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Some Irrational Generalised Moonshine from Orbifolds

Rossen Ivanov!:? and Michael Tuite!3
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2Institute for Nuclear Research and Nuclear Energy,
72 Tzarigradsko shosse, 1784 Sofia, Bulgaria
3Dublin Institute for Advanced Studies,
10 Burlington Road, Dublin 4, Ireland
email: rossen.ivanov@nuigalway.ie, michael.tuite@nuigalway.ie

Abstract

We verify the Generalised Moonshine conjectures for some irrational
modular functions for the Monster centralisers related to the Harada-Norton,
Held, M2 and L3(3) simple groups based on certain orbifolding constraints.
We find explicitly the fixing groups of the hauptmoduls arising in each case.

PACS: 11.25.Hf, 02.10.De, 02.20.Bb
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1 Introduction

The Moonshine Module ],[ﬂ] whose automorphism group is the Monster finite
sporadic group M, is an orbifold Meromorphic Conformal Field Theory (MCFT)
constructed by orbifolding the Leech lattice MCFT with respect to the group
generated by a reflection involution. The Moonshine Module partition function is
the classical elliptic J function which is a hauptmodul for the genus zero modular
group SL(2,Z). The Moonshine Module is believed to be the unique MCFT
with this partition function [ Orbifolding the Moonshine Module with respect
to the group generated by an element g € M leads naturally to the notion of
the orbifold partition function known as the Thompson series T,. Monstrous
Moonshine is mainly concerned with the property, conjectured by Conway and
Norton [ and subsequently proved by Borcherds [E], that each Thompson series
T, is a hauptmodul for some genus zero fixing modular group. Assuming the
uniqueness of the Moonshine Module, this genus zero property is also believed to
be equivalent to the following statement [ﬂ] the only orbifold MCFT that can
arise by orbifolding with respect to g is either the Moonshine Module itself (for
g belonging to a so-called Fricke Monster conjugacy class) or the Leech lattice
MCFT (for g belonging to a non-Fricke Monster conjugacy class).

The Generalised Moonshine conjecture of Norton [f] is concerned with mod-
ular functions associated with a commuting pair g, h € M and asserts that each
such modular function known as a Generalised Moonshine Function (GMF) is
either constant or is a hauptmodul for some genus zero fixing group. No exten-
sion of the Borcherds’ approach to Monstrous Moonshine has yet been shown to
be possible for Generalised Moonshine. The most natural setting for these con-
jectures is to consider orbifoldings of the Moonshine Module with respect to the
abelian group (g, h) generated by g, h [[i,[§]. In [§] we considered the case where
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g is of prime order p = 2,3,5 and 7 and is of Fricke type and h is of order pk for
k =1 or k prime. There we confirm Norton’s conjecture for modular functions
with rational coeflicients in these cases by considering orbifold modular properties
and some consistency conditions arising from the orbifolding procedure leading
to constraints on the possible Monster conjugacy classes to which the elements of
(g, h) may belong. In the present paper we extend the approach based on the re-
strictions coming from the orbifolding of the Moonshine Module and demonstrate
the hauptmodul property for GMFs with irrational coefficients where g and h are
of the same prime order.

We begin in Section 2 with a brief review of some properties of Meromor-
phic Conformal Field Theory (MCFT), the Moonshine Module and Generalised
Moonshine Functions. In Section 3 we discuss the general properties for GMF's
with irrational coefficients when ¢ is of prime order. We then state two theorems
about the conjugation properties of the centraliser elements, and one theorem
concerning constraints that arise from the consistency of orbifolding the Moon-
shine Module with respect to (g, h) under specific choices of generators. We then
analyse the GMFs with irrational coefficients in the cases where ¢ is Fricke of
prime order p = 5,7,11 and 13 and h is of same order p. This analysis in part
relies on properties of the characters of the centralisers of the Monster related
to the Harada-Norton, Held, Mathieu and L3(3) simple groups. We give a com-
prehensive analysis of the possible singularity structure of GMFs for the cases
under consideration. In each case we demonstrate that all singularities of the
GMF can be identified under some genus zero fixing group for which the GMF
is a hauptmodul. Thus we verify the Generalised Moonshine conjecture in these
cases.

2 Generalised Moonshine

2.1 Self-Dual Meromorphic Conformal Field Theories

Let H denote the Hilbert space of a Self-Dual Meromorphic Conformal Field
Theory (MCFT) [9] of central charge 24. The characteristic function (or genus
one partition function) for H is given by Z(r) = Try(qlo~1), ¢ = €™, where
7 € H, the upper half complex plane, is the usual elliptic modular parameter.
H has integral grading (the conformal weight) with respect to Ly, the Virasoro
level operator so that Z(7) is invariant under 7' : 7 — 7 + 1. Furthermore,
self-duality of the MCFT implies invariance under S : 7 — —1/7 so that Z(r)
is invariant under the modular group SL(2,Z) generated by S,T. Hence Z(7) is
given up to an additive constant by J(r), the hauptmodul for SL(2,Z) [Lq] i.e.
Z(7) = J(1) + No, where J has ¢q expansion

2HG)
Pi(r)

and where (1) = ¢*/?* ][, (1 — ¢") is the Dedekind eta function, E,(7) is the
Eisenstein modular form of weight n [@], Ny is the number of conformal weight 1

J(7) =

1
T4 = 4041968849 + 21493760¢> + ... (1)



operators in H. For the Leech lattice MCFT Ny = 24 and for the FLM Moonshine
Module V* with Hilbert space H* , E] Ny = 0. This means that the latter does
not contain conformal dimension 1 operators i.e. there is an absence of the usual
Kac-Moody symmetry.

2.2 The Moonshine Module and Monstrous Moonshine

The Monster group M, the largest finite sporadic simple group, is the automor-
phism group of the Moonshine Module [fl, f]. The Thompson series T, (7) for each
g € M is defined by

Ty(r) = Trags (9g™ ") (2)

with ¢ expansion with coefficients determined by (reducible) characters of M. The
Thompson series for the identity element is .J(7) of ([l), which is the hauptmodul
for the genus zero modular group SL(2,Z) as already stated.

