)

The assumptions on the elastic energy density W, include those from the previous

chapter as well as the additional assumption (4.7e):
VF € R\ GL,(d): W (F) = oo; (4.7a)
VF e R™ ReSO(d): Wu(RF)=W(F); (4.7b)
3p > d,ew,, Cw, > OV F € R4
We(F) > e, max {dist(F,SO(d))?, |F|P—Cw, };
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AC>0withCT =C V4§ >0 3ra(d) >0 VA € B, (5(0) C R
(4.7d)

Wa(I+4) <A,CA>’ < §(A,CA).

1
2
Jem>0 VFeGLy(d) : |[FTopWa(F)| < eqt(We(F) +1). (4.7¢)

For a discussion of assumptions (4.7a)-(4.7d) see (2.1). Assumption (4.7¢) provides control
of the Mandel tensor FT9pW, (F), which is a crucial condition in finite elastoplasticity
(see[Bal84, Bal02]) and has been used in the context of rate-independent processes in
[FMO06, MMO09, MS13]. In particular in [MS13] the combination of conditions (4.7e) and
(4.7a) enables the authors to use [MS13, Lemma 4.1] to obtain an estimate combining left
and right multiplication, which will be used in this chapter in the proof of Proposition 4.7:

HCM,T’M >0 VGl,GQ S BTM(I) VF € GL+(d):
(Wal(G1FG2) — We(F)| < Cm(Wea(F) + 1)(|G1 — I + [G2 — I). (4.8)

For the assumptions and definitions of the hardening part gh’e of the stored energy,
the dissipation potential R and the dissipation distance D., the current chapter follows
the previous one to the letter. We restrict to state them briefly, for a discussion see the
analogs in Chapter 3. On the hardening energy density W}, the identical assumption as in
(3.4) are posed:

Wi(P) ifPeEK
Wi (P) = { n(P) i PeX, (4.92)
o0 otherwise;
K is compact in SL(d) and contains a neighborhood of I; (4.9b)
Wh: R = R is locally Lipschitz continuous; (4.9¢)
JH>0,H"=H V6>0 Irm(6)>0 VAEB,, 5(0): (4.9d)
[Wi(I + A) — 3(A, HA)| < 5|53(A, HA); ‘
Jep>0 VAR Wi, (I + A) > cp| A% (4.9¢)

Recall from the previous chapter that by compactness of K there is a constant cx with:
PecK= |P|+|PY <ck, (4.10)

PeSLA\K = |[P—1|>—. (4.11)
CK

As in (3.7) on the dissipation potential the following is assumed:

RIV: R4 — 14 ¢ REX? | tr A = 0} — [0, 00) convex and 1-homogenous;  (4.12a)

dev Sym
Jcg, CR>0YP € REX: cg|P| < RYV(P) < Cg|P|; (4.12b)
dev if ]Rdxd
R: R¥™4 — [0, 00]; R(2) := { RE(z) itz e Jdev? (4.12¢)
00 otherwise.

With this the dissipation distance function

D(I,PP~1) if P is invertible,

D: R4 x R™*4 [0, 00], D(P, P) := { _
o0 otherwise,
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where
D(I, P) := inf { /01 R(PP1)dt | P e CL([0,1],R™), P(0) =TI, P(1) + 15}. (4.13)

Recall from the discussion following (3.7) in the previous Chapter 3 that D(I,P) < oo
implies det P=1 by Jacobi’s formula and that

D(I,exp(A)) < R(A) (4.14)

by inserting P(t) = exp(At) into the infimum in the definition of D. Moreover, D satisfies
the triangle inequality
D(Py, P3) < D(P1, P) + D(P,, P3), (4.15)

and there exists a constant ¢p such that
VP,P e K c SL(d): D(P,P)<¢p,  D(I,P)<cp|P— I (4.16)

The dissipation functions D, Dg: R4¥4 x R¥*4 — [0, 0] and dissipation functionals
D.,Do: (LY FCr,RdXd))Q — [0, 0] are defined by:

1
D.(z1,29) :== EDU +ez1, I +e22), Dy(z1,22) = R(z2 — 21),

D.(z1, 22) :/ D.(z1, z2)dz, Do(z1, 22) :/ Dy(z1, z9)dx.
Q\Fcr Q\FCr
Finally, on a time subinterval [s, ] C [0,T] the total dissipation of a trajectory z: [0,7] —
Z is defined as:

N
Dissp, (2, [5,1]) = sup { D Do(2(t"1), 2(t) | s = 1° < ... <tV =1}.
i=1
For each fixed exponent o > 0 we define the sequence of the rescaled stored energy

functionals

E(u,z) if v =1id + eu fulfills e*-GMS-condition (4.1),
E: Q- RU{oo}, (u,2)

00 otherwise,

by imposing the 6-GMS condition for §(g) = €® on the integral quantity gg, that is defined
as in Chapter 3:

E(u,z) = NeLE(u, z) + S~h75(z), where

1
Eele(u, 2) == 6—2/ W ((I +eVu)(I+e2)"t)dr and
Qor
= 1
Enelz) == —2/ Wh(l + ez)dx.
€2 JQ

Note that if the second summand g’h,e in &, is finite, then I + ¢z is invertible by (4.10) and
the first summand gel,s is well-defined.
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The (a)-notation for the limiting stored energy Séa) = & is dropped to emphasize that
the constraint is the original one from the previous chapters:

Eo(u,z) if u satisfies (4.2) H9 1-a.e. on Iy,
o0 otherwise;

En: Q — [0, 00, Eo(u, z) = {

Eo(u, 2) == Eao(u, 2) + Eno(2),
~ 1 ~ 1
Eer0(u, 2) == / “|Vu—zgdr and &po(z) = / ~|z|f da.
Qcy 2 Q 2
The evolution is driven by the generalized loading
¢ e WH ([0, T],U") (4.17)
such that for the small loadings /. = ¢f we arrive at the total energies:

G 10,T7] x @ = RU {oc}, G (t,u, 2) = EN (u, ) —

(), <u)

= & (u,2) = (¢
Go: [0,T] x @ = R U {oo}, Go(t,u, z) :=E(t,u,z) — (£

),u) and
)s ).

The total energies without constraints we will notate analogously to the stored energies
with a tilde:

(t
(t

Ge(t,u, 2) = E(u, 2) — (U(t),u),  Golt,u,z) = Eo(t,u,z) — (L(t),u).
Note that in contrast to the total energy QE(T) in Chapter 3 the dissipation is not considered
a part of the total energies.
The triples (Q, G., D.) and (Q, g;“), D.) given by the state space Q, the total energies
G. and géa) and the dissipation D, each form a Rate-Independent System (RIS). A crucial
structure for a RIS (Q, G, D) is the set S(t) of stable states at time ¢ € [0, 7] defined by:

S(t) :={qe Q|G(t,q) < oo and
G(t,q) <G(t,q) +D(g,q) Vqe Q}.
The stable sets corresponding to the RIS (Q,G., D,) and (Q, Qg(a),DE) we notate as S.(t)
and S(a)( t) respectively.

Introducing a notation for the transition cost Tz and T4 for a time ¢ € [0,T7], a state
(u,z) € Q and a competitor (4, %) € Q

To(t,u, 2,0, 2) := Ge(t, 6, 2) — Go(t, u, z)+D (z,2)

(a)(t u, 2,0, %) = (a)( ,2) — gl (t,u,z) + De(z, 2) (4.18)

one can say, that stable states are states (u,z) € Q with finite total energy such that for
every competitor (4, %) € Q the transition cost is nonnegative:

(u,2) € S.(t)
& G(t,u,z) <ooand V(4,2) € Q: 0< Tt u,z,1,2);
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(u, 2) € SE(1)

& G(tu,z) <ocand V(i,2) € Qi 0< TVt u 2,0, %),

By assuming for the initial data of (Q, géa),DE)

ul, 20) — (uf), 20) weakly in Q, with
0
3]

ul,20) € S:(t), 20 € L*(Qar, RGS)  and (4.19)

dev
géa)((), ug’ Zg) - QO(O, U(O)v 28)
and analogously for the initial data of (Q, Ge, D.)

(u?, 22 (u, 25) weakly in Q, with
0

)4
(0, 20) € 5.(0), = € L*(Q0r REY)  and (4.20)

dev
G(0,u2, 22) = Go(0, uf, 20)

we can come to the definition of the solution concept considered in this chapter, which is
that of energetic solutions.

Definition 4.1 (Energetic solutions). A trajectory q: [0,T] — Q,t — (u(t), z(t)) is said to
be an energetic solution to the RIS (Q, G, D) with initial data (u°,2°) € Q, if (u(0), 2(0)) =
(u0, 20), the map t — (£(t),u(t)) is integrable and for all t € [0,T] the following holds:

(u(t),z(t)) € S(t) and (4.21)

G(t,u(t),z(t)) + Dissp(z;[0,t]) = G(0,u, 2%) — /t@(t'), u(t'))dt’. (4.22)

0
For ¢ > 0 energetic solutions to (Q,g§a>,z>5) or to (Q,gg,Da) will be called finite-
plasticity solution with constraint or finite-plasticity solution without constraint respec-
tively.
Energetic solutions to (Q, Gy, Do) or (Q, Go, Do) will be called linearized-plasticity solu-
tions with constraint or without constraint respectively.

The condition (4.21) is called stability and (4.22) is the energy balance. In the stability
one can see the quasi-static nature of RIS and the distinction into u as the fast variable
and z the slow variable in the following sense. Comparing for any time ¢t € [0,7] the
state (ug(t),2:(t)) to a competitor (@, z-(t)) with the same plastic strain by the stability
gives Qéa)(t, ue(t), ze(t)) < gl (t,1,2:(t)) for all 4 € U. Hence u is much faster than z
in the sense that for given time ¢ and plastic variable z.(t) the displacement u.(t) is the
minimizer of the total energy gl (t,-, z¢(t)), which is a static minimization problem.

The aim of this chapter is the evolutionary I'-convergence of finite-plasticity solutions to
linearized plasticity solutions both with and without constraints respectively. According to
the abstract theory of evolutionary I'-convergence for energetic solutions of RIS developed
in [MRSO08], the proof relies on showing the two separate I'-lim inf-inequalities for energy
and dissipation, and on constructing a mutual recovery sequence. In the case without con-

straint the lower bounds on the I'-lim inf of energy and dissipation were already covered
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in Chapter 3. After Section 4.2 dealt with some technical subtleties concerning spaces of
smooth functions on cracked domains and in particular their density in Sobolev spaces, in
the subsequent Section 4.3 the mutual recovery sequence for the case without constraints
is constructed. This is done generalizing the ideas from [MS13] via the crack-respecting
composition defined in Lemma 4.8. The lower bound on energy and dissipation as well as
the mutual recovery sequence in the case with constraints are dealt with in Section 4.4.
For a > 1 the lim inf estimate on the stored energy Es(a) is shown by proving a version of
the infinitesimal non-interpenetration for the weaker e*-GMS condition in Theorem 4.10.
For a < 1 the e*-GMS condition of the crack-respecting composition is recovered, which
gives the lim sup estimate on the transition cost 7}(0‘) by the mutual recovery sequence.
Furthermore the existence of acon > 1 is conjectured for which he crack-respecting com-
position satisfies the e*%en-GMS condition. The difficulties in proving this Conjecture 4.14
are discussed in Remark 4.15. Finally in Section 4.5 the evolutionary I'-convergences of
(9, G., D.) and (Q, gé“COD),DE) are proven in Theorem 4.19 and 4.20 respectively.

4.2 Smooth functions on cracked domains

The proof of evolutionary I'-convergence in Section 4.5 uses a density argument to extend
positivity of the transition cost for smooth competitors to all competitors in Q. On
Lipschitz domains O one usually relies on the density of C*(0) in H!(O), i.e. one uses
the extension of smooth function from the interior O to the closure O. For the non-
Lipschitz domain Q¢, = Q\ I'c; however, we have Q¢ = , such that smooth functions on
the closure C°°(0) have no jump. Hence in our context of functions on ¢, with jumps on
the crack I'c; the set C°°(Qc;) is not dense and thus it is not suitable for cracked domains.

