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ERROR ANALYSIS OF AN HDG METHOD FOR A
DISTRIBUTED OPTIMAL CONTROL PROBLEM

HUIQING ZHU AND FATIH CELIKER

ABSTRACT. In this paper, we present a priori error analysis of a hybridizable
discontinuous Galerkin (HDG) method for a distributed optimal control prob-
lem governed by diffusion equations. The error estimates are established based
on the projection-based approach recently used to analyze these methods for
the diffusion equation. We proved that for approximations of degree k on con-
forming meshes, the orders of convergence of the approximation to fluxes and
scalar variables are k + 1 when the local stabilization parameter is suitably
chosen.

1. INTRODUCTION

Optimal control problems governed by partial differential equations arise in
many scientific and engineering computing problems such as aerodynamics [10, 23],
medicine [1, 14], and mathematical finance [2, 9], to name but a few. The math-
ematical foundations for problems of this type were set down by J.L. Lions in
the 1960s [16]. In the past few decades, there has been a considerable amount of
work concentrating on numerical solutions of optimal control problems [8, 21, 24].
Among different numerical methods, finite element approximation of optimal con-
trol problems have been extensively studied. Some a priori and a posteriori error
analysis can be found in [5, 11, 12, 19, 24] and references cited therein. Recently,
discontinuous Galerkin methods have also been applied for a few optimal control
problems [15, 20, 25, 26].

Hybridizable discontinuous Galerkin (HDG) methods were proposed by Cock-
burn et al. in [6] as an improvement of traditional discontinuous Galerkin methods.
The main advantage of these methods is that the only globally coupled degrees of
freedom are the ones on the element boundaries, which substantially reduces the
computational cost. HDG methods also produce optimal approximations not only
to the potential but also to the flux for elliptic problems [7]. Furthermore, HDG
methods have many other desirable properties such as ability to handle complex ge-
ometries and high order approximations, stability and low dispersion for discretiza-
tions of hyperbolic systems, simple imposition of boundary conditions. They also
have superconvergence properties, which in turn delivers efficient postprocessing
techniques.

In this paper, instead of aiming for maximal generality, we will concentrate on
a specific HDG method for optimal control problems governed by a model elliptic
partial differential equation. We consider this as a stepping stone towards devising
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HDG methods for more complicated optimal control problems. We also intend to
use this for exploring potential advantages of HDG methods when applied to prob-
lems of this class. Our major motivation for applying HDG methods to these prob-
lems is the established fact that they have superior stability and convergence prop-
erties for many classical partial differential equations such as convection-diffusion-
reaction problems, elasticity problems, Stokes and Navier-Stokes equations, to name
a few. Since many optimal control problems are governed by similar partial differ-
ential equations, our expectation is that desirable properties of HDG methods will
also carry over to these optimal control problems. The main result of this paper
actually proves, at least for this simple case, that this hope is not in vain, indicating
that the same will potentially hold for more complicated problems.

Next, we describe the optimal control problem for which we will devise and
analyze an HDG method. Let £ be a Lipschitz polyhedral domain in R™ with
n > 2. Given f,5 € L*(Q) and g € H3/?(0%) we let

T P P Ll
and
(y,u) = argmin J(y*, u") (1.1)
for all (y*,u*) € Y x U subject to
=V - (aVy*) = f+u" in Q,

1.2
y =g on 0f), (12)

where Y := {w € H'(Q) | w = gon 99}, U := L*(). Furthermore, a > 0 and
a > 0 are given diffusion and regularization parameters, respectively. We denote
by || - || the usual L? norm on €.

To define the HDG approximation of the optimal control problem (1.1)—(1.2),
we need a weak formulation for the state equation (1.2). We denote the L2-inner
products on L?(D) and L?(9D) by (v,w)p and (v, w)sp, respectively, where D is
an arbitrary subdomain of 2. We will drop the subscript if D = Q. With this
notation the standard weak formulation for the state equation reads as follows:
given f € L?(Q), find y*(u*) € Y such that

(aVy*, Vw) = (f +u*,w), YweW:=HiQ). (1.3)

It is well known that the theory in [17](Sec. II.1) guarantees the existence of a
unique solution (y,u) € H*() x L2(2) of (1.1) and (1.3).