Conway and Norton [ conjectured and Borcherds [[f] proved that T,(r) is
the hauptmodul for some genus zero fixing modular group I'y. This remarkable
property is known as Monstrous Moonshine. In general, for o(g) = n, Ty(7) is
found to be T'g(n) invariant up to m*® roots of unity where

I‘O(n):{(i 2>er, c—Omodn},

and where m is an integer with m|n and m|24. g is said to be a normal element
of M if and only if m = 1, otherwise g is said to be anomalous. T,(7) is fixed by
some I'g O I'g(N) which is contained in the normalizer of I'y(NN) in SL(2, R) where
N = nm [f. This normalizer contains the Fricke involution Wy : 7 — —1/N.
All classes of M can therefore be divided into Fricke and non-Fricke type according
to whether or not T, (7) is invariant under the Fricke involution. There are a total
of 51 non-Fricke classes of which 38 are normal and there are a total of 120 Fricke
classes of which 82 are normal. The genus zero properties of Monstrous Moonshine
can also be understood using constraints arising from the possible orbifolding of
Vi with respect to the group generated by g [[L1], [{].

2.3 Properties of Generalised Moonshine Functions

We now consider Generalised Moonshine Functions (GMFs) which are generalised
Thompson series depending on two commuting Monster elements of the form

2| ] @) = g (), 3)

for h € Cy, the centralizer of g in M. Hg denotes the Hilbert space for a so called
g-twisted sector of V* [L],§]. The original Thompson series (f) then corresponds
to the untwisted sector, i.e.



Each h € Cy has a central extension, acting on Hg, which we also denote by h
[}. Norton has conjectured that [f]:

Generalised Moonshine.The GMF (B’) is either constant or is a hauptmodul
for some genus zero fizing group I'y 4.

If (g9,h) = (u) for some u € M then (f) can always be transformed to a
regular Thompson series (f) [],[[3.[§. In particular this is always possible
when o(g) and o(h) are coprime. In these cases, the genus zero property for the
GMF therefore follows from that for a regular Thompson series (H). The GMFs
with non-trivial genus zero behaviour then occur for h € C, where o(h) and o(g)
are not coprime.

In Section 3 we analyse GMF's with irrational coefficients in their g-expansion
for o(g) = o(h) = p, prime, where (g,h) ~ Z,2 (then g,h are independent, i.e.

gd# hB forall A/ B=1,..,p—1). We denote the fixing group for Z { Z ] (p7)

by T4, which is obviously conjugate to T’ , where

~ B ) 10
mm—{ﬂv—ﬂﬂ%EVEFW’%:<0 p)}

Various properties of (E) arising from orbifold considerations can be summarised
as follows [{J:
(i) When all elements of (g,h) are normal elements of M then for v =

<i g)erzsuzm

z| M en=z| 00 | ar =T @)

ct +d

Hence I'(p) C T’y g4, (in fact I'(p) <T'p, 4) with

. a b a b\ ( 1modp 0modp
F(p):{<c d)er’<c d)_(()modp 1 mod p )}

In particular, since v and —v act equally we have

([2]-+[ )

which property is known as charge conjugation invariance.
(ii) For a normal non-Fricke element g of order p

z { Z } (7) = const + O(g"/?). (6)

ie. HEJ has zero vacuum energy and the GMF is nonsingular at ¢ =0 []T_]I],[E]
The value of () at any parabolic cusp a/c with (a,c) = 1 is determined by
the vacuum energy of the g®h~° twisted sector from (). If all elements of (g, h)



are non-Fricke then there are no singular cusps so that Z [ Z ] is holomorphic on

H/T'(p) and hence is constant. This accounts for the constant GMFs referred to
in the Generalised Moonshine Conjecture above. We therefore assume from now
on that at least one element of (g, h) is Fricke which we chose to be g without
loss of generality.

(iii) For a normal Fricke element g of order p the vacuum energy of HE] is—1/p
and the GMF is singular at ¢ = 0 [{:

2| B | @) = sy 04 Y g

s=1

Here ¢4(h) is a p-th root of unity describing the central extension of the action
of h € Cy on Hg E] It is further assumed that ¢, can be chosen so that E]

¢g(9ahb) = ¢g(9)a¢g(h)ba Pg(1) = 1. (8)

Then by considering a T' transformation in ({f) with h =1 we have

bg(g) = wp = exp(2mi/p) 9)

Let G, = Cy/{g). If Cy = (g9) x G4 then h and gh are not elements of the same
Cy conjugacy class and we assume that ¢, can be chosen so that [

bg(xha™") = dy(h) (10)

for all x € Cy . By inspection from the ATLAS [@] h € Gy is conjugate to h®,
for some a # 0 mod p, so that (f) implies

¢g(h) = 1. (11)

The coefficient ass(h) is called a head character for the given GMF and is a
reducible character of G, [[3,[f]. If g?h~is Fricke then due to ([f) and (f]) the
GMTF is singular at a/c with residue @ga;—(h?g~). The GMF () is holomorphic
at all other points on H. Once these singularities are known, then () can be
analysed to check whether it is constant or is a hauptmodul for an appropriate

genus zero modular group. The singularities and residues of Z [ h ] are restricted

by certain orbifolding constraints discussed in .

