View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Arrow@dit

D E BI_IN Technological University Dublin
e ARROW @TU Dublin

Articles School of Mathematics

2018

Distribution of Zeros of Nondegenerate Functions on Short
Cuttings Il

Vasili Ivanovich Bernik
Institute of Mathematics of National Academy of Sciences of Belarus.

Natalia Viktorovna Budarina
Dundalk Institute of Technology

Artyom Vadimovich Lunevich
Institute of Mathematics of National Academy of Sciences of Belarus.

Hugh O’'Donnell
Technological University Dublin

Follow this and additional works at: https://arrow.tudublin.ie/scschmatart

b‘ Part of the Mathematics Commons

Recommended Citation

Bernik, V.1. et al. (2018)“Distribution of zeros of nondegenerate functions on short cuttings II”,
Chebyshevskii Sb.,19:1 (2018), 5-14 doi:10.22405/2226-8383-2018-19-1-5-14

This Article is brought to you for free and open access by
the School of Mathematics at ARROW@TU Dublin. It has
been accepted for inclusion in Articles by an authorized
administrator of ARROW@TU Dublin. For more
information, please contact
yvonne.desmond@tudublin.ie, arrow.admin@tudublin.ie,
brian.widdis@tudublin.ie.

OLLSCOIL TEICNEOLAIOCHTA
BHAILE ATHA CLIATH

This wors licensed under a Creative Commons D u B L I N

TECHNOLOGICAL

Attribution-Noncommercial-Share Alike 3.0 License CRIVERSITY DUBLIN



https://core.ac.uk/display/301304188?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://arrow.tudublin.ie/
https://arrow.tudublin.ie/scschmatart
https://arrow.tudublin.ie/scschmat
https://arrow.tudublin.ie/scschmatart?utm_source=arrow.tudublin.ie%2Fscschmatart%2F271&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/174?utm_source=arrow.tudublin.ie%2Fscschmatart%2F271&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:yvonne.desmond@tudublin.ie,%20arrow.admin@tudublin.ie,%20brian.widdis@tudublin.ie
mailto:yvonne.desmond@tudublin.ie,%20arrow.admin@tudublin.ie,%20brian.widdis@tudublin.ie
http://creativecommons.org/licenses/by-nc-sa/3.0/
http://creativecommons.org/licenses/by-nc-sa/3.0/
http://creativecommons.org/licenses/by-nc-sa/3.0/
http://creativecommons.org/licenses/by-nc-sa/3.0/

Math-Net. Ru

V. I. Bernik, N. V. Budarina, A. V. Lunevich, H. O’Donnell, Distribution of zeros
of nondegenerate functions on short cuttings II, Chebyshevskii Sb., 2018, Volume 19,
Issue 1, 5-14

DOL: https://doi.org/10.22405/2226-8383-2018-19-1-5-14

Use of the all-Russian mathematical portal Math-Net.Ru implies that you have read and agreed to these terms of use
http://www.mathnet.ru/eng/agreement

Download details:
IP: 147.252.40.61
November 11, 2019, 15:44:04




Pacmpenenenve mysieit HeBbIPOXK ACHHBIX (DYHKINH HA KOPOTKUX oTpe3kax 11 5)

YEBBIINEBCKNIT CBOPHUK
Towm 19. Beimyck 1

VIK 511.42 DOT 10.22405/2226-8383-2018-19-1-5-14

Pacnipenenenue HyJsieit HEBbIPOXKJIEHHBIX (DYyHKITII
Ha KOPOTKWX oTpe3kax 11

Bepnauk Bacusuit UBaHOBUY — J10KTOP (PU3BUKO-MATEMATUYUECKUX HAYK HAyK, Mpodeccop, crap-
Uit HayIHBI cOTPYaHUK. Bemapycs, . Munck, Uacruryt maremarnkn HAH Benpapycu.

e-mail: bernik.vasili@masil.ru

Bynapuna Haramusa BukrtopoBHa — moktop dbus.-mar. mayk, npodeccop. 1. Hammonk, lan-
nonkckuii Texuomornvdeckuit wacTuTyT, Upaaums.

