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OPTIMAL CAPACITY OF A FIRM’S COMPUTER BACKUP CENTER

Hsing K. Cheng, School of Business Administration, The College of William and Mary,
Williamsburg, Virginia 23187-8795, Phone {804) 221-2879 Bitnet: hcheng@vmvm1

ABSTRACT

Due to great dependence on computers, today’s business firms
will suffer tremendous losses when their computer systems break
down. A recent report shows that computer downtime cost U.S.
business $4 biifion in 1991, primarily through lost productivity
and lost revenues. Having a computer backup center (the hot site)
immediately ready to take care of the information processing needs
is the best solution for those industries for which continuous
functioning of computers is critical. If a firm decides to install a
computer backup center, a critical concemn to the top management
is to determine the optimal capacity of the backup center that
minimizes the total cost to the {irm as a whole. This paper
develops analytical models and solutien procedure for finding the
optimal capacity of a firm’s computer backup center.

Keywords: Computer breakdowns, Computer backup center,
Optimal backup capacity.

INTRODUCTION

Due to great dependence on computers, today’s business firms
will suffer tremendous losses when their mainframe eomputer
systems break down. According to a 1978 study by the
University of Minnesota, the normal business activity of a typical
financial institution will decline to 87% with a cne-half day data
processing center failure. A ten-day computer cutage will entail a
97% loss of business activity. The same study shows that the
average maximum computer downtime allowed for all industries is
4.8 days (Aasgard, et al., 1978). Although the University of
Minnesota study is more than a decade old, it can be used as a
lower bound estimate for the cost of computer breakdowns in
today’s computing environment.

A recent report shows that computer downtime cost U.S. business
$4 billion in 1951, primarily through lost productivity and lost
revenues (Ballou, 1992). In the same report, mainframe
computers are found to break down nine times per year in the
average company. Computer downtime becomes even more of an
issue for those companies that depend heavily on computers. As
the vice president of an investment firm put it, “Downtime is one
of those things in the financial industry that just cannot be
tolerated.” {Ballou, 1992).

Among a number of alternatives available to manage the computer
downtime, having a computer backup center {the hot site)
immediately ready to take care of the information processing needs
is the best solution for those industries for which continuous
functioning of computers is critical (Data Management, 1980).
Banking is a typical example of an industry highly vulnerable to
the failures of computer systems, If a firm decides to install a
computer backup center, a eritical question to the top management
arises; what will be the optimal capacity of the backup center that
minimizes the total cost to the firm as a whole? The purpose of
this paper is to address this critical question. Analytical models
and solution procedure are developed for finding the optimal
capacity of a firm’s computer backup center.

Hot Slte Computer
(Capacity, M)

computer

compuler computer

computer

Figure 1. Schematic Diagram of the Computer Backup Center

THE MODEL

Assvme that a firm under consideration has N identical users’
computers to backup. The backup center, normally termed the hot
site, is installed with a computer which ean replace up to M

users’ computers af the same time. The schematic diagram of the
computer backup center is shown in Figure 1. The objective of the
firm is to determine the optimal capacity M* the minimizes the total
cost to the firm as a whole. The total costs include two
components: the total opportunity costs of lost computing time
even with a backup center, and the total capacity cost of the backup
center.

To model the breakdown behavior of users’ computers to be
backed up, the computer systems are formulated as a two-state
Markov chain with up (operational) and down states where the up
time parameter is A and down time parameter is . The N users’
computers are identical and independent in the sense that they have
the same up time and down time parameters but break down
independent of each other. Since the hot site computer conld also
break down, the up time and down time of the hot site computer
are assumed to be mutually independent and exponentially
distributed with parameters of 1 and ¥ respectively. The hot site
computer can be conceivably assumed to be more reliable than the
usezs’ computers. The service discipline of the hot site computer’
is First Come First Serve (FCFS).

