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FULLY INERT SUBGROUPS OF ABELIAN p-GROUPS

B. GOLDSMITH, L. SALCE, P. ZANARDO

ABSTRACT. A subgroup H of an Abelian group G is said to be
fully inert in G, if for every endomorphism ¢ of G, the factor group
(H + ¢(H))/H is finite. This notion arises in the study of the
dynamical properties of endomorphisms (entropy). The principal
result of this work is that fully inert subgroups of direct sums of
cyclic p-groups are commensurable with fully invariant subgroups
of the direct sum.

INTRODUCTION

All groups discussed in this paper are Abelian, so the word “group”
always means an additively written “Abelian group”. Motivated by the
study of the dynamical properties of an endomorphism ¢ of a group, ¢-
inert subgroups have been introduced in [5], according to the following

Definition 1. Let G be a group, ¢: G — G an endomorphism and H
a subgroup of G. H is called ¢-inert it H N ¢(H) has finite index in
¢(H), equivalently, if the factor group (¢(H) + H)/H is finite.

The family of all ¢-inert subgroups of G obviously contains all the
¢-invariant subgroups of GG, as well as the finite subgroups and the
subgroups of finite index. Passing to a “global condition”, we have the
following notion, also introduced in [5].

Definition 2. A subgroup H of a group G is said to be fully inert if
it is ¢-inert for every endomorphism ¢ of G.

Fully inert subgroups represent a common generalization of finite
subgroups and of subgroups of finite index, as well as of fully invariant
subgroups.

Recall that two subgroups K, H of a group G are said to be commen-
surable, if both (K + H)/H and (K + H)/K are finite. Commensu-
rability is an equivalence relation; this fact was proved in [7], and also
follows readily from Proposition 1.4 of the present paper. This notion
is relevant in the investigation of the fully inert subgroups of a given
group G, since, as shown in [6], a subgroup commensurable with some
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2 B. GOLDSMITH, L. SALCE, P. ZANARDO

fully inert subgroup of G s also fully inert. Actually, a main question
in the investigation of fully inert subgroups, is whether or not every
fully inert subgroup of G is commensurable with some fully invariant
subgroup.

In two recent papers ([6] and [7]), fully inert subgroups of divisible
groups and of free groups have been investigated and characterized.
Furthermore, extending verbatim the definitions to J,-modules, where
J,, denotes the ring of p-adic integers, fully inert submodules of torsion-
free complete J,-modules have been characterized in [9]. It is worth
pointing out a significant difference between fully inert subgroups of
free groups and those of divisible groups. In the former case, every
fully inert subgroup is commensurable with a fully invariant subgroup
while in the latter case there exist fully inert subgroups not satisfying
this property. It happens also in the case of torsion-free J,-modules
that fully inert submodules may fail to be commensurable with fully
invariant submodules (see [9]).

In this paper we begin the investigation of fully inert subgroups
of p-groups. The techniques used are more sophisticated than in the
divisible and free cases, reflecting the fact that fully invariant subgroups
of p-groups have a more complicated structure. Although our interest
in this work is centred on direct sums of cyclic p-groups, we will on
occasion present results for fully transitive p-groups, noting that direct
sums of cyclic p-groups are always fully transitive. Fully invariant
subgroups of fully transitive p-groups may be completely described via
the well-known classification due to Kaplansky (see [11, Theorem 25]).

After a preliminary section containing some results on commensu-
rable subgroups of p-groups and of their fully invariant subgroups, the
main body of the paper is devoted to proving that fully inert subgroups
of direct sums of cyclic p-groups are commensurable with fully invari-
ant subgroups. This result was not unexpected, but its proof is far
from straightforward and is significantly more difficult than the corre-
sponding proof in the case of torsion-free J,-modules H, despite the
superficial resemblance of the two cases. A significant complication in
the case of p-groups is that the lattice of fully invariant subgroups is
vastly more complicated than the corresponding lattice in the torsion-
free situation, where the lattice is just the chain p®H (o < w). Indeed,
to get the result we must consider two cases, each needing quite dif-
ferent discussions and techniques. The first case, handled in Section 2,
deals with bounded p-groups, while the second case, handled in Sec-
tion 3, deals with semi-standard direct sums of cyclic p-groups, that is,
direct sums whose Ulm-Kaplansky invariants are all finite. A final step
that combines the results obtained in the two cases described above,
completes the proof.

In the final section, Section 4, we give an example of a separable
p-group containing fully inert subgroups not commensurable with any
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fully invariant subgroup. For this purpose we use a p-group constructed
by Pierce (see Theorem 15.4 in [12]), whose endomorphism ring, mod-
ulo the ideal of small endomorphisms, has a particularly simple struc-
ture.

1. NOTATIONS AND PRELIMINARY RESULTS

For unexplained notations, definitions and standard results on p-
groups we refer to the classical volumes of Fuchs [8].

Two subgroups K, H of a group G are said to be commensurable, if
both (K + H)/H and (K + H)/K are finite. If H and K are commen-
surable, we use the notation H ~. K.

We will show that two subgroups of a p-group are commensurable
if and only if they contain a common summand of finite index. We
start by considering the case when one group contains the other as a
subgroup of finite index; then the following result by Pierce is available
(see Lemma 16.5 in [12]).

Proposition 1.1. Let G be an arbitrary p-group and H a subgroup of
G such that G/H s finite. Then G decomposes as G = F & C, with F
finite, and H = (FNH) & C.

An immediate consequence of Proposition 1.1 is the following

Corollary 1.2. Let C be a class of p-groups containing the finite groups
and closed under taking direct summands and finite direct sums. Let
H be a subgroup of finite index of the p-group G. Then H € C if and
only if G € C.

