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SYMMETRIC GROUPS AND CONJUGACY CLASSES

EDITH ADAN-BANTE AND HELENA VERRILL

ABSTRACT. Let S, be the symmetric group on n-letters. Fix n > 5. Given
any nontrivial o, 8 € Sy, we prove that the product aS» 35 of the conjugacy
classes a5 and 37 is never a conjugacy class. Furthermore, if n is not even
and n is not a multiple of three, then a°» 35" is the union of at least three
distinct conjugacy classes. We also describe the elements o, 8 € Sy, in the case
when o°n 857 is the union of exactly two distinct conjugacy classes.

1. INTRODUCTION

Let G be a finite group, a € G and a® = {a9 | g € G} be the conjugacy class of
a in G. Let X be a G-invariant subset of G, i.e. X9 = {29 |z € X} = X for all
g € G. Then X can be expressed as a union of n distinct conjugacy classes of G,
for some integer n > 0. Set n(X) = n.

For any a,b € G, the product a®b% = {zy | v € a®,y € b} is a G-invariant set.
In this note we explore 7(a“b“) when G is the symmetric group S,, on n-letters,
and a®, b¥ are conjugacy classes of S,,. We denote the identity of any group by e.

Arad and Herzog conjectured that the product of two nontrivial conjugacy classes
in a finite simple nonabelian group is never a conjugacy class [AH], i.e., if a,b # e,
then 17(a®b®) # 1. This has been proved in some cases [AH], in particular, it has
been proved for the alternating group A,,, i.e. if n > 5 and «, 8 € A,, \ {e}, then
n(ategin) > 2.

In this note, we show that the symmetric group behaves similarly, and we give
an explicit description of the minimum possible value of 7.

Theorem A. Let S, be the symmetric group on n-letters, n > 5, and a,3 €
S\ {e}. Then n(a® 35) > 2, and if n(a»B%) = 2 then either a or (3 is a fived
point free permutation. Assume that o is fixed point free. Then one of the following
holds

i) n is even, « is the product of T disjoint transpositions and 3 is either a
transposition or a 3-cycle.

i) n is a multiple of 3, a is the product of 5 disjoint 3-cycles and 3 is a trans-
position.
GbG — bGaG (

Since for any group G and any a,b € G, we have a see Lemma [3)),

Theorem A describes a and § when n(a®~35") = 2.

Corollary A. Fiz n > 5. Let m be the least integer in {n(a®" ") | a,B €
Sn\{e}}. Then

1) m =2 if n is divisible by 2 or 3,

il) m = 3 otherwise.
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Remark 1. For n =5 we have (12)%3(12345)% = (123 4)%U((123)(45))%.
This describes, up to conjugation and ordering, the only pair of elements «, 3 € Ss
with n(a®>3%) = 2.

As for the maximum possible value of 7(a“b%), John Thompson conjectured
that given any finite nonabelian simple group G, there exists a conjugacy class C'
such that C? = G [see [KP]]. The conjecture has been proved for the alternating
group A,, with n > 5 [see [[HI]]. Since given any a, 3 € S, either a®» 3% C A,, or
an 3% C S, \ Ay, it follows then that there exists a conjugacy class C in S,, such
that n(C?) is the number of conjugacy classes of S,, in A,, and that is the largest
possible value for n(a3%). See [ABI], [AB2], [AB3], [DY] for examples of recent
developments in products of conjugacy classes. The products of conjugacy classes
of symmetric groups have been studied extensively, for instance in [F1], [FH] [GI],
[G2] and [I].

The results of this paper were discovered by experimentation, using the computer
algebra package MAGMA [BCP].

Acknowledgment. The first author would like to thank FEMA for providing
her with temporary housing in the aftermath of hurricane Katrina.

The second author is partially supported by NSF grant DMS-0501318 and Louisiana
Board of Regents grant LEQSF-(2004-7) RD-A-16.

2. NOTATION
Our notation makes use of the following very well known result.

Lemma 1. Let o € S,,. Then
a) a can be written as a product of disjoint cycles.
b) oS is the set of all permutations of S,, with the same cycle structure as o.

Corollary 2. If a,8 € S,

a) have different cycle structures, then they are not conjugate.
b) have different numbers of fized points, then they are not conjugate.

