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A Mode-Sum Prescription for Vacuum Polarization in Odd Dimensions

Peter Taylor∗

Center for Radiophysics and Space Research,
Cornell University, Ithaca, NY 14853, USA

and
School of Mathematical Sciences,
University College Dublin, UCD,

Belfield, Dublin 4, Ireland

Cormac Breen†

School of Mathematical Sciences, Dublin Institute of Technology, Kevin Street, Dublin 8, Ireland
(Dated: October 17, 2016)

We present a new mode-sum regularization prescription for computing the vacuum polarization
of a scalar field in static spherically-symmetric black hole spacetimes in odd dimensions. This is
the first general and systematic approach to regularized vacuum polarization in higher dimensions.
Remarkably, the regularization parameters can be computed in closed form in arbitrary dimensions
and for arbitrary metric function f(r). In fact, we show that inspite the increasing severity and
number of the divergences to be regularized, the method presented is mostly agnostic to the number
of dimensions. Finally, as an explicit example of our method, we show plots for vacuum polarization
in the Schwarzschild-Tangherlini spacetime for odd d = 5, ..., 11.

I. INTRODUCTION

Quantum gravity remains one of the most important
outstanding problems in physics. Abesent a full theory,
one must rely on approximations. One particularly im-
portant approximation is semi-classical gravity, which is
the treatment of quantum fields interacting with a classi-
cal spacetime metric via the semi-classical Einstein equa-
tions

Gab = 8π〈Tab〉. (1)

The source term in these equations is the expectation
value of the stress-tensor of the quantum fields being con-
sidered.

Solving the semi-classical Einstein equations is notori-
ously difficult. The first major obstacle one encounters is
that the source term is in fact divergent, being quadratic
in an operator-valued distribution. A formal prescription
to regularize the stress-energy tensor–the point-splitting
scheme–dates back to DeWitt and Christensen [1, 2].
Effectively, the prescription amounts to considering the
stress-tensor evaluated at two nearby spacetime points
and then subtracting a parametrix that encodes all the
geometrical divergences in the coincident limit. Applying
the point-splitting scheme in a way that is amenable to
numerical evaluation still remained a challenge, the first
work in this direction was the seminal work of Candelas
and Howard [3]. Notwithstanding the ingenuity of their
method, this approach has some serious drawbacks, in-
cluding its crucial dependence on WKB methods–which
are problematic in the Lorentzian sector–and its lack of

∗ peter.taylor@ucd.ie
† cormac.breen@dit.ie

numerical efficiency. It has also proved difficult to gener-
alize to spacetimes that are not highly symmetric. Nev-
ertheless, the Candelas-Howard approach has remained
more or less the standard prescription for several decades.

Departures from the Candelas-Howard method are
sparse in the literature. We mention a couple of ex-
amples. Ottewill and Taylor [4] devised a regulariza-
tion scheme on the Schwarzschild spacetime threaded
by a cosmic string. The method involves generating a
mode-sum expression for the Hadamard parametrix by
a clever matching to the flat spacetime Green function.
A more recent endeavour by Levi and Ori [5] has re-
sulted in methods that seem to be applicable to more
general spacetimes with relaxed symmetry assumptions,
though results have only been reported for static, spher-
ically symmetric cases. Here we present a new system-
atic scheme for higher dimensions. We restrict our atten-
tion to vacuum polarization for a scalar field on static,
spherically-symmetric black hole spacetimes in arbitrary
odd dimensions. We present the even-dimensional case
in a separate article [6]; it is more complicated because of
the presence of log terms in the singular two-point func-
tion. We note also that the methods developed in this
series of papers should readily extend to the more techni-
cally challenging computation of the renormalised stress
energy tensor.

While the renormalised vacuum polarization has been
computed for a variety of black hole spacetimes in four
dimensions, see for example [3, 4, 7–14], there has been
comparatively little work carried out in higher dimen-
sional black hole spacetimes. Some general properties
of the renormalised stress energy tensor in higher di-
mensions are derived in [15] while Decanini and Folacci
[16] developed a formalism for its computation based
on Hadamard renormalization. Another general formal-
ism for computing the renormalised vacuum polariza-
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tion in higher dimensional spacetimes based on DeWitt-
Schwinger renormalization was developed in [17]. Large
mass approximations based on the DeWitt-Schwinger ex-
pansion have also been computed and used to study
back-reaction effects in higher-dimensional black hole
spacetimes [18, 19]. For exact renormalized quantities,
Ref. [20] presents the renormalized vacuum polarization
on the event horizon of a five-dimensional Schwarzschild-
Tangherlini black hole. Very recently, Flachi et al.
[21] have presented a numerical calculation of the vac-
uum polarization on the exterior of the five-dimensional
Schwarzschild-Tangherlini spacetime, the calculation is
based on the Candelas-Howard method which is cumber-
some and inefficient to generalize to higher dimensions.
As far as we are aware, the only other computations of
the renormalised vacuum polarization in the exterior re-
gion of higher-dimensional black holes is in the context of
braneworld models where one considers quantum effects
on the four-dimensional brane of a higher-dimensional
bulk spacetime (see, e.g., [22, 23]).