Classes of p-groups satisfying the conditions of the preceding corol-
lary are, for instance, the class of totally projective p-groups (of fixed
length) and the class of torsion-complete groups.

We need now a preparatory lemma.

Lemma 1.3. Let X = Fy & Cy, = F» ® Cy be two direct decompositions
of the p-group X, with Fy and Fy finite. Then Cy = F| & C and
Cy = Fy & C, with F{ and F} finite.

Proof. Applying Proposition 1.1 with G = X and H = C}; N Cs, we
obtain X = F& C and C1NCy, = (FNC,NCy) & C. Thus C
is a summand of both C; and Cs, and, clearly, the complements are
finite. O

We can now prove the announced result on commensurable sub-
groups of p-groups.

Proposition 1.4. Let G be a p-group, and H, K two subgroups of G.
Then H is commensurable with K if and only if H = F & C and
K =F &C, where F and F' are finite.
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Proof. Assume that H ~. K. Applying Proposition 1.1 twice, firstly
to H + K and H, and then to H + K and K, we obtain two direct
decompositions H + K = I} & C; = F5 & (5, where Fy, F5 are finite
and H=(F1NH)®Cy, K= (F,NK)® Cy. Applying Lemma 1.3 to
X=H+K,weget H=(FiNH)@F @&Cand K = (F,NK)® F,aC.
Setting F'= (FANH) @& F| and F' = (F,N H) & Fj, we get the desired
decompositions. The converse is obvious. O

Note that the preceding proposition readily implies that commensu-
rability is an equivalence relation.

The following well-known fact will be used repeatedly in our discus-
sion; it has been previously used in [4].

Lemma 1.5. Suppose that G = A @ B and X is a fully invariant
subgroup of A. Then there is a subgroup C' of B such that X @& C is
fully invariant in G.

Proof. Let C = (6(z) : x € X, § € Hom(A, B)). We claim that

(i) vC C X for all v € Hom(B, A);

(ii) BC C C for all § € End(B).

Assuming for the moment that we have established these claims,
consider the subgroup X & C' of G. If A = (f; g) is an arbitrary
endomorphism of G (with the usual conventions), then A(X @ C) C
(aX +~vC) @ (60X + BC). Clearly aX C X by the full invariance of X
in A and 60X C C by the definition of C. The claims (¢) and (i7) above
then establish the full invariance of X & C'in G.

To establish the first claim, note that if ¢ € C, then ¢ = > §;(z;) for
some z; € X, §;: A — B. But then v(c) = v(>_ di(z;)) = D vdi(z;)
and v0; € End(A). Thus vd;(x;) € X since the latter is fully invariant
in A.

For the second claim, it suffices to note, using the same notation
as above, that 87, € Hom(A, B) so that §(c) = Y fv(z;) € C by

O

definition.

Let G be a direct sum of cyclic p-groups. We fix a standing notation,

namely, we write
- @ 6

0<n<kK
where k is either a finite ordinal or w, and G, is a direct sum of )\,
copies of Z(p°), where 0 < ¢; < -+- < ¢, < ...,and A\, (n < k) is a

nonzero cardinal. Thus, for 0 < n < k, we have

G = P Zean = P ZH™),

a<in An
where the e, ,, are fixed generators of G, of order p.
The next lemma was proved in [1], with a slightly different formu-
lation; see [1, Theorem 2.8]. It will be repeatedly applied throughout
this paper.
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Lemma 1.6. Let G = @ G, be as above, and consider its subgroup
0<n<k

G' =P, cs Gn, where ) # A C k. Then L is a fully invariant subgroup
of G" if and only if L = @neAph(")Gn, where the integers h(n) satisfy
the conditions

(1) h(n) < ¢ for alln >0 in A;

(2) h(i) < h(n) < h(i) + ¢, — ¢ for all0 < i <n in A.

2. THE CASE OF BOUNDED p-GROUPS

In this section we examine the case when the p-group G is bounded.

Hence, in the above notation, k = k + 1 is finite, and we may write
k

G = @ G,. We assume that G is not finite, otherwise our results are
n=1
devoid of interest.

Denote by m,, the canonical projections of G' onto G,, and by 7, the
projections onto Ze, ,, for a < A,,. The n-support of z € G is defined
by Supp, (z) = {a < A\, : Tan(z) # 0}.

Let H be a fully inert subgroup of G. We assume that H is not
finite. We introduce an ad hoc notation: for n > 0, let

X =Xn(H) ={a <\, : man(z) #0, for some z € H}.

Of course X, = U,y Supp,(2). Note that H C €D, <y nex, Zean-
Since H is not finite, it follows that there is at least one m < k such
that X,, is an infinite set.

It is also clear that, for each a € X,,, there is y € H such that
Tan(y) = P tean

To avoid cumbersome repetitions, we also introduce a terminology
for endomorphisms: we say that ¢ € End(G) is the standard endomor-
phism that extends the assignments ¢: e, — ga, for suitable n < k,
acV C\, and g, € G, if ¢ annihilates all the other generators eg;

The following technical lemma will be crucial for our discussion,
specifically in proving Steps 1 and 5 of Theorem 2.2.

Lemma 2.1. In the above notation, let X, be infinite and pick any
infinite subset Y of X,,. Then there exist countably many distinct 3; €
Y and z; € H (i <w) such that

(1) B; € Supp,,(2;) and B; ¢ Supp,,(z;) for every j < i < w;

(2) if g(i) is the minimum exponent such 0 # p?Wes. , € 75 H,
then 7, n(2i) = p?Deg, n;

(8) if j <i, and g, n(2;) = up'es, n, t a suitable integer, u coprime
with p, then g(j) < t.

