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ZEROS OF THE JOST FUNCTION FOR A CLASS OF
EXPONENTIALLY DECAYING POTENTIALS

DAPHNE GILBERT, ALAIN KEROUANTON

ABSTRACT. We investigate the properties of a series representing the Joat so-
lution for the differential equation —y” + g(z)y = Ay, = = 0, g € L{E*T).
Sufficient conditions are determined on the real or complex-valued potential g
for the series to converge and bounds are obtained for the sets of eigenvalues,
resonances and spectral singularities associated with a corresponding class of
Sturm-Liouville operators. In this paper, we restrict our investigations to the
class of potentials g satislying |g(z)| < ce™%*, 2z = 0, for some ¢ > Oand ¢ > 0,

1. INTRODUGTION

We consider the differential equation

-y +qlzly =Xy forz =0, (119
where g € L(R") is real or complex-valued, with the boundary condition
4(0) cos(ar) + 1/ (0) sin{a) = 0 for some o € [0, 7), (1.2)

In this paper, we consider the consequences of changes on the potential g rather than
on the boundary condition (1.2) and we therefore restrict ourself to the classical
case o € [0,7). For an analysis of Sturm-Liouville operators with real valued,
exponentially decaying potentials and nonselfadjoint boundary conditions, see for
example [6].

Let z = /X, Im(z) > 0. Since ¢ € L(R*), there exists a unique L?{(R™)-solution
x(x, z) of (1.1) satisfying

x(z, 2) = e**(1 + o(1)) as z — +oe,

which is known as the Jost solution [3].

Let ¢(z, %) be the solution of (1.1) satistying ¢(0, z%) = 0, #'(0,2*) = 1. Then
d(z, z%) satisfies (1,2) with & = 0 and we have

Wa (x(z,2), ¢z, 2%)) = x(0,2), Im(z) >0,

where Wy denotes the Wronskian evaluated at z = 0. Note that ¢(z, 2%) and x(z, z)
are linearly dependent if and only if (0, z) = 0 for some z such that Im(z) = 0.
The non-zero eigenvalues of the operator L associated with (1.1) and the Dirichlet
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boundary condition are therefore of the form A = 2%, where z is a zero of the
Jost function x(z) = x(0, z) satisfying Im(z) = 0. If ¢ is real-valued these zeros
are situated on the segment line z = 4, 0 < { < 400, giving rise to negative
eigenvalues.

Moreover, if g is exponentially decaying, i.e. if ¢ satisfies

glz) = O{e™) asz — +oo (1.3)

for some a = 0 then, whether ¢ i real or complex-valued, the Jost function x(z)
can be analytically extended to the half plane {z € C : Im(z) > —a/2} [9, 10,
appendix II] and the part of the expansion in generalised eigenfunctions related to
the continuous spectrum contains a spectral-type function of the form

1 ( z
Sl N win (1.4)
4 x(z)x(—Z))
The expansion in eigenfunctions and generalised eigenfunctions in the case of ex-
ponentially decaying, complex-valued potentials was established by Naimark [9].
If g is real-valued the spectral-type function (1.4) is actually the spectral density
associated with Lg since; in this case, ¥(—z) = x(z) for lin(z) = 0. The latter was
proved by Kodaira [8] for a real-valued potential ¢.

If we set

Xrja(@7) = —ox(@,2)  8nd xe/a(2) = Xn/2(0, 2),

then the non-zero eigenvalues of the operator L, associated with (1.1) and (1.2)
are of the form A = 22, where z is a zero of x.(z) satistying Im(z) = 0, with

Xa(z,2) = x(z, 2) cos(a) + xr/2(z, 2) sin(a) and xa(z2) = xa(0,2). (1.5)

To see this note that x(z,z) and $q (2, z%) are linearly dependent if and only if
Xalz) = 0, where ¢,(2,2?%) is a solution of (1.1) satisfying (1.2), more precisely
da(0,2%) = —sin(a), ¢/(0, 2%) = cos(a). '

If ¢ satisfies (1.3), then x,(2z) can be analytically extended to the hLalf-plane
{Iin(z) = —a/2} (9, 10, appendix II). It is then likely that the zeros of yxa(z)
situated just below the real axis will affect the behaviour of (1.4) |2, 4, 5]. Such a
zero is called a resonance and, if ¢ is real valued and if the zero is situated on the
semi-axis —it, 0 < t < +oco, it is said to be an antibound state.

For Im(z) = 0, = # 0, we also have [10, appendix II]

Wolxal(z: 2), xalz, —2)) = —2iz,

s0 that x4 (z) and x.(—2) cannot vanish at the same time for Im(z) =0, z # 0. If
q is real-valued, then xu(—z) = xa(z) and the equality above implies that x.(z)
cannot vanish for Im(z) = 0, 2 # 0. On the other hand, if ¢ is complex-valued,
then x.(z) can vanish for some z with Im(z) = 0. If 2 is such a zero of x.(z), then
A = z% is called a spectral singularity.

