
Technological University Dublin Technological University Dublin 

ARROW@TU Dublin ARROW@TU Dublin 

Articles School of Mathematics 

2001 

The Problem of a Viscoelastic Cylinder Rolling on a Rigid Half-The Problem of a Viscoelastic Cylinder Rolling on a Rigid Half-

Space Space 

Murrough Golden 
Technological University Dublin, murrough.golden@dit.ie 

G.A.C. Graham 
Applied and Computational Mathematics Program Simon Fraser University, Burnaby, BC, Canada V5A 1S6 

Follow this and additional works at: https://arrow.tudublin.ie/scschmatart 

 Part of the Electrical and Computer Engineering Commons, and the Mathematics Commons 

Recommended Citation Recommended Citation 
Golden, J.M. & Graham, G.A.C. (2001). The Problem of a Viscoelastic Cylinder Rolling on a Rigid Half-
Space. Mathematical and Computer Modelling, vol. 34, no. 12-13, pg. 1363-1397. 10.1016/
S0895-7177(01)00136-4 

This Article is brought to you for free and open access by 
the School of Mathematics at ARROW@TU Dublin. It has 
been accepted for inclusion in Articles by an authorized 
administrator of ARROW@TU Dublin. For more 
information, please contact 
yvonne.desmond@tudublin.ie, arrow.admin@tudublin.ie, 
brian.widdis@tudublin.ie. 

This work is licensed under a Creative Commons 
Attribution-Noncommercial-Share Alike 3.0 License 

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Arrow@dit

https://core.ac.uk/display/301303483?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://arrow.tudublin.ie/
https://arrow.tudublin.ie/scschmatart
https://arrow.tudublin.ie/scschmat
https://arrow.tudublin.ie/scschmatart?utm_source=arrow.tudublin.ie%2Fscschmatart%2F255&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/266?utm_source=arrow.tudublin.ie%2Fscschmatart%2F255&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/174?utm_source=arrow.tudublin.ie%2Fscschmatart%2F255&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:yvonne.desmond@tudublin.ie,%20arrow.admin@tudublin.ie,%20brian.widdis@tudublin.ie
mailto:yvonne.desmond@tudublin.ie,%20arrow.admin@tudublin.ie,%20brian.widdis@tudublin.ie
http://creativecommons.org/licenses/by-nc-sa/3.0/
http://creativecommons.org/licenses/by-nc-sa/3.0/
http://creativecommons.org/licenses/by-nc-sa/3.0/
http://creativecommons.org/licenses/by-nc-sa/3.0/


P E R G A M O N  

MATHEMATICAL 
AND 
COMPUTER 
MODELLING 

Mathematical and Computer Modelling 34 (2001) 1363-1397 
www.elsevier.com/locate/mcm 

T h e  P r o b l e m  of a V i scoe la s t i c  Cy l inder  
Rol l ing  on a Rig id  Hal f -Space  

J. M. GOLDEN 
School of Mathematical  Sciences 

Dublin Inst i tute  of Technology, Kevin Street, Dublin 8, Ireland 
jmgolden@maths i. kst. dit. ie 

G. A. C. GRAHAM 
Applied and Computat ional  Mathematics Program 

Simon Fraser University, Burnaby, BC, Canada V5A 1S6 
gacQcs, sfu. ca 

A b s t r a c t - - T h e  problem of a viscoelastic cylinder rolling on a rigid base, propelled by a line 
force acting at its centre, is solved in the noninertial approximation. The method used is based 
on a decomposition of hereditary integrals developed by the authors in previous work, and on the 
viscoelastic Kolosov-Muskhelishvili equations which are used to generate a Hilbert problem. In this 
formulation, the problem reduces to a nonsingular integral equation in space and time, which simplifies 
under stea~ly-state conditions and for exponential decay materials, to algebraic form. There are also 
two subsidiary conditions. 

In the case of a standard linear model, explicit analytic results and numerical examples are given 
for the pressure function, for surface displacements, and also for hysteretic friction. (~) 2001 Elsevier 
Science Ltd. All rights reserved. 

K e y w o r d s - - H y s t e r e t i c  friction, Viscoelasticity. 

1. I N T R O D U C T I O N  

T h e  p rob l em of two v iscoelas t ic  cy l inders  in roll ing con tac t  has  been  t r e a t e d  by  Mor land ,  b o t h  

the  case where  t he  cy l inders  are ident ica l  [1] and  where  t hey  differ in r ad ius  and  mechan ica l  

response  [2]. Th i s  was one of a class of p rob lems  a t t r a c t i n g  in teres t  a t  t he  t ime  which  could  no t  

be solved by  using the  classical  cor respondence  pr inciple  (see [3] and  references c i ted  the re in ) .  

A re l a t ed  p r o b l e m  was t h a t  of a r igid inden tor  moving over a v iscoelas t ic  ha l f - space  [3-7]. T h e  

resul ts  o b t a i n e d  in [5], by a different  me thod ,  were s imi lar  to  those  of  M o r l a n d  [2]. 

We cons ider  here the  p rob lem of a v iscoelas t ic  cy l inder  on a r igid half-space.  Th i s  i s  in fact  

t he  s ame  as the  p rob lem of two ident ica l  cy l inders  [1]. However,  t he  mo t iva t i on  for t h i s  re- 

e x a m i n a t i o n  is t h a t  it  is a p rob lem which provides  a nont r iv ia l  app l i ca t ion  of  a genera l  t echn ique  

deve loped  in [3]. Th is  m e t h o d  allows a sy s t ema t i c  approach  to  solving a wide  va r i e ty  of p rob lems ,  

which  con t r a s t s  w i th  the  ea r ly  t r e a t m e n t s  of such p rob lems  [1,2,4] where  spec ia l  me thodo log ie s  

had  to  be employed  in each case to  comple te  the  solution.  

Work on this paper was carried out at the Dublin Institute for Advanced Studies. The research was supported by 
funds provided by the Natural Sciences and Engineering Research Council of Canada. The paper was typed by 
Dr. H. Z. Fan. 

0 8 9 5 - 7 1 7 7 / 0 1 / $  - see front matter ~) 2001 Elsevier Science Ltd. All rights reserved. Typeset by ~4.A~-TEX 
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1364 J . M .  GOLDEN AND G. A. C. GRAHAM 

The relations obtained here agree with those of Morland [2] in a short memory or slow rolling 
approximation. Explicit results and numerical examples are given for the pressure and surface 
displacements, and also for the hysteretic friction. The expressions for displacements have not, 
to our knowledge, been given before. It should be noted that  this problem has more recently 
been treated numerically for simple elastic and viscoelastic and nonlinear behaviour [8-10]. 

2. F U N D A M E N T A L  E Q U A T I O N S  

Let the cylinder, of radius R, be moving across a rigid half-space occupying y < 0, in the 
negative x direction (in a coordinate system fixed in space) with speed V. It is assumed to be 
infinitely long in the third direction, with uniform cross-section, so that  plane strain conditions 
prevail. We choose coordinates moving with the cylinder both linearly and rotationally, but 
eventually switch to a nonrotating frame moving with the cylinder. A line load acting at the 
centre of the cylinder is assumed to exert a downwards force W counteracted by the upwards 
pressure of the half-space. Also, the line load has a horizontal component of magnitude H acting 
in the direction of motion. This is balanced by the hysteretic friction force, which is not known 
until the problem is solved. Thus, the quantity H is to be determined. The half-space is a 
distance d below the centre of the cylinder. 

We begin by writing down the general viscoelastic Kolosov-Muskhelishvili equations in polar 
coordinates [11,12], though retaining Cartesian components for displacement. The reason for this 
is that  the component of displacement normal to the half-plane is known in the contact region. 
The equations are 

art +aee  = 2 [¢(z, t) + ¢(2, t)] = 4 Re ¢(z, t), 
2 -  

arr + i a r e =  ¢(z, t) + ¢(~, t) -- ~¢'(~, t) - z¢ (5  , t), 

D(r , t )  = uz(r_,t) + iuy(r_,t), D'(r__,t) = ff---~D(r_,t), (2.1) 

r =  (x,y), or r=  (r,O), z = x + i y = r e  ie, ]z] < R ,  

¢'(z , t )= ~z¢(Z,t) ,  ¢'(~,t) = 0¢(2 , t ) ,  

f [ f ,  9](_r, t) = dt ' f( t  -t ')g(r_,t'). 
O 0  

The quantity #(t), which vanishes for negative times, is the shear singular viscoelastic function 
of the material, defined in [3, p. 10]. Also, ~(t) is characterized by the fact that 

k~(w) = 3 - 4/'(w), 

/ '(co) = i (co)  

2 ' (2 .2 )  

//  (co) = a t  

J/ i (co)  = clte-  ta(t), 

where A(t) is the singular viscoelastic function corresponding to the Lam@ constant ,~ [3]. Note 
that  /,(co) is a generalization of Poisson's ratio, while ~(co) is the shear complex modulus of the 
material. The quantities art, ~,.o, and a00 are the stresses in polar coordinates at position _r 
and time t, while u:~, uy are the Cartesian displacements. The functions ¢(z, t), ¢(z, t) are the 
complex potentials, or more precisely their derivatives [3,11,12]. 
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Under the steady-state assumption, which is assumed but initially not consistently used, the 
stresses and displacements in polar coordinates will depend only on 0 + wt rather than on 0, t 
separately. This is achieved by allowing the quantities ¢(z, t) and z2¢(z, t) to depend only on 
the combination ze u°t, where w = V/R, rather than on z and t separately. This result is derived 
in Appendix A. It follows from the fact that  in fixed (nonrotating) coordinates moving with the 
cylinder, all quantities must be time-independent under steady-state conditions. The rotating 
and nonrotating frames are assumed to coincide at t = 0. 

The boundary conditions are that ,  on the surface, are is zero everywhere and ar t  is zero outside 
the contact region. As mentioned earlier, the normal displacement is known in the contact region. 
We now derive an expression for this latter quantity. 

Since coordinates fixed in the cylinder are being used, the contact region will rotate with 
time. We denote this region by C(t) = [a(t),b(t)] where a(t) and b(t) are complex numbers of 
magnitude R. Under steady-state conditions 

a(t) = ao e-iwt, b(t) = bee -i~t. (2.3) 

In the interval C(t), there is a point s0 (t) such that  the vector represented by this complex number 
is perpendicular to the half-space. We write it as so(t) = Rd  (°°-"n) where 00 is the argument 
of s0(0). The angle 00 is equal to 37r/2 since the rotating and nonrotating frames coincide at 
t = 0. Thus, 

so( t )  : - i R e  (2 .4)  

However, the symbol 00 will be used often for convenience. The displacement parallel to so(t) is 
known. This is a displacement in the nonrotating frame. A fixed reference point must be chosen 
where the displacement is taken to be zero in order to eliminate the freedom allowed by rigid 
translation. The natural point is the centre of the cylinder, but since a singular line force is 
acting at this point, the displacement there is indeterminate, and it is unsuitable as a point of 
reference. We choose so(t) instead, taking the displacement to be zero at this point. The normal 
displacement, under this convention, has the form 

= - R [ 1  - c o s ( 0  - 00 + (2 .5)  

The quantity ~ will be of the order of a typical strain, so that  if s = Re i° is in the contact (Roe) 
interval, (0 -- 00 + wt) will be small, in fact of the order of strain. The contact region must 
therefore be small compared to R, within the framework of a linear theory. The ratio of tangential 
displacement to radius ut /R in the contact region is second order in strain since it is zero at some 
point in this region and its Taylor expansion about this point is the product of strain and some 
term of the order of the angle spanned by the contact region [1]. Note that  (see (A.1)) 

D(_r, t) 1 
i s o ( t )  - R [u, + iun] .  ~ (2 .6 )  

We define 

[ 0  ] l [u, cos(O_Oo+cvt)_u;sin(O_Oo+wt)] w ( s , t )  = Im D ( r ,  t) = (2.7) 

where, as before, the prime on the displacement indicates differentiation with respect to O. Note 
that  the differentiation with respect to s is taken along the cylinder in a positive (counterclock- 
wise) direction. It follows from (2.7) that,  to second order in strain, 

1 0 
w ( s , t ) = - ~ - ~ u n = - s i n ( O - O o + w t ) ~ - ( O - O o + c o t ) ,  seC( t ) .  (2.8) 
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We can also write it in the form 

 07] 
w(~,  t) = - ~ ~0~t) 

The complex potentials ¢(z, t) and ¢(z,  t) are singular at z = 0 because of the line load 
operating there. We impose the condition that  the total load per unit length acting at the centre 
is 

P(t)  = ( W  - iH)e  i(°°-~t) = - ( H  + iW)e  -~"n. (2.10) 

It is clear that  this gives the correct form at t = 0 where moving coordinates and fixed coordinates 
are assumed to coincide. The load on a small circle about the origin must balance P(t)  so that  [12] 

P(t)  = r dO(a~ + ia~o)e i°, r << R. (2.11) 
- -  d O  

Applying also the further constraint that  the displacements are single-valued, we deduce from 
equations (2.1) the behaviour of the complex potentials near the origin to be [12] 

A(t) B(t)  
- -  , - - ,  ( 2 . 1 2 )  , , ¢ ( z , t )  pzl--*o z ¢(z , t )  Izl--*0 z 

where 
P(t)  B ( t ) -  P( t )~(w)  

A(t)  = 27r[~(-w) + 1]' 2 ~  51]"  (2.13) 

In the interests of simplicity, though it is not necessary for the analytic developments, the pro- 
portionality assumption will be adopted under which [3] the viscoelastic material has a unique 
Poisson's ratio u. Then, (2.13) becomes 

P(t)  = Wle_i~t,  
A(t)  = 87r(1-  u) 

P( t ) (3  - 4u) = _ W.~ e ~t ,  (2.14) 
B(t)  = 8 r e ( l -  ~) 

H + i W  
W1 = 87r(1 - t,) '  W2 = W1(3 - 4u). 