Proof. We construct the sequence {z;};, by induction. Pick any 3, €
Y C X, and choose 2y € H such that mg, ,(20) = pg(o)ego,n # 0, and
¢(0) is minimum in the sense of (2). Assume that zo,...,z_; have
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been constructed. Choose f3; € Y such that 3; ¢ Supp,(z;) for every
j < i < w; this is possible, since Y is infinite. Then pick z; € H
such that 74, ,(2) = p?Wes, . # 0, and g(i) is minimum. Take any
J <1, and let g, »(2;) = upte/g].,n, t a suitable integer, u coprime with
p. Then ¢(j) <t since, by induction, g(j) was the minimum exponent
appearing in 7g, , H, and w is a unit of J,. The element z; satisfies the
conditions (1)—(3). O

The following theorem deals with the special case when all the G,
are infinite. It is the crucial stage in deriving the final theorem of this
section.

Theorem 2.2. Let H be a fully inert subgroup of a bounded p-group
k
G = @ G, where each G, is an infinite direct sum of copies of Z(p™)

n=1
and (0 < ¢y < --- < cg. Then H is commensurable with a fully invariant

subgroup of G.

Proof. We may assume that H is infinite, since finite subgroups are

commensurable with the fully invariant subgroup {0}. We adopt the

notation and conventions that precede the statement. In particular,

Gn = @,cn, Lean = @ Z(p™); by hypothesis, each A, is infinite.
Now we proceed by steps.

Step 1. Let m < k be minimal such that X, is an infinite set. Then
An \ Xy, is a finite set, for every n > m.

Proof. Assume, for a contradiction, that A, \ X, is infinite, for some
n > m. Take infinitely many o; < A, i < w, with oy ¢ X,,. Say
A = (eq;n 1 <w); note that AN H = 0. Since X,, is infinite, we may
construct sequences {0;}i<, € X, and {z;}i<, € H as in Lemma 2.1.

Consider the standard endomorphism ¢ of G that extends the as-
signments

O egm = P Meqn, 1< W.

We verify that H 2 p®~tA. Actually, we will show that pen—em+9(@e
is in ¢H for every i < w, and so we are then finished, since g(i) <
¢m — 1. The verification is by induction on ¢ < w. If ¢ = 0, then
?(20) = ¢(p?Vegym), since B; ¢ Supp,,(z) for every i > 0; it follows
that ¢(p?Veg, m) = pn—cmt9O0¢, € ¢H. If i > 0, then

P(2:) = ¢(pg(i)eﬁi,m) + Z Qb(ujptjeﬁj:m) =
j<i
P (P Dean + Y upiea, ),
1<t
for suitable t; > ¢(j), u; units of J,, again since ; ¢ Supp,(z;) for
every j < i. By induction pC”*C’”*gU)eaﬂ.,n € ¢H for any j < i, and
therefore we get pcm_cﬁg(i)eai’n € ¢H, as required.
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Since p»'AN H = 0, the group (p»~'A + H)/H is infinite, while
(pH + H)/H is finite, since H is fully inert — a contradiction. O

If m is minimal such that X,, is infinite, then H = F' & H;, where
H C G, ®- &Gy, and F is a finite group. Thus H; ~. H and so
H is also fully inert. Then, replacing H by H; if necessary, we may
safely assume that H C G,, & --- & G;. Moreover, in view of Step 1,
we may also assume that A, = X, for m < n < k. It suffices to add to
H the finitely many elements e, ,, whenever a € A\, \ X,, (m <n < k),
and note that the resulting enlarged subgroup is again fully inert and
commensurable with H.

Step 2. Form <n < k,let V, = <pcn71€a7n Lo < A\y) = plG.
Then the Z(p)-vector space (V,, + H)/H is finite.

Proof. Recall that we may assume A\, = X,, form <n < kandso X,, =
An is infinite. Assume, for a contradiction, that (V,, + H)/H is infinite.
Then there exist countably many distinct p»~'e,,, € V;, (i < w) that
are linearly independent modulo H. Let W = (p~le,,,, € V;, 1 i < w);
note that W N H = 0. Since X, is infinite, applying Lemma 2.1 to X,
and arguing as in the proof of Step 1, we may find an endomorphism
¢ of G such that ¢H O W. Since W is infinite and W N H = 0, as in
Step 1 we conclude that (¢H + H)/H is infinite — a contradiction. [

From the above discussion we conclude that for m < n < k, there
exist nonnegative integers f(n) < ¢, — 1, such that

(p!™G, + H)/H| < o0, m<n<k.

We assume that f(n) is the minimum integer that satisfies this finite-
ness property.
Let L = @mgngkpf(")Gn; clearly, we also have |(L + H)/H| < co.

Step 3. Let K = (eg,,, : i < w) C G, where 5; < A, are distinct.
If (pK + H)/H is finite for some ¢ < ¢,, then also (p'G, + H)/H is
finite.

Proof. Let Ko = (€gym,€am»---»€8.m) C Gp be such that (p'K +
H)/H C (p'Ky + H)/H. In particular, p'eg,, € p'Ky + H for all
i < w. Assume, for a contradiction, that (p'G, + H)/H is infinite.
Then it contains a countable subgroup and so there exist countably
many distinct o < A\, (i < w) such that (T'+ H)/H is infinite, where
T = (pleain 1 <w).

Consider the standard endomorphism ¢ of G that extends the as-
signments

O egn > Caym, T < W.