The aim of this section is to introduce a suitable notion of smooth functions on Q¢
that still allows for jumps and gives density in the Sobolev spaces. For that it is crucial
to understand the extending of smooth functions to the outside of domains. We use the

following classical theorem, which we cite without proof.

Theorem 4.2 (Whitney extension theorem). For multi-indices p let f, be a collection of
scalar functions on a closed subset A C R®. Suppose for all || < m and all z,y € A it
holds

AT S Lo LICR i S

v<m—|u|

with Ry, € o(|z — y[™~ k).
Then there exists an extension F € C™(R?) of fo, such that:

o FF=fyonA,
e DFF = f, on A,
e F is real analytic in a neighborhood of every point in R\ A.

With that we are able to prove the following proposition on the extension of a smooth
function, that will be used in this section for the proof of the density in Proposition 4.5
as well as in the following section for the definition of the crack-respecting composition
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in Lemma 4.8. It shows that the extension of a smooth function, as in the definition of

C*(0), is connected to the boundedness of the derivatives.

Lemma 4.3. Let O € R? be a domain with Lipschitz boundary and let f € C®(0).
Suppose for all multi-indices p, that |DH f||pe < 0o.
Then there ezists F' € C°(RY) with F|, = f.

Proof. By assumption every derivative D*f € W1°°(0) and since O has Lipschitz bound-
ary by Sobolev embedding D* f is Lipschitz continuous. In particular D*f is uniformly
continuous on O and thus admits a continuous extension to O.

To show that this extension is m times differentiable on O we want to apply Whitney
extension theorem. Consider for fixed m at any point y € O the m-th Taylor expansion
of f at y and for each p with |u|<m the (m—|u|)-th Taylor expansion of D f at y:

s = 3 Iy s R,

[v|<m

D#tv
Z 'f(y)

[v]<m—|u

D'uf(:E) = (1} - y)y + Rm,,u(xa y)

By Lagrange representation of the remainder we have:

ID™ 4 f e

_ pm—lpl+1 _ olm—=lul
e T € ol — gl

|Rm,,u(:r,y)| <

Both the derivatives of f in the Taylor expansions and the bounds on the remainder
terms continuously extend to O. Thus the assumptions of Whitney extension theorem
are fulfilled, which gives that the continuous extension of f lies in C™(O) for every m
and there exists an extension to R? that is real analytic on R?\ O. Multiplying with a
smooth cut-off function that is 1 on O with compact support concludes the construction

of F € C(RY). O

Motivated by above proposition, for cracked domains the derivatives of smooth func-
tions will not be required to admit continuous extensions to the closure but instead their
boundedness is demanded. This way jumps are still allowed. The set of smooth functions
on a domain U is introduced by

CR(U,RY) := (| WrF(U,RY).
keN

In fact the differentiability of C°(Qcy, R%) in the interior Q¢ will not be enough for
our arguments. Additionally we need regularity in a neighborhood of I'cgge, thus we write

T = Ty \ Us(Teage) = ({0} x [0,00) x R 2) U ((0,1-6] x {0} x RY)

and define
Q0 RY = CF@\IE)RY).
6€(0,1)
In the following lemma we show an extension result analogous to Lemma 4.3 that
in particular will provide existence of smooth extensions above and below the crack as

premised in Lemma 4.8.
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Lemma 4.4. [Lower and upper extensions on cracked domains| Let f € Cp°(Q\ I‘éi)).
There exists a function

F e C®(RT\ I’é?) = {F € C3°(R%\ I’é‘?) | supp F' compact in R}
with F = f and for the sets BY) and BY from (4.4) there exist two functions
Qcr +
Fy e Cc(Rd, R) with Fi|B(5) = F|B(5).
+ +

Proof. We construct F' by using Lemma 4.3 three times: one time in the first step, where
we extend f from Qc; to Q¢ U B(g(s) =Qc U (Bf) N B(_d)) by some Fy € C(Qcy U B[(;s)),
then twice in the second step when extending Fy by two functions Fy and F_ to Bf) and

BY respectively. Finally F' can be defined piecewise on Bs_é) and B@.

For the first step consider the restriction f|4,na_. By assumption (4.3c) this is a
bounded Lipschitz domain. Thus we can use Lemma 4.3 and obtain Fy € C(R?) with

FO|A+0A_ = f, such that

if © € Qcy,
Fy € O (Qce U BY), m_){ flz) ifzeQe

Fo(z) ifze B((;S),

is well-defined. Recall Rp > 0 from assumption (4.3d) and let R > Rp with supp Fy C
Bgr(0), such that supp Fy C Bg(0).

For the second step consider the two restrictions f1 = Fy| ( on the domains

A+UB{Y)NBR(0)
(AL U B(()‘S)) N Br(0), which have Lipschitz boundary by (4.3d). The intersection with
Bpr(0) cuts away only points z with values fi(x) = 0 but is necessary to make the domain
(AL U B(()(S)) N Br(0) bounded, thus enabling us to apply Lemma 4.3 again. We obtain
Fy € CP(RY) that coincide with fi on (A4 U Béé)) N Br(0) respectively and in particular

Choosing a cut-off function p € C°(R%) with p = 1 on supp Fy and p = 0 outside of B(0)
we have that:

pFi =Fyon AL U B(()a) and
pFy = FL = fon Ay,

Thus F € C°(R?\ T'e,) is well-defined by
F:R\TI¢ — R, aﬂ—){

and the assertion is proven with F := pFi. O
The following proposition shows the density of Cl‘f;(ﬂcn RY) in H'(Qcp, RY).

Proposition 4.5 (Density of C* on non-Lipschitz domains). For every u € H'(Qcy, RY)
there exist sequences 0, > 0 and uy, € Cp°(2\ Ty (O8), RY) with ux — u in H' (Qcp, RY).
In particular C5, (Qcr, RY) is dense in H'(Qc,, RY).
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Proof. It suffices to show locally in a neighborhood U™ of each point z* € Q t

* (z*
existence of 5,(:6 )>0 and u(m ) € o (UE) \I‘Cr(‘s ) ,RY) with u(z ) R0 0 in HY(U® ) \
I'cr, RY), because then by compactness of € there is a finite cover of such neighborhoods

and we can obtain §; > 0 as the minimum of 5,(;3*)
(z*)

of unity from u,;

and uy as recombination by partition

Away from the crack: For z* € Q \ T'c; take a neighborhood U of 2* such that U®) N
(Qcy) has Lipschitz boundary, i.e. U (=) does not touch the crack I'c;. On such Lipschitz
domains the density of C®°(U@) RY) = C(U®) RY) in H! is well-known. As U@
does not touch I'q,, 5,2396*) is arbitrary.

On crack , away from the edge: For z* € I‘Cr\I‘edge there exists a neighborhood U@ of z*
with 5,(€x*) = dist(U (z*),f‘edge) > 0, such that U \I“cr consists of the two connected com-
ponents with Lipschitz boundary U®") N Q. and U NQ_. An approximating sequence

(x ) e o (UE) \chr(él(ez >), RY) can be defined piecewise from respective approximating
sequences on U®)NQ, and UFINQ_ from C®(UE) N Q. , RY) and C®°(UE) N Q_, RY).

Crack edge: For z* € Fedge take a neighborhood U@") of z* that does not touch the crack
kink Tk, such that U@\ T, = UE) \ (=00, 1] x {0} x RI2,

The basic idea is again to take separate approximating sequences above and below the
crack and recombine, however we have to refine the procedure to make the recombination

possible.
Extend u € HY((UN Q) \ (—o0,1] x {0} x R“2,RY) to u € HY(R?\ (—o0,1] x {0} x
R% 2 R%) and consider the translations uy: = — u(z + %61), where e; = (1,0,...,0)T €

R<. On the Lipschitz domains R x (—00,0) x R*! and R x (0, 00) x R*! the strong H'
convergence of the translations is well known, thus uy — u in H'(R?\ (—o0, 1] x {0} x
R%2 R?) follows. Furthermore wu, has no jump in a %—neighborhood of I'eqge-

We are left to find an approximating sequence in Cy, (R4\ (—o0,1] x {0} x R*2 RY)
for each up € H'(R?\ (00,1 — 1] x {0} x R"2 RY), as a dlagonal sequence then gives
the desired approximating sequence in Cp°(U \ I'cy, Rd) for u. We will find such sequences
Uk,m 3% by taking to separate sequences above and below the crack and recombine,
where in the recombination the neighborhood, in which uy,,, has no jump, is a little smaller
then %

For each fixed u; consider approximating sequences uk € COO(AZ,IRd) and wuy,, €
COO(Ak A, R on the Lipschitz domains Af =={z1>1—for s >0} and A} := {21 >

1 — 7 or 2 < 0}. Further choose a cut-off function ¢y, € Cb (R4\ (—o0,1 — ] {0} x
R9-2[0,1]) that is uncracked in a i—neighborhood of I'cqge With ¢, =1 on A \ 4, and
¢ =0o0n Ay \A:, then uy, ,, = gbku;m +(1- qzﬁk)u;m € C’g’o(Rd \ (—o0,1— ] {0} x

R%2 R%) has no jump in a ﬁ-neighborhood of egge and is an approx1mat1ng sequence

for uy because
[luk = whm || 1 (R (—00,1] x {0} x RE-2,R4)
< Hgbk”le‘”(Rd\(—oo,l}><{0}><]Rd*2,[0,1})(||uk - u;m||H1(Az7Rd) + flur — ul;mHHl(A;JRd))v

thus the assertion follows. O
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We conclude this section with the following lemma, that generalizes Lipschitz-type esti-
mates |f(a) — f(b)] < ||V f]lLe |a — b| to higher order Taylor-type estimates for non-scalar

functions f.

Lemma 4.6 (Taylor estimate of order k). Let U be open in a normed vector space X
containing the line segment [a,x] := {a+t(x —a) |t € [0,1] C R} froma € U tox € U.
Let f : U =Y be k+1 times Fréchet differentiable.

Then there exists € [a,x], such that:

/@)= > D" f(a)(@ — a)”

lv|<k

—a)”|.

<| >
k:—l—l'

Proof. Let ¢ € Y* be arbitrary but fixed, then D”(¢ o f) = ¢ o D" f. Applying the scalar
Taylor Theorem to the function ¢ o f: A — R we get

o(f@) - 3 PO @ ap) = o i) - 30 PO p gy

1%

lv|<k ’ lv|<k
_ ¥ Du(@f):'f)(ﬁ)(x_a),,
lv|=k+1 ’
o ¥ P60
lv|=k+1

Let v 1= f(z) — X< D"f(a)(x — a)” and assume w.lo.g. v # 0, otherwise the
assertion is trivial. By Hahn-Banach Theorem, there exists ¢ € Y* such that ¢(v) = ||v]|

and ||¢|| = 1. Insert this particular ¢ into above equality to conclude:

D”f'(ﬁ) (z — a)”) <1lol H D”f'(i)

|v[=k+1 ’ |v|=k+1

O]

loll = lo(v)] = |o(

(x —a)”|.

4.3 Mutual recovery sequence without constraint

The mutual recovery sequence is needed in the proof of the evolutionary I'-convergence in
Section 4.5 to give a lim sup-estimate on the transition cost 7; and 7;(,1) respectively. In
this section we restrict to considering the transition cost 7. without the constraints in the

stored energies:
ﬁ(u u7 Z, ﬁa 2) = g~8<t7 ’l/:L, 2) - g~€(t7 ’U,, Z) + D8(27 2)
=E.(0,8) — E-(u, z) — (U(t), 4 — u) + D.(z, 2). (4.23)

Thus 7; consists of a sum of integrals and for the proof of the mutual recovery sequence
we can exploit the additivity of 7- in the domain. Therefor we will notate the domain of
the integrals as an additional argument. Introducing for a domain O C R? the restricted

energy and dissipation

E.(0,u,z) = /Wel (I +eVu)(I+ez)~ )dx+—/Wh I+ ¢ez)dx,

gg(O,u,z):/ 7|Vu—z\%d:p—|—/ ~ |z} du,
o2 o2

63



64 | Chapter 4: 4 Evolutionary Gamma-convergence in Elastoplasticity

D.(0.21,2) = [ Delerz)da and Do(O,z1,2) = [ Dolen,z2)da
o (@]

we define for € > 0 the restricted transition cost:

T(0,t,u, 2,0, 2) == 540,@,5)—55(0,%2)—/ () - (6 —u)dz + D.(0, z,2).  (4.24)
O

Using the disjoint cover Qcy = Ay U (A_ \ Ay) into Lipschitz domains from (4.3c) for
€ > 0 we have the equality

i(t)uv Z, ’[L, 2) = ﬁ(QCrat,ua Z, ’[L, 2)

To(Ag,tyu, 2,0, 8) + To(A- \ Ayt u, 2,4, 2), (4.25)

which we will use to reduce the proof of the mutual recovery sequence on the non-Lipschitz
Qc; to the case of Lipschitz domains. This is exactly the contend of [MS13, Lemma 3.6],
which we will reenact in the following.