The complex potential ¢(z,  t) in (2.1) can be eliminated by the use of an analytic continuation 
argument for problems with circular symmetry, in a manner broadly analogous to that  for half- 
space problems [3,11-13]. One obtains 

~r~ + o00 = 2 [¢(z ,  t) + ~(~,  t ) ] ,  

~ + i ~ o  = ¢(z,  t) - V ~ ¢  , t + 1 - V-~ [~(e, t) - ~ ; ' (~ ,  t ) ] ,  

2[# ,D ' ] ( r__ , t )= i z  [ t~*Ol ( z , t )+¢  , t  +_2 1 -  ~(Z,t)  , 
Z 

Let the cylinder cross-section be denoted by S + and the area external to this by S -  The 
quantity ¢(z, t) is analytic in S + except for a simple pole at the origin. Its behaviour at zero and 
at large Izl must be such as to ensure that  ~(z, t) also has a simple pole at the origin. We put 

A(t) 
, - - + A o + A l ( t ) z + ' " ,  ¢(z , t )  Izl--*0 z 

Bl( t )  (2.16) 
, B _ l ( t ) z  + Bo + + . . .  , ¢(z,  t) t z l - ~  z 
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where A(t) is given by (2.14). The quantities A0, B0 are independent of time for the steady- 
state problem by virtue of the fact that ¢(z, t) depends only on ze i~t. Equation (2.16) and the 
requirement that ¢(z, t), given by the last relation of (2.15), has a simple pole at the origin gives 
the relations 

R2B_I(t) = -2A(t),  B0 = -tim, Bl(t) =/3(t) .  (2.17) 

The quantity A0 is not yet determined. We can choose it, without loss of generality, to be real. 
Adding an imaginary term simply rotates the entire system rigidly through a certain angle. 

The second equation of (2.15) gives that on the cylinder surface 

ar~ = ¢+(s,t) - ¢- (s , t ) ,  s = Re i°, (2.18) 

where ¢±(s, t) are the limits of ¢(z,t) from S ±, respectively. Note that we have incorporated 
the no shear condition on the cylinder surface. Taking the limit of the complex conjugate of the 
second relation of (2.15) and comparing with (2.18) gives that 

It follows that the function 

¢+(s,t) + $-(a,t)  = ¢-(s , t )  + ~+(~,t)  (2.19) 

iVl(8,  t) = 4)+(8,t) "}- ¢-- (8 , t ) ,  

the quantity v(s, t) being given by 

v ( s , t )  = [l * w ] ( s , t ) ,  

v l ( s , t )  = v ( s , t )  + i g ( , , t ) ,  (2.24) 

(2.25) 

and g(s, t), a real quantity, being the function 9(z, t), defined by (2.22), on the cylinder surface. 
Also, w(s,t) is given by (2.7) and l(t), zero for t < 0, is defined by the relation 

/(~)= 4p(~) p(~) 
- (2.26) l+~(w) 1 - . '  

Equation (2.18) gives that ¢(z, t) is continuous across the cylinder outside the contact region. 
Though vl(s, t) is not known at this stage, we proceed as if it were known in the contact interval. 
Thus, equation (2.24) gives a relationship between ¢±(s,t)  on the contact interval. Therefore, 

¢c(z,t) = ¢(z,t) + ¢ ( R-~2z ,t) (2.20) 

is continuous across the cylinder surface. Using (2.16) and (2.17), we deduce that 

A(t) fit(t) ¢c(Z, t) + + --~-z (2.21) 
z 

is analytic everywhere and vanishes at infinity, so that by Liouville's theorem 

¢(z,t)=-(a(R~2z ,t) -9(z,t) ,  g (z , t ) -  A(t) + fit(t) z 
- -7-- ~ . (2.22) 

The third equation of (2.15) gives that on the cylinder surface 

2 [# * ff-~ D] (s,t) = [t~ * ¢+] (s,t) + ¢-(s,t). (2.23) 

Subtracting the complex conjugate of this relation from itself gives, with the aid of (2.22), 
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equat ions  (2.18) and (2.24) cons t i tu te  a Hi lber t  p rob lem for ¢(z,  t). I ts  solution with  no singu- 

larities a t  a(t) and bit ) is [11] 

1 fb(t) vl(s, t)  
ds ¢ ( z , t )  = X ( z , t )  - ~  Ja(t) ( s -  z ) X + ( s , t )  

X(z , t )  = {[z - a(t)][z - b(t)]} 1/2, 
p(t) = X(O, t) = [a(t)b(t)] ~/2, 

+ p z  R e J ' 
(2.2?) 

where X + ( s , t )  is the  l imit ing value of X ( z , t )  as z ~ s f rom S +. The  funct ion X ( z , t )  is 
convent ional ly  chosen to  be  the  branch  behaving as z for large Izt. I t  is discont inuous across the  

cyl inder  surface over the  contac t  interval  [aCt), b(t)]. T h e  added t e rms  in (2.27) m a y  be deduced 
f rom (2.16) and (2.17). Using the  integrals (B.3) in Append ix  B, we can rewri te  (2.27) in the  

form 

x ( z , , )  . v ( . , , )  
¢ ( z , t )  - 2 ~  Ja(t) dS x + ( s , t ) (  s -  z) + L pz 

] 1 
R2 j - ~g(z,t),  (2.28) 

where  g(s, t) is defined by (2.22). I t  m a y  be checked tha t  (2.28) obeys  (2.22), wi th  the  aid of  the  

relat ion 

f~ , t  = - - X ( z , t ) ,  (2.29) 
pz 

f rom which it follows for s C C(t) t ha t  

R 2 
2 -  (5, t) = - 2  + (5, t) = - - x  + (s, t). 

ps 
(2.30) 

Equa t ion  (2.22) toge ther  with the  third relat ion of (2.17) gives t ha t  

n2Ax( t )  = - [A(t) + B ( t ) ] .  (2.31) 

T h e  thi rd  relat ion of (2.17) gives the  condit ion 

2~ 1F(~)J~(~) v(s,t)  . ~A(t) ~ p )  
d s x ~ ( s , t ) [ c ( t  ) - s] = J~(t) + + A(t)  

a(t) + b(t) 
c(t) - 2 

3 ( a -  b) 2 - . 
T~-R~ A(t) ,  

(2.32) 

This  relat ion can be simplified somewhat .  The  last t e rm  on the  right is of higher order  t h a n  the  
others  and  will be neglected. Also, consider the  first relat ion of (B.7). The  lef t -hand side mus t  
vanish a t  least as rapidly  as ]b - a I in the  limit as a --* b. This  tells us which branch of the  square  

root  funct ion p must  be  on. Thus,  

c + P _ ((b - a ) /2 )  2 ~ ~ ( b  - a) 2 (2.33) 
c - p 4(a + b) '  

so t h a t  the  lef t-hand side is of order (b - a) 2. Therefore,  the  r ight -hand side of (2.32) becomes,  
by v i r tue  of  (2 .13) , /~( t )  - A(t)  = P(t)/(27r) and we can wri te  the  relat ion as 

~ b(t) dsV(S,t)[c(t ) _ s] = P(t) .  
(t) X + ( s , t )  

(2.3a) 
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This equation corresponds to the condition in the elastic version of the theory relating applied 
load to the size of the contact interval, as will be perceived more clearly below. A second condition 
results from the fact that  A0 and, therefore, B0 is real, 

0 = Im ~ J~(t) d S - x - ~ ,  -t) 2 + --~-A(t)  

(2.35) 
{ i f  b(') . v(s , t )  3A(t)} 

~-.Im ~ j a ( t )  as-~-~(s, -t) - P " ' 

where (2.33) has been used and the term proportional to (a - b)2fi~(t) neglected. This constraint 
reduces to the correct requirement of symmetry of the contact patch in the elastic limit. If A 0 
were allowed to have an imaginary part of second order (in the contact patch angle) or greater, 
the elastic limit would not be correct (see (4.39)). 

If the quantity v(s, t) is known in the contact interval, then all other quantities can be deter- 
nfined. In particular, we write down expressions for the contact pressure p(s , t )  = -ar~(r_,t), 
s E C(t), and also v(s , t ) ,  s ~ C(t). This latter quantity is important in the theoretical devel- 
opments of the next section. From (2.18) and (2.28) we obtain, with the aid of the Plemelj 
formulae, 

p(s , t )  X + ( s , t )  fb ( t )  v ( s ' , t )  [A(t) ~(t)  1 -- - ds' - 3X+(s , t )  (2.36) 
7r j~(t) (s' - s) X +  (s', t) I ps R 2 J ' 

where the integral is understood to be a principal value. We have ([12], see also (2.11)) 

fb(t) dsp(s,  t) - P(t)  _ B( t )  - A(t) ,  (2.37) ! 
27ri Ja(t) 27r 

by virtue of (2.13). With the aid of (B.7) and (B.8), one may show that  

1 fb(t) 1 fb(t) v(s,t) 3A(t) 3c 3(a-b)2~... 
dsp(s , t )  = ds [ c -  s] - - + [~Rg (t), 2-~i Ja(t) 2~r J~(t) X+(s ,  t) -~pA(t) (2.38) 

which demonstrates that  (2.37) is equivalent to (2.32). The quantity P(t) ,  given by (2.37), is of 
order (b(t) - a(t)) = Re multiplied by the pressure, where e is a typical strain. 

Outside of C(t), X ( z , t )  is continuous across the cylinder surface and we have from (2.24) 
and (2.28) that  

v(s, t) = X(s,  t) rl  b(t) - ds' 
7TZ J a ( t )  

G(s , t )  = - 3 i X ( s , t )  / z ( t )  
L ps 

(s' - s) x +  (s' ,  t) 

1 
.1 

(2.39) 

+v(s,t), 

The quantity v(s, t) is continuous across the ends of the contact interval. This follows from the 
behaviour of Cauchy integrals at the end points [14]. 

We need also a general expression for the hysteretic friction force, which arises as a result of 
energy dissipation in the viscoelastic material. The rate at which work is done by the line force 
at the centre of the cylinder is - H V  where H is the horizontal component of that  line force, 
introduced earlier, and V is the speed of motion. The force H must be canceled by the horizontal 
component of the force due to contact between the cylinder and the half space. The rate at which 
the contact stresses do work is given by 

JE fob(t)  dOp(s, t)ttr(8 , t) = HV, (2.40) 
= - R j o . ( t )  
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where uT(s,t)  is the radial component of displacement and O~(t), Oh(t) are the arguments of 
the complex quantities a(t), b(t), respectively. Since ur(s, t) is a function only of 0 + aJt (see 
Appendix A) we can replace the time derivative by w ( ° ) ,  giving 

fo,,(t) t ) -~uT(s , t ) .  (2.41) H = - dOp(s, 
a o . ( t )  

The third relation of (A.2) expressing polar displacements in terms of Cartesian displacements 
gives that  

-~ur(s,O t) = uo - Rw(s , t )  = u o +  Rsin(O - Oo+a~t), (2.42) 

to second order, from (2.8). The quantity u o / R  is second order by the same argument as outlined 
before (2.6). Therefore, to leading order 

fo,,(t) fob(t) 
H = - R  dOp(s,t)  sin(O - Oo + w t )  ~ dOp(s,t)(O - Oo +wt ) .  (2.43) JO..(t) --Rao,,(t) 

This expression also results from quite a different approach, using (2.10) and (2.37). It follows 
fl'om (2.43) that  H is of order eW, where e is a typical strain. 

