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Within the framework of inflationary models that incorporate a spontaneous reduction of the wave 
function for the emergence of the seeds of cosmic structure, we study the effects on the primordial 
scalar power spectrum by choosing a novel initial quantum state that characterizes the perturbations of 
the inflaton. Specifically, we investigate under which conditions one can recover an essentially scale free 
spectrum of primordial inhomogeneities when the standard Bunch–Davies vacuum is replaced by another 
one that minimizes the renormalized stress–energy tensor via a Hadamard procedure. We think that this 
new prescription for selecting the vacuum state is better suited for the self-induced collapse proposal 
than the traditional one in the semiclassical gravity picture. We show that the parametrization for the 
time of collapse, considered in previous works, is maintained. Also, we obtain an angular spectrum for 
the CMB temperature anisotropies consistent with the one that best fits the observational data. Therefore, 
we conclude that the collapse mechanism might be of a more fundamental character than previously 
suspected.

© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

Inflation is considered as a fundamental component of the stan-
dard 3CDM cosmological model characterizing the initial stages 
of the universe [1–4]. Essentially, according to the inflationary 
paradigm, the early universe underwent an accelerated expansion 
induced by a scalar field named the inflaton. In addition, it is 
widely accepted that the quantum fluctuations of the inflaton gave 
birth to the primordial curvature perturbation, which in turn, gen-
erated the primeval density perturbations [5–9]. These primordial 
perturbations are thus responsible for the origin of all the observed 
structure in the universe. The predicted properties of such pertur-
bations are consistent with recent observational data from the cos-
mic microwave background (CMB) [10–12]. In particular, the data 
are consistent with a nearly scale invariant spectrum associated to 
the perturbations, which also favors the simplest inflationary mod-
els [12,13].

According to the standard inflationary picture, the dynamical 
expansion of the early universe is governed by Einstein equa-
tions which are symmetry preserving; the symmetry being the 
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homogeneity and isotropy. Another important aspect is that, when 
considering the quantum description of the fields, the vacuum 
state associated to the inflaton is also homogeneous and isotropic, 
i.e. it is an eigenstate of the operator generating spatial transla-
tions and rotations. Furthermore, the dynamical evolution of the 
vacuum satisfies the Schrödinger equation, which does not break 
translational and rotational invariance. As a consequence, we ar-
rive at an important conundrum: it is not clear how from a perfect 
symmetric initial situation (both in the background spacetime and 
in the quantum state that characterizes the inflaton), and based 
on dynamics that preserves the symmetries (the homogeneity 
and isotropy), one ends up with a final state that is inhomoge-
neous and anisotropic describing the late observed universe. The 
aforementioned problem was originally introduced in [14] (and 
extensively discussed in [15,16]) together with a possible solu-
tion: the self-induced collapse hypothesis. The collapse proposal 
consists that at some point, during the inflationary epoch, a spon-
taneous change occurs, transforming the original quantum state of 
the inflaton (the vacuum) into a new quantum state lacking the 
symmetries of the initial state.

It is worthwhile to mention that the situation we are fac-
ing is connected with the so called quantum measurement prob-
lem. Sometimes in the literature, the problem is presented as the 
quantum-to-classical transition of the primordial quantum fluctua-
 under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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tions, and then decoherence is introduced into the picture [17,18]. 
Although, decoherence can provide a partial understanding of the 
issue, it does not fully addresses the problem mainly because de-
coherence does not solve the quantum measurement problem. We 
will not dwell in all the conceptual aspects regarding the appeal 
of decoherence during inflation, neither the perceived advantages 
that the objective reduction models could offer when applied to 
the early universe. Instead, we referred the interested reader to 
Refs. [14,15] for a more in depth analysis.

The collapse hypothesis during inflation has been analyzed 
using two approaches: In the first, one characterizes the post-
collapse state phenomenologically through the expectation values 
and quantum uncertainties of the field, and its conjugated momen-
tum, evaluated at the time of collapse [14,19–21]. In the second 
approach, one employs a particular collapse mechanism called the 
continuous spontaneous localization model, where a modification 
of the Schrödinger equation is proposed, resulting in an objective 
dynamical reduction of the wave function [22–26]. In both ap-
proaches, one obtains a prediction for the scalar and tensor power 
spectra that, in principle, is different from the standard prediction 
[27,28]. The first approach has been tested using the most recent 
data provided by the Planck collaboration, and, under certain cir-
cumstances, provides the same Bayesian evidence of the minimal 
standard cosmological model 3CDM [29]. Therefore, we will follow 
the first approach to characterize the self-induced collapse, but the 
framework exposed in the present work can be extended to the 
second approach.

Another important feature of the collapse proposal is the adop-
tion of semiclassical gravity [30], which serves to relate the space-
time description in terms of the metric and the degrees of freedom 
of the inflaton. In the semiclassical picture, gravity is always clas-
sical while the matter fields are treated quantum mechanically. 
We assume such a framework to be a valid approximation during 
the inflationary era, which is well after the full quantum gravity 
regime has ended. This approach is different from the standards 
models of inflation in which metric and matter fields are quantized 
simultaneously. We should mention that there are many argu-
ments suggesting that the spacetime geometry might emerge from 
deeper, non-geometrical and fundamentally quantum mechanical 
degrees of freedom [31–35]. Therefore, in this work, we will em-
ploy Einstein semiclassical equations Gab = 8πGhT̂abi.

On the other hand, the selection of the pre-collapse state, i.e. 
the vacuum state, which is perfectly homogeneous and isotropic, is 
not generic. It is known that since we are dealing with a theory of 
a scalar field (the inflaton) in a curved spacetime, the choice of the 
vacuum state is not unique [30,36]. Traditionally, the Bunch–Davies 
(BD) vacuum is selected when considering the quantum theory of 
the inflaton. The criterion used for the BD vacuum is based on 
finding a state |0i such that it minimizes the expectation value 
h0|Ĥ(ηi)|0i at some initial time ηi , with Ĥ the Hamiltonian asso-
ciated to the perturbations [37,38]; this prescription is also called 
Hamiltonian diagonalization. On the other hand, there are known 
unresolved issues with such procedure. One is that h0|Ĥ(ηi)|0i can 
be minimized only at an instant ηi ; at some other time η1 > ηi , 
the BD vacuum does not achieve the sought minimization of the 
expectation value. In other words, the zero “particle” state is only 
defined at the time ηi , and as inflation unfolds, the state |0i con-
tains “particles” at other time η1. Another related issue is that 
usual renormalization methods, which make h0|Ĥ(ηi)|0i finite, can 
only be defined at ηi → −∞, that is, at the very early stages of in-
flation. Some authors consider those arguments sufficient to find 
alternatives to the Hamiltonian diagonalization method [39–41]. 
Here it is also important to mention that different choices other 
than the BD vacuum state have been analyzed previously. For ex-
ample in Refs. [42–44] it is presented an analysis regarding the 
observable effects of trans-Planckian physics in the CMB and its 
relation with a non-BD vacuum. In addition, a non-BD vacuum is 
usually associated with large non-Gaussianities in the CMB [45,46].

One of the possible alternatives is proposed in Ref. [41]. Those 
authors suggest that, instead of minimizing h0|Ĥ |0i, one should 
focus on minimizing the renormalized hT̂00(x)i. Specifically, the 
vacuum |0̃i (which is not the same as the BD vacuum), is such that 
it minimizes the 0–0 component of the renormalized expectation 
value of the energy–momentum tensor, which can be considered 
as a local energy density. Moreover, the vacuum |0̃i only mini-
mizes the renormalized h0̃|T̂00(x)|0̃i at some particular time η0. 
However, conceptually, it is easier to handle a notion of an instan-
taneous local energy density minimum than dealing with a notion 
of “particle” that changes with time. Also, the time η0 does not 
need to be taken in the limit η0 → −∞, although, if one chooses 
to set η0 at such early times, then |0̃i coincides with the prescrip-
tion of the BD vacuum, but not with its physical interpretation of 
a “particle-less” state.

All previous works regarding the self-induced collapse proposal, 
when applied to the inflationary scenario, have been based on se-
lecting the BD vacuum, which is the usual choice in traditional 
models of inflation as well. Nonetheless, one of the key objects in 
the inflationary collapse proposal, based on the semiclassical grav-
ity framework, is the expectation value hT̂ab(x)i. In our approach, 
if the post-collapse state does not share the same symmetries as 
the initial-vacuum-state then hT̂abi, evaluated in the post-collapse 
state, will result in a geometry that is no longer homogeneous and 
isotropic, thus, providing the primordial perturbations for cosmic 
structure. Therefore, a criterion based on selecting a vacuum state 
that minimizes the renormalized expectation value of T̂00 seems 
better suited for our picture than one based on choosing a zero 
“particle” state at a particular time. Furthermore, after the collapse, 
clearly hT̂00i will no longer be the same as the one evaluated in 
the vacuum state. Hence, if one thinks the collapse as a dynamical 
process, changing continuously from |0̃i to the post-collapse state, 
then it is clear to picture the expectation value of T̂00 also chang-
ing continuously. In particular, the value h0̃|T̂00|0̃i will transform 
from a minimum, which produces a perfectly symmetric space-
time, into a different value generating the perturbations of the 
geometry.