e-mail: Natalia. Budarina@dkit.ie

JlyneBuu Aprém BagumoBuy — kKauIugaT (GU3NKO-MATEMATHIECKUX HAYK HAYK, MJIAJIIUN Ha-
yuHbIii coTpynauk. Berapycs, r. Munck, Muacturyr maremarunky HAH Benapycu.

e-mail: lunevichav@gmail.com

O’ dounen Xbio — 10KTOP PUBMKO-MATEMATHIECKUX HAyK, mpodeccop, Pecybauka Upmannns,
r. Hybsmn, Texaosorudeckuit HHCTUTYT.

e-mail: hugh.odonnell@dit.ie

AnHOTanusa

B pa6oTe moyuerHsl OIEHKN CBEPXY W CHU3Y KOJIWUYECTBA HYyJeH (DYHKIWI CerraarHOTO BY-
Jla, & TaK¥Ke OIEHKa Mephl MHOXKECTBA TOYEK B KOTOPBIX Takue (PYHKIMKU MPUHUMAIOT MAJIbIe
suagenus. Ilycrs f1 (), ..., fn (z) dyukuuu onpenenentbie na uarepsase I, n+ 1 pas nudde-
PEHIMPYeMbl U BDOHCKMAH U3 IPOU3BOHbIX MOYTH Be3/ie (B cMbicsie Mepbl Jlebera) Ha I oriuuen
or 0. Takue pyHKIINN HAZBIBAIOTCS HEBBIPOXKIEHHBIME. 33/1a9a O PACIPEIeICHUN Hy el QyHK-
win F(x) = anfn () + ... +aifi(x)+ao, a; € Z, 1 < j < n apiasiercss 060011eHneM MHOIIX
3a/1a9 O paClIpeeIEHUN HyJIel MOJUHOMOB M MMEET BAYKHOE 3HAYEHUE B METPUUECKON Teopuu
o aHTOBBIX MpUO/MyKeHuii. VIHTepeCHbIM OKa3aJjics TOT (GaKT, 9TO B pACIpeIe/IeHI KOpHei
dbyukuuu F (x) u pacupeiesienun Hyseil MOJMHOMOB ecTh MHOro obuiero. Hanpumep, komude-
crBo Hyseit pyukuuu F () Ha GUKCUPOBAHHOM OTPE3KE He IPEBBIIIAET 7, KAK U Y [OJUHOMOB —
KOJIMYECTBO HYJIEH HE IIPEBBIIIAET CTEHEHb TOJIMHOMA.

Brun noxkazansr Tpu T€OpEMBI: 00 OIIEHKE KOJIMYECTBA HYJIEH CBepXy, 00 OIEHKE KOJIMIECTBA
HyJIell CHU3Y, & TAKKe BCIIOMOTATE/IbHAST METPUIECKAS TEOPEMA, KOTOpas HeOOXOIUMA [T TIOJIY-
YEHUS OINEHOK CHu3Y. IIpu mojIydYeHnn HUKHUX OIEHOK ObLJ UCIIOIH30BaH METO, CYIIeCTBEHHBIX
U HECYIIeCTBEeHHBIX obnacreit, koropsie Bees B. I. Cropunmxyk.

IMycrs @ > 1 gocraroyano 6oJibinoe 1es10e 9ucio, a uarepsan I umeer quuny Q~7, 0 < v < 1.
Brim mostyuens! OeHKN CBEPXY M CHU3Y JJIst KomdecTBa Hynel dyukimn F (x) Ha wHTEepBase
I, opu |aj| < @, 0 <+ <1, a rakke ObLIa yKa3aHA 3aBUCHMOCTE TOIO KOJIUIECTBA OT HHTEp-
Baja I. Ilpu v = 0 amajoruunse pe3yabrarsl umeiorcs y A. C. Ilaprau, B. I'. Cupunmkyka,
B. . Bepuuka, B. B. Bepecuesuwa, H. B. Bynapumnoii.