Our approach is in a sense the most natural and direct
approach to the problem: a full multipole and Fourier
decomposition of the Hadamard parametrix. For a ju-
dicious choice of separation variables in which to ex-
pand the Hadamard parametrix, the coefficients in this
decomposition–which we call regularization parameters–
can be computed once-and-for-all in arbitrary dimen-
sions, providing an out-of-the-box solution for regular-
ization in static, spherically-symmetric spacetimes. This
results in a complete mode-by-mode sum for the regular-
ized vacuum polarization. Moreover, the regularization
parameters to any desired order–corresponding to any
order in the Hadamard parametrix–can be computed.
This is extremely useful since inclusion of higher order
terms in the parametrix speeds the convergence of what
is typically a very slowly convergent mode-sum. Here,
we include all terms up O(ε) in our decomposition of the
singular parametrix, where ε sclaes like the distance be-
tween two nearby points. So efficient is the resultant
mode-sum, that its numerical evaluaton is completely
straight-forward, requiring only a few tens of modes to
attain accuracies of approximately ten decimal places.
We demonstrate the utility and efficiency of the method
by giving explicit plots for vacuum polarization in the
Schwarzschild-Tangherlini spacetime for odd dimensions
between d = 5, ..., 11.

II. THE EUCLIDEAN GREEN FUNCTION

We consider a quantum scalar field on a static, spher-
ically symmetric black hole spacetime of the form

ds2 = −f(r)dt2 + dr2/f(r) + r2dΩ2
d−2, (2)

where dΩ2
d−2 is the metric on Sd−2. Assuming the field is

in a Hartle-Hawking state, we can adopt Euclidean tech-
niques to simplify the problem. In particular, performing

a Wick rotation t→ −i τ results in the Euclidean metric

ds2 = f(r)dτ2 + dr2/f(r) + r2dΩ2
d−2. (3)

It can be shown that this metric would possess a conical
singularity unless we enforce the periodicity τ = τ +
2π/κ where κ is the surface gravity. This discretizes the
frequency spectrum of the field modes which now satisfy
an elliptic wave equation

(�E −m2 − ξ R)φ = 0, (4)

where �E is the d’Alembertian operator with respect to
the Euclidean metric, m is the scalar field mass and ξ is
the constant that couples the scalar to the gravitational
field. The corresponding Euclidean Green function has
the following mode-sum representation

G(x, x′) =
κ

2π

∞∑
n=−∞

einκ∆τ
∞∑
l=0

(l + µ)

µΩd−2
Cµl (cos γ)gnl(r, r

′)

(5)

where µ = (d−3)/2 and Ωd−2 = 2πµ+1/Γ(µ+1), Cµl (x) is
the Gegenbauer polynomial and γ is the geodesic distance
on the (d−2)-sphere. The radial Green function satisfies[

d

dr

(
rd−2f(r)

d

dr

)
− rd−2

(n2κ2

f(r)
+m2 + ξ R(r)

)
−rd−4l(l + d− 3)

]
gnl(r, r

′) = −δ(r − r′). (6)

The solution can be expressed as a normalized product
of homogeneous solutions

gnl(r, r
′) = Nnl pnl(r<)qnl(r>), (7)

where pnl(r) and qnl(r) are homogeneous solutions which
are regular on the horizon and the outer boundary (usu-
ally spatial infinity), respectively. We have adopted the
notation r< ≡ min{r, r′}, r> ≡ max{r, r′}. The normal-
ization constant is given by

NnlW{pnl(r), qnl(r)} = − 1

rd−2f(r)
, (8)

where W{p, q} denotes the Wronskian of the two solu-
tions.

