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A general theory of non-local materials, with linear constitutive equations and memory
effects, is developed within a thermodynamic framework. Several free energy and dis-
sipation functionals are constructed and explored. These include an expression for the
minimum free energy and a functional that is a free energy for important categories of
memory kernels and is explicitly a functional of the minimal state. The functionals dis-
cussed have a similar general form to the corresponding expressions for simple materials.
A number of new results are derived for them, most of which apply equally to both types
of material. In particular, detailed formulae are given for these quantities in the case of
sinusoidal histories.
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2 G. Amendola, M. Fabrizio & J. M. Golden

1. Introduction

A non-local theory of heat flow in a rigid conductor with memory is developed
in Ref. 1, while a similar theory for incompressible fluids is proposed in Ref. 2.
Suitable free energy functionals are given for both materials. We refer also to Ref. 3
for a discussion of non-simple materials. The formulation in these references is
generalized in the present work to apply to a range of field theories with linear
memory constitutive equations. Various quadratic free energy functionals of the
most general form and associated rates of dissipation are proposed and discussed.
These include an expression for the minimum free energy and a functional that is a
free energy for important categories of memory kernels and is explicitly a functional
of the minimal state. The functionals discussed have a similar general form to the
corresponding expressions for simple materials, with the difference however that
new independent field variables are included, which (greatly) extend the vector
space on which the functionals are defined. Constitutive relationships derived from
thermodynamics, involving these new variables, take a generalized form. A number
of new results are derived for the non-simple case, most of which in fact apply
equally to simple materials. In particular, detailed formulae are given for the various
free energy functionals in the case of sinusoidal histories.

There are two equivalent approaches to developing general equations describ-
ing non-local materials.*® The first is to include terms in the form of a divergence
of an extra flux in the first or second laws of thermodynamics. The other is to
introduce internal and external mechanical (or electromagnetic or heat) powers
and write generalized forms of the first and second laws in terms of these. While
the second approach has some theoretical advantages,'® it is convenient to consider
both approaches in parallel. Indeed, it is shown that the two approaches are con-
sistent with a hypothesis on the form of a generalized work function which will be
introduced below. This hypothesis is the basis of the general theory presented here.

A number of important references on non-simple materials are given in Ref. 18.
Early work on the topic is discussed in, for example, Ref. 14. Regarding mini-
mum and related free energies for simple materials with memory, see, in particular,
Refs. 23, 11, 17, 22, 15, 12, 24, 25 and 3. For recent discussions on the topic of mod-
eling viscoelastic behavior, we have, for example, Refs. 31, 13 and 3. On the matter
of terminology, we regard simple and local equivalent descriptions of
non-simple and non-local are interchangeable.

terials. Also

2. Derivation of the Field Equations

ics. The inter-
t), both scalar
1 absolute tem-
(x,t) € R3. We
0. Let us define

Let us begin by stating the first and second laws of thermodyna
nal energy per unit mass and the entropy per unit mass at (x
quantities, are denoted respectively by e(x,t) and n(x,t). The lo
perature is 6(x,t) € RT. The heat flux vector is denoted by
introduce a variable k(x,t) which is the coldness, given by 1/6
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Free Energies in a General Non-Local Theory 3

g,d € R? as
1
The energy balance equation or first law of thermodynamics has the form
p—pe—V-q—V - &, 4 pr =0, (2.2)

where p is a power term related to the case of simple materials and ®, € R3 is
an extra flux, the interstitial work fluzr, associated with the internal energy and
the first law to take account of non-local behavior.32:'4 The quantity p is the mass
density, r is the external radiation absorbed per unit time, per unit mass at (x,t).

In the alternative formulation,'® the first law for thermomechanical systems can
be written as

pé =PL +Pi, Pp=-V-q+pr (2.3)

where P!, is the internal mechanical power which, for simple materials, reduces to p.
The correspondence between the two formulations is expressed by P!, =p—V - ®,.
The second law of thermodynamics can be written as
d
0
where the quantity D(x,t) is the total rate of entropy production per unit mass,
while ®,, is an extra flux of entropy.®® Such an extra flux is associated with non-local
behavior.
The Helmholtz free energy per unit mass is defined by

1 1
— P4+ V. -V - - > .
D 77+pV ( )—i—p &, —wr >0, (2.4)

v =e—0n. (2.5)
In terms of this quantity, we can write (2.2) as
. .1 0 1
by+0D=L_pi— -V .0, + V. &, - —q-g (2.6)
p p p po
In the alternative formulation, we write (2.4) in the form1!8
1 .
7.7 - _A;LEII =D> 0, (27)
p
where A is the internal entropy action given by
Agnz—v-%erg—v-@,,:Agn. (2.8)

The latter quantity is the external entropy action.'® Instead of (2.6), we have
Yy + 0D = ;(771 —0A,)—n0, P =P, +P;, (2.9)

where P! and Pj are introduced in (2.3). For a general framework explaining
actions in systems, see Ref. 6.
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4  G. Amendola, M. Fabrizio & J. M. Golden

Relation (2.6) is unsatisfactory for materials with memory because neither g
nor 7 are in general uniquely defined. Typically, there are many different functions
of state which can be identified as the free energy and entropy, respectively. On the
other hand, e is always uniquely defined. It is therefore advantageous to modify the
above standard formulation. We introduce the following free energy:

Y =ke—n =Ky (2.10)

and (2.6) is replaced by
. . K 1 1
p+D=klte—LSV.8,+-V .3, +-d q (2.11)
p p P P

It will be assumed that p is independent of x, so that the material is homogeneous.
Then, (2.11) can be written as

) 1 .
¢+D:H§+ek—V~¢>+;d~Q:W,

(2.12)
K 1

(I):_(I)e__(I)TW Q:q+¢)67
pC p

where W is the generalized rate of work done on the body.® Instead of (2.9), we
have

G+ D= S(Pi —OAL) + el =W, (2.13)

Observe that, in the formulation based on (2.11), the natural temperature vari-
able is x rather than 6.

Relation (2.12); or (2.13) is the first law, while the second law is the requirement
that D be non-negative (see (2.4)).

Alternatively, if (2.13) is adopted, the specification of W determines P’ — §.A% .
We see that it is not necessary to determine P! , Pi and A%, separately in order to
specify the thermodynamic laws and derive consequences from these. It is sufficient
to specify the combination P? — §.AL , which is achieved by giving the form of W.

The choice of whether to formulate the theory in material or spatial coordinates
is important in nonlinear mechanics, which is considered in Sec. 2.3. Whichever
choice is made does not greatly affect the general formalism.

Let

R t
dit) = [ d(u)du, 2.14
(t / (u)du (2.14)

so that
1 1 ES
~Q-d=-Q-d. (2.15)
P p

2The abstract formulation of thermodynamics in Refs. 16, 17 and 3 for example (based on Refs. 6
and 7) applies to non-simple materials if we identify the work function in those developments with
the generalized work W (¢) in the present context.
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Free Energies in a General Non-Local Theory 5

It will be assumed that the free energy is a functional of the history of this quantity,
namely d?(s),s > 0, or specifically a functional of

t
d(t) —d(s) = / d(u)du, (2.16)
t—s
with no separate dependence on a(t) This is essentially the basis of the approach
in Ref. 29.

We introduce a convenient compact notation. Let the field variables be A:R —
I',¥:R — I" where I' is a given finite-dimensional vector space.” We will treat A
as the independent and X as the dependent field quantity. Putting

A={Ap,d, == {zm, 9}, L= A, (2.17)
p p

where X, and A, are the non-thermal variables, we can write (2.12); as®
V+D=W(t)=ei+3Z-A-V-0. (2.18)

Remark 2.1. It is not helpful to include x(¢) in the definition of A(t) given
by (2.17);, with e included in 3. This is because we introduce space gradients
of A below and the space derivatives of k(t) would overlap with d and its higher
derivatives. These in turn are closely related to a(t) and its derivatives, already
included in the definition of A(t) and its gradients.

The form (2.17)3 is typical of mechanical systems with deformation as the inde-
pendent variable. In the material representation discussed in Sec. 2.3,

p=S8-F, (2.19)

where S is the first Piola—Kirchhoff stress tensor and F is the material gradient of
deformation.

For dielectric materials subject to electromagnetic fields, the form of the power
function is somewhat different,?° given in effect by

Pom = Sem - Ao, (2.20)

where Aen represents the electric and magnetic fields and X, the electric and
magnetic inductions. However, putting

) d .

z]em ) Aem - E(Eem : Aem) - Z]em ) Aem (221)
and using the free enthalpy 1 — 3y, - Aoy rather than the free energy, we can cast
the equations in the same general form as for mechanics, merely changing the sign

bThe space dependence of field variables is understood but generally not specified explicitly, even
though the space gradients of A will play a fundamental role in this work.

“Note the two quite different uses of the dot product in (2.18). The first is in I' while the second
is in R3, indicating a divergence.
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6 G. Amendola, M. Fabrizio & J. M. Golden

of Xem. For the case of electromagnetic conductors, the power can be expressed as
in (2.18), using the same device as introduced in (2.14).

Materials for which (2.20) applies will not be specifically considered in what
follows. However, this case can be developed in a very similar manner. One difference
is pointed out in Sec. 4.

We now seek to develop a non-local theory with linear constitutive equations
which generalizes the results of Refs. 1 and 2, so that they apply to a wide range
of linear non-simple theories in mechanics, electromagnetism and for heat flow in
rigid materials.

The introduction of non-simple behavior can be achieved (see Refs. 35 and 30, for
example) by adding n more independent field quantities, which consist of gradient
operators acting on A, where n is a positive integer. These would be materials
of grade n + 1 in the terminology of Ref. 35, for the case of mechanics, which is
discussed in Sec. 2.3.

The new independent field variables are VA, V2A, V3A, ..., V*A. The oper-
ators V", r = 2,3,...,n are completely symmetric. The number of independent
quantities among their 3" components on a given basis is (r+1)(r +2)/2 (see p. 39
in Ref. 21). The new histories are denoted by

VA'(x,s), V2A'(x,s),...,V"A'(x,s), seR", (2.22)
where the standard notation for the history
Al(x,5) = A(x,t — s) (2.23)

has been used.

2.1. The fundamental hypotheses

To completely determine the first and second laws as given by (2.18) and (2.4), one
must specify W, and D. Indeed, it emerges that if we specify W and ), then the
requirement of consistency with the second law yields the form of D and indeed
the detailed form of the constitutive equations for the material. We first give the
form of W and show how it is consistent in general with (2.18). Also, in Sec. 2.3,
the example of nonlinear mechanics is discussed in the context of this assumption
on W and shown to be consistent with (2.13).

For a wide class of non-simple materials, the generalized rate of work can be
put in the form

W=cit+39- A+ -VA+3-VZA 4+ + 3, V'A, (2.24)
where the tensor functions X,,7 = 0,1,2,...,n are fundamental to the theory.
In particular, for simple mechanical materials, 3, = 0,7 = 1,2,...,n, and X is

proportional to the stress tensor.? The quantity 3, is a given basis that will have

dThe quantity 0 will be used for the zero in any vector space with dimensions greater than unity.
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Free Energies in a General Non-Local Theory 7

the same number of subscripts with the same symmetry properties as V" A and each
element of this tensor quantity belongs to I'. The inner product notation X, - V" A
means that each V is connected to a specific dimension of 3, in the sense that,
on a particular basis, the components of a given V are summed over a particular
subscript of 3, and each term in the summation is a scalar product I' x I — R.
Thus, on a particular basis, 35 for example has components which we denote by
Sy = S(2)jir i, = 1,2,3, and V2 will be represented as %{;j = 0,0;, giving
that 3y - V2A = X2y -814(9jA € R. The dot product in this last expression is the
scalar product I' X I" — R between X(5);; and A.

Proposition 2.1. For W given by the right-hand side of (2.18)2, where V- ®
is explicitly a divergence of a vector quantity® ®, then ¥ in (2.18) is uniquely
determined to be

2=3-V-5,+ VS  (—1)"V" B, (2.25)

where the notation V" -3, € I' means that each V forms a divergence with respect
to its corresponding tensor index of 3, forr=1,2,... . n.