The state y and the control u solve the optimal control problem (1.1) and (1.3)
if and only if there exists an adjoint z € H}(Q) such that y, u, z satisfy the state
equation

(aVy,Vwy) = (f +u,wy), Yw €W, (1.4a)
the adjoint equation,

(aVz,Vwy) = (J —y,w2), Ywy €W, (1.4b)
and the gradient equation,

(ou — z,1) =0, Vre L*(Q). (1.4c)
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Since (1.4c) is merely an algebraic equation and W C L2(Q), it is possible to
eliminate v from these equations by setting © = 8z where 8 := a~! and rewriting
(1.4a) and (1.4b) in the equivalent form

(aVy,Vwy) = (f + Bz,w1), YVw €W, (1.5a)
(aVz,Vws) = (§ —y,w2), YwgeW. (1.5b)

The main goal of this paper is to devise and prove a priori error estimates for an
HDG method for (1.5).

The rest of the paper is organized as follows: In Sec. 2, we introduce the HDG
formulation. In Sec. 3, we present the error estimates of the HDG discretization,
namely, the main result of this paper. A detailed proof of the main result will be
given in Sec. 4. We end by some concluding remarks in Sec. 5.

2. HDG FORMULATION

Let Qp be a regular partitioning of €2 and K be an element in €2;. We denote
the diameter of K by hx and set h = maxgeq, hx. We further denote by & and
&> boundaries and interior boundaries of €5, respectively. We will work in the
following finite element spaces

Vi = {’U € Hl(Qh) | 'U|K € Pk(K)v VKe Qh}v
Wy, = {U) c Lz(Qh) | U}‘K S Pk(K), VK e Qh}7
My, = {pn € L*(&) | ple € Prle), Ve € &; ule =0, Ve € &§ NoNt.
Here, Pr(K) and Py (e) are spaces of polynomial of total degree at most k > 0
on K and on e, respectively. The space of vector valued polynomial functions is
Pi(K) = [Pr(K)]".
An intermediate step for defining the HDG approximation of (1.5) is writing the

strong form of the system (1.5) as the following first-order system of differential
equations. The state equation and the gradient equation

cp+Vy =0 in Q, (2.1a)
V-p—pBz=finQ, (2.1b)
y =g on 0%, (2.1c)
and the adjoint equation
cr+Vz=0 inQ, (2.1d)
V.r+y=y inQ, (2.1e)
z=0 on 09, (2.1f)

where ¢ := a~!. Notice that we have introduced two more unknowns, p and r, into
the system. Furthermore, we will introduce two more in the following step. This
proliferation of unknowns, however, will be greatly compensated for through the
hybridization process in which we eliminate all the internal degrees of freedom.

Remark 2.1. Note that the strong form of (1.4c), namely,
ou—z=0 in (2.2)
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is imbedded in (2.1b). We will thus resort to a slight abuse of notation as we
mention u as part of the solution of the governing equation (2.1) since once z is
obtained, one can easily recover u from (2.2).

The HDG method seeks an approximation (py,,Yn,Un, Th, 2n, 2n) to the exact
solution (p,y,yls,, T, 2, 2|g,) of (2.1) in the space Vi, x Wy, x My, x Vi, x Wy, X My,
such that

(epp,v1) — (Yn, V- 1) + (Uh,v1 - m) =0, (2.3a)
—(pp, Vwi) = (Bzn,w1)  +(p), - m,wi) = (f,w1), (2.3b)
for all (vy,wy) in Vi x Wy