~¥~ wish to write down a general expression for the displacement, in particular, on the surface 
of the cylinder. Our starting point is the third equation of (2.15), which gives 

1 ds' {7"  [~¢+ + ¢ - ]}  (s ' , t)  D(r__,t) = ~ o(t) 

= ds' {k* [¢+ + ¢-  + c l  (¢+ - ¢ - ) ] } ( s ' , t )  (2.44) 
o(t) 

= d s ' { k ,  [ i v - g - c l p ] } ( s ' , t ) ,  
o(t) 

where 
1 - 2~, 

k ( t )  = (1 - / / ) 'T( t ) ,  C1 -- 2(1 -- ~) (2.45) 

The quantity k(t) is the inverse of l(t) defined by (2.26) and 7(t) is the inverse of #(t), under the 
convolution product [3]. As noted after (2.4), the displacement is taken to be zero at so(t). 

One may check that  the displacement is single-valued by showing that  this expression gives zero 
around a complete contour. This follows fl'om the fact that  the integral of ¢+(s , t )  around the 
circumference picks out the pole term in the first relation of (2.16) while the integral of ¢- (s ,  t) 
picks out the pole term in the second relation of (2.16). 

For general s, we define (see (2.25)) 

w(s ,  t) = [k • v](s,  t). (2.46) 

When s C C(t), w(s, t) is given by (2.8) or (2.9). For all s, we have 

L /; D(r , t )  = i  ds' w ( s ' , t ) - f ~ ( s ,  s o ( t ) , t ) - c l  d s ' [ k . p ] ( s ' , t ) ,  
o(t) o(t) (2.47) 

~2(s, so(t),t) = ds'[k,g](s ' , t ) ,  
o(t) 

where g(s, t) is given by (2.22). We can write 

s ~(t)k(~) 
ft(s, so(t) , t)  = A ( t ) k ( - w ) l o g  s- ~ + 2R ~ [s 2 - s~(t)]. (2.48) 
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Equation (2.47) must retrieve the known form of w(s, t) on the contact region. Differentiating 
with respect to s and taking the imaginary part, we obtain an identity, remembering that  p(s, t) 
and g(s, t) are real. It is shown in Section 5 that  the normal displacement in the contact region 
is given by (2.5). Relation (2.47) is analyzed in depth in that  section. Note that  k * p is of the 
order of a typical strain. 

As mentioned earlier, the quantity v(s, t), s E C(t), is fundamental to our considerations. We 
will decompose this quantity in a manner that  will be useful for developments in the next section. 
Let us put 

v(s, t) = q(s, t) + A(s, t), 

/ q(s, t) = ~ dt'l  (t - t') wc (s, t ' ) ,  (2.49) 

/ t d t ' l  A(s,  t) = (t - t ')  [w (s, t ')  - wc (s, t ' ) ] ,  

where wc(s,t) is the known form of w(s,t)  in the contact region, as given by (2.9). The form of 
q(s,t) is 

q(s,t)  = Q~(t)s + --'Q2~t---A, 
S 

[(O2) 
Ql(t )  -- 2iSo(t)' (2.50) 

^ 

Q2(t) = l ( ~ ) s 0 ( t )  = R20~(t ) .  

By definition, the quantity w(s, t)-w~(s,  t) is zero in the contact region. The decomposition (2.49) 
separates v(s, t) into a known polynomial part, of the same form as, though not identical to, the 
elastic limit of v(s, t) and an unknown part resulting from the viscoelasticity of the cylinder. Note 
that  q(s, t) and A(s, t) are in general of order l(t) but v(s, t) is the same order as the pressure, 
i.e., d(t). For the slow rolling, short memory case, q(s, t) and A(s, t) tend towards order d(t). 

From (2.28) and (B.3), we deduce that  

X(z ,  t) fb( , )  • (s ,  t) 1 i i - ds - ~g(z, t) + -~q(z, t) + -~H(z, t), ¢ ( z , t )  2~ jo(,) X + ( s , t ) ( s -  z) 

H(z , t )  = - i X ( z , t )  [hl(t) + h2~(zt) ] , 
(2.51) 

o 2 ( , )  hi(t) = - iQl ( t )  - ~ -~  , 

h2(t) = - iQ2(t)  + 3A(t) 
P 

We can write H(z,  t) in the form 

H ( z , t ) =  X(z , t )  H (t) + , 

3w~ i -  
HI = [(-w) + --~ = ~A(~v), 

(2.52) 
A(w) = [1 + 6Al(w)l/(w), 

h l ( ~ )  = i R[(~)  

where W1 is defined by (2.14). The quantity Al(w) is generally much less than unity. How- 
ever, terms proportional to Al(w) cannot always be neglected, in particular when calculating 
displacements. 
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From (2.24) we see that  

zX(s, t) = X ( s ,  t) fib(*) = ds t 
~Tr Ja( t )  

zX (s', t) 
(s' - s) X +  (s', t)  

+ H(s, t), s ~ C(t), (2.53) 

which also follows from (2.39). The quantities v(s,t)  and q(s,t) are real, so that  A(s, t) must 
also be real. 

3. INTEGRAL EQUATION 

We now derive an integral equation for A(s, t), following the general technique developed in [3]. 
The basic difference between the half-plane problem and the cylinder problem, namely that  in 
the latter case, points re-enter the contact regions an infinite number of times, now becomes 
important. 

We decompose A(s, t) according to the fundamental decomposition of hereditary integrals [3]. 
One term drops out because of the fact that  w(s, t') - we(s, t') is zero in the contact interval. 
This gives that  

A ( s , t ) =  / d t ' I Io( t , t ' ;s )  A ( s , t ' ) ,  sEC( t ) ,  (3.1) 
Jw~ (s,t) 

where W~(s,t)  is the set of all those times t ~ _< t such that  s ~ C(t'). The quantity H~ is given 
as follows [3]: 

IIo(t , t ' ;s)  = T l ( t , t ' ; s ) R ( t ' ; t 2 ( s ) , t l ( s ) ) + T 3 ( t , t ' ; s ) R ( t ' ; t 4 ( s ) , t 3 ( s ) ) + . . . ,  (3.2) 

where 

and 

' t { 1, te[t2,tl], (3.3) 
R ( t ,  2 , t l ) =  0, t•  [t2,tl], 

~o (t, t ')  = l (t  - t ')  , 

f t  (S)dt,,T~_t (t, t"; s) I (t" - t '),  r even, (3.4) 
T~ ( t , t ' ;  s)  = " "  

f t ' (S )d t"  T~-I (t, t"; s) k (t" - t ') ,  r odd, 
J r '  

the quantities t~(s) being the times of transition of s between the contact region C(t) and its 
complement on the cylinder surface. Combining (3.1) and (2.53) gives the following integral 
equation for A(s, t), s ~ C(t): 

w rb( *' ) 
A(s, t) = dt' [ ds' K (s, s'; t, t') A (s', t') + N(s,  t), 

a(s,t)  Ja ( t ' )  

N(s,  t) = { dt' I1o (t, t'; s) H (s, t '),  
dw ~(s,t) 
X (s, t') n~ (t, t'; s) 

t f  (s ,s ' ; t , t ' )  = irrX + (s',t ') (s' - s)" 

(3.5) 

Recalling that  A(s, t) is real, (3.5) must be a real integral equation. This may be checked with 
the aid of (2.29) and (2.30). 

Explicit application of the steady-state assumption allows simplification of (3.5). All quantities 
are periodic. Let s be in C(t) at time t and let it have entered at time tl(s) and left after the 
previous cycle at t2(s). Then, its entry time in the previous cycle was 

2~ 
t3(S ) : t l (S )  - T ,  T - -  (3.6) 
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Similarly, for all earlier transition times 

tr+2(s) = tr(s) - T, 

Using periodicity, we can write (3.5) in the form 

where 

r = 1 , 2 , . . . .  

fb(t') 
dt' _/~(t') ds' Kp (s, s'; t, t') A (s', t') + N(s ,  t), 

Jt2(s) 

f 
t,(s) 

N(s ,  t) = dt' II~p (t, t'; s) g (s, t ' ) ,  
Jt2(s) 
X (s, t') l-I,,p (t, t'; s) 

K ,  (s, s'; t, t ')  = iTrX+ (s, ,  t') (s' - s) ' 

(3.7) 

(3.s) 

We put X(u )  in the form 

X(tt) = V~ I[1 -- COS(U -- 0a)111 -- COS(U -- Ob)][ 1/4 exp i(O,,~ + Oub) 
2 

0 ~  = arg (e/u - ei°") , 

Oub = arg (e iu -- eiOb) , u ¢ [0o, 0b]. 

(3.12) 

(3.13) 

where 

(30 

n~p (t,t'; s) = ~ T2k+l (t, t' - kT; s ) .  (3.9) 
k=O 

The quantity l-Iap is an infinite sum in the present problem, while it reduces to a simple closed 
expression for the half-plane problem. However, for discrete spectrum materials, it is possible 
to carry out these summations to obtain closed expressions [3,15-19]. This is a particularly 
straightforward procedure for a standard linear solid [15,16]. We will confine our at tention to 
the latter case, for reasons of algebraic simplicity. The more general discrete problem can also 
be t reated in a similar manner, though the algebra is considerably more complicated. 

The case of the standard linear solid, and in fact the general discrete case, is susceptible to 
special t reatment  in another sense also. The general integral equation which will be derived in 
this section can be simplified to a degree that  is not possible for more general materials. This 
will be shown in Section 4 where in fact the starting point is taken to be (3.8) and a different, 
though equivalent path is followed to that  described in the remainder of this section. Of course, 
the general equation derived in this section is more widely applicable. 

We now proceed to change to coordinates fixed in space. First, we must consider the dependence 
of the various quantities on space and time parameters. It is argued in Appendix A that  ¢(z, t) 
depends only on the combination ze i~t. One deduces from (2.24) that  v l (s , t )  depends only 
on se i~t. By virtue of (2.22), g(s, t )  has this property so that  v(s , t )  has it also. It may be 
checked that  this is consistent with (2.28). Finally, examination of (2.50) yields that  q(s, t) and 
therefore A(s, t) have the required property. If s = Re i°, then all these quantities depend only 
on (0 + ~t). 

Let ao, bo in (2.3) have the form 

ao = Re i°~, bo = Re i°b, (3.10) 

so that  0a and Ob will be used henceforth to denote 0a(0), Ob(O) in terms of the quantities 
introduced in (2.40). Then, we can write X(s ,  t), s ~ C(t), in the form 

X(s , t )  = R e - ~ t x ( o  + a~t), 

x ( u )  : [(e ~u - ~0~.) (e~U _ e/0b)] ~/~. ( 3 . n )  
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We take u in the range [0 b -- 27r, Ob] as required later. Also, Oua and Oub a r e  taken to be in this 
range. One can show that  

so that  

u+Oa 
0u~ - 2 2 '  (3.14) 

u + Ob 
Oub -- 2 2' u ~ [O~,Ob], (3.15) 

We put 

so that  

X ( u )  = ~ I[1 - cos(u - 0~)][1 - cos(u - Ob)]ll/4e (i/2)(u+O~'-Tr), 

0a -I- 0b 
o~ - ~ ,  u ¢ [oo, Obj. 

(3.16) 

Ob -- Oa 
u = ¢ + O c ,  ¢o - -  - - ,  (3.17) 

2 

X ( ~ , ) = - 2 i e ~ ( ¢ / 2 + a ~ ) ~ s i n ( ~ - ~ ) s i n ( ~ - ~ ° )  
-2 (3.18) 

= - v/2 ie i(¢/2+°~) V/cos ¢0 - cos ~. 