The value of lost computing time to the i-th user is G;in dollars
perunit of time. Assume that the marginal capacity cost for the hot
site computer is a constant ¢ where the marginal capacity

Table 1 Summary of Notation

no. of user’s computers to backup
capacity of the computer backup center, the
hot site, in termms of the number of active
users allowed at the same time

the failure rate of the user’s computer
systems
the repair rate of the user's compuier
systems

the repair rate of the hot site computer

the failure rate of the hot site computer

- the expected time without replacement
service from the hot site when user’s
computer systems break down

£33 % ¥

¢ the marginal capacity cost for the hot site
computer

Gj: the value of lost computing time for the i-th
user
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cost equals the cost per unit of time to increase the hot site capacity
for replacing one-moreuser’s computer, The constant ¢ reflects
constant economies of scale of computing. Mendelson (1987}
shaws that the average cost per unit of capacity is constant,
suggesting that the use of constant marginal capacity cost is
appropriate. Let Whe the part of user’s computer down time for
which no replacement is available from the backup center either
because the hot site capacity has been exhausted by other users
already down or because the hot site computer is also down. The
notation used in this model is summarized in Table 1.

The dynamic interaction between individuals’ computers and the
hot site computer is very complicated. For instance, when 2 user’s
computer is down and needs replacement service from the hot site,
more than M other computers could have been down already.
Therefore; the request has to be placed on the queue. There are
two ways of leaving the queue: either the individual user’s
computer is repaired before it receives replacement service from
the hot site, or it finishes waiting and starts receiving replacement
service from the hot site. The hot site computer could also break
down when users are receiving replacement service. This
complicated queuing phenomenon has been analyzed in Freimer,
Sumita, and Cheng (1992). Given that the capacity of the hot site
is M, the expected time without replacement service when a user’s
computer is down, E[W|M], is readily available from Freimer,
Sumita, and Cheng (1992). It s repeated here as Theorem 2.1.

Theorem 2.1 (Expected time without replacement
service from the hot site)

N-1
(2.1) E[WIM]= 3 e =1 E[W,M]
where ' 2n0 :
ey (Y[
Arp)d+p
and ‘
(2.3 }
) H;MLI_+._M_ _Tl_ forM=n=N-1
1 IRICES :
BIW.[M] = (n‘; )u_ n+ "(’r mul

— forn <M.
Ay+mp ‘

‘The total cost to the organization as a whole consists of two
componénts; the first part being the total expected opportunity cost
of the lost computing time across all users, and the second being
the total capacity cost of the hot site computer. Let g{M) be the
total cost fiinction given that the capacity of the hot site is M. Then
- onehas - : :

ap | & .
24 g =[——| ¥ GEWM]+c M.
At pfis

It is noted that the first term is Equation (2.4} equals the total
expected costs of the lost computing time and the second term
denotes the total capacity cost of the hot site. . The total expected
costs of the lost computing time equals the breakdown rate of

L , multiplied by the expected costs per
A+p .

breakdown across all users. Both the total expected costs of the
lost computing time and the total capacity cost are measured in
dollars per unit of time. The following theorem shows that the
total cost function g(M) is a convex function of M.

users’ computers,

Theorem 2.2

The total .cost fuﬂction (M) is convex in the sense that A2g(M) >
0, where Ag(M) = g(M+1) = g(M).
Proof:

N
Dcﬂch=( A ) E Gy, Let E[Y[M] be the expected

At

i=1
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time the user receives the replacement service from the hot site
when the user’s computer is down. Since the sum of E[W|M] and
E[Y|M] equals the expected breakdown duration of the user’s
computer, .., EFTWIM] + E[Y|M] = Li1, one can rewrite g(M) as

(2.5) gM)=G. ﬁ—E[YlM])_ﬁ-c- M.

From Theorem 2.1 and after some algebra, one has

R

M-1
(2.6) ElYMI=L1 Y S 14y L eN-1 >3
REAL

Mn+1 B

n=

Substituting (2.6) into (2.5) leads to

2.7} g=G.