Proposition 4.7 (Mutual recovery sequence on Lipschitz domain). Let O C RY be a
Lipschitz domain, (ue, z.)—(ug, 20) weakly in HY(O,RY) x L2(0, R¥™*?) with

sup 55(0, Ue, Ze) < 00.

Moreover, let (i, 20) := (uo, 20) + (@, 2) with (i, 2) € CX(RY, RY) x C(RY, RY).
Then the sequence (1, 2c) given by

A~

Ue 1=

((id + ea) o (id + eu.) — id) and

(exp(ez)(I +ez)—1I) on O,
Ze otherwise,

N>
®
Il
—— O =
M =

where O == {x € O | exp(e2)(I +¢ez:) € K}, fulfills
(a) |lte — ue — @llgro,re) < ce,
(b) 1|2c = ze — Zl12(0,re) < c€® and
(c) 1imj(1)1p7~2(07t, Ue, 22, e, 22) < To(O, t, 1o, 20, 0, 20)-
c

Proof. We decompose the proof into four steps:

weak convergence (U, 2:) — (to, 20),
o convergence of dissipation: lim sup D, (O, z¢, 2.) < Dy(O, 29, 20) = R(O, 2),
e—0

o cancellation of jumps in stored energy:
lim sup (€(0, e, 22) — £:(0, e, 22) ) < £(0, 0, 20) — E(0, uo, z0) and

e—0

« final conclusion of proof.
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Convergence of (i, 2.): For the convergence of . in L? let us consider

(e —ue — ) (x) = (é((ld +e@) o (id + eu,) — id) — ue — ﬁ) (x)

a(z + eus(x)) — alx),
thus by Lipschitz continuity of 4 we have:
e — ue — dilly2 = [Ja(id + eue) — @ll2 < e[| VallLe ||ue(lr2.
For the gradient of 4. we have
V(te — us — a)(z) = V(ﬂ(:v + 6u5(:v))) — Vi(x)
= Vi(x + eue(z)) (I + eVue(x)) — Va(x)
= (Vﬂ(w + eue(x)) — Vﬂ(x)) + eVi(z + eus(2)) - Vue(x).

The first summand on the right hand side is bounded by Lipschitz continuity of Vi by
e|| V%@L |ue(x)| and the second is bounded by &|| V|| |Vue ()|, thus we get

Ve — Vue — Vii||12 < E(HV2"1||L°°HU€HL2 + (| Vid][Lee [ Ve[ L2).-
1
Since @ € C°(R%, R?) and u. is H'-bounded by wu. i ug, we finally get:
e —ue — allur < (| Vallue uellee + IV @l fucllie + [Valre [ Vue|2)
< el|Vi||wio [Jue|lm < eéo.
This concludes the proof of (a) and gives the strong and weak convergences

Vi, — Vue — Vil in L?(0,R%) and (4.26)

Vi, — Vi — Vug = Vi in L?(0,RY). (4.27)

Let us come to the convergence of Z.. By assumption on Wy we have I 4+ ez, € K
a.e., thus I +¢e2. € K a.e. and by (4.10) we get || 4+ 2|~ < cg. Furthermore,

from detexp(eZ) = exp(etrZ) = 1, which is easy to see by Jordan normal form, we get
exp(eZ)(I +ez:) € SL(d) a.e.
Since Z. is defined piecewise, we want to estimate the measure of O \ O;

(
0\ 0. :/ 1dz
O\O.

4.11)

< c%(/ |exp(e2)(I +ez:) — I|*da
0\O.

<k /O |exp(e2)(I 4 ez.) — I*dx

<k /o |exp(e2)ez. + exp(ez) — I*dx

< 2c%(/ |exp(e2)eze|> + | exp(ez) — I*dx
@]

< 5152(/ |22 de + ©),
0]
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where in the last inequality for the first summand we used boundedness of exp(eZ) for
bounded e and for the second summand we used local Lipschitz continuity of exp to get
for some 7. € (0,1)

|exp(e2) — I] = | exp(e2) — exp(0)] < exp(r-e2)|e2],

which is bounded by c|eZ| for again bounded e. Together with the weak convergence

Ze LN 2o and thus L?-boundedness of z. we get:
|0\ O] < & (4.28)

To check convergence of 2. let us consider 2. — (z. + Z) on O; and O \ O; separately.
On O\ O, we have 2. — (2. + Z) = —Z and since Z is bounded we get

2 — (= + 2) a0, maxsy < [0\ Oul 313 < G322
On O, we have
1
e —(2e+2) = g(exp(si)(f +eze) —I) — (2 + 2)

= 1 exp(e2) + exp(e2)eze — [ — e(z: + 2)
€

= é(exp(sé) —I- 62) + 2= (exp(e?) — I).

We can use on one hand a first order Taylor estimate on the first summand to get for some
Te € (Oa 1)

|exp(e2) — I + 2| = | exp(e2) — exp(0) + exp/(0)e2| < |exp”(.e2)| |e2]?,

which is bounded by ée? if € is bounded and on the other hand a Lipschitz estimate on

the second summand to get
2o (exp(e2) = I)] < [z | exp(23) |3
for some p. € (0,1) which is bounded by |z.|ése for bounded . Altogether we arrive at
2 = (2 + )12 0. axe) < GEIO] + 1221728862 < e,
Thus we have ||2.— (2. +2) Hig(omdm) < £2(&3+¢) and we conclude the strong convergence
2. — 2. — Z in L?(0, R¥9) (4.29)

as well as the weak convergence

2. — % — 29 = %y in L2(O, R¥9). (4.30)

In addition to the convergences of the displacements and plastic strains we want to
investigate the convergence of the linearized elastic strains A, = é(Fel — I) and /L =

%(Fel — I) which in terms of the linearized quantities read

1
A, = g((I +eVaue)(I +ez)"t = 1) and
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-1
A = g((I +eVia) (I +ez:)t = 1).

For the convergence of A, we can proceed as in the proof of Proposition 3.6. Let us
consider the inverse of the plastic part (I +cz:)~!. On one hand, by (4.10) we have the
L*°-bound

(I +ez)™t — (I —ez)|L~ < cx
on the other hand rewriting

(I+eze)™ — (I —ez)=(T+ez) ' (I — (I +ez)(I—ez))

= 52(1 + 525)_1'2?

gives an L!-bound
(I +e2:) ™t = (I —eze)l|ur < e%exellz |-

Together, this gives a bound on the L?-norm of d. := 1((I +ez.)™' — (I — ez.)):
1
”deu%ﬁ < Nldellallde([Le < ?520%(”Za|’%2 <C.

In particular a subsequence of d. converges weakly in L? to some limit and since the above

L'-bound means d. L—1> 0, the limits have to coincide and we get:
é(([ tez)t 1) = —2 in L2(0,RY). (4.31)
Using d. we can rewrite
A: —Vue + 2. = é(([ +eVue)(I —ez. +ede) — I) — Vue + 2
=d. +eVue(de — z¢).

The weak L2-convergence d. — 0 we saw above. Furthermore on one hand the established

L*-bound on ed. and (4.10) give an L2-bound on the second summand
leVue(de — 22) [z < [[Vuellrz(lledelle + [lezellue) < C,
and on the other hand we can estimate
leVauo(de — )l < el Va2 (ldell g + 1z2llp2) < ce,
such that eVue(d; — z¢) LR 0 follows and we get:
A. — Vg — 2o in L2(0, R¥9), (4.32)

Finally we want to show strong convergence of the difference A.—A.. Using the indicator
function 1o, we have (I +e2.)™1 = (I +ez.) Lexp(—¢clp,Z) and we can write:

" 1
A, — A, —Vi+ 1.2 = g((l + Vi) (I 4 eze) " texp(—elp,2) — I)
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1
- g((I +eVia) (I +ez) ™ = 1) = Vi + 10,2

— (I tez)! é(exp(—e]losé) D410z
+ (Ve — Vu)(I +e2.)" = Va
+ Vi (I + ez.) exp(—elp, 2) — 1)

= (Ve — Vue — Va)(I +ez.)7!

é(exp(—é]logf) — (I —¢lo.2))

+ (I +ez)!
+ V(I +ez) ™t —1)— (I +ez) ' =1)2
+ Vi (I + ez.) Hexp(—elp,2) — I).
Consequently we can bound the L?-norm:
|A: = Ac = Vi + 10, 2|12 = ck[|Vie — Vue — Vil]|p2
+ cKéﬂ exp(—elp,2) — (I — elo.2)||;.
T+ = I (193 + 12e)

+ ci |Vl 2|| exp(—€lo.2) = ||} -

The first summand on the right hand side vanishes in the limit € — 0 by (4.26), the second

one vanishes since a first order Taylor estimate gives a factor 2. By the weak convergence

(4.31) the factor ||(I + ez:)~" — I|| 2 multiplied with 1 is still bounded, hence the third

summand vanishes as ¢ — 0. Finally the fourth summand vanishes as by (4.27) V4 is

bounded in L? and a Lipschitz estimate gives || exp(—elo,2) —I||; . < ||V exp [|ree||Z]|Lo.
Since obviously 1p_Z — Z strongly in L? we have on one hand

A.—A. - Va—2  strongly in L2(0, R¥*?) (4.33)
and on the other hand by (4.32)

A+ A. — V(ag — 20) + (uo — 20)  weakly in L2(O, R?). (4.34)

Limsup on the dissipation: By definition it is 2. = z. on O \ O, thus D.(z,2.) = 0 on
O\ O, and we get

1 1
D:(0, 2, 2:) = g/ D(I +eze, I +€2.)dx = g/ D(I + ez, exp(e2)(I + e2.)) dx
1
= f/ D(I,exp(eZ))dz. (4.35)
e Jo.