The sign ascribed in (3.18) will be justified below. Now, consider X + ( s , t )  in the contact 

interval. We have 
X+ (s ,  t) = R e - i ~ t x + ( o  -b cot), (3.19) 

where X+(u)  has a form similar to (3.12) but where 

_ u + O h  7r Oua U + 0,~ 37r Oub -- 2 '  U E [Oa, Oh] ' (3.20) 
2 2 '  2 

giving 

x ( ~ )  - x + ( ¢ )  = - v ~ e ~ ( ¢ n + ° ° )  V/cos ¢ - cos¢0 ~ - e  ~(¢/2+°~) (~0 ~ - ¢~)1/~,  (3.21) 

to second order in ¢o, which quantity is of the order of a typical strain. The sign on the left- 
hand side of (3.21) is conveniently fixed with the aid of the second relation of (B.5) for example. 
The quanti ty X - ( s , t )  is similarly connected to X - ( C )  = - X + ( ¢ ) .  The sign of (3.18) can 
be confirmed with the aid of (B.48). The quantity under the square root sign in the second 
form of (3.18) is approximately x/~] sin(C/2)] = -x /2s in (~ /2 ) ,  away from the contact region for 
¢ E [¢0 - 2~r, -¢0]  which, as will emerge below, is the region of interest. We can express H(s,  t), 
given by (2.52), in the form 

H(s,  t) = H(O + ~t),  H(u)  = 2 Re [Hlfi(u)e~°°]. (3.22) 

Note that  

which gives that  

a(t l(s))  = s, b(t2(s)) = s, (3.23) 

t l (s)  - Oa - O, t2(s) - 0b -- 27r-- 0 (3.24) 
a) co 

Putt ing u = 0 + wt, v = O + wt', we can write the equation of A(s, t) in (2.49) as 

A(s,  t) = / x ( u )  = {~(v)  - we(v)}, (3.25) 

~ ( v )  - ~ ( s ,  t ' ) ,  

where the equality of w(u) and Wc(V) in the contact region has been used. 
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The integration over s' in (3.8) can be expressed as an integration over its argument 0 t. We 
change variables according to 

O ~ ¢ = u - O c ,  

O' ~ ¢ '  = u '  - 0~, 

t ~ --* ¢ = v -  0~, 

u =  8 + w t ,  

U I = 01 + w t  I, 

v = 0 + w t  I, 

(3.26) 

and (3.8) becomes 

F 
o 

A(¢)  = de '  K (~b, ¢ ' )  A (¢') + N(¢) ,  
¢o 

A(¢)  -- ~ (u ) ,  (3.27) 

where 
1 f - C o  de X(¢) I I (~ ,¢ )  , 

g (~, ¢') = ~ J,~,o-~ T x+  (~-~[i - ~ - - ~  ))' 

N ( ¢ )  = I](¢, ¢)H(¢) ,  
o-27r 

H(¢)  = H(v),  II(~, ¢) = Hop (t, t'; s).  

(3.28) 

It is straightforward to show that the first term of H a p ( t ,  tl; s)  is a function only of ¢,  ¢ in the 
steady-state limit. To demonstrate this for the other terms, one must make use of recurrence 
relations derived in [17-19]. The angular range [¢0 - 27r, ¢0] covered by the integration in (3.27) 
and (3.28) corresponds to v, given by (3.17), in the range [Oh -- 27r, Ob] as  stated after (3.13). 

Equation (3.27) is the stationary form of (3.8), for a general material. We now specialize to 
the case of a standard linear solid. 

4. A N  A L T E R N A T I V E  A P P R O A C H  
F O R  T H E  S T A N D A R D  L I N E A R  S O L I D  

Let us first characterize the material. Under the proportionality assumption [3], the quantities 
l ( t )  and k ( t )  are given by 

l ( t )  = loS( t )  + li e - a t  =- h p ( t ) ,  

k ( t )  = k o S ( t )  + k l e  - ~ t  = ~/(t) 
h ' 

li (4.1) 
loko = 1, k l  = - l ~ '  

1 k l  
h -  j3 = a - - -  

1 - u '  ko" 

The summation in (3.9) may be carried out as in a similar case described in [3, p. 131], to give 

l l ko  exp  { - a [ t  - tx(s)]  + fl It' - t l ( s ) ] } ,  I I o , ( t , t ' ; s ) -  f - - - E  

E = e x p { [ t 2 ( s )  - t l ( s ) ] ( ~  - a )  - Tot}, 
(4.2) 

where T is the period, defined by (3.6). In stationary coordinates, we have, with the aid of (3.26), 
that 

Y I ( ~ , ¢ ) -  1 l l k - - E e x p  [ - ~ ( ~ +  ~ 0 ) +  w -~ (¢+  ~°) 1 ' (4.3) 
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Also, from (3.25) and (3.26) 

A(~)  = Ce -(~/~)*, 

C = 11 f - C o  d C e ( ~ / ~ ) ~ [ w ( ¢ )  _ we(C)],  (4.4) 
d -  oo 02 

W(¢) -- W(V), we(C) -- Wc(V). 

We now temporarily go back to the time-dependent system. Certain general manipulations 
have a greater transparency in this frame. Let us put 

A(~)  = A(s,  t) = C~e-~ts p, s ~ C(t), 

.a  ~Tp e(~/~)0c, (4.5) 
p - - - - Z - - ,  C1  = 

02 

and with the aid of (B.23), deduce the following expressions for ¢(z, t) as given by (2.51): 

i 1 i 
¢(z, t) = ~q(z, t) - ~g(z, t) + ~H(z ,  t) 

• [ ] + -~v, lc Dp_lX(Z, t) - (p - 1)z p dz' (z') -p K1 (z', t) (4.6) 
x (z', t) 

where Kl(Z, t)  is given by (B.23), Dq in I( l (z , t )  by (B.13), g(z,t) by (2.22), q(z,t) by (2.50), 
and H(z,  t) by (2.51). Using (B.32), we can also show that 

i 1 i 
¢(z ,  t) = -~q(z, t) - -~g(z, t) + ~H(z ,  t) 

• /7 z abO ,} (4.7) 
_ ~ /n ~ - - ~ t  -~t~l~ " -~ -X( z ,  t) + (p + 1)z  p x (z', t) 

The identity of (4.6) and (4.7) allows one to confirm that (2.22) holds, as may be seen with the 
aid of (B.29). Combining (2.24) and (2.49) with (4.6), we obtain that 

fo a(t) dz' (z')-P K1 (z', t) z21(s, t) = - C l e - C ~ t s p ( p  - 1) X (z', t) = Cle-ats  p, s e C(t), (4.8) 

by virtue of (B.34). One determines ¢ - ( s ,  t) by going from the origin to s and then around the 
cut, through a(t). Thus, the correct form for A(s, t) is recovered on C(t). 

Let us agree that  the cut for the power function is along the radius vector through b(t), with 
arg(s) in the region lob -- 2r~, Ob] as in the previous section. Off the contact region, we have 

X (z', t) ' (4.9) 

¢ c( t) .  

Now, the quantity A(s, t) is continuous at the ends of the contact interval. This follows from its 
definition, given by (2.49) and the continuity of v(s, t). Therefore, we can use (B.34) in (4.9) to 
obtain 

r 

A(s, t )  = H(s, t )  + Cle -c~t [Dp_lX(S, t)  + S p 
k 

(4.10) 

-(p- 1)s,f* ds ' (s')-p Kl (s' 't) ] ~(~) x (s', t) ' ~ ¢ c ( t ) ,  
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where the modified integral sign is defined after (B.36). This clearly gives the correct behaviour 
as s --* a( t ) .  It can also be shown, with the aid of (B.36), that it gives the correct expression (i.e., 
continuity) as s ~ b(t).  An alternative expression for A(s, t) can be derived, starting from (4.7). 
Comparison of this and (4.9) allows one to check that A(s , t )  is real. In fact, (4.10) can be 
simplified and the reality made more apparent by combining the integral in (4.10) and the term 
proportional to X ( s , t ) ,  which together give a real quantity. This is done with the aid of the 
identity 

(t) 

and (B.16). One finally obtains 

A(s,t) =U(s,t)_~_Cle-at [sp_~_psP/s dst (s')-P-lK2(st,t) - 
a(t) X (s', t) ' (4.12) 

K 2 ( s , t )  = sDp - abDp_ i ,  s ~ C(t) .  

This form would also emerge on starting from (4.7) and using a similar trick. The integral term 
in (4.12) can be shown to be real with aid of (B.31). It also follows, by imposing the condition 
that  A(s, t) is continuous at b(t),  that  (cf. (B.36)) 

b(t) { j\-p-1 
d s , ~  ) K2 ( s ' , t )  = _ 7 / -  1 (4.13) 

J a ( t )  X (s',  t) ~p 

We now wish to write down a relationship for C. In the case of a general material, the 
corresponding relationship would be the integral equation derived in Section 3. The formalism 
leading to that  equation was determined by the fact that, in the general case, A ( s ,  t) ,  s ~ C(t) ,  
is given by (2.53). In the present case, the rather more explicit (4.12) is available. Therefore, 
instead of taking (3.27) as our starting point, we begin with the stationary form of (3.1), namely 

//0o  
A(¢) = 1-I(¢, ¢)A(¢),  ~b E [-¢0,  ~b0], (4.14) 

o -27r 

where H(¢,  ¢) is given by (4.3). Continuing the strategy of temporarily going back from static 
coordinates to those moving with the cylinder, we write (4.14) in the form 

/ a(t) 
A(s, t) = ds'  H (s, s') A (s', t ) ,  

Jb(t) 
Ilko ( s )P[  s' ~ -q ( 4 . 1 5 )  

I I ( s , s ' ) - -  i w ( 1 - E ) s '  ~(t)  \ a ( t ) ]  ' 

. . . .  b' (t) = R e  i (°b-~t-2~)  
q w '  r 7 ' 

The quantity q is not to be confused with that given by (B.12). We have distinguished b(t) 
approached clockwise in (4.15) as b'(t).  This will not generally be done explicitly, for notational 
economy. It is always clear from the context. 

Using (4.13) and the fact (see (4.1)) that /3  - a = l lko ,  we find that the expression resulting 
from the s p term on the right of (4.12) combined with one of the terms emerging from a partial 
integration of the integral term also on the right of (4.12) cancels with A(s, t) on the left of (4.15). 
This is similar to a cancellation that  takes place for the problem of a rigid indentor passing over 
a discrete spectrum material [3]. The resulting equation simplifies to give 

R P Y  
C = ~ e  (~t-°C)a/w, (4.16) 

z ~  
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where, using (2.51) and (B.40), 

/ Y = dss-q- lH(s , t )  

b ds h2(t) es_q_l]~ = - i /aX(s , t )  {hl~(qt) [s-q+l -es-q] + ~-~  Is -q-  (4.17) 
) 

{h i ( t )  h2(t) [Eq _ cEq+l] } = 7r - - ~  [Eq-1 -- CEq] + ~ 

adopting the notation of (B.39), and 

Z p [ b  s-q-lK2(s,t)  ircp [EqDp abEq+lDp_l]. 
- d s  - - (4.18) 

P - q  a a  X(s,t)  p - -q  

Applying (B.31),(B.40), and (B.41), we can give the following, explicitly real, expression for C: 

C = - ie  ("n-°~)~/~p - q Re{Rqhl(t)[Eq-1 - eEq]} 
qp Re[Rq-PDpEq] (4.19) 

One can show that  

Dp-r = Rp-r e (a/~°)(~°t-O~) eir(~°t-°C) dr, r = 0, +1, + 2 , . . . ,  (4.20) 

where, for a small contact interval, 

dr 1 / / 0  d C e - i ( r - l / a ) V ' e - ( ~ / ~ ) ¢ : - Z o [ a ' + i ( r - 1 ) ¢ o l ,  
= - - 7  ~b o ( ¢ 2  __ ¢ 2 ) 1 / 2  (4.21) 

O l l  OL¢0 
~d 

in terms of the modified Bessel functions with imaginary argument [20]. For c~/~ large, a '  is not 
a small quantity and wilt not be treated as such in what follows, because the slow rolling case is 
of interest later. Also, for integer r, 

Eq+r = iR-q-r e-(~/~)(~t-°~) eir(wt-eC) er, 

1 f-Vao e(lU,J)ee-i(r-1/2)¢ (4.22) 

e, = v~rr J¢o-2~ d¢ [ cos¢o - cos¢{U2" 

Making transformation u = sin(C/2), v = cos(¢/2), and using appropriate forms of the de- 
nominator in the integrand, one can show, after careful handling of the branches of the inverse 
trigonometrical function which arise, that 

< e0o = Re(e0) = - - e  " dO sinh 0) - , 
7r 

f(O) = sin- 1 (so cosh 0), 

Yo cosh_ 1 1 ¢o = -- ~ - log -~-, (4.23) 
80 

eol = Im(eo) = --Trl ~o~ d0 exp [__~_ cos_l (c0 cos 0)] ' 

¢o ¢0 so -- sin -~ ,  co = cos -~-. 