(iv) Given the uniqueness of the twisted sectors for H%, under conjugation
by any element z € M then :E(Hg)x’l is isomorphic to Higm,l so that if C, =
(9) x Gy with h e G, [{

rgr—

Z[h]zz{xhgji]. (12)



3 Irrational GMFs for g = p+

3.1 Monster centralisers and irrational characters

We now briefly describe all irrational GMFs (E) where g is Fricke of prime order
p i.e. g = p+ in Conway-Norton notation [E] and h of order p. A GMF is said
to be irrational if it has at least one irrational head character @ A character is
said to be irrational if it is irrational for at least one conjugacy class. Otherwise,
it is said to be rational. Rational cases are discussed in [E]

From the ATLAS [@] we see that irrational characters occur for p = 2, 3, 5,
7,11 and 13. From the explicit calculations for the head characters of Coy = 2.B
(p=2) and C3; = 3.Fi (p = 3) [§ we observe that there are no irrational head
characters for p = 2 and that there is only one pair of conjugate irrational head
characters for p = 3, with h of order 54. For p =5, 7, 11 and 13 the centraliser
Cp+ = (p+) X Gpy for simple group G+ is as follows:

g=p+ | Cpy Gp+ | Name
54 5 x HN HN Harada-Norton
7+ 7 x He He Held

11+ 11 x Myo Mo Mathieu
13+ 13 x L3(3) L3(3)
Table 1. p+ centralisers for p = 5,7,11,13
We will focus now our analysis on the groups from Table 1. For h € G4 from
(H) the GMF (f]) has leading ¢ expansion in so-called Normalised Function Form

[

h 1 p
Z{g](T)—W-FO—I—O(q/). (13)

This is sufficient to ensure that g,h are independent generators of (g, h) since
otherwise h® = g4 for some A # 0 modp implies the contradictory relation
(pg(W)EB = (¢y(9))" = wz‘f from (ff). We make the following useful observations
concerning the irreducible characters for the groups from Table 1, which can be
checked by inspecting the appropriate ATLAS character tables [B] In all cases
irrational characters can only occur when o(h) is divisible by p. When p = 5,7, 11
any irrationality for an irreducible character x is quadratic i.e. for h € Gpy,
x(h) =a+vb, x(h) = x(h¥) = aF Vb (d =2 when p = 5 and d = —1 when
p = 7,11, see below), for some a,b € Q where b = 0 for rational x(h). The
HN group contains one pair of conjugate irrational classes of orders 5, 15, 20, 25
and 30, and two pairs of conjugate irrational classes of order 10. The He group
contains one pair of conjugate irrational classes of orders 21 and 28, and two
pairs of conjugate irrational classes of orders 7 and 14. The Mj2 group contains
only one pair of conjugate irrational classes of order 11. The only non-quadratic
irrationalities occur when p = 13 for L3(3) which has four conjugate irrational
classes of order 13.

Theorem 3.1. Consider g = p+ and h € Gpy with o(h) divisible by p for p =



a

5,7,11,13. Then for integers a, b # 0 mod p, Z [ Zb ] 1s either equal to Z [ Z ]
or one of its algebraic conjugates.

Proof. For g = p+ we have zgz~! = ¢® for some # € M. For any irreducible

character x of G, and for all h € G, x*(h) = x(zhz™!) is also an irreducible
character of the same dimension. Furthermore G z~! = Gy = Gy implies that
the number of elements in the conjugacy classes in G, for h and xhz~"! are equal.
Since h € Gy, h is conjugate to h* for some a # 1 mod o(h) from an inspection
of the ATLAS character tables [I4]. Hence zhz~! is conjugate to (zhz~1)* and
is also member of a G class. Therefore ¢ u(zha™') =1 also. For p =5,7,11 one
can show that if x* # x, then x* = ¥, the algebraic conjugate E] Thus zhr ! is
conjugate to a power of h in G,. When p = 13 there are four irrational characters
that are algebraically conjugate. Then x* = x % 2", r = 0,1,2 or 3, where by
definition (y * k)(h) = x(h*) i.e. the operation k replaces every root of unity in
the character value, prime to k by its k" power (see below). This implies that
zhz~! is either an element of the same class of G, as h, or of a class algebraically

€]
conjugate to h i.e. there exists A such that zha=' ~ h. Therefore from ([1J) in
all cases there exists A such that

z{ﬂ_z[f;ﬂ. (14)

a
The latter is either equal to Z { Zb ] or to one of its algebraic conjugates and

hence the result follows. [
From now on we will assume that o(h) = p, prime. Then the set of elements

S={h"e€Gy,a=1,2,...,p—1}, (15)

with irrational characters can be divided into classes characterized by the so-called
Dirichlet character of a as follows. Let C,—1 = (¥m) be the cyclic group of order
p — 1 acting on S generated by

sm:h— h™

i.e. the Galois group for the polynomial (a? —1)/(z —1). All irrational characters
x of G4 are fixed by a cyclic subgroup (x(mN)) of Cp_1, for some N. Then S
can be divided into classes with representatives

{h € Sla € Cp_1/(x(mN)) = C}, (16)

characterised uniquely by a Dirichlet character of order N defined as follows. A
Dirichlet character xp of the Galois group C},—; is a homomorphism:

xp : Cp1 — C*. (17)



Then these characters form a group under pointwise multiplication which is iso-
morphic to Cp—_1, but not under any canonical map. The character of order N,

XE)N) then gives an isomorphism

X5 Cpot/(K(mN)) — (wn)

and thus characterises uniquely the representatives (E)
For p odd, the character group (@) is cyclic of even order p—1, hence it has an

element of order 2, X(DQ). This is the Legendre symbol: X(DQ)(a) = (%) = qP-1/2

mod p = +1 which characterises () in the case of quadratically irrational char-
acters for which N = 2. This applies to the characters of Gy for p=15,7,11.
There is a character of order N = 4 precisely when 4| (p — 1) (e.g. p = 13).
There are then exactly two characters of order 4, because a cyclic group of order
divisible by 4 has exactly two elements of order 4. These two characters are inverse
to each other and hence are complex conjugates of each other. Their quotient will
be the Legendre symbol. For p = 13, we may take m = 2 as a generator of the
Galois group C1a. The fixing group for the irrational characters of Gy34+ = L3(3)
is then (x3) [[4]. We get a Dirichlet character X%) of order 4 by mapping 2 to
wyg =i = exp(mi/2). The other element of order 4 obtains by mapping 2 to —i. If

a is in C1o with a = 2" mod 13 then X%) (a) = exp(rmi/2). Thus

1,3,9 — 1

@ 12,10,4— —1

XD ' 5 96—
8,11,7 — —i

So 1,12,5,8 are representatives of C12/(*3) which map to the four different 48
roots of unity. Thus the value of Xg) characterises each of the four conjugate

irrational classes of order 13 in L3(3).

