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Abstract: The method of brackets is a collection of heuristic rules, some of which have being made rigorous,
that provide a flexible, direct method for the evaluation of definite integrals. The present work uses this method
to establish classical formulas due to Frullani which provide values of a specific family of integrals. Some
generalizations are established.
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1 Introduction

The integral

—ax _ ,—bx b
/de = log (f) (1)
X a
0
appears as entry 3.434.2 in [12]. It is one of the simplest examples of the so-called Frullani integrals. These are
examples of the form
(o)
— f
S(a,b) = / de, 2)
X
0
and Frullani’s theorem states that 5
St@.0) = [£0) = feolog ;). ®

The identity (3) holds if, for example, f” is a continuous function and the integral in (3) exists. Other conditions for
the validity of this formula are presented in [3, 13, 16]. The reader will find in [1] a systematic study of the Frullani
integrals appearing in [12].

The goal of the present work is to use the method of brackets, a new procedure for the evaluation of definite
integrals, to compute a variety of integrals similar to those in (1). The method itself is described in Section 2. This
is based on a small number of heuristic rules, some of which have been rigorously established [2, 8]. The point to
be stressed here is that the application of the method of brackets is direct and it reduces the evaluation of a definite
integral to the solution of a linear system of equations.
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2 = S.Bravo etal. DE GRUYTER OPEN

2 The method of brackets

A method to evaluate integrals over the half-line [0, co), based on a small number of rules has been developed in
[6, 9—11]. This method of brackets is described next. The heuristic rules are currently being placed on solid ground
[2]. The reader will find in [5, 7, 8] a large collection of evaluations of definite integrals that illustrate the power and
flexibility of this method.

For a € R, the symbol

o0
(a) :/x“_ldx, “4)
0
is the bracket associated to the (divergent) integral on the right. The symbol
(=D"
= -, 5
= T ®)

is called the indicator associated to the index n. The notation ¢y, ,..n,, Or simply ¢12...-, denotes the product

bnibny - bn,-

Rules for the production of bracket series
Rule Py. If the function f is given by the power series

o0
f) =" apx®" AL 6)
n=0
with o, B € C, then the integral of f over [0, co) is converted into a bracket series by the procedure
o
[ r0rdx = Y antan+ ). @)
0 n
Rule P,. For @ € C, the multinomial power (a1 + a2 + --- + a,)% is assigned the r-dimension bracket series
A—a+n1+-+ny)
D A =T ©
niy n» nr

Rules for the evaluation of a bracket series
Rule E;. The one-dimensional bracket series is assigned the value

S gu f)an + b) = — f@*)T(-n*), )

la|

where n™ is obtained from the vanishing of the bracket; that is, n™* solves an + b = 0. This is precisely the
Ramanujan’s Master Theorem.

The next rule provides a value for multi-dimensional bracket series of index 0, that is, the number of sums is
equal to the number of brackets.

Rule E;. Assume the matrix A = (a;;) is non-singular, then the assignment is

Zz(pnlnrf(nl, ap)aning + -+ ayny +cr) - {apng oo+ apeny o)
ni ny

1
= mf(”fa“'”j)r(—”T)"'F(—”j)

where {n l* } is the (unique) solution of the linear system obtained from the vanishing of the brackets.

Rule E;. The value of a multi-dimensional bracket series of positive index is obtained by computing all the
contributions of maximal rank by Rule E». These contributions to the integral appear as series in the free parameters.
Series converging in a common region are added and divergent series are discarded.
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DE GRUYTER OPEN Integrals of Frullani type and the method of brackets =—— 3

3 The formula in one dimension

The goal of this section is to establish Frullani’s evaluation (3) by the method of brackets. The notation ¢ =
(=1)* /T (k + 1) is used in the statement of the next theorem.