Then plen, n = ¢(p'es,n) € ¢(p'Ko) + ¢H for all i < w. It follows that
T C ¢(p'Ky) + ¢H. Since ¢(p'Kyp) is finite and H is fully inert, it
follows that (¢(p'Ko) + ¢H + H)/H is finite, hence also (T'+ H)/H is
finite — a contradiction. O
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We want to show that L = @, ., . p/™G, is a fully invariant
subgroup of G' =@, ., ... Gn. By Lemma 1.6, it suffices to show that
the integers f(n) satisfy conditions (1) and (2) of that lemma. Actually,
condition (1) is automatic, since f(n) < ¢,, by our choice of the f(n).
The next step verifies that condition (2) also holds.

Step 4. If m < n <n+r <k, then f(n) < f(n+71) < f(n) +
Cntr — Cp-

Proof. Since the )\, are all infinite, the cardinal w is contained in both
An and A,i.. We show firstly that f(n) < f(n + r). Consider the
standard ¢ € End(G) such that ¢: €; 4 — €, i < w. Let K =
(Cimir 11 < W) C Gpyp; since pfMEK C H, we get p/" MoK =
(pf* e, i <w) C ¢H. Then (p/"*M¢K + H)/H is finite, since H
is fully inert. Then Step 3 shows that (pf™"*" G, + H)/H is also finite.
From the minimality of f(n) it follows that f(n) < f(n+r).
Secondly, we show that f(n+ 1) < f(n) + ¢y4r — ¢,. Consider the
standard ¢ € End(G) such that ¢: e;,, — p™*+~°*¢; nyr, i <w. Then
Y H contains (p’ (”)J“c"“_‘:”ei’mr 11 < w). Arguing as above, we see that
(pfWtenser=en |+ H)/H is finite. From the minimality of f(n + 1)
it follows that f(n+7) < f(n) + cogr — Cn. O

Now we prove that H ~. L. Since we have observed above that
(H + L)/H is finite, the commensurability follows from the next step.

Step 5. (H + L)/L is a finite group.

Proof. Tt suffices to show that (7, H + p/™G,,)/pf™ G, is finite for all
m <n < k. Indeed

(H+L)/LS (P mH+L)/L= P (mH+p'"G,)/p' "G,

m<n<k m<n<k

We assume, for a contradiction, that (7, H + p/™G,,)/pf™@G,, is infi-
nite, for some m < n < k. Then (7, H + p/™G,)/p’ ™G, contains a
countable group, say (y; + p’™G, : i < w), y; € 7, H. In particular,
there must be an infinite subset Y of X, such that, for all « € Y, there
exists g(a) < f(n) such that p?@e,, € m,,H. We apply Lemma
2.1 to the set Y, getting countably many distinct 5; € Y and z; € H
(1 < w) satisfying conditions (1)—(3) of that lemma. Note that, by the
definition of Y, ¢(i) < f(n) for all i < w.
Consider the standard endomorphism ¢ of GG such that

Qregnt €sn, L <W.

An argument, similar to that in the proof of Step 1 (under the present
circumstances ¢,, = ¢,, §; = «;), shows that all the pg(")eﬁi,n lie in
¢H. Tt follows that ((p/™~Les , i < w)+ H)/H is finite. Using Step
3, we may conclude that (pf™~'G, + H)/H is finite, contrary to the
minimality of f(n). We have reached the desired contradiction. U
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The final step in our argument is:
Step 6. If m > 1 and s < m, then f(m) > c.

Proof. Recall that H NG, = 0. Pick infinitely many distinct e; ,, € G,
and e; s € G, @ < w. Consider the standard endomorphism ¢ such that
¢ €im— €. Then ¢H DO pf(m) @Kw Ze; . Since H is fully inert and
HNEp,_,Ze;s = 0, this is possible only if pl(m) P, . Ze;is =0, ie,
f(m) > cs. d

An immediate consequence of Step 6 and Lemma 1.6, is that L =

k
{0} @ L is fully invariant in the whole group G = @ G,. Then H is
n=1
commensurable with a fully invariant subgroup of G, as required. [J
Before we give the final theorem of this section, we make an elemen-
tary observation: if H C X, X is a direct summand of G, and H is
fully inert in G, then H is fully inert in X.

Theorem 2.3. Let H be a fully inert subgroup of a bounded p-group
G. Then H is commensurable with a fully invariant subgroup of G.

k ~
Proof. Assume H is fully inert in G = @ G,, = F @ G, where all the

n=1
homogeneous components of F' are finite (and so F' itself is finite) while

those of G are all of infinite rank. Now if H,=F+ H, then H ~, H;
and so H; is fully inert in G. Furthermore Hy, = H, N (F & G’) =
F® (H,NG); set Hy = H N G. Note that Hy ~, Hy, so Hy is fully
inert in G and as observed above, H, is fully inert in G.

Now, applying Theorem 2.2 to H,, we get that Hy ~. K, where K
is fully invariant in G. Now, using Lemma 1.5, we can find a fully
invariant subgroup K of G such that K = C' @ K for some subgroup
C' C F. Note that K ~. K and as

HNCHI NCH2 NC-I:N(NCK7
we have that H is commensurable with a fully invariant subgroup of

G. g

3. THE GENERAL CASE

As usual, if G is a p-group and u = (0,,),>0 is an increasing sequence
of ordinals or symbols oo, G(u) denotes the fully invariant subgroup of

G defined as follows:
G(u)={g € G | h(p"g) = 0n, n > 0}.

Let G be a fully transitive p-group, H an arbitrary subgroup of G.
Consider the increasing sequence of ordinals u(H) = (0y,),>0 defined
by

o, = min{h(p"g) | g € H}.
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Obviously the inclusion H C G(u(H)) holds.