Karouesnie crosa: HEBBIPDO2KICHHbIE (byHKIH/H/I, HYJIN HEBBIPO2KAECHHDBIX (byHKIH/II';I
Bubauoepagus: 22 HazBaHuUs.
g nmmTupoBaHus:
B. U. Bepuuk, H. B. Bynapuna, A. B. Jlymesuu, X. O’Jlounenn. Pacupenerenne Hy/eil HeBbI-

poxkieHHbIX (DyHKIMHA Ha Koporkux orpeskax I1I1// Yebbunesckuit c6opruk, 2018, 1. 19, Bbur. 1,

c. 5-14.
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Abstract

In this paper, we obtain estimates from above and from below the number of zeros of
functions of a special kind, as well as an estimate of the measure of the set of points in
which such functions take small values. Let f; (z), ..., f. (z) function defined on an interval
I, n+ 1 times differentiable and Wronskian of derivatives almost everywhere (in the sense of
Lebesgue measure) on I different from 0. Such functions are called nondegenerate. The problem
of distributing zeros of F (z) = anfn(xz) + ... +a1fi(z) +ap, aj € Z, 1 < j < nisa
generalization of many problems about the distribution of zeros of polynomials is important
in the metric theory of Diophantine approximations. An interesting fact is that there is a lot
in common in the distribution of roots of the function F'(z) and the distribution of zeros of
polynomials. For example, the number of zeros of F'(x) on a fixed interval does not exceed n,
as well as for polynomials — the number of zeros does not exceed the polynomial degree.

Three theorems were proved: on the evaluation of the number of zeros from above, on the
evaluation of the number of zeros from below, as well as an auxiliary metric theorem, which is
necessary to obtain estimates from below. While obtaining lower bounds method was used for
major and minor fields, who introduced V. G. Sprindzuk.

Let @ > 1 be a sufficiently large integer, and the interval I has the length Q77, 0 <~y < 1.
Produced estimates on the top and bottom for the number of zeros of the function F () on the
interval I, with |a;| < @, 0 <y < 1, and also indicate the dependence of this quantity from
the interval I. When v = 0 similar results are available from A. S. Pyartli, V. G. Sprindzhuk,
V. 1. Bernik, V. V. Beresnevich, N. V. Budarina.

Keywords: nondegenerate functionsons, zeros of nondegenerate functionsons.
Bibliography: 22 titles.
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1. BBenenue

K 3amade o KojmuecTBe U pacupeneeHnn AefiCTBUTEIbHBIX Hysteil MHorowieHos P () = apz™+
+ap—1 + ... + a1 + qp KaK B MaTEMaTUYIECKOM AHAIU3E, TCOPUMU YUCE/I U TEOPUU BEPOATHOCTEN B
HOCJIeIHAE TOJTBI IIPUKOBaHO Oosbioe BHUManue |1, 2, 3, 18, 19, 20, 21, 22|.

OcHoBoit pesynbraros crareii 4, 6, 7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17| siBaisiercst MeTpudeckast
TeopemMa 0 CBOFCTBAX MHOXKECTB pa3permmocTn HepaseHcTs Bujaa [P, (z)] < Q™*, w > 0 u pac-
npejiesiennit geficTBuTeIbHBIX KopHEit P, (z) mpu gocrarouno Gosbiom () u MHOTOUWIeHAX P, ()
crenenn deg P = n u soicorst H = H (P) = (ax laj] < Q.

B namnoit pabore Mbl 06001aeM 3TH PE3yJIbTAThl HA KJAACC DYHKITHI

F(@J) = (Falw) + H(F) < Q). I =max|fi (), 1= max {1 0
rje
Fy (l’) = anfn (x) +.t alfl (x) + ao,
dbyukuun fi (), fo(x), ..., fn(x) —n+ 1-pa3 HenpepbiBHO-THbOEPEHIUPYEMBI U BPOHCKHAH WX
MTPOM3BOITHBIX

filz) . f(2)

f(x) o ()
OTJIMYEH OT Hy/Jasd I BCeX BCex T (B cmbicie mepwl JlebGera) na wnrepsane I. Takue dynknum
fi(x), ..., fn(x) Gymem Ha3LIBATH HEBBIPOXKIEHHBIMU Ha [.