(crp,v2) — (21, V- v2) + (Zh,v2 - n) =0, (2.3¢)
—(rh, Vwsa) + (yn, wa) + (T - nywa) = (Y, wa), (2.3d)

for all (vg,wq) in V', x Wy, and
B omom) =0, (2.30)
Fnomops) =0, (230

for all (p1, u2) in My, x My,. Recall that, for a vector-valued function v and a scalar
function w defined on 2,

(v-n,w) = (v -n,w)aq, = Z (v-n,wyok
KeQy,

where n appearing in the boundary integrals inside the summation denotes the unit
outward normal vector to the boundary of the element K. The numerical traces on

09y, are defined as
P =P +0(Yn — Un)n, (2.4)
Fh =71y + O'(Zh — Eh)n, ’

where o is a nonnegative stabilization function defined on 92, which we assume to
be constant on each face of the triangulation. Observe that p;, and 7, are possibly
double-valued on &°. For example, when evaluating (2.3e),

Py -1 1) = Z (P - p)ox = Z (Pr- 1+ 0(yn —Un), m1)ox
KeQp KeQyp

the values of p;, and y, from within the element K are used inside the summation,
and n is the unit outward normal vector to 9K as above. Note, however, that ¥,
(as well as zy,) is single-valued on &,.

Denoting the L2-orthogonal projection onto Mj, by Pas, the boundary condition
(2.1c) is enforced weakly by requiring that

yn = Pyg  on 09,
and the boundary condition (2.1f) is similarly enforced by requiring that
zn, =0 on 09.

This completes the definition of the HDG methods that we will consider in this
paper.
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Remark 2.2. In the spirit of Remark 2.1, the HDG formulation (2.3) also defines
an approximation u, € W to u such that

aup —zp =0 in Qp,

or in its weak from

(qup — zp,w) =0 YVweW,. (2.5)
We will thus consider (2.5) as part of the HDG formulation (2.3). Notwithstanding
the fact that when implementing these methods one would not include (2.5) as part
of the system of equations but rather recover w; from zp, we will state and prove
error estimates on uj under the premises detailed above.

The formulation (2.3) together with (2.4) is sufficient for the error analysis that
will be carried out in Sec. 4. However, we would like to elucidate on a point that
has been mentioned earlier, namely, efficient implementation of these methods. To
this end, we have to define four local solvers. The reason why they are called local
is that they are defined on a single element K in 2, and hence their computational
cost is very low and it is extremely parallelizable. The first local solver is the
mapping

— (Pg, Y@, Rg, Zg) S Pk(K) X Pk(K) X 'Pk(K) X 'Pk(K)

such that
(cPgvi)k — (Y3, V-v1)k + ({#v1-njox =0, (2.6a)
—(Pg,Vun)k — (BZg,w1)k  + <Py n,wi)ox =0, (2.6b)
(cRy,va)x — (23, V- v2)k =0, (2.6¢)
—(Ry, Vwa) i + (Yq,w2)xk  + (Ry-n,wa)ox =0, (2.6d)
for all (vi,w1), (v, w2) € Pr(K) x Pr(K). Here,
Py =Py+o(Yy—9)n, @

R; = Ry + U(Zg)n
Note that (2.6) is nothing but the restriction to the element K of (2.3a)—(2.3d)
with g, =9, 2z, =0, f =0, and ¥ = 0. The definition of the numerical traces (2.7)
is also in agreement with (2.4). In this sense, this local solver picks up information
that is relevant only to 7. Analogously, the second local solver is be designed to
pick up information relevant to zj,. Thus, it is the mapping

Z = (Pz,Yz, Rz, Zz) € Pi(K) x Pr(K) X Pi(K) x Pr(K)

such that

(cPzv1)k — (Y5, V- vk =0, (2.8a)
(P2, Vur)g — (BZz,w1)x  + (Ps- w1>aK =0, (2.8b)
(cRz,va)k — (Z5,V - -va)k + (Z,v1 -n)gx =0, (2.8¢)
—(Rz,Vwa)g + (Yz,wa)x  + <Rg . n,w2>9K =0, (2.8d)

for all (vq,w1), (ve,ws) € Pr(K) x Py(K). Here,

P:=P:+0(Ys)n

(2.9)