Proof. We seek to extract a scalar term G- A, where G € T from the quantity
3, - V" A for example. Given the available differential operators and field quantities,
G must have the form

G=aV' %, (2.26)

where o € R is a constant. Indeed, there is no finite manipulation that could yield
an irrational number in this role, so that it can be assumed to be a rational number.

The basic tool of transformation of expressions such as (2.24) is the product
rule of Calculus?

(VP-2,)-(VIA) =V [(VP-3,)- (VITITA)] — (VPTL.%,) - (VITIA),  (2.27)

or the inverse of this, transferring a V operator from X, to A. The latter transfor-
mation is not of interest here. Consider the right-hand side of (2.27). The divergence
term is included in the overall divergence term and we can re-apply the operation

¢When we say that V - ® is explicitly a divergence of a vector quantity, we mean this in a superficial
algebraic sense, in contrast to the deeper (analysis related) statement that it can be expressed
as a divergence. This latter property is of course true of many scalar functions. What is meant
here is that the V’s in the theory can be manipulated so that one of them is operating on vector
quantities made up of the 3, or their derivatives, multiplying A or its derivatives.

fFor the expression in the first bracket, the dot product implies that each V in VP, on a given
basis, is summed over its corresponding index in X,. The dot product between the two terms
in brackets means that g of the remaining dimensions in 2{ are summed over the indices in V4
and a scalar product I' X I' — R occurs for each multiplication of objects in I". Thus, for exam-
ple, using the notation introduced earlier, we have that (V4-Xs5)- (VQA) € R3 has components
0:05 % (5) ijkim * 9xO,A in a given basis, where the remaining dot\product refers to the scalar product

I' x I — R between X (5) 11, and A.
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8 G. Amendola, M. Fabrizio & J. M. Golden
to the second term, which approaches the desired form (2.26). By systematically
proceeding in this manner, we uniquely obtain the relation
2. -V'A=(-1)(V"-%,)-A+V-&,,
b, =3, (VIA) - (V-%,) (V' 2A)

o (1)3(VE X, - (VS TA) (2.28)
o (1)L R) A
Thus, we have
' =& + Dy + -+ D, (2.29)
and (2.18) applies, where X is given by (2.25) and V- @' =V - ®. O

The simplest assumption regarding @ is to take it equal to @' as given by (2.29).
For a detailed development of the theory, it is also necessary to make an assumption
regarding the form of @, in (2.12)3 and (2.12)4, which will however not be required
for our purposes. This issue does not arise if s is independent of x.

Remark 2.2. The quantity 3(t) is the dependent variable with an immediate
physical interpretation. For example, in mechanics, it is proportional to the physical
stress tensor. The quantities ¥;(¢),7 = 0,1,2,... are also physically measurable
quantities and expressions for them will be given below.

The fundamental constitutive assumption, which characterizes the material, is
that the free energy 1 depends in a specified way on the independent field variables
at the current time t and on their histories. Thus, we write

Y(t) = 1[)(x7 kU(x,), k(x,t), AM(x,-), A(x, 1), VA (x, ), VA(x, 1),
VAL (x,), VZA(X,1), ..., V"A (X, ), VTA(X, 1)). (2.30)

The dependence on x, over and above that in the independent field variables allows
the possibility of spatial inhomogeneity. We will henceforth mainly omit all space
variables.

It is assumed that 1[) is differentiable with respect to the independent variables
at the current time and Fréchet-differentiable with respect to the histories within
a suitable Hilbert space H (Fading Memory Principle?%). The time derivative 1/) is
given by

b = O + O, (2.31)

where J; indicates differentiation with respect to field variables at the current time ¢,
while 05,1 indicates differentiation with respect to the remainder of the time depen-
dence, which will consist of Fréchet differentials of ¢) at the histories of the inde-
pendent field quantities, in the direction of the time derivatives of these histories.
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Free Energies in a General Non-Local Theory 9

The quantity 0y¢) is given by

_ 0y o Y .
%= o™ aam M gvag VA
oY ' o

TovAG) VEA(D) 4o avag Y A (2.32)

The derivatives with respect to field quantities are assumed to be continuous in
their arguments. Consider the relation (2.18);. Using (2.31) with (2.32) to substi-
tute for ¢) and (2.24) for W (t), we generalize a standard argument,* based on
the indeterminacy of the signs of A(t), VA(t), V2A(t),..., V*A(t). This yields the
detailed constitutive relations

e(t) = (D) (2.33)
and
_ oy _
(2.34)
oy _ oy
together with an expression for the rate of dissipation
D =—-0p >0, (2.35)

by virtue of (2.4). Thus, the Fréchet differentials, which crucially involve the history
dependence of 9, yield the rate of dissipation of the material. Using (2.33) and (2.34)
in (2.32), we see from (2.24) that

eh(t) = W(2). (2.36)
An immediate consequence of (2.34) and (2.25) is that
LI S 2, OV
20 =gam  Vavam TV avAQ .
ngn,_ O _ 0 .
A O

where g—j‘; is a variational derivative, as in the Calculus of Variations, with respect

to the independent field variables at the current time, V"A(t),r =0,1,2,...,n.
Let us introduce another compact notation on an encompassing vector space B
containing all the field variables. We define the independent variable

C(t) = (A(t),VA(t), V2A(t),...,V"A(t)) € B (2.38)
and the dependent variable

D(t) = (So(t), £1(t), Sa(t), ..., Sn(t)) € B. (2.39)
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10 G. Amendola, M. Fabrizio & J. M. Golden

Relations (2.24) and (2.36) yield that
o = W(t) = efs + D(t) © C(t), (2.40)

where the symbol ® is the dot product in B, implying a scalar product of the
individual components in their respective vector spaces. Let us denote the dimension
of B by m. The sequence of operators V and V, are defined as

vV =(1,V,V%...,V"),
(2.41)
V.= (1,-V,+V? ..., (=1)"V").

Then (2.38) can be written symbolically as
C(t) = VA(1). (2.42)
Also, from (2.25) and (2.37),

(1) = 52—% — V.o D). (2.43)

We can write the dependence of 1 on the independent field variables given
by (2.30) as

¥ = ¥(k', k(t), C', C(t)), (2.44)
where C? is the past history, given by (see (2.23))
Ci(s) =C(t—s), seRtT. (2.45)
The relative history is defined as
Ci(s) = Cl(s) — C(t). (2.46)
It will be assumed that
Jim C'(s) = 0. (2.47)
Note that
9 C(s) =~ (5) = - Ch(s),
) ) . (2.48)
EC’;(S) = ECt(s) — C(t).
From (2.18); and (2.40), we can write the first law as
v+D=ei+D0oC. (2.49)

By virtue of the requirement that D be non-negative (see (2.4)), it will always be
true that

pV<W=eik+DoC. (2.50)

Referring to the abstract formulation of thermodynamics already cited (see Ref. 3,
for example), we see that (2.50) is the fundamental requirement for a free energy (if
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Free Energies in a General Non-Local Theory 11

it is differentiable with respect to time). The free energy must also be a non-negative
quantity.

From (2.49), we see that if C(s) = 0,s € [t,00) (which is true if A(s) = 0,5 €
[t,00)) and F(s) = 0,5 € [t,00), then 9)(s) < 0,¥s > t. Thus, over this interval,
1(s) is non-increasing if the independent field variables are constant in time. It
follows that*

D' (1), C' C(t) = ¥(t) = ¢(t) = S(x(t), C(t)), (2.51)

where ¢(k(t), C(t)) is the equilibrium form of 1, or this functional for constant
histories, specifically those given by x'(s) = k(t), C(s) = C(t),s € R*T.
Using (2.39), we can write (2.34) in compact form as

—ac(t)zﬁ(nt, K(t), C', C(t)) = D(x", k(t),C",C(t)) = D(2). (2.52)
2.2. Requirements for a free energy

Let us gather together the properties which must be associated with a functional
¥ if it is to be a free energy (see, for example, Refs. 9 and 3 in relation to the
corresponding properties for simple materials).

(P1) We have

e(t) = a%)’ D(t) = 82—%, (2.53)

which are (2.33) and (2.52). Then, from (2.37),

oy
SA(t)

= 2(b). (2.54)

(P2) Also,

d(r', K (1), €' C(1) = $(k(t), C1)), (2.55)

which is (2.51).
(P3) D3t w(1), O, C(1) < e(t)i(t) + D(1) © C1), (2.56)
which is the second law. This is (2.50).

These may be referred to as the non-local Graffi conditions.

A substantial advantage of the compact notation, which emerges below, is that
it exposes the fact that the non-local theory is closely analogous to the local tensor
case. This applies to all aspects of the theory, including procedures for constructing
free energy functionals. Note in particular that the non-local Graffi conditions are
identical to the local conditions, except for (2.54) which connects the theory to the
quantity X(¢) (see Remark 2.2).



Page Proof

November 12, 2013 14:44 WSPC/103-M3AS 1350076

fay

© 00 N o o B~ W N

10

11

12

13
14
15

16

17

18

19
20

21

22
23

24

12 G. Amendola, M. Fabrizio & J. M. Golden

2.3. Example: Continuum mechanics

It is of interest to explore an important example of the formulae developed in this
section, namely the case of nonlinear mechanics under isothermal conditions. Also,
we bring the alternative approach based on (2.13) (or (2.9)) into the discussion.

Consider (2.13) in the isothermal case. The quantity & is constant and A%
vanishes. Also, P! in (2.9)s is zero. We take p to be the (time-independent) density
in the reference configuration. Let us absorb the constant (in time) factor p/k into
v and D. This means that ¢ is now the Helmholtz free energy (see (2.5)) per unit
volume. Equation (2.13) becomes

Y+ D =P =W(@). (2.57)
Let
A(s) =F(s), seR, (2.58)

where F(X, s) is the material gradient of deformation (see (2.19)) and X is the
position vector in material coordinates. Thus, in a given basis, the components of
F are

Ox;  Oxi(X,t) o
ox;,  ox, = Y

Fy(t) = =1,2,3, (2.59)

where
€Z; ZXi(X,t), = 1,2,3, (260)

are the current position coordinates. Then, (2.30) becomes

() = (X, FY(X,-),F(X,t), VF (X, ), VF(X, 1),

V2FY(X, ), VPR (X,t),...,V"F (X, ), V"F(X,t)). (2.61)
Also, (2.32) takes the form
_ o) (t) : IP(t) oy
(L) = oF D) F(t) (D) -VF(t) + prziohhd F(t)
R T F(t) = W(t). (2.62)

The superimposed dot notation indicates the material time derivative. The final
relation of (2.62) is simply (2.36) in this context. Relation (2.37) yields
5ip(t)
S(t) = —=—=, 2.63
0 = S (2.63)
where S is the first Piola—Kirchhoff stress tensor, introduced in (2.19). The dynam-
ical equation of the material has the form

) 0 . 0
pv=V-S+pb, v= EX(XJ), v = EV(XJ), (2.64)
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Free Energies in a General Non-Local Theory 13

where the vector b represents the body forces per unit mass acting on the material.
The quantity V-8 is defined by the relation (see Ref. 30, for example)

a(V-8)=V-(S"a), (2.65)

which holds for any constant vector a. Taking the inner product of (2.64); with v,
we obtain

d .
£T=v-(v-8)+pb-v=v-(s%)—s.F+pb-v, (2.66)
where T is the kinetic energy per unit volume. Relation (2.65) has been used and
a standard manipulation carried out to obtain the second term of the right-most
form of (2.66). One can show, after some detailed algebra entirely analogous to that
in the proof of Proposition 2.1, that (see (2.18))

S F=W(t)+V- -, (2.67)

where the vector quantity ®' takes the form (2.29) adapted for the present case.
We can therefore write (2.66) as
d

=T+ W)=V -[STv—®]+pb-v. (2.68)

For all materials, both simple and non-simple, we have the relation

d .
ET + P (t) =Pr.(t), (2.69)
where P! and P¢, are the internal and external mechanical powers, respectively.
For simple materials, it is always true that P!, = S-F. Comparing (2.68) and
(2.69), the natural identification is

Pr(t) = W(t) = 0y,

(2.70)
Pe(t)=V-[STv—®]+pb-v.