From discussion above the motivation for the present work is 
established. That is, we are interested in analyzing the possible ef-
fects on the primordial power spectrum generated by choosing the 
novel prescription based on minimizing the renormalized hT̂00i. In 
particular, we are interested in analyzing which aspects of the col-
lapse proposal are modified when the initial conditions are also 
changed. As we will show, one of our findings indicate that the 
parametrization of the time of collapse, for each mode of the field, 
surprisingly remains the same. This led us to think that the physics 
behind the self-induced collapse of the wave function should be 
studied in more detail.

The article is organized as follows: in Sect. 2, we review some 
basics about inflation in the semiclassical gravity framework; in 
Sect. 3, we analyze the quantization of perturbations, the vac-
uum choice and present the emergence of curvature perturbation 
within the collapse hypothesis. Then, we show our prediction for 
the scalar power spectrum. In Sect. 4 we make a discussion of our 
results, and finally in Sect. 5 we summarize our conclusions.

Regarding conventions and notation, we will be using a (−, +,

+, +) signature for the spacetime metric, and we will use units 
where c = 1 = h̄.
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2. Inflation in the semiclassical picture

In this section, we will summarize some basic concepts re-
garding the inflationary model in the framework of semiclassical 
gravity. Extra details can be consulted in previous works (e.g. [14,
19,47,48]).

In the inflationary regime, the dominant type of matter is mod-
eled by a scalar field φ, called the inflaton, with a potential V
responsible for the accelerating expansion. At the end of the in-
flationary epoch, the universe follows the standard Big Bang evo-
lution whose transition mechanism is provided by a reheating pe-
riod.

We begin describing the inflationary universe by the action of 
a scalar field minimally coupled to gravity,

S[φ, gab] =
Z

d4x
√−g

·
1

16πG
R[g] − 1

2
∇aφ∇bφgab − V [φ]

¸
.

(1)

Varying this last equation with respect to the metric yields the 
Einstein field equations Gab = 8πGTab , with Gab the Einstein ten-
sor.

We will use conformal coordinates and, as usual, we will split 
the metric and the scalar field into a background perfectly homo-
geneous and isotropic, plus small perturbations. That is, we write 
the metric as gab = g(0)

ab + δgab , and φ = φ0(η) + δφ(x, η), where 
the background will be represented by a spatially flat FLRW space-
time and the homogeneous part of the scalar field (in the slow-roll 
regime) by φ0(η). From Einstein equations for the background, it 
follows that G(0)

00 = 8πGT (0)
00 = 8πGa2ρ , so the Friedmann equa-

tion is 3H2 = 8πGa2ρ where H ≡ a0(η)/a(η) is the conformal 
Hubble parameter, and a(η) is the scale factor. As is customary, 
the scale factor will be set to a = 1 at the present time. Remember 
that the inflationary phase extends between −∞ < η < ηr , where 
ηr ≈ −10−22 Mpc is the conformal time when inflation comes to 
an end. From here on, primes over functions will denote deriva-
tives with respect to the conformal time η. During the inflationary 
phase, the potential V is the major contribution to the energy den-
sity ρ .

In the slow-roll inflationary model, the conformal Hubble pa-
rameter is expressed by H ' −1/[η(1 − ²1)], with ²1 ≡ 1 −H0/H2

the Hubble slow-roll parameter, which during inflation 1 À ²1 '
constant.

We will only focus on first-order scalar perturbations; hence, 
the FLRW perturbed metric can be written as

ds2 = a2(η)
© − (1 − 2ϕ)dη2 + 2(∂i B)dxidη +

+ [(1 − 2ψ)δi j + 2∂i∂ j E]dxidx jª. (2)

Within the semiclassical framework, it is convenient to work with 
the well known gauge-invariant Bardeen potentials. They are de-
fined as 8 ≡ ϕ + 1

a [a(B − E 0)]0 and 9 ≡ ψ + H(E 0 − B). On 
the other hand, the inflaton perturbation can be modeled by the 
gauge-invariant fluctuation of the scalar field δφ(GI)(η, x) = δφ +
φ0

0(B − E 0).
Working with the perturbed Einstein equations (in the ab-

sence of anisotropic stress), it can be found that 9 = 8. Also, 
these perturbed equations, along with the Friedmann equation and 
the equation of motion for φ0 in the slow-roll approximation, i.e. 
3Hφ0

0 + a2∂φ V ≈ 0, imply that (see for instance Appendix A of 
[49]):

∇29 + μ9 = 4πGφ0
0δφ

0 (GI), (3)

where μ ≡H2 −H0 = ²1H2. In Fourier space, Eq. (3) results,
9k(η) =
r

²1

2

H

M P (k2 − μ)
aδφ0

k(η)(GI), (4)

with H the Hubble parameter, M P ≡ √
1/(8πG) is the reduced 

Planck mass, and we have also used the definition of ²1 . Notice 
that during most of the inflationary phase, the inequality k2 À μ
is satisfied (both when |kη| À 1 and |kη| ¿ 1). Only when ²1
starts departing from being a constant (i.e. when ²1 → 1 which 
means that inflation is ending) that inequality is violated. Given 
that modes of observational interest are bigger than the Hubble 
radius (|kη| ¿ 1) while the inflationary phase is still going on, the 
approximation k2 À μ remains valid. Therefore, Eq. (4) can be ap-
proximated by

9k(η) '
r

²1

2

H

M P k2
aδφ0

k(η)(GI). (5)

In the semiclassical framework, Eq. (5) can be generalized to

9k(η) '
r

²1

2

H

M P k2
ah ˆδφ0

k(η)(GI)i. (6)

Last equation is expressed in terms of gauge-invariant quantities 
9k(η) and ˆδφ0

k(η)(GI) . Note that, in our approach, the metric per-
turbation will be always a classical quantity.

3. Quantum perturbations, vacuum choice and collapse 
hypothesis

In this section, we perform the quantization of the perturba-
tions. However, before proceeding with the quantization, we will 
first briefly address the subject of gauge and its relation with the 
metric and field perturbations.

In the following, we will choose to work with a fixed gauge 
and not in terms of the so-called gauge-invariant combinations. We 
are forced to do so because, in our approach, the adoption of the 
semiclassical gravity framework leads to consider a classical metric 
perturbation and a quantum field perturbation, i.e. the metric and 
field perturbations are treated on a different footing. This contrasts 
with the standard treatment in which, normally, one chooses to 
work with gauge invariant quantities which mix matter and geom-
etry degrees of freedom. Then, the quantization results essentially 
the same for both types of perturbations (matter and geometry).

On the other hand, the choice of gauge implies that the time 
coordinate is attached to some specific slicing of the perturbed 
spacetime. And thus, our identification of the corresponding hy-
persurfaces, those of constant time as the ones associated with 
the occurrence of collapses–something deemed as an actual phys-
ical change–turns what is normally a simple choice of gauge into 
a choice of the distinguished hypersurfaces, tied to the putative 
physical process behind the collapse. This naturally leads to ten-
sions with the expected general covariance of a fundamental the-
ory, a problem that afflicts all known collapse models, and which 
in the non-gravitational settings becomes the issue of compatibility 
with Lorentz or Poincare invariance of the proposals. We must ac-
knowledge that this generic problem of collapse models is indeed 
an open issue for the present approach. One would expect that its 
resolution would be tied to the uncovering of the actual physics 
behind what we treat here as the collapse of the wave function 
(which we view as a merely effective description). As it has been 
argued in related works, and in ideas originally exposed by Pen-
rose [50], we hold that the physics that lies behind all this links 
the quantum treatment of gravitation with the foundational issues 
afflicting quantum theory in general; and in particular, those with 
connection to the so-called “measurement problem”.

The gauge we choose is the longitudinal gauge (B = E = 0). The 
advantage of working with this gauge is that the action at second 
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order involving the matter and metric perturbations is mathemat-
ically the same as the one using gauge invariant quantities, i.e. the 
Bardeen potentials and δφ(GI) . Also, note that 9 represents the cur-
vature perturbation in this gauge, and it is related to δφ in the 
exact same way as in Eq. (6) [51]. Therefore, we can be certain 
that the field perturbations are actual physical degrees of freedom 
and not pure gauge. Additionally, in our approach, before the col-
lapse (i.e. in the vacuum state) there are no metric perturbations. 
Hence, the resulting action is the one involving only δφ. After the 
collapse, when the metric perturbations are indeed present, the 
quantum theory should be modified as presented in [20]. How-
ever, we will not consider such backreaction, mainly because we 
are interested in describing the quantum theory using a non-BD 
vacuum.

Next, we will present the quantum theory for the field δφ(x, η), 
which will be carried out by choosing a vacuum state different 
from the BD vacuum. We point out that the criterion used is 
physically different from the usual BD vacuum. Then, we will char-
acterize the collapse scheme, calculate the curvature perturbation, 
and finally we will show our expression for the primordial scalar 
power spectrum.

We start (for simplicity) re-scaling the field variable as y = aδφ. 
Then, we proceed by expanding the action (1) up to second order 
in the scalar field perturbation y. This results in:

δS(2) =
Z

d4x
1

2

·
y0 2 − (∇ y)2 +

µ
a0

a

¶2

y2

− 2

µ
a0

a

¶
yy0 − y2a2∂2

φφ V

¸
. (7)

Therefore, the canonical momentum conjugated to y is π ≡
∂δL(2)/∂ y0 = y0 − (a0/a)y = aδφ0 .

In order to facilitate the calculations, we will neglect the slow 
roll parameters ²1 and ²2 ≡ ²0

1/(H²1) in the quantization proce-
dure. At the end of the computations, we will argue how we can 
generalize our result to the quasi-de Sitter case, in which the slow 
roll parameters are considered.