Theorem 3.1. Assume f(x) admits an expansion of the form

>
f) =" ¢xCk)x*¥. for some e > 0 with C(0) # 0 and C(0) < oo. (1)
k=0
Then,
T b
S(a,b) = / de Q)
X
0
1 e e
— lim r( _c —& _ p—¢
al—>0|oz| ( )C( a)(a b )
= C(0)log (é) ,
a
independently of a.
Proof. Introduce an extra parameter and write
S(a.b) = lim / J(ax) ALl AGRI 3)
X &
Then,
oo o o0
T ak _ pak ak+e—1
S(a,b) = elgnO/kX;;ka(k) (a b )/x dx
o0 K= 0

: ak _ pak
slgn();qbkC(k) (a b ) (ok + e).
The method of brackets gives
1 € e —
S(a, b)—linoml“( )C(—&)(a —b7F). &)
The result follows from the expansions T'(¢/a) = a/e —y + O(e),
C(—e/a) = C(0) + O(s) anda—¢ —bh~¢ = (logh —loga) ¢ + O(?). O

In the examples given below, observe that C(0) = f(0) and that f(oco) = 0 is imposed as a condition on the
integrand.

Example 3.2. Entry 3.434.2 of [12] states the value
< —ax _ ,—bx b
/idleogf. %)
X a
0
This follows directly from (2).

Note 3.3. The method of brackets gives a direct approach to Frullani style problems if the expansion (1) is replaced
by the more general one

o0
f) =" ¢rClk)x**+5, 6)
k=0
with B # 0 and if the function f does not necessarily have a limit at infinity.

Brought to you by | Cook Library - Serials
Authenticated
Download Date | 8/22/18 3:54 PM



4 — S.Bravoetal DE GRUYTER OPEN

Example 3.4. Consider the evaluation of

o0
7= / sinax —sinbx dx. @
X
0
fora, b > 0. The integral is evaluated directly as
o0 oo
7= / sinax dx _/ sinbx dx. @®)
X X
0 0

and since a, b > 0, both integrals are 7w /2, giving I = 0. The classical version of Frullani theorem does not apply,
since f(x) does not have a limit as x — 00. Ostrowski [15] shows that in the case f(x) is periodic of period p, the
value f(o00) might be replaced by

D
% O/ F(x) dx. ©)

In the present case, f(x) = sinx has period 27w and mean 0. This yields the vanishing of the integral.
The computation of (7) by the method of brackets begins with the expansion

sinx = x - oF} (; —%xz). (10)
2
Here
ag, ... (@)n-- (ap)n
ot (bl,. ) Z i by ! (an

with (a)p, = a(a+1)---(a+n—1), is the classical hypergeometrlc function. The integrand has the series expansion

(a2n+1 _ b2n+1) »

®n ", (12)
E) (3)n 47
that yields
2n+1 2n—+1
a —-b
I:Z‘f’n( T )(2n+1). (13)
The vanishing of the bracket gives n™* = —1/2 and the bracket series vanishes in view of the factor q?ntl_p2ntl
Example 3.5. The next example is the evaluation of
T b b
I:/‘cosax—cos xdx:log(f), (14)
X a
0
fora, b > 0. The expansion
cosx = Z Pn—— (2 )' , (15)
! r 1 b
and C(n) = T mtD in (1). Then C(0) = 1 and the integral is I = log , as claimed.
2n)! T'@2n+ 1)

Example 3.6. The integral

< —1/,—axy _ —1(,—bx
I:/‘tan (e74X) —tan™ " (e )dx, (16)

X

0
is evaluated next. The expansion of the integrand is

1
5 1
tan (e = el 1 F (2

[S][o8]
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DE GRUYTER OPEN Integrals of Frullani type and the method of brackets =——— 5

I& T+ T+ & .
_EZ% Tt d) > ¢e@n+ Dk

k=0

Il
™32

I'(n+3)

Therefore,
+ ) T +1)

T(n+3)

Chy=13 du- n (@ + DE,
n=0

and from here it follows that

_l°° T(n+i) T+ oz
C(O)—znzzoqbn Tt d) =tan~ (1) = .

I = C(0)log (S) = %log (S) :

4 A first generalization

Thus, the integral is

This section describes examples of Frullani-type integrals that have an expansion of the form

) =Y ¢ Cll)x*+P,

k=0

with B % 0.