The second relation is physically justifiable in that the body forces are clearly
external and the divergence term leads to a surface integration, when we carry
out spatial integrations over all or part of the material. The first relation is a
consequence of this identification.

Thus, (2.57)2 agrees with (2.70);.

2.4. Decomposition of the free energy functional

Returning to the general theory, we additively decompose, for simplicity, the free
energy v into two parts

Dk, K(t), ', C(1)) = (K, k(1)) + 12(C', C(1)), (2.71)
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where

di(t) + Dat) = e(D)i(t), Di(t) >0, i(t) =i (k' K(t) > b1 (k(t), (2.72)

the quantity ¢ (k(t)) being the equilibrium form of ¥y (k?, 5(t)). It follows from
(2.49) that

Yo+ Dy =DOC, Dy=D-D, (2.73)

where it is assumed that Dy > 0. The quantity 1;1 is in effect a free energy for a
simple material and will not be considered further. The properties (P1) and (P3) in
Sec. 2.2, with the occurrences of x(t) and e(t) omitted, hold for ¥s. We also impose
(P2) so that

2(C", C(t) > $2(C(1)). (2.74)
The subscript 2 will now be dropped. The first law becomes (see (2.49))
Yv+D=DoC. (2.75)
Also, we have
D6 C =08y =W(t), (2.76)

where W(t), the generalized rate of work, is redefined to mean that relating only
to g in (2.71).

There is no strong physical motivation for this decomposition. Indeed, heat flow
variables are retained in C and D, as we see from (2.17). It is done for pragmatic
reasons of simplicity, to allow subsequent developments to be phrased only in terms
of C and D, rather than continuing to include x and e. For materials undisturbed
in the distant past, we can integrate (2.75) to obtain

w(t)—l—D(t):W(t):/i D(u) © C(u)du, (2.77)

where D(t) is the total dissipation over the history of the motion.

3. A Quadratic Model for Free Energies

The simplest choice of 1 is obtained by means of a functional Taylor expansion of
(Ct, C(t)), stopping at the quadratic term.2>3 This in fact yields a constitutive
equation with linear memory terms, as presented in (3.11) below.& We put

U(t) = (C(t)) + %/OOC /OOC CL(s) @ K(s,u)C (u)dsdu. (3.1)

The operator K € Lin(B) is at least positive semi-definite in the sense that the
function K(-,-) is such that the integral is non-negative. This must be true in view

2For the case of a purely mechanical simple material, see, for example, Ref. 11.
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Free Energies in a General Non-Local Theory 15

of (2.74). It should be noted that (2.74) also excludes linear functionals in (3.1). It
is assumed that K(-,-) € L*(RT x R*) and, in particular,
lim K(s,u) =0, ue€RT. (3.2)

§— 00

A similar relation holds for the limit of large u at fixed s. There is no loss of
generality in taking

KT (s,u) = K(u, s), (3.3)

where the transpose refers to Lin(B). Any space dependence in K is neglected, so
that we are dealing with a homogeneous material.
Let us define L. € Lin(B) by

L(s,u) = Lo +/ / K(t1,t2)dt1dta, oo =LL, (3.4)
which gives
2
Lia(s,0) = 5 =-L(s,u) =K(s,u), L7 (s,u) = L{u,5) (3.5)
and
. .0 n
lim L(s,u) = Lo, lim —L(s,u)=0, wuweR", (3.6)
§—00 s—oo Ju

with similar limits at large u holding for fixed s. Also, from (3.2) and (3.4),
lim 2I[,(s u) =0, s€R",  lim 2ILf(s u) =0, ueR" (3.7)
U 00 au b - b b S*)OC83 ) - ) . M

We write (3.1) as

Y(t) = o(C(t)) + - / / C(s) ® Lya(s,u)CE (u)dsdu. (3.8)

It is possible to develop the theory without restriction, for a general equilibrium
term ¢. However, in order to achieve simplifications, we specialize here to the case
of a fully linear theory by taking

3(C1) = 6() = 5C(1) © Lo (1) > 0. (3.9)

By partial integration, one can put (3.8) in the form

//cf ) ® L(s, u)C* (u)dsdu, o

9 o
0.0 () =~ o-C' () =~ 2-Cl(u).

It follows that L must be a non-negative operator in the same sense as K. Also,
from (3.9), we have Lo > 0.

C(u) =
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3.1. Constitutive relations

Applying (2.52) to (3.8) yields, with the aid of (3.3),

D(t) = Lo C(t) + /OOo L' () Ct (w) du

=LoC(t) + /OC L/(u)ct(u)du

0
= /Ooo L(u)C (u)du, (3.11)
where C*(0) = C(t) and
L(u) = L(0,u), Lo=L(0), L(c0)=Le, L'(c0)=0, (3.12)

and the prime indicates differentiation with respect to the argument. Relations (3.6)
have been used. It will be assumed that

L(u)=L"(u), ueRT. (3.13)
From (2.42), (2.43) and (3.11)1, we have the constitutive relation for X(t),

S(t) = Vo, ©D(t) = Vi © Loo C(t) + /oo V. oL (u)C(u)du
0

= V.0 Lo(VA()) + /Oc V. oL (u)(VAL(w))du. (3.14)
0

Similar relations are derivable from (3.11)2 3.
Consider the case where (2.38) and (2.39) reduce to C(t) = (A(t), VA(¢)) and
D(t) = (3o(t), 21(t)). More explicitly, we write

A(t) Zo(t)
O1A Yan
C(t) = VA(t) = 8;A8 , D(t)= Eil;gi : (3.15)
d3A(1) Ew3(t)
where
0 )
Oi=g- =123 (3.16)
Also
V.o=(1 =01 —02 —03), (3.17)

yielding in particular (see (2.43))
3(t) = Vo 0 D(t) = Zo(t) — 01X 1)1(t) — 023 (1)2(t) — 932 1)3(1)- (3.18)

The tensor L is representable as a 4 x4 matrix of transformations in Lin(T"). Assume
that the individual components are scalars. In the case where it is diagonal, with

AQ: Please check
the sentence "The
tensor..." for sense.
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Free Energies in a General Non-Local Theory 17

scalar components Ly, k = 0,1,2, 3, the integrand in the first line of (3.14)y is
given by

ZL w)O? AL (u). (3.19)

If LY (u) = Ly (u) = Lhs(u), we see that this agrees with the form of the constitu-
tive equation in Refs. 1-3. For those materials, the first term on the right of (3.14)
vanishes.

3.2. Alternative form of the free energy
With the aid of (2.46), relation (3.8) can be written as

Y(t) =S + %/OOC /OOO Cl(s) ® Lia(s, u)C!(u)dsdu,

(3.20)
1
S(t)=D(t) ® C(t) — §C(t) O LoC(t),
where L is defined by (3.12)s. One can show that
0
GC—(t)S(t) =D(), (3.21)

which demonstrates consistency with (2.52). A disadvantage of using the form (3.20)
is that S(t) is not a non-negative quantity.

3.3. Dzssipation rate

The rate of dissipation D is given by (2.35). However, we can avoid functional
derivatives by observing from (2.75) that D emerges from the differentiation of
¥(t) with respect to t, excluding terms with C(t). By differentiating (3.10); and
carrying out partial integrations, one obtains, with the aid of (3.10)2—(3.10)4,

D(t) = —% /0 h /0 T EHs) © [La (s, ) + Lo(s, )] G (u) dsdu, (3.22)

when the terms proportional to C(t) are omitted. With further partial integrations,
we can also write D in the form

= ——/ / C:75 ngl(s u) +L122(8 ’U,)}C ( )dsdu (323)
where (3.10)2—(3.10)4 have been used again.

Remark 3.1. Many of the results in this and later sections are entirely similar in a
formal sense to[corresponding formulae for simple materials, given in earlier papers
by the authors|and others, in particular Refs. 19, 11, 15, 25 and 3. For this reason,
some detailed flerivations are omitted. However, we seek to give, as complete and
self-contained,[a description as possible of the theory in this new context, without
relying excessiyely on references to other work, so a certain amount of repetition is
unavoidable.

AQ: The citation
(3.10),-(3.10)4 is okay.
Please clarify.
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18 G. Amendola, M. Fabrizio & J. M. Golden

4. Constitutive Equations in the Frequency Domain

Let us now consider the frequency domain representation of (3.11). We write the
Fourier transform of the causal function L’ in (3.11) as

L, (w) = /0 L'(s)e” ™S ds = L/ (w) — il (w). (4.1)
Unless indicated otherwise, the frequency may be taken to be real. We have
1 — 1 —
Lew) = 54 (@) + L (@), Liw) = =5 (LY (@) = L (w)) (4.2)
and
L} () =L\ (-w), Li(-w)=Li(w), Li(-w)=-L,(w). (4.3)

It is assumed that L' € LY(R*)NL?*(R"), giving L/, € L*(R). From (4.1), it follows
that

/ %L(|s|)e_wsds — oLl (w), (4.4)
a result which will prove useful later.

If A’(s) has sinusoidal behavior, then it is easily shown from (2.38) that C?*(s)
will also have such behavior. Consider (2.75) for oscillatory histories of period T,
where transient effects have died away. The functional ¥ will consist of oscillatory
terms (see Sec. 10). Integrating (2.75) over a cycle, we obtain the following form of
the second law

t+T ) t+T
/ D(s) ® C(s)ds = / D(s)ds > 0. (4.5)

Using such histories, it can be demonstrated (see Ref. 19, for example) that (4.5)
yields

Lo=Lj, Le.=LL, (4.6)

which are special cases of (3.13). Indeed, the second relation was assumed earlier
in (3.4). It can also be shown that

Ll(wp) <0, 0<wp<o0. (4.7)

Relation (4.7) is in effect proved by (10.23) below, if reversible processes, for which
the rate of dissipation vanishes, are excluded.

Remark 4.1. For materials with (2.20) as the power function, the inequality
in (4.7) is reversed. This leads to a kernel function which tends to increase (similarly
to the creep function in viscoelasticity) rather than decrease, as emerges from (4.13)
below for the inequality (4.7). This is what follows from the form X ® A in (2.18).
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Note that
L (w) = /000 L' (s) sinwsds < 0, (4.8)
by virtue of (4.7). The sine inversion formula gives
L'(s) = %/000 L (w) sin wsdw. (4.9)
Integration yields
L(s) — Lo = %/OOO w]ﬂs(w)dw <o, (4.10)
so that
L(s) < Lo. (4.11)

We divide by s and take the limit s — 0 which is assumed to exist. This yields
L’(0) < 0. The stronger relation

L'(0) <0 (4.12)

will be assumed. Taking the limit s — oo in (4.10) gives with the aid of the
Riemann-Lebesgue lemma

2 [*L
Lo — Ly = ——/ de > 0. (4.13)
™ 0 w
We shall further assume that
0< / L(s)ds| < oo, L(s) = L(s) — Loc. (4.14)
0
From (3.9) and (4.13), it follows that
Lo>0, L >0. (4.15)

Near the origin in the frequency domain,

L' (w) = /000 L'(s)ds —iw /000 s/ (s)ds + O(w?)

= —Lo+ Lo + iw/ L(s)ds + O(w?). (4.16)
0
Thus,
LI oo
L0) = Lo — Lo, 2% [T Es)as. (4.17)
w w—0 0

We will be considering frequency space quantities, defined by analytic continu-
ation from integral definitions, as functions on the complex w-plane, denoted by €2,
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where

O ={weQ|mwe R},
(4.18)
Q) = {w e Q|Imw e RTH}.

Similarly, Q= and Q(=) are the lower half-planes including and excluding the real
axis, respectively. The quantity L, is analytic on Q). This property is extended,
by assumption, to an open set containing 2. It is further assumed for simplicity
to be analytic at infinity.