Notation. We follow standard conventions, but repeat this for clarity.

e For a positive integer n, S, denotes the symmetric group on n objects,
which we identify with the set of bijective endomorphisms of the set {1,...,n}.

e For a group G and a,b € G, we write a ~ b if for some g € G we have
a9 = b, where a9 = g 'ag.

e For o € 5, the cycle structure of ¢ is the multiset of the lengths of all the
disjoint cycles comprising . We denote the cycle structure of o by Type(o).
For example, Type((1 3)(256)(4)(7)) = {1,1,2,3}. By Lemmal[ll Type(o)
is well defined, and o ~ 7 <= Type(o) = Type(o).

3. PROOFS

Lemma 3. Let G be a finite group, and let a® and b® be conjugacy classes of G.
Then a%b® = b%a®. In particular, a®bC = (ab) if and only if ba® = (ba)®.
Proof. Observe that ba9 = (ag)bflb, s0 b%a% C aCpC. Similarly, a®pe CpGeC. O

Lemma 4. Let o, 3 € S, for r < n. We may consider o and 3 as elements of Sy,
by defining their action to be trivial on r 4+ 1,...,n. Suppose that a1, (81 € S, fix

1,...,r. Then n(a® %) < n((ac ) (BB1)5).
2
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Proof. 1f n(a® 3°") = k, by Lemma [Il we have that there exist o1,...,04 € S,

with Type(a”i ) # Type(a ) for i # j. Since Type(a” a1 1) = Type(a” 3) U
Type(a1 1), a% a1 561 are pairwise non-conjugate, and the result follows. O

Lemma 5. For o, € S,, n > 5, if a has v fized points, and B has s fixed points,
then provided r + s < n, there exists o € S,, with a° (i) # B(i) fori=1,...,n

Proof. For a positive integer £k < n, we inductively define o5, € S, such that

a% (i) # B(i) for 1 < i < k. We take op = e. Suppose o;_1 has been defined for

some k > 0. We define o, as follows:

case 1: If a?+=1(k) # (k) then set o = op_1.

case 2: Suppose a’*~1(k) = (k) = k. Let A be the subset of {1,...,n} fixed by
a®t, and let B be the subset fixed by . Since |A| + |B| =r+ s <n, and
since k € AN B, we must have some ¢t € {1,...,n}\ (AU B), and this
t satisfies a%+=1(t) # t and B(t) # t. Set o = or—1(k t). This satisfies
the required condition, since (i) = a’%~*(i) unless ¢ = t or i = k,
and a%*(t) = k # B(t) (because 5(i) = k only if i = k, and k # t) and
a% (k) = a%-1(t) # B(k) = k (because a”+~1 (k) = k, so a”*~1(t) has some
other value).

case 3: a”*=1(k) = B(k) # k. In this case, since n > 5, there is some ¢t € {1,...,n}
with t ¢ S := {a%1371(k), B(a”1)"1(k),a% 1 (k),k} (these are labeled
in the top row of the picture below). Set oy, = o1_1(k t). We have a* (i) =
a=1(i) unless i € R := {k,t,u := (a*1)71(k),v := (a-1)71(t)}. So,
for j < k not in R, we have a"k( i) # 6(j). We now show that for i € R
we also have a7+ (i ) # [(i). For i = k, we have o (k) = a7+ (t) # B(k),
since otherwise a”+~1(t) = B(k) = a"’f*l(k) implies k = t, contradicting
t ¢ S. For i =t, from the assumption ¢ # o+~ (k) it follows that a*(t) =
a’=1(k). We have a*-1(k) # [3(t), since otherwise t = B~ la*-1(k) =
BLB(k) = k, contradicting t # k. If i = u, then a* (u) =t # [(u) because
otherwise t = B(u) = B(a-1)~1(k), contradicting t ¢ S. For i = v, we
have a*(v) = k # ((v) because otherwise k = B(v) = B(a’1)"1(t), so
t = a%-1371(k), contradicting t ¢ S.

Proceeding in this way, we eventually obtain o = o, as required.

af™” l(k) a(k) 71(1‘) Picture corresponding to case 3 of

Lemma Bl This shows a possible
/ choice of t.
/ For simplicity we write « for
a1 and o for (k t).
/ The second picture shows the re-
gf ) i sult of conjugating « by (k t) _

Remark 2. Lemma[fl also holds for n = 4, except (up to conjugacy and order) in
the case @ = (1 2 3), = (1 2)(3 4). One can check this case by case.