Recalling the remark after (2.38), we see that  the load terms in H(s, t) given by (2.51) and (2.52) 
are small compared with the term proportional to the modulus of the material. We shall retain 
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this term in the final expression for C because it occurs later in the expression for displacements, 
which may be of order ¢02. In the final expression for p(s, t) evaluated on the cylinder surface, 
the load terms will be neglected. 

One finally obtains for C 

C - (a - 3)w Re[A(co)ei°~(e-1 - eo cos¢0)] 
2a3 Im(doeo) 

(4.24) 
10(ct - ~)w Re{J1 + 6Al(co)]ei°" (e0 cos~0 - g0)/(a + ico)) 

2ct Im(doeo) ' 

in the notation of (2.52), the last expression being more convenient for numerical evaluation 
using (4.23). It is obtained by combining (4.22) and (B.40) for 5 = q and using the fact that  
el = go. One also requires the identity [(w)/lo = (/~ + iw)/(a + ico). 

Comparing (4.24) with the corresponding equations of Morland [2] for his coefficients An, in 
the case of one decay time, it may be seen that  they are the same in the very short memory or 
slow rolling approximation. For such an approximation, the exponential in er, given by (4.22), 
becomes negligible for other than small values of ¢ so that  the lower limit of the integral may 
be replaced by (-oo)  and cos ¢ in the denominator replaced by 1 - ¢2/2. Thus, the integral 
is proportional to K0(~ p - i(r - 0.5)¢0) which, together with (4.24), gives essentially Morland's 
result. In such an approximation, the problem becomes similar in certain respects to that  of a 
rigid punch on a viscoelastic half-plane [3]. 

Using (2.18),(2.51), and (4.6), we obtain an expression for p(s, t) of the form 

p(s,t) = - X + ( s , t )  [hl(t) + h~-@(st) ] - iC le -~ tDp_ lX+(s , t  ) 

f ~  (s') -p K1 (s', t) 
+ iCze-at(p - 1 ) s  p ds' X + (s',t) 

Ja( t )  

(4.25) 

p(s,t)  -- - X + ( s , t )  hi(t) + - iCle-atps p ds' , 
(t) 

which can be shown to be real with the aid of (B.31). This form also follows from (4.7). 
Using (2.50) and (4.20) we obtain, neglecting load terms, 

fU p( s , t )=p(u )=Im[[ (co )X+(u ) ]  + C e - ~ / ~ p  dv 
JO. 

u = 0 +cot, 

where the relation 

2 + (u) = x +  (u) (4.2s) 
ps 

has been used in writing down the first term of (4.27). This follows from (2.30) and (3.19). Note 
that  dl = d0. We put 

do = doo + idol, ' (4.29) 

e ~v/~° [do - e-i(v-°C)dl] e iv 

X+(v) ' (4.27) 

(4.26) 

It clearly vanishes at s = a(t). It also vanishes at s = b(t) by virtue of (B.24). The expression for 
the pressure must be real. This can be shown, in the general case, to be equivalent to (2.22), the 
latter property being essentially derived from this physical condition. For a standard linear solid, 
it follows, as for A(s, t ) ,  from the fact that  (4.6) and (4.7) are equal. The first term in (4.24) is 
real and the last two terms combine to form a real quantity, though separately they are not. It 
is convenient to combine these terms using the same trick as for A(s, t) (see (4.11)). One finally 
obtains 
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where doo and d01 are real. Then, relating only leading terms (i.e., of order 10~o and C; the next 
contribution involving C is order C¢02) we obtain 

. , f x  e~'Y[2(dol/~O) + do0Y] p(u) - p(¢) 11(cO)¢o (1 - x 2) 1/2 + Ce_,~ xa , dy J -1 (1 - y2) 1/2 ' 
(4.30) 

F q 
11(02) : l~e [/(o2)J , x : E 

If c~/w is of order unity or less, then do -- - 1  to lowest order in C0 and 

p(¢) ~ [/,(w)¢0 + Ca'] (1 X2) 1/2 (4.31) 

To second order in '~0, we have that 

{ 1 ( r - 1 ) 2 ¢ ~ [ l o ( a ' ) + I 2 ( a ' ) ] }  (4.32) d r = -  I o ( a ' ) + i ( r - ~ ) ~ O I l ( C J ) - ~  

Neglecting terms of order ~b02 and C¢~, the following expression for the pressure is then deduced: 

1/2 , , f ~  e"'~ [yZo (a')  - h (a')] 
= l l ( W ) g ' 0  (1 - x 2) - Ce -~ Xa j _  dy (4.33) 

1 (1 - y2)X/2 ' 

which reduces to 11(0)~0(1 - x 2 )  1/2 as w --* 0. Thus, a nonsymmetric pressure occurs only in the 
range where a / w  is greater than unity but not very large. Equation (4.33) agrees with the result 
of Morland [2]. 

Let us now write down the constraint (2.34). Using (4.5), we obtain 

(b 
a)------~2Q,(t) + (P + C) Q2(t) + 61 e-c~t [CDp - -  Dp+,] - P(t) (4.34) 

8 p 7ri ' 

with the aid of integrals in Appendix B. This reduces to, recalling that Oo = 37r/2, 

• [ ] ~-~/,2ei5 [ ] + ~oCe i5 if1 (a') + ~ 0 1 2  (a') - 7r_R ' 2~  0 Re [(w)e i~ 1 H + iW 5 = Oc - 0o. (4.35) 

Only those terms are retained on the left of (4.35) that are required to give nontrivial relations 
for W and H, which are of order Rlo¢g and Rlo~ g, respectively. Splitting into real and imaginary 
parts and assuming that 5 is of order C0 (see Section 6), we obtain 

W (4.36) ~202/1(02) ~- C~oI1 (a t) -- 7rE' 

and 

21*gS l l (w) -Czp°SI l (a ' )+~  C ¢ g I 2 ( a ' ) = - S  W--W--TrR + 1C¢~I2 (a') = 7rR'H (4.37) 

where a term proportional to C~03 was neglected in writing (4.36) and a term of order C ¢  4 
in writing (4.37). The question of the order of magnitude of C is discussed after (6.4). The 
constraint (2.35) takes the form 

{ [-Qff ] 6 A ( t ) } : 0 .  (4.38) Im i - cQ1 + Cle-atDp P 

Keeping terms up to second order, we obtain 

1 2 /2(w) + 5/1(w) - C Io (c~') - ~-~ [Io (a ' )  + / 2  (a')]  = 0, 
(4.39) 

12(w) = Im ( / (w)) .  
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5. S U R F A C E  D I S P L A C E M E N T S  

The surface displacements given by (2.44) will now be considered. Terms proportional to the 
applied loads will often be retained. In many cases, these are negligible compared with other 
contributions. They are always second order or higher. However, second order displacements 
in the contact patch are not neglected, so for consistency, such terms should be retained. It 
turns out also that  terms involving loads play an important role in ensuring the continuity of 
displacements. 

We write 

D(r__,t) = ds' {k* [ i v - c l p ] } ( s ' , t ) - a ( S ,  so(t) , t )  
(t) 

(5.1) 

f = D(a_, t) + ds' {k  * [i(q + A) - e~p]} (s', t) - a(s ,  a(t), t), 
(t) 

where a is the two-dimensional vector corresponding to a(t) and where (2.47) and (2.49) have 
been used. Noting that [k • ql(s, t)  = we(s , t ) ,  in the notation of (2.49), we write 

D(r , t )  = D(a , t )  + iW~(s , t )  - ~ ( s , a ( t ) , t )  + Dl(r__,t), (5.2) 

where 

W~(s,t)  = - ~  L 2s0(t) 

8 
~(s ,  a(t), t) = A ( t ) k ( - w )  log a - ~  + 

so(t) l°g a-~t)] , 

(5.3) 
A(t)~(w) [s 2 - a2(t)] 

2R 2 

on using the form of ~ given by (2.48). Also, 

// DI(~_, t) = ds' {k • [iA - clp]} (s', t ) ,  (5.4) 
(t) 

which is the nontrivial part of the displacement, the evaluation of which is the main topic of this 
section. We place, as before, the cut in the log function in ~ and We through s = b(t). Writing 

F(s, t) = iWc(s,  t) - f~(s, a(t), t), (5.5) 

then 
re(b, t) - to(b, t) = 2iTrA(t)]~(-w) - iTrso(t), (5.6) 

where Fe denotes the limit, approaching the cut clockwise and Fa approaching it counterclockwise. 
We have from (4.5) and (4.12) that 

A(s , t )  --- A0(s, t)  + Al (s , t ) ,  

A0(s, t) = C l e - ~ t s  p, 
f ¢ l ( s , t ) ,  s ~t c ( t ) ,  (5.7) 

Al(s , t )  
o, s e c( t ) ,  

where 
f z  (z') -p -1  K2 (z', t) 

¢1(z, t) = H(z ,  t) + C l c - ~ t p z  p ~ dz' X (z', t) (5.8) 

Equation (5.7) defines A(s, t) around one cycle in the time (or space) variable. At earlier times, 
it is defined by periodicity. Note that  

p(s , t )  = - i ¢ + ( s , t ) ,  s • C(t), (5.9) 

which follows from (4.26). 
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In the notation of (2.46) and (2.49), we have 

~(~ , t )  = ~c(~ , t )  + [k • a ] (~ , t ) ,  (5.1o) 

so tha t  

[k, A](s,t) = O, ~ ~ C( t ) ,  (5.11) 

o r  

koAo(s ,  t) ÷ k le  - z t  dt' eZt'Ao (s, t') + -4------7 dt' e zt' (Ao (s, t') + A1 (s, t')) 
(~) 

+ - dt' e~t'Ao (s, t ~) = O, ~ = e -~T,  r 1 = e aT. 
?7 Jtl(s)-T 

(5.12) 

The factor 7/(see also (B.37)) is included to enforce periodicity on the known form of A0(s, t). 

The time t l ( s )  in (5.12) is the most recent t ime of entry of s into the contact region, and t2(s) 

is the most recent t ime of leaving the contact region. Condition (5.12) reduces to 

/ , i , ( s )  , c l ( v  - 1) 
d t  t e Bt i 1 (s, t t) -- e(f~-a)t2(s)s p, s e 6(t), (5.13) 

where the relation kl /ko = a - t3 has been used. I t  will emerge later that  this is not a new 
condition, but is equivalent to (4.15), as of course it must be. 

Outside of the contact region 

j t  I l 
[ k , A ] ( s , t )  = k o A ( s , t ) + k l  dt e - Z ( t - t ) A ( s , t  ') 

1(8) 

kl f t , (s )  dt' e-B( t- t '  ) /ko ( s, t') 
+ ~(1 - -  ~) J~:(8) 

+ ~ Jt l(s)-r  

(5.14) 

where t l (s )  is now the time of last exit of s from the contact region. The quanti ty A~P)(s, t'), 
t '  c It1 (s) - T ,  t2(s)] in the last integral of (5.14) is equal to Al (s ,  t ' + T ) ,  thus ensuring periodicity. 

Also, 

~i(8) ' [k * p] (s, t) = kop(s, t) + kl dt e-Z(  t - t  )p (s, t ')  

(5.15) 
dt' e -~ ( t - t ' ) p  (s, t ' ) ,  s E C(t), 

+ (1 ~) ~ . ( 8 ) - T  

where t l (s )  is, in this case, the time of last entry of s to the contact region, and so on. Outside 

of the contact region 

kl f t l ( s )  dt' e - z ( t - t ' )  (s, t ' ) ,  [k*p](s , t )  - ( 1 ~ )  dt2(~) s ¢ ¢(t), (5.16) 

where t l (s )  is the time of last exit of s from the contact region. 
\Ve now re-express these in terms of variables fixed in space and use this form to revert to 

coordinates fixed in the cylinder, as was done in Section 4. The procedure will be illustrated in 
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one case, namely (5.15). Using the angle variables u, v defined by (3.26) (we could also use ~b, ¢ ') ,  
equation (5.15) becomes, on recalling (3.24), 

kl/o  [k • ;](s, t) = [k • p](u) = kop(u) + - -  d~ e - ' ( ~ - ' ) / ~ p ( ~ )  
03 

kl fOb--27r 
dv e-f~(u-v)/~ p(v), 

+ ~o(i--- ~) Jo,,-2. 