The function L/, has singularities in both Q(*) and Q(-) that are symmetric
under reflection in the origin, by (4.3)s. They are also symmetric under reflection
in the real axis, by virtue of (4.2)2 so that they are mirror images of each other
also with respect to the imaginary axis. The function L/ goes to zero at the origin
and must also be analytic on the real axis, since L, has this property. It vanishes
linearly at the origin by (4.14) and (4.17),.

A quantity central to our discussions, analogous to that originally considered
for the mechanical case in Refs. 23 and 11, is defined by

H(w) = —wlL.(w) >0, weR. (4.19)

It is a non-negative, even tensor function of the frequency, vanishing quadratically
at the origin. It is a symmetric tensor in Lin(B). From the behavior of Fourier
transforms at large w, one finds that

i lim_ wl! (w) = Jim wlL, (w) = L'(0) (4.20)
yields
L'(0) = —H(o0) = —Heo. (4.21)

The symmetric quantity Hy, is positive definite by virtue of (4.12).

4.1. Frequency domain representation of the history

Let Ct € LY(RT)NL23(R') and recall the assumption (2.47). The Fourier transform
of Ct is given by

Cl(w) = /000 Ct(u)e_iwudu, (4.22)

which is analytic on Q(7), since the integral exists and is uniquely differentiable in
this region. The derivative of Cﬁr with respect to ¢t will be required. Assuming that
Ct € CY(R") we find, with the aid of (2.45) and a partial integration, that

%ci(w) — —iwC () + C(t). (4.23)

In this context, the property (4.20) of Fourier transforms yields
iwlirréo wC (w) = wh—{r;o wCl(w) = C(t). (4.24)
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Free Energies in a General Non-Local Theory 21
The Fourier transform of C%(s) = C*(s) — C(t),s € R is given by"

Cl W) = Cfw) - 2, (1.25)

w™

which, on noting (4.24), can be seen to behave as w2 at large frequencies. Also,
with the aid of (4.23), we see that
904 w) = Ol @), T () = Gl () - 2.
It is assumed that CY, (w) has no singularities on the real axis.
A continuation of the history C'(u),u € Rt is C'(u),u € R~ . Its Fourier
transform is given by

(4.26)

0 .
C! (w) :/ Cl(u)e "Wy (4.27)
and, instead of (4.24), we have
i lim wC" (w) = —-C(t"), (4.28)

which differs from C(t) if there is a discontinuity between the history and continu-
ation (see (8.45)). Corresponding to (4.25), we have

C!_(w)=C! (w)+ ch(? (4.29)
and, for w — oo,
Cl_(w)~ %f(ﬁ) (4.30)

Thus, if there is a discontinuity between the history and continuation, C!_(w)
behaves as w™! at large frequencies. If there is no such discontinuity, then C!_(w)
behaves as w™? at large w.

The Fourier transform over R is

CL(w) = /_ h C(u)e™ Uiy = C', (w) + C* (w) (4.31)
and

Clrle) = Chlw) + € W) = Ch +i00{ = - =} ()

if there is no discontinuity between history and continuation. The last term on the
right can be shown to be proportional to the singular function §(w).

hThese relations are discussed more fully in Refs. 24, 25, 3 and earlier work. In particular, we
note here that w™ can be thought of as w — o, where « is a small real positive quantity. Similarly
wt corresponds to w + ia. The limit o« — 0 is taken only after any integrations on € have been
carried out. This is a device which avoids the use of distributions in various contexts. When w¥ is
in the numerator of an expression, the superscript is irrelevant and may be dropped. The choice
of wF in (4.25), (4.29) and (4.33) ensures that the singularity is in the correct half-plane.
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For small frequencies, we have

C! (+o00)
t ~ + T
er: (LU) T

which can be shown by considering Fourier transforms of functions that do not
vanish at infinity and therefore do not belong to L'(RT) N L3(RT).

; (4.33)

4.2. Constitutive equations in terms of
frequency domain quantities

Applying Parseval’s formula to (3.11); and (3.11)2 by extending the range of inte-
gration to R, one obtains

D(t) = Lo.C(t) + 2i / T I ()L, (w)dw

= LoC(t) + % /_OO L, (w)C', (w)dw. (4.34)

If we replace L, (w) by [L', (w) + F(w)] where F(w) is analytic on Q~ and is a
constant or zero at infinity, (4.34); still holds. This follows by a simple application
of Cauchy’s theorem over Q~, using the behavior of C! at large w. In particular,
we have

1 [ —
D(t) = Lo,C(t) + oy / L) (w) + AL, (w)]CL , (w)dw, (4.35)
where ) is any complex constant. Choosing A = —1 yields

D(t) = Lo.C(t) + % / L (w)CL, ()dw

—L.C{) - % / h %cg(w)dw, (4.36)

where (4.19) has been used. Similarly, we find that
o I
D(t) = LoC(t) - % / %ci(w)dw (4.37)

with the aid of relation (4.13) rewritten so that the integration is over R. Relation
(4.37) was first given for viscoelastic materials in Ref. 16.

5. Minimal States

In the classical approach to materials with memory, the state is identified with the
history of the independent variables. Noll’s characterization of state,3* discussed
for the case of linear viscoelasticity in Ref. 9, is an interesting alternative. He
takes the material response as the basis for the definition of state: if an arbitrary
process, acting on different given histories up to time ¢, leads to the same response
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of the material after time ¢, then the given histories are equivalent and the state
is represented as the class of all these equivalent histories. We shall refer to it as
the minimal state.'” A minimal state is in effect an equivalence class under this
definition. The idea has been applied to linear materials in Refs. 28, 8, 9, 11, 17,
24, 25 and other more recent work, in particular Ref. 3.

Two states (Ct, C1(t)), (Ch, Ca(t)) are equivalent, or determine the same min-
imal state if

Di(t+s) = Dy(t + s),
Ci(t+s)=Ca(t+5)+C., s>0,

(5.1)

where D;,Dy are the dependent variables corresponding to the states
(Ct,Cy(t)), (Ch, Ca(t)). In the second relation of (5.1), C, is a constant (in time)
member of B. This is the condition that the process C;(t+s),i =1,2,s € RT acting
on each is the same. Note that it follows from (5.1); that £ = £ where (V)
and @ are the dependent quantities (for example, stress tensors in mechanics)
defined by (2.25). We have used superscripts to avoid confusion with ¥; and 3o
etc. in (2.24). Also, referring to (3.11)a, we see that (5.1); is true if for s > 0,

LoCq(t+s) + /OO L/ (u)CiT ¥ (u)du = LoCa(t + s) + /OO L' (u)C5™ (u) du.

0 0
(5.2)
Let
Cu(t) = C1(t) — Ca(t), Ci(s) = Cl(s) — CL(s). (5.3)
Then (5.2) with (5.1)3 yield
L(s)C. +1(s,C}) =0, I(s,C}) = /0OC L' (u + s)CY(u)du. (5.4)
By virtue of (3.12)4, we have
lim I(s,Cl) = 0. (5.5)

§— 00

Thus, assuming that IL(co) is non-zero and invertible, then C. must vanish and the
conditions of equivalence can be stated as

Cy(t+s)=0, I(s,C)) =0, secR". (5.6)

Observe that, in the theory under consideration, with linear constitutive rela-
tions, the states (C}, C1(¢)) and (C}, Cz(t)) are equivalent if and only if (C, Cq4(t))
is equivalent to the zero state, consisting of a zero history and zero current value.

A functional of (C* C(t)) or (C!,C(t)) which yields the same value for all
members of the same minimal state will be referred to as a functional of the minimal
state or as a minimal state variable. Note that, by virtue of (5.6), I(s, Ct) has this

property.
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Let us introduce the notation

(Ct,ch) :/ / C! (51) ® Lua(s1, 52)Cl (52) ds1 dss. (5.7)
0 0
‘We have
(Ci,CY) = (Ch, CY) (5.8)

by virtue of (3.3).
Let (CY, C(t)) and (Ck, C(t)) be any equivalent states. Then, a free energy is a
functional of the minimal state if

»(C1, C(t)) = ¥(C3, C(1). (5.9)

It is not necessary that a free energy should have this property, though it holds for
some of the free energies discussed in later sections. Notably, this is true for the
minimum free energy, as can be shown in great generality, but also in other cases.
It follows from (3.20) and (5.9) that

(C1,Cl) = (Ch, CL). (5.10)
Note that if CY, is equivalent to the zero history, then, by (5.9),
»(CY,0) =0, (5.11)
or
(CL,CLy = 0. (5.12)

If the material has minimal states that are non-singleton, then (5.12) implies that
the quadratic function with kernel IL15 is positive semi-definite. If the material has
singleton minimal states, then this quadratic functional is positive definite.

Both (5.10) and (5.12) must hold if the two states are equivalent and if the free
energy is a functional of the minimal state. This implies that

(C1,C1) = (Cj, C3) = (C1, Cy), (5.13)

which conversely implies (5.9).

6. The Generalized Work Function
Relation (3.11)3 can be put in the form

D(t) :/ L(t — s)C(s)ds, (6.1)

— 00

by a change of variable. Substituting (6.1) into (2.77), gives

W(t) = [ du [ " isL(u — $)C(s) © Clu). (6.2)
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1 Consider the identities

2 /; du /Zo dsf (u,s) = /too ds /S75 duf (u,s) = /too du /u75 dsf (s, u). (6.3)

The first follows from the geometry of integration in R?, the second by renaming
integration variables. It follows that

/ du/ dsf (u, s) / du/ dsfg(s,u)

flu,s), u=s,
f(s,u), s>u.

fS(u75) = {

Applying this general identity to (6.2) and recalling (3.13), we obtain

/ / L(ju — s)C(s) ® C(u)dsdu

/ / L s))5 [C(s) _cw) o L) - cw)dsdu.  (6.5)

W(t)

Two partial integrations give
Wy =00 +3 [ [ Li(u-shCw - €)@ [C() - C(o)dsdu
+ %/000 /000 Li2(Ju — s|)CE(u) ® CL(s)dsdu

+ 5/_00 /_OO Lis(|u — s))CL(u) © CL(s)dsdu, (6.6)

where ¢(t) is defined by (3.9) and where the last relation presumes that C!(u)
vanishes for u < 0. Let

VO = [ s - u)Chwin

= /OC Li(]s — u|)CL(u)du = — /OC Lo(|s — u|)CL(u)du,  (6.7)

3 so that

4 %V(” (s) = — /_OO Lia(|s — u|)Ct (u)du. (6.8)

The Fourier transform of V() (s) is, by virtue of the convolution theorem and (4.4),

VI (w) = —2L,(w)CL, (w), (6.9)
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which yields

%/Z /fo Lia(s — u])CL() ® C(s) duds

1 /> 0
=5/ 5 —V®(s)© CL(s)ds
1 e —

=0 [ LU (@) 0 T @), (6.10)

1 where the last form is obtained using Parseval’s formula. Thus, we obtain
1 o0
2 WO = o)+ 3- [ OL ) 0BT, () (6.11)
3 where (4.19) has been used. The right-hand side is manifestly non-negative.
4 We will also need W (oo) below. It is assumed that C(s) vanishes as s — £o0,
5 which is stronger than (2.47). Let us write (6.5); for ¢ = oo as
6 / / (Ju — s))C(s) ® C(u)dsdu (6.12)
7 and write (6.5)2 with the integrations over R and where the time in C(#) is arbitrary.
8 The partial integrations to yield (6.6) can be carried out, where the terms at +oo
9 cancel. Thus, (6.6)s takes the form
1 o0 o0
10 W() = 5/ / Lio(|Ju — s|)CE(u) ® CL(s)dsdu, (6.13)
11 where the variable ¢ can take any value. In later applications, it will be taken to be
12 the current time. The quantities C%(u) and CL(s) are not now assumed to vanish
13 for u, s < 0. Applying Parseval’s formula, as in (6.10), we obtain
" == / C!p(w) © H(w)Clp(w)dw, (6.14)
™

15 where Cl . is defined by (4.32).