ﬁgZRQ—I—O’(Zg—/Z\)n
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The remaining two local solvers are also defined in the same spirit, that is, to pick
up information relevant to f and y, respectively. The third one is the mapping

f — (Pf,Yf,Rf,Zf) S Pk(K) X Pk(K) X Pk(K) X Pk(K)

such that
(cPgvi)k — (Yy,V-vi)K =0, (2.10a)
—(Py,Vur)x — (BZs,w1)x  + <Pf -n,w1)or = f, (2.10Db)
(cRf,v2)k — (Zf,V-v2)K =0, (2.10¢)
—~(Ry, Vwa)g + (Y, wa)x  + (Ry - n,wa)ox =0, (2.10d)
for all (vq,w1), (ve, ws) € Pr(K) x Py(K). Here,
IE’f =P;+o(Yy)n 2.11)
R;=R;+0(Zs)n
The fourth local solver is the mapping
— (Py, Yy, Ry, Zy) € Pr(K) x Pr(K) x Prp(K) x Pp(K)
such that
(cPy,v1)k — (Y3, V- -v1)k =0, (2.12a)
—(Py, V) k — (BZz,w1)k  + (Py-n,w)ox =0, (2.12b)
(cRy,v2)k — (Zy, V- -v2)K =0, (2.12¢)
—(Ry, Vo) + (Y, wa)i  + (Ry-m,wa)or =7, (2.12d)
for all (vq,w1), (ve, ws) € Pr(K) x Pi(K). Here,
135 =Py +o(Yy)n (2.13)

ﬁg =R;+ U(Zg)n

The hybridization process is then as follows. We first solve (2.3e)—(2.3f) for
the unknowns ¥, and Zzj. Note that this system of equations is the only global
system of equations that needs to be solved and it involves degrees of freedom only
on element faces and is independent of all internal degrees of freedom!. We then
recover the remaining unknowns (internal degrees of freedom) in a postprocessing
step by setting

p;, = Py, + Pz, + Py + Py, (2.14a)
yh =Yy +Yz +Y; +Y5 (2.14b)
r, = Ry, + R;, + Ry + Ry, (2.14c¢)
zp =2y, + 23, +2y + Zy. (2.144d)

Observe that this last step can be achieved in an element-by-element fashion and
hence its computational cost is negligible.

IThis is due to the fact that, by (2.14), all internal degrees of freedom appearing in (2.3e) and
(2.3f) can be expressed in terms of the given data (f and ) and the unknowns 3}, and Zj,.
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3. THE MAIN RESULT

We begin with introducing the projection operator

(g, ) == (Ilyq, )

defined in [7] which will be instrumental in our proof. Here Ilyq and Iyt denote
components of the projection of g and ¢ into V', and W}, respectively. The value of
the projection on each simplex K is determined by requiring that the components
satisfy the equations

(HV%U)K = (q7 U)K Yo € ’Pk;fl(K), (318.)
(Mwy, w) ke = (Y, w)K Vw € Pr_1(K),  (3.1b)
Iyg-n+ollw, p)r=(q-n+o¢,u)r Vi € Pp(F), (3.1c)

for all faces F' of the simplex K.

We will also need the standard L2-orthogonal projection onto W), which will
be denoted by P, and the L2?-orthogonal projection Py; onto Mj,. Since o is a
piecewise constant on 9€;,, we have that

(o(Pytp =), ) =0, Vp €M

We will repeatedly use this fact without explicit mention. We define norms || - ||,
and || - ||n as

lall? == (ca, @), [WII7 = (hx,d). (3-2)

We are now ready to state our main result. Its proof will be given in the following
section.