Recall the definition (4.13) of D(I, P) in terms of an infimum. Inserting P(t) = exp(teZ)

into it we get:

D(I,exp(e2)) < /0 IR(PP_l)dt = /0 1R(gz) dt = eR(Z). (4.36)
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Since by 2. € C*®(0, R%*?) and assumption (4.12b) this gives the dominating function
. 1 . - -
De(ze, 2) = —D(I, exp(e2)) < R(%) < Crl|Z]|L,

we may apply the lim sup version of Fatou’s Lemma on (4.35) to obtain the desired esti-

madte:

1
lim sup D (O, ze, 2.) = limsupf/ D(I,exp(ez))dx

e—0 e—0 €& -

1
< = [ limsuplp, D(I,exp(ez))dz < / R(z)dx
€JO &0 (@)

== Do(o, 20, 20) (437)

Limsup on the difference of stored energies: Fix an arbitrary § > 0 and let r¢(d) and ()

be from assumptions (4.7d) and (4.9d) on W and Wy, respectively. For every € > 0 we
define the good sets

U = {z € O | eAc(x)| + |eAc(2)] < raa(8)} } (4.38)

§ ~
79 = {z € O | |eze(2)| + |es=(z)] < rn(6)}
on which we can replace the nonlinear densities W and Wj by the above mentioned
quadratic extensions (4.7d) and (4.9d):

1

1
E—QWGI((I + eV ) (I +e2)7h) — E—QWGI((I + eV ) (I 4 ez)™h)

1 A 1
== ?WQI(I + EAE) - ?We](l + EAE)
A 1 A A 1
(Ae, CAL) — 5 (A, CAL) + 05 (Ae, CAc) + 65 (Ae, CAL)

1 . A A 1
= 5{Ac — Ac,CA; + Ac) + 05 (Ac, CAL) + 05 (A, CA:) - on U, (4.39)

1 1 1
(%, Hz.) — 5(25711-]125) + 5§<2€7H25> + 55(257HZE)
1 . | @)
= §<z5 — 2z, HZ. + 2¢) + 6§<z€,Hz€) + 5§<z€,Hzg> on Z;°). (4.40)

On the complements O \ Ug((s) and O\ ZE((;), which we will naturally call bad sets, we will
counter the big strains with the smallness of the sets:

o\ = [ 1 S [ e A
= Jow® = re1(6)? Jo\ut® =\ S\P T
CK R .
< ([ Vel+ IVl + el + 1212),

V20 < [ 14 S @)l )
T Jovz? = m(9)? Joyz®

< e?rn(0) 7 (lzellze + 1 21Z2).
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Let us introduce

Gie:= (I +eVia)(I +eVu:)™'  and
Goe = (I +eze)(I+e2.)7",

such that I + cA, = G1.(I +eA.)Ga.. Note that det(I +eVu.) > 0 a.e., hence Gy is
well-defined. With these we want to utilize the estimate on left an right multiplication

from (4.8):

1

?Wel(([ +eViae)(I +e2:)7h) — iWel((I +eVaue)(I +ez:)7h)

g2

N 1
Wel(f + €AE) — 6—2Wel(l + 6145)

1
€2
1 1
= SWa(Gre(l +e4c)Goe) — ZWall +eAc)

(4.8)

1
< SOMWall +2As) + 1)(Gre = 1| +[Gae — 1)),

Together with the estimates

|G1e — Il = |(I +eVa)(I +eVu)(I 4+ eVu:) ™ — I||lp= < e||Vi|p= and

|G2,e = If|Le = [lexp(elo.Z) — I]|Lee < e[|V exp [|Loe|[Z]|Loe
we thus get:
! /O\U(a)Wel((I +eVie) (I +e2:)7h) — E% (I +eVue)(I +ez) ) da
< (G — Tlue + [Gac = T (55 [ Wall + A da + 510\ U9)
c(1+7ra(6) ?)e. (4.41)

For controlling the hardening parts on the bad set O \ Zg(é) we use the local Lipschitz
continuity of W, from (4.9¢):

1 . 1 1 ) L
|67Wh(1+ €2) — ?Wh(1+528)| = |?Wh([+ €3¢) — ?Wh(l +ez)|
1~ R 1 -
= |;2Wh(exp(5]lo€z)(f +eze)) — E7{/{/}1([ +ez)l

1 -
< 5—2| exp(elo.2) (I +ez.) — (I + ez

1 g
< E—QCK| exp(elp.z) — 1.

Local Lipschitz continuity of exp thus gives the bound

1

H Wh(I +e2:) — —Wh(I+sz£ <o

[

and we can estimate:

1 o, 1
/O\Zé‘” ?Wh(l + 625) - ?Wh(f + 5z€)dx
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1 . 1 _
< |0\ z)| ||5—2Wh(l+sz€) — 6—2Wh(l+sz€)||Loo < erp(8) 2. (4.42)

Collecting (4.39), (4.40), (4.41) and (4.42) and using the strong convergences (4.29) and
(4.33) as well as the weak convergences (4.30) and (4.34) we get

lim sup (& (O, e, 22) — E(O, ue, 2¢))

e—0

1 ~
= lim sup (— Wa(l +eA;) — Wa(l +eA:)da
2 u®

e—0

1 o
- / Wl + eAl) — Wa(I + 2A.) dz
e Jou®
1
+ - Wh(I + 62’5) — Wh(I + 5z€)d$
2 /0
1

= /O 20 Wl +e2.) = Wi(I + e2.)da)

< lim sup (/ (5(Ac= A, C(AtAL) + 05 (Ao, CAL) + 62 (4., CAL) ) da
e—0 Ul® \2 2 2
+/ (1<2 o HE. + 2) + 6 (5, HE) + 62 Hz.)) do
Zs(é) 2 &€ (5 € € 2 €9 € 2 €9 €
+c(1+7ra(6)%)e + crh(6)25>
1 . . . .
< /o 5 (V{0 —uo) = (20 — 20), C(V(@o +uo) — (20 + 20))) dz
1
+ /O 5(20 — 20, H(%0 + 20))dx + ¢d
Lo A 1
= / — (Vi — 29, C(Vig — 20))dx — / —(Vug — 20, C(Vug — 20)) dx
02 02
1 1
+ / *<20,H20> dr — / *<Zo,HZ’0>dl’ + cd
02 02
= &(0, i, 20) — £0(O, uo, 20) + 0.
Since § is arbitrary, this gives the cancellation of jumps in the stored energy:

lim sup (gE(Oa t, e, 25) - 56(01 l,ue, ZE)) < 50(07 t, up, ZO) - g0(07 t, up, ZO)' (443)

e—0

Conclusion of proof: The external work converges since ((t) € U’ for every ¢t € [0,T] and

by (4.26) and (4.27) we have the weak convergences u. — ug and 4. — g in U:

/ () (1 — uo)dz — / 0(t) (it — o) da.
O O
Together with (4.37) and (4.43) this concludes the proof:

lim sup 7~;(O,t,u5, Ze, Uy 2e) < lim sup(ge(O, Ue, 2c) — gE(O,us, zs))

e—0 e—0

+ lim sup ( — / 0(t) - (e — ua)dx) + limsup D (O, z, 2.)
O

e—0 e—0
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< go(O, o, 20) — go(O,an 20)
_ /Og(t) - (G — up)dz + D (0, 20, 20)
= %(O,t,uo,zo,ﬁo,%)-
O

In the case of a Lipschitz domain as in [MS13] the mutual recovery sequence contains
a composition. This is necessary due to the multiplicative split displayed by the stored
energy &. in the finite case. For a cracked domain the classical composition is not adequate.
For example the composition vy o v1 of two deformations vy, vy € H'(R? \ Ty, RY) would
create another crack, if the image v1 (R?\I'c;) touches the crack I'c;. Thus in the following
Lemma we refine the notion of a composition v96v; of two deformations.

Lemma 4.8 (Crack-respecting composition). Assume the deformation v € H'(Qc;, RY)
and the smooth displacement @ € C{°(R®\ Fé?, RY) for some §>0. For

Bf) ={(z1 >0 and xo2 > 0) or zy > 1-0} and

B@:{x1<007"x2<00rx1>1—5}

let Uy, € Cgo(Rd, Rd) with 1~L+’B(§) = ﬂ‘B((s) and 1~L7|B(5) = ﬂ’B(s).
+ + - -
If additionally v := ||jv — id||L~ < §, then 0:.0v given piecewise on Ay and A_ from
(4.3¢c) by
g = 4 UdHels)ov on Ay, (4.44)
(id+etu_)ov on A_,
is well-defined, lies in H(Q\ Tcr, RY) and satisfies:
000 = (id 4+ et) ov on Q\ Up(T'cy)- (4.45)
We call 9:6v a crack-respecting composition of 0. := id + €t and v.
Proof. Note that @4 and @_ coincide on Béé) = Bf) nBY = {x1 > 1-0}. Moreover by

|lv —id||pe < & we have v(AL NA_) C B(()é), thus 060 is well-defined.

Furthermore 9.6v € HY(Q \ Ty, RY) follows from it being a composition of functions
from C*(R%,RY) and H' (A4, R?) piecewise on the finite open cover Qc, = A, U A_ of
Lipschitz domains A4.

Finally, for z € Ay \ U, (I'c;) we have (9:6v)(x) = (id + it ) (v(x)) because v(z) € Bf)
by ||v — id||Le < . Since @ coincides with @+ on Bf) either way we have (0:.6v)(z) =
(id + @) (v(x)), which shows (4.45). O

Finally in the following proposition the mutual recovery sequence for the transition cost
7. without constraints on the non-Lipschitz domain ¢, is proven. It is defined similarly
to the Lipschitz case with the classical composition substituted by a crack-respecting

composition.
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Proposition 4.9 (Mutual recovery sequence without constraint). Lett € [0, T, (ue, z:) —
(ug, z0) weakly in Q with

Sung(u&??ZE) <0
and (g, 20) € Q with (4, 2) := (lo, 20)— (w0, 20) € CEO(Q\F((;?,]Rd) x C2(92, RY) for some
5>0.

Consider a smooth extension of G
UeCORNTY.RY)  with Ulg, =1
as well as upper and lower extensions

iy € C°(RYL,RY with g B = Ul B

Then there exists eg > 0 such that for € < eg the corresponding crack-respecting compo-
sitions U:.0vU: of the deformations . = id + et and v, = id + eue are well-defined and the

sequence (lig, 2:) € Q given by
4 = 1(0.50: —id),

(4.46)

Ze =

. { L(exp(ez)(I +ez)—1I) on (L,

Ze otherwise,

where Q= {z € Q\ T, | exp(e2)( +ez:) € K}, is a mutual recovery sequence, i.e.:

(tie, 2¢) — (G, 20) weakly in Q and

hm Supi(tﬂ Ug, Ze,s a&a 28) S 7?)(157 U, 20, a07 20)
e—0
Proof. For the well-definedness of the crack-respecting composition .6v. € H'(Qcy, RY)
by Lemma 4.8 we need r. := |[v; — id|[p~ < 0. That we obtain by the a priori bound in

Proposition 3.3, which gives:

P luflie < ce(Eelu.2) + Ce).

1

)>E by the boundedness of the stored energy sup &. (Ugyze) = FE <

Thus for € < (Cg(E%Cg

o0 we get:
lve —id|lLee = [leue]|L < ce (B + Ce) < 6.

For the well-definedness of (4., 2:) € Q we still need to ensure the boundary condition
Ue|ry, = 0. For that we use u. € U, Gp € U and (4.45) in Lemma 4.8. The former two
give uc|ry, = Qolrp, = Uy, = 0. To use the latter, consider assumption (4.6) on the
Dirichlet boundary I'p;; by which there existls rpir > 0 such that T'p;, € R\ Urp,. Ter)-

Thus, by Proposition 3.3 for ¢ < (%) 7 we have 7. = ||ve — id||Lee < Tpir such that
by (4.45) we have:

(0602 |rp,, = (id + ea@) o (id|rp,, + ue|rpy,,) = (id + @) o id|py,,
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= id|FDir + sa‘FDir = id|FDir
= fLEh"Dir =0.
1
To summarize, for € < gg := (%)B both #.6v. € H(Qcy, RY) and (1., 2.) € Q are
well-defined.

To prove (i, 2:) being a mutual recovery sequence, recall the disjoint decomposition
of Qc¢, into Lipschitz domains Ay and A_ \ Ay from (4.3c). The strategy is to use
Proposition 4.7 two times, for each O € {44, A_ \ A+} and @ € {ay,u_} respectively,
and then combine both by the sum (4.25).

In Proposition 4.7 we take one time O = Ay, (uc,2:) = (uE|A+,zE|A+) and (@,2) =
(G4, 2) and one time we take O = A_ \ A4, (ug, 2:) = ( and (,2) =
(i—, 2). Then for

u€|A_\A+7ZE|A_\A+)

1 1
Uy o= g((id+5ﬂ+)o(id—|—5u€]A+)—id) and  G_. = g((id+€ﬂ,)o(id—|—5u€|A7\A+)—id)
we obtain the respective assertions (a),(b) and (c) in Proposition 4.7 twice:

(@) |4, —ue — Upllgria, wey S e and  [[a- o — ue — G—|[g1(a_\a, re) < CE

(b) [12e — 2ze — Zllr2(a, mey < ce? and |3 — 2 — Zlliza\a, me) < ce? as well as
lim S(l)lp ﬁ(A-f—vt)uEv Zayﬂ-‘r,aa 25) S %(A-‘ra t,’U,O, 20, U0 + a-i—v 20) and
E—>
C ~ ~
lim S(l)lp 7::‘(‘4— \A+7tau67 Ze) a—,sa 26) < 76(14— \A+,t,UO, 20, U0 + ’lNL_, 20)
e—

On Q¢, the displacements . are given in terms of the crack-respecting composition
0:00,, but by (4.44) on each of the two parts 9.6v, is given in terms of a classical compo-
sition, such that we have:

N ’a+,5 on A+,
Ue =<
U_. on A_\ Ay

where @y . = 2((id + €@is) o v. — id) as above. Since @ = @iy on Ay, from (a) we have

[Ghe —ue — ﬂJ”Hl(QcY,]Rd)

= [|l4e — ue — Uq||gria, mey + 10— e — ue — U |lgr(a_\a, re) < 2ce,

1
and the convergence i, — @y weakly in H' follows by . H iy
Concerning the plastic variable the definition of 2. on the non-Lipschitz domain Q¢
and on the Lipschitz domain O € {A4, A_ \ Ay} coincide, thus from (b) we directly get

H?:’E—ZE - 2‘|L2(Q’Rdxd) = ||2&‘ — Re — 2||L2(A+,Rd><d) + ||25 — Ze — 2||L2(A_\A+,Rd><d) < 206,

A s - L?
and the weak convergence 2y — 2 in L? follows from z, = z.