(5.17) 

which then becomes, putting s = Re i(u-~t), s' = Re i(v-~t), 

ikl q f s  
[k*p](s,t) ~- kop(8 ,t) - - ~ 8  Ja(t) dJ  ( s t ) -q- lp(8  t ,t) 

f 
b(t) 

N(t)  = ds' ( s ' ) - q - l p ( s ' , t ) ,  s • C(t). 
Ja(t) 

ikl~s q 
w(1 - ~) 
- - N ( t ) ,  

(5.18) 

The extra factor ~ in the numerator of the third term comes from shifting from [0a - 2Tr, 05 - 21r] 
to [Oa, 05] as the range of the last integral in (5.17). Similarly, (5.16) becomes 

ikl~S q 
[ k . p ] ( s , t ) -  ~o(1 _ ~)N(t),  s~C ( t ) .  (5.19) 

Comparing (5.18) and (5.19), we see that  [k * p](s, t) is continuous. Let us now consider (5.13) 
and (5.14). Condition (5.13) becomes 

f~(t)  ds' (s') -q-1 A1 (s', t) = (5.20) 
ClbP-q~(~ 1)e -at 1 

aa(t)  P - q 

which can be seen, with the aid of (5.7), to be equivalent to (4.15), as mentioned earlier. 
Last, we consider (5.14). This becomes 

S [k * A](s, t) = ]goA(s, t) i]~l---8q ds' (st) -q-1 A (s t, t) 
02 b(t) 

i~klsq l fb( t )  (s , )-q- ,  
w(1 - ~) [.da(t) ds' A0 (s',t) (5.21) 

ds' ( s ' ) - q - l [ A o ( s ' , t ) + A l ( s ' , t ) l  , s ~ C ( t ) ,  
a~(t) 

where the last two integrals have been time-shifted before transformation resulting in the factor 
and the removal of the factor 1/~ on A0(s, t'). The terms in brackets involving A0(s', t) may be 
calculated explicitly, and the terms involving Al(S, t) are given with the aid of (5.13) or (5.20). 
One obtains 

[k • a ] ( s , t )  = k o a ( s , t )  - 

i~kl sqb p-q 
~ ( ,  - q) 

8 
ikl--sq dJ  (st) -q-  1 A (st, t) 

w b(t) 

C l s % - %  s ~ ¢(t) .  

(5.22) 

It is convenient to shift the range of integration to [a(t), s], which can be done by using (5.20) 
once more. Also, on integrating the A0(s, t) term explicitly, certain cancellations occur and one 
finally obtains 

[k*A](s , t )  = k o A l ( s , t ) -  ikls----~q / ~  ds' ( s ' ) - q - l A l ( s ' , t ) ,  
w a(t) 

s ~ C(t). (5.23) 
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In the contact region, Dl(r , t ) ,  defined by (5.4), has the form (recall (5.11)) 

D l ( r _ , t ) = - c l  ]~(-w) ds 'p (s ' , t )  ~1 
(t) ~ - iw 

(s q+l - a q+l) N(t)"  
+ 

1 - ~  ~ 

while off the contact region 

s 
Dl(r_,t) = i k ( - w )  ds' A 1 (s',t) kl 

a(t) 13 - iw 

c1~ (s q+l - a q+l) N( t )  
1 - ~  

E/a 8 q+l ds' ( s ' ) - q - l p ( s ' , t )  
(t) 

s c c(t) ,  

[ /s 
- -  is q+l ds' (s') -q-1 A1 (s',t) 

~(t) 

, s ¢ c(t). 

(5.24) 

(5.25) 

Comparing D1 (r, t) as s --~ b(t) from both directions and using (5.6), we find that  the condition 
for continuity in the displacement is 

f b(t) e -at ,  (5.26) ds  t A1 (s t , t) = - c 1 P ( t )  - 27rn( t )  + 7 r [ ( - w ) s o ( t )  - C l ( r / -  1)bp+I 
Ja(t)  P + 1 

where condition (5.20) has been invoked and also the relation 

kl c ~ - ~  p - q  
= = (5.27) 

(~ - i w ) k ( - ~ )  a - i w  p + 1" 

Note that  by virtue of (2.14), 

clP(t)  + 27rA(t) = P(t) + 6~A(t), (5.2s) 

the right-hand side being the form used later. 
We now proceed to write down a more detailed expression for Dl ( r , t )  in both regions. In 

preparation, we deduce from (5.8) that  

jl /a dz' ¢1 (z', t) = dz' H (z', t) 
(t) • (t) 

_ Clpe_at [ f z  (zt)-P-I K2(z',t) fa z I(2(z ' , t )"  (5.29) 
z p+' dz' x (z , , t )  - dz' ~ - ; ~ , ~  , p +  1 k Ja(t) (t) 

and, using the definition of K2(z, t) given by (4.12), 

az' K2 (~', t) = X (z, t)Dp + [cD~ - abD~_~] ez' ~ (5.3o) 
Ja(t) x (z', t) (t) x (z', t)" 

Noting (B.42),(B.44), and (B.49), we find that  

f ~ dz' ¢1 (z', t) = F(~, t) + Fx(z, t), 
(t) 

F ( z , t ) = - i X ( z , t )  h i ( - c )  +h2 p + l  

(5.31) 

+ ~i 

ClpzP+le-~t f z  (z') -p-1 K2 (z ' , t)  
Fl(Z, t) dz' 

p + 1 Ja(t) x (z', t) 
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where hi(t),  h2(t) are defined by (2.51) and where (4.34) and (B.16) have been used to obtain 
the coefficient of log S(z, t). Higher-order load terms have been neglected in doing this. The 
quantities S(z, t), A(z, t) are defined by (B.42) and (B.47), respectively. Also 

L 
Z , 

G(z, t )+Gl(z , t )  = dz' (z ' ) -q- i¢l(z ' , t ) ,  
(t) 

L a ( z , t )  = dz' (z ' ) -q-~ H (z ' , t )  
(t) 

Clpe-at f z  dz' (z')-q-1 K2 (z', t) 
P--q  Ja(t) X (z',t) , (5.32) 

L Z  # GI(z, t) -= ClPzP-qe-~t dz' (z ')-P-1 K2 (z ,  t) 
P - q (t) X (z', t) 

For the combination required by (5.24) and (5.25) we see that, in the light of (5.27), the terms 
involving Fl(Z, t) and G1 (z, t) cancel. Thus, we may write these equations in the form 

Dl(r , t )=_Cl~(_w){_ iF+(s , t )  P - q  _ isq+lG+(s , t )+~(sq+l-aq+l)N( t )]}  
p + l  1 - ~  ' (5.33) 

N(t) = -iG+(b(t), t), s e C(t), 

and 

D~(r_,t) = k(-w) {iFc(s,t) p+lP-q [ isq+lGc(s't) 
(5.34) 

cl~(sq+l-aq+l) N( t ) ] }  
- -1---~ , s ¢ c( t ) ,  

where the subscripts "a", "c" indicate counterclockwise and clockwise contours in equations (5.31) 
and (5.32) while the "+" superscript means that  one approaches C(t) from inside the cylinder. 
Equations (5.33) and (5.34) are the most explicit forms attainable for the displacements. 

Note that  the relation for N(t) in (5.33) follows from (5.18) and the fact that  G+a(b(t),t) is 
zero (see (4.26)). 

By considering Fc(b(t), t) + Flc(b(t), t), one can show that (5.26) holds, using (4.13),(5.28), the 
comment after (B.43) and (B.51). We can also make aspects of the continuity requirement more 
explicit. Note that  by virtue of (4.16)-(4.18), 

T l ( b ( t ) , t ) T , . ,  
a~(s , t )  = T l ( s , t )  ~ 2ts,~), 

/: Tl(s,t) = ds' (s')-q-l H (s',t), (5.35) 
(t) 

/: T2(s, t) = ds' (S#)-q-1 K2 (s', t) 
(t) X (s', t) ' 

where b(t) is approached clockwise. Thus, Gc(b(t), t) vanishes. 
It remains to write down the complex displacements in terms of coordinates fixed in space. 

The following relations are helpful in this task: 

s ei~, sc ei~, sc Re i(°c-"n) - -p, (5.36) 
8c 80 

where 5 is defined in (4.35). We start with the explicit term F(s, t) given by (5.5) 

[ 1 T o2i<~ ] r (s ,  t) = so(t) (e - e -2i¢°) + iL2(¢ + ~bo)j , 

1 i~V'llC(w) (5.37) 
L1 = - ~  + -----R---- ' 

L2 - 1 iWj~(-w) _ L1 + 1, 
2 R 
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in the notation of (2.14). In the contact region, we keep only second-order terms in ~P0, obtaining 

so(t)~) 2 
F(s, t) - [(x + Do): - (1 - Do) 2] 

2 

= ~ ,  I~l < 1, 

5 
Do = - - .  

¢0 

(5.38) 

Now, consider D~(r,t), focusing first on (5.34), 

{ [ 1 Fc(s, t) = so(t) - i v ~ e ~ ( ¢ / 2 + ~ ) ~ ( ~ )  - ~  - i-----~ 

(W - ill) log S(¢) ] 
+ iTcR + H1 [i¢ - log(1 + A(¢))] ~ ,  

(5.39) 

where H1 is given by (2.52) and 

E(¢) = (cos¢o- c°s¢) 1/2 = ~ (sin2 ~2 _ s in  2 _.~) 1/2 

s ( ¢ )  - 

a ( ¢ )  = 

1 [ v ~ e i ¢ / 2 E ( ¢ ) + i  (e i¢ -cos ~o)] 
sin ~bo 

ei¢/2 [ . ~ ] 
sin~P0 v/2E(¢) - 2sin ~ + ie-i¢/2(1 - cos¢0) , 

2ie i¢ cos(~p/2) [ v ~ E ( ¢ ) +  2sin g) - i e - i ¢ / 2 ( 1 -  cos¢0)] 
1 + cos ~bo 2 ' 

(5.40) 

Also 

"o t,~[s, t) = -x/2so(t)ei(¢+~)e -~ /~  2 d~ e ~¢ /~E (~') Im /~lei(5+~'/2) 
¢o 

Ca f '~ d~' Im(d°ei¢'/2) e~¢'/w} 
+ ~ - - ~  ~o r (~,) ' 

(5.41) 

where, fi'om (5.35), the value of C is such as to render this term zero at ~p = ~P0 - 27r. In fact, the 
value of C deduced by imposing this condition on (5.41) can be shown to be the same as that 
given by the first expression of (4.24), after some manipulations similar to those implemented in 
deriving the second form of (4.24). It is convenient to use this property to write (5.41) in the 
form 

{ f,~ , , [t71e~(~÷~,/2)] isq+lGc(s,t) = -V~so(t)e~(~+5)e -~ /~  2 d~ e ~¢ /=E(~')Im 
o-2Zr 

+ ~ C a  ~¢o_2~ d~' Im(d°ei¢'/2) e 3 ~ ° ' / ~ } E  (~') ' 
(5.42) 

which avoid exponentials with positive arguments. These integrals can be transformed as in 
equations (4.23). 
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The last term (s q+l - aq+l)N(t) occurs also in (5.33) which we now address. Only the leading 
term will be retained and the load term will be dropped where they occur with clearly dominant  
contributions. We have 

• q + l  + -~s ao(s,t)=iso(t)e -''~ ¢~11(~) dye'~(1 ~)~/: 
(5.43) C~of- [yI0(~'_)2 I1(~'___)le~'~} ¢ 

7 ~ - - ~  ~ d~ (~ _ ~ ) ~ / ~  = s o ( t ) a ~ ( ~ ) ,  ~ = ~o 

We have, recalling (5.33), 

a~(~) - -~' iTrCa~Poe-~' bq+l Y( t )  = iTr~b~ll(w)~-ff-7-, I1 (/3') 
so(t)  ~ ~ - 

× [I0 (a') 11 (fl') - I0 (/3') I1 (a ')] ,  (5.44) 

~,= ~¢o, (5.45) 
0) 

so that  
{ so(t)Gs(1)e2~'-~¢ o [e-(~/~-*)(*÷¢o) - x], I¢1 > ¢o, 

~ aq ~ l ~ N ~ t ~ (5.46) 
so(t)Gs(1)e 2~' (e -z'(x+~) - 1 ) ,  [~1 < ~o. 