Equations (6.6) and (6.11) are expressed in terms of relative histories. We can
write them in terms of histories, as follows:

W(t) =5S(t) + %/OO /OC Lia(]s — u|)C*(u) ® C'(s)duds
/ / Li2(]s — u|)C!(u) © C'(s)duds

S()+%/ T (w) © Hw)C, (w)dw, (6.15)

16 where in (6.15)2 and (6.15)3 it is assumed that C!(u) vanishes for u < 0. Rela-
17 tion (6.15); corresponds to (3.20); and can be demonstrated in a similar manner.
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Relation (6.15)3 follows from (4.25), (6.11) and (4.37), with the aid of (4.13), or by
applying Parseval’s formula.
We see from (6.6)2 that W (t) can be cast in the form (3.8) by putting

ng(s,u) :L12(|s—u|). (616)

Thus, W (t) can be regarded as a free energy, but with zero dissipation, which is
clear from (3.22) or indeed (2.76). Because of the vanishing dissipation, it must
be the maximum free energy associated with the material or greater than this
quantity, an observation which follows by integrating (2.75) over (—oo,t]. Both of
these situations can occur, depending on whether the minimal state is a singleton
or not.2419:253 Clearly, of course, zero dissipation is non-physical for a material
with memory, so the main interest of this quantity, in the context of free energies,
is that it provides an upper bound for the physical free energy.

It can be proved!!:3 that the non-negative tensor H(w) can always be expressed
as the product of two factors

H(w) = Hy (w)H- (w), Hi(w)=HL(w), weR, (6.17)

where all the singularities of Hy(w) and all the zeros of det Hi(w) are in Q)
respectively. This factorization is fundamental to the determination of the minimum
free energy in Sec. 8.

7. Special Forms of Free Energy

We present in this section functionals that are free energies provided certain assump-
tions on the relaxation function are valid.

In Secs. 7.1 and 7.2, we consider quadratic functionals which are free energies
only for a sub-category (though an important one) of materials, namely those with
the property

L'(s) <0, L"(s) >0, VsecR". (7.1)
Remark 7.1. Note that the assumption L”(u) > 0,u > s implies L'(s) < 0.
It implies L'(s) < 0 if L” is non-zero on a set of finite measure with elements

u > s. This in particular implies that I'(0) < 0 except in trivial cases, as assumed
in (4.12).

In Sec. 7.3, a stronger assumption must be made.

7.1. The Graffi—Volterra free energy

Let us first present the Graffi-Volterra functional?6:27:9:8:3

va(t) = o)~ [ L6ICHs) @ Cllis
—S() - % /0 T L(5)Cl (5) © C(s)ds, (7.2)
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where ¢(t) and S(t) are given by (3.9) and (3.20)2, respectively. This is a free energy
if (7.1)1 holds. The rate of dissipation associated with ¢ has the form
1 o0
Delt) =5 [ L'()CHs) @ Clls)s (7.3)
0

which is non-negative under assumption (7.1)s. This relation can be derived using
(2.75) and (2.48). The properties in Sec. 2.2 are easily confirmed for ¢ .

A special case of ¢ is discussed in Refs. 1-3, where LL(s) is a diagonal tensor.
This also applies to the free energies introduced in Secs. 7.2, 7.3 and 8.

The functional 1 can be expressed in the form (3.8), with

L(s,u) = 3[L(s)j0.0/(u) + L) iy (5], (74)

where Ig is the characteristic function of the set S, defined by

1, uwelo,s),
Tio,s)(u) = 0. ugo.s) (7.5)

‘We observe that L5 is unbounded.

The Graffi—Volterra free energy is a functional of the minimal state only if
the material is such that the minimal states are singletons, in other words, if the
minimal state is simply (C*, C(¢)). Indeed, if we have a history C!, # 0, equivalent
to the zero history, as given by (5.3), then (5.11) does not hold, because, from (7.1),
we have

/000 L' (s)CY(s) ® Cl(s)ds > 0, (7.6)

where equality occurs only in the case where I/(s) vanishes for s € RT.
We have the following result.

Proposition 7.1. IfLi5(s1, s2) is a bounded, non-negative (positive semi-definite)
tensor for all s1,s9 € RY, then

where ¥ is any functional of the form (3.20) and ¢ is the Graffi-Volterra func-
tional (7.2).

Proof. Consider the identity

1 [ [o© . t t o »
5/0 /0 [C'(s51) — C'(s2)] ©® L12(81,52)[C"(s1) — C*(s2)]ds1ds2

1> [
- 5/ / Ct(sl) @ L12(317 SQ)Ct(Sl)d81d$2
0 0
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1 o0 o0
t t
+§/ / C (82)®L12(81782)C (82)d81d82
0 0

— /00 /00 Ct(Sl) @L12(81,32)Ct(82)d51d82. (78)
0 0

The left-hand side is non-negative by virtue of the assumption on Lq2(s1, s2). The
first two terms on the right yield, after integration, the integral term in (7.2) and the
last term is the memory integral in (3.20);, multiplied in both cases by a factor 2.
Relation (7.7) follows immediately. m|

Remark 7.2. It must be emphasized that the non-negativity we have assumed for
L12(s1, $2) is not necessary in general for 1, given by (3.8), to be a free energy,
though 12 must be a non-negative operator in the sense that the integral term in
(3.8) must be non-negative.

7.2. Single integral quadratic functionals of T*

We now introduce a functional which is a free energy for materials with the property
(7.1) and is a functional of the minimal state. These results were first reported in
Ref. 10 and are also discussed in Ref. 3.

Consider the functional

Ir(T) = ve(0) = 0)— 5 [ LT o T
) 0 (7.9)
() = 21, T(r) =1, G,

where L/~ '(7) is the inverse of the tensor L/ (7) in the algebraic sense (treating them

as matrices) and I(-, CY) is defined by (5.4) with C’ replacing C. The integral term

in (7.9) is non-negative by virtue of (7.1). The tensor (')~ becomes singular at

large 7, but it is clear from the representation (7.12) below that the integral exists.
The domain of definition of the functional ¥z will be denoted by

HE(RT) = {It; /OO ]L’_l(T)it(T) o IH(r)dr

0

This space is very much larger than the domain of definition of the Graffi-Volterra

free energy, as we see for a kernel given by an exponential or a sum of exponentials.

One can choose exponentially diverging histories such that the integral in (7.2) will

diverge — because of the quadratic dependence on C! — but for which I exists.
Note that the function &F can also be written in the form

< oo}. (7.10)

Yp(IY) = S(t) — %/OO ]L/_l(T)i(T,Ct) o I(r, Ctdr,
) 0 (7.11)
I(r,C" = 8—TI(T,Ct),

which is a special case of (3.20).
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We can write ¢, given by (7.9) explicitly, in terms of the relative history Ct
as follows:

Yr(t) = o(t) + % /0 /0 Li2(s1, 52)CL(s1) © Cl(s2)ds1dsa, (7.12)
where

L(817 82) = — /00O L/(T + SQ)L/il(T)L/(T + Sl)dT = L(827 81). (713)

One can derive an expression for the rate of dissipation using (3.22)! and, from
the fact that it is non-negative, deduce that p is a free energy. A more direct
demonstration of the fact that ¢p is a free energy can also be given. From (2.46),
(2.48), (5.4) and (7.9) we have that

d .

%It(f) =L/(1)C(t) + I(7), (7.14)
so that
%z/}F(t) —D(1) o (1) —/0 L' ()it (r) @ T'(r)dr
=D(t) o C@t) + %L’*l(oﬂf(()) o 1H0)
+%/OOO [%L’_l(ﬂ} I'(7) o I'(7)dr, (7.15)
using the fact that I*(0) is the integral term in (3.11);. Thus, we have, from (2.75),
De) = gL OO o 10 - [T 17| i o Fir o
(7.16)
%L’*lm =L 'L ()L () <o, (7.17)
by virtue of (7.1). Note that
Dp(t) > —% /OOO [%L’l(ﬂ] I'(r) o It (r)dr > 0. (7.18)

It is straightforward to confirm that ¢ has the properties of a free energy listed
in Sec. 2.2.
Let us assume further that there exists a non-negative a; € R™ such that

L"(r) + a1/ () > 0, V7 eR*. (7.19)
This yields
d

d—L/*l(T) <ol () <O, (7.20)
=
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using (7.17) and, from (7.18),
Dr(t) > an[w(t) — (1)), (7.21)

One can write down a family of similar free energies using a simple generalization
of the above procedure.03

7.3. The Dill free energy

The functional

¢D111( / / 81 + 82 C:(SQ) ® C:(Sl)d51 dso

= S(t) + 5 /0 /0 L//(Sl + SQ)Ct(SQ) ® Ct(Sl)d51d52 (722)

is a free energy with rate of dissipation given by

Dpun(t / / L (s1 + s2)Cl(s2) ® ClL(s1)ds1dsz

/ / (s1 + s2)C (82) ® Ct(sl)dsl dso, (7.23)

8

if and only if L is completely monotonic,® in other words, if it is differentiable to

any order and
(-)"L™M(s) >0, seR*Y n=0,1,2,..., (7.24)

where the superscript indicates the nth derivative. Relations (7.22) and (7.23)
are special cases of (3.8), (3.20), (3.22) and (3.23). Note that in this case, (3.5)2
implies (3.13), namely the symmetry of L. This functional is also referred to as the
Staverman-Schwarzl free energy.®

The required properties listed in Sec. 2.2 are easily checked for 1py.

Because of the non-negativity of the tensor I”, we have, from Proposition 7.1,
that

Yom(t) < Ya(t), teR. (7.25)

The quantity v¥pjy is a functional of the minimal state. Indeed, it can be shown
to obey (5.13).
Relation (7.24) will be true if and only if®

L(s) = /000 e~ YdK(a), (7.26)

where K:[0,00) +— Lin(B) is symmetric, bounded and non-decreasing.! Let us
assume that K is sectionally smooth, with a finite number of discontinuities, so

IThis quantity has no connection with the K in (3.1).
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that
s) = / K'(a)e” “da + ZKie_ais, (7.27)
0 1=0
where
Ko = K(0)7 g = 07 (728)
and «;,7 = 1,2,...,n are the points of discontinuity so that
K; =K(a) - K(a;) >0, i=1,2,...,n. (7.29)

The origin is in effect also a point of discontinuity if K(0) = K(0") is non-zero, in
that K(0~) vanishes. Note that Ko = L(c0).
Using (7.27) in (7.22); and (7.23); yields

von(®) = 6(t) + 5 [ a*Cly(@) 0 K(@)Cly(a)da
0
+ = ZazCTL o) O K;Cly (), (7.30)

where C!; is the Laplace transform

Clul) = [ e=@Clla)da (7.31)
and
Dpin(t) = /000 a’Cl (o) O K'() a)da + Z a}Cl (o) O KiClp(ai).
(7.32)

For this restricted class of materials, ¥p; is clearly a free energy in that it obeys
all the criteria. The converse, proved in Ref. 8, is more difficult.
Note that

> aK' () - oK
! = - do — E —_—
4+(w) /0 ; o e

i=1

2K/ n
L// —
+(@) /0 a+iw Zl Q; —|— iw (7.33)

= iwl! (w) —|—/ oK' (a da+20¢1
0

Also, using the inverse Fourier transform, we have

L7 (s) = — / LY (w)e@S . (7.34)

o
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Substituting (7.34) for L” into (7.22), we obtain

Yom(t) = o(t) + % / Ci, (w)o L} (w)C—iJr(w)dw

1 o0 J—
= 6() + 1= / Gl (@) O T ()Ch ()

— o)+ = [ Re(CL, () 0T (W)CL (@)}dw,  (7.35)
4

™

where the reality of ¢)pi; has been invoked in writing the second and third forms.