The form of the expansion in generalised eigenfunctions obtained by Naimark
[9, 10, appendix I1] depends on whether such spectral singularities do exist, If there
iz no spectral singularity, then the expansion takes a form similar to that obtained
by Kodaira [8].

It is to be noted that, for g € L(R*), there are no L*(R™)-solutions of (1.1) for
A > 0 so that the spectral singularities cannot be associated with L?(RT)-solutions
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of (1.1). Moreover, if ¢ also satisfies (1.3), then the number of spectral singularities
is finite [9, 10, appendix II].

The literature available on the study of eigenvalues, resonances and spectral
singularities is already abundant but we propose here an alternative method that
allows us Lo view them as a single mathematical object, namely as arising from the
zeros of the Jost function. Our method is relatively simple and allows us, in par-
ticular, to investigate resonance-free regions for exponentially decaying polentials,
More detailed results are obtained on the set of resonances for compactly supported
and super-exponentially decaying potentials in [4, 5| and in [2] for a class of expo-
nentially decaying potentials. The relationship between the Jost function and the
classical Titchmarsh-Weyl function is briefly outlined in section 5.

2, THE SERIES

It was shown by BEastham [1, 2] that, for a real-valued integrable potential g,
the Jost solution y(z,z) can be represented in the form (2.1). However, it is not
difficult to show that the results below also hold when g 15 complex-valued and
integrable. We have

x(z,z) = c"'”(l + Z ra(x, z)), (2.1)

=l
with
ioftee
rolziz) =1, ralzz) = 2—/ q(t)rn-1(t. 2) (1 - e“‘“("_‘”)) dt, n=1. (2.2)
Z
Also,
d = e dmg i oo
EX(I' z)=¢€ (az -+ ; ERER z)). (2.3)
with y
) =3 [ a0t AN w2l (24

From (2.2) we have

ro(z,2) =1,
i +o0 il
r1(z,2) = E./a, alt) (l — e*l _’"’) dt
so that, for Im(z) = 0,
L e
@Al s [ el
2| Jo
It is readily seen by induction on n that
Iralz,2)) < (ﬂf—llli)“. n=0, 220, Im(z) =0,
z

where || - |[1 is the L(RT)-norm, from which it follows that

|1 -+ Zrn(m, z)l < Z (ﬂl%l':_i)n.

n=l n=0
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The series in (2.1) therefore converges absolutely and uniformly for z = 0, Im(z) = 0
and |z| = ||g|l1. Note that we supposed only that ¢ € L(R*). This result is similar
to the one obtained by Rybkin [11, theorem 3.1].

We now investigate the convergence of (2.1) for a class of exponentially decaying
potentials,

3. Mamnw REsULTS

We suppose throughout this section that
lglz)| < ce™@, & =0, (3.1)

holds for some ¢ > 0 and a = 0.

We first consider the case o = 0 and then examine the case & € (0,7). In the
latter case the details get rather cumbersome but, since we are aware of only few
results concerning this case, we mention it anyway.

Let d = 0 and let

Ays={zeC:Im(z) > —a/3, |z| > 8}.
Lemma 3.1, Suppose that (3.1) holds and fix § = 2¢/a. Then
1 ( 2e i n

|7'¢i.(9-7;z)| = ﬁ m

e w20, ITm(z) > —af3, n 21

and the series (2.1) converges absolutely and uniformly for x =0, 2 € Ay 5.

Proaf. We first prove by induction that

i 1/ e \"( a+lm(z) na+Im{z) \ ... 5
I?“(‘L'z)lgm(W) (a+21m(z))"'(na-l—QIm(z) 5 y nzl.
According to (2.2) we have ro(z, z) = 1 and, from (2.2) and (3.1),

rl(m‘ z) < N2 fuu (e_ug 3 e—t(n+21m(z))+2.‘:1m(3)) dt,
2|2| J,

which yields

c (a+Im(z) \ _..
1z, 2)| < alz] (m.(?)) -

The result is therefore true for n = 1. Suppose that it were truefor 1 £ k< n—1,
n = 2. According to (2.2) we have

1 i aff—z
|.,-n(:1:,z)| < ﬁTﬂf If](i)‘f‘n_l(f’-z}l (l + E—J(L—J-)Im(z)) dt,

so that, from (3.1) and the induction hypothesis,

et g () (i) ™

& ((E:l "ll)iﬂ-:-;;l;fa)) /‘“‘W E_mu,(-l + g 2lt=a) Im(x))dt}
= 3

which yields

() 2)|

ok () (e (Botiamny (i) oo
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as required, The lemma is proved when we notice that

na A+ T (z) 2¢ 2
—_— D =l mnd —— < —x1
na + 2Im(z) - e o |z|a SE =
if Im(z) = —a/3 and |z| = § = 2¢/a. O

We are now in position to identify a region in the z-plane where y(z) cannot
vanish.