Let H be an arbitrary subgroup of a p-group G. We denote by H*
the intersection of the fully invariant subgroups of GG containing H;
clearly, H* is the smallest fully invariant subgroup of G containing H.
We call it the fully invariant hull of H.

It is easy to show that

H*=(¢(x): ¢ € End(G),x € H)= Y ¢H.
¢€End(G)

Lemma 3.1. If G is a fully transitive p-group and H C G, then H* =
G(u(H)).

Proof. The inclusion H* C G(u(H)) is obvious, as G(u(H)) fully in-
variant in G and contains H. For the reverse inclusion, consider the
sequences U(H) and U(H*). Clearly U(H) > U(H*), where the order-
ing is taken pointwise; hence G(U(H)) C G(U(H*)). However, as G is
fully transitive and H* is fully invariant in G, it follows from Kaplan-
sky’s classification [11, Theorem 25] that H* = G(U(H*)) 2 G(U(H)),

as required. O

We prove two general lemmas on fully inert subgroups that have
some independent interest. They will be needed in the discussion that
follows.

Lemma 3.2. Let H be a fully inert subgroup of G = A ® B. Then
H, = HnN A is fully inert in A.

Proof. Take any ¢ € End(A) and extend it to ¢ € End(G) by setting
¢B = 0. Then ¢H O ¢Hy, and we get

(¢H + H)/H 2 (pH + H)/H = ¢H,/(H N ¢Hy) = ¢H,/(H, N ¢H;).

Then (pH,+ Hy)/H, = ¢H,/(HiN¢H,) is finite, since H is fully inert.
We conclude that H; is fully inert in A, since ¢ was arbitrary. O

Lemma 3.3. Let H be a fully inert subgroup of a p-group G = @ﬁel Gg,
where I is a totally ordered set of indices, and let mg: G — Gz (B €
I) be the canonical projections. Then there exists t € I such that
(X psemsH + H)/H is finite.

Proof. For convenience, we introduce the notation 7'H = 3, msH.
Assume, for a contradiction, that (7'H + H)/H is infinite for every
t € I. For every n > 0 we will construct, by induction, the following
sequences

(i) indices t; <ty <---<t, <...in [;

(i) elements a, € G (n > 0), where a, € m, H, and a, + H ¢
(ay +H,... an_1 + H) for all n > 0;

Let us first construct ay, t;. Take any t; € I; since (7"*H + H)/H is
infinite, there exists an element a; € G such that a; € m;, H \ H.
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Assume that for ¢ < n, the families ¢4,...,t, € I, a; € m, H have
been constructed. Observe that (7»™'H + (ay,...,a,) + H)/H is in-
finite, since it contains the infinite group (7»™H + H)/H. Hence
there exists an index t¢,y; > ¢, and an element a,,; € G such that
any1 € My, H and apn + H ¢ (amn + H, ... a, + H).

The new families obtained by adding ¢,,.1, a,4+1 to the given ones,
satisfy conditions (i) and (ii).

Let T'= (a, : n > 0). Clearly the group (T'+ H)/H is infinite, since
an+ H ¢ {(ay +H,... a1+ H) for all n > 0.

Now we set ¢ = > _ 7, and observe that this is a well-defined
endomorphism of G. Then (¢ H+H)/H contains (T'+H)/H, hence it is
infinite. But this is impossible, since H is fully inert — a contradiction.

O

Let now G be an unbounded direct sum of cyclic p-groups. We

maintain the notation of the preceding section, so G = € G, each
0<n<k
Gn = @,en, Lean is a direct sum of copies of Z(p®), 1 < ¢; < 3 <

-o- < ¢p < ...,and the )\, are suitable cardinals. Here k = w, since G
is unbounded.

Note that we may order lexicographically the pairs of indices (n, «)
of the e, ,, where n > 0, a < A,; hence we get a totally ordered set
of indices I, and we can write G = @(n’a)el Zeg n, where [ is a totally
ordered set. Accordingly, we denote by 7(;, ) the canonical projections
Tna): G — Zeqp.

For each t < w, let G* = @,,-, Gn, and G' = P, ,_,G;. For H
any subgroup of G, define H* = H N G* and denote by H** the fully
invariant hull of H' in G'. Recall that, by Lemma 3.2, H' is fully inert
in G' whenever H is fully inert in G.

Note that H* C H* N G" for every t > 0.

Corollary 3.4. Let the notation be as above. If H is a fully inert
subgroup of G, there exists a t > 0 such that, for every r > t, we have

H" = @an ﬂ-nH = @nzr,a<)\n W(”»O‘)H'

Proof. In view of Lemma 3.3, there exists an index (t,a) € I, where
t >0, a <A, such that (Bss . 7sH + H)/H is finite. Analogously
to Lemma 3.3, we use the notation (4 [ = Dsst.0) ToH-

Since (*“H + H)/H D (x"H + H)/H whenever v > (t,a), and
(V> (ta) T H = 0, we conclude that (77H + H)/H = 0, for some vy >
(t, ). Since the order of the indices is lexicographic, we readily see that,
without loss of generality, we may assume o = 0 and vy = (¢,0). Then
we get 7O H C HN Gt = H; moreover H! C @ﬁz(to) ngH = 70 f
is obvious. Since @, TH C Dyspacr, TnaH = THOH, we get
Ht = @nZt 7TnH = @n2t7a</\n ﬂ(nya)H.
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The general formula follows since (7*9H + H)/H = 0 implies
(n"H + H)/H = 0, for any index v > (¢,0), and we can repeat the
above argument. Il

We prove a result, of independent interest, on fully invariant hulls.
As a consequence, we can derive Lemma 3.6 which is a crucial compo-
nent of the proof of the key theorem, Theorem 3.7.