8. Derivation of the Form of the Minimum Free Energy

It can be shown within an abstract formulation of thermodynamics referred to
above (see Refs. 16, 17 and 3 for example) that the minimum free energy is equal
to the maximum generalized recoverable work, which from the state at time ¢ is
given by

Wa(t) = — /too D(w) © Cu)du = W(t) — W (s0). (8.1)

As in Sec. 6, we consider the set of continuations C¥(s),s € R™~ that go to
zero at large |s|. This is based on results in Refs. 11 and 22, showing for a linear
model that the results of the minimization are insensitive to the final value of the
continuation, which is related to ¢(co0). We obtain from (6.14) and (4.32) that

T or

W(o0) = o / T (O (@) + O ()] 0 HW)[CL, () + C_ (). (8.2)

— 0o

Note that, by virtue of (4.32), we could replace C!, by C% in the above relation,
since H(w) vanishes at w = 0.

We seek to minimize W (oo), given by (8.2), since W (t) is specified.

The optimization procedure was carried out in past work by two different but
equivalent techniques: a direct variational method?3!! or by reducing the problem
to the solution of a Weiner-Hopf integral equation.!'” A new and simple method,
first introduced in Ref. 3, is outlined below.

Remark 8.1. The only restriction on the relaxation function required in this sec-
tion is the analyticity of certain quantities on the real axis in the frequency domain.
For these constraints to be satisfied, it is sufficient that L/(w) has no singularity on
the real axis, a condition which was imposed after (4.18). This implies that L'(s)
decays exponentially at large s. However, the rate of decay can be chosen to be
very slow, if required.
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8.1. A new optimization procedure

Let C! be the optimal future continuation (so that C, is the optimal process) and
Cl (s)=Cl(s)—C(t), seR". (8.3)

Let C!, denote the Fourier transform of C!, so that C!, (w) = C!,_(w). Recalling
(6.17), let us consider now the quantity H_(w)C", (w), the components of which
are continuous, indeed analytic on R (strictly, an open set containing R), by virtue
of the analyticity properties of H_ (w) and C', (w). The Plemelj formulae give that

P!(w) = H_(w)Cly () = pL.() — Pl (), (3.
where
P =0 | S, phe) = tm bt ia) (8.5)

Moreover, p(z) = p (2) is analytic in z € Q=) and p’(z) = p* (2) is analytic in
z € Q). Both are analytic on the real axis. Referring to the footnote on (4.25),
we write them in the form

ph(w) = —— / RECO (8.6)

- : )
2mi J_ W' —wT

If we can determine explicit formulae for p% (w),w € R (or w € Q(F)), then they
can be analytically continued into Q=) respectively, defined everywhere except at
singularities. Let us write (8.2) as

W(oc) = - / T Ipt () — P (@) + Ho (0)C'_(w)[?dw, (8.7)

:%_OO

using (6.17) and (8.4). The notation |A|?, where A € B, denotes according to
standard convention A ® A. Putting

Pi_(w) = pL(w) + H-(w)C_(w), (8.8)
where p!_ is analytic on Q)| we have

Wioo) = = [ (b} (w) - p'. ()P

2 J_
— o [ B @R + Pt )P, (5.9

since the cross-terms can be shown to vanish by Cauchy’s theorem. Only p}_
depends on C!_ so that the minimum can only be given by the condition

pi_(w) =0, (8.10)
or

p! (W) +H_(w)C! (w)=0, VweR, (8.11)
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yielding

Cl(w) = —(H-(w)) "' pL. (@), (8.12)
Also, the optimal value of W(o0), given by (8.9), is

Wopn(o) = = [ b (0 (8.13)

2 J_ o

Note that, from (6.11) and (8.4)

W(t) = o(t) + —— / " ot (@) — Bl ()2

21 J_ o
=60+ 5= [ 1Pt + ph ()Pl (8.14)

since the cross-terms again vanish. Thus, from (8.1) and (8.13), we have that the
maximum recoverable work or the minimum free energy is given by

vnlt) = 0(0)+ - | It ()P (8.15)

2r J_

Remark 8.2. Using the method given in Ref. 11 (see also Ref. 3), it can be shown
that p’ is a function of the minimum state (see Sec. 5), so that it follows immedi-
ately from (8.15) that vy, (¢) has this property.

With the aid of (8.12), we can write (8.15) as

Un0) = 60+ 5= [~ ) © H)Cly @)

0 0
60 +5 [ [ L~ u)Clw © Cly(s)duds

10 o ., y
§/m /m L(Js — ul)Ct (u) © G (s) duds, (8.16)

where C!_, given by (8.3), is the inverse Fourier transform of Ct, (w). The first form
of (8.16) follows from the second form by close analogy with the steps from (6.6)2
to (6.11). In both cases, the steps can be reversed. The third relation follows by
partial integration.

From (2.75), we have

U (t) + Dy (t) = D(t) © C(t), (8.17)

where D,, is the rate of dissipation corresponding to the minimum free energy, and
must be non-negative by the second law. Recalling that the material is undisturbed
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in the distant past, we integrate (8.17) up to time ¢ to obtain (see (2.77))
wm(t) + Dm(t) = W(t)a (818)

where
Dy (t) = /t Dy, (s)ds (8.19)

is the total dissipation up to time ¢, corresponding to the minimum free energy.
Since 1y, is less than or equal to any other free energy, it follows from (8.18) that
D, (t) is the largest estimate of dissipation in the material element. We have, from
(8.14) and (8.15),

Dnlt) = W) = Um0) = Wops(o0) = 5= [ IpL(@)Paw 20, (520

27 J_
Also,
Dy (t) = Dy (1). (8.21)

In order to give an explicit expression for D,,, we note certain properties of p’,.
From (8.6) and (4.26)s, it follows that

%pi(w) = —iwp’ (w) — K(?),

b (@) = —iwpt. ()~ K(1) - =0, (5:22)

K(t) = % /_OO H_ (w)CL, (w)dw.

The relation
1 o H_ (o' H_
— #dw’ - & (8.23)
211 oo ! (w/ — w+) 1w
has been used. This follows by remembering that H_(w) vanishes linearly at the
origin and by closing the contour on Q) where H_ is analytic. If (W' —w™) occurs
in the denominator, the integral vanishes. Furthermore
Jim_wpl () = K(D),
1 (o ]

2r ) o

1 (8.24)
pli(w)dw = :F§K(t).

The first relation follows from (8.6), while the second emerges by closing the contour
on QF), remembering the analyticity properties of pf.. Differentiating (8.20) with
respect to t, we find the explicitly non-negative form for the rate of dissipation:

D (t) = [K(6)P, (8.25)

where K is given by (8.22)3. The analogous expression for simple viscoelastic mate-
rials was derived in Refs. 23 and 11.
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8.2. Histories rather than relative histories

In early work on the minimum and other free energies,?311:17 histories, rather than
relative histories, were used. By almost identical arguments to those above, one can
show the following: let

Q'(e) = H- ()04 () = a- () — ) (8.20

where
q(w) = QLM b CL?t_(iw(/;idu/. (8.27)

Then
v =50 +5- [ o @)Pdo, (5.25)

where S(t) is given by (3.20). The various free energies in Sec. 7 can also be
expressed as functionals of histories, rather than relative histories, in entirely anal-
ogous ways, as indicated in (7.2)2, (7.11) and (7.22)3. There are two disadvantages
to this approach, one noted earlier, namely that S(¢) is not a non-negative quantity;
the other is that C (w) behaves as w™! at large w while C. (w) behaves as w™2.
It should be noted that q and Q in this subsection have quite different meanings

to the quantities introduced and used in Sec. 2.

8.3. Confirmation that v, ts a free energy

We now ascertain that 1, has the characteristic properties of a free energy, as
summarized in Sec. 2.2.

Proposition 8.1. The functional ¥,,(t), given by (8.15), obeys the non-local Graffi
conditions, given by (P1)—(P3), in Sec. 2.2, omitting the temperature variables.

Proof. Property (P2) is immediately apparent. Property (P3) follows from (8.17)
and the fact that D,,, given by (8.25), is manifestly non-negative. Finally, property
(P1), namely (2.53)2, can be proved with the aid of

opt (v)  H-_(w)

=— 2
aC(t) iw (8:29)
which follows from (8.23) and, recalling (6.17)a,
opL. Hy(w)'

oC(t) iw
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giving

iﬂ / p’(w) ® p’(w)dw

o 1 [ t
- 5T / P ()] Tpt ()

[ H+T<W>pt_ @i — o [~ Byt g
w2 7 )

Recall that Hy vanish linearly at the origin. Also, using (8.4), the frequency integral
in (4.36)2, which must be real, can be written as

/ HO@) o / Bt ()~ pt (@),
- —% /- H*af“’)pf_ (w)de, (8:32)

because the term involving p, vanishes by Cauchy’s theorem. Since the last quan-
tity is real, we have, from (4.36)2, (8.31) and (3.9), that

D (£)
aC(t)

= D(t), (8.33)

which is (2.53)s. |

8.4. Double frequency integral form

By using (8.6) to carry out the frequency integration in (8.15), noting that w+ = w™
and w’ — w™ can be replaced by (w')™ — w, we can write 9, (t) in the form

- i [ [ CLi(wi)®Mp(wi,ws)CLy (w2)
Pm(t) = o(t) + m/_m/_ wi —wy dorde, (8.34)

My, (w1, wa) = Hy (w1)H_(w2),

by closing the contour on either Q) or Q(-). The notation in the denominator of
the integral in (8.34); means that if we integrate first over wy, it becomes (w1 —wy )
or if wy first then it is (W)™ — wsy). Also, using (8.22)3, Dy, (t), given by (8.25), can
be expressed as

Do (1) / / T (w1) © Mo (w1, w0)ClLy (wo)dwndws.  (8.35)
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Let us write the double integral in (8.34) in the form

1 [ A(
P_(t) = 2_/ Ip () / / ”1’”2 2 9L Y2) o duws,
TJ—oo so Wi —wy (8.36)

At(w1,wp) = CL (w1) © My (w1, w2)Cl (w2).

Also, in the same way, we obtain

1 Atw,w
P+(t):%/ Ip (w )2dw_—42/ / 192) oy duss, (8.37)

oo Wi —w2

From (8.20), we see that this is the total dissipation up to time ¢. One can show

that
Bt
— / / wh w2 dwldwg = 0
" an? so Wi —wy (8.38)

Bt(wl,wg) C ( )@M (w27w1)c +(w2)

by integrating over wy for example and closing the contour on Q(~), since H_.
and C! 4 have no singularity in the lower half-plane. Furthermore, using the same
procedure, one obtains

Ry (t) = / / - W17w2 dwy dwy
o Wi

_ ;ﬂ Cf, (v) ® H(w)CL (w)dw
— P_(t) + Py (1) (8.39)

by virtue of (6.11) and (8.14). Relation (8.38) allows us to write (8.36) in the
explicitly convergent form

Al _ Bt
P_() = / / (W, wz) = BH(@1w2) o (8.40)
7T

w1 — w2

which is convenient for numerical evaluation. We can replace the wy; — wo in the
denominator by wi” — w; which gives (8.36), or by w; — w4 which gives the same
result by way of (8.39) and (8.37). Relation (8.40) implies that the quantity

[y (w1)H_ (w2) — Hy (w2)H_(w1)]

D =1 41
(wi,w2) =i R (8.41)

is a non-negative operator in the same sense as K in (3.1). By using very localized
choices of C’ (w), we deduce that the “diagonal elements” of D(wq,ws) are non-
negative. Using a prime to denote differentiation, these can be written as

D(w) = i[H, (w)H_ (w) — Hy (w)H_ (w)] >0, we€R, (8.42)

a quantity which will appear in another context towards the end of Sec. 10.
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8.5. Properties of the optimal future continuation

We draw attention to certain properties of the optimal future continuation. From
(8.12) and (8.24)4, it follows that

t HIlK(t) —1 : 1/2
Cl (w) —— —2—— Hi'= lim Hi(w) = [H(c0)]/?, (8.43)

w—00 w 2 w—00

so that the relative optimal continuation, given by (8.3), has the form at s = 0
(ct. (4.30))

C.,(0) = —H;'K(t) (8.44)
2
and the optimal continuation C!(0) is given by
C!(0) = C(t) — H'K(¢t). (8.45)
2

Thus, the optimal continuation involves a sudden discontinuity at time ¢, the mag-
nitude of which is related to the rate of dissipation, as we see from (8.25).
Also, putting

1
H; (w) = ;H_(w) (8.46)
we have
t ~ t / ’
Cl (W) ~ 2W+ / H, () C' (& )dw (8.47)
as w — 0, which, with the aid of (433) gives
t Hl t / /
C'ro(_ ) H Cr+( )dw (848)
27r
and
C}(—o0) = CL,(—00) + C(t). (8.49)

This quantity is in general non-zero.