2. OCHOBHOI TEKCT CTaThU

TeEoPEMA 1. Ha aobom unmepsane I, ul = Q77, 0 < v < 1 woaunecmeo nyaets dynwyud
F, (z) € Fi (Q, f) ne npesoczodum cinl2"3Q" 1yl

TrEOPEMA 2. Cywecmseyem co > 0, wmo na arwbom unmepsane I, pl = Q77, 0 < vy < 7y He
menee coQ T woaunecmeo nyaeti dynwyut Fy () € F (Q, f)

TEOPEMA 3. O6osnauum wepes My (I, Q) mnoocecmeo x € I, daa K0Mopuxr cucmema Hepa-
BEHCMNE

(1F2(2)| < Q7% |F (2)| < 5Q

umeem pewenue tomsa 6v, das 00nol gynryuu Fy € Fo(Q). Tozda npu docmamowno manrom Oy
CNPasedNUB0 HEPABEHCMEO

puMs (I, Q) < %ufo (2)

ITokakem Kak 3 TeopeMbl 3 cieayeT TeopeMma 2. Beegem muoxectso By = [\M> (I, Q). U3 (2)
CJIEJyeT, 9TOo

3
puB1 > ZML (3)

IIycts & € Bi. C MOMOINBIO MPUHITATIA AMUKOB IUpHxXIe HETPYIHO JOKA3aTh, UTO CYIIECTBYET
byukmst Fy € Fo (Q) Takast, 9To
B (2)] < e3Q72 (4)

Tak xkak = € By, To Hapsimy ¢ (4) BEpHO HEPABEHCTBO

|7} ()] > 60Q. (5)
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Hepagencrso (5) onpenensier uarepsan 1) ¢ IEHTPOM B TOUKE T1 MEPbHI
MTl = 26360_1Q_3. (6)

Bosbmenm Touky xo € By C I\Ms (I, Q) \T} n ananoruanabiM 06pa3oM Haiigem apyryioo pyHK-
o Fy € Fo (Q), y KOTOPOii feificTBUTEbHBI KOPEHD (vy YOBJIETBOPAET HEPABEHCTBY

|l‘2 - 052’ < 64(50_1Q73.

Takyto mporeIypy MOKHO MIPOJIOJIZKATE U CTPOUTH ¢ Hysteit dbyukuun Fy € Fa (Q) 10 Tex mop, moka
BBIIOTHAETCH HEPABEHCTBO t - 2¢50,, Q-3 < % wl, OTKyma ciemyer, ITO KOMUYIECTBO HyJIeH He MeHee

|ZL‘2 — 042| < 6523(50_162_3/1[.

Hpe?K,Z[e, YEeM ODPUCTYIUTH K JOKA3aTEJIbCTBY TEOPEM IIpUBEIEM HECKOJIBKO JIEeMM O HEBBIPDO2K-
JeHHBIX (PYHKIEAX. Beoy B JaabHedineM
max ‘f’ (:1:)’ < cg (7)
z€(a, b)
JIEMMA 1. Hyemo ag, ..., an—1, B1, -y On € RU{4+00} makosw, wmo ag > 0, ap > B > 0,
=1, ., N—-1u0< < o0. IIyemv f : (a, b) = R ecmov N-paz nenpepvisno dugpepen-

YUPYemas GYHKYUL, maras, 4mo '(nf ) ’f(N) (x)‘ > Bp. Toeda mmoorcecmeo By mex x € (a, b),
xze(a,

YIOBAEMBOPAIOUWUL CUCTNEME HEPABEHCTNE

|f () < aol

asasemesa obsedunenuem ne boaee (N + 1) /2 unmepsanros daunv ne 6oaee

- Ikt 1 1I—k
onin 3 (o B) Y

Jlemma 1 caemyer u3 nemm 5 u 6 B [2].

JIEMMA 2 (6). Cywecmsyem nocmoannas Ao = Ao (¢, M) maxaa, wmo dasa awboeo unmep-
sana K daunoti ne boaee Ng dan moboti fynwyuu F, (z) € Fr (Q, f), H(F) > Q,

inf min
zel 1<j<n

F(j)‘ > Q.