III. THE SINGULAR PROPAGATOR

The point-splitting approach to computing the vac-
uum polarization in the Hartle-Hawking state involves
taking the coincidence limit of the regularized Euclidean
Green function. The Green function is regularized by
subtracting an appropriate parametrix. The prescription
is known to be ambiguous [24], and different singular
parametrices will lead to different expressions for the vac-
uum polarization. However, provided the parametrix is
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symmetric and depends only on the local geometry, then
the difference between two regularization prescriptions
is a regular scalar that depends only on the metric and
its derivatives. Moreover, this ambiguity is degenerate
with ambiguities in the renormalizations of coefficients
of higher curvature terms in the semi-classical Einstein
equations. This guarantees that the semi-classical equa-
tions are invariant under the choice of regularization pre-
scription.

Here, we adopt the Hadamard regularization prescrip-
tion (see, e.g., [16]), i.e., we define our singular propaga-
tor to be a Hadamard parametrix. In odd dimensions,
we choose

GS(x, x′) =
Γ(d2 − 1)

2(2π)d/2
U(x, x′)

σ(x, x′)
d
2−1

. (9)

The biscalar σ(x, x′) is the world function with respect
to the Euclideanized metric. The biscalar U(x, x′) is
smooth and symmetric in its arguments. For a scalar
field, U(x, x′) satisfies the wave equation

σ(�−m2 − ξ R)U = (d− 2)σa∇aU
− (d− 2)U ∆−1/2σa∇a∆1/2, (10)

where σa ≡ ∇aσ and ∆(x, x′) is the Van Vleck Morrette
determinant. Assuming the Hadamard ansatz for a series
solution

U(x, x′) =

∞∑
p=0

Up(x, x
′)σp, (11)

it can be shown that each coefficient Up(x, x
′) satisfies

(p+ 1)(2p+ 4− d)Up+1 + (2p+ 4− d)σa∇aUp+1

− (2p+ 4− d)Up∆
−1/2σa∇a∆1/2

+ (�−m2 − ξ R)Up = 0, (12)

with boundary condition U0 = ∆1/2.
The world function possesses a standard coordi-

nate expansion which to lowest order is simply σ =
1
2gab∆x

a∆xb + O(∆x3). In our first departure from the
standard approach, we shall eschew the usual coordinate
expansions and instead assume an expansion of the form

σ =
∑
ijk

σijk(r)wi∆rjsk (13)

where

w2 =
2

κ2
(1− cosκ∆τ), s2 = f(r)w2 + 2r2(1− cos γ).

(14)

We will formally treat w and s as O(ε) ∼ O(∆x) quan-
tities. Substituting this into the defining equation for
σ and equating order by order uniquely determines the
coefficients σijk(r). To leading order, we simply have

σ = 1
2 (s2 + ∆r2/f) + O(ε3). An analogous expansion

may be assumed for Up(x, x
′),

Up(x, x
′) =

∑
ijk

u
(p)
ijk(r)wi∆rjsk, (15)

and substituting this into (12) determines the coefficients

u
(p)
ijk(r).

Combining (13) and (15) gives a series expansion for
the Hadamard parametrix in terms of the expansion pa-
rameters w, s and ∆r. This type of computation is
ideally suited to a symbolic computer package such as
Mathematica. Since we are ultimately interested in the
coincidence limit, let us simplify by taking the partial
coincidence limit ∆r = 0, then it can be shown that
U/σd/2−1 possesses an expansion of the form

U

σ
d
2−1

=

µ+m∑
i=0

i∑
j=−i

Dij(r)ε2i−2µ−1 w2i+2j

s2µ+2j+1
+ O(ε2m+1).

(16)

The coefficients Dij(r) for the d = 5 Schwarzschild-
Tangherlini spacetime is given in Table I. For higher odd
dimensions, the expressions are too large to be useful in
print-form, however, a Mathematica Notebook contain-
ing the expressions is available online [25]. We could
truncate this sum at i = µ since higher-order terms van-
ish in the coincidence limit. However, it will be useful
later to keep terms at least up to O(ε), the higher-order
terms will speed the convergence of the mode-sum ex-
pression for the regularized Green function. Let us take
m = 1 and separate out the negative j terms to get

U

σ
d
2−1

=

µ+1∑
i=0

i∑
j=0

Dij(r) ε2i−2µ−1 w2i+2j

s2µ+2j+1

+

µ+1∑
i=1

i∑
j=1

Di,−j(r) ε2i−2µ−1 w2i−2j

s2µ−2j+1

+ O(ε3). (17)