9. Factorization: Time-Independent Eigenspaces

The functionals introduced in Secs. 7.1-7.3 are valid free energies under the specified
monotonicity restrictions on the kernel L. For the minimum free energy, there is
no restriction of this sort on IL. However, it is not possible in general to determine
explicitly the factors in (6.17). To do this, we must introduce another constraint on
the tensor relaxation function, namely that the eigenspaces of LL(¢) do not depend
on t. Then, an extension to the tensorial case of the method for determining factors
used in Refs. 23, 24 and 3 for a scalar constitutive relation yields a simple direct
construction of H, (w) and H_(w). Also the factorization is commutative (i.e. where
H; (w) and H_ (w) commute). Without this constraint, it is not generally practical
to explicitly determine the factors H_.
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Under the requirement that the eigenspaces of IL(t) do not depend on time, we
can write

L(t) = i Li(t)B*
k=1
H(w) = —wL.(w) = ZHk(w)IB%k, (.1)
k=1

Hi(w)>0; weR\{0}, k=1,...,m,

where B = BF @ B¥ k = 1, ..., m are the orthonormal projectors on the m (time-
independent) eigenspaces of I and H; while {B*} are their normalized eigenvectors,
which constitute an orthonormal basis of B. Recall that m, introduced after (2.40),
is the dimension of the vector space B.

From (3.13) it follows that, on a particular basis, we can represent B* B* in
terms of a time-independent rotation R on R™, where B” is given by

B =Ry, i=1,2,....m, (9.2)
and B* by (no summation)
Bj = RgRj, i,j=12,....m, (9.3)

so that, for example, the most general form of IL(¢), in a given basis, allowed under
the hypothesis of time-independent eigenspaces, is

(L(t)g = > Lr()RaRy, i,5=1,2,...,m, (9.4)
k=1

where R;; are constants, restricted so that R is a rotation matrix on R™.

Since LL(¢) is a symmetric tensor, it has m(m + 1)/2 independent components
and these must be expressible in terms of the m quantities Ly, k = 1,2,...,m.
There must therefore be m(m — 1)/2 further relations among the components of
L(t), over and above those required by symmetry. These may be written down for
example by partially solving (9.4) to express Li,k = 1,2,...,m in terms of the
diagonal components of L(¢). These can then be substituted back into (9.4).

One can derive explicit forms for the factors of a scalar function H equal to
any one of the Hy in (9.1)s by a procedure outlined in Refs. 24 and 3, for example.
Thus, the quantities Hy, can be factorized into Hy4, Hi— where

Hyt(w) = Hpz(—w) = Hyz (w);  Hi(w) = [Hyz ()] (9.5)
We put
Hk(OO)ZHkOO7 k:172,...,m. (9.6)

Since the {B*} are orthonormal projectors, it follows that

H(w) = ) Hit(w)Hi— (w)B* = Hy (w)H- (w), (9.7)
k=1
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where
Hi(w) =Y Hix(w)B* = H(w). (9.8)
k=1

The last relation follows from the symmetry of the B¥. It is clear that the factors
H; (w) and H_(w) commute. From (9.5) we have

Ha(w) = He(~w) = Hz (). (9.9)

These relations are consistent with but more restrictive than (6.17)s.

Note that in the light of (9.9), the quantity K given by (8.22)3 can be shown
to be real by taking its complex conjugate and changing the sign of the integration
variable.

In the basis {B*} and {B"}, the individual components of each of the relevant
quantities obey the relationships that hold in the scalar case, as developed in Ref. 24
and earlier work. We can expand any member of B in this basis; in particular

C(t) = Y _ Ci(t)BF, Cl(s) = Y _Ci(s)BF,

k;Ll k;l (910)

Cl(s) = Z Cir(s)B*, Clyi(w) = Z Chrs (w) B
k=1 k=1

Scalar quantities, such as a free energy or a rate of dissipation, are given by the
sum of contributions to this quantity from each eigenspace.

Remark 9.1. If L is a diagonal tensor, then the rotation R in the above formalism
is unity. This leads to a diagonal tensor H, the scalar components of which can
be factorized as in Refs. 23, 24 and 3, yielding explicit factors Hy (w). This was
the assumption which yielded explicit formulae for the minimum free energies in
Refs. 1-3.

9.1. A simple example with non-diagonal L

We seek an illustration of the above formalism where R is not unity, which is suffi-
ciently simple so that algebraic manipulations can be carried out without difficulty.
Let us consider a scalar, non-local linear viscoelastic model, where (E*(s), E(t))
is the infinitesimal strain history and current strain, while T'(¢) is the stress. The
gradients of (E'(s), E(t)) will also be included. Without further assumptions, this
would involve dealing with 4 x 4 matrices, as outlined in Sec. 3.1. Therefore, we
restrict the model to be one-dimensional, where (E*(s), E(t)) depends on z but not
on y, z. Thus, we have

Cl(s) = (E'(s), EL(s)), E'= %Et = 0, (9.11)
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1 Equations (3.15) and (3.18) give
2 T(t) = Dl — 8wD27 (912)

where from (3.11)y (using subscripts 1,2 rather than 0,1) we have

Di(t) = G (0)E(t) + Gra(0 / G (u) B (u) du
+ [ GratwELu)du
0 (9.13)
Dg(t) = Gzl(O) ( ) + G22 / G
—|—/ Gy (u) EL (u) du.
0
3 The quantities Gy, Glq, G4 and Ghy are scalar functions and G11(0), G12(0),
4 G21(0), G22(0) are constants. Also, from (3.13),
5 G12(0) = G21(0),  G'a(u) = Gy (w). (9.14)
6 By virtue of (4.15)1, we have that
G11(0) G12(0
7 n(0) - Cu) (9.15)
G12(0)  Ga22(0)

8 so that Gll(O) > 0, GQQ(O) > (0 and Gll(O)GQQ(O) > [Glg(O)]Q.
We need to be able to diagonalize the above system of equations with a rotation
that is independent of time. Let there exist a constant rotation R such that

R(GH(O) G12(0)> (Gl(o) 0 )

G12(0)  Gaz(0) 0 Ga(0))’

R<G’11(u) G’u(u)> (G’() 0 ) (9.16)
Gla(u)  Ghy(u) 0 Ghyu)

c s
Rz( ), 2+s2=1,
-5 c

where G1(0), G2(0), G}, GY are the required eigenvalues. It follows that (cf. (9.4))
G11(0) G12(0 2 s 2 —cs
nOCRON _ o) (¢ ) a0 C )
G12(0) G22(0) cs s —cs ¢

/ / 2 2 (9.17)
(et &) e (2 B e (, 2)
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These relations yield that
(¢® = %)G12(0) = ¢s[G11(0) — Ga2(0)],
(¢® = 5*)Ga(u) = es[Ghy (u) — Goo(u)],

by solving (9.17) for (G1(0), Ga(0)), (G4 (u), Gy(w)) in terms of (Gi1(0), Gaa(0)),

(G4, G%) respectively and then imposing the non-diagonal relation. Thus (9.18)
gives the constraints imposed by the requirement of time-independent eigenspaces.
The first constraint determines the angle of rotation. Using this in the second

(9.18)

gives G, uniquely in terms of Gi; — Gb,, for all values of v € R*. This is not a
physical requirement but a mathematical constraint which yields time-independent
eigenspaces.

Solving for the eigenvalues gives

G1(0) = %[GH(O) + G22(0) + V/[G11(0) — G22(0)]? + 4[G12(0)]?],

(9.19)
Go(0) = 5[G11(0) + G2 (0) — v/ [G11(0) — GO + A[Gr2 O,
and
! 1 / / ! / /
G () = 351G, (1) + Gha(w) + /1G (1) — Gha(w) + 4Gl )2,
(9.20)
Gh(u) = 5[G (1) + Ghalu) = /1G, (4) = Gl (w2 + 4G, ()]

Let us for definiteness take the case where G11(0) > G22(0), G}, (u) > Ghy(u) and
c? > s2. Then, with the aid of (9.18), these can be written as

Gq (0) = aGu(O) + bG22(0)7 GQ(O) = bGu(O) + aGQQ(O) (9.21)
and
G1(u) = Gy (u) + bGay(u),  Gy(u) = bGy(u) + aGhy(u), (9.22)
where
02
=5 b=1-a. (9.23)

For different inequalities, these formulae are somewhat altered. The case where
s = 0 corresponds to where the equations were diagonal to begin with. Relations
(9.13) can be written in the form

() = GOV + [ 64w,
. (9.24)
Xa(t) = Ga(0¥a(t) + [ Gha)Y3 ().
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where

(m(t)) R (E(t) ) (9.25)
Ya(1) E.(t)

() - (5)
Y3 (u) E(u))

These relationships can of course be inverted and we can write (9.24) in the
form (9.13), though where G';(0), G7;(u),4,j = 1,2, are expressed in terms of the
eigenvalues G;(0), G}(u),i = 1,2. Then, in turn, we can express T'(¢), given by
(9.12), in terms of these eigenvalues.

Relation (9.17) corresponds to (9.4) or (9.1); where G and G4 play the role of
Lj,k =1,2. We can then determine explicitly the scalar functions Hy(w), k = 1,2,
in (9.1)2 which can be factorized by a standard technique.?®® Thus, we can write
down (9.8) explicitly, which yields a formula for the minimum free energy.

Indeed, because of the orthonormal character of (9.1) and subsequent relations,
we can write the minimum free energy in the form

Vi (t) = P1m () + Y2m (1), (9.26)

where 1, (t), tam (t) are the minimum free energies corresponding to the scalar
problems with kernel function derivatives G, G, respectively and where the inde-
pendent variables are the quantities on the left of (9.25)z 3.

Remark 9.2. The maximum free energy for materials that have non-singleton
minimal states (those with kernels IL'(w) that have only isolated singularities in the
frequency domain) and a family of intermediate free energies can be derived as in
Refs. 17, 25 and 3.

10. Free Energies for Sinusoidal Histories
Consider a current value and history (C?, C(¢)) defined by
C(t) = Coe™~" + Cpe ™+t Cl(s) = C(t — s), (10.1)
where Cy € B is an amplitude and Cj its complex conjugate. Furthermore,
W_o=wy—in, wy=w_, wy€R, neRTT, (10.2)

The quantity » is introduced to maintain (2.47) and to ensure finite results in
certain quantities. The quantity Cj_ has the form

iw_t o —iwyt
C! (w) = Co————— + Co—

i(w+w) Yilw —wy)’ (10:3)
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and the Fourier transform of the relative history Ct(s) = Ct(s) — C(t), namely
C!, (w), is given by

C(t) w_ eiw_t Wy e—iw+t
t _ Ot _ - _ = B 10.4
Cry (@) =Ci(w) iw™ Cow’ i(w+w-) " COW? i(w—wy) 1oy

Recall that ',y and L., are symmetric tensors, a property that will be used
frequently below. From (3.11)2, we have

D(t) = LoC(t) + /000 L'(s)C(s)ds

= [Lo + L (w-)]Coe™~" + [Lo + L'y (—w)]Coe ™+ (10.5)

Any real algebraic quadratic form in C(t) or real functional quadratic form in C*(s)
can be written, in the limit n — 0, as

Q = Cy ® MCpe?™! + Cy ® M Cpe 20t + Cy ® NCy, (10.6)

where M, M, N € Lin(B). The quantities M and M can be taken to be symmet-
ric, while N can be taken to be hermitian. Indeed, since we will be dealing with
symmetric quantities, N must be real. Let us introduce the abbreviated notation

Q = {M,N}. (10.7)

The generalized work W (¢) done on the material to achieve the state (C?, C(t)) is
obtained by integrating the form

D(t) ® C(t) =iw_Cp® [Lo + L; (w_)]Cge%“"t — w4

x Co © [Lo + L} (~w)]Coe™ #+! +iCo © [(w- — w4 )Lo

+w L (~wi) — will (w_)]Coel-—w+)t, (10.8)
In the limit 7 — 0, this converges to a finite result of the form

W(t) = D(t) ® C(t) = {iwo[Lo + L, (wo)], —2wolL, (wo)} (10.9)
in the notation of (10.7). Carrying out the integration of (10.8) gives
1 . _— I .
W(t) = 5{co ® [Lo + L (w_)]Coe**~" + Co ® [Lo + L, (—w4)]Coe2+'}
ei(w_—w+)t

(w- —wy)
(10.10)

+Co ® [(w- — wi)Lo + w_L', (~wy) —wi L, (w_)]Co

This quantity diverges as n — 0, as would be expected on physical grounds. Taking
the limit 77 — 0 in the terms which are convergent, we can write this in the form

W(0) = { 3ILo + L o)l Lo + Lifen) — L o)

—2w0t]L'S(w0) —L;(wg)%}. (10.11)
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1 The quantity S(t), given by (3.20)s, is finite in the limit  — 0. It reduces to
1
2 S(t) = {§L0 +L;(WO),L0 —|—2]L'C(w0)} (1012)

The general form (3.20) can be expressed as

1 1
1/)(t) = {51[40 + L;(wo) + §L12+(WQ,WQ),L0 + 21[/0(@00)

1
+ 5 L2+ (wo, —wo) +L12+(—w0’w0)}}, (10.13)
where
L12+(w17w2) = / / L12(87u)6_iuls_iu2u
o Jo

= —L/_‘_ ((.(JQ) + iw1L2+ (W1,WQ)

= —L/_‘_ (wl) + iw2L1+(w1,w2)
1 .