JIEMMA 3 (6). lpu ycaosuu x € (a, b) mepa MHodCECMBE PEWEHUT, CUCTNEMDL HEPABEHCTNG

|Fp (2)] < 0,

F'(z)| <K, H(F)<Q (8)

1
He NPEGOCTOdUm C7 (5KQ”_1) (n+D(n-1)

IIpu n = 2 nmokazarens crenenn B (8) pasen 1/9.
JoxazarenscrBo Teopembl 1. Pazmoxum dbynkimn F) (x) #a narepsase I B psag Teiinopa B myme
a1 dyukmun Fj (z), mexamem B 1.

Fj (z) = Fj (a1;) + Fj (ouj) (¢ — ayy) + % 7€) (z —ayy)’, E€ (2, aj).

Tak xax F' (o) =0, |z —ay| < pl =Q77,

|F] ()] <minQ, |Fj(auj) (z = auj)| < nlQ' 7,
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TO TPHU JOCTATOYHO GOJIbITOM () UMeeM s Beex x € I OnenHKy
17, (2)] < 2nlQ' 7, (9)

Beesiem BekTop b = (ay, ..., a1), cocrosmmii u3 Kosddurmentos bynxmuu F; () 1 MHOXKeCTBO
dbynkimit Fj () ¢ OZHEM U TeM Ke BEKTOPOM b o6o3maunm F (5) IIpur mocrarouno Gombmom ()
BEPHO HEPABEHCTBO

#F (b) = (2Q +1)" < 2"1Q™.

Banymepyem dyuxmuun F; (z), j =0,1,..., 2cgnl2" QT I, HyIM KOTOPBIX JIeKAT Ha MHTEp-

Basie 1. obpasyem HOBBIE (DYHKITIH

Rj(x) = Fj (z) — Fo (x) = d;
KOTODBIE SIBJISIFOTCST PA3THIHBIMA [IETBIMI TUCTAMH U
max |d;| > 2nkQ'™7

sorpeku (9). Ilosyuennoe mpoTuBOpetdre TOKa3bIBaeT TeOpeMy 1.

JlokazaTeasbCTBO TeOpEeMbl 3 MOJEeUM Ha TPU 3TAla B 3aBUCUMOCTH OT BEJUYNH MO/ TIPO-
usBonuoit |F) (z)| na unrepsane I. O6oznaunm 1epe3 L (I, Q) muoxkectBo x € I, 1y KOTOPOTO
BBITIOJTHSIETCST HEDABEHCTBO

B (2)] < Q72 |[F' (2)] < 9@,

a uepes L1 (I, Q) mHOXKECTBO T € I, 1719 KOTOPOTO BBIOJIHIETCS CUCTEMA, HEPABEHCTB

Py ()| < Q72 Qs < |F' (2)] < 6@, (10)
IIPEAIOXKEHUE 1. Cnpasediuso Hepasercmeo
ply (I, Q) <2 'ul. (11)

Hoxkazarenscro. Bymem caurars, uto cucrema HepaseHeTs (10) paccMaTpuBaercst Ha HHTEpBaJe
MouOTOHHOCTH (PyHKIUM Fo (2). Torga mEOKECTBO & € I, 119 KOTOPBIX BEPHA CHCTEMA HEPABEHCTH
(10) comepkuTCsT B HHTEPBAJe, KOTOPBI MOKHO 3allUCATh B BHJIE

c(F):={zel : |z—ay(F)]<c0Q *|F (B1)]}) (12)
Hapsiny ¢ uareppanamu o (F') paccMorpum nHTEpBas
oy (F):={zel : |z—a(F) <cul|F (B)|}) (13)
Uz (12) u (13) caexyer HEPABEHCTBO
po (F) < c11¢59 Q 2oy (F). (14)

Badurcupyem BexTop b = (a1, az), KOOPAWHATHE KOTOPOTO SABAAIOTCS Koddddummentamu Fh ().
Unrepsansl o1 (F'), uMetommue OJIMH U TOT Ke BEKTOD b 06beTMHIM B OHH KJacc JFo (l_)) TToxkazkewm,
4T0 pH nojaxozsieM Beibope ¢10 uaTepBansl o1 (F1) u o1 (Fy) He nepecekatorcs. ITpeamnonokum
IIPOTUBHOE:

S1 =01 (Fl) Noy (Fg) =+

u xo € s1. Paznoxum dyskuuio Fj (z), j = 1,2 na unarepsanax oy (F1) u o1 (F2) B pag Teiinopa
u oneHnM 3uavenus |Fj (xo)|. meem

|y (z0)| < |Fj (an)| + | Ff () (w — on) + Fj (&) (x — a1)?|, & € (20, 1)
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Herpymuo Bumers, ato
|[Fj (2z0)| < 2c10

R(zo)=deZ, d+0,

|R (z0)| = |F2 (z0) — Fi1 (z0)] < 4c1o. (15)

Hepagencrso (15) mpu c19 = % npoTuBopeunBo. 13 Toro, uro untepsansl o1 (F') He mepecekawoTcst
CJIE/TyeT, 91O

> oy (F) < pl. (16)

FeF(b)
Bocmonssyemcs nepasencrsoM (16). Torma u3 (14) u (16) cieyer
Z Z po (F) < depgdopud < 274l
b FeF(b)
MOCKOJIBKY u3 HepasercTBa |F' (x)| < 00Q ciemyer, aro a; npunuMaer He GoJiee 0() 3HAYEHUIA.

[IPEJIOKEHUE 2. Obosnawum uepes L (1, Q) mmoocecmeo x € I das xomopwx cucmema
HEPAGEHCTNE

P> (2)] < Q7% 1< |F (2)] < QF

umeem zoma 6w, 00no pewenue 8 pynkyuazr Fr (x) € L(I, Q). Tozda
ply (I, Q) <2 'ul.

Hokazarenscreo. Beegem npu dukcupopannom b = ag kiacc yHKIWNE C OJHUM U TeM Ke b,
koropsiit 0603uadum F (b). Onpesennm nnreppasibl

ori={zel : |o—ail(F)<ecQ ' [F (5)]} (17)
u3 onpefenenus o (F) u oo (F) crenyer
uo (F) < e uos (F). (18)

Nurepsas oo (F1) Oyuem HasblBaTh CYIIECTBEHHBIM, €CJIM HE CyliecTByeT uHrepsasa oa (Fy),
Fy € F(b), rakoro 4to
puoy (Fy)sup oy (Fy) > 0.5u09 (F1) . (19)

Ecsn xe Takoii warepsas Haiigercs, T. e. npu Hekoropom Fh (z) € F (b) BeINOIHIETCH HEPABEHCTBO
po2 (Fi)sup oz (F2) > 0.5u09 (F1),

To mHTEpBaN 09 (F) Gymem Ha3bBATL HECYIECTBEHHBIM.

B cay4ae cymectsennbix naTepBasios Bocnosbsyemcs (18). Torma uz > poo (F) < 2ul n (18)

FeF
TIOJIyYUM

Y Y uo(F) < caspl. (20)
b Fer(b)

B cayuae HeCyIeCTBEHHBIX HHTEpBasIOB pazioxkuM dysxumu Fh (x) u Fj(x) #a uHTEpBaJe
o9 (F) B pag Teitnopa u oneHnM WX MOYJIU CBEPXY NO/b3ysach (6). Tosyanm cucremy HEpaBEeHCTB

oo|ut

|a1x + b‘ < 014Q_1, |a1\ < 2Q)s,
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OTKYZ

b
T+ a1’ < cnuQ tarl. (21)
1

Hepagencrso (21) BeImosHSIETCS J/Isi MHTEPBAIA C MEHTPOM B TOYKE —% JJIMHOT 201462’1(11_1.
[IpocymmupyeMm Ty BeIuYuHy 0O by, KOJUYECTBO KOTOPBIX HE MpeBOCXoauT ajpl, a 3areM 1o
a1, |a1| < 2Qs. Tlomyamm ornenky c15Qs ul, Koropas Bvecte ¢ (20) 3aBepmaer I0Ka3aTeTHCTBO

MIPeJIJIOKEHNS 2.

TIPEAJIOXKEHUE 3. Obosnauum uepes By muoocecmseo pewenutl cucmemvs Hepasercma

laaf (x) + a1 + ap| < c16Q 2,

asf’ (CC)‘ < c14. (22)

Tozda
pBs < 274l

s nokaszarenberBa NpeuiokeHust 3 TpuMennM K cucreme HepaseHcts (10), (20) semmy 3 npu
§=Q73, c16 = K. Homyunm
1
pBs < 274Q5
yro Menbmre 274yl mpu 0 < v < % u jocrarodno 6oseioMm (. U3 mpemioxennit 1—3 cienyer
TEOpEMA 3.