Theorem 3.1. Let y,u,z € H**2(Q) and p,r € Hk+2(Q) be the solution of the
optimal control system (2.1) and (2.2). Let (Py, Yn,Yn,Th, 2h, 2n) be the solution
obtained by the HDG method (2.3) and uyp, be defined by (2.5). Then there is a
constant C' independent of y, u, and z such that
Vallp=pplle + v = ralle < C(m+n2),
Vally —ynl + 11z = znll < C(B*m +n2),
lu = up|| < [Pow —ull + C (R + 1m2)
[(e=Dn) - nlln+ I(r —7n) - nlln <1+ C (1 +n2),
ly = Unlln + 1z = Zulln < 92 + C(Vh*n1 +n2),

where h* = K1) gnd

= \/&Hp - HVp”c + HT‘ - HVTHC?

n2 = |ly — Hwyll + [|z — Hwz|],

V1= [[(p — Pup) - nfln + |(r = Pur) - mfn,

V2 = |ly = Parylln + 12 = Parz|n-
Remark 3.2. Based on Theorem 3.1 and Lemma 4.1, we can determine orders of
convergence of the approximations to both fluxes and scalar variables if the value of
parameter o is given. For instance, the orders of convergence of the approximation
to fluxes and scalar variables are k+ 1 when o equals a constant that is independent

of h. These rates of convergence are in agreement with the ones established in [7]
for HDG methods for diffusion equations.
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4. PROOF OF THEOREM 3.1

In this section, we present a detailed proof of Theorem 3.1. We will proceed
in several steps. We begin in Sec. 4.1 with stating a proposition that provides
the approximation properties of the projection (3.1). In Sec. 4.2 we show that
the estimate of the numerical flux depends on the interpolation error of the flux
variable and the error of the scalar variable. In Sec. 4.3 we present the estimate of
the scalar variable. Consequently, estimates of Theorem 3.1 follow from the triangle
inequality and Lemma 4.6 which provides estimates of the projections of the errors.

4.1. The projection error estimates. The following lemma was established in
Theorem 2.1 of [7] and provides the approximation properties of the projection
operator (3.1).

Lemma 4.1. Suppose that k > 0, o|ox is nonnegative and o2 := maxolgx > 0.

For given functions q € HZ"JA(K) and o € H*+Y(K), we define Ty, q and Ty
by the system (8.1), which is uniquely solvable for IIyq and Iy . Furthermore,
there is a constant C' independent of K and o such that

Lg+1 Ly+1
Ity — gl < Chfe" gl eass ey + CRGE o] geas -

Lg+1
Ly+1
Mwt) — Pl < Chy W‘H%“(;{) + C$|V “q|ytq (K)»

for Ly, Ly in [0,k]. Here 0} := maxogg\p-, where F* is a face of K at which
olox s mazimum.

4.2. Flux error estimates. Let us introduce the following notation to denote
various errors of approximation. Set

ep:p_pha ey:y_yh7 e@\:y_@\ha eu:u_uhv
el =Ilyp—py, e =Uwy—vyn, € =Puy—"0n &= Pou—up.

We denote e, e, 2, e}, €7, and ai in a similar way.
From (2.2) and (2.5), it is straightforward to verify that

(e —e*,w) =0, Yw €W, (4.1)
The following lemma is in the spirit of Lemma 3.2 of [7].

Lemma 4.2. The following two identities hold

(ceb,el) + (a(cl — €], (e} —€l)) = (c(Typ — p),€}) + (Be,l),  (4.2a)
(ceh€p) + (o(ef — €5), (6 — €1)) = (c(Tyr — 1), e}) — (e¥, 7). (4.2b)