Now, the field and momentum variables are promoted to op-
erators satisfying the equal time commutator relations [ ŷ(x, η),

π̂(x0, η)] = iδ(x −x0) and [ ŷ(x, η), ŷ(x0, η)] = 0 = [π̂ (x, η), π̂ (x0, η)].
Expanding the fields operators in Fourier modes yields

ŷ(η,x) = 1

L3

X
k

ŷk(η)eik·x (8)

π̂ (η,x) = 1

L3

X
k

π̂k(η)eik·x (9)

where the sums are over the wave vectors k, satisfying ki L = 2πni
for i = 1, 2, 3 with ni integer. Also, we have defined ŷk(η) ≡
yk(η)âk + y∗

k (η)â†
−k and π̂k(η) ≡ gk(η)âk + g∗

k (η)â†
−k , with gk(η) =

y0
k(η) −Hyk(η) and âk, ̂a†

k being the usual annihilation/creator op-
erators, respectively. Note that the quantization is on a finite cubic 
box of length L, and at the end of the calculations we will take the 
continuum limit (L → ∞, k → cont.).

From action (7), the equation of motion for yk(η) results in

y00
k (η) +

µ
k2 − a00

a

¶
yk(η) = 0 (10)

with a00/a = 2/η2. The general solution is,

yk(η) = Ak

³
1 − 1

kη

´
e−ikη + Bk

³
1 + 1

kη

´
eikη (11)

where Ak and Bk are two constants (dependent on k) that will be 
fixed by the initial conditions at some η0.
Therefore, to complete the quantization, we have to specify the 
solutions yk(η), through constants Ak and Bk . This choice is not 
completely free; to insure that canonical commutation relations 
between ŷ and π̂ give [âk, ̂a†

k0 ] = L3δk,k0 , they must satisfy:

yk g∗
k − y∗

k gk = i (12)

for all k at some (and hence any) time η.
The choice of the yk(η) corresponds to the choice of a vacuum 

state |0i for the field, defined by âk|0i = 0 for all k. In the present 
case, as on any non stationary spacetime, it is not unique. Condi-
tion (12) is not sufficient to fully determine yk(η). The traditional 
approach in inflationary models is to consider the (homogeneous 
and isotropic) so-called BD vacuum. In this case, the choice corre-
sponds to the situation in which, when kη0 → −∞, the solution 
yk(η) → 1√

2k
e−ikη; this is, the solutions are the same as the ones 

with positive frequencies in the flat Minkowski spacetime. In the 
case of inflation in a quasi-de Sitter background, this last condition 
together with (12) correspond to fix Bk = 0 and |Ak| =

q
π
4k . Read-

ers interested in how the quasi-de Sitter case is analyzed within 
collapse schemes, when the BD vacuum is chosen as the initial 
condition (and where the prediction for the scalar spectral index 
is ns 6= 1), are invited to see the work [49].

At this point, we must make a short digression regarding our 
conceptual approach and its differences with the standard pic-
ture. Any selection of a vacuum (made through the choice of the 
yk(η) that we take as positive energy modes), would be a spa-
tially homogeneous and isotropic state of the field, as it can be 
seen by evaluating directly the action of a translation or rotation 
operators (associated with the hypersurfaces η = constant of the 
background spacetime) on the state |0i. A formal proof of this can 
be found, for instance, in Appendix A of [16]. As the dynamical 
evolution (through Schrödinger equation) preserves such symme-
tries, the state of the system will be symmetric (homogeneous and 
isotropic) at all times. In fact, there is nothing, given the standard 
unitary evolution of the quantum theory, that could be invoked to 
avoid such conclusion. The issue is then: How do we account for a 
universe with seeds of cosmic structure, starting from an isotropic 
and homogeneous background spacetime and an equally symmet-
ric vacuum state? Note that this is an open issue in all current 
models of inflation relying in the traditional treatment of the pri-
mordial perturbations.

As we mentioned in the Introduction, one possible solution 
to the aforementioned problem relies on supplementing the stan-
dard inflationary model with an hypothesis involving the modifica-
tion of quantum theory so as to include a spontaneous dynamical 
reduction of the quantum state (sometimes referred as the self-
induced collapse of the wave function) [14,15]. The dynamical 
reduction can be considered as an actual physical process taking 
place independently of observers or measuring devices. Therefore, 
our approach regarding the origin of the primordial perturbations 
can be summarize as follows: a few e-folds after inflation has 
started, the universe finds itself in an homogeneous and isotropic 
quantum state. Then, during the inflationary regime, a quantum 
collapse of the wave function is triggered (by novel physics that 
could possibly be related to quantum gravitational effects), break-
ing in the process the unitary evolution of quantum mechanics and 
also, in general, the symmetries of the original state. That is, the 
post-collapse state will not be, in general, isotropic nor homoge-
neous. Also, the collapse mechanism functions as a generator of 
the metric perturbations, as will become clear below.

Readers familiar with the subject might take the posture that 
the problem we are characterizing is equivalent to the quantum-to-
classical transition of the primordial perturbations. Several works 
in the literature, based on decoherence or evolution of the vacuum 
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state into a squeezed state, have dealt with such a problem (see 
e.g. [17,18]). On the other hand, in Refs. [14–16] it is exposed why 
such arguments are not entirely convincing. Nevertheless, in the 
standard approach, at some point during inflation occurs the tran-
sition 9̂k → 9k = Aeiαk , with αk a random phase (recall that 9k
represents the metric perturbation). The amplitude A is identified 
with the quantum uncertainty of 9̂k , i.e. A2 = h0|9̂2

k|0i. Moreover, 
quantum expectation values are identified with ensemble averages 
of classical stochastic fields based on postulate, and the theoreti-
cal predictions agree with the observational data. Finally, note that 
in our approach, because our reliance on semiclassical gravity, the 
primordial curvature perturbation is always a classical quantity.

In the next subsections, we are going to analyze whether the 
replacement of the BD vacuum state by another one (motivated by 
different physical criteria) can affect the primordial scalar power 
spectrum, under the incorporation of the collapse hypothesis. As 
we will see, under certain conditions, one can recover a scale free 
spectrum for scalar perturbations, but generically there would be 
some characteristic deviations thereof. Note that neglecting the 
slow roll parameters indicates that our prediction for the primor-
dial scalar power spectrum should be an essentially scale free 
spectrum, i.e. P(k) ∝ 1

k3 . On the other hand, the observations (e.g. 
CMB [12]) suggest that P(k) ∝ k−3+O(²1,²2) . In other words, the 
scalar spectral index is such that ns 6= 1. We think that when rein-
corporating the slow-roll parameters in the equation of motion for 
the field variable, we would obtain a prediction for ns consistent 
with the observational data. However, the modification of the P(k)

induced by the collapse hypothesis, would be practically the same 
as the one obtained using the mode functions, Eq. (11), which 
neglects the slow roll parameters. In fact, one is led to a similar 
conclusion in Refs. [14,21], in which the BD vacuum was chosen.

3.1. Novel vacuum conditions

As it is well known, the choice of a vacuum state is not unique 
in spacetimes that do not possess a time-like Killing field. This is 
precisely the case when, for example, we try to describe the in-
flationary phase of the early universe. There are several ways to 
choose the initial conditions; some of which can be seen in [52,53].

Traditionally, quantum initial conditions for perturbations in in-
flation are set using the BD vacuum.

The typical selection of the BD vacuum, described previously, 
can be deduced, for example, looking for the conditions that 
modes yk(η) must satisfy to achieve the diagonalization of the 
Hamiltonian of perturbations. However, those conditions are sat-
isfied for a given initial time η0; because as is known, in a curved 
spacetime the vacuum is a time-dependent notion. Hamiltonian di-
agonalization is the simplest approach for setting quantum initial 
conditions in a general spacetime, and derives the vacuum from 
the minimization of the Hamiltonian density. However, this ap-
proach has been criticised in the past [36,39].

In order to avoid the issues raised against Hamiltonian diago-
nalization, the authors in [41] motivated different initial conditions 
from the minimization of the renormalized stress–energy density. 
The authors in [41], start from the action for a scalar field φ with 
mass m,

S =
Z

d4x
√−g

·
− 1

2
∇aφ∇bφgab − 1

2
m2φ2

¸
. (13)

By expanding the field φ in Fourier modes in the context of a 
FLRW spacetime as

φ(x) =
Z

d3k
3

h
âkχk(η)eik·x + â†

kχ
∗
k (η)e−ik·xi, (14)
(2π) a(η)
if the field satisfies its equation of motion, and the commutation 
relation between âk and â†

k is the standard one, then it is well 
known that the mode functions χk must satisfy:

χ 00
k +

h
k2 + m2a2 − a00

a

i
χk = 0 (15)

χkχ
0 ∗
k − χ∗

kχ 0
k = i (16)

Later, the authors computed a renormalized stress–energy ten-
sor, h0|T̂ab|0iren, via a Hadamard point splitting procedure. To do 
that, they build the stress-tensor h0|T̂ab|0iren using the Hadamard 
Green function with the mode expansion (14), and subtracting off 
de-Witt–Schwinger geometrical terms to obtain a non-divergent 
quantity. Then, finally they write:

h0|T̂00(x)|0iren = 1

2

Z
d3k

(2π)3a2
(χ 0

k − a0

a
χk)(χ 0 ∗

k − a0

a
χ∗

k )

+ (k2 + m2a2)χkχ
∗
k + T̃ (17)

where T̃ signifies additional terms arising from the renormal-
ization process that have no dependence on the variables 6 =
{χk, χ∗

k , χ 0
k, χ 0 ∗

k }. Minimizing (17) with respect to 6, subject to 
the normalization (16), yields the relations [41]:

|χk|2 = 1

2
√

k2 + m2a2
(18)

χ 0
k =

³
− i

p
k2 + m2a2 + a0

a

´
χk (19)

Conditions (18) and (19) will be our guide to determine the novel 
vacuum conditions in the present work.