3.2 The Genus Zero Property for Irrational GMF's for g =
p+ and o(h) =p

We now come to the main purpose of this paper which is to demonstrate the genus
zero property for Generalised Moonshine Functions (GMFs) (B) in the irrational
cases where ¢ = p+ and o(h) = p. Such cases occur when p = 5,7,11,13. Our
aim is to show that the fixing group I'j 4, permutes all of the singular points
of the GMF. In each case we find that I', 4 is a subgroup of I' = SL(2,Z) so
that 'y, 4/T'(p) is a subgroup of La(p) = I'/T'(p), the group permuting all H/T'(p)
inequivalent cusps. Then all possible singularities of the GMF at the cusps 7 = a/¢
with (a,c¢) = 1 (related to the g®h~¢ Fricke-twisted sector) are identified under
I'p,,g and the corresponding GMF is a hauptmodul for a genus zero group.

In our analysis we use the following two theorems. The first one gives some
constraints following from the orbifolding of the Moonshine Module with respect
to the abelian group (g, h). See [J for details:



Theorem 3.2. Let g,h € M be independent commuting elements where both g
and h are Fricke such that ¢4(h) = 1 and where all elements of (g, h) are normal.
Let u, v be any independent generators for (g,h). If u is Fricke then there is a
unique A mod o(u) such that uv is Fricke with ¢ya,(u) = 1 and o(u’v) = o(v).

The next theorem gives the relation between the fixing groups of hauptmoduls
with algebraically conjugate coefficients [[L3],[[Ld]:

Theorem 3.3. Let G be a fixing group of a hauptmodul such that T'(p) C G.

Let k be any integer, coprime to p. Choose coset representatives of T'(p) in G,

< CCLZ Zl >, such that k|c;. Then the operation xk, which replaces every p** root
3 2

of unity by its k™ power yields a Hauptmodul with a fizing group

Grk= <F(p)a{( ca/k kdb )}>

which is independent of choices made.

In terms of Generalised Moonshine the action of *k on the GMF Z [ Z } is

k

to map it to Z [ h } because *k takes a character of h to that of h*. Hence

Lpe g = (Tng) xk (18)
We begin with a preliminary Lemma.

Lemma 3.4. For p =5,7,11,13 we have T')(p) = (I'(p),d,) for §, of order (p —
1)/2 in T'(p), where
a b
{( e d ) el, b—C—Omodp}

2 5 2 7 —40 -11 85 13
“”d55_<5 13>’57_<7 25>’5”_< 1n 3 >’513_<13 2>'
Proof: By inspection of the possible solutions for a,d mod p of ad — bc = 1

where b, ¢ = 0 mod p one can check the validity of the statement. [
Note that I'g(p®) and I')(p) are conjugate where T'o(p?) = 0,10 (p)0, ' There-

fore Ty(p?) invariance follows from invariance under I'(p) and gp.

Io(p)

3.2.1 Irrational GMFs for g = 5+ and o(h) =5

The HN group has one pair of quadratically irrational classes of order 5. Then
m =2, N =2 in (). The two subsets of S ([lf) conjugate in G5, = HN are

characterised by the Legendre symbol (£): h G pa (i.e. h* where (&) = 1)

and h2 G2+ p3 (h® where (&) = —1) [[4]. Therefore gh N gh* and gh? N gh®.



Since go N gg for s # 0 mod 5 for any Monster element gy of order 5 we have the
following two disjoint sets S1, Sy of conjugate elements in M defined by

S

{(gh™)?] (g) =1,5# 0 mod 5}
S = {(gh")’] (%) =—1,5# 0 mod 5}

i.e. Sy consists of the elements gh ~ g?h% ~ g>h3 ~ g*h* ~ gh* ~ g?h® ~ g3h2% ~
g*h and S, consists of gh? ~ g?h* ~ g®h ~ g*h3 ~ gh® ~ g?h ~ g3h* ~ g*h?
where S; U Sy = {g*hP|A, B # 0 mod 5}. The irrational GMFs occur when the
elements of the two sets S1, Sy are of different Fricke type, e.g. S; is Fricke but So
is non-Fricke. Indeed, otherwise we have some of the cases, analysed previously
in [§] which lead to rational GMFs.

Proposition 1. For ¢ = 54+ and h € Gy, = HN of order 5, the following
class structures give rise to a genus zero fizing group I'y 4 for irrational GMF's

Z { Z ] (57) as follows:
(i) g Fricke, h non-Fricke, S1 Fricke, So non-Fricke,
Thy= (Co(25), T Wosd5T"/%).
(ii) g Fricke, h non-Fricke, S1 non-Fricke, Sy Fricke,
Thg = (Do(25), T%/*WasT?/7)

1 r/5\ + 2 1 0 -1
r/5 — = =
where T ( 0 1 >, 05 ( 95 13 > and Was ( 2% 0 ); the

Fricke involution.

Proof: Firstly we will prove that T, , contains T'p(25). Due to Lemma B4 it

is sufficient to demonstrate invariance with respect to Js.
d

According to ([[4) we have Z [ Z } =7 [ 22 ] for some d. Clearly h? € G,

is of order 5 and has irrational characters. From inspection of the ATLAS [[l4]
we have only two such classes with algebraically conjugate irreducible charac-
ters distinguished by (%) = +1. Therefore there are two possibilities: either

3
A [ Z ] =7 [ gh2 ] or Z [ ZQ } The first possibility can be ruled out since

-1 -2
it implies after an ST~! transformation that Z [ ggh ] =7 [ th ] This is
impossible since gh € S; and g?h € Sy and Sy and S are of different Fricke/non-
Fricke type for both cases (i) and (ii) above. Therefore the second possibility
remains which implies §5 invariance and the result follows.

Case (i): From the analysis in [f], where all rational cases with o(g) =
apb

o(h) = 5 are analysed, it follows that Z { zzzg } cannot be rational for (a,b) #

10



(0,0) mod 5. If we choose a,b such that g°h® € Gyaps (23 (g?h®) = 1), this
GMF must be quadratically irrational. Since the Harada-Norton group has only

one pair of irrational classes of order 5 so that Z [ ] is either equal to

a
g2 h3
A Z ] or its algebraic conjugate. We may then further restrict the choice of a, b

h g®ht ]
so that Z =7 .
{ g ] { g°h?