This is our second major departure from the usual treat-
ment; we have point-split in multiple directions. It seems
natural to avail of our freedom to point-split in any di-
rection to choose a splitting only in one direction, and
choosing that direction to be along a Killing vector seems
to greatly simplify the expressions for the parametrix.
However, employing this freedom too early is actually a
hindrance since what is actually needed is a mode-sum
expression for the parametrix, not a closed-form expres-
sion. A mode-sum expression is most naturally obtained
by a simultaneous Fourier and multipole decomposition
of the parametrix, which requires splitting in both the
temporal and angular directions. The mode-sum decom-
position is explicitly derived in the next section.
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IV. MODE-SUM REPRESENTATION OF THE
HADAMARD PARAMETRIX

We wish to decompose the terms of the form
w2i±2j/s2µ±2j+1 in terms of Fourier frequency modes and
multipole moments. If this can be achieved then a mode-
by-mode subtraction for the regularized Green function
is feasible. Start by writing

w2i±2j

s2µ±2j+1
=

∞∑
n=−∞

einκ∆τ
∞∑
l=0

(2l + 2µ)Cµl (cos γ)

×
[d]

Ψnl(i,±j|r). (18)

The task is to determine the regularization parameters
[d]

Ψnl(i,±j|r). With x = cos γ, multiplying both sides by

e−in
′∆τ (1− x2)µ−

1
2Cµl′ (x) and integrating gives

[d]

Ψnl(i,±j|r) =
κ

(2π)2

22µ−1Γ(µ)2l!

Γ(l + 2µ)

∫ 2π/κ

0

∫ 1

−1

w2i±2j

s2µ±2j+1

× e−inκ∆τ (1− x2)µ−
1
2Cµl (x) dx d∆τ,

(19)

where we have used the completeness relations∫ 2π/κ

0

e−i(n−n
′)∆τd∆τ =

2π

κ
δnn′ ,∫ 1

−1

(1− x2)µ−
1
2Cµl (x)Cµl′ (x) dx =

21−2µπ Γ(n+ 2µ)

(l + µ) l! Γ(µ)2
δll′ .

(20)

We perform the x integration above by employing the
identity [26]∫ 1

−1

(1− x2)µ−1/2Cµl (x)

(z − x)µ±j+1/2
dx

=
(−1)j

√
πΓ(l + 2µ)(z2 − 1)∓j/2

2µ−3/2l!Γ(µ)Γ(µ± j + 1/2)
Q±jl+µ−1/2(z), (21)

to obtain

[d]

Ψnl(i,±j|r) =
κ

(2π)2

2i
√
π(−1)jΓ(µ)

κ2i±2jr2µ±2j+1Γ(µ+ 1
2 ± j)

×
∫ 2π/κ

0

(1− cosκt)i±je−inκt(z2 − 1)∓j/2Q±j
l+µ− 1

2

(z)dt,

(22)

with

z = 1 +
f2

κ2r2
(1− cosκt). (23)

We note that in odd d > 3, the parameter µ = (d− 3)/2
is always a positive integer. In particular, we note that

since l+µ±j−1/2 is not a negative integer, the associated
Legendre function of the second kind appearing in the
integral representation of the regularization parameters
above is always well-defined.

We will compute the
[d]

Ψnl(i, j|r) terms first. Using the
fact that

(z2 − 1)−j/2Qjν(z) =
(−1)j

2j(1− cosκt)j

(1

η

∂

∂η

)j
Qν(z),

(24)

where

η ≡
√

1 +
f(r)

κ2r2
, (25)

we arrive at

[d]

Ψnl(i, j|r) =
κ

(2π)2

2i−j
√
πΓ(µ)

κ2i±2jr2µ+2j+1Γ(µ+ 1
2 + j)

×
(

1

η

∂

∂η

)j ∫ 2π/κ

0

(1− cosκt)ie−inκtQl+µ− 1
2
(z)dt.

(26)

In order to perform the integral we must factor out the
time dependence from the Legendre function, which may
be achieved by employing the addition theorem [27],

Qν(z) = Pν(η)Qν(η) + 2

∞∑
p=1

(−1)pP−pν (η)Qpν(η) cos p κt,

(27)

whence the time integral reduces to

∫ 2π/κ

0

(1− cosκt)ie−inκt cos pκt dt =

√
π

κ

[
2ii!Γ

(
i+ 1

2

)
(−1)n−p

(i+ p− n)!(i− p+ n)!
+

2ii!Γ
(
i+ 1

2

)
(−1)p+n

(i− p− n)!(i+ p+ n)!