Theorem 3.2. Suppose (3.1) holds and fix § = 2c/a. Then, for z € Ay,

el 2 2 e (3
In particular, if
L 2o
aln(2)’
then x(z) cannot vanish inside the set A, 5 and the operator Ly has

(i} no eigenvalue A = z* such that z € Ay 5N {z: Im(z) > 0},
(i) no spectral singularity X = 2% such that z € (—o0,6) U (4, +00),
(iif) no resonance inside A, 5N {z: In(z) < 0},

Proof. According to lemma 3.1 we have, for z € A, 5,
1 [2e\" S
|T1L(‘r1z}| i‘: m (E) € 1 o 2 0!
50 that

|Z1"“(m,z)| < Z % (%)ﬂ e-N8T _ gy (%Bw.m) =

n=l n=l
Since

x(@, 2] = e ™A1+ 3 rafe, )| 2 e {1 - | 3 (el

n=l n=l

we obtain
k)| 24 = oap e
X = x| S

In particular, x(z) does not vanigh if

2c
2 —exp (571) =10,

ie if 5
c
CE aln(2)’
from which (), (#) and (#ii) follow. O

Note that, under the hypotheses of theorem 3.2, if A = 2% is an eigenvalue of Ly
then z can only be loeated on the semi disk {z € C: |z| = §,Im(z) > 0} and, if g
is real-valued, on the segment line z = i¢, 0 < ¢ < 4. Also, under the hypotheses
of theorem 3.2, the resonances situated on {z € C : —a/3 < Im(z) < 0} must be
inside the set {z € C: —a/3 < Im(z) < 0,|z| = §} and the spectral singularities
N = 22 must satisfy =6 < 2z < 4.

We now show that a similar situation prevails in the case « £ 0.
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Lemma 3.3. Suppose that (3.1) holds and fir § > 2¢/a. Then

ntal < Bl 20, ) > —as, 021
and the series (2.3) converges absolutely and uniformly for x =0, 2 € Ay,

Froof. From (2.2), (2.3) and (2.4), we have
d :
EX(E’ z) =" (iz + Z &y z))

n=1
and
4o
@) € gk [ a2 (14D dy iz
2|z| Js
Arguing as in lemma 3.1, we obfain the stated result. O

The bounds we obtain for a € (0,7/2) U (7/2,7) are not as tight as the ones
obtained in theorem 8.2, which is rather natural as, for o € (0,7/2) U (7/2,7), it is
possible to find resonances far below the real axis or large eigenvalues, depending on
the value of o, We refer to Lthe first example in the next section for an illustration
of this phenomenon,

Theorem 3.4. Suppose that (3.1) holds and let § be such that
" 2¢
aln(2)’

Then (i), (1) and (iti) of theorem 3.2 hold as they stand for the operator L g
and (i), (i) and (ii) of theorem 3.2 continue lo hold for the operalor La, o €
(0,m/2) U (7/2,7), provided we replace § by max{d, 55}, where

= | cot(ar) lﬂﬁ‘r‘
exp ()

Proof. We first suppose that & = /2. According to (1.5), (2.3) and lemma 3.3 we
have, for z € A, 5,
2c ; 2c
2@ 2 12 = lal{ o0 (5) = 1} = [sl{2 - exp (5)) ). (32)

It follows that x,/2(z) cannot vanish inside A, 5 if § = 2¢/aln(2), and the first part
of the theorem is proved.
Suppose now that o € (0,7/2) U (7/2,7). From (2.1) and lemma 3.1 we get

2c
NOESEDWACHIELSIEST
n=l
On the other hand, according to (1.5),
Ixa(2)] = |sin(a)xn/a(2)| — | cos{a)x(2)]

so that, with (3.2), we obtain

2
exp (E)

lxalz)| = |zsin(a) |{2 — exp (:7_')} ~ | cos(a)
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From the equality above, it is not hard to see that y.(z) = 0 for

|z| = |cot{a )| ( “2

xp (35)

from which the last part of the theorem follows. |

Let 4" = max {d,da}. Under the hypotheses of theorem 3.4, the cigenvalues
A = z® must be such that z € {z € C: |z| £ '}, the resonances situated on {z €
~a/3 < Im(z) < 0} must be mmdp theset {z € C: —a/3 < Tm(z) < 0,|z| = &'}

ﬂnd the spectral singularities A = 2% must satisfy —¢' < z < &'

4, EXAMPLES

The case g = 0. Let ¢ = 0 in (1.1). Then the Jost solution is x(z, z) = " s0
that