11 ¥ M-1 V N.-l 1 )
1 1 7 -t Y b e M.
LRy E‘,d‘ M3 ar1% }”M

=M

Define Ag(M) = g(M+1)— g(M). By noting the fact that

M M-1
2.8 -l= -1 1 -1
(2.8) nZue,’:' nzoes' +(M+I)(M+1)eﬁ,
one has
N-1
(2.9) Agpy=—gl.- Y I_entyg

‘u7+ﬂn=M“+l

Since the first term of (2.9} is an increasing function of M,
A2g(M) > 0 and the theorem follows.

Theotem 2.2 shows.that the tota] cost funcﬁon 2{M) is a discrete

* convex function of the hot site capacity M. Hence, there exists an

o;_)ti,_mgl capacity M~ such that the total cost to the firm is
minimized. A numerical example presented it the next section

demonstrates how to find the optimal capacity of the computer
backup center. . -

7 A NUMERICAL EXAMPLE
The actual optimal capacity M* depends on the specification of
parameters of A, i, y, 1, Gy’sand ¢, Suppose a firm has the
following computer configurafions.

1 = 1/240 (day 1)

Y =172 (day 1)
A = 1/180 (day-1).
i = 173 (day-1)

N = 80 users’ computers
¢ = 1.19 in thousands per day
1

N
z G;: total opportunity costs across all users
-are $450,000 per day.

In grder to determine the minimum total costs, g{M) is plotted
against the capacity of the hot site, M. The behavior of total costs,
g(M), is shown in Figure 2. As predicted by Theorem 2.2, g(M)
is a discrete convex function of M. From the figure, one knows
that the total cost is minimized when the hot site replaces two
users’ computers ai the same time, ie., M*=12, :
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Figure 2. The total cost function, a(M), vs. M

In fact, Figure 2 shows the trade-off between the iwo components
of the total costs. After a closer examination of Figure 2, one
finds that it is a straight line for M >> 3 portion of the graph and
the slope of the line equals 1.19. This implies that expanding the
hot site capacity all the way for M >> 3 will not reduce the total
expected costs of users’ lost computing time at all. The total
expected costs of users’ lost computing time reaches the
asymptotic value and the increase in total cost function g(M} is
solely due to the marginal capacity cost of the hot site computer for
the range M >> 3. This fact can be verified when E[WIM] is

plotted against M in Figure 3.

.0 T T T
o 5 10 15 20
M, the Capaclty of the Backup Center

Figure 3. The time without replacement, E[W|M], vs. M

EXTENSION OF THE MODEL TO
AETEROGENEOUS COMPUTERS

In the previous sections, all users’ computers are assumed to be
identical in that they have the same reliability parameters, A’s and
p’s. The model in Section 2 would be more useful if it can be
extended to deal with the case where users’ computers are
heterogeneous in terms of different reliability parameters. The
purpose of this section Is to extend the previous model to allow
users’ computers to have different uptime and downtime
parameters, thereby incorporating the previous model as a special
case.

Assume that a firm under consideration wants to install a computer
backup cenler to backup N different users’ computers. Let S be
the set of indices of all users” computers and S = {1, 2, ..., N}
The i-th user’s computer is formulated as a two-state Markov chain
with the uptime patameter A;and down time parameter ji; 1€ S.
The A;and 1; can be different from ) ;and L; when f# j. The
failures and repairs of users’ computers are independent of each
other and of the hot site computer. ‘The up time and down time of
the hot site computer are assumed as before to be mutually
independent and exponentially distributed with parameters of 5
and ¥ respectively. The hot site computer can replace M users’
computers at the same time. The fitm wants to find the optimal
capacity M* of the hot site so that the total costs are minimized.
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Since users’ computers have different uptime and downtime
parameters, the expected time without replacement service from the
hot sile is no longer the same for every user. The expected time
without replacement service has 1o be determined from each user’s
standpoint. Let k be the index of the computer under
consideration, k e S, and define E[Wk[M] as the expected time
without replacement service for the k-th user given that the hot
site’s capacity is M.