Proof. 1t is straightforward to verify that the projections of the errors satisfy
(ceh,v) — (], V- v) + (e}, v - n)gq,\00 = (c(Ilyp — p),v), (4.3a)
— (e, Vw) + (€, - m,w) = (Be*, w), (4.3b)
(Eh - 1 og,o0 =0, (4.3¢c)
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and
(cep,v) — (€7, V - v) + (7, v - n)ag, 00 = (c(IIyr — ), v), (4.4a)
— (e}, Vw) + (&} - n,w) = —(e¥, w), (4.4D)
(Eh - ima,00 =0, (4.4c)

for all (v,w, u) € Vi, x Wy, x My, where

g, n=¢el ntolel —")=Pylp-n)—p,-n  ond\dQ, (45)

& n=¢c, -n+o(ei—er)=Pylr-n)—7,-n on 9, \ ON. .
Taking v =€}, w =¢}, and p = —sg in (4.3) and adding all equations together,
we obtain (4.2a) after an integration by parts. The identity (4.2b) can be proved
in a similar way. (]

Lemma 4.3. We have

allep|lz + llenlls + & < € (Vallp — Typ|| + [lr — Iyr(l) (Valehlle + llehll)

+ C (lly — Owyll + [Iz — Ww2]]) (lex ]l + llez 1)
(4.6)
and

1Par(p-n) = Bry - mlln + [ Par(r - ) = P nlln < Cro (allehll? + lleb ]2 +2) (4.7)

where
E:=afo(e] —ep), (e) —€})) + (o(ef, —€r): (€], — €7))s

C
Cio:i= o max{1l, hgog™™ : K € Qp},

)

for some constant C'.

Proof. Notice that
(Be*,el) = (B(z —w=z),eh) + (Be*,€h),
- (6y,€i) - = (y - HW!/@%) - (Ezaé‘i) :

Substituting these identities into (4.2a) and (4.2b) and adding them together, we

get
a(cel el) + (cep,ep) + E=a(c(@lyp —p),eh) + (cMyr — r),e}) (48)
— (y — Owy,el) + (z — Mwz,e¥). ’

Applying Cauchy-Schwarz inequality to (4.8) yields (4.6).
To prove (4.7), we apply the trace inequality to equation (4.5), which leads to

1Pas(p- 1) =By - mll? < [l -l + (el — <)l
< Cllef 2 + max (hroR™) o (e}, — 1), (e — <)
ey,
< Cuo (allell? + alolel = D), (= <h) ) -

This completes the proof. (I
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4.3. Estimates of scalar variables. Consider the dual system:

c®+ VU =0, in Q, (4.9a)
V- ®4+19=0, in Q, (4.9b)
v =0, on 01, (4.9¢)

c®" + VU =0, in Q, (4.9d)
V- ® —U=0, i Q (4.9¢)
v* =0, on 01, (4.9f)

a) — ¥* =0, in Q. (4.9g)

This system is equivalent to the optimal control problem:
1 2 @ 2
i 319+ €% + 5 (410)
subject to
-V (aV¥) =0, -7 in Q,
U =0 on Of).

Let ¥y be the solution of state equation (4.11) with ¢ = 0 and let ¢, ¥, ¥*, be
the optimal control, the state, and the adjoint, respectively. Then, from (4.10), we
get

(4.11)

1 o
ST+ €a? + S < 5% + O, (4.12)

N |

which implies
4[] < C ([[Woll + 11©2]]) - (4.13)

We assume that the boundary value problem (4.11) admits the regularity esti-
mate

[Vl g2 + | @]l < CllO1 — 9| < C([|O1] + [101])- (4.14)

This is well known to hold in several cases, for instance, if ¢ = 1 and 2 is a convex
polygon [13]. Consequently, when ¢ = 0 one has

[Wollzz < C||©1]]. (4.15)
Substituting (4.13) and (4.15) into (4.14) gives rise to the inequality
¥ 2 + | @[l < C([[€1]] + [O2]) - (4.16)
Similarly, we can prove the regularity estimate
[0 2 + @72 < C([|O1]] + [©2]]) - (4.17)

Recall that we have been tacitly assuming that (p,y) is in the domain of IT;,. By
(4.16) and (4.17), (®,T) and (®", ¥#) are also regular enough to apply IIj,.

