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LAGRANGIAN REDUCTION OF
DISCRETE MECHANICAL SYSTEMS BY STAGES

is given by E. Routh [24], although it was implicit in Lagrange’s original ideas.
A modern treatment, including nonholonomic constraints, is given by H. Cendra,
J. Marsden and T. Ratiu in []. In the modern Hamiltonian case, there are the
original works of V. Arnold [0, S. Smale 23 28], K. Meyer 22], J. Marsden and
A. Weinstein [I8] and, among the recent literature, J. Marsden et al. [I9]. There is
also a field-theoretic version as explained, for instance, by M. Castrillén Lopez and
T. Ratiu in 2. In the case of discrete mechanical systems (DMS), different versions
of reduction theory have been considered, among others, by S. Jalnapurkar et al.
in [[2], R. McLachlan and M. Perlmutter in [2I] and the authors in [. Reduction
theory has also been developed in the context of Lie groupoids and Lie algebroids
as discussed by J. C. Marrero et al in [I6] and by D. Iglesias et al in [I].
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' Q : ABSTRACT. In this work we introduce a category of discrete Lagrange—Poincaré

' " systems £ ; and study some of its properties. In particular, we show that the

. 5 L discrete mechanical systems and the discrete mechanical systems obtained by

il the Lagrangian reduction of symmetric discrete mechanical systems are objects

' E : in £, We introduce a notion of symmetry groups for objects of £, and

! . introduce a reduction procedure that is closed in the category £P,. Further-

, ' more, under some conditions, we show that the reduction in two steps (first

Vo by a closed normal subgroup of the symmetry group and then by the residual

. > : symmetry group) is isomorphic in £33, to the reduction by the full symmetry

' e \E group.

'O, 1. INTRODUCTION

D | | - o

ek The study of mechanical systems with symmetries is a classical subject. A
R standard technique used in the area is the construction of a certain dynamical
— system —the reduced system— where some or all of the original symmetries have
VN been eliminated and whose trajectories can be used to obtain the trajectories of the
Lo original system. This general idea has been developed and used in many different
o contexts. In the Lagrangian formulation of Classical Mechanics, one such approach
e
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In some cases, if GG is a symmetry group of a mechanical system, it may be con-
venient to consider a partial reduction, that is, the reduction of the system by a
subgroup H C G and, eventually, as a second step, the reduction of any remain-
ing symmetries in the associated reduced system. This process is called reduction
by (two) stages. A problem is that, in general, the reduced system associated to
a symmetric mechanical system is a dynamical system that is not a mechanical
system. Therefore, a second reduction cannot be performed in the framework of
mechanical systems. For continuous time systems, the solution found by different
authors consists of enlarging the class of systems considered beyond the mechani-
cal ones, developing a reduction theory for those generalized systems that extends
the original reduction of mechanical systems and, eventually, considering the re-
duction by stages in this generalized framework. This is the case, for instance,
in the Lagrangian context, of [, and, for Lagrangian systems with nonholonomic
constraints, of Bl [G]. In the Hamiltonian case, it is extensively analyzed in [[9]. Tt
should be remarked that in the Lie algebroid or Lie groupoid contexts the problem
described in this paragraph does not arise as the reduction of an object in one of
these categories lies within the same category.

The purpose of the present work is to introduce a generalized framework to
study the reduction of DMS by stages. In this sense, it parallels [B for discrete
time mechanical systems. More precisely, a category £, of discrete Lagrange-
Poincaré systems (DLPS) is introduced and it is shown that DMSs are among its
objects in a natural way. Also, the reduced systems associated to symmetric DMSs
are in £, The dynamics of a DLPS is defined via a variational principle that,
for a DMS, reduces to the discrete Hamilton Principle. Then, a reduction theory
for symmetric DLPSs is developed. It is shown that this theory, when applied to
DMS, coincides with the one defined in []. At this stage, we can prove the main
result of the paper, Theorem [ showing that, under appropriate conditions, the
reduction in two stages is feasible and isomorphic in £33, to the full reduction in
one step.

The construction of reduced systems considered in [, Bl 6, [T, [ and here,
all require additional data: a connection or a discrete connection on a certain
principal bundle. We prove that, even though the reduced DLPSs depend on the
specific discrete connection used, any two choices lead to DLPSs that are isomorphic
in £ ,. Last, we prove that under fairly general conditions discrete connections on
the appropriate principal bundles satisfying the conditions required by the reduction
by stages results exist.

It is well known and very useful that DMSs carry natural symplectic structures.
But, in general, their associated reduced systems are not symplectic; instead, they
carry Poisson structures. In contrast, general DLPSs do not carry a natural sym-
plectic or Poisson structure; we prove that, when a Poisson structure is added to
a DLPS, then it descends to any reduced system associated to it. A consequence
of this fact is that all DLPSs obtained by a finite number of reductions from a
symmetric DMS, have a “natural” Poisson structure coming from the symplectic
structure of the original DMS.

The plan for the paper is as follows. SectionRlreviews the notion of discrete con-
nection on a principal bundle and some of its basic properties. Section Blintroduces
discrete Lagrange—Poincaré systems, their dynamics and explores some examples.
Section [ defines a category whose objects are the DLPSs. Section [ introduces
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the notion of symmetry group of a DLPS and, then, constructs a “reduced” DLPS
associated to any symmetric DLPS and discrete connection; it also compares the
dynamics of the reduced DLPS and that of the original DLPS, proving that the
trajectories of one system can be obtained from those of the other. An example
of reduction process is analyzed in Section Section [ considers the reduction
of DLPSs in two stages. Section [§ studies some aspects of Poisson structures on
DLPSs. The paper closes with Section [d where we list some basic and general re-
sults on group actions on manifolds and on principal bundles; most of this material
is standard and it is included to have a unified notation and reference point.