Finally, the asserted lim sup estimate on the transition cost we obtain from (c) via the
sum rule (4.25):

lim Supﬁ(ty Ue, Ze, e, 25) = lim sup ﬁ(QCra by Ue, Ze, Ue, 25)
e—0 e—0



4.4 Lower and upper bounds with constraints |

= lim sslp (7~;(A+, o Ue, Ze, Uy e, 2e) + 7~;(A, \Ap tue, 2o, U, 25))
E—r

< lim Supﬁ <A+7 ta Ug, Ze, a—‘—,E? 25) + lim Sup%(A— \ A+7 ta Ug, Ze, ﬁ—,sa 26)

e—0 e—0

< %(A+,t,u0,zo,uo+a+,20) + ”TO(A_ \A+,t,u0,zo,uo+ﬂ_,20>

= 76 <t> uo, 20, U0+ﬂ, 20) .

4.4 Lower and upper bounds with constraints

Having shown the lim inf estimate on the stored energy &. without constraint in Propo-
sition 3.6 (a) and the limsup estimate on the transition cost 7: without constraint in
Proposition 4.9, in this section we will discuss how to add the e*-GMS condition (4.1)
and local non-interpenetration (4.2) into the picture. For the liminf estimate we need
that limits of sequences satisfying the former necessarily satisfy the latter. This slight
generalization of Theorem 2.10 is shown in the following

Theorem 4.10 (Infinitesimal relaxed non-interpenetration for o« > 0). Let a > 1 and
consider (ue, z¢), (uo, 20) € Q with u. Yy and lim iélf Eg(a) (Ue, 2e) < 0.
E—

Then [u]r., > 0 holds.

Proof. As hHLi(I)lf Eg(a) (ue, ze) < oo there is a (not relabeled) subsequence u. such that
€

id + eu, fulfills the e*-GMS-condition (4.1) and det(/ + eVu.) > 0 a.e. on . Hence,

taking an arbitrary ¢ € C3°(Q2) with ¢ > 0 we have:

/ o(y)dy + oy)dy = | o(y)dy
Q\Uea (FCr) U,;-a (FCr) Rd

< / o(z + eus(x))| det (I +eVue(z))|da.
O\Usa (Ter)

Rearranging and dividing by e we arrive at the following inequality that displays the
same three integrals as in Theorem 3.5 now with the smaller domain on the right-hand
side and an additional term on the left-hand side:

1
. /U o e(y)dy
> % /Q\Uga (Te) o(z + eus(z)) det (I +eVue(x)) — ¢(z)dz
. .
=z /Q\Uga o, £+ eue(a) (det (I +eVue(x) — (1 +edivus(a) ) dz
4 o(z + eus(x)) divue(z) da
QA\Uea (Te)
+ (bl + 2uela)) - o(@)) do

Q\Uea(Te) €

=1+ I+ I5.
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Since Vol (Uza(Tcy)) € O(e%), the integral on the left-hand side is bounded by Cye®™1,
such that for a > 1 it vanishes in the limit ¢ — 0.

The three integrals I;, I and I3 can be treated as in the proof of Theorem 3.5. By
Lemma 2.11 and boundedness of ¢ the first summand I; on the right-hand side converges

to 0 for € — 0:

1

|| < - /Q\U o ’gp(x + eue(z)) (det (I +eVue(z)) — (1+ 6divu€(x)))’d:n

S
Cr

< 5H(P||L°°Cdet(gs(usa Zz-:) + Cdet)-

o(z + eus(z)) (det (I +eVue(z)) — (1 +ediv ue(x))> ‘ dz

The second summand
I = / o(x + cue(z)) div ue(z) dz
= To\U.a (r0) (2 + cuc(2)) divue (z) dz

converges to [o ¢(z)divu(z) dz, as in L2(Qc;) we have divu. — divu weakly and
Lo\v.a (r)p(id + €ue) — ¢ strongly by Lipschitz continuity of ¢:

2
I To\ve (roid + euc) = 17, (00) = /Q . Ma\v.a e = cu(2)) = ¢(2)| do
2
= ‘go(:c —eug(z)) — gp(x)’ dx + ]go(x)]de
NUea(le) Uear (T¢)

< | Velielluc(@)lE2 + [Veplfo Cac®.

Finally the generalized Lebesgue dominated convergence with the same dominating se-
quence (3.24) as in the proof of Theorem 3.5 can be used to show that the third summand
I3 converges to o1, o) Ve(@)u(z)d.

Altogether, the limit ¢ — 0 gives three values:

0>0+ o(z)divu(x)dr + Vo(x)u(x)dr
QCr QCr

= [, divlu)ae =~ [ () [ulr, () da

For the last identity as in Theorem 3.5 the divergence theorem is applied on the Lipschitz
sets Ay and A_\ Ay (see (4.3c)) separately and all terms cancel except for the jump along
I'cy. As ¢ > 0 was arbitrary, we conclude [ulr,, >0 He 1 a.e. on I'cy. O

This theorem assures the right behavior of the constraints in the lim inf estimate for the
stored energy e(a) if @ > 1 and enables us to prove the following lim inf inequality on the

total energy gé“) .

Corollary 4.11. Let a > 1 and t € [0,T]. Then for every sequence (ue,ze:) — (uo, 20)
weakly in Q the liminf inequality on the total energy with the e*-GMS condition holds:

lim inf G\ (¢, ue, 2.) > Gol(t, uo, z0). (4.47)
e—0
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Proof. The external work is a continuous linear functional u +— —(¢(t),u) and thus con-
verges. Hence it is left to show the liminf inequality on the stored energy:

lim inf £ (ue, 20) = & (o, 20)-

We may assume lim inf._,q Sg(a) (Ue, ze) < 00, otherwise this inequality holds trivially. Thus
on one hand for at least a subsequence u, satisfies the e*-GMS condition and we obtain

lir6n_>i(r)1f 5€(a) (Ug, ze) = ligr;iélf gs(us, Ze).

On the other hand by a > 1 Theorem 4.10 provides Eéa) (ug, 20) = go(u(],zo) and the
above lim inf inequality on the stored energy with constraints reduces to the case without

constraints

11?3511:58(0)(“5’25) - hran_}(?fgs(us,zs) > &(u, 20) = E (uo, 20),

which was proven in Proposition 3.6 (a). O

For the mutual recovery sequence from Proposition 4.9 to also work for the transition
cost 72(()‘) with constraints we need the crack-respecting composition to satisfy the e“-GMS
condition. For the proof of that we will want to test the e“-GMS condition with functions
that have a jump. The following lemma enables us to do so.

Lemma 4.12. Let v € Wh1(Qc,, R?) fulfill

P(0(@)) ldet Vo) dz < [ o(y) dy (4.48)
QN\B;s(Te) R4
for all p € CO(RE,R) with p > 0.
Then (4.48) is also fulfilled for

_ { %) oan\FCr,

= (4.49)
0 onlTcoy

where ¢ € Cgc(]Rd \ Ter) := {p € CO(R\ Tey) NL®(RE\ I'c;) | supp ¢ compact in R}
with ¢ > 0.

Proof. Consider a sequence ¢}, € Co(R% R) with ¢ > 0 and suppose there is a limit @
such that o L, @ and pp(x) — @(z) for every x € R%. Then (4.48) hold with ¢ = ¢ by
Fatou’s Lemma:
@(v(z)) |det Vo(z)|da < limkinf / o (v(z)) |det Vo(z)| dz
Q\Bs(Ie) Q\Bs(Ie)

< limkinf /gok(y) dy = /gﬁ(y) dy.
Rd R4

To prove the assertion we are left to give such a sequence ¢y, € Cc(le,R) for ¢ from
(4.49). Let ¢ € Cgc(le \ I'cy) and define ¢, : R — R by

(x)pk(dist(z,Tey))  on R\ Ty,
0 on ['cy;

or(x) == {

14
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using the continuous cut-off function p, € C°([0,00)) given by:

1 for s > %,
pe(s) =1 k-s forse]0,4],
0 for s = 0.

On one hand pj is non-negative and has compact support by supp ¢r C supp ¢, on the
other hand ¢}, is continuous on RY: away from the crack on R4 \ I'cy ¢k is a product of
continuous functions, on the crack I'c; by ¢ € L®(R?\ I'c;) and p = 0 on I'c, we have
lim ¢}, = 0. Thus ¢ € CI(R?) with ¢}, > 0 is an admissible test function in (4.48). The
convergence

¢ on R\ Tgy,

%_:
L {0 on Tey,

pointwise and in L' follows from py, ( dist(z, [or)) — 1gar, () and Ed(U% (supp oNIcy)) €
O() respectively. O

To prove the mutual recovery sequence for 72(()‘) we would like to use that the mutual
recovery sequence for 7. from (4.46) actually satisfies the constraint, i.e. that the crack-
respecting composition fulfills the e*-GMS condition. For exponents o < 8 < 1 this is the
content of the following

Proposition 4.13 (Relaxed global injectivity of crack-respecting composition). Let a

sequence (ug,ze) — (uo, 20) weakly in Q with
sup £ (ug, 2.) < 00

and (tg, 20) € Q with (4, 2) := (o, 20)— (uo, 20) € CgO(Q\F(()i),Rd) x CX(Q,RY) for some
0>0.
Consider a smooth extension of U

UeCO®NTY.RY)  with Ulg, =1
as well as upper and lower extensions

iy € CPRLRY)  with x| = Ul 0.
+ +

2024 there exists £(a) > 0 such that for e < € the crack-

Then for every a < 8 = Sp—2dtpd

respecting composition

De 1= 0:00; := (id 4 e@)5(id + eu,)
given by Lemma 4.8 for U and i+ fulfills the e*-GMS condition.

Proof. From sup, & (ue, z:) < oo by definition v, := id+eu, fulfills the e*-GMS-condition
and by Proposition 3.3 we have 7. := ||eu||p~ < CeP. Since o < 3, for € small enough we
thus have r. < € for € small enough and conclude by (4.45) from Lemma 4.8:

960 = (id + e@)dv. = (id +eU) ov.  on  Q\ Uea(Tcy).
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The aim of the proof is to show, that V. := id+¢U is injective on the image v, (N\Ueo (T'ey))
in the classical sense. Then the e*-GMS-condition for the crack-respecting composition
U6v, would follow by using integral transformation for the diffeomorphism

V. =id +eU € C°(R?\ I, RY)
and then testing the e*-GMS condition of v. by
@: R\ Ty — [0, 00), z = p(Ve(z))|det VVz(z)),

which is an admissible test function by Lemma 4.12 (4.49):

/ ¢ (0=(x))| det V.| dz = / ©((0e0ve)(z))| det V(0e0v.)(z) | da
Q\Us(Ter) Q\Us(Ter)

= Jovs e o((Vz 0v:)(2))| det V(Vz 0 v, (z)| da

- /Q\U(;(FCr) (oo V) (ve()) | det VVZ (ve(z))] | det Vg (z)| da

e*-GMS

- H(ve(2)) | det Voo ()| dz - < / 5(7)dz

Q\Us (Tex) RATor

~ - _ i=V(& 1A

= o( E(x))|det VVE(.%)‘dZC V(@) } o(z)dz

RAN\Tc, Ve (RA\IGr)
< | (r)di.