]
.

(28)

The factorials in the denominator imply that that there
is a finite number of integer p for which the integral is
nonzero. In particular, the first term on the right-hand
side of (28) is nonzero only for |p−n| ≤ i while the second
term is nonzero for |p + n| ≤ i. The range is further re-
stricted in our case since p ≥ 1 and hence the sets of inte-
gers p for which the first and second terms are nonzero are
p ∈ {max(1, n− i), n+ i} and p ∈ {max(1,−n− i), i−n},
respectively. An equivalent expression for (28) in terms
of a sum of Kronecker deltas is easily derived. Putting
these together, we obtain



5

[d]

Ψnl(i, j|r) =
22i−j−1(−1)ni! Γ(i+ 1

2 )Γ(µ)

πκ2i+2jr2µ+2j+1Γ(j + µ+ 1
2 )

(
1

η

d

dη

)j {Pl+µ− 1
2
(η)Ql+µ− 1

2
(η)

(i− n)!(i+ n)!

+

i+n∑
p=max{1,n−i}

P−p
l+µ− 1

2

(η)Qp
l+µ− 1

2

(η)

(i+ p− n)!(i− p+ n)!
+

i−n∑
p=max{1,−n−i}

P−p
l+µ− 1

2

(η)Qp
l+µ− 1

2

(η)

(i+ p+ n)!(i− p− n)!

}
. (29)

To derive the
[d]

Ψnl(i,−j|r) terms, we make use of the following result (this result may be new, we did not find it in
any of the standard references on Legendre functions; it is straightforward to prove by induction)

(z2 − 1)j/2Q−jν (z) =

j∑
k=0

(−1)k

2j+1

(
j

k

)
(2ν + 2j − 4k + 1)∏j
q=0(ν − k + 1

2 + q)
Qν+j−2k(z). (30)

When ν−k+ 1
2 > 0, we can simplify by replacing the product with its Pocchammer representation

∏j
q=0(ν−k+ 1

2 +q) =

(ν − k + 1
2 )j+1. Employing this identity in (22) gives

[d]

Ψnl(i,−j|r) =
κ

(2π)2

2i−j
√
π(−1)jΓ(µ)

κ2i−2jr2µ−2j+1Γ(µ+ 1
2 − j)

j∑
k=0

(−1)k
(
j

k

)
(l + µ+ j − 2k)∏j
p=0(l + µ+ p− k)

×
∫ 2π/κ

0

(1− cosκt)i−je−inκtQl+µ− 1
2 +j−2k(z)dt. (31)

We now proceed as above: we apply the addition theorem (27) to isolate the time-dependence, and integrate using
(28). The result is

[d]

Ψnl(i,−j|r) =
22i−2j−1(−1)n+j(i− j)!Γ(i− j + 1

2 )Γ(µ)

πκ2i−2jr2µ−2j+1Γ(µ+ 1
2 − j)

j∑
k=0

(−1)k
(
j

k

)
(l + µ+ j − 2k)∏j
q=0(l + µ+ q − k)

×
{
Pl+µ− 1

2 +j−2k(η)Ql+µ− 1
2 +j−2k(η)

(i− j − n)!(i− j + n)!
+

i−j+n∑
p=max{1,n−i+j}

P−p
l+µ− 1

2 +j−2k
(η)Qp

l+µ− 1
2 +j−2k

(η)

(i− j + p− n)!(i− j − p+ n)!

+

i−j−n∑
p=max{1,−n−i+j}

P−p
l+µ− 1

2 +j−2k
(η)Qp

l+µ− 1
2 +j−2k

(η)

(i− j + p+ n)!(i− j − p− n)!

}
. (32)

Eqs. (29) and (32) are the regularization parameters for a
scalar field in a static spherically symmetric spacetime in
arbitrary dimensions. On the one hand, these expressions
look complicated, however, it is remarkably elegant that
all the regularization parameters in a static, spherically
symmetric spacetime in arbitrary odd dimensions can be
written as a finite sum of products of associated Legendre
functions. In terms of these regularization parameters,

the mode-sum representation of the singular field is

GS(x, x′) =
Γ(d2 − 1)

2(2π)d/2

∞∑
l=0

(2l + 2µ)Cµl (cos γ)

∞∑
n=−∞

einκ∆τ

×
{ µ+1∑
i=0

i∑
j=0

Dij(r)
[d]

Ψnl(i, j|r)

+

µ+1∑
i=1

i∑
j=1

Di,−j(r)
[d]

Ψnl(i,−j|r)
}

+ O(ε3).