Now, let us return to our particular situation. Quantum field 
theory in curved spacetime describes the effects of gravity upon 
the quantum fields. The semiclassical Einstein equation describes 
how quantum fields act as the source of gravity. This equation is 
usually taken to be the classical Einstein equation, with the source 
as the quantum expectation value of the matter field stress–energy 
tensor operator T̂ab , that is,

Gab = 8πGhT̂abi. (20)

But, this expectation value is only defined after suitable regulariza-
tion and renormalization.

As already mentioned, since we are not interested in the ef-
fects on the power spectrum (and its scalar spectral index) coming 
from slow-roll parameters, we assume m = 0 in Eq. (15), which is 
equivalent to neglect the second slow roll parameter ²2. Moreover, 
note that the equation of motion for yk(η), Eq. (10), is identical to 
Eq. (15), which is the one obtained by the authors of [41] when 
m = 0. In particular, it involves the quantity a00

a . This contrasts with 
the traditional procedure involving the Mukhanov–Sasaki variable, 
which results in an equation of motion similar in structure to 
Eq. (15), but replacing a00

a → z00
z , where z ≡ √

2²1aM P . In other 
words, the quantum theory proposed by the authors of [41] is 
better suited for the field yk(η), than for the Mukhanov–Sasaki 
variable because strictly if ²0

1 6= 0, then a00
a 6= z00

z .
Therefore, we consider once again, the general solution (11), 

which is

yk(η) = Ak

³
1 − 1

kη

´
e−ikη + Bk

³
1 + 1

kη

´
eikη. (21)

Here, without loss of generality, we will assume Ak ∈ R and 
Bk ∈ C. That is, only Bk will carry a complex phase. Normaliza-
tion (12) imposes that

A2
k − |Bk|2 = 1

. (22)

2k
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On the other hand, identifying χk with yk(η), conditions (18) and 
(19) yield

Ak = +
s

4z2
0 + 1

8kz2
0

(23)

Bk = 1

+√
8k |z0|

eiβ (24)

where we have defined z0 ≡ kη0 and β ≡ −2z0 + arctan(2z0) + π . 
Note that when z0 → −∞, the BD vacuum is recovered; this is, 
Ak = 1√

2k
and Bk = 0.

Equation (21) together with Eqs. (23) and (24) constitute our 
choice of initial vacuum conditions at time η0. In the next subsec-
tion, we will introduce the specific collapse scheme and calculate 
the primordial curvature perturbation.

3.2. Emergence of curvature perturbation within a collapse scheme

In this subsection, we are going to consider a modification to 
the standard inflationary proposal, designed to account for break-
ing the symmetries of the initial quantum state, leading to the 
generation of the primordial inhomogeneities.

As we have claimed, when considering a quantum description 
for the early universe, one must face the situation in which a com-
pletely homogeneous and isotropic stage must nevertheless lead, 
after some time, to a universe containing actual inhomogeneities 
and anisotropies. This issue has been considered at length in other 
works, including detailed discussions of the shortcomings of the 
most popular attempts to address the problem, and we will not re-
peat such extensive discussions here. It is clear that such transition 
from a symmetric situation to one that is not, cannot be simply 
the result of quantum unitary evolution, since, as we noted, the 
dynamics does not break these initial symmetries of the system. 
As discussed in [15], and despite multiple claims to the contrary 
(e.g. [18]), there is no satisfactory solution to this problem within 
the standard physical paradigms.

The proposal to handle this shortcoming was considered for the 
first time in [14]. There, the problem was addressed by introduc-
ing a new ingredient into the inflationary account of the origin of 
the seeds of cosmic structure: the self-induced collapse hypothesis. 
The basic idea is that an internally induced spontaneous collapse 
of the wave function of the inflaton field is the mechanism by 
which inhomogeneities and anisotropies arise at each particular 
scale. That proposal was inspired on early ones for the resolution 
of the measurement problem in quantum theory [54–58], which 
regarded the collapse of the wave function as an actual physical 
process taking place spontaneously. Also, on the ideas by R. Pen-
rose and L. Diosi [50,59,60] who assumed that such process should 
be connected to quantum aspects of gravitation.

A collapse scheme [14,19] is a recipe to characterize and se-
lect the state into which each of the modes of the scalar field 
jumps at the corresponding time of collapse. The collapse itself 
is described in a purely phenomenological manner, without ref-
erence to any particular mechanism. As reported in, for instance, 
[14,29,48,61], the different collapse schemes generally give rise to 
different characteristic departures from the conventional Harrison–
Zel’dovich flat primordial spectrum. There are, of course, more 
sophisticated theories describing the collapse dynamics, such as 
those in [22–25,55–58,62]. However, we will not consider those in 
the present study, which is meant a first exploration of such ideas 
in the context of different choices of the initial quantum state.

The self-induced collapse hypothesis is based on assuming that 
the collapse acts similar to a “measurement” (in an early uni-
verse where, clearly, there are no external observers or measur-
ing devices), this lead us to consider Hermitian operators, which 
in ordinary quantum mechanics are the ones susceptible of di-
rect measurement. Therefore, we will separate ŷk(η) and π̂k(η)

into their real and imaginary parts: ŷk(η) = ŷk
R(η) + i ŷk

I (η) and 
π̂k(η) = π̂k

R(η) + iπ̂k
I (η). In this way, the operators ŷR,I

k (η) and 
π̂ R,I

k (η) are Hermitian operators and then they can be written as,

ŷR,I
k (η) = √

2Re[yk(η)âR,I
k ] (25a)

π̂ R,I
k (η) = √

2Re[gk(η)âR,I
k ] (25b)

where âR
k ≡ 1√

2
(âk + â−k), and âI

k ≡ −i√
2
(âk − â−k); and where the 

non-standard commutation relations for the âR,I
k are,

[âR,I
k , âR,I†

k0 ] = L3(δk,k0 ± δk,−k0). (26)

In the last equation, the + and − signs correspond to the commu-
tators with the R and I labels respectively; and all other commu-
tators vanish.

Next, we will show how in our approach the quantum theory 
of the inflaton perturbations can be connected with the primor-
dial curvature perturbation. Moreover, we will illustrate how the 
collapse process generates the seeds of cosmic structure. Here, we 
will proceed by choosing to work in the longitudinal gauge, and 
then, since π̂k = a ˆδφ0

k , we will express Eq. (6) in terms of the ex-
pectation value of the conjugated momentum. Thus,

9k(η) '
r

²1

2

H

M P k2
hπ̂k(η)i. (27)

At the initial conformal time η0, the state |0i is perfectly sym-
metric, which implies that hπ̂k(η)i = 0 and so, 9k = 0; i.e. there 
are no perturbations of the symmetric background spacetime. Af-
terwards, under the self-induced collapse hypothesis, at some later 
time ηc

k , called the time of collapse, a transition to a new state 
|0i → |2i is produced, which does not have the initial symme-
tries. And in this new state, we will have that hπ̂k(η)i2 6= 0 for 
all η ≥ ηc

k , and 9k 6= 0. From Eq. (27), which was provided by the 
semiclassical framework, and given that all modes of the inflaton 
field are now in the post-collapse state |2i, we can clearly see that 
the expectation value hπ̂k(η)i serves as a source for 9k for all k. 
These collapses will be assumed to take place according to certain 
collapse scheme which we will describe in detail below.

Taking into account Eq. (27), and that the collapse is somehow 
analogous to an imprecise measurement of the operators ŷR,I

k (η)

and π̂ R,I
k (η), our next objective is to find an equation for the dy-

namics of the expectation values of hπ̂ R,I
k (η)i, evaluated in the 

post-collapse state. This equations, as we shall see, will be related 
to the values h ŷR,I

k (ηc
k)i and hπ̂ R,I

k (ηc
k)i, through the proposed col-

lapse scheme.
In the vacuum state, ŷk and π̂k individually are distributed ac-

cording to Gaussian wave functions centered at zero with spread 
(1 ŷk)2

0 and (1π̂k)2
0, respectively. Our assumption is that the effect 

of the collapse on a state is analogous to some sort of approximate 
measurement. Therefore, after the collapse the expectation values 
of the field and momentum operators, in each mode, will be re-
lated to the uncertainties of the initial state.

We will adopt a collapse scheme, where it is assumed that the 
expectation values of the field mode ŷR,I

k and their conjugate mo-

mentum π̂ R,I
k acquire independent values randomly, and where 

the expectation (in the new state |2i) at the time of collapse is 
given by:

h ŷR,I
k (ηc

k)i2 = λ1 xR,I
k,1

r³
1 ŷR,I

k (ηc
k)

´2

0
(28a)

hπ̂ R,I
k (ηc

k)i2 = λ2 xR,I
k,2

r³
1π̂ R,I

k (ηc
k)

´2

0
(28b)
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The parameters λ1 and λ2 are viewed as “switch-off/on” param-
eters. This is, they can only take the values 0 or 1 depending 
on which variable ŷR,I

k , π̂ R,I
k or both is affected by the collapse. 