Corollary 6. If a, 3 € S, n >4, and « is a fized point free permutation, then for
some o € S,, a’f is also fized point free.

Proof. By Lemma [ and Remark 2] there exists o with (a=1)7(i) # B(i) for i =
1,...,n,and so a?B(i) £ i for i = 1,...,n, i.e., @ has no fixed points. O
3
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Lemma 7. Let a,8 € S,,, m > 4, with « fixed point free and B # e. We may
regard o and (3 as elements in S, for any n > m by defining a(i) = ((i) = i for
any m < i < n. Then n(a™mB35) < n(a35).

Proof. All elements of a5 (3% considered as elements of S,, fix at least n — m
points. Thus it suffices to show that some element of aS» 3% fixes fewer than
m — n points. By replacing o and 3 by conjugates if necessary, by Corollary [@]
we may assume that af does not fix 1,...,m, and that § does not fix m. Set
r=pB""m)and s = " a"'(m). Now o™ ™tV 3(i) = af(i) unless i =, i = s,
ori =Y m+1) = ptat(m+1) = m+ 1. Because « is fixed point free,
a(m) # m, and so we have

ammDB) = oM D () = (mom 4+ Da(m + 1) = m # 1,

alm m+1)ﬂ(s) = o™ m+1)ﬁ(571a71(m)) =a(m m+1)ofl(m) =m-+1+#s
A N3m 1) = oD 4+ 1) = (mom + Da(m) = a(m) £ m+ 1,
and so a(™ ™Y 3 has n —m — 1 fixed points and the result follows. O

Lemma 8. Let n > 3 be an integer. Then n((1 2)%»(1 2)5») = 3.

Proof. An element of (12)°(12)%" has the form (i j)(k ), with i, j, k,l € {1,...,n}
and ¢ # j, k # I. Depending on the size of the set {4, j}N{k,(}, (i j)(k l) is conjugate
to one of the following: (1 2)(12) =e, (1 2)(13) = (13 2), (1 2)(3 4). Thus the
permutations in (1 2)%#(1 2) are the identity, 3-cycles and the product of two
disjoint transpositions. By Lemma [ we have then that n((1 2)%~(1 2)%) =3. O

Remark 3. The example given by the previous Lemma shows that the hypothesis
that « is fixed point free can not be dropped from Lemma [7

Lemma 9. If o, 3 € Sy \ {e} and n(a®1351) = 1, then up to conjugation {a, 3} =
{(123),(12)34)}
Proof. This can be checked by hand, or by computer e.g., MAGMA [BCPJ. O

Lemma 10. If o, 3 € S, \ {e} then there exists a permutation v € S, such that ~
fizes at least one point and v € o 35",

Proof. Since o, € Sy, \ {e}, by Lemma [Il we may assume that a(l) = 2 and
B(2) = 1. Thus af(1) = 1 and the proof is complete. O

Lemma 11. Letn > 5 and o, 3 € S, \ {e}. Ifn(a®35") < 2 then n(a®3%) = 2,
and at least one of o and (B is a fixed point free permutation.

Proof. Suppose a,3 € S,, both fix a point, and n(a®3°*) < 2. Because a and
[ fix some element, they can be considered as elements of S, 1. Lemma [ then
implies that n(aS»-13%-1) = 1. If n > 6, we can assume the result for n — 1
inductively, and this is a contradiction. If n = 5, by Lemma [ up to conjugation,
a=(123)and f=(12)(34). But in Sy, we have (1 2 3)(1 2)(3 4) = (1 3 4)(2),
(123)(12)(45)=(13)(45),(123)(14)(25) = (1425 3), which are all in different
conjugacy classes, so (a5 3%5) > 3, a contradiction. Thus we may assume that at
least one of « or [ is a fixed point free permutation. By Corollary [6] and Lemma [10]
we have that 7(a%35") > 2 and the result follows. O

Remark 4. Lemma [0 shows that the hypothesis n > 5 is necessary in Lemma [TT}
4
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Lemma 12. Let n > 7 and o, § € Sy, \ {e}. If at least one of a and B has a cycle
of length at least three, and at least one of o, (B is fized point free, then for some
o € Sn, a? has exactly one fized point.