Firstly we observe that b # 0 mod 5 since g®h® should be non-Fricke since h

. h b
is. If a = 0 mod 5 then Z g}—Z[Qth

71 90| _ 5 gZh3th 2734b : .
[ g ] = [ X } and therefore g“h>"" is also Fricke and hence b # 1,3
mod 5. Applying a T transformation we can also see that ¢g>h?*? is Fricke and
hence b # 2,4 mod 5. Thus a # 0 mod 5.

Since g*h” is non-Fricke we conclude that (a,b) ¢ {(s,ns)| (£) =1, s # 0 mod
5}. Applying a T#! transformation we also conclude that (a,b) ¢ {(+2,s), (s &
2, ns £3)| (%) = —1,s # 0 mod 5. Thus either (a,b) = (1,2) or (4,3) both
leading to the same GMF since (gh?)~! = g*h?® and all characters are real.

h gh? h .
Thus we have shown that Z g (r)=2 o2hP (r)=2 g (at) with

a = TSéT . Furthermore we find that all the singular cusps of the GMF are
identified under ', ; = (I'3(5), ) which is therefore a genus zero fixing group.
Clearly Ty 4 is a subgroup of I' where o® = 62 = (ad5)? = 1 mod I'(5) and so
I'y¢/T(5) = D3 which is a (maximal) subgroup of La(5). The corresponding
hauptmodul for fhﬁg = (T'0(25), &) can be explicitly expressed as

] and after a 7! transformation

h _n(m)n(r +2/5)n(r 4+ 3/5) -

7 { ¢ ] I e i E Ve R
¢ 4+0+ (g - 5—\2/5)(;— 10¢° + 5¢°

—25 255

o T

+(21 4 5V5)g* + ( )q° + ... (19)
which is known as the 257b series [[L7].
Assuming that the GMF is replicable and based on numerical matching L.

Queen conjectures that the head characters for h € G5+ = HN can be expanded
in terms of the irreducible characters y;(h) of HN (in ATLAS notation [[l4]) to

give [@] ) [E]

z[ 2 ]6m = 240+ Galm+ xath)a+ xalde? + Cal) +xa0) +
(x1(h) + x2(h) + x5(h) + x6(h))g" +
(x1(h) + x2(h) + xa(h) + x5(h) + x11(h)g° + ... (20)
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and therefore (@) corresponds to the head character expansion () for the 5C
class of HN [L4].

Case (ii). This class structure is obtained from that in Case (i) by replac-
ing h by h?. Therefore the fixing group given by ([[§) with k& = 2 is Thy =
(Do(25), T2/>Wy5T?/%). Tts hauptmodul is then AIEEUINTIYD. o 4 /5,
This is known as the 257 a series [E] and has algebraically conjugate coeflicients
to those of case (i). The head character expansion corresponds to the 5D class of

HN (R0). O

3.2.2 Irrational GMFs for g = 7+ and o(h) =7

The Held group has two pairs of quadratically irrational classes of order 7. In (E)
m = 3, N = 2. The two subsets of powers for each h of order 7 E), conjugate
]

in Gr4 = He are: {h*} for (£) = 1 and {h*} for (%) = -1 Therefore

gh N gh? X gh* and gh® N gh® N ghS. Since go N 95 (s =1,2,..,p—1) for any
Monster element gg, we have the following two disjoint sets S1,S2 of conjugate
elements in M defined by

S = {(gh™)] (;) —=1,5#0mod 7}
S = {(gh™)| (g) = 1,5 #0 mod 7}

where S; US; = {g*hP|A, B # 0 mod 7}.

Proposition 2. For g = 7+ and h of order 7, h € G74 = He the following
class structures give rise to a genus zero fizing group I'y 4 for irrational GMF's

h
Z 7T):
{ 9 ] ()
(i) g Fricke, h non-Fricke, the set S Fricke, Sa non-Fricke,

Thg = (To(49),d), a = ( —?;55 2—/?? )

(i1) g Fricke, h non-Fricke, Sy non-Fricke, So Fricke,

Tng = (To(49),6"), & = < 335 _—2§7 >

(iii) g Fricke, h Fricke, S1 and S2 sets Fricke. There are two possible fixing groups,
which are isomorphic and usually both denoted by 7||7+.

Proof: Firstly we will prove that I';, , contains I'g(49). Due to Lemma B.4 it

is sufficient to demonstrate invariance with respect to dr.
d

According to ([[4) we have Z [ Z } =7 [ ZQ ] for some d. We need to show

that Z[ Z } (1) = Z[ Z;l } (1) = Z[ Z } (677). Assume that (£) = —1. Then

12



-1 -1 -1
wehaveZ[h}_Z{hQ}_Z{Z}—Z[hg}:Z[h }whichis
g g g g g
impossible since h and h~! are not conjugate in G,. Therefore (%) =1 and the

statement follows.

When p = 7 there are two pairs of conjugate irrational characters in G = He
[@] If we consider a GMF on another Fricke twisted sector, for convenience, a
g>h® twisted sector, then for a pair (a,b) # (0,0) mod 7 and g®h® € Gpps

apb
(pgsns(g°h®) = 1), Z { 5325 ] must be quadratically irrational and (g,h) =

(g®h°, g®h®), so that it is either equal to Z Z or its algebraic conjugate. By

choosing an appropriate multiple of (a,b) we may further restrict the choice of

a,b so that
h g®ht ]
Z =7 21
b=z @1

Case (i) Suppose a = 0 mod 7. Then T~! transformation gives Z [ ggh } =

37,54b

Z |: ggZhS

therefore b # 4,3,6 mod 7. Since h* ~ h%2 ~ h and h3 ~ h® in the corresponding
centraliser, b # 1,2,5 mod 7. Thus a # 0 mod 7.