= 5[—1[4; (wl) — L;(WQ) + zw1L2+(w1,w2)
+ iWQL1+(wl,WQ)]. (1014)

3 Also,

4 Lyt (wr,we) = / / Ly (s, u)e™ “rs=iw2t dody, (10.15)

o Jo

5 and similarly for Lo . Partial integrations have been used to obtain the second and

6 third forms of (10.14). Note that

7 ]L12+ (wl,w2) = ]L12+(—w1, —LUQ) (1016)

8 and, from (3.5)a,

9 L]—Q+(w17w2) :L12+(w27w1). (1017)
10 Therefore, Lio4 (wo, wo) is symmetric and the last term in square brackets in (10.13)
11 is symmetric and real. Also,

12 m(wl,wg) = L1+(—wl, —wg) (1018)
13 and
14 L1T+(w1’w2) = L1+(WQ,W1), (1019)

with similar relations holding for Loy . Using (10.14)4, we can write (10.13) in the
form

Y(t) = {%[Lo + 1L (wo)] + Z'LEJTO[ILf1+(WO»WO) + Lo+ (wo, wo)],

W
LO + ]L/C(WO) + TOIm[]L1+(w0, —wo) - ]L2+ (wo, —wo)} }, (1020)
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The most interesting part of this expression, from a physical point of view, is the
second term which yields the time average over a period,

(1h(t))ay = Co ® {Lo + L (wo) + %Im[LH(wo, —wp) — Loy (wo, —wo)}} Co.
(10.21)

Remark 10.1. The quantity in braces must be a non-negative operator in Lin(5)
for all wy. A corresponding observation must apply to each of the free energy func-
tionals below, if the assumptions that make the relevant functional a free energy
are true.

The rate of dissipation, given by (3.22), becomes

wp wh
D(t) = 7[L1+(w0»w0) + La+ (wo,wo)], —7[L1+(w07 —wo)

+ L4 (—wo,wo) + Loy (wo, —wo) + Loy (—wo, wo)}}

- {%‘% [L1+ (wo, wo) + Lay (wo, wo)], —2w0L’5(w0)}, (10.22)

where (10.14)2 and (10.14)3 have been invoked.

Remark 10.2. The time average of the rate of dissipation is
(D(t))av = Co ® (—2wolL,(w0))Co = (W (t))ay > 0, (10.23)

from (10.9), which is a special case of (4.5). Note that (10.23) implies (4.7) (if we
exclude reversible processes).

Relation (10.23) is true for the rate of dissipation associated with any free energy,
since (3.22) is entirely general for a material with linear constitutive equations.

It is noteworthy that, in classical viscoelasticity, —L/ (w) = Im L/ _(w) is referred
to as the loss modulus.

Observe that
2H(WO) = —2&)01[4(&)0), (1024)

in the notation of (4.19). This notation has been and will be particularly used in
the context of the minimum free energy (see (10.51) below).
We have, from (10.20),

. wz
Y(t) = {iwo[Lo + L (wo)] — 7°[L1+(wo,wo) + Loy (wo, wo)), 0}. (10.25)

Then, from (2.75) and (10.9), we can also obtain (10.22). The fact that (¢)(t))ay
vanishes is also an entirely general feature, closely connected with (10.23), by virtue

of (2.75).
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The Graffi-Volterra free energy, given by (7.2)2, has the form
1 1
¢G(t) = {§L0 + ]L/+ (WQ) - 5]14;(2@0), 2L0 — ]Loo + Q]L/C(CUO)} (1026)

and
(a(t)) = Co O [2Lg — Leo + 2L, (wo)] Co. (10.27)

By invoking Remark 10.1, we see that the quantity 2ILg — Lo + 2L/ (wp) must be a
non-negative quantity if (7.1) applies. The time derivative of (10.26) gives

Ya(t) = 2iwg {%Lo + L, (wo) — %L;@wo) 0}. (10.28)

Using (2.75) and (10.9), we obtain
D (t) = {—iwo[L! (wo) — L, (2wo)], —2wolL (wo)}, (10.29)

which can also be derived from (7.3).

We next consider the expression (7.22)s for the Dill free energy. The function
S(t) is given by (10.12). We now consider the integral term. Note that, by a change
of variables,

1 [ee] o0 o
0 0

1 o0 S .
= —/ ds/ dull” (s)e w05
4 Jo
[

—s
= s ”(s)e_iwosds

1

2 Jo
1 0o oo .

= ——/ L'(s)e —Wos s 4 zwo/ s/ (s)e 105 gs
2 Jo 2 Jo

1 / a -,
= —5 [L+(w0) + wOa—woL_‘_(wo):| s (1030)

where a partial integration was used to obtain the third line. Also

/ / LN 81 + 82 ZCU()( )d81 d52

:Z/ ds/ dull (s)e " 1Wol — 21 ]L’s’(wg):——]L’( o).  (10.31)

wo 2C

The term where s; and so are interchanged contributes an equal result and we
obtain

Ypin(t) = {%[Lo + L, (wo) — woﬁiwoL/*(wo)]’ Lo + L/c(wo)}- (10.32)
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This also follows from (10.20) and the relation

0

which can be shown by the technique outlined in (10.30). Note that
(¥pin(t))av = Co © [Lo + Li.(wo) Cal, (10.34)

where the quantity Lo+L.(wo) = Re(ILo+1L/, (wo) is known in the context of classical
viscoelasticity as the storage modulus. In fact, this label is sometimes applied to
L/ (wo). By virtue of Remark 10.1, the quantity Lo + L. (wo) must be non-negative
if (7.24) is valid.

The inequality (7.25) for time-averaged quantities takes the form (Y (t))ay <
(e (t))ay or, from (10.27),

L, (wo), (10.33)

Co © (Lo + L (wo)Co > Co © Lo Co, (10.35)

which is in fact the very general requirement (2.74) for free energies, applied to the
form (7.22)1, with ¢ given by (3.9). Also,

. . B}
wDill(t) = W {LO + L/_._(wo) — wOa—woL/_‘_(woL 0} (1036)
Then, from (2.75) and (10.9),

Dpin(t) = {wo 88 L, (wo), —2woL’S(wo)}7 (10.37)

which can also be shown using (7.23) and (10.33).
Next, let us consider ¢p, given by (7.11). We have, from (5.4),

I(s, C) = F(wy, S)Coeiwot + F(wo, s)C_oe_iwot,

F(Wo,S)z/ L’(u+s)e_i”0“du:eiw03/ L (u)e "ot gy, (10.38)
0

FT(w07s) = F(wo, s), F(wo,s) = F(—wo, s),

where F € Lin(B). The functional ¢r has the form given by (10.13), where (see
(7.13))

L1 (wo,wo) :/ F,(wo, s)L' 7 (s)F(wo, s)ds,
. (10.39)
Li24 (wo, —wo) :/ F,(wo, s)L " (8)F4(—wo, s)ds,
0

with

F(wo,s) = %F(wo,s) = /0 L" (u+ s)e_iwoudu. (10.40)
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Also,

L4 (wo, £wp) :/ F(wo, s)L/ 71 (s)F(£wo, s)ds,

. (10.41)
Loy (wo, £wp) :/ F(wo, s)/ 71 (s)F,(£wo, s)ds.

0

The rate of dissipation is given by (10.22), with the aid of (10.41).
Finally, the expression for the minimum free energy will be explored. We shall
require the relation

Hi(w) = Hi(—w), w € Q, (1042)

which generalizes (9.9)2 to the complex plane. The minimum free energy ¥, (t) is
given by (8.15). Using (10.4), we evaluate the integral in (8.6) by closing the contour
on Q) to obtain

eiw,t efiw+t
P, (@) = — | H_(~w_)Co + -

i(w+ w_) mH—(w+)Co (10.43)

and

p’ (w) =H_(w)Cp; (w) + Pl (w).

From (10.43) we obtain

1 00 . 9 - 2iw_t )
— = — H* (—w_
om | PR (@)ldw 5 Co O (—w-)Co
Z‘672iw+t_ -
+ ———Cy@H? (wy)Cy
2LU+

e o H_ (o) Ho(—w_)Co,  (10.40)
- Cy O H_(wy)H_(—w-)Cy, 10.44
(w- —wy)

where (10.42) has been used. It will be observed that the last term diverges in the
limit 7 — 0. Recalling (8.20), we see that the quantity given by (10.44) in the limit
n — 0 is the total dissipation over history so this divergence is an expression of a
physically obvious fact. Its derivative is the rate of dissipation and is finite. Taking

the limit 7 — 0 in the convergent terms, we obtain

1 %) . ) ie2iwot )
— dw = — C H= (— C
5 _m\p+(w)| w oy 0O = (~wo)Co
Z'e—inot_ o
+ Co ® H? (w)Co
2&)0

_ 1
+Cp® 2tH(WQ) — D(WQ) + ;H(WO) Co, (1045)
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where D(w), given by (8.42), is real and non-negative for w € R. From (10.11),
(10.45), (8.18) and (8.20), taking the limit n — 0, we obtain

Ui (t) = {%Lo + B1(wo), Lo +Bg(wo)} (10.46)
where

B (wo) =

N =

|:]L/_‘_ (WQ) + win_(—wo):l s
’ (10.47)
BQ (wo) = L/c(wo) — WO%LQ(Wo) + ]D)(wo).

The divergent terms and those proportional to ¢ cancel. The average over a time
cycle is given by (see (10.21))

(tmYav = Co ® [Lo + B2 (wp)]Co. (10.48)

Note that Lo + B, must be a non-negative quantity for all w € R, by virtue of
Remark 10.1. We have

&m(t) = in {Lo + L; (wg) + (%OHQ,(—WQ), O} (1049)

The rate of dissipation is given by (8.25) and (8.22)3. Using (10.4) and closing on
Q7F, we find that

K(t) = H_(—wy)Coe™°* + H_(wy)Coe ™0t (10.50)
on taking n — 0. Therefore
Dy (t) = {H2 (—wo), 2H (wo) }. (10.51)

One may check that (8.17) holds, using (10.9), (10.49) and (10.51). The time average
(D (t))ay is equal to Co2H(wg)Co, which is consistent with Remark 10.2, by virtue
of (10.24).

The formulae derived here for the minimum free energy apply with little change
to the other free energies referred to in Remark 9.2.
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