Proof. Since «, 8 # e, after conjugation, we may assume «(2) = 1,5(1) = 2. We
have three cases: (i) o and 3 both contain cycles of length at least three; (ii)
only a has a cycle length at least three; (iii) only S has a cycle length at least
three. In these cases, illustrated in the diagram below, we may conjugate so that
(i) a(3) = 2,8(2) = 4, or (ii) (1) = 3,5(2) = 1, or (ili)) (1) = 2,6(3) =

respectively.
4

o 3 4 i 3 4 mlzs
a+'> a$§ m?::

In all cases, af(1) = 1 and a3(2) # 2. Now we proceed with the same inductive
construction as in the proof of Lemma [, starting at the step k = 3, since a has
already been conjugated so that a3(1) = 1 and a(2) # 2. Case 2 of the procedure
never occurs, since by assumption one of a or (8 is fixed point free. When case 3
occurs, we must conjugate by (a(k) t) for some ¢t ¢ S, with S as in Lemmal[il Since
|S| < 4, provided n > 7, we can pick ¢t € {1,2} U S. Then the property a3(1) =

will be unaltered by replacing o by a(**) 1), O

Remark 5. Lemma[[2fails whenn =6 and o = (12 3)(456), 6 = (12)(34)(5 6).
Up to conjugation and change of order, this is the only pair of a, 8 in Sg which
satisfy the hypothesis, but fail the conclusion of Lemmal[I2l The possible cases may
be checked by hand or computer.

Lemma 13. Let o, € Sy \{e} be permutations. Assume that at least one of o and
B is fized point free. If either (i) both a, B contain a cycle of length at least three,
(i) o, B have at least 4 non-fixed points, or (i) both «, 3 contain a transposition,
then there exists o € Sy, such that a°( has at least two fixed points.

Proof. We may assume, after taking conjugates, that «, 5 act on 1, 2, 3, 4 as in
the following diagram, where lines indicate conditions on the mapping, e.g., in all
cases (1) = 2; if a line is not given then no requirement is made.

Case (i): L 2 3 4 Case( 4 Case (iil): | , 5 ,
By By
at at
In cases (i) and (ii), 1 and 3 are fixed, and in case (iii), 1 and 2 are fixed. O

Corollary 14. Ifn > 6, a, 3 € S,, and n(a"3%) = 2, then up to change of order
of a, B, a is fized point free, and one of the following holds:

(i) « contains a cycle of length at least three, and (3 is a transposition.
(ii) « is a product of disjoint transpositions, and 3 is a three cycle.
(iii) Both « and (8 are products of disjoint transpositions.

Proof. By Lemma [I1] one of a and 3 is fixed point free, and by Lemma [3] with-

out loss of generality, we may assume that « is fixed point free. By Corollary

and Lemmas [[2] [[3] and Remark [ it follows that unless we are in cases (i), (ii),

(iii), or in case n = 6 and {a%, 3%} = {((1 2 3)(4 5 6))°, ((1 2)(3 4)(5 6))°},
5
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then a® (3% contains elements with no fixed points, with exactly one fixed point,
and with at least two fixed points. These are in different conjugacy classes from
each other, so the result follows, except for the case n = 6 and {a¢, 3%} =
{((1 2 3)(4 56))%,((1 2)(3 4)(5 6))%5}. In the remaining case, we can explic-
itly see that n(a,3%) > 3, since (1 2)(3 4)(5 6)(1 2 3)(4 5 6) = (2 4 6 3),
(14)25)(36)(123)(456)=(153426)and (14)(26)(35)(123)456)=
(16)(25)(3 4), and so the result also holds for this case. O

Proof of Theorem A. By Lemmal[lI]lthe minimal value of 7 when «, 3 are non trivial
is at least 2, and by Lemma[8 it is at most 3. Corollary [[4] gives three cases when
the minimal value is 2.