Finally, we consider - i F  + (s, t). Two subsidiary results are required. To lowest order (since it is 
multiplied by the load) 

1 1 ( 2  + sin-1 x) . (5.47) irr logS(C) = 7r 

Also, to second order (see (B.50)) 

A2(~b) -- ~/)0 [ ( 1 -  Z2)1/2-~ - i x  1 • (5.48) 
)'(~) 2 k" 3 

It follows that  ( 

k (5.49) 
Ca%bo (1 - z2) 1/2 (7r/2 + sin-1 z) W } 

+ Io (~') + a - iw rrR ' 

where terms of order C¢02 have been neglected. 
Complete expressions for the complex displacement are given by adding F(s, t) given by (5.37) 

to (5.34) for s ~ C(t) and to (5.33) for s • C(t) where the various components are set out 
in (5.39)-(5.49). The quantity D(a_,t) is deduced from the condition that  D(r , t )  vanishes at 
s = so(t) so that  

D(a, t) -- -F(so(t), t) - 01 (r0(t), t ) ,  (5.50) 

where r_o(t ) is the vector corresponding to so(t) and Dx(ro(t ), t) is found by using (5.33). The 
elastic limit is given by 

~ s i n  - i x  , I%bl < ¢ 0 ,  

s o ( t ) { ~ ( e 2 ~ ¢ - e - 2 ~ ° ) + i ( L o +  1)(~ + ~o) 
D(r,t)  = (5.51) 

- i H o [ v / 2 e ' ¢ / 2 F . ( ¢ ) [ 2 ( e ' ¢ - c o s ¢ o ) + X  ] 

] W k ° l o g S ( ~ b ) } + D ( a _ , t ) ,  [¢l > ¢o, + ¢  + ilog[1 + A(~b)] +--~R-- 
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where S(~)  and A(~b) are defined by (5.40) and, recalling (2.14) 

Wko (5.52) 1 111 + 3Vo], Vo - 4~(1 - u )R '  Lo = - ~ [ 1  - Vo], Ho = 

and the quantity D(a, t) is deduced from (5.51) to be 

So(t) [¢2+ .elWko] 
D(_a, t) , -~R- - - - J  . (5.53) 

The quantities ¢0 and W are related by the elastic version of (4.36) which has the form 

2¢~1oR = W. (5.54) 

Equation (4.39) gives that  the asymmetry parameter 5 vanishes. 
Continuity of the elastic displacement given by (5.51) can be demonstrated on neglecting terms 

of order Vo~o. 

6. N U M E R I C A L  R E S U L T S  

Using the relation for 12(w) defined in (4.39), 

loraw lorw 
t2(~) - a *  + ~ - a (1 + (~/~)~)' 

in terms of the parameter r, given by (see (4.1)) 

a -- 3 kl 
r - -  - -  - -  

& olk 0 ' 

we can write C, given by (4.24), in the form 

12(w) Im [(1 + 6Al(w))e~(a - iw)(eo cos¢o - ~o)] 
C _ _  

2a 

Also, from (4.39) 

&(~)  1 -  
c - 1o (~') 

+ 6rt + ¢~(1 + r2)/l 
16 J 

Im(doeo) 

& (~') 
"5  - I o  (~')' 'F l ~ - -  

(6.1) 

(6.2) 

(6.3) 

/ l (W) 
12(w)" (6.4) 

0.08 

/ . - / "  

/ z  / / , '  

. / , ,"  ...." 0.06 
/ s t :," 

i / ,," 
/ /" 

/ / i / / /  

! / 
! i 
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! : i  
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J~ 
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0.04 
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I : 
-0.08 -0.06 -0.04 -0.02 0 

i~[~ ................... . /  r=0 .1  
7"'-.'~'". "'"'X, r=  0.5 

""-.... -. "'..../(- r = 0.8 

- 4 , +  .... 
\ " ,  X 

' \ ,  " ,  "k 
\ " , -  

p(~) ", ,,, 

~o '" '~' 
"\,., 

% 

!\. 
i :\ 

0.02 0.04 0.06 0.08 

Figure 1. The pressure function p(¢), given by (4.33), for these values of r, with 
a/w = 10.0 and W/(loR) = 0.01. 
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.......... 0'08 I ............... ,.,.'*" "-.,% 
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• ,7. = 40.0 / /" 
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i / / / / 
/ , '  / 0.04 p(~) "'~" 

, '  :. "QO k:',", 
'. , , , ,  

: i ,... % 
/ i '.. ', ' , 

i 0.02 t " "  f ,\ 
i ',i 

-0.05 0 0.05 0.1 
Figure 2. The  pressure function p(~b), given by 4.33, for three values of c~/w, with 

r = 0.5 and W/(oR)  = 0.01. 

-0.93" 

-0.94- 
undeformed 

"..,,, , .~  deformed -0.95- 

'"L, . ,~ -.096- 

"',,, ,.,,,,~ -.097- 

'".,.,,..,,,,~ -0.98. 

""....... , . . . ~  -0.99. 

"" " ............ 1 O0 
. . . .  I . . . .  ', . . . .  ', . . . .  

-0.3 -0.2 -0.1 0 0.1 0.2 0.3 
Figure 3. The  deformed and undeformed cylinder in the vicinity of the  contact  region 
for r = 0.5, a /w  = 0.5, and W/(loR)  = 0.01. The axes are not the same scale. 

From (6.3) and (4.32), we find that  the zeroth order estimate (in ¢0 and 6) of C is 12(~)/Io(a'), 
in agreement with (6.4). Expanding (6.3) in powers of ¢0 and 6 comparing with (6.4), we find 
that  6 is of order ¢0 (including a ¢0 log ¢0 term). After some algebra it may be determined up 
to order ¢02 . 

The  issue of the order of C can now be settled. Using the zeroth-order term for C, i.e., 
12(~)/Io(a') and the second form of/2(w) given by (6.1), we see that  Ca' is of order of 10¢0. 
This is also true of CIl(a') since Ii(a')/(a/Io(a')) is of order unity or less in the range of interest 
of a'. The quantity CI2(a/) is at least of order 10¢0, since r2/a / is less than order unity in the 
range of interest. These observations show that  the terms proportional to C in (4.33), (4.36), 
(4.37), and (5.43) are of the correct order. 

Numerical results for pressure, displacements, and hysteretic friction are now presented. In all 
cases, the material is taken to have Poisson's ratio equal to 0.4. 

The pressure function p(¢),  given by (4.33), is plotted in Figures 1 and 2 for three values of r 
with a/w fixed in the first case, and for three values of a/w with r fixed in the second case. We 
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uo(~,) 

u,(~) . : .  . . . . . . . . . .  , / \  0.01 

"''" -0.005 " " , ,  

• -...... 

-0.01 

Figure 4. The radial and angular surface displacements for r = 0.5, c~/a; = 5.0, and 
W / q o n )  = o.o.1. 

u,(~) uo(~) i i i l  o oooooO°° 
./ 0.002 

; ; . . . . . .  0 0 

-0.002 

-0.004 

-0.006 

-0.008 

-0.01 

Figure 5. The radial and angular surface displacements for an elastic material, with 
w/(l)on) = O.Ol. 

see tha t  the asymmetry  of the curve increases as r increases for fixed a/ca and as a/a~ increases 

for fixed r. 
The deformed and nondeformed cylinder in the vicinity of the contact region is plotted on 

Figure 3, for a specified material,  using the results of Section 5. The scales are chosen to be 

different on the two axes to magnify the separation of the curves. One sees that  the flat contact 
region is reproduced quite well even through the formulae contain approximations, i.e., are correct 

to order ~p~. 

The radial and angular displacement at all points on the cylinder surface are plotted in Figure 4 
for the same material. Comparable  results for an elastic material with modulus l0 are presented 
in Figure 5. For u~(~), the front positive and subsequent negative peaks are more pronounced in 
the viscoelastic case, while the rear positive peaks are similar in both cases. For uo(~P), the front 
positive peak is higher in the viscoelastic case, while the two rear negative peaks are similar. 

On these plots of displacements, discontinuities are detectable at the ends of the contact re- 
gion, particularly for uo(~) in Figure 4. Also, discontinuities in ~ are detectable at these 
endpoints, while this quanti ty should in fact be continuous. This is to be expected, given tha t  the 
displacements are calculated only to order ~02, and terms of order ~p0 a (,-~ 0.0005) are neglected. 
The discontinuities are of this order, and are detectable in the magnified presentation of Figure 4. 

The hysteretic friction is plotted against a velocity related variable in Figure 6, for various 
values of r, which is a measure of viscous energy losses. The angle ~Pe is the half contact angle 



Viscoelast ic  Cyl inder  1391 

H 

1.0 
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Figure  6. T h e  hystere t ic  friction coefficient p lo t ted  aga ins t  a velocity related var iable  
for w/(loR) = 0.01. T h e  q u a n t i t y  Ce ---- [2W/~rloR)]l/2. 

for the instantaneous elastic limit. Note that  the maximum occurs near aCe /w  ~ 1 in each case. 
This variable is of course approximately equal to a~ defined in (4.21). 

In contrast to the problem of a rigid indentor on a viscoelastic half-space, the expression for 
the hysteretic friction in the present case depends not only on a t, fl~ but also on e2~f~/~--for 
example, through the expression for e0 given by (4.23). This is interesting in tha t  it indicates 
tha t  the periodic return of each surface point to the contact region makes a contribution to the 
hysteretic friction--which is in agreement with physical intuition. This effect does not, however, 
show up in a dramatic way on the hysteretic friction curve; i.e., there would appear to be no, 
maximum, for example, around a / w  ~-, 1. Such a feature would in fact occur outside of the range 
shown in Figure 6, but did not emerge even on plots over a more extensive range. 

The dominant effect is the classic one, namely that  related to pressure asymmetry in the contact 

patch, and the crucial variables are a ~, f~. 

A P P E N D I X  A 

F O R M  O F  S T R E S S E S  A N D  D I S P L A C E M E N T S  

In this appendix, we show that  stresses and displacements in polar form, using coordinates fixed 
in the cylinder, depend only on 0 + wt rather than on 0, t, separately, if steady-state conditions 
prevail. Some consequences of this are also noted. 

In nonrotating coordinates fixed at the centre of the cylinder, all stresses and displacements 
are independent of time. We use a prime to indicate these quantities. The relationship between 
primed and unprimed quantities will now be written down, under the assumption that  the two 
sets of axes coincide at t = 0. We have for Cartesian components [11] but using polar coordinates 
fixed in the cylinder to indicate positions 

[cruu - azz + 2iazv] (r, 0, t) 

[u~ + iu~] (r, O, t) 

= [o'~ + ~ ]  (r,0 + ~ t ) ,  
l = e 2i~' [ ~  - ~x '  + 2io'~]  (r, e + ~t ) ,  

= e - '~ '  [u" + / u ~ ]  (~, e + ~t) .  

Now, switching to polar components given by 

[orr +aee]  (r, e, t) = [axx + au~] (r, e, t), 

[,,oo - ,,~r + 2i,,~o](r, o, t) = e ~°  [ ~ ,  - o~x + 2i~x~] (r, o, t), 

[~ + iue](,', o, t) = ~-,o [u~ + iu~] (,', o, t), 

(A.1) 

(A.2) 
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we see that  the unprimed polar components of stress and displacement (but not the unprimed 
Cartesian components) are functions of 0 + wt only. Inspections of (2.1) and (2.15) show that  we 
can achieve this dependence by restricting ¢(z, t) and z2¢(z,  t) to depend only on ze i"n rather 
than on z, t separately. It follows that  [#*D'](r,  t ) / i z  depends only on (r, 0+wt) .  The convolution 
product does not influence this property, so that ~ also has the same restricted dependence. 

This is consistent with (2.8). 

I _ l ( z , t ) -  z X ( z , t )  

where 

A P P E N D I X  B 

I N T E G R A L S  
We present or derive certain integrals in this appendix, which are required in the main text.  