Proposition 3.5. Let G = ®j€J Zej be a direct sum of cyclic p-groups,
and consider the subgroup H = @jeJ m;H of G, where m; denotes the
projection of G onto Zej. Then the fully invariant hull H* of H satisfies
the equality H* = U¢€End(G) oH.

In particular, for every element a € H* there exist an element g € H
and an endomorphism ¢ of G such that ¢(g) =

Proof. To get the equality Z¢€End(G) oH = H* = U¢€End(G) oH, we
will prove that, given arbitrary z,y € H and ¢,v¥ € End(G), there
exist z € H and a € End(G) such that ¢(x) + ¢(y) = a(z). Let us
consider the supports X = Supp(z) and Y = Supp(y), which are finite
subsets of J. We distinguish two cases.

If XNY =0, let z = x+y and define o by extending the assignments:
ale;) = ole;), if 7 € X, ale;) = ¥(e)), if j € Y, and a(e;) = 0, if
jEXUY.

Then a(z + y) = a(x) + a(y) = ¢(x) + ¥(y), as desired.

Assume now that X NY = [ is non empty; let X' = X \ I and
Y’ =Y \ I. Note that, since Ze; is a cyclic p-group, for each i € I
either w(x) = rm;(y), for some r € Z, or sm;(x) = m;(y), for some s € Z.
Therefore we can split I as I = I;UIy, where [1N Iy = 0, m;(x) = rimi(y)
for i € I, and m;(y) = s;m(x) for @ € Iy, for suitable r;,s; € Z. Let

o= mi(z)and ¥y =" .y mi(y), and set
z=a"4+y + Zm(y) + Zm(x)
i€l icly

Note that all the above summands of z are elements of H, since H =
@D, miH, soalso z € H.

We define the endomorphism « of G by the assignments:

(1) aley) = o(ey) if j € X', afey) = th(ey), if j € Y7, a(e;) = 0 if
JEXUY;

(2) ale;) = (ri¢ + ) (e;) for i € Iy, ale;) = (¢ + sib)(e;), for i € Is.

Then we get

a(z) = alz ZONTz + Zomi(x) =

i€l i€ls

o) + () + Y _(rid+ O)mi(y) + Y (6 + si)mi(x) =

i€l i€la

O(2) () +0 ) rmy)+v Y my)+o Yy mz)+v Y simi(x) =

i€l el 1€ls i€lr
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¢(a") + ¢Z7Ti($) + ¢Z7Ti(33) +Y(y) + ¢Z7Ti(?/) + @bzﬂi(y) =

i€l i€l i€l i€ln
¢y mix) > mily) = é(z) + ¥(y)
ieX ey
as desired.
Once we have H* = | $EFNd(G) ¢H, the final assertion of our state-
ment is obvious. Il

Lemma 3.6. Let G = @, G, be a direct sum of cyclic p-groups, where
G, = @ad” ZLeqn, and let H be a fully inert subgroup of G. Then
there exists an integer t > 0 such that, for any s > t and every element
a € H*®, there exist an element g € H® and an endomorphism ¢ of G*
such that ¢(g) = a.

Proof. By Corollary 3.4, there exists an integer ¢ > 0 such that

H = B 7eaH,

n>s,a<An

for any s > t. Since H? is fully inert in G®, we are in the position to
apply Proposition 3.5 to G*, H®* and H**, reaching the desired conclu-
sion. U

We remark that, in the statement of the preceding lemma, we may
safely replace ¢ € End(G") by ¢ € End(G), as every endomorphism of
G! trivially extends to an endomorphism of G.

The basic idea in the proof of the next theorem is the same as in
Lemma 3.3, but the argument is considerably more delicate.

Theorem 3.7. Let H be a fully inert subgroup of the direct sum of
cyclic p-groups G. Then there exists t > 0 such that (H* + H)/H 1is
finite.

Proof. Assume, for a contradiction, that (H*' + H)/H is infinite for
every t > 0. For every n > 0 we will construct, by induction, the
following families, increasing by inclusion:

(i) integers t] <ty < -+ < t, < tpi1;

(ii) elements ay,as,...,a, € H*, where a; € H* and a; + H ¢
(ay +H,... a;—1 + H) for all i < n;

(iii) g1,...,9, € H, where g; € H";

(iv) ¥1,...,%, € End(G), such that Supp(¢;) C Gy, @ -+ - ® G,y 1
and 1;(g;) = a;, for all i < n.

Let ¢t > 0 be the integer furnished by Lemma 3.6.

We start with ¢; = ¢, so that H*"* = H*'. Since (H* + H)/H is
infinite, we may pick a; € H* \ H. Now we apply Lemma 3.6 for the
case s = t, to find an element g; € H' and an endomorphism ¢; of G*
such that ¢1(g1) = a1. Say g1 € G4 @ - - - & Gy, for some ty >t =t,
and let ¢, be the endomorphism of G* which coincides with ¢; on
Gy @ - -+ ® Gy,—1, and vanishes elsewhere.
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Assume that for ¢ < n, the families t1,...,t,,th41 € Z, a; € H*,
gi € H' and v; € End(G) satisfying the conditions (i)—(iv), have been
constructed.

Observe that (H*+' + (a4, ...,a,) + H)/H is infinite, since it con-
tains the infinite group (H*»+' + H)/H. Hence there exists a, 11 €
H*»+1 guch that a,1 + H ¢ (a1 + H,...a, + H). We apply Lemma
3.6 for the case s = t,41. We may find g,.; € H"*' and ¢, €
End(th+1) such that ¢n+l(gn+l) = Qp41- Say In+1 € th+1 DD
Gy, -1, for some integer ¢,,o > t,41, and let ,;; be the endomor-
phism of G which coincides with ¢, on Gy, ., @ --- ® Gy,,,—1, and
vanishes elsewhere. Note that, by construction, the endomorphisms
Ypa1 and 5, © < n have disjoint supports.