Since g®h’ € S, is non-Fricke, b # 0 mod 7, (a,b) ¢ {(s,ns)| (Z) = 1,

} and since gh is Fricke, so is g?h°T? i.e. it is in the S; Fricke set and

s # 0 mod 7}. Furthermore, a T~! transformation of (@) gives Z { ggh ] =
3+ah5+b

g
Z |: g3h5
(4,5)] (2) = =1, s # 0 mod 7}. If a given pair (a,b) is inadmissible, (i.e.
does not satisfy @)) so are the pairs leading to conjugates in the same set:

(na,nb), (£) = 1. Therefore (a,b) = (5n,4n), (£) = 1. Hence Z[ Z } (1) =

] , and since gh is Fricke, so is g3+t2h°*® thus (a,b) ¢ {(s—3,ns—5),

5p4

g°h B h o 32 .
Z [ o } (r) = Z[ p ] (ar) where a = ( 5 _3 and thus the GMF is
o modular invariant. Furthermore we find that all the singular cusps of the
GMF are identified under 'y, ; = (I')(7), ) which is therefore a genus zero fixing
group. Introducing 3 = dra~! = _11 _32 >, one can check that 32 = o? =
(Ba)®> = 1 mod I'(7). Therefore (I'(7), 67, a)/T(7) ~ A4, a subgroup of Ly(7).
The hauptmodul for the genus zero fixing group I'y, ¢ = (I'9(49), &) is

h _on(m)n(r +3/T)n(r +5/T)n(r +6/7) 1 VT _
7]y ) - ) i T
%+0+(—g +i§)q+(—g —i%ﬁ)q2+2q3+
(3—iVT)g* —3¢° + ... (22)

13



known as the 497 a series [[[7.

Assuming that the GMF is replicable and based on numerical matching L.
Queen conjectures that the head characters for h € G7. = He can be expanded in
terms of the irreducible characters x;(h) of He (in ATLAS notation [[[4]) to give

[@H@

2| B0 = Lo+ G+ xal)e + ) + xa(he* +
(x1(h) + x6(h) + x11(h)g* +
(x1(h) + x2(h) + x3(h) + x6(h) + x14(R))@* + .. (23)

Thus the expansion @) is associated with the 7E class of He.
Case (ii). This class structure is obtained from that in Case (i) by replacing
h by h~!. Therefore the fixing group is given by (@) with £ = —1 mod 7.

g :; > ie. Tpy = (TY(7),a*). hisin 7D

class of He, with algebraically conjugate characters to those of 7TE. The GMF
Z { h ] (77) = n(r)n(r+1/7)n(r+2/Dn(r+4/7) —|—% + z\g corresponding to the 4976
g

The fixing group contains o* = <

n*(77)
series [[L7, is a hauptmodul for the genus zero fixing group Ty, = (T'o(49), &*).
This hauptmodul has algebraically conjugate coefficients compared to (@)

Case (iii) From earlier remarks there are two algebraically conjugate order 7
classes of He remaining. We will demonstrate S-invariance. Since Z Z =
h : g 9> ~1
Z 2 | after an S-transformation Z o= Z L and thus ¢p (g7 ') =

on(g™?) ie. ¢n(g) = 1. So g € G, ~ G,. We have only one pair of ir-

R

=7Z Z , then after an ST ! transforma-

rational classes left, hence Z [

conjugate. Assume that Z g

L >

h
—1 -1 A A
. g B h S g _ h
tion Z[ oh ] = Z[ gh ], which implies that Z[ gh ] = Z[ gh } for
-1
any A. Taking A = —2, after a T~! transformation we obtain Z [ gghh =
(g7th)~t o o o
Z gh . This is impossible since the irrational characters of He are com-
-1
plex. HenceZ[ Z (r)=Z [ gh ] (1) :Z[ Z ] (S7).
Consider the GMF Z*, algebraically conjugate to Z
-1
Z*[sz[hg ] (24)
h=! h=2 g
From (R1)) andSinvariancewehaveZ[ g } zZ[ g ] :Z[hQ] =

14



b1 2a b1 2a bp2a —by,—2a
ZA gg;zﬁ } = Z[ (3526)2 ] =7 [ 993125 ] =7* [ g 93%5 ] i.e. if Z satisfies
(1)) for a pair (a,b) then Z* satisfies (R]) for the pair (—=b, —2a) (and therefore
(—nb, —2na) with (£) = 1).
We can show that Z and Z* cannot satify (R1]) for one and the same pair (a, b)
(otherwise they would have the same fixing group and possibly hauptmodul). Let
us assume that it is possible and therefore (a,b) = (—2b, —4a) mod 7 (n = 2): i.e.

3
a,b) = (s,3s), s mod 7. For s = 1 we have = 3,5 |. Since
b 3s), s # 0 mod 7. F 1 we have Z Z z ggiﬁl Si

g gh
g4h5

h5
since clearly ¢s(g*h®) # 1. Thus (a,b) # (s,3s) for (£) = 1. For s = 3 we
3p2

have Z [ Z } = Z [ z325 } Applying two times this transformation we get

3 57,2
Z{ h ] —Z[ 25 ] it followsthatZ[ Z ] _Z[g h ] Applying two times

the last transformation we get Z Z =Z which is a contradiction

h2

(a,b) # (s,3s) for (£) = —1 and finally (a,b) # (s,3s) in general.

4
Z [ Z ] =7 [ gh } which is a contradiction since clearly ¢y2(g*h) # 1. Thus

g 93h5
Suppose ¢ = 0 mod 7. Then Z { 3 ] =7 [ B ] which is impossible,

because ¢r,(g) = 1, ¢ps(g9) = 1, dp(h®) = wr . Thus a # 0 mod 7 and similarly
b# 0mod 7.