For instance, in past works [14,63], the name independent scheme
was coined for the case λ1 = 1 = λ2, i.e. ŷR,I

k and π̂ R,I
k are both 

affected independently by the collapse. In this scheme the ex-
pectation value jumps to a random value x(R,I)

k multiplied by the 
uncertainty of the vacuum state of the field. The random variables 
x(R)

k,1, x
(I)
k,1, x

(R)

k,2 and x(I)
k,2 are selected from a Gaussian distribution 

centered at zero, with unity spread, and all of them are assumed 
statistically uncorrelated. In Appendix A we show the quantum un-

certainties 
³
1 ŷR,I

k (ηc
k)

´2

0
and 

³
1π̂ R,I

k (ηc
k)

´2

0
in the vacuum state 

within this collapse scheme.
Having established the relation between the curvature pertur-

bation and the quantum matter fields [see Eq. (27)], as well as 
the characterization of the collapse, the next aim is to present an 
explicit expression for the curvature perturbation in terms of the 
parameters characterizing the collapse scheme. In order to achieve 
that goal, we must first find an expression for the evolution of the 
expectation values of the fields. In fact, as can be seen from Eq. 
(27), we will only be concerned with the expectation value of the 
conjugated momentum hπ̂k(η)i.

In Appendix A, we show that:

hπ̂k(η)i2 = −L3/2
h

F (kη, zk) |yk(η
c
k)| λ1 Xk,1 +

+ G(kη, zk) |gk(η
c
k)| λ2 Xk,2

i
(29)

where Xk,1 ≡ xR
k,1 + i xI

k,1, Xk,2 ≡ xR
k,2 + i xI

k,2, and the functions 
F (kη, zk), G(kη, zk), |yk(η

c
k)| and |gk(η

c
k)| are also defined in Ap-

pendix A. Notice that the constants Ak and Bk appear in all these 
functions, and is in such constants that the information about the 
initial conditions is found, through its dependence with z0 ≡ kη0. 
Also, the parameter zk is defined as zk ≡ kηc

k; thus, zk is directly 
associated to the time of collapse ηc

k .
Finally, substituting Eq. (29) in Eq. (27), we find the expression 

for the curvature perturbation (in the longitudinal gauge):

9k(η) = −
r

²1

2

H L3/2

M P k2

h
F (kη, zk) |yk(η

c
k)| λ1 Xk,1 +

+ G(kη, zk) |gk(η
c
k)| λ2 Xk,2

i
(30)

The curvature perturbation 9 in the longitudinal gauge, is a 
constant quantity for modes “outside the horizon” during any 
given cosmological epoch, but not during the transition between 
epochs. In fact, during the transition from the inflationary stage 
to the radiation dominated stage, 9 is amplified by a factor of 
1/²1 [51,64]. On the other hand, an useful gauge-invariant quan-
tity often encountered in the literature is the variable R(x). The 
field R(x) is a field representing the curvature perturbation in the 
comoving gauge. Its Fourier transform, represented by Rk, is con-
stant for modes greater than the Hubble radius (irrespectively of 
the cosmological epoch), i.e. for modes with k ¿ H = aH (and 
assuming adiabatic perturbations). This is, the value of Rk dur-
ing inflation (in the limit k ¿ H) will remain unchanged during 
the post-inflationary evolution, until the mode “re-enters the hori-
zon”, namely when k ' H, at the later radiation/matter dominatted 
epochs. The curvature perturbation in the comoving gauge R and 
the curvature perturbation in the longitudinal gauge 9 are related 
by R ≡ 9 + (2/3)(H−190 + 9)/(1 + ω), with ω ≡ p/ρ . There-
fore, for modes such that k ¿ H, during the inflationary epoch 
ω + 1 ' 2²1/3, it is found that

lim Rk(η) ' lim
9k(η)

(31)

k¿H k¿H ²1
with 9k(η), calculated during inflation, in the limit such that the 
modes are well outside the horizon.

In the next subsection, we are going to find an expression for 
the scalar power spectrum of the perturbations Rk , namely P (k). 
The power spectrum serves as the initial condition to obtain the 
angular spectrum, denoted usually in the literature as Cl , which is 
the theoretical prediction that is contrasted with the observations 
directly. Henceforth, we will obtain an expression for Rk during 
inflation explicitly, for the observationally relevant modes. Specif-
ically, we take the limit |kη| → 0 in the functions F (kη, zk) and 
G(kη, zk), and we define M(z0, zk) ≡ lim|kη|→0 F (kη, zk) |yk(η

c
k)|

and N(z0, zk) ≡ lim|kη|→0 G(kη, zk) |gk(η
c
k)|. Thus,

Rk = −H L3/2

√
2²1M P k2

h
M(z0, zk) λ1 Xk,1 + N(z0, zk) λ2 Xk,2

i
(32)

Note the explicit dependence on the initial time η0 through the 
quantity z0 ≡ kη0. Equation (32) is the main result of this section.

We strongly remark that the random variables Xk correspond-
ing to the collapse scheme are fixed after the collapse of the wave 
function has occurred. In other words, if we somehow knew their 
exact value, we would be able to predict the exact value for Rk . 
We will do make use of the statistical properties of these random 
variables to be able to make theoretical predictions for the obser-
vational quantities. For a more detailed comparison between our 
approach and the traditional inflationary picture see Ref. [61].

Next, we will consider whether, and under what circumstances, 
one can obtain a prediction for the power spectrum of the scalar 
perturbations Rk , for the case of the observationally relevant 
modes, which have wavelengths greater than the Hubble radius at 
the time of inflation.

3.3. Primordial scalar power spectrum

In this subsection, we will calculate the primordial power spec-
trum of the scalar perturbations Rk , and analyze its relation with 
the CMB observations under our approach.

The temperature anisotropies of the CMB, δT /T0, are the most 
direct observational quantity available, with T0 the mean tem-
perature today. Expanding δT /T0 using spherical harmonics, the 
coefficients alm are

alm =
Z

2(n̂)Y ∗
lm(θ,ϕ)dÄ, (33)

with n̂ = (sin θ sinϕ, sin θ cosϕ, cos θ) and θ, ϕ the coordinates on 
the celestial two-sphere. By defining 2(n̂) ≡ δT (n̂)/T0 and assum-
ing instantaneous recombination, the relation between the primor-
dial perturbations and the observed CMB temperature anisotropies 
is

2(n̂) = [9 + 1

4
δγ ](ηD) + n̂ · Evγ (ηD) + 2

η0Z
ηD

90(η)dη, (34)

where ηD is the time of decoupling; δγ and Evγ are the density 
perturbations and velocity of the radiation fluid.

On the other hand, the temperature anisotropies in Fourier 
modes is

2(n̂) =
X

k

2(k)

L3
eik·R Dn̂ (35)

being R D the radius of the last scattering surface. Then, the fluid 
motion equations can be solved with the initial condition provided 
by the curvature perturbation during inflation. Furthermore, using 
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that eik·R Dn̂ = 4π
P

lm il jl(kR D)Ylm(θ, ϕ)Y ∗
lm(k̂), expression (33) can 

be rewritten as

alm = 4π il

L3

X
k

jl(kR D)Y ∗
lm(k̂)2(k), (36)

with jl(kR D) the spherical Bessel function of order l. To incorpo-
rate the linear evolution that relates the initial curvature perturba-
tion Rk and the anisotropies 2(k), is defined a transfer function 
T (k). This function results of solving the fluid motion equations 
(for each mode) with the initial condition provided by the cur-
vature perturbation Rk , and then make use of Eq. (34) to relate 
it with the temperature anisotropies. In this way, 2(k) = T (k)Rk . 
Therefore, the coefficients alm , in terms of the modes Rk , are given 
by

alm = 4π il

L3

X
k

jl(kR D)Y ∗
lm(k̂)T (k)Rk (37)

with Rk during inflation, and in the limit k ¿ H.
Now, substituting the explicit form of Rk given by Eq. (32) in 

Eq. (37), the coefficients alm are directly related to the random 
variables Xk . Notice that the coefficients alm are a sum of ran-
dom complex numbers (i.e. a sum over k), where each term is 
characterized by the random complex variables Xk . This leads to 
what can be considered effectively as a two-dimensional random 
walk. As it is well known, one cannot give a perfect estimate for 
the direction of the final displacement resulting from the random 
walk. However, it is possible to give an estimate for the length 
of the total displacement. In the present case, such length can be 
naturally associated with the magnitude |alm|2. Hence, the most 
likely value of |alm|2 can be estimated, and thus interpret it as our 
theoretical prediction for the observed |alm|2. Moreover, since the 
collapse is being modeled by a random process, we can consider 
a set of possible realizations of such a process characterizing the 
universe in an unique manner, i.e., through the random variables 
Xk . If the probability distribution function of Xk is Gaussian, then 
we can identify the most likely value |alm|2ML with the mean value 
|alm|2 of all possible realizations. This is, |alm|2ML = |alm|2. The most 
likely value |alm|2ML in our collapse scheme is explicitly given in 
Appendix B.