(33)

This is the main result. It allows one to numerically
compute the regularized vacuum polarization in arbi-
trary odd dimensions in an extremely efficient way. We
describe this calculation for a massless scalar field in
the Schwarzschild-Tangherlini spacetimes in the follow-
ing section.
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V. VACUUM POLARIZATION IN
SCHWARZSCHILD-TANGHERLINI SPACETIME

In this section we outline the numerical implementa-
tion of the reguarization scheme described above, ap-
plied to a massless scalar field in the higher-dimensional
generalizations of the Schwarzschild black hole: the
Schwarzschild-Tangherlini spacetimes. We note that the
restriction to massless fields is a minor convenience, it is
completely straight-forward to generalize this computa-
tion to massive fields. In particular, the regularization

parameters
[d]

Ψnl(i, j|r) derived above do not depend on
the mass, but only on the local geometry of the space-
time. The mass eneters into the calculation through the
coefficients Dij(r).

Now in the usual Schwarzschild coordinates, the
Schwarzschild-Tangherlini metric takes the form (2) with

f(r) = 1−
(rh

r

)d−3

. (34)

These coordinates are singular at r = rh which corre-
sponds to the black hole horizon. For simplicity, through-
out the remainder of this section, we work in units
where rh = 1. That implies that the surface gravity
κ = 1

2f
′(rh) = 1

2 (d− 3).

A. Calculation of radial modes

We briefly describe our numerical computation of the
radial modes pnl(r) and qnl(r), the homogeneous solu-
tions to (6) which are regular on the horizon and at ∞
respectively. For f(r) given by (34), solutions cannot in
general be given in terms of known functions and must
be solved numerically. However, for n = 0 this equation
reduces to[

d

dr
(rd−2 − r) d

dr
− rd−4l(l + d− 3)

)]
S = 0 (35)

which possesses solutions in terms of Legendre functions.
To see this, we introduce a new independent variable x =
2rd−3 − 1. Then Eqn. (35) takes the form[

d

dx
(x2 − 1)

d

dx
− L(L+ 1)

)]
R(x) = 0

where L = l/(d−3). This is now in the form of Legendre’s
differential equation which possesses the following pair of
independent solutions:

p0l(r) = Pl/(d−3)(2r
d−3 − 1) (36)

q0l(r) = Ql/(d−3)(2r
d−3 − 1) (37)

where Pν(z) and Qν(z) are Legendre functions of the
first and second kind, respectively. The Wronskian of
the n = 0 modes is

W{p0l(r), q0l(r)} = − d− 3

2(rd−2 − r) .

10 20 30 40 50 60
n

-11

-10

-9

-8

-7
log(n7|gnl(r) � gS

nl(r)|)

log(n5|gnl(r) � gS
nl(r)|)

FIG. 1. Log plots showing convergence over n in the mode
sums expression. The red line represents log(n5|gnl(r) −
gS
nl(r)|) where we do not include the O(ε) terms in gS

nl(r). The
plot shows that the difference gnl(r) − gS

nl(r) scales like n−5

for large n. The green line represents log(n7|gnl(r)− gS
nl(r)|)

where we have included O(ε) terms in the singular summand.
The plot shows that the difference scales like n−7 for large n.

Comparing this with (8) we see that

N0l =
2

d− 3
=

1

κ
.

To calculate pnl(r) for n 6= 0, we first note that the so-
lutions are invariant under n→ −n. Hence, we need only
consider positive frequency modes. To compute pnl(r) for
n > 1, we integrate the homogeneous version of (6) from
an initial point near the horizon outwards. Employing a
standard Frobenius analysis, a series solution about the
regular singular point at r = rh = 1 is obtained and used
as a starting value for the integration of Eq. (6). We
begin our numerical integration at a distance of 1/1000
from the horizon and the upper limit of integration is set
at a distance of r = 21. Given that we expect the major-
ity of the interesting features in our results to be in the
vicinity of the black hole horizon, we choose to calculate
on a “tortoise coordinate”-like grid, where the sampling
points are more dense in the near-horizon region. We
chose to perform the numerical integration using the ND-
Solve package in Mathematica, which calculates pnl(r) on
a grid and interpolates between each grid point.