]Rd

Note that we cannot expect f/s = id+4eU or Ve = id+€t to be globally injective on Rd\FCr
or Qcr = O\ T'op respectively. As seen in Proposition 2.17 close-to-identity injectivity is
related to the positivity of the jump, but [@]r., = [@o]r., — [©o]r., may be negative.

For the proof of the injectivity of V. := id + eU on the image v.(Q \ U.a(Tc;)) consider
the following overlapping open cover C, UC_ U Cy = R?\ I'q,

Cyt :={z1 > 0 and z2 > max(0,z1—1)},
C_ :={z1 <0or zy <min(0,—x;+1)} and (4.50)
Co :={z1 > 1}.
Furthermore let Z., g € v-(Q\ Bea(Tcy)), Ze # P with preimages z.,y. € Q \ Bea (T'cy):
Te =ve(2), e = ve(ye)
To show ¥.(Z:) # Ue(ge) for € small enough we distinguish two cases:
o either the pair z.,y. lies together in Q\ Cy or in Q\ C_,

e or, up to interchanging, we have z. € QN C} and y. € QN C_.

Preimages in common Lipschitz domain: We have either {z.,y.} ¢ R¢\ Cy or {z.,y.} C
R4\ C_. Combined with {z¢,y.} C Q\ U.a(T.) that gives us

{@e,ye} T\ (C1 UUza(Tey))  or {2e,y:} CQ\ (C2 U Uz (Iey)).
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By « < 8 and Proposition 3.3 for € small enough we have
re = leus||pe < CeP < %50‘.
Thus by ve(z) € U,_(x) in both cases we get either
T, e € Uy, (Q \ (C4 U Uz (FCr))) c U, (Q \ (C4 U Uy, (FCr))>
C (C4+UCy) \Usy (Tey)  or
Tes G € Up, (Q\ (C- U U (Tey) ) € Uy, (2 (C- U Ui, (Ter))
C (C-UCy) \ Uy (I'cy).

On both sets Cy U Cy and C_ U Cy the function U is Lipschitz continuous with some
constant L and we obtain:

U (Te) — Ve (Je)| = [Te — Fe + e(W(Z:) — U(Fe))]

> [T — ge| — ela(Ze) — (e )|

> |i'5 - gs‘ - 5L|j5 - gz—:| = (1 - EL) ‘js - g€|

Since Z. # ¥e, the right-hand side is positive for € small enough and 0.(Z.) # 0(9c)
follows.

Preimages on opposite sides of I'c;: If we do not have {z.,3.} ¢ R?\ Cy or {z.,y.} C
R?\ C_ , that means z. € Cy \ U.a(I'c;) and y. € C_ \ U.a(I'c;) or vice versa. Either
way, {#e, 4o} C 0\ Usa(T') gives us

. V2
|l‘5 - ys| > dist (QJr \BEO‘ (FCr)a Q- \ Bea (FCr)) > 750[7 (4'51)

thus we can estimate

|0 (%) — 0e(Je)| = |Ze — Je| — 2[|ete||Loe > |72 — ye| — 2[|eue||Lee — 2[[etic||Lo0

V2 a
2

which is positive for £ small enough, since o < § < 1, and 0.(Z.) # 0(yc) follows. O

— Ce? — Ce,

v

Note that above Proposition 4.13 does not require the jump condition of the competitor
[@o]rs, > 0. Since by Theorem 4.10 for o > 1 the e*-GMS condition of id + €@, implies
[@o]rs, > 0, Proposition 4.13 cannot hold for o > 1 in the current form. We still expect
the crack-respecting composition to satisfy the e*-GMS condition under the additional
assumption [Go]r,, > 0 and after adding a forcing apart ¢j as in Proposition 2.17. For
three small parameters 9,7, u > 0 we set

1
Gon(@) = pAsy(@)n € Hipo(RT\ TE) RY)
with n = (1,1,0,...,0)T € R? and the scalar function A, € WL°(R?\ T?)) given by

0 if x1 > 1-9,
min {1, %(1—(5—.%’1)} for z; €]0,1-4] and 22 > 0,
—min {1, %(1—5—:@)} for x1 € ]0,1—-4] and a2 < 0,
-1 for 1 <0.

No(x1, 22, ..., xq) =
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Hence the jump of A5, grows linearly with slope 1/n with the distance from the edge
r éi)ge = {4,0} x R92 of the smaller crack I‘g? and then saturates at the values £1. For

i € CZf;(ch, R9), such that @ € C5°(Q\ Féi), RY) for some & > 0, we propose to take
Pk = 806,;12,;% (452)

with an exponent v € (1,2). Then for ux — 0 we have gy Iil> 0 by v < 2 and the slope
of yy at the crack edge ,u,i,_v — 00 is expected to ensure the injectivity as in Proposition
2.17. More precisely we even expect that instead of p; € Hi (R?\ ng),Rd) a smooth
approximation @, € C(R?\ Fcr(%),]Rd) with [@r]re, > [¢k]r., and @k 0 should be
suitable, thus we formulate the following

Conjecture 4.14. There exists acon € (1,00] such that for
o every sequence of states (ug, ze) — (ug, 20) weakly in Q with

sup £ (ug, 2.) < o0,

e cvery competitor (1o, 20) € Q with (@, Z) = (fo, Z0)—(uo,z0) € Cpo(2\ Fg?,le) X
C®(Q,R%) and
[@o]re, =0,

1
there exists a sequence Qy € Cgﬁk(]Rd \ Ter, RY) with @y, 50 as well as upper and lower
extensions i € CP(RYRY) of @ and &(acon, k) > 0 such that for every e < & the

crack-respecting compositions
Ok == (id + e(@ + ¢x))o(id + eu,)
given by Lemma 4.8 fulfill the e“Con-GMS condition.

We want to comment on the difficulties when approaching the extension of the results
from Proposition 4.13 to the statement of the previous Conjecture 4.14.

Remark 4.15. In the proof of Proposition 4.13 the exclusion of Uea(I'cy) in the weaker
e*-GMS condition helped in two ways : (i) by (4.45) in Lemma 4.8 we were able to
substitute the crack-respecting composition U:0v. by a single classical composition V.ouv, =
(id—i—EU) ov., which enabled us to reduce the proof to showing injectivity of id+eU on the
image vz(Q\ Uea (Tcy)); (i) it gave the lower bound |z — ye| > @50‘ for the preimages
z: € Cx and y. € C+ on opposite sides of the crack I'cy, which then lead to a positive
lower bound on the distance of the images.

FEven in the case of full the GMS condition, i.e. for a = oo, without the exclusion of
Uea (Tcy) the crack-respecting composition 0:0v. still is a classical composition piecewise
on Ay and A_ by the definition (4.44): v.6v. = (id + ety) o ve on Ay. Thus in the
spirit of (i) the GMS condition (and the e*-GMS condition for any o < 0o) of the crack-
respecting composition restricted to A4 respectively would follow from the injectivity of

id 4 e+ € C®(R4, RY), which are diffeomorphisms for e < Hﬂi”éll
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Hence the only non-injectivity of 0.0v. to be expected would be an overlap of the two
sides Ay \ A_ C Cy and A_\ Ay C C_ opposite of the crack. At this point the lower
bound from (ii) is too strong as it gives the injectivity without actually using the jump
condition [u]r,, > 0 of the competitor. Our idea to employ the jump conditions of uy and
Qg relies on considering the following estimate for x. € Ay \ A_ and y. € A_\ Ay with
Te — 20 € ey and y. — 29 € Toy:

[(3502) (22) — (8502) (9e)| > ((8:502) () — (-602) (32)) - v(20)
= (((1d +eiiy) o ve) (w2) — ((id +2-) 0 v2) (3e) ) - (20)
= (ze — ye) - v(20) + (Ua(xa) - us(ya)) v(20) + (a+ (Ua(xen —U- (Us(ya))) - v(20)

> (ue(we) — ue(ye)) - v(20) + <ﬁ+(v5(ﬂv5)) — U (Us(ya))> - v(20)-

Since, the deformation ve converges uniformly by Proposition 3.3, by continuity of @i+ the
second summand converges to [u]r., (z0). Hence, if the limit
|

(ue(we) — ue(ye)) - v(20) = (ug (20) — ug (20)) - v(20) = [uo]re, (20) (4.53)

held, we could ensure [ig]r,, > § > 0 by the forcing-apart ¢y from Proposition 2.17 as

mentioned in Conjecture 4.14 and obtain:

lim | (060 ) (<) — (0e6ve) (ye)| > [uolre, (20) + [@]re, (20) = [tolre, (20) > 8 > 0. (4.54)

e—0

Let us further investigate the hypothetical limit (4.53) by rewriting the pointwise expres-
sions as integrals using the Holder continuity of ue given by the coercivity (4.7¢):

1
Hu&HC'Y < ”uaHWLP < gcfy
Consider some mollifier p € C2°(B1(0),[0,00)) and for the half balls

Bf(z)={y € B.(z) | (y —z) -v(20) >0} and

B (x) = {y € B(z) | (y = ) - v(20) < 0}

define the rescaled and translated kernels
C 1
Pyt Y ﬁp(;(y - 95)),
as well as the restrictions
+
Prr = piUJ"B,EE(I)?
1—d

where the constant C' and the scaling by r are chosen such that for the surface integrals

independently of x and r we have

/i prr(y)dy = 1.
0B% (x)

Since in (4.53) we may make an error ofg and still get positivity in (4.54), we choose

5 1
o)

radii
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and rewrite the pointwise terms in (4.53) as surface integrals:
(ue(@e) — us(ye)) - v(20)

_ + _ — A
= (us(ws) /Z)B;E(mg)pxsme (y) dy us(xs) /SB;Z(yE)pyE’TS(y) dy) V(ZO)

25t s o P @) v [

ot (o) (Pye.re W)ue(y)) - v(z0) dy

Using the translation ue of u. given by

Ug: T > { ue(z — (ze — 20))  for (z — 20) - v(20) >0,
€ Ua(SU - (ya - Zo)) for (aj — ZO) . V(Zo) <0,

and doing the derivation from Theorem 4.10 with the divergence theorem and product rule

for the divergence backwards we arrive at:

(ue(xe) - u:—:(ys)) -v(20)

0

>4 /8 . (ae(y)pd . (v)) - v(20) dy — /8 i oy WP () - (20} dy

2
o + / div (2 pf ) (y)dy + / div (e py, ) (y)dy
92 Bﬁra (20) 20,7 B (20) 20,Te
)
T2
5
2

—— 4 / div (ﬂa on,rg) (y) dy
Bra (ZO)\FCT
=—-+ / Ue(y) Vpzor-(y) dy + div i (y) pzo.r- () dy
B’I‘E (ZO)\FCr

B'rg (ZO)\FCr

4]

=-5+ / Ue(Y) V2o (y) dy + div e (y) pag,r. (v) dy
Bi(z0)\I'cr Bi(20)\I'cy

In the case of space dimension d = 2 and under the additional assumption of strong
convergence
divue — divug strongly in L? (4.55)

I=d — =1 it converges to 0 in L

we could further investigate. By the scaling of ps, r. by T
and for d = 2 it is bounded in L2 to, thus Pzo,r. converges weakly to 0 in L2 and with (4.55)
the second integral vanishes in the limit. To treat the first integral observe, that Vp., r.
2 such that it weak-* converges in L'. In particular one can even

show Vg r. = +v(20)0,, on Bi(20), such that the version of the div-curl lemma cited

displays a scaling by r~

below in Theorem 4.16, which requires strong convergence of the divergence, would give
| ) Vi 1) dy > Tuol,
Bi(z0)\I'cr

and as desired (4.54) would follow with % on the right-hand side.
Unfortunately it seems there is no method available in evolutionary problems to improve

the weak convergence of div u. to strong convergence in L? as it does in stationary problems
(, e.g. see [MR15, p.149-150] or the so-called Visintin trick [Vis84]).