Consider first integrals of the form 

1 fb(t) ds s n 
In(z , t )  = i--~ja(t)[ ( s _ z ) X + ( s , t ) ,  for n = - 1 , 0 , 1 , 2 .  (B.1) 

This integral may be evaluated using general formulae of Gladwell [13]. However, we can confine 
ourselves here to those actually required. The basic relationship is 

1 
Io(z, t) - X ( z ,  t ) '  (B.2) 

which can be shown by using Cauchy's theorem with a contour around the cut and over the 
infinite boundary [13]. It follows by simple manipulation that  

1 1 z z 2 
zp'  I i ( z , t ) -  X ( z , t )  1, I 2 ( z , t ) -  X ( z , t )  z -  c, (B.3) 

The relations 

a + b  
c = - - -~- ,  p = X(O, t) = [a(t)b(t)] 1/2. (B.4) 

1 fb(t) 1 1 
- -  I d s  - , 
ilr J~(t) sX+(s ,  t) P 

I fb ( t )  i 
- -  d s  - -  - - 1  
iTr aa(t) X+(s ,  t) ' 

(B.5) 
1 f b ( O  S 

- -  / d s  X + ( s  , t )  - c ,  iTr Ja(t) 

1 fb ( t )  82 1 
- - I  ds - -  - [3 (a 2 + b:) + 2ab] 
ilr Ja(t) X + ( s , t )  8 

follow by considering the limiting behaviour of the appropriate In(z)  as z tends to zero and 
infinity. The first three of these relations have been used in deriving (B.3). T h e  relation 

1 fb ( t )  X + ( s , t )  
- -  d s  - - - -  [c(t)  - z] + X ( z ,  t )  ( 8 . 6 )  
iTr da(t) s - z 

is also required. This follows from (B.2) and (B.3). By considering the limit of (B.6), at large 
and small z, and its derivatives at small z we see that  

1 fb ( t )  d s X + ( s , t  ) = 1 
J o ( t )  - b ) : ,  

1 fb ( t )  X + ( s , t )  :--- ds - c + p, 
7~7r Ja(t) S 

(B.7) 
1 fb ( t )  X + (8, t )  c 

-:--~Tr Jal(t) ds s~ - - 1  - -,p 

1 fb(t) X+(s,t) (a - b) 2 
~-:-~ ]a(t) ds s3 - 8p 3 
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Also, using the Plemelj formulae, we obtain 

[b(t) x+ (s',t) 
ds' s' - c -  s, s E [a(t),b(t)], 

zn Ja(t) - s 

where the principal value of the integral is understood. Finally, we have 

1 f b ( t )  s X + ( s , t )  1 
- -  I d s  - : (a -  b) 2 + z ( c -  z) + z X ( z , t ) ,  
in Ja(t) S Z ~5 

giving 

(B.8) 

(B.9) 

q = p -  1, (B.12) 

though not in the main text. One can easily show that  

1 f b ( t )  sq 
= - -  ds - - .  (B.13) Ip = Zlq + Dq, Dq in Ja(t) X + ( s ,  t) 

It is convenient to start  by considering the related integral 

f ,b(t) s q X  + (s, t) _ S ( z ,  t )Iq(z ,  t) + Dq+l + (z - (a + b))Dq, 1 

Jq(z , t )  = i-~ _ ( t )  ds s - - z  (B.14) 

S ( z ,  t) = (z  - a ( t ) ) ( z  - b(t)) = X 2 ( z ,  t). 

We have 

so that,  putting 

Let us define 

Jo(z , t )  = Jq(z , t )  - Jq(O,t) = Jq(z , t )  - Dq+l + (a + b)Dq - abDq_l 

1 [Dq+l - cDq] (8.15) = Jq(z , t )  + q 

The latter form is proved by partial integration. Comparing the two ways of evaluating Jq(O,t) 
leads to the identity 

(q + 1)Dq+l - C(2q + 1)Dq + a b D q _ l  = O. (B.16) 
q q 

~-~ q l ~ab sq($--C) (B.17) 
Jo(z , t )  = Jo(z , t )  + i-~ ds X + ( s , t ) (  s -  z ) '  

Jo ( z , t )  
U(z,  t) = X ( z ,  t ) '  (B.lS) 

we obtain after some algebra we obtain after some algebra 
q zD1 + D2 

o__ V ( z , t )  = V ( z , t )  S ( z , t ) X ( z , t )  Oz 

D, = q +___.~1 [Dq+l - cDq], (B.19) 
q 

D 2 =  c(q + l)  Dq+l - c2(2q + l)  ] 

where p is given by (4.5). We will evaluate this by first considering Iq(z,  t) where, in this appendix, 

1 fb( t )  ds s X + ( s ,  t) - c(a - b) 2 (B.10) 
~n Ja(t) 8 

We also need to consider values of n that  are nonintegral, in fact complex. Consider the integral 

i fb( t )  sp 
- -  ds (B.II) Ip ( z , t )  = in  Ja(t) (s - z ) X + ( s , t )  ' 
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We can rewrite this equation as 

0 q 0 zD3 + D4 
-5-;z V(z ,  t) = ~U(z '  t) Oz X ( z ,  t) ' 

D3 = - D q ,  

D4 q + 1 c(2q + 1) Dq - - - D q + l  + - -  = abDq_l, 
q q 

the last relation following from (B.16). Solving the differential equation, we obtain 

/o" Jq(z, t) = Dq+l + Dq[z - (a + b)] - qzqX(z ,  t) dz' ( z ' ) -q-1  (abDq_l - z 'Dq) 
x (z', t) 

(B.20) 

(B.21) 

so that,  from (B.14), 

qz q fo z ( z ' ) -q - l (abDq_l  - z'Dq) 
I q ( z , t ) -  X ( z , t )  dz' X ( g , t )  (B.22) 

One can show that  this has the correct behaviour at large and small z. Finally, from (B.13) we 
deduce that  

( p  _ 1)zp f z  (z') -p K1 (z', t) 
IAz,  t) Dp-1 X ( z , t )  Jo dz' X (z ' , t )  (B.23) 

K1 (z' , t)  = abDp_2 - z 'Dp_l .  

The quantity Ip(z, t) is analytic except on the cut over [a, b]. It cannot matter which direction 
we come around to approach the cut from outside the cylinder. Therefore, we must have 

f b(O s-VK1 (s, t) 
ds - O. (B.24) 

sa(t) X+(s ,  t) 

This can be shown directly by observing, with the help of (2.29) and (2.30), that  for example 

Dp-1 R 2 p f  [J(t) s-P ( R ~ ) P l D  
= i~rp Ja(t) ds f (+(s , t )  = - P _p = - (ab)P-1/2D_p,  (B.25) 

where 
n(t) = e 2 ~ ( ~ ' - e c )  - R ~  _ ~ ( t )  _ a ( t )  

a(t)b(t) a(t) b(t) ' (B.26) 

R + ( n s ,  t) = nX+(s ,  t). 

Noting that  (B.25) holds for arbitrary complex p, we obtain, replacing p by (p - 1), 

Dp-2 = - "~pD-p+ l = - (  ab )p- 3/2 D-p+ l , (B.27) 

giving that  
abD_pDp_2 - D - p + l D p - i  = 0, 

which is equivalent to (B.24). From (B.11), we have that  

( ~  ) zp Ip(z,t), 
i p  , t  - R 2 ~ 1  ) 

and from (B.23) one can show that  

R2(p +1) X ( z, t) dz' ' x (z', t) 

(B.28) 

(B.29) 

(B.30) 
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with the aid of the identities 

where 5 is real. Thus, we have 

P D D p _ ~ -  R2(~+~ ) p+~-l, (B.31) 

Dp (p + 1)z p [ ~  (z') -p-2 [z 'Dp+l  - Dpab] 
Ip(z ,  t) z X ( z , t )  I dz '  ~z X ( z ' , t )  

(B.32) 

The Plemelj formulae [3] give that  

2s p 
I + ( s , t )  - I 2 ( s , t  ) - X + ( s , t ) ,  (B.33) 

where I~  (s, t) are the limits of Ip ( z ,  t) from inside and outside the cylinder, respectively. Com- 
bining (B.23) and (B.33) gives that  

f0 (t) 
dz '  ( z ' )  - p  K1 ( z ' , t )  = _ 1 

x (z ' ,  t) p - 1 
(B.34) 

Taking a contour that  is a sector of a circle gives that  

f o  b(t) (z ' )  - p K 1  (z' ,t) = _ 1 (B.35) 
dzt  X (z ' ,  t) p - 1" 

As stated in the main text, we take the cut for the power function along the radius vector through 
b(t) and arg(z) in the region lob -- 2% Obj. The relation (B.35) is for arg(z) = Oh. We consider a 
contour that  goes around the cylinder, starting on one side of this cut and ending on the other. 
It then goes along the cut, around the origin, and back out along the other side of the cut. This 
gives that  

b(t) (St) - p  K1 (s' ,  t) T 1 - 1 
ds '  - , (B.36) 

J a ( t )  X ( s ' , t )  ~?(p - 1) 

where the slashed integral sign indicates that  the integration is over the complement of C(t)  on 
the cylinder surface. The quantity z] is given by 

= e - i~p.  (B.37) 

We write (B.36) in the form 

abE pD p_2  - E p _ l D p _ l  = iTr~(p - 1)' (B.38) 

where 
1 [ b ( t )  s - 5  

E~ = -:-- ds  ~ (B.39) 
~ J a ( t )  X ( s ,  t ) '  

for arbitrary complex 5. The relationship corresponding to (B.16) for the E8 has the form 

5 c(25 1E~-I - I" E~ + abE~+l = O, 
) 

5 5 
(B.40) 

and that  corresponding to (B.31) is 

Eq+r = p R 2 ( q - r ) E q - r + l ,  (B.41) 

where r is real. 
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Finally, we give certain integrals [20] required in Section 5. First, 

f z dz 2[X(z,  t) + z - c] 
(t) X ( z ,  t) - log S(z ,  t), S (z ,  t) = a - b 

We have 

(B.42) 

b(t) ds fb(t) ds 
J a ( t )  X ( s , t )  Ja(t) X + ( s ,  t) - i t ,  (B.43) 

by virtue of (B.5). This fixes the branch of the log function. In fact, arg(S(s, t)) varies from zero 
at s = a(t)  to -Tr at s = b(t). The modulus of S(s ,  t) is unity at both limits. Also 

/a [ ] dz'  X (z', t) = 1 (a - b) 2 log S(z ,  t) (B.44) (,) ~ ( z - c ) X ( z , t )  - - - - T - -  

and 

T(z ,  t) = 2[pX(z ,  t) - cz + ab] (B.45) 

a(b - a) 

Following a similar argument to that  used in (B.43), we have by virtue of (B.7) that  

a r g ( T ( b , t ) ) = a r g ( b )  - T r = 2 ¢ 0 - T r .  (B.46) 

Thus, arg (T ( s , t ) )  varies from zero at s = a(t)  to 2¢0 -7 r  at s --- b(t). The modulus of T ( s , t )  
is unity at both limits. Note that  

T ( z , t )  = - P  S(z , t ) [1  + ,k(z, t)], 

(c + p)(p - z) (p - z ) ( X  - z + c) (B.47) 
~ b  

~(z, t) = p ( X  - z + c) = p(p - c) 

On or near the contact patch X + z -  c is first order and c + p is second order (see (2.33)) so that  
)~(z, t) is first order. Away from the contact patch 

[ ( a z b ) 2  ] 
X ( z , t ) ~ ( z - c )  1 8 ( z - c )  2 ] '  (B.48) 

on the relevant branch of X ( z ,  t) so that  X + z - c is not small and ,k(z, t) is second order. It is 
of course zero at z = p. 

We can write (B.45) in the form 

dz'  X(z',t.____~) = Z ( z , t )  + p l o g  - - ( p + c ) l o g S ( z , t )  - plog[1 + ~(z, t )] .  (B.49) 
(t) z~ 

The last term can be approximated according to 

log[1 + ,~(z,t)] ~ ,~(z,t) - 1A2(z,t) (B.50) 

to second order near the contact patch and even more accurately elsewhere. However, this 
expansion is practically useful only on the contact patch where it allows a simple form of the 
displacement to be derived. Elsewhere, no particular simplifications arise, nor is the process of 
numerical evaluation greatly helped by its use. Note that  

arg[1 + ,k(b, t)] = ¢0, (S.51) 

and its modulus is unity. 
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