Case (i): 8 is a transposition, and « is fixed point free and contains a cycle of
length at least three. Note that (12 --- r)(12) = (2)(1 3 --- r) and that for s > r,
12 - rir+lr+2 - ---s)(rr+1)=(12 - ---rr+2r+3 ---sr+1). This implies
that if Type(a) = {ay,--- ,ax}, then for 1 < i # j < k, o35 contains elements
with cycle types Type(a) \ {a;} U {1,a; — 1} and Type(a) \ {a;,a;} U {a; + a;},
(where these are all operations on multisets, not sets). If r > 3, observe that
(12 - 7)(13)=(14--- 7r)(23). Thus a3 contains an element with cycle
type Type(a) \ {a;} U {a; — 2,2} if a; > 3 for some i. So, if n(a”3") = 2, we
must have that a; = a; = 3 for all j and so we must be in case (ii) of the theorem.

Case (ii): This is the second possibility of case (i) of the theorem.

Case (iil): Suppose [ consists of at least two disjoint transpositions. Suppose
a = (12)ay, and 8 = (1 2)3; where oy, fix 1 and 2. As elements of S,, 2, ay is
fixed point free, and (3; contains a transposition, so by Corollary [6l and Lemma [I3]
als"’l 515 "~! contain elements with no fixed points, and elements with at least two
fixed points. Composing these elements with (1 2) gives elements in o» 3% with
exactly 2 fixed points, and with at least 4 fixed points. On the other hand, by
Corollary B, o°»3° contains elements with no fixed points. Since all of these
elements are in different conjugacy classes, we have n(a°"35%) > 3. So, for n = 2,
we must be in the first possibility of case (i) of the theorem.

Finally, it is easy to check that in the cases of the theorem, we do indeed have
n(a® 35 = 2. O

REFERENCES

[AB1] E. Adan-Bante, Homogeneous products of conjugacy classes, Arch. Math. 86 (2006) 289-
294.

[AB2] E. Adan-Bante, Conjugacy classes and finite p-groups, Arch. Math. 85 (2005) 297-303.

[AB3] E. Adan-Bante, Derived length and products of conjugacy classes, to appear Israel J. Math.

[AH] Z. Arad, M. Herzog, Products of conjugacy classes in groups, volume 1112 of Lecture notes
in mathematics, Springer-Verlag, 1985.

[F1]  F. Bdard; A. Goupil, The poset of conjugacy classes and decomposition of products in the
symmetric group. Canad. Math. Bull. 35 (1992), no. 2, 152-160.

[BCP] W. Bosma, J. Cannon, and C. Playoust, The Magma algebra system I: The user language,
1997, http://www.maths.usyd.edu.au:8000/u/magma/|, pp. 235-265.

[DY] E. C. Dade, M. K. Yadav, Finite groups with many product conjugacy classes, Israel
Journal of Mathematics 154 (2006), 29-49.

[KP] L. C.Kappe, R.F. Morse, On commutators in groups, to appear in the Proceedings Groups-
St.Andrews 2005.

[FH] H. K. Farahat; G. Higman, The Centres of Symmetric Group Rings, Proceedings of the
Royal Society of London. Series A, Mathematical and Physical Sciences, Vol. 250, No.
1261, Mar. 10, 1959, pp. 212-221.

6


http://www.maths.usyd.edu.au:8000/u/magma/

EDITH ADAN-BANTE AND HELENA VERRILL February 13, 2013

[G1]  A. Goupil, Decomposition of certain products of conjugacy classes of Sy, J. Combin. Theory
Ser. A 66 (1994), no. 1, 102-117.

[G2]  A. Goupil, On products of conjugacy classes of the symmetric group. Discrete Math. 79
(1989/90), no. 1, 49-57.

[H1] C. Hst (Xu), The commutators of the alternating groups, Sci. Sinica 14 (1965), 339-342.

[J1] D. M. Jackson, Some combinatorial problems associated with products of conjugacy classes
of the symmetric group. J. Combin. Theory Ser. A 49 (1988), no. 2, 363-369.

UNIVERSITY OF SOUTHERN Mississippl GULF CoasT, 730 EAST BEACH BOULEVARD, LONG
BeEacH MS 39560
E-mail address: EdithAdan@illinoisalumni.org

DEPARTMENT OF MATHEMATICS, LOUISIANA STATE UNIVERSITY, BATON ROUGE, LA 70803-
4918
E-mail address: verrill@math.lsu.edu



	Symmetric Groups and Conjugacy Classes
	Recommended Citation

	1. Introduction
	2. Notation
	3. Proofs
	References