Since we are assuming that the xR,I
k variables are uncorrelated, 

the ensemble average of the product of these random variables 
satisfies

xR
k xR

k0 = δk,k0 + δk,−k0 xI
kxI

k0 = δk,k0 − δk,−k0 (38)

We have also considered the correlation between the modes k and 
−k in accordance with the commutation relation given by [âR

k , ̂aR†
k0 ]

and [âI
k, ̂aI†

k0 ].
Typically, the observational CMB data is presented in terms of 

the angular power spectrum, Cl . The definition of Cl is given in 
terms of the coefficients alm as Cl = (2l + 1)−1 P

m |alm|2. There-
fore, we can use the prediction for |alm|2ML for our collapse scheme 
considered, and give a theoretical prediction for Cl . Thus, form Eqs. 
(38) and using our values for the |alm|2ML we can write,

Cl = 4π

∞Z
0

dk

k
j2
l (kR D)T (k)2 A Q (z0, zk) (39)

where the explicit form of the function Q (z0, zk) is shown in Ap-
pendix B, and A is:

A = H2

2π2M2 ²
(40)
P 1
Also, we have taken the limit L → ∞ and k → continuum in order 
to go from sums over discrete k to integrals over k.

In the standard inflationary paradigm, a well-known result is 
that the dimensionless power spectrum P (k) for the perturbation 
Rk and the Cl are related by

Cl = 4π

∞Z
0

dk

k
j2
l (kR D)T (k)2 P (k). (41)

Therefore, by comparing Eq. (39) with Eq. (41) we can extract an 
equivalent power spectrum,1 which finally turns out to be:

P (k) = H2

2π2M2
P ²1

Q (z0, zk). (42)

Equation (42) is the main result of this work. Notice that because 
of zk = kηc

k and z0 = kη0, the function Q (z0, zk) depends on k ex-
plicitly.

In the next section, we will discuss the results, compare them 
with previous works, and analyze under which conditions one can 
recover an essentially scale free spectrum of primordial inhomo-
geneities, as suggested by the observations.

We would like to end this section by making some comments 
about our prediction for the power spectrum. Our model gives a 
direct theoretical prediction for the observed Cl , Eq. (39), and then 
from such expression we have read what can be identified as the 
“power spectrum” in the traditional approach of inflation. How-
ever, note that this is conceptually different from the traditional 
approach [65] in which the power spectrum is obtained from the 
two-point correlation function h0|R̂kR̂∗

k0 |0i. In contrast, our power 
spectrum is obtained from hπ̂kihπ̂k0 i∗ , where the expectation val-
ues are evaluated at the post-collapse state. In Appendix C, we 
show in detail the calculation of the CMB temperature angular 
spectrum and its relation with the scalar power spectrum. The in-
terested reader can find there an explanation on how to calculate 
the power spectrum within the collapse framework, and why our 
proposal does not rely on the quantum two-point correlation func-
tion.

4. Results and discussion

Let us summarize briefly the results obtained in the present 
manuscript. We started by choosing a novel initial quantum vac-
uum state for the perturbations of the inflaton [whose mathemat-
ical description is given by Eqs. (21), (23) and (24)]. Then, we 
included the collapse hypothesis and finally arrived at Eq. (42) for 
the primordial scalar power spectrum. Note that, as already men-
tioned, the vacuum yk(η) in Eq. (21) includes the initial condition 
of the BD vacuum if z0 → −∞. However, notice that the physical 
criteria for the choice of both vacuum states are very different.

Now, from our result shown in Eq. (42) for P (k), we are go-
ing to analyze under which conditions a scale free spectrum can 
be obtained (this is, when the function Q (z0, zk) does not depend 
on k and results in a constant). Also, we will analyze those cases 
where P (k) shows small deviations from a scale invariant spec-
trum, but are still consistent with observational data. Here, we will 
adopt λ1 = 1 = λ2 (i.e. the independent collapse scheme).

We consider three cases, according to |z0| values:

1 Bear in mind that there are two power spectrum in the literature: the dimen-
sional power spectrum P(k) and the dimensionless power spectrum P (k). The latter 
is defined in terms of the former by P (k) ≡ (k3/2π2)P(k). We are expressing our 
main result as the P (k).



346 G.R. Bengochea, G. León / Physics Letters B 774 (2017) 338–350
4.1. |z0| → 0

In this case, the (dimensional) scalar power spectrum results 
in P(k) ∝ 1

k5 , both in the standard scenario and in ours having 
included the hypothesis of collapse. In our approach, if |z0| → 0, 
then the time of collapse must satisfy |zk| → 0 since the collapse 
always occurs for ηc

k > η0. There is no possible parametrization for 
ηc

k , such that the spectrum is scale invariant; the proof can be seen 
in the Appendix D. We stress that, the loss of scale invariance in 
the resulting power spectrum, is not due to the physics behind 
the collapses, but because the novel vacuum choice is not the best 
option for smaller values of |z0|.
4.2. |z0| → ∞

In this case, we observe that taking the limit |z0| → ∞, implies 
that the function Q (z0, zk) results in exactly the same function as 
the one shown in Eq. (88) of Ref. [14], i.e.

Q (z0, zk) → C(zk) = 1

8

h
1 + 2

z2
k

sin2(zk) − 1

zk
sin(2zk)

i
(43)

Note that the aforementioned result of Ref. [14] was obtained us-
ing the BD vacuum state. Equation (43) is expected because if 
|z0| → ∞, the initial condition of the BD vacuum is recovered.

In Ref. [14], it was shown that if |zk| → ∞ or |zk| → 0 then 
the function C(zk) is a constant. Thus, leading to an exactly scale 
invariant power spectrum. Also, if ηc

k = A
k is assumed (with A a 

constant), whatever the value of zk , then the resulting spectrum 
is scale free, and its observational analysis can be consulted, for 
instance, in Refs. [29,61].

4.3. Other |z0| cases

For intermediate |z0| values, that is, values not included in the 
cases A and B described previously, in Fig. 1 we plot Q (k) vs. k
having chosen the time of collapse as ηc

k = A
k (A a constant), with 

|A| = 10−2 and |η0| = 104 Mpc. Note that when a parametriza-
tion for ηc

k is chosen and the time η0 is set, the function Q (k)

is only dependent on k. As it can be seen, the resulting function 
Q (k) is constant for large values of k, while departures from a 
constant behavior for lower k. Therefore, we expect that the (di-
mensional) scalar power spectrum results in P(k) ∼ 1

k3 for large 
k values, while departures from the standard prediction affect the 
smallest ones. Since the observational relevant modes are such that 
k ∈ [10−6, 10−1] Mpc−1, only for observationally relevant small k
values (i.e. low multipoles l), a difference is expected between our 
prediction for the Cl and that corresponding to a perfectly scale 
invariant spectrum. Also, note that Fig. 1 includes a wide range of 
intermediate |z0| values and, in addition, the graph is representa-
tive for |zk| → 0 and intermediate |zk| values.

Although here we will not perform a complete statistical anal-
ysis with the observational data, in Fig. 2 we show our predicted 
angular spectrum Cl and compare it with a fiducial model.

In order to perform our analysis, we modified the public avail-
able CAMB code [66]. The cosmological parameters of our fidu-
cial flat 3CDM model considered are: baryon density in units of 
the critical density Äbh2 = 0.02225, dark matter density in units 
of the critical density Äcdmh2 = 0.1198, Hubble constant H0 =
67.27 km s−1 Mpc−1, reionization optical depth τ = 0.079, and the 
scalar spectral index, ns = 0.96. Those are the best-fit values pre-
sented by the Planck Collaboration [12]. Recall that, we have ne-
glected the effects on the power spectrum and the scalar spectral 
index coming from the slow-roll parameters. Consequently, our an-
gular spectrum should be compared with a canonical scale free 
spectrum.
Fig. 1. The function Q (k) vs. k, for intermediate |z0| values and when the 
parametrization ηc

k = A
k is assumed. The values considered are |A| = 10−2 and 

|η0| = 104 Mpc. The behavior of Q is nearly constant except for large scales (i.e. 
small k values), for which, small deviations from a scale free spectrum are expected 
in our prediction for the Cl .

Fig. 2. Our prediction for the CMB angular spectrum within an inflationary collapse 
model, with |zk| = |A| = 10−2, and having chosen a different vacuum state than 
the traditional one, being |η0| = 104 Mpc. As a reference, we also show a fiducial 
model coming from the best-fit to the Planck data [12], with scalar spectral index 
ns = 0.96 (dotted line) and ns = 1 (dashed line). See the text for details.

In Fig. 2, we present three plots: One, is the fiducial model de-
scribed previously. Another one is a quasi fiducial model with the 
best-fit values from Planck, except for the spectral index, for which 
ns = 1. And, the remaining plot, corresponds to the predicted curve 
in our model, also with ns = 1.

As it can be seen, our prediction agrees very well with the stan-
dard prediction curve plotted with the best-fit values from the 
Planck data. As anticipated, only small differences for low multi-
pole values appear, where the cosmic variance is dominant.

We conclude this section with a final remark: the fact of having 
chosen a vacuum different from that which is typically chosen as 
the initial condition for inflation, led us to a function Q (z0, zk) that 
is generically different from that of the authors in [14]. Then, one 
could think that it would be very difficult to find a parametrization 
for ηc

k , such that the shape of the power spectrum would be com-
patible with the CMB observations. However, as inferred from the 
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plots, the parametrization ηc
k = A

k is still valid for a wide range of 
η0 values.

5. Conclusions

In this work, we have analyzed under which conditions one can 
recover an essentially scale free spectrum of primordial inhomo-
geneities, when the standard BD vacuum is replaced by another 
one that minimizes the renormalized stress–energy tensor via a 
Hadamard procedure. This new prescription for selecting the ini-
tial vacuum state is better suited for cosmological models built to 
give a description of the early universe, particularly those that in-
clude the self-induced collapse proposal within the semiclassical 
gravity picture.