Once we have calculated pnl(r), we may then obtain
the other solution qnl(r) by integrating the Wronskian
relation (8) between r and∞. This leads to the following
expression for qnl(r)

qnl(r) =
pnl(r)

Nnl

∫ ∞
r

dr′

r′d−2f(r′)(pnl(r′))2
(38)

In practice we must set the upper limit of integration to
be at a finite large value, we set this to be the end point
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of our integration for pnl(r). Since pnl(r) is growing ex-
ponentially with r, the errors incurred by truncating the
integral at this point will be negligible. It is worth noting
here that we could also have obtained qnl(r) by integrat-
ing the homogeneous version of (6) inwards from some
large r-value. In this case an initial value would be calcu-
lated by constructing an asymptotic series about r =∞,
which is an irregular singular point of the equation. How-
ever integrating the Wronskian condition appears to lead
to more accurate results than integrating the differential
equation. Finally in the numerical calculation of both
pnl(r) and qnl(r) the internal working precision of each
calculation is set to 50 digits while the accuracy and pre-
cision goals (i.e. the effective number of digits of precision
and accuracy sought in the final result) were both set to
35 digits.

B. Mode-Sum Calculation

Armed with an accurate numerical evaluation of the
radial Green function and explicit closed-form expres-
sions for the regularization parameters, we are now in
a position to calculate the vacuum polarization 〈φ2〉ren

for d = 5, 7, 9 and 11. Let us simplify the notation by
writing

GS(x, x′) =
κ

2π

∞∑
l=0

(l + µ)

µΩd−2
Cµl (cos γ)

{
gS

0l(r)

+2

∞∑
n=1

cosκ∆τ gS

nl(r)
}
, (39)

where

gS

nl(r) =
µΩd−2

κ

Γ(d2 − 1)

(2π)
d
2−1

{ µ+1∑
i=0

i∑
j=0

Dij(r)
[d]

Ψnl(i, j|r)

+

µ+1∑
i=1

i∑
j=1

Di,−j(r)
[d]

Ψnl(i,−j|r)
}
.

(40)

The Gegenbauer polynomial evaluated at coincidence are

Cµl (1) =

(
2µ+ l − 1

l

)
, (41)

and hence the vacuum polarization is given by

〈φ2〉ren = lim
x′→x

{
G(x, x′)−GS(x, x′)

}
=

κ

2π

∞∑
l=0

(l + µ)

µΩd−2

(
2µ+ l − 1

l

){
g0l(r)− gS

0l(r)

+ 2

∞∑
n=1

(gnl(r)− gS

nl(r))
}
. (42)

The order in which the sums are performed here is dic-
tated by the order in which the limits were taken (see [4]

0.2 0.4 0.6 0.8 1.0
r- rh

-0.005

0.005

0.010

0.015

0.020

0.025

<ϕ2 >ren

d=5
d=7
d=9

d = 5

d = 7

d = 9

FIG. 2. Plot of the renormalized vacuum polarization in the
exterior region of a Schwarzschild-Tangherlini black hole as a
function of the radial co-ordinate r for spacetime dimensions
d = 5, 7 and d = 9. The event horizon is located at r = rh = 1.

for a discussion of this point). In our case, the temporal
points were necessarily taken to coincidence before the
angular points–this is simply a consequence of our defi-
nitions for expansion variables s and w–and this implies
that the n-sum must be performed first. The convergence
of the inner sum over n can be shown numerically to be
O(n−d−2) for each value of d under consideration in this
paper (see Fig 1 for plots of convergence for d = 5).

We present plots of 〈φ2〉ren in the exterior region of
a Schwarzschild-Tangherlini black hole space-time for
d = 5, 7, 9, 11. In units where the black hole event horizon
has been set to unity, the near-horizon vacuum polariza-
tion increases rapidly with number of dimensions. Hence,
in Fig. 2 we present on the same graph the results for
d = 5, 7, 9; we exclude d = 11 as its features dominate
over the results from the other dimensions. This is fol-
lowed by a series of individual plots for each dimension,
in Fig. 3. From the plots, we might conjecture that for
d = 7, 11, ..., the vacuum polarization is rapidly increas-
ing from the horizon out to some turning point, before
decreasing and eventually approaching its value at infin-
ity. For the alternate odd dimensions 9, 13, ..., the vac-
uum polarization decreases rapidly from the horizon to
some turning point, before slowly increasing and eventu-
ally asymptoting to its value at infinity. Moreover, the
rate of change seems to be greater and the turning point
closer to the horizon as the number of dimensions is in-
creased, though these may be artefacts of the units in
which we are working.