As a first step in determining E[WX|M], we analyze a Markov
chain describing the k-th user in the queue waiting for replacement
service when the number of other vsers’ computers already down
is more than the hot site can handle. Again, the k-th user leaves
the queue either he obtains access 1o the hot site or his computer is
repaired. Hence, we consider a Markov chain N(t) onN = GUB,
where G = {n: M < n=< N-1} and B = {s, s3]. The Markov
chain N(t) has two absorbing staies, s; for replacement and s, for
repair. The interpretation of the Markov chain N{(t) is that when
the k-th user’s computer fails at time t=0, N(t) = n means he is still
waiting for the replacement service and there are n other users
ahead of him in the queue.

Let T],fB be the first passage time of N(t} from n € G to the set B,
and let TE be the absorbing state reached. That is,

(4.1) TG = inf{t: N(t) € B given that N(0)=n & G}

and
{(4.2) DK =N(x) given N(0)=n e G.

Hence, E[Tln‘g]_equ.als the expected time spent in the queue for the
k-th user waiting for replacement service from the hot site and
P{DE = 5;} is the probability to receiving replacement service
when the waiting in the queue ends.

Define 5, as the set of the indices of all other computers that are
already down. Hence [Sy|=nandke S,. LetS ;=5 \{i )},
where i, € S; Sy, 2= 8, Mi_y), where i€ S,_y; ...;and
Sn = Sp+1 Minte1), where ipg4; € Spp4q- It is clear that the set
G can be partitioned as '

n
(4.3) G= 1 G;j
i=M
where
(4.4) Gj={<g;,>lg,~0orL,ine Sy,and > g =j},
and <g; > is an n-dimension vector. "
Then, one has the following theorems.

Theorem 4.1 (Expected time to absorption)

E{Tﬁu] =

1 . ty | + Moy |
pk+Zln B, ;.s“puZu-., et 2 p, E. et 2. Jk...[l-lk* > ua,,+
.

i et € 5n e
&5, eS, €5, € 5

L

e &a

+ Hiy. 1 + Mgt 1 \
e Mkt z gy, | Fie + Z Wiy e Hx ¥ z My Mg + z Hiyy

E Suz 1hs2 i £ S ipaes la
€ By € Su & Sua €5u

Proof?

When n = M, the expected time to absorption of the chain N(t)
equals the inverse of py + z 115, and the theorem holds true,

e Sy
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Suppose the theorem holds true for the case n > M. Then,

E{T‘,‘M.B],consisls of two components. The first is the expected

time of the chain N(t) to make the first transition, which equals the

inverse of j + Z Wi,,- Sinée the expected time to absorption
fe 185001 . )

from state s, is zero, the second component of E{T‘;,, L B] equals the

sum of the probability of reaching a state in G, multiplied by the

expected time to absorption from that state. That is,

@5) i, l=—L 5 B gpe)
E{_ ﬂ."'l,B] i+ Z ul.pl C i P-k + z Mgy Ei n'B]

T T L b
. €8 & Som

The mathematical induction proceeds and the theorem follows.
Theorem 4.2 7
o IR
P{Dﬁ: 5[} = Z u‘n M..[ . Z p‘im E SIJ
LD Ev P e vy s voe v
W

es, i €5 b1 € St it

€% ’ €5 . & St ES

Proof: The theorem is easily seen from mathematical induction.

The expected time without replacement given that there are n other

computers already down, E[W¥|MI, consists of two patts. The
first part is the expected time, if any, spent in the queue as
described in Theorein 4.1. The second part is the expected
cumulative down time of the hot site computer while the k-th user

is receiving replacement service, which equals from the

. . )
analysis in Freimer, Sumita, and Cheng (1992). The following
theorem is thus immniediate: :

: Thc.orem 4.3

IHT = n_.
EanB]*'P‘Iﬁ SIJ__(Y+71)UK M.Sn.sN—l,

(4.6} Hwin] -

M.
Ty +m) e n=

To complete the specification of the expected time without
reéplacement service for the k-th user, let S be the set of the indices
of all users’” computers and define the generating function K(z) as
in the following : . B '