We found that a scale invariant scalar power spectrum can be 
obtained (and compatible with the CMB observations), for a wide 
range of initial times η0. By choosing for the collapse time the 
parametrization ηc

k =A/k (being A a constant), in Fig. 2, we show 
that our predicted angular spectrum Cl agrees very well with the 
standard prediction curve plotted with the best-fit values from the 
recent Planck data. As anticipated in our analysis, only small differ-
ences for low multipole l values appear, where the cosmic variance 
is dominant.

For |z0| = k|η0| → 0 the choice of this novel vacuum does not 
lead to a scale invariant scalar power spectrum, but not due to 
the collapse hypothesis. As a matter of fact, this is generically true 
for the standard inflationary model using the new vacuum choice. 
In other words, small values of |kη0| are not allowed by the ob-
servations using the new vacuum state either within the standard 
inflation or using the self-induced collapse hypothesis.

On the other hand, for values |z0| & 1, it is possible to obtain a 
scale free spectrum concordant with observations. In particular, for 
|z0| À 1, the initial conditions are the same as the one provided 
by the BD vacuum.

The fact of having chosen a vacuum different from that which 
is typically chosen as the initial condition for inflation, led us to 
the function Q (z0, zk), shown explicitly in Eq. (B.4). The obtained 
function is generically different from that of the authors in [14], 
who also considered the collapse proposal but using the standard 
BD vacuum. Therefore, one could think that it would be very diffi-
cult to find a parametrization for ηc

k , such that the power spectrum 
would become scale free, and, as a consequence, compatible with 
the CMB data. However, we have found that the parametrization 
ηc

k = A
k , which is the same as the one originally proposed in all 

the previous works based on the collapse hypothesis, is still valid 
for a wide range of η0 values. Thus, we conclude that the collapse 
mechanism might be of a more fundamental character than previ-
ously suspected.

Note that the model considered here involved some phe-
nomenological characterization of the self-induced collapse pro-
posal. For instance, the dependence of the time of collapse on each 
mode k, and the Gaussian distribution in the random variables. 
However, this characterization can be taken as ansatz modifica-
tions of the standard inflationary scenario, inspired by collapse 
schemes proposals based on spontaneous individual collapses (e.g. 
the GRW model [58]). The GRW objective reduction model has 
been originally proposed to deal with the quantum measurement 
problem, independent of any cosmological context. In this work, 
we used a GRW-inspired collapse scheme, by incorporating some 
of its generic features. Nevertheless, we think that a dynamical re-
duction mechanism (which can be seen as less ad hoc than the 
one considered here), such as the Continuous Spontaneous Local-
ization (CSL) model [57,67], can be subjected to the same analysis 
presented in the present paper.
Finally, it is also important to mention some previous results 
regarding other observables; specifically, the primordial bispectrum 
[61,68] and tensor modes [27,28]. Those results were obtained un-
der our self-induced collapse proposal but maintaining the usual 
choice of the BD vacuum. In respect to the bispectrum, we have 
obtained a completely different shape than the usual one. As a 
matter of fact, the characterization is not based on the usual quan-
tum three-point function. Meanwhile, a possible detection of pri-
mordial gravitational waves would be considered as the “smoking-
gun” between our proposal, based on semiclassical gravity, and 
the traditional one. Our framework predicts a strong suppression 
of the tensor modes amplitude; essentially undetectable by any 
present or future experiments. Based on the results obtained in 
this paper, we think that the aforementioned predictions will re-
main unchanged.
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Appendix A. Explicit equations of Sect. 3.2

In this Appendix, we are going to show some steps to arrive at 
Eq. (29). We will use the collapse scheme chosen in Eq. (28), where 
appear the expectation values of h ŷR,I

k (ηc
k)i2 and hπ̂ R,I

k (ηc
k)i2 , 

evaluated at the collapse time, and related to the quantum un-
certainties of the vacuum state.

From Eqs. (25), together with definitions of âR
k and âI

k and the 
non-standard commutation relations for the âR,I

k in Eq. (26), we 
can rewrite the quantum uncertainties of the vacuum state yk(η)

of Eq. (21) (at collapse time) as³
1 ŷR,I

k (ηc
k)

´2

0
= L3

4
|yk(η

c
k)|2³

1π̂ R,I
k (ηc

k)
´2

0
= L3

4
|gk(η

c
k)|2

where gk = y0
k − Hyk . Then, the collapse scheme can be written 

as:

h ŷR,I
k (ηc

k)i2 = λ1 xR,I
k,1

L
3
2

2
|yk(η

c
k)| (A.1a)

hπ̂ R,I
k (ηc

k)i2 = λ2 xR,I
k,2

L
3
2

2
|gk(η

c
k)| (A.1b)

Now, we need the values of ŷk(η) and π̂k(η) for η ≥ ηc
k , in the 

post-collapse state. To do this, we introduce the quantity dR,I
k ≡

h2|âR,I
k |2i, that determines the expectation value of the field and 

momentum operator for the mode k at all times after the collapse. 
That is, from Eq. (25), we have

h ŷR,I
k (η)i2 = √

2Re[yk(η)dR,I
k ] (A.2)

hπ̂ R,I
k (η)i2 = √

2Re[gk(η)dR,I
k ] (A.3)

which corresponds to expectation values at any time after the col-
lapse in the post-collapse state |2i. One can then relate the value 
of dR,I

k with the value of the expectation value of the fields op-

erators at the time of collapse h ŷR,I
(ηc)i2 = √

2Re[yk(η
c)dR,I ], 
k k k k
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hπ̂ R,I
k (ηc

k)i2 = √
2Re[gk(η

c
k)d

R,I
k ]. Using the latter relations to ex-

press dR,I
k in terms of the expectation values at the time of col-

lapse, and substituting it in Eq. (A.3), we obtain an expression for 
the expectation value of the momentum field operator in terms 
of the expectation value at the time of collapse. Since hπ̂k(η)i2 =
hπ̂ R

k (η)i2 + i hπ̂ I
k(η)i2 , we write

hπ̂k(η)i2 = 1

D(zk)

½
F (kη, zk)

h
h ŷR

k (ηc
k)i2 + ih ŷ I

k(ηc
k)i2

i
+

+ G(kη, zk)
h
hπ̂ R

k (ηc
k)i2 + ihπ̂ I

k(ηc
k)i2

i¾
(A.4)

where zk ≡ kηc
k . On the other hand, functions D , F and G are de-

fined by:

D(zk) ≡ Im[gk(η
c
k)]Re[yk(η

c
k)] − Im[yk(η

c
k)]Re[gk(η

c
k)]

F (kη, zk) ≡ Re[gk(η)]Im[gk(η
c
k)] − Im[gk(η)]Re[gk(η

c
k)]

G(kη, zk) ≡ Im[gk(η)]Re[yk(η
c
k)] − Re[gk(η)]Im[yk(η

c
k)] (A.5)

Substituting in Eq. (A.4) what was found in Eqs. (A.1), we can fi-
nally write,

hπ̂k(η)i2 = L
3
2

2D(zk)

h
F (kη, zk) |yk(η

c
k)| λ1 xk,1 +

+ G(kη, zk) |gk(η
c
k)| λ2 xk,2

i
(A.6)

with Xk,1 ≡ xR
k,1 + i xI

k,1 and Xk,2 ≡ xR
k,2 + i xI

k,2. From the equation 
for yk(η), Eq. (21) at ηc

k , together with the relation between Ak
and Bk given by Eq. (22), we obtain that D = −1/2. The explicit 
forms for F and G functions turn out to be:

F (kη, zk) = (A2
k − |Bk|2) k2 sin(kη − zk)

G(kη, zk) = −k(A2
k − |Bk|2)

zk

×
h

zk cos(kη − zk) + sin(kη − zk)
i

(A.7)

On the other hand,

|yk(η
c
k)|2 = (A2

k + |Bk|2)(1 + z2
k )

z2
k

+ 2|Ak||Bk|(z2
k − 1)

× cos(2zk + β) − 4|Ak||Bk|zk sin(2zk + β)

|gk(η
c
k)|2 = k2

h
A2

k + |Bk|2 − 2|Ak||Bk| ×
× cos(2zk + β)

i
(A.8)

Remember that Ak and Bk [Eqs. (23) and (24)] have dependence 
on z0 ≡ kη0, the initial condition of the vacuum state chosen.

Appendix B. The |alm|2
M L and the explicit form of Q (z0, zk)

Since we are interested in the observational relevant modes, 
which have wavelengths greater than the Hubble radius during 
inflation, as we mentioned in section 3.2, we will take the limit 
|kη| → 0 in the functions F and G given in Eqs. (A.7), and we will 
define M and N as:

M(z0, zk) ≡ lim
|kη|→0

F (kη, zk) |yk(η
c
k)|

N(z0, zk) ≡ lim
|kη|→0

G(kη, zk) |gk(η
c
k)| (B.1)
Note that we have explicitly written that there is a dependence on 
z0 = kη0 in the functions M and N .