Theorem 4.1. Assume f(x) admits an expansion of the form (20). Then,

Staby = [ L0100 4,
0

— lim T (E + 5) C (—é - f) [a=¢ —b~¢].
e—0 |o| o o o o

Proof. The method of brackets gives

T flax)— f(bx)

S(a,b;e) = T
0
o0
=Y ¢k C(k) [a“k+ﬁ —b“k+ﬁ][x°‘k+ﬁ+f—1 dx
k=0 0

= Y #kCl) [aKFE — bk HB (k4 )
k

- Lrenem [k +7 — peits]
||

with k = —(B + €)/« in the last line. The result follows by taking € — 0.

Example 4.2. The integral

oo

/ tan~!ax — tan~! bx b1 (b)
=——log| —
X 2 a

0

o0 1
) [; Z¢nr(n+ ) r(”+1)(2n+1)k}k.
n=0

a7

18)

19

(20)

1)

(22)

(23)
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6 = S.Bravo etal. DE GRUYTER OPEN

appears as entry 4.536.2 in [12]. It is evaluated directly by the classical Frullani theorem. Its evaluation by the
method of brackets comes from the expansion

1
1
tan"'x = x-2Fy (2 ’—xz) (24)

Z bk (%)/; (D K2kt
k>0 j)k

Therefore, o« =2, B = 1 and
I(3+k) T(+k) T +k)

Ck) = = . 25
©=""rG+n T @
Then
-1 —1
/tan ax —tan~ " bx _ lim lF l+e¢ c 1+ [a_g—b_‘s]
by e—02 2 2
0
11 l—¢g\[a®—b—¢
— gim A (LR p(loe) =T
e—02 2 2 —€
b
=—Zlog(-).
0
5 A second class of Frullani type integrals
Let f1,---, fn be a family of functions. This section uses the method of brackets to evaluate
T=1t o= [ 1Y A M
o k=1
N
subject to the condition Z fx(0) = 0, required for convergence.
k=1
The functions { fx (x)} are assumed to admit a series representation of the form
o0
S () =" $nCr(mx®", @)

n=0

where a > 0 is independent of k and Cy (0) # 0. The coefficients Cy are assumed to admit a meromorphic extension
fromn € Nton € C.

Theorem 5.1. The integral I is given by

1 N
= > CL), 3)
k=1
where JC (&)
ci) = =2 4
k( ) de e=0 ( )
Proof. The proof begins with the expansion
oo
X —
f;’i(_s) = D duCr(mxe" 71T ®)
n=0
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DE GRUYTER OPEN Integrals of Frullani type and the method of brackets =—— 7

and the bracket series for the integral is

N
= lim > g, (Z ck(n)) (an +e) ©)
n k=1

. 1 ey & e
lim i (=) Xoa(=)-

k=1
The result follows by letting & — 0. O
Example 5.2. Entry 3.429 in [12] states that
T d
_ _ X
= [l a0 5 = v, )
0

where p > 0 and ¥ (x) = I'/(x)/ T'(x) is the digamma function. This is one of many integral representation for this
basic function. The reader will find a classical proof of this identity in [14]. The method of brackets gives a direct
proof.

The functions appearing in this example are

fix) =€ =" gux", ®)
n=0
and -
fx) == 407" == ¢a(wnx", ©)
n=0

where (W) = w( + 1) --- (u + n — 1) is the Pochhammer symbol (this comes directly from the binomial theorem).
The condition f1(0) + f2(0) = 0 is satisfied and the coefficients are identified as

Tu+n)

Ci(n) = land C2(n) = —(Wn = TP«)

10)

()
I'(n)

Example 5.3. The elliptic integrals K(x) and E(x) may be expressed in hypergeometric form as

xz) (1)

Then, C{(0) = 0 and C5(0) =

. This gives the evaluation.

1

1
- 11
K(x) = ~2f1 (2 2

1 2 1

. 11
x2 | and E(x) = =2 F; 22

The reader will find information about these integrals in [4, 17].
Theorem 5.1 is now used to establish the value

oo 2
—ax” _K(bx) —E b
/ e (bx) (cx) dx == [log (—c) —y—4log2 + 1] . 12)
by 2 a
0
Here y = —T"/(1) is Euler’s constant.