As the Schwarzchild-Tangherlini spacetime is asymp-
totically flat we would expect that, as r → ∞, 〈φ2〉ren

would approach the value of the renormalised vacuum
polarization for a scalar field at the Hawking tempera-
ture in flat spacetime. In addition, given the form of
the metric function Eq. (34) we would also expect the
rate at which this occurs to increase with the number of
spacetime dimensions.

The vacuum polarization for a massless thermal
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FIG. 3. Plot of the renormalized vacuum polarization in the exterior region of a Schwarzschild-Tangherlini black hole as a
function of the radial coordinate r in various odd dimensions, from d = 5, .., 11. The event horizon is located at r = rh = 1.
The dashed line is the asymptotic value given by Eq. (43).

field at temperature T propagating in a d-dimensional
Minkowski spacetime can be computed in closed form
(see, e.g., [28])

〈φ2〉Mren =
Γ
(
d
2 − 1

)
T d−2

2πd/2
ζ(d− 2) (43)

where ζ(x) is the Riemann zeta function. By setting T
equal to the Hawking temperature T = κ/2π we can
explicitly show in Fig. 3 that the renormalised vac-
uum polarization for a massless field in the Schwarzchild-
Tangherlini spacetime with odd d = 5, ..., 11 does indeed
approach the flat spacetime value given by (43) and more-
over we see that the rate at which this occurs increases
with d.

It should be noted here that for the calculation of
〈φ2〉ren, the first grid point is taken to be the value of
〈φ2〉ren on the black hole horizon, calculated by extend-
ing the work of [20]. The relevant horizon values for this
paper are given in the table below. While the re-
sult for d = 5 was derived in [20], to the best of the
authors’ knowledge this is the first instance where an-
alytical results for d = 7 are given. The results for
d = 9 and d = 11 were calculated numerically. It is

d 〈φ2〉ren at r = rh = 1

5
1

24π3

7 -
11

60π4
− 1

16π3

9 0.02639370185

11 -0.40082310320

worth noting here that in each of the below plots the
value of 〈φ2〉ren at the last numerically calculated grid
point matches up smoothly with the horizon value. This
demonstrates that the method developed in this paper is
uniform across the entire exterior region. While previous
uniform methods of calculating 〈φ2〉ren using extended
Green-Liouville asymptotics [12] have been developed for
d = 4, the majority of previous calculations have relied
on the WKB approximation, which breaks down near the
horizon. We feel that this uniformity is a major advan-
tage of the method presented in this paper.
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VI. CONCLUSIONS

We have presented a new and systematic method for
computing vacuum polarization in odd dimensions in
static, spherically-symmetric spacetimes. The method
departs from the usual approach in two significant ways:
First, we expand the Hadamard parametrix in a judi-
cious choice of variables, not in the usual coordinate
separations. Second, we point-split in multiple direc-
tions. These two combined allow us to do a simul-
taneous decomposition of the Hadamard parametrix in
Fourier frequency modes and multipole moments. In fact,

the coefficients of this decomposition–which we call the
regularization parameters–can be determined in closed-
form in arbitrary dimensions. Our approach results in a
mode-by-mode subtraction for the vacuum polarization
that is rapidly converging–because higher-order terms in
the singular parametrix are easy to include within this
prescription–and hence straight-forward to numerically
evaluate to high accuracy. Moreover, the resultant mode-
sum enjoys a convergence that is uniform in the distance
from the horizon, a property that is not shared by meth-
ods based on the WKB approximation.
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Dij(r) coefficients for 5D Schwarzschild-Tangherlini

D00 2
√

2

D1j for j = −1, ..., 1 − 1

2
√
2r4

√
2(r2−1)

r6
− (r2−1)2(r4+r2+4)

2
√
2r8

D2j for j = −2, ..., 2 − 16r2+29

160
√
2r8

2r4−5r2+3

4
√
2r10

(r2−1)2(15r4−41r2+196)
80
√
2r12

− (r2−1)3(4r8+8r6+42r4+23r2+148)
60
√
2r14

5(r2−1)4(r4+r2+4)2

96
√
2r16

TABLE I. We list the coefficients Dij(r) for the d = 5 Schwarzschild-Tangherlini spacetime. The horizon radius has been set to
unity. These coefficients arise in the decomposition of the Hadamard parametrix in our variables s and w defined in Eq. (14)
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