Next, we are going to estimate ¢j and €;. We start by listing two Lemmas
that will be used in the proof of Lemma 4.6. The first lemma presents a weak
commutativity property of operator IIj.

Lemma 4.4. (Proposition 2.1, [7]) For any w € W}, and any (®, V) in the domain
of Iy, we have

((JJ,V . q))K = (w,V . Hv‘ﬁ)}( + <w70(HW\II — \I/)>3K,
for any K € Tp,.
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Lemma 4.5. Suppose that r, s, t are three nonnegative real numbers. If r? <
rs+t2, then r < s+t.

Proof. We will prove that if r > s+t then r2 > rs +t2. If r > s+t then
r2 > (s +t)r = rs + rt since 7 is nonnegative. Also r > s + ¢ implies that r > ¢
since s is nonnegative. Thus, 72 > rs+t-t = rs + t2. O

Lemma 4.6. Under the assumption of Theorem 3.1, there exist a constant C' that
is dependent of a and «, such that

Valeblle + llehlle +E2 < C (m +n2), (4.18a)
valepll + llerll < € (h'm +m2), (4.18b)

[ = unll < | Peu = ull + C (h"m +n2) (4.18¢)

el lln + llek ln < C(VIFny +n2), (4.184)

where h* = pmin(k:1) gpd

m = valp - yp|c + |r — Dyr|,,
2 = |ly — wyll + ||z — T z]|.

Proof. We will use the technique of Lemma 4.1 of [7] in the estimate of (¢}, ¢} ) and
(¢7,€7). Setting ©1 = €} in (4.9b), we obatin

(eh-eh) = (€4, V ) + (e, %)
= (e}, V- @) + (&3, BY7) (By 4.9g)
= (e}, V- HV<I>) + (ef, c(Mw ¥ — ¥))gq,\00 + (7., BY) (By Lemma 4.4)
= (cell, Iy ®) + (e}, Iy ® - n)oo,\00 — (c(Ilyp — p), My &)
+ (g5, c(Mw ¥ — W) ga,\00 + (e, BY?) (By 4.3a)

= (c(p — pp), Ty ®) + (], (M ® — ®) - n)q,\ 00
+ (e, o(Mw ¥ — V) gg,\00 + (¢}, BL7),

by the continuity of ® - n. Then

(g5.60) = (c(p — py), TIy @) + (e}, — ], o(TIw ¥ — ¥))aq,\00 + (e}, BT*)  (By 3.1c)
= (c(p — pp), Ty ®) + (0(e], — &), T ¥)aq, \ 00
+(o(e} — 7). Pu0)on, o0 + (€], BT)
= (c(p — pp), Iy ®) + (0} — &]), M ¥)ag, o0

+ (e} -1, Pu¥)an, 00 + (€}, BY7) (By 3.1c)
= (c(p—pp), My ®) — (V- e} Iy ) + (Be®, Iy V)

+ (e} - n, ¥)oq,\00 + (), BY7) (By 4.3b)
= (c(p—pp), My ®) — (V- €}, ¥) + (], - n, ¥)s0,\00

+ (Be*, Ty ¥) + (e, BY7) (By 3.1Db)

= (c(p — py), My @) + (e, V) + (Be*, Ty ¥) + (7, BU7).
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Moreover, we have
(eh.en) = (clp = pp) Iy @ — @) + (p — py,, c®) + (Llyp — p, V)
+ (P = pp, V) + (Be”, I ) + (7, BY7)
= (c(p—pp), Iy ® — @) + (IIyp — p, V)

+ (Be*, Uw ) + (g}, BT). (By 4.9a)
Applying (3.1a) again brings the above expression into the form
(el el) = Jy + (Be?, Ty ) + (Bel, Ty 0%) + (B, 0° — W), (4.19)
where