The first step is to compute series expansions of each of the terms in the integrand. The exponential term is easy:

0 _ 2\n1
]Te_axz -7 Z ( ax ) — Z¢nlan|x2n[’ (13)

n!
n1=0 1 ni

b2x2)

and this gives C1(n) = a”. For the first elliptic integral,

- 11
K(bx) = EZFI 212
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8 —— S.Bravoetal DE GRUYTER OPEN

1
—_ Z ( )”2 b2n2x2nz

|
"lz (l)nz na:

1n2b2n2
Sy (S )

Therefore,
T cos(nn)Fz(n + 2)132”
I'n+1)

where the term (—1)" has been replaced by cos(nn). A similar calculation gives

Ca(n) =

’

wcos(xm)T(n — H(n+ %) ,,
4 F'n+1) “

C3(n) =
A direct calculation gives
C/(0) = loga, C4(0) = —g —logh — (L) and C}(0) = —g —loge — ¥ (—1).
The result now comes from the values
¥ (3) = —2log2 —yandy (—3) = —2log2 —y + 2.

Example 5.4. Leta, b € Rwitha > 0. Then

(e o)

/ exp (—ax?) — cosbx J y —loga + 2logh
X = .
X 2

0

To apply Theorem 5.1 start with the series
fi(x) =™ =3 ppa 2"
n

and

fo(x) = cosbx = qun |: i+ 1) Zn] 2n

ren+1)
In both expansions o« = 2 and the coefficients are given by

I‘(n + 1) b2n

Ci(n) = a" and C2(n) = T2n+ 1)

b>"T'(n + 1)
Then, C{(O) = loga and Cz/(n) = m
¥ (1) = 2logb + y. The value (17) follows from here.

Example 5.5. The next example in this section involves the Bessel function of order 0

Jo(x) = X_:(n,z ( )

and Theorem 5.1 is used to evaluate

T
/gﬂgﬁ@m:mm

X
0

This appears as entry 6.693.8 in [12]. The expansions

oo
1 n!
Jo(x) = Z ¢nn!22” " and cosax = Z on oDl a2 x2n.
n=0

2logh + ¥ (n + 1) — ¥ (2n + 1)] yield C5(0) =

(14)

15)

(16)

amn

(18)

(19)

(20)

2logh —

2

(22)

(23)
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DE GRUYTER OPEN Integrals of Frullani type and the method of brackets =—— 9

show o = 2 and
I'n+1) 420

Ciln) = “TCent 1)

1

Differentiation gives
2In2+y(n+1)

Ci(n) = PTG A1)
d
“ Clim) — a*"T(n + 1) 2loga + ¥ (n + 1) =2y (2n + 1))
2(m) = - T2n+1) '
Then,

C{(0) =y —2log2 and C5(0) = —(y + 2loga),

and the result now follows from Theorem 5.1. The reader is invited to use the representation

_Xz) |

1

JG(x) = 11‘"2<121

to verify the identity
oo

J2(x) —cosx
x
0
Example 5.6. The final example in this section is
S 2
JZ(x) —e ¥ cosx
1 = / o) dx.

X

0

The evaluation begins with the expansions

Jo(x) = i b i and cos x = i dx i
- KTk + 1) - kT (1 L 1V
o ATk + D = 4T (k+ 3)

Then,
1
J2(x) = e
o (x) kz’;‘pkﬁ FF Tk DC+ 1)
and VT
) b4
e cosx = Z¢k.n 71x2k+2”'
AT (K + g)
Integration yields
. 7]02(x) —le_xz COSX ik
x —&
0
(e @]
= Z¢k n [ l - = } /X2k+2n+8_1 "
. x 1
ion TR+ DT+ D 4T (c+3) |/
1 v
_ _ 2k +2n +¢).
gtpk’n |:4k+n1“(k + DI +1) 44T (k + i)} ( >

The method of brackets now gives

e—02
k=0

e TS ED T (R +5) 1 J7
I = lim>), k! 27Tk + DI(1—k —e/2)  22KT (k + 1)

} |

(24)

(25)

(26)

27)

(28)

(29)

(30)

(€29

(32)

(33)
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10 = S.Bravo etal. DE GRUYTER OPEN

The term corresponding to k = 0 gives

I 11“(6) ! 1|=log2—7~ (34)
im-T(=)|——~—-1|=1log2— =
e02 \2) | 27T (1- %) 8573
and the terms with k > 1 as ¢ — 0 give
f I'(k) 1 1 1] 1
= F — . 35
Z k22k1'* k—l— ) 4272 % 2] 4 39

Therefore,

0 2
Joz(x)—e_x cos x 1 1 1| 1
d —{4log2-2 F —1]- 36
JrO=C e s van (] ) %

No further simplification seems to be possible.