The explicit expressions for |alm|2ML can be found by substituting 
Rk , given in Eq. (32), into Eq. (37) and then making the identifi-
cation |alm|2ML = |alm|2. This is,

|alm|2ML = 16π2

L6

X
k,k0

jl(kR D) jl(k
0R D)

× Y ∗
lm(k̂)Ylm(k̂0)T (k)T (k0)RkR∗

k0 (B.2)

Therefore, it is

|alm|2ML = 8π2 H2

L3²1M2
P

X
k,k0

jl(kR D) jl(k0R D)

k2 k0 2

× Y ∗
lm(k̂)Ylm(k̂0)T (k)T (k0)

h
λ2

1M(z0, zk)M(z0, zk0)

× Xk,1 X∗
k0,1 + λ2

2 N(z0, zk)N(z0, zk0)Xk,2 X∗
k0,2

i
(B.3)

where we have used that the random variables Xk,1 and Xk,2 are 
uncorrelated, so Xk,1 X∗

k0,2 = 0 = Xk,2 X∗
k0,1.

From Eq. (B.3), and since we are assuming that the xR,I
k vari-

ables are uncorrelated, and thus the ensemble average of the prod-
uct of these random variables satisfies Eq. (38), we can finally 
identify the function Q (z0, zk) with

Q (z0, zk) ≡ 1

k

h
λ2

1 M2(z0, zk) + λ2
2 N2(z0, zk)

i
which explicitly turns out to be:

Q (z0, zk) = 1

16 z2
k z2

0

(
λ2

2

h
1 + 2z2

0 − z0

s
4 + 1

z2
0

× cos[2zk − 2z0 + arctan(2z0)]
i
[zk cos(−zk) + sin(−zk)]2

+ λ2
1 sin2(−zk)

"
(1 + z2

k )(1 + 2z2
0) + z0

s
4 + 1

z2
0

×
h
(z2

k − 1) cos[2zk − 2z0 + arctan(2z0)]

− 2zk sin[2zk − 2z0 + arctan(2z0)]
i#)

(B.4)

Appendix C. Equivalent power spectra P (k)

In the traditional inflationary scenario, the power spectrum 
P (k) is obtained by computing the quantum two-point correlation 
function. That is, if R̂ represents the quantum field associated to 
the scalar metric perturbation, then the power spectrum is taken 
to be

h0|R̂kR̂∗
k0 |0i = 2π2

k3
P (k)δ(k − k0) (C.1)

On the other hand, let us recall that in general, the definition of 
the power spectrum is given in terms of Rk , i.e. a classical stochas-
tic field and not a quantum field. Therefore, the standard approach 
is based on the identification:

h0|R̂kR̂∗
k0 |0i = RkR∗

k0 (C.2)

with RkR∗
k0 denoting an average over an ensemble of classical 

stochastic fields. The justification for the relation above relies on 
arguments based on decoherence and the squeezing nature of the 



G.R. Bengochea, G. León / Physics Letters B 774 (2017) 338–350 349
evolved vacuum state [18,69] (although we do not subscribe to 
such arguments for the reasons exposed in [15,16]). It is also im-
portant to mention that based on the above hypotheses, there is 
a strong matching between the predictions based on the standard 
approach and the observational data.

On the other hand, in our proposal, the procedure to obtain 
an equivalent power spectrum is different from the traditional ap-
proach. We start by focusing on the temperature anisotropies of 
the CMB observed today on the celestial two-sphere and its re-
lation to the scalar metric perturbation R. In Fourier space, this 
relation can be written as (see Sect. 3.3),

2(k) = T (k)Rk (C.3)

where T (k) is known as the transfer function, which contains the 
physics between the beginning of the radiation-dominated era and 
the present, i.e the modifications associated with late-time physics. 
[A well known result (the Sachs–Wolfe effect) is, for instance, that 
T (k) ' 1/5 for very large scales].

On the other hand, the observational data are described in 
terms of the coefficients alm of the multipolar series expansion

δT

T0
(θ,ϕ) =

X
lm

almYlm(θ,ϕ),

alm =
Z

δT

T0
(θ,ϕ)Y ∗

lm(θ,ϕ)dÄ,

(C.4)

here θ and ϕ are the coordinates on the celestial two-sphere, with 
Ylm(θ, ϕ) as the spherical harmonics.

The values for the quantities alm are then given by

alm = 4π il

3

Z
d3k

(2π)3
jl(kR D)Y ∗

lm(k̂)T (k)Rk (C.5)

with jl(kR D) being the spherical Bessel function of order l, and R D
is the comoving radius of the last scattering surface. The metric 
perturbation Rk is the primordial curvature perturbation (in the 
comoving gauge).

By using Eq. (27) (with Rk ' 9k/²1) into Eq. (C.5) we obtain

alm = 4π il

3

H√
2²1M P

Z
d3k

(2π)3
jl(kR D)Y ∗

lm(k̂)T (k)
hπ̂ki

k2
. (C.6)

The previous expression shows how the expectation value of the 
momentum field in the post-collapse state acts as a source for the 
coefficients alm .

Furthermore, the angular power spectrum is defined by

Cl = 1

2l + 1

X
m

|alm|2. (C.7)

For the reasons presented in Sect. 3.3, we can identify the observed 
value |alm|2 with the most likely value of |alm|2ML and in turn, as-
sume that the most likely value coincides approximately with the 
average |alm|2.

Thus, in our approach, the observed Cl coincides with

Cl ' 1

2l + 1

X
m

|alm|2. (C.8)

From Eq. (C.6) we obtain

|alm|2 =
µ

4π

3

¶2 Z
d3kd3k0

(2π)6
jl(kR D) jl(k

0R D)

× Y ∗
lm(k̂)Ylm(k̂0)T (k)T (k0)RkR∗

k0

=
µ

4π
¶2 Z

d3kd3k0
6

jl(kR D) jl(k
0R D)
3 (2π)
× Y ∗
lm(k̂)Ylm(k̂0)T (k)T (k0)

·
H2

2²1M2
P

hπ̂kihπ̂k0 i∗
k2k0 2

¸
.

(C.9)

Consequently using the generic definition of the power spec-
trum,

RkR∗
k0 ≡ 2π2

k3
P (k)δ(k − k0) (C.10)

and also using Eq. (C.9), the power spectrum, associated to Rk , in 
our approach is given by

P (k) = H2

4π2²1M2
P

hπ̂k(η)ihπ̂k(η)i∗
k

. (C.11)

The quantity hπ̂k(η)ihπ̂k(η)i∗ is obtained by using Eq. (29) in the 
limit −kη → 0, i.e. when the proper wavelength of the modes of 
interest are bigger than the Hubble radius.

Appendix D. A non-scale invariant power spectrum for |z0| → 0

In this Appendix, we will show that if |z0| → 0, in both ap-
proaches, i.e. in the standard inflationary model and in our picture 
with the additional collapse hypothesis, then the resulting shape 
of the scalar power spectrum P(k) is not consistent with the ob-
servational data.

In the standard approach, the modes vk of the Mukhanov–
Sasaki variable satisfy [37,65],

v 00
k +

³
k2 − z00

z

´
vk = 0 (D.1)

Note that the equation of motion for yk(η), Eq. (10), is identical 
to Eq. (D.1). That is, when neglecting the slow roll parameters z00

z '
a00
a = 2

η2 . As we know, a general solution in such a case will be,

vk(η) = Ak

³
1 − 1

kη

´
e−ikη + Bk

³
1 + 1

kη

´
eikη (D.2)

where we assumed Ak ∈R and Bk ∈C.
On the other hand, in the standard scenario, the (dimensional) 

scalar power spectrum is obtained from

P(k) ' lim
−kη→0

|vk(η)|2
M2

P ²1a2(η)
(D.3)

By using Eq. (D.2) into Eq. (D.3) one obtains

P(k) ' H2

M2
P ²1k2

h
A2

k + |Bk|2 − 2AkRe(Bk)
i

(D.4)

From Eqs. (23) and (24) we have seen that if z0 → −∞, the 
initial conditions provided by the BD vacuum are recovered, which 
implies that, Ak = 1√

2k
and Bk = 0. In that case, Eq. (D.4) implies 

P(k) ∝ 1
k3 , so a scale invariant power spectrum is obtained.

However, if |z0| → 0 then we can make the following approxi-
mations in Eqs. (23) and (24):

|Ak|2 ' 1

8k|z0|2 |Bk|2 = 1

8k|z0|2 (D.5)

Ak ' 1√
8k|z0|

Re(Bk) ' − 1√
8k|z0|

(D.6)

and since z0 ≡ kη0, we obtain from Eq. (D.4),

P(k) ' H2

3

1
2

∝ 1
5 (D.7)
8k |z0| k
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Therefore, if |z0| → 0, then the shape of the power spectrum, 
which resulted from choosing a vacuum state such that it mini-
mizes the renormalized stress–energy tensor via a Hadamard pro-
cedure, is not compatible with the observational data. The initial 
conditions obtained from the vacuum choice fix the value of Ak
and Bk given by Eqs. (23) and (24).

Now, let us show that under our approach, with the collapse 
hypothesis included, we arrive at the same result. For simplicity, 
we will assume λ1 = 1 = λ2.

For |z0| → 0, and taking into account that |zk| < |z0|, we per-
form a Taylor expansion in Eq. (B.4). At the leading order in |z0|
and |zk|, we obtain:

Q (z0, zk) ' 1

8|z0|2 + |zk|2
12|z0|2 +O(|z0|, |zk|4) (D.8)

Again, keeping the first relevant term in Eq. (D.8), and since 
z0 = kη0 we finally arrive at

P(k) ∝ 1

k5 (D.9)

We observe that the result is independent of the parametrization 
for ηc

k . Therefore, as in the standard case, the shape of the power 
spectrum is not consistent with the data. We attained this negative 
result not due to the collapse hypothesis but because of the ini-
tial conditions, provided by the novel choice of the vacuum state, 
when |z0| → 0.
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