We will cite the following div-curl lemma from [BCDMO09]. It is a more rigorous version
of the classical div-curl lemma allowing integrability exponents not dual to each other.
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Theorem 4.16. Let Q be an open set of RY, d > 2. Consider two sequences vy, € L4(Q)?
and wy, € M(Q)¢, that satisfy the following conditions:

v, — v weakly in L4(Q)4,
wy, — w weakly-+ in M(Q)9,

log, — v|? = p weakly-+ in M(Q),
|wg, — w| — v weakly-+ in M(Q),

div vy, — dive strongly in LE(Q),
curl wy, — curlw weakly-+ in M(Q)%.

Then, up to a subsequence, there exist two sequences xj € ) and r; € R, such that

Vg W — VW + Z div(r;dy;) in D'(Q) (4.56)
j=1

where vy, - wy, is understood in the sense of [BCDMO09, Remark 4.2] and

. 1
Vi=1: | < ep({a;})av({z;})
with ¢ only depending on the dimension d.

Assuming Conjecture 4.14 in the following corollary we are able to prove the mutual

C“Con)

recovery sequence for 7}( with constraint using the mutual recovery sequence for TZ

without constraint constructed in Proposition 4.9.

Corollary 4.17 (Mutual recovery sequence with constraint). Assume Conjecture 4.14
and let t € [0,T], (ue, 2z:) = (uo, 20) weakly in Q with

sup EL@Con) (4, 2.) < o0

as well as (o, 20) € Q with (4, 2) = (tg, 20)—(uo, 20) € Cl‘fjﬁ(QCr,Rd) x C(Q,RY).
Then there exists a mutual recovery sequence (te,Z2:) — (o, 20) weakly in Q, i.e the
lim sup inequality on the transition cost holds:

lim sup ﬁ(aCO“)(t, Ue, Ze, Uey Ze) < To(t, uo, 20, o, 20)- (4.57)
e—0

Proof. From the boundedness sup SS(QCO“) (U, ze) =: F < oo by the lim inf inequality from

Corollary 4.11 we obtain Ey(ug, z0) < E < 0o, which also gives Gy (ug, z0) =: G < 0o. This
together with Dy > 0 gives To(t, uo, 20, G0, 20) > Go(tlo, 20) — G on the right-hand side of
(4.57), thus for Go(to, 20) = oo the inequality would be satisfied trivially and for the rest
of the proof we may assume Gy(ug, 20) < 0o, which in particular gives:

[['LLO]] Ter 2 0.

1
With this jump condition ensured, the Conjecture 4.14 provides a sequence @y 50 of
forcing-aparts as discussed above Conecture 4.14 as well as upper and lower extensions
G+ € C®(R? R?) of @ such that the crack-respecting compositions

Ok == (id + e(@ + ¢g))o(id + eue)  satisfy the e*°»-GMS condition
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for every & < &(aon, k). Defining now

1
kaﬁ = *(f)kﬁ — id) and
&
Ze 1=

. { 1(exp(ez)(I +e2)—1) on (.,

Ze otherwise,

the constraints in the transition costs in both the finite for ¢ < &(acon, k) as well as in the
linearized case are satisfied and we have the equalities:

TAOCon) (£ ug, 2o, e, ) = Tolt, e, 26, Gpe, 2)  and (4.58)

%(tv Uuo, 20, ﬁo + Pk, 20) = %(ta U, 20, 710 + Pk 20) (459)

Furthermore Proposition 4.9 shows that (4y, ., 2:) < (lip + Pk, 20) is @ mutual recovery for
the transition cost 7~:; without constraints and we arrive for each k at

hm sup 7;(01) (ta Ue, Ze, ak,sa 25) = hm sup %(t7 Ug, Ze, ﬁk,sv 26)
e—0 e—0

< To(t, uo, 20, G + P, 20) < To(t, w0, 20, o + Phs 20)- (4.60)

The asserted mutual recovery sequence (i, 2¢) < (lig, 29) we will now construct from
(Qg ¢, 22) by a diagonal sequence where we use the continuity of @ — 7~6(t, wo, 20, U, 20) and
separability of the dual space of U, i.e. there exists a sequence e, that is dense in U’.

For each fixed k& we can find ¢ > 0 such that for every € < €, we have on one hand by
above lim sup inequality (4.60)

1

ﬁ(a)(tvutﬂ Ze, ak,sa 26) S 2k + %(ta up, 20, ﬁf() + Pk, 20) (461)

and on the other hand by the weak convergence iy, . 20 1o + @y for every m < k

R X 1
[(ems e — (tio + ¢r))| < 5 (4.62)

1 ~
Furthermore by (4.59), the convergence ¢y, %, 0 and the continuity of & — To(t, ug, 20, U, 29)
for every k we find ¢, such that:

R - . 1 ..
To(t, uo, 20, Uo + ¢, 20) < o+ To(t, uo, 20, to, 20) for every £ > /. (4.63)

Then defining é(k) := minj<;{e;} and setting
U = U for é(k) >e>€é(k+1)

gives the desired mutual recovery sequence. The convergence i, — g weakly in U follows
1

from ¢y, %0 and (4.62) as for each fixed e, and 6 > 0 you may take ks such that

2% < g and ||ok|lm < %HGm”H—l for all k > ks, then for every ¢ < &(max{m,ks}), i.e.

E(l) > e > &(L+ 1) with some ¢ > max{m, ks }, we have

. A . N 1 )
(e, e = @0)] < [(em, fiee — (0 + 00)| + | (ems o] < o5+ 5 <.
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The limsup inequality follows combining (4.61) and (4.63) as for every § > 0 we may
take ks with 2k < %, then consider /i, and obtain that for e < é(max{ks,lk,}), i.e.
E(l) > e > (¢ + 1) with some ¢ > max{k;s, {y;} the following:

PR PN 1 N .
E(a)(tvué‘?z&‘auéazt’:‘) = 7;(a)<t7uévz€7u£,€7za) S ? + %(t7u07207u0 + @Z?ZO)

1 1
S ? + 276 + %(t7u07207ﬂ0720) S 5 + %(tau07205a0720)'

Taking the lim sup this gives

limsupﬁ(a)(t,us, Ze, Uy 2e) < 0 + To(t, ug, 20, to, 20)
e—0

and the assertion follows from § > 0 being arbitrary. O

4.5 Evolutionary Gamma-convergence

Before we come to the proof of evolutionary I'-convergence we note the following result that
specializes the a priori bounds from Proposition 3.3 to the case of an energetic solution.

Corollary 4.18. Let (ug,z:): [0,T] — Q be finite plasticity solutions with or without

constraints. There exists a constant Cgg > 0 such that:
vt € [0,T):  fue(t)lfn + 2=(8)|F2 + [leze(t) [~ + Dissp, (2;[0,1]) < Cps.  (4.64)

Proof. Let us first consider the case of (uc, z:) being an energetic solution of (Q, gl ,D.).
By Proposition 3.3, the energy balance (4.22) and the boundedness of the initial total
energy gé‘”(o, u?, 20) < G(® < 00, which is implied by the convergence in (4.19), we have:

lue () F + 1z (0)IF2 + lleze () [[Lee + Dissp. (zc; [0, ])
< (ce+1) (5’5 (us(t), 22(t)) + Ce + Dissp, (z; [0, t]))

= (ce + 1) (E=(uc(t), z(t)) + Ce

G0, 20) = Gt ua(t), 2 (0) — [ (), ult)))

0
< (e + 1) (E4 (ue(t), 20) = G (6, 0e(0), 22(0)) + G+ G — [0, )
< (e +1)(G + (00 uelt) + Ce) - [ (), et

< (ce + 1)(G + [16®) [ [lue ()| + Ce) + /O]t 16 ) -1 e (8) 2 A

< (2ce +2)(G + [[0(1) a1 (G + Ce) + Ce) + /Ot 10t a1 llue () | At (4.65)

In the case of (u,z:) being an energetic solution to (Q,Ge,D.) analogously by (4.20)

we have the boundedness G.(t,u?, 20) =: G < oo and obtain:

lue (8)[IF + |2 ()12 + lleze(t) L + Dissp, (23 [0,1])



4.5 Evolutionary Gamma-convergence | 87

< (ce + 1) (E-(u=(t), 2(1)) + Ce + Dissp, (223 [0,1)) )
= (ce + 1) (E(uelt), 2(8) = Gelt us(t), 2(1)) + Ce
+G0,00,20) — [0, uelt )
< (2 +2)(G + [[0(1) -1 (G + Ce) + Ce) + /Ot 12 g1 [luee () 72 At (4.66)
In both cases with G € {G(®), G} we thus have
e (OFn + 2 (D]IE2 + lleze () Lo + Dissp, (23 [0, ])
< (2ee +2) (G + LD lu-1(G + Ce) + Ce) + /Ot 12 g1 e () 2 A, (4.67)

such that to the end we argument for both cases simultaneously.

In particular, as every term on the left-hand side of (4.67) is nonnegative, the bound
holds on each summand separately. We want to use Gronwall Lemma to obtain a uniform
bound on ||uc(t)||g1, therefor we want to have equal powers on both sides. Thus we

introduce

F(#) == max{L, ||uc(t)|[F }
A(t) := max {1, (2ce +2)(G + |€()||a-1 (G + Cs) + Cg)} and
B(t) := [|6(t")|lu-1,

and by the estimate s < max{1, s2} above inequality (4.67) gives

t
OEPIORY GG
0
Recall assumption (4.17) by which we have on one hand by continuity a uniform bound
A(t) < Ax

on the other hand we have that ||{(t')||g-1 is integrable, which by non-negativity of B
gives a bound

/tB(t)dt < /OTB(t)dt <B. forallstel0,T).
Thus using the Groilwall Lemma provides us with the uniform bound
@l < 76) < A0+ [ AGIBG) exp ([ B)ar)ds
< Ay + Asexp(By)B, =: F.
Inserting this back into (4.67) finally gives the asserted bound

lue @)l + llze(OIIE2 + lleze(t) L + Dissp, (23 [0,]) < Ay + FuBx =: Cps.



88 | Chapter 4: 4 Evolutionary Gamma-convergence in Elastoplasticity

We now come to the evolutionary I'-convergence in the case without constraint. Using
the I'-lim inf inequalities on the stored energy & and dissipation D, from Proposition
3.6 (a) and Proposition 3.7 respectively as well as the mutual recovery sequence from
Proposition 4.9 the proof follows the abstract theory of RIS presented in [MR15]. Note that
this is a mere convergence result, in particular the existence of finite-plasticity solutions

is assumed.

Theorem 4.19 (Evolutionary I'-convergence). Assume (4.7), (4.9), (4.12), (4.17) and
(4.20). Let (ue,z:) be a finite-plasticity solution without constraint, i.e. an energetic
solution of (Q, QE,DE) with initial data (u?, 22).

Then there exists a subsequence of e, such that (us(t), ze(t)) = (uo(t), 20(t)) weakly in
Q for every t € [0,T], where (ug, 20) is a linearized-plasticity solution without constraint,

i.e. an energetic solution of (Q,Go, Do) with initial data (uf, z3).

Proof. We adapt the same splitting of the proof into five steps as suggested in [MR15]

as a general strategy for dealing with energetic solutions.

Step 1: A priori estimates. From Corollary 4.18 we have the estimate

vt €0, T]:  lue(®)lfn + l2e(D)E2 + lleze(t) |l + Dissp, (23 [0,]) < Cps.

Step 2: Selection of convergent subsequences. For the pointwise convergence of z.(t) we will

employ the generalized version of Helly’s Selection Principle [MRS08, Theorem A.1], whose
assumptions on D, include the triangle inequality (4.15), its definiteness, which follows
from (3.7b) and the lower-semicontinuity shown in Proposition 3.7. Since Step 1 gives the
uniform precompactness of z.(t) weakly in L? and the uniform bound on Dissp, (2, [0,])
we are thus provided functions zp: [0,7] — Z and 0: [0,7] — [0, 00], such that for a
non-relabled subsequence:

(a) Vt €[0,T]: §(t) = lime—o Dissp, (2, [0, t]);
(b) Vt € [0,T]: z-(t) — 20(t) weakly in L?;
(c) Vs,t €]0,T] with s < t: Dissp, (20, [s,t]) < (t) — d(s).