Jl = (C(p — va),HV(I) — @) + (CEI;N HV(I’ — (I)) + (p — va, VU — V\I’h) s
for any Wy, U} € Wy,
Similarly, one has
(S}Zw 52) = (E}Zu V- 4)7“) - (gfzza \I/)
=Js— (ey,HW\IJZ) — (6Z,HW\I/) — (&‘,Zl, v — HW\IJ)
= Jo — (e}, Mw ¥%) — (y — My, Ty ¥*)
— (ez,HW\I/) — ((Z — HW,Z),HW\I’) — (62, U — HW\I/) s

(4.20)

where
Jy = (e(r —Iy7r), Iy ®" — &) + (ce},, My ®" — @) + (r — Hyr, VI* —VI7),

for any Wy, U} € Wy,
Multiplying (4.20) by «, adding it to (4.19), and setting w = Iy ¥ in (4.1), we
obtain

a(epen) + (eh,eh) = oy + J2 + (2], ° = Ty %) — (y — My, Ty %)
— ((z = wz2),OIw¥) — (7, ¥ — Uy P).

It follows from Cauchy-Schwarz inequality and Lemma 4.1 that
allef | + lIgil* < CC(h* (ny + 601) + n2 + h*02)

where
Ci=veal@lm +Val¥lg + 2" m + 19 a1,
01 := Valle}llc + ek e,
02 := Valej |l + llei |-

If h is sufficiently small, it follows from (4.16) and (4.17) with ©; = ¢} and
O = ¢} that

Vallegll + lleqll < Crh™ (m + 61) + Cang, (4.21)
for some constants C; and Cy. Substituting (4.21) into (4.6) we obtain

07 +E = alleb]? + |len]|2 + = < C [mby + h*na (m + 61) + 3]

1
< Cimbi + Co (W nam +n3) + 59%,

1
< Cimby + Co (W03 +13) + 59%
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Moving the term %0% of the above inequality from the right side to the left side and
applying Lemma 4.5, we obtain
01+E2 <C(n+m).

This completes the proof of (4.18a). The estimate (4.18b) is established by substi-
tuting the above inequality into (4.21).

To estimate e, we note that

leill* = (eh, ) = (Pow — u,ep) + (e, e3)
= (Pru—u,e},) + (Be?, €})
< (1Peu = ull + Blle*[) [lexll,
by the equation (4.1). Then, using (4.18b) we get that
lewll < NIPru = ull + [lex |
< |[Peu = ull + Bllz = w 2| + C (W*n1 + 12)
< | Pru—wull + C (W1 +n2) -

The estimate of Eg follows from the same local argument used in [3] to obtain a

similar estimate for the BDM method. Indeed, when k& > 1, we can select a function
—~ 1 ~
r € Pi(K) such that - n =&} on 0K and |r||x < Chi|e}|lox. Using hxr as
the test function in (4.3), and applying an inverse inequality, we obtain
hicllfllpae = hic(e(Tlyp = p),7) = hic (cef,7) + he (=}, 9 )
< Chillrllx (IMvp — pllx + llepllx) + Clirlixleqlx

2 1 0
< C [ Mty — pll + 1efll)? + %] + hscleflBic
Canceling the term %hKH»EgH%K yields
1/2 5 1/2 1/2
I lox < € (MITvp = pllk + MRl + llehli ) -

Applying (4.18a) and (4.18b), we get the last inequality of the theorem. This
completes the proof. O

5. CONCLUSION

In this paper, we derived a priori error estimates of an HDG method for an
optimal control problem governed by a second order elliptic partial differential e-
quation. Optimal orders of convergence can be obtained for suitably chosen values
of the parameter o. This is the first stepping stone for devising HDG methods for
more general optimal control problems. The next natural step is to study HDG
methods for optimal control problems governed by convection-dominated PDEs,
which is the subject of ongoing work. Implementing these methods and validat-
ing our theoretical estimates are also under investigation and will be published
elsewhere.
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