3. 3akJiroueHue

Ilokazkem, uTo B Ciaydae MHOTOUJIEHOB METOJAMU 3TOH paboThl MOYKHO [MOJYyIUTh HOBBIE Hojiee
riybokme pesyabrarel. Obozuaumm uepes Mo (w) MHOKECTBO JeHCTBUTEIBHBIX YUCET, 15T KOTOPBIX

HepaBeHCTBO |P(z)| < Q™" BBRIMONHSETCS XOTA OBl OJWH pa3 B MHOIOWIEHAX BTOPOi CTENEHH U
Boicorel H(P) < Q.

Q~wt2, 2<w<3

TEOPEMA 4. IIpu w > 2 cnpasedauso nepasencmeo pMs(w) < { O-(w-D/2 3.

JIOKABATEJBLCTBO. 13 HepasencrBa |Po(x)| < Q™ umeem
o — an| < 2Q7 [P ()| = 2Q 7| D(P)| 712, (23)

rie D(P) = a? — 4apas — muckpmvmmant nommaoma P(z) € Po(Q). Byaem pasmmaars gBa caydas
a) D(P) # 0, b) D(P) = 0. Paccmorpum mepssiit caydait. U3 nepasercrsa (23) cieayer, 9To

pMy(w) <2Q°" > |af — dagag| /2. (24)

laj|<@Q

Sadwukcupyem B HepasencTre (24) koaddunmenTs a, as MuorouneHa Po(x).
Y )
Buipaxenne |a? — 4agaz| mpu m3mersiomeMcs KoabhHUIIeHTe ag MOJKET TPUHATH HAMMEHD-
mee 3uavenne b # 0, b < 2as Tosbko npu ogEoM afy. IIpn npyrux 3nadenusix af + 1,aj + 2,.. .,
cooay +kiyah —1,a) —2,... al — ke smauenns |a? — 4agas| GyIyT yAOBIETBOPATH HEDABEHCTBAM

la? — 4(af + j)ag| > 2jaz, 1 <j <k <Q; |a? —4(af — j)az| > 2jaz, 1 <j <k <Q. (25)

U3 mepasencts (24) n (25) crexyer:

pMa(w) <2Q7°( 142 Y k26,3, (26)

a1,a2 1<k<Q
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Bocrosbsyenmcs HepaBeHCTBOM ) 4 <k<Q k12 < 2Q1/ 2 nostyuaromieecst Ipu 3aMeHe CYyMMBI OIIpe-
nesleHHBIM wHTerpasoM. Torma (26) MOXKHO mepenucaTh B BUJIE

pMy(w) < 4Q™"F? + 8Qay 2Q12Q%

YVuureiBast HepaseHCTBO |ag| > c(n)H, momyaaem puMy(w) < Q™2 Tem cambiM mepsast OTeHKa
TEOPEMBI JIOKA3AHA.

Pacemorpum Bropoit cayuaii, korma D(P) = 0. Pasencrso D(P) = 0 o3Hagaer, 4To MOJTMHOM
P(z) nmeer kparHblii Koperb. [Tosromy HepaseHcrso |Po(z)| < Q% MOXKHO mepenucaTs B BHJIE:

|Py(2)] = |az —b]* < Q7Y |az —b] < Q"/2, |a| < Q2. (27)

O6osnaumm uepes By mepy Tex x € I, ajst KOTOpbIX HEpaBeHCTBO (27) paspemmumo x0Tsi Obl jiis
onuoro nosmaoMa P () € P2(Q) ¢ yenosuem D(P) = 0. llpu dukcupoBansbx a u b Mepa perennit
nepasencrsa (27) me upesocxogur 2Q~%/2|a| 1. Tlocienosarensno umeem

Z Z 2 1Q /2 < Z dba~1 Q"% < 4Q~(w-1/2,
1<a<Q!/? 1<b<a 1<a<Q!/?

9TO JOKa3bIBa€T BTOPOE HEPABEHCTBO TEOPEMbI 4.
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