0

6 A multi-dimensional extension

The method of brackets provides a direct proof of the following multi-dimensional extension of Frullani’s theorem.

Theorem 6.1. Leta;, b; € RY. Assume the function f has an expansion of the form

— (=D& 1)én
f(x19”‘sxl’l)= Z (e])' : (E) C(Z], '»gl’l)xill"'x;l/n7 (])
l1,..., lp= ’

where the y; are linear functions of the indices given by

y1 = a11d1 + -+ a1nln + B 2

vn = optly + -+ opnly + Bu.

Then,

L--dxy

oo o0
f(blxl,"',bnxn)_f(alxly"’yanxn)
= T TFp dx
X 1...x n
0 0 1 "

mﬁo[b?‘ OB — g T g D (L) - T (L) O ),

where A = (ai j) is the matrix of coefficients in (2) and E;, 1 < j < n is the solution to the linear system

artlyr + - +agpln +p1—p1+e =0 ©)

anily + -+ annln + Pn—pn +& = 0.
Proof. The proof is a direct extension of the one-dimensional case, so it is omitted. O

Example 6.2. The evaluation of the integral

ds dt 4

o0 o0 2 2
_//e_’“’ cos(ast) — e M51" cos(bst)
= G
0 0
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DE GRUYTER OPEN Integrals of Frullani type and the method of brackets —— 11

uses the expansion

f(s.t) =e —st COS(”) — ZZ¢1 2 \/> - sn1+2n2[2n1+2nz’ 3)
ny n» )4
with parameters p1 = ;, 02 =—1,by =a?/u, by = pu/a, ay = b/, ar = u/b. The solution to the linear
system is ny = 5 andn; = —% and |det A| = 2. Then

l\)\b—*

_1/2—8 C—e > —1/2—e e . ﬁ
! (5" —<l;) (5)" XF(;)F(z)W

bg—as I'(1 + &) cos (%°)
im ] X @by

The double integral (4) has been evaluated.

Example 6.3. The method is now used to evaluate

77 sin(uxy?) cos(axy) — sin(uxy?) cos(bxy) _

b
log —. (6)
Xy 2 a

The evaluation begins with the expansion

f(x. ) = sin(xy?) cos(xy)

3 2\2n 2n
5 (xy )= (xy)="2
= xy2 Z ¢”1 2 na Z Pn "2 ) 4n2
n1>0 ) n>>0 )
_ T 2n1+2n2+1 ,4n1+2n>
= X .
22 G T D) T+ 1) o ’

The parameters are by = a>/ ., b2 = u/a, ay = b%/u, az = u/b and py = pa = 0. The solution to the linear
system isn’ = —% and n% = —% and | det A| = 4. Then,

. a ft-b"¢ 1 £ T
I'= lim 4 'z F(E) 1=\ 4—e—1)/2
£—>0 2r(HT (152) 4
i n3/24s/2 b —af 21—28 ﬁr(g)
= lim
>0 4 (@b)® mese(3 + %)

2
711 b
= — 10 _ R
2 ga

as claimed.

7 Conclusions

The method of brackets consists of a small number of heuristic rules that reduce the evaluation of a definite integral
to the solution of a linear system of equations. The method has been used to establish a classical theorem of Frullani
and to evaluate, in an algorithmic manner, a variety of integrals of Frullani type. The flexibility of the method yields
a direct and simple solution to these evaluations.

Acknowledgement: The second author wishes to thank the partial support of the Centro de Astrofisica de
Valparaiso (CAV). The last author acknowledges the partial support of NSF-DMS 1112656.
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