Since ¢35 (9°h°) = wr, g®h® must not be a power of g3h%, (a,b) # (3s,5s).
Applying once again (@) we have

h a(3+b) p,5a+b?
Z[ g ] =7 [ gg2fzah172b :

) h g5b2+4b3
Let a = 4b° mod 7 and b = £1 or +£2 mod 7. Then Z p =7

2
g27b h172b

is possible only if ¢g2,b2h1,2b (9) = 1. However according to Theorem , since
¢rn(g) = 1 it is not possible to have ¢q2,b2 pi—2v(g) = 1 unless 2 — b% = 0 mod 7
which is not the case. Therefore (a, b) # (4,=%1), (2,£2), and we exclude also their
conjugates of the form (na,nb), (%) = 1: (a,b) ¢ {(4n, £n), (2n, £2n)| (%) = 1}.
Finally we exclude all pairs, which can be represented as (—b, —2a) from an already
excluded pair (a,b). It is due to the fact that if (a, b) satisfies (R1)), (—b, —2a) must
satisfy the same relation for Z* (24). The remaining pairs are (a,b) = (5n,4n),
(%) =1((5,4), (3,1) and (6,2)); their Z*-partners of the form (—b, —2a): (3,4),

32 > for Z (for

(6,1), (5,2). This leads to modular invariance under o = ( 5 _3

(a,b) = (5,4)), and o — ( T ) for Z* (for (b, —2a) — (3,4)). Note that

a is of order 2 in I'(7) and o’ is of order 4 in T'(7) i.e. the mapping to g>h® Fricke
twisted sector (R1) requires modular transformations of different order in each

15



case. Each of the two fixing groups I'y, ; = (I'§(7), o, S), (T3(7),/, S) matches all
the singular cusps of the GMF and therefore each group is of genus zero. These two
fixing groups are isomorphic. Indeed, introducing a; = aS, ag = 075, ag = S, we
have af = a3 = a2 = (a1a2)? = (a203)3 = (aza1)? = 1 mod I'(7), the defining
relations of the group S;. Introducing B, = S, 32 = Sa/, we have 32 = 33 =
(182)* = 1 mod T'(7), also defining the group S4, a maximal subgroup of Ly(7).
Therefore (I'(7), 07, «, S)/T(7) ~ S4 and (I'(7),a’,S)/T(7) =~ S4. According to
the definition in [[L6] for both groups we use the same notation I'j, , = 7||74. The
GMFs represents the hauptmoduls for these groups and can be found from those

of Case (i) with symmetrization:

h n(m)n(r +3/7)n(T +5/T)n(r +6/7)
2| o )
Z_ﬁn(497)n(T +1/0n(r+2/T)n(r+4/7)
n*(77)
3 3T

q71+0+(—§+z 5 )+ (1 —ivVT)g® +9¢° +

31 —ivVT)g* +4¢° + ...

+

«| P ()T +1/T)n(r +2/T)n(r +4/7)
i { 9 ] (rr) = i (77) "
i /7 AT (T + 3/T)n(r + 5/T)n(r + 6/7)
n*(77)

Z* has a series expansion with complex conjugate coefficients to Z. According
to (RJ) Z is the GMF when h is an element of 7A class of He, Z* - when h is an
element of 7B class of He. O

3.2.3 Irrational GMFs for g = 114 and o(h) = 11

The M2 group has one pair of quadratically irrational classes of order 11. In
(id) m = 2, N = 2. There are two subsets of powers of h ([[F) conjugate in

G4 =Mia: {he} for (%) =1 and {h?} for (&) = —1 [[4].

Proposition 3. Forg =11+, h € G114+ = M2 and o(h) = 11, the class structure
where all elements of the group (g, h) are Fricke gives rise to a pair of irrational
GMFs with isomorphic genus zero fizing groups (usually both denoted by 11]|11+ ).

Proof: Firstly we will prove that '), , contains T'p(121). Due to Lemma B.4

it is sufficient to demonstrate invariance with respect to d11.
d

According to (14) Z [ Z =7 [ Z4 for some d. We need to show that

3
Z [ Z ] (r)=2 [ 24 } (=27 [ Z } (6117). Clearly h? € G, is of order 11 and
has irrational characters. From inspection of the ATLAS [@] we have only two
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such classes with algebraically conjugate irreducible characters distinguished by
—1
(111) = £1. Assume that (111) = —1. Then we have Z[ Z ] = Z{ hg4 ] =
p(=1)°
g

in Gy. Therefore () = 1, and the statement follows. One can demonstrate also
that ¢5,(g) = 1 and hence S invariance follows as in Proposition [(iii).

Let us now consider a GMF related to another Fricke twisted sector, for con-

venience, say a gh? twisted sector. When o(h) = 11 there is only one pair of
apb

elements in M5 with irrational characters @] So Z [ gg :2

for (a,b) # (0,0) mod 11. If we choose a,b such that g®h® € G p2 (dgn2(g7hb) = 1),

this GMF must be quadratically irrational. Since M;s has only one pair of irra-
gahb

gh?

-1
=7 { hg } which is impossible since h and h~! are not conjugate

] cannot be rational

tional classes of order 11 (and no rational ones), then Z [ } is either equal

h . . . . .
to Z [ g } or its algebraic conjugate. We may then further restrict the choice of

a, b so that
([3]-+[5]
9 gh* |
-1 4 —4.(-5)
Using (29) and S invariance we have Z [ hg ] =7 hg } =7 [ h 45 ]
-5 —5b12a 5bp—2a\—1
Z [ gh2 ] =7 [ ?ngfég ] = Z[ (g ZhQ ) ] and hence
N h s g5bh72a
z { " ] y { ke

where the definition of Z* is as in (R4). Thus if (a,b) is an invariance for Z as
in @) then (5b, —2a) is an invariance for Z*. Using similar techniques as in
Proposition [(iii) we can prove that (a,b) # (5b, —2a) mod 11 i.e. (a,b) # (s,9s).
Furthermore, since ¢,52(gh?) = w1, (a,b) # (s,2s).