Xa (2, 2) = cos(a)e™ +izsin(a)e™, a € (0,m).
Hence the only zero of y.(z) is
e z=0ifa=m/2
ez, =icob(a) if @ € (0,7/2) U (7/2,7).
If @ € (0,7/2) then Im(z,) > 0, so that A, = —cot?(a) is an eigenvalue and, if
a € (r/2,7), then Tm{z,) < 0 so that z, = icot(a) is a resonance,
If we suppose that o is strictly complex then
i sinh(2Im(w)) A4 sin(2Re(a))
cosh(2Im(a)) — cos(2Re(a))  cosh(2Im(a)) — cos(2 Re(a))’
so that A, = 22 is an eigenvalue if sin(2Re(a)) = 0, and z, is a resonance if
sin(2Re(a)) < 0 and A, = 22 is a spectral singularity if sin(2 Re(a)) = 0.

=

The Jost-Bessel function. If we take g(z) = be™ in (1.1), with b, d € C and
Re(d) = 0, then it can be proved by induction [7] that, in the notation of (2.1),

x(z,2) = e={1+ 3" ru(z,2)}

n=l
me =R dEyn
= '{Hﬂ%{b n! ) ((1 -;iz/d)"'(nu;iz/d)) }

This formula for the Jost solution is independently confirmed in [2], where it is
noted that when g is real valued, (1.1) is satisfied by the Bessel function

J_2iz/d {(zm- 1\/5)?_—&.1:[2} !

which is in L*(R*) for Im(z) > 0 (see also (13, §4.14] and [14, §2.13]).
Ifd =0 and b = 0, then as in [2] Ly had no eigenvalues and also no antibound
states in the segment line z = it, —=d/2 <1 < 0.

Taking b = —1 and d = 1, it was shown in [7], using methods we have not
discussed in the present paper, that although Lg has no eigenvalues, it does have
a unique antibound state zg = ity such that &y € (—1/2, 0), more precisely ty €
[~0.139, —0.112].

In order to compare the last of these examples with the results obtained in theorem
3.2, take a = 1 and ¢ = 1 in theorem 3.2. Theorem 3.2 predicts that if § = 2.9, then
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x(z) has no zero inside the set {z € C: Im(z) > —1/3,|z| = §}, so that the estimate
obtained in the last example is consistent with the bound obtained in theorem 3.2.

Note that the bounds obtained in theorem 3.2 with o =1 and e =1 also apply,
for example, to the complex valued potential

a(z) = z;:,g(—l+2i)zl

5. JosT FUNCTION AND TITCHMARSH-WEYL FUNCTION

We suppose in the first instance that ¢ € L(R™) is real valued and give a brief
account of the relationship between the Jost function and the Titchmarsh-Weyl
function, since the eigenvalues and more generally the spectrum of the operator
Ls have traditionally been studied using the properties of the Titchmarsh-Weyl
function ma(A). Let da(x, A) be defined as above and let 6.(z, A) be the salution
of (1.1) satisfying

0,(0,N) = cos(a), 0,(0,7) = sin(e).

Since Weyl's limit-point case applies at +oo, it is known that there exists a unique
linearly independent L2{R*)-solution 1, of (1.1) such that

Polz, A) = 0u(z, A) + madale,A), =20, ImA =0,

which is known as the Weyl solution [13]. The function mea(A) is analytic in the
upper half plane {A € C: Tm(A\) = 0} and satisfies

Im (e (A)) =0 for Tm(X) > 0,

so that limp, y—ot ma(A) exists and is finite Lebesgue almost everywhere. The
cigenvalues of L, arve the poles of m,.
On the other hand, it is readily scen that

x(iﬂx .2.') = WU(Xr ¢H)Bm(:£1zz) = Wﬂ(erx: x)¢’n(3:1 22)! Il'ﬂ(Z) = Ds

so that we have formally

1

wn(:r' ZZ) = W{‘.\(Xn(.'ba)

x(z, z).

It follows that

_ Wolfayx) _ WollaX)
Wo(x,dla) xﬂ(z) ,

and the poles of my(z?) are the zeros of xu(z). Since Wo(fu, x) and xa(z) are
analytic in the upper half plane {z € C : Im(z) = 0}, we can analytically extend
my(A) using (5.1). The extended Titchmarsh-Weyl function is meromorphic on
C\ [0, +00).

If g € L(R™") is allowed to be complex valued and if Im(g) < 0, a similar situation
prevails [12] and we can construct a Titchmarsh-Weyl function which is analytic on
{A € C: Im(A) = 0} and can be analytically extended to a function meromorphic on
C\ [0, +ea). For additional information and references on the relationship between
the Jost solution and the Titchmarsh-Weyl function, we refer to [6].

e (%) Iin(z) >0, Re(z)=0 (5.1)
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