4.7 K@= [T @z+u)

ie8\(k}
where d; = A and n;= K
Ay Aty

Thén_ K(2) tan be rearranged as
N-l

“8) K2)= 5 pan
n=0

where p;, equals the ergodic probability that a other computers are
down. o ' ‘ o '

Let I; be an indicator fanction, where j & S\{k}, and define

L6 =1,
.9) o) w iff=0.
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Then, one sees that

> H p(L)

Y k=n.j=S\(k)

(4.10) p, =

The expected time without replacement service for the k-th
user, EfWKM], is thus derived as

N-1
@i EwWRMI= S Y [([] ptw) ErwaMI],

n=0 F §=nje Sk

where the E[WX[M] in (4.11) is computed according to Theorem
4.3, and the corresponding S;’s in Theorems 4.1 and 4.2 are the

set of indices j where j& Syand I; =1.

Hence, the total cost function g(M) is si:eciﬁcd by the following
equation : ' ’

. N -
@12)  gm- Y (M—)E[wﬂw ‘oM,
Lo k=1 \Ag+ i

where Gy is the opportunity cost of lost computing time for the k-
th user in dollars per unit of time. The first term in Equation
(4.12) amounts to the total opportunity costs of Tost computing
time summed across all users and the second term equals the total
capacity cost of the hot site, One cannot derive a theorem showing
the convexity of (M) as in Theorem 2.2 for identical users case
because of the very complicated form of g(M) in (4.12). The
behavior of g{M) will be explored numerically in the next section.

Numerical Exploration of the Heterogeneous
Computers Model

The computation complexity of the total cost function g{M) for the
heterogeneocus computers case is enormous. It is first noted that
the comple}dyy of evaluating the expected time without replacement
service for the k-th user, E[WkM], in Equation (4.11) is of order

O(2¥9). When the number of other computers already down is 1,

one has to consider all C! possible combinations of the
breakdown patterns of other computers and calculate the
(I_l P(Ij)) E[WEIM] accordingly. Therefore, the complexity of the
algorithm for evaluating Equation (4.11) is of order
O(Cg'ﬂLl + C1N'1 ...+ C‘N'Il) = O(2¥-0),” Thus, the compttation
complexity for finding the total cost fanction g(M} is of order O(V

240,

1t is impractical to ¢alculate the total cast fanction g(M) in Equation
(4.12) for large N because of the combinatorial explosion-of the
complexity. However, the behavior of g(M) is explored through
the following numerical example. Assunme that the firm wants to

" install a computer backup center to backup seven departmental

computers. The physical parameters of the hot site computer is
still the same as the ones used in Section 3, i.e., 1 = 1/240 {day~!)

and v = 1/2 (day~1). The physical parameters of the departmental
computers and opportunity cost of the lost computing time for each

" department are shown in Table 2.
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Table 2. Physical parameters of the deparimental

computers
Department k | A (day-1) | uy (day 1) | Gy($1,000/day)
1 1/60 1/1.8 220
2 1/80 /2.0 240
3 1/100 1/2.2 260
4 1/129 /2.4 280
5 1/140 1/2.6 300
6 1/160 1/2.8 320
7 1/180 1/3.0 240

The fimm’s objective is to find the optimal capacity for the hot site
such that the total costs are minimized. Figure 4 shows the graph
of g(M) as a function of M, the hot site capacity. Once again, the
convexily of the total cost function is ebserved and the optimal
backup capacity equals two. The tail of the graph still shows a
straight line with the slope equal to 1.19, the marginal capacity
cost of the hot site. The trade-off between the total capacity cost
and the total opportunity costs of the lost computing time across all
departments is still evident by observing the behavior of E[WKM]
as shown in Figure 5.

20
15 4
moT
vy
Wz
O8 p-
I
122:
5]
0+t ——ri
0 M+ 5 10 15

M, the capacity of the hot site

Figure 4. Total cost functien (heterogeneous
computers) vs. Hot Site Capacity, M

020

0.15

Erw ¥ M
[days]

0.1¢4

0.05 1

ot +——m———

M, the capacity of the hot site

Figure 5. E[WX|M] vs. M graph
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