The new families, obtained adding ¢,,1 2, @p11, Gni1, Yni1 to the given
ones, satisfy conditions (i)—(iv).

Let T'= (a, : n > 0). Clearly the group (T + H)/H is infinite, since
an+ H ¢ {(an +H,...,a,_1 + H) for all n > 0.

Now we set ¢ = > _ 1y, and observe that this is a well defined en-
domorphism of GG, since, by construction, the 1, have pairwise disjoint
supports. Then (¢ H + H)/H contains (T'+ H)/H, hence it is infinite.
But this is impossible, since H is fully inert — a contradiction. Il

Corollary 3.8. Let the notation be as above. If H is a fully inert
subgroup of G, there exists a t > 0 such that

H'=Pm,H=H"
n>t
In particular, we get the direct decomposition H = H, & H**, where
H1 == H N G<t.

Proof. In view of Theorem 3.7 and Corollary 3.4, there exists ¢t > 0
such that (H*' + H)/H is finite and H" = €, -, m,, H for every r > t.
From the descending chain of finite groups -

(H" + H)/H 2 (H"™ + H)/H 2 -,

and (s, H*" = 0, we conclude that (H** 4+ H)/H = 0, for some
s > t. Without loss of generality, we assume that s = t. Then we get
HYCHNG = H' =@,.,mH C H*.

Finally, since G<! & @, -, 7,H 2 H, the modular law yields the
direct decomposition H = H, &@ ., 7, H = Hi® H' = HH o H*. O

n>t

We note that H; = HNG<! is a fully inert subgroup of the bounded
group G=*, by Lemma 3.2.

Theorem 3.9. A fully inert subgroup H of a semi-standard p-group G
1s commensurable with a fully invariant subgroup of G.

Proof. By Corollary 3.8, H = H, ® H** for a suitable ¢t > 0, where,
due to the hypothesis that G is semi-standard, H; is finite. Since H*'
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is fully invariant in G, by Lemma 1.5 there exists a finite subgroup
C of G<' such that A = C @ H*" is fully invariant in G, so H* is
commensurable with A. Since H*' has finite index in H, we conclude
that also H is commensurable with A. O

In order to prove the general result, we need to apply Lemma 1.6
several times. For the convenience of the reader, we recall the content
of that lemma: the subgroup L = @, . 4 p"™M@G, of G is fully invariant
in G' =@,c4Grn (0 # A C k) if and only if the integers h(n) satisfy
the conditions

(1) h(n) < ¢, for all n > 0 in A;

(2) h(i) < h(n) < h(i)+c, —¢ forall 0 <i < nin A.

Theorem 3.10. A fully inert subgroup H of a direct sum of cyclic
p-groups G is commensurable with a fully invariant subgroup of G.

Proof. By Theorem 2.3 we may assume that G is unbounded. We adopt
the previous notation. By Corollary 3.8, we have H = H; & H*', for
some t > 0, where H; = HNG <" is fully inert in the bounded group G<*,
by Lemma 3.2. By Theorem 2.3 it follows that H; is commensurable
with a fully invariant subgroup of G<*, say L = @,_;., »’ ‘0@, where
the f'(7) satisfy the conditions (1), (2) of Lemma 1.6, for 0 < ¢ < ¢. On
the other hand, H*! is fully invariant in G*, hence H* = @, ., p’ ™ G,,,
where the f(n) satisfy conditions (1), (2) of Lemma 1.6, for t < n < w.

Clearly H ~, L @& H*', hence, to reach the desired conclusion, it
suffices to show that the subgroup

H =Lo H* = @ p"'OG; @ @pf(”)Gn,
0<i<t n>t
which is fully inert in G since it is commensurable with H, is commen-
surable with a fully invariant subgroup of G.

Step 1. If p/'®)G, is infinite, for some s < ¢, then f’(s) < f(n) <
f'(s) + ¢, — ¢, for almost all n > ¢.

Proof. For all n > t we pick ey, € G,. Since A; contains w, we may
pick infinitely many distinct e, s € G5, t <n < w.

Consider the standard endomorphism ¢ of G' such that ¢: ey, —
ens (n > 1). Let X = (p/®™e,, :n > t). Then ¢H' O X, and so
(X+H')/H' C (pH'+ H')/H' is finite, since H' is fully inert. Assume
that f(n) < f'(s) if and only if n € B (where B might be empty). Since

(X 4+ HY) B = @D ap! ),
neb
we readily conclude that B is a finite set, i.e., f(n) > f'(s) for almost
all n > t.
Consider now the standard endomorphism v such that ¢: e, s —
per%en, (n > t). Let Z = (pf'®+en=cseq, o n > t); then (Z +
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H')/H' C (vH'+ H')/H' is finite. Assume that f(n) > f'(s) + ¢, — cs
if and only if n € C. Since

(Z + H/)/H, = @ Z(pf(n)_fl(s)_c7t+cs>’

neC

we conclude that C is finite, hence f'(s) + ¢, —c¢s > f(n) for almost all
n > t. Thus we have seen that f'(s) < f(n) < f/(s) + ¢, — ¢ for every
new\BUC. O

Step 2. If p/'®)G, and p/™M@G,, are both infinite, for some 1 < s < t,
0>t then f/(s) < f(n) < f/(s) +cn — cs.

Proof. Since both Ay and A, contain w, we may pick infinitely many
distinct e; s € G5 and e;,, € Gy, @ < w.