For the pointwise convergence of u. let t € [0,7] be fixed. By the a priori estimates
from step 1 there is a subsequence (again not relabled), such that wu.(t) — u, weakly in
H'. We will now show that u, is actually independent of the selection of a subsequence.
For that we use the transition cost 7~2 Consider a competitor of the form (dg,2y) =
(s, 20(t)) + (@, 2) € Q with (@,2) € C%(Qcr, RY) x C°(Q, R™?) and use the mutual
recovery sequence (1, 2.) — (1o, 20) from Proposition 4.9 to conclude from the stability
(4.21) of (ue, z2):

0 S hmsupﬁ(ta us(t))ze’f(t)vﬂ&?éa) S 7B(t7u>(<7Zo(t)/aO)?:(O)

e—0

for (tio, 20) — (s, 20(t)) € C%(Qer, RY) x CZ(Q, R).
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Since (4, 2) — 76(t u, 2,1, 2) is lower-semicontinuous and Cb*(ch,Rd) c HY(Q¢,, RY) is
dense (see Proposition 4.5) we actually have:

0 < To(t, us, 20(t), @0, 20)  for all (dig, %) € Q. (4.68)
Specializing to 2y = z¢(t) this gives
us € Argmin {u — Gol(t, u, 20(t)) }.

Note that by (2.2) and Korn inequality the minimizer uo(t) of Go(t, -, zo(t)) is unique, thus
we conclude that u. = uo(t) independently of the choice of subsequence and that the whole

sequence converges:

s (t) — ug(t) weakly in H! for every t € [0, 7). (4.69)

Step 3: Upper energy estimate. Consider an arbitrary partition 0 = ¢t; < ... < ty =t

and use the lim inf estimates on G. and D, from Proposition 3.6 (a) and Proposition 3.7
respectively as well as the energy balance (4.22) of (ue, z:):

N

Go(tyuo(t), 20(t)) + > Do (20(ti1), z0(t:))
i=1
N
< llggglf (QE (t, ue(t), ze(t)) + ;Da (ze(tiz1), za(ti))>
< hm mf (Q5 (t, ue(t), ze(t)) + Dissp, (ze, [0, t]))

= lim inf (G-(0, 2, 20) /0 ), ) r')
= 50(0,u8,28) - /Ot@(t'),uo(t’))dt'.

In the last step we used the assumption on the initial data (4.20) for the first summand
and dominated convergence for the second one, where pointwise convergence follows from
the weak convergence (4.69) and from Corollary 4.18 we have the dominating function
[(€(t"), uo(t'))| < Crs||f(t')|lg-1, which is integrable by (4.17). Since the partition t; was
arbitrary we may take the supremum and obtain the upper energy estimate:

Gol(t, uo(t), 20(t)) + Dissp, (20, [0,1]) < Go(0,ud, 29) — /0 t(é(t’), up(t')) dt’. (4.70)

Step 4: Stability of the limit. To conclude (ug(t), zo(t)) € So(t), apart from (4.68), which
was already shown and used in Step 2, we still need the finiteness of the total energy

Go (t,uo(t), z0(t)) < oo. We can obtain that from above upper energy balance using
Dissp, (20, [0,t]) > 0, the a priori bounds from step 1 and assumptions (4.17) on the
loading ¢ and (4.20) on the initial data:

~ ~ t
Go(t, uo(t), z0(t)) < [Go(0,48, 20)| +CES/O 16t g1 4’ < oc.
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Thus with (4.68) the stability follows:

(uo(t)zo(t)) € So(t) for all t € [0, T). (4.71)

Step 5: Lower energy estimate: The lower energy estimate can in turn be classically recov-

ered from stability. Since above stability (4.71) is already a statement in the linearized
setting ¢ = 0 the argument in the current step happens solely on that level and is thus
very easy. We use the abstract theorem [MR15, Proposition 2.1.23] whose assumptions
include

(a) the triangle inequality, definiteness and lower-semicontinuity weakly in Z x Z of Dy,
(b) the compactness of sublevels of (u, z) — Go(t,u, z) weakly in Q for each ¢ € [0, T],
(c) energetic control of the power 9,Go and

(d) the so called compatibility between Gy and D.

For (a) the triangle inequality of Dy follows from the convexity and 1-homogeneity (4.12a)
of R, the definiteness
DU(Zl, 22) =0 & 2z1=2

follows from (4.12b) and the weak lower-semicontinuity of Dy follows from the lower-
semicontinuity of the integrand Dg by the lower-semicontinuity tool Lemma 2.12 as Dg = R
is assumed to be convex in (4.12a).

The weak compactness (b) follows by H!xL2-boundedness from the coercivity
I(u, 2)[13 < e&olu, 2) < e(Golt,u, 2) + C),

which follows using (4.7c) and (4.7d) to obtain (2.2) and combining that with Korn in-
equality and assumption (4.9e). Concerning the power in fact we have

0,Go(t, u,z) = —(0(t),u),

such that together with above coercivity we obtain the energetic control of the power
required in (c)

[0:Go(t,u, 2)| < (€| llullr < [[000)] -1 ce(Eolu, 2)+Ce) < [[€(0)] 1 ¢(Golt, u, 2)+C),

where ¢ — HE(t)HH_l € LY(0,T) by (4.17). The compatibility required in (d) contains
two statements on stable sequences (tg,ug,zx) € [0,7] x Q, ie. (ug,zr) € So(tr) and
supy, go(tk,uk, zr) < oo. In particular by coercivity stable sequences satisfy for at least
a subsequence t; — t and (ug, zr) — (u,z) weakly in Q. This already gives the first
statement of the compatibility, namely the convergence of the power:

lim —(0(s), up) = —(0(s), u) = 8,Go(s, u, 2).

- k—o0

Vs € [0,T):  lim 8,Go(s, up, zi)
k—oo
The second statement is the stability of the limit:

(u,z) € So(t).
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On the one hand the finiteness gg(t, u,z) < oo follows from supy gg(tk,uk,zk) < oo by
lower semi-continuity. On the other hand for any competitor (4, 2) € Q we may insert
the sequence of competitiors (dix, 2;) := (4 + ur — u, 2 + 2z, — z) into the transition cost
7~6(tk, Uk, 2k, U, ) and from (ug, zx) € go(tk) via the quadratic trick in the limit we obtain:

0 < li]gninf%(tk,uk,zk,ak,ik) = %(t,u,z,ﬁ, 2)
—00

Thus [MR15, Proposition 2.1.23| provides us with the lower energy balance

Gol(t, uo(t), 20(t)) + Dissp, (20, [0,1]) < Go(0,ud, 29) — /0 t(é(t’), u(t))dt’,

and (ug, zo) is finally proven to be an energetic solution of (Q, Go, Dy). O

We now come to the proof of the evolutionary I'-convergence of (Q, Qg(ac‘m), Dy). Assum-
ing Conjecture 4.14 the proof of the following Theorem 4.20 resembles the one of above
Theorem 4.19 with the lim inf estimate from Proposition 3.6 (a) and the mutual recovery
sequence from Proposition 4.9 replaced by Corollary 4.11 and Corollary 4.17 respectively.

Theorem 4.20 (Evolutionary I'-convergence). Assume (4.7), (4.9), (4.12), (4.17) and
(4.19) and suppose Conjecture 4.14. Let (ue,z:) be a finite-plasticity solution with the
constraint of e*Con-GMS condition, i.e. an energetic solution of (Q, gé‘”c“),Dg) with initial
data (u?, 20).

Then (ug(t), ze(t)) — (uo(t), z0(t)) weakly in Q for every t € [0,T], where (ug,z0) is a
linearized-plasticity solution with constraint, i.e. an energetic solution of (Q,Go, Do) with
initial data (uf), 23).

Proof. As in the proof of Theorem 4.19 we use the splitting of the proof into five steps.

Step 1: A priori estimates. Again Corollary 4.18 provides the estimate

vt e [0,7]: ue(®)lfn + Iz (0)IIE> + [lez=(8) [l + Dissp, (2 [0, ]) < Cps.

Step 2: Selection of convergent subsequences. As (Q, gé"con),De) and (Q, Q~E,D6) share the
same dissipation functional we may use the identical argument using Helly’s Selection

Principle to obtain the pointwise convergence of the plastic variable
2:(t) — 2zo(t) weakly in L.

For the pointwise convergence of u. by the a priori estimates from Step 1 there is a
subsequence, such that u(t) — u, weakly in H!. As in Theorem 4.19 the transition cost
’72(%0“) is used to show that wu, is actually independent of the selection of a subsequence.
Owing to Conjecture 4.14 the mutual recovery sequence from Corollary 4.17 provides by

the stability (4.21) of (ue, 2¢):

0 < limsup 7;(0‘00“)(757%(75), 2e(t), Ge, 22) < To(t, us, 20(t), Go, 20)

e—0

for (tio, 20) — (us, 20(t)) € CF%(Qer, RY) x CZ°(Q, R,
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Since the local non-interpenetration constraint [u]n,, > 0 is convex, we still have the
linearized total energy Gy lower-semicontinuous and uniformly convex. Thus using the
identical argumentation as in the case without constraint by density we obtain

0 < To(t, ux, 20(t), G0, 20) for all (@, 20) € Q, (4.72)
from which u, turns out to be uniquely determined by
us € Argmin {u — Go(t, u, 20(t)) },
independently of the choice of subsequence. Thus the whole sequence converges:

ue(t) — up(t) weakly in H! for every t € [0, 7).

Step 3: Upper energy estimate. This step reads identical to Step 3 in Theorem 4.19 with

the liminf estimate on G. from Proposition 3.6 (a) replaced by the liminf estimate on
gl from Corollary 4.11.

Step 4: Stability of the limit. Apart from (4.72) the missing ingredient to conclude

(uo(t), 20(t)) € S5 (t)

is the finiteness of the total energy Go(t, uo(t), 20(t)) < oo. As in the case without con-
straints this follows from the upper energy balance using Dissp, (2o, [0, t]) > 0, the a priori
bounds from Step 1 as well as the assumptions on the loading (4.17) and on the initial
data (4.19):

t
Go(t: o (t) 20(8)) < |Go(0, . )] + Cis [ 1(E) st < oc.

Step 5: Lower energy estimate: Exactly as in the proof of Theorem 4.19 the lower energy

estimate is recovered from stability using the abstract theorem [MR15, Proposition 2.1.23],
for which the assumptions read:

(a) the triangle inequality, definiteness and lower-semicontinuity weakly in Z x Z of Dy,
(b) the compactness of sublevels of (u, z) — Go(t, u, z) weakly in Q for each t € [0, 7],
(c) energetic control of the power 9;Gy and

(d) the so called compatibility between Gy and Dy.

Since the dissipation Dy is the same as in the case without constraint the point (a) follows
identically as in the previous theorem. We get (b) by the a priori bounds from Step
1. The points (¢) and (d) in the current case with constraint both reduce to the case
without constraint because the involved displacements satisfy the constraint of local non-
interpenetration and can be thus shown identically as in above Theorem 4.19. For the

energetic control of the power

|0:Go(t,u, 2)| < A(t)(Go(t,u,z) + C)
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the constraint [u]r, > 0 may be assumed because it has to be proven for (t,u,z) €
Dom Gy = [0,T] x Dom Gy(0,,-). For the compatibility stable sequences (tx,ug,z;) €
[0,T] x Q are considered, i.e. (ug,zr) € So(tx) and supy, Go(tk, ugk, 2;) < oo. Not only does
the latter imply [ug]r.,, > 0 but for the weak limit u;, — w by convexity of the condition
[‘Ire, = 0 and continuity of the traces we also get [u]r, > 0. Hence the convergence of
the power and the finiteness of the total energy needed for the stability of the limit (u, 2)
follow identically as in the case without constraint. The nonnegativity of the transition

cost we see by noting

To(t,u, z,0,2) < To(t,u, 2,1, 2) for [u]r., > 0.

Thus [MR15, Proposition 2.1.23| provides us with the lower energy balance and (ug, 20)
is finally proven to be an energetic solution of (Q, Gy, D). O
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