As in Proposition E(iii) one can show that a,b # 0 mod 11. Applying once

a(1+b) 2a+b2
again the transformation (@) we have Z [ Z ] =7 [ gg2a+122b+2 } Let a =
h g5b2(1+b)
5b* mod 11 with b* # 1 mod 11. Then Z { p ] =Z| 1ppoe2 | I8 possible
g

only if ¢ 1422012 (9) = 1. However according to theorem (B.9), since ¢, (g) =1
it is not possible to have ¢g1,b2 h2b+2 (9) = 1 unless b2 = 1 mod 11 which is not

the case. Therefore (a,b) # (5b%,b) for b = +2, +3, +4, +5 mod 11, and we
exclude also their conjugates of the form (56%n,bn), (%) =1,b#0, £1 mod 11.
Finally we exclude all pairs which can be represented as (5b, —2a) from an already
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excluded pair (a,b). It is due to the fact that if (a, b) satisfies (), (5b, —2a) must
satisfy the same relation for Z*.
The remaining pairs are (a,b) = (10n,10n), (+) = 1 and their Z*-partners

of the form (5b, —2a): (6n,2n) (1—) = 1. This leads to modular invariance under

o= ( _12 _11 ) for (a,b) = (10,10) -say for Z, and o/ = ( _12 _59 > for
(a,b) = (6,2) for Z*. The two fixing groups I'y, , = (I'J(11),«, S), ([§(11),/, S)
are conjugate and isomorphic to As mod I'(11) (generated by a3 = d115a, ag =
S, a3 = a, which satisfy o = a3 = a2 = (m1a2)? = (a103)? = (aza3)® =
(1aea3)® = 1 mod T'(11), the defining relations of As). As is a (maximal)
subgroup of Lo(11). For both fixing groups we use the notation l:‘h,g = 11|11+
[E] All the singular cusps of the GMF are identified under the corresponding
I',,¢ which is therefore a genus zero fixing group.

The ¢ expansions to O(¢°) of the hauptmoduls for Ty , = 11||11+ are [, [[]):

Z[ Z ] (11r) = 1+0+(%i"g)‘”wH%iig)qg
iV - (e -

Assuming that the GMF is replicable the head character expansion for h €
G114+ = Mj2 in terms of the irreducible characters x;(h) of Mis (in ATLAS

notation [[4)) is [Ig,[Ld]

z[ B ]an = 20 am et a4 xd +

1
p (
(x1(h) + xa(h) + x6(h) + x7(h))g®
(x1(h) + 2x5(h) + x6(h) + x7(h) + X13( )g* +
(2x1(h) + 2xa(h) + x5(h) + 2x6(h) + 2x7(h) +
x11(h) + x12(h) + x13(h)g” + .. (27)
The upper signs in () according to (R7) are for h an element of 114 class of

Mjs, the lower - for h an element of 11B class of My,. [
Propositions — lead us to the following statement:

Corollary 3.5. For g = p+, o(h) = p and p = 5,7,11 the irrational GMFs obey
h h?
Z =7 i =1,
o7l e (5)
where the fizing group fh,g contains To(p?).

3.2.4 Irrational GMFs for g = 13+ and o(h) = 13

The L3(3) group has four conjugate irrational classes of order 13. There are four
subsets of powers of h ([[§]) conjugate in G131 = L3(3) determined by Xg) (a) €
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{#£1,£4}. Since go X g5 (s =1,2,...,p — 1) for any Monster element go, we have
the following four disjoint sets of conjugate elements in M defined by:

So = {(gh")’|x%) (n) = =i, s # 0 mod 13}
e {(9h")5|x(£§> (n) =1, s# 0 mod 13}
S = {(th)sb(g) (n) =14, s # 0 mod 13}
Sy = {(gh™)’ X% (n) = 1, s # 0 mod 13}

where U3_,S,. = {g*hP|A, B # 0 mod 13}.

The fixing group for the irreducible characters of Lg(3) is (x3), so we expect
g 8 ) mod T'(13), which is of order 3 in I'(13),
and therefore the order of I'y, ,/T"(13) is divisible by 3. The only possibility is
I'y¢/T(13) = A4, a maximal subgroup of Ly(13). Then I'j, 4 contains an element
a, such that A3 = o? = (Aa)® = 1 mod I'(13). There are four solutions of

3—r

the above relation, a(r) = 9211? 267 , 7 =0,1,2,3, corresponding to the
fixing groups related to the four irrational classes. The result can be rigorously
formulated in the following

invariance under A = §%, =

Proposition 4. For g = 13+ and h of order 13, h € G134+ = L3(3) the class
structure with g Fricke, h non-Fricke, one of the sets S, (r =0,1,2,3) Fricke and
the others non-Fricke gives rise to an irrational GMF with a genus zero fizing
group T'y, o = (I'(13), A, a(r)), such that T'j, 4/T'(13) = Ay.

Proof: Let us assume that the elements of S; are Fricke, the others are

non-Fricke. Firstly we show invariance under A. According to ([4) for some d,
h hd 1 . . gh g°hd
Z g | = Z | A T7' transformation gives us Z g | = Z &

and hence g3h? € S since gh € S; is Fricke. Hence X%) (d)=1s0Z { Z ] (1) =

[ RO h

Z N=2 AT).

FIGEH TS

Now we demonstrate «(1) invariance. To this end, as before, we consider
a general transformation to the (gh)'! Fricke twisted sector. It is clear that
r apb

Z 9911211 } cannot be rational for (a,b) # (0,0) mod 13. If we choose a,b such
that g°ht € Gyiipn (¢gupii(g¥h?) = 1), this GMF must be still irrational, since

apb
there are no rational characters of order 13. So that Z { g%lzll } is either equal

to Z [ Z } or one of its algebraic conjugates. We may then further restrict the

h | g°ht
z|h]=z] g |

19
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a72nhb72n
glthl
x(ﬁ) (n) = 1, g"h € S; is Fricke and hence g~ 2"h*=2" ¢ S; also, which leads
to (a,b) = (3,5), (9,2), (1,6). The solution (9,2) provides the modular transfor-
mation «(1). Thus I'y, ; = (I'(11), A, «(1)). All the singular cusps of the GMF
are identified under I', ; which is therefore a genus zero fixing group. Note that

Taking a T~ transformation we have Z[ ggh } =7 [ g ] For

f;w does not contain T'g(169). The fixing groups for the other cases follow from

(I¥. O

4 Conclusions

We have shown how Irrational Generalised Moonshine can be understood from
the analysis of the class structure for a pair of Monster elements of prime order
p. This follows from constraints originating from the abelian orbifolding of the
Moonshine Module and properties of centraliser irreducible characters. We have
explicitly demonstrated the genus zero property for Irrational Generalised Moon-
shine Functions (GMFs) in all cases. The methods developed in this paper and
in [E] can in principle be extended to analyse other GMF's towards proving the
genus zero property in general.
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