We firstly assume, for a contradiction, that f'(s) > f(n); let W =
(pf™e; 1 i < w). Then the group (W + H')/H' = @ Z(p/' ) =F™) is
infinite. Consider the standard endomorphism ¢ such that ¢: ¢;, —
eis. Then ¢H' O W, and so (pH'+ H')/H' O (W + H')/H' is infinite
— a contradiction, since H' is fully inert.

Secondly, we assume, for a contradiction, that f(n) > f'(s)+c, —cs;
let Y = (pf'(®+en=cse; 1 i < w). Like above, the group (Y + H')/H' is
infinite. Consider the standard endomorphism ¢ such that ¢: e; ; —
pr%e;,. Then vH' DY, and so (WH'+ H')/H' O (Y + H')/H' is
infinite — a contradiction. 4

Let us set h(i) = f'(i), for 1 < i < t and h(n) = f(n), for n > ¢,
whence H' = @, ., p"™G,.

We define S to be the set of s < t such that p"®G, = p/'®G, is
infinite.

Using Step 1, we see that the integers h(n), h(s) (n > t, s € S)
satisfy conditions (1), (2) of Lemma 1.6, for all s € S and exactly for
all n > t that don’t lie in a suitable finite subset D of w. Moreover,
Step 2 shows that ph(j)Gj is finite whenever 5 € D.

We define € = {i < t:i ¢ S} UD. The above discussion shows that
D,ce p"9 G, is finite, and that the integers h(n) satisfy conditions (1),
(2) for all n € A =w\ €. Since, by Lemma 1.6, N = @, ,p"™G, is
fully invariant in €P,,c 4 Gn, by Lemma 1.5 there exists C' C P, G;
such that N & C' is fully invariant in GG. Since C' is finite by construc-
tion, by Proposition 1.4 we conclude that H' = N & @jeg PG s
commensurable with N & C. 4

We remark that, in general, a fully inert subgroup H of a direct
sum G of cyclic p-groups is not commensurable with H* (i.e., H*/H is
infinite), even when in the situation where G is semi-standard.
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[e.e]

Example 3.11. Let B be a standard p-group so that B = €(e;) where
i=1

each e; is of order p’. Then the socle of B is B[p] = @({p"le;). Let
i=1

H = Blp|+ (e2) = {(e1) D (e2) ® P (p" 'e;); then H is a finite extension
i=3

of B[p] and hence is fully inert in B.
For each j > 2, there is an endomorphism ¢; of B where ¢;(es) =
p’~?e; and ¢; maps the remaining basis elements to 0. Since e € H,

the images ¢;(e2) are all in H* and so H* D (e1) ® (eq) & P (p'2e;)
i=3

and hence H/H D ({e1) @ (e2) @ @pi?em/«en ® (&) ® @pﬂem

is infinite.

4. FuLLy INERT SUBGROUPS OF p-GROUPS NOT
COMMENSURABLE WITH FULLY INVARIANTS

The purpose of this final short section is to give an example of a
separable p-group containing fully inert subgroups not commensurable
with fully invariant subgroups.

Consider any Abelian p-group G whose basic subgroups are semi-
standard. Say B = @D,, B, is basic in G, where B, is a finite direct
sum of copies of Z(p™).

Recall that an endomorphism 6 of a p-group G is called small if
for every k > 1 there is an integer m (depending on k), such that
O((p™G)[p*]) = 0. We will denote by E,(G) the ideal of End(G) con-
sisting of the small endomorphisms of G.

We firstly observe the following fact.

Lemma 4.1. If 0 is a small endomorphism of G then the image 0(B|p)])
is finite. In particular, (B[p]+0(B[p|))/Bp] is finite for all 0 € Ey(G).

Proof. As 0 is small, there is an integer N such that ((p™G)[p]) = 0.
However, if x € Byy[p] (i > 1), then x € (pVG)[p], and so the image
of B[p] under 0 is just the finite image 0((B; @ - -- & Bn)[p]). O

Theorem 4.2. Let G be a separable p-group of cardinality 2%, with
semi-standard basic group B, such that End(G) = J,-1¢ Es(G). Then
the subgroup Blp| of G is fully inert in G but it is not commensurable
with any fully invariant subgroup of G.

Proof. It ¢ is any endomorphism of G then ¢ has the form ¢ =r-15+6
for some r € J,, 0 € Es(G). Consequently Blp| + ¢(Blp]) = Blp] +
6(B]p|) and so the quotient (B[p]+¢B|p])/Blp] is finite by Lemma 4.1.
Thus Blp] is fully inert in G.

Suppose, for a contradiction, that B[p] is commensurable with some
fully invariant subgroup K of G. Then, since (K + Blp|)/Blp] is finite,
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we get |K + Blp|| = |B[p]| = Ro. So K must be countable. Since G
is separable, it is fully transitive and so by Kaplansky’s classification
(see [11, Theorem 25]), K must have the form K = G(u) for some
U-sequence u = (ug,uy,...). In particular, K DO (p"G)[p]. However,
|(p"G)[p]| = |p“°G| and since |G /p“°G| = |B/p"° B| = Xy, we have that
|G| = |p“G| = |(p*G)[p]| = 2%. But this immediately contradicts the
fact that K is countable. Thus Blp| is not commensurable with any
fully invariant subgroup of GG, as required. O

Note that in the above theorem, there is nothing special about B|p];
one could use B[p*] for any k > 1.

The Abelian p-groups satisfying the requirements of Theorem 4.2
are the so-called Pierce-like groups. They were first constructed in
[12, Theorem 15.4]; see also Corner’s construction of such groups [3,
Theorem 4.1].
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