Finally, we wish to thank Hernan Cendra for his continuous interest in this work
and many very useful discussions.

2. GENERAL RECOLLECTIONS

Let G be a Lie group acting on the left on the manifold @ by % in such a way
that the quotient map 79¢ : Q — @Q/G be a principal G-bundle; we also consider
the induced diagonal G-action (®*? on @Q x Q. Leok, Marsden and Weinstein
introduced in [[3] a notion of discrete connection on principal G-bundles. The
following definition comes from [B], which the reader should refer to for further
details on discrete connections.

Definition 2.1. Let Hor C Q x @ be an [9*®-invariant submanifold containing
the diagonal Ag C @ x Q). We say that Hor defines the discrete connection A4 on
the principal bundle 7%¢ : Q — Q/G if (idg x 7% |yer : Hor — Q x (Q/G) is
an injective local diffeomorphism. We denote Hor by Hor4,.

When Hor 4, is a discrete connection on 79¢ : Q — Q/G, it is easy to see that

for any (qo,q1) € @ X @, there is a unique g € G such that (qo,ng,l(ql)) € Horg,,

where ng (q) :=19(g, q). In this case, the discrete connection form Aq: Q x Q — G
is defined by A4(q0,q1) = g.

Remark 2.2. It is well known that when the principal G-bundle is not trivial, the
existence of g stated above cannot be assured in general. It is true, though, when
(go,q1) is in a certain open subset of @ X @ containing the diagonal, known as the
domain of the discrete connection. Still, in what follows, we omit this technical
detail in order to keep the notation simple.

As in the case of connections on a principal G-bundle, discrete connections define
a notion of discrete horizontal lift, that we introduce below.

Definition 2.3. Let Ay be a discrete connection on the principal G-bundle 7% :
Q — Q/G. The discrete horizontal lift hy : Q x (Q/G) — Q x @ is the inverse
map of the injective local diffeomorphism (idg X 7)|mor,, : Hora, = Q@ x (Q/G).
Explicitly

h%(r1) = halqo,m) == (0,@1) < (q0.q1) € Hora, and 79%(q1) =ry.
We define h_d :=pyoh, and h_g“ := pao h¥’, where ps : Q X Q — Q is the projection

on the second variable. More generally, p; : X; x --- x X3 — X is the projection
from the Cartesian product onto the j-th component.

Remark 2.4. In the same spirit of Remark 221 h; may not be defined on all of
Q@ % (Q/G) but only on an open subset. We ignore this fact in what follows.
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Discrete connections and their lifts satisfy a number of properties. The next
result reviews some of them.

Proposition 2.5. Let Ay be a discrete connection on the principal G-bundle 79C
Q — Q/G. Then,

(1) the discrete connection form Aq and the discrete horizontal lift h, are
smooth functions and,

(2) if we consider the left G-actions on G and Q x (Q/G) given by
1§(g) =g9'g™"  and 1$*@/D(go,r1) == (19(q0),71)

as well as the diagonal action on @ x @ then Aq, h,; and h_d are G-
equivariant.
(3) More generally, for any go, g1 € G,

Aa(12 (90),13 (1)) = g1 Aalqo, )9y for all  qo,q1 € Q.
Proof. See Lemma 3.2 and Theorems 3.4 and 4.4 in [§]. O

In what follows we use several notions that are reviewed in the Appendix (Sec-
tion[d). For instance, fiber bundles and their maps are introduced in Definitions
and @13 while the action of a Lie group on a fiber bundle is introduced in Defini-
tion

When a Lie group G acts on the fiber bundle (E, M, ¢, F) and F» is a right
G-manifold, it is possible to construct an associated bundle on M/G with total
space (E x Fy)/G and fiber F' x Fy. The special case when F» = G acting on itself
by r4(h) := g~'hg is known as the conjugate bundle and is denoted by Gr (see
Example @.I7]).

Proposition 2.6. Let G be a Lie group that acts on the fiber bundle (E, M, ¢, F')
and Aq be a discrete connection on the principal G-bundle 7™¢ . M — M/G.
Defindl @4, : Ex M — E x G x (M/G) and U4, : E x G x (M/G) — E x M by

O 4, (e,m) = (&, Ag(d(e), m), 7% (m)),
U, (6, w,r) == (&, 1M (WS (r))).

Then, ;Iv)Ad and ‘T’Ad are smooth functions, inverses of each other. If we view E x M
and E x G x (M/G) as fiber bundles over M via ¢ o p1, then ®4, and V4, are
bundle maps (over the identity). In addition, if we consider the left G-actions [F>*M
and 1EXEX(M/G) defined by

ExM — (1E() 1M ExGx(M/G — (1E(. 1C
Iy (e,m) i= (I (€),1," (m))  and 1> X(M/G) (¢, 1) = (Iy (€), 15 (w),r),

then, ;Iv)Ad and {Ivad are G-equivariant, so they induce diffeomorphisms ® 4, : (E x
M)/G = Gg x (M/G) and ¥ 4, : Gg x (M/G) — (E x M)/G.

Proof. Being composition of smooth functions (see part [l in Proposition 23]), D4 4
and W 4, are smooth; direct computations involving part Bl of Proposition 25 show
that ® 4, and U 4, are inverses of each other. Using part [ from Proposition 2 it is

1As we mentioned in Remark B2 the discrete connection Ay need not be defined on M x M
but, rather, on an open subset. This restricts the domain of &’Ad and ‘I’Ad to appropriate open
subsets, where the results of Proposition 2.8l hold. Still, we ignore this point and keep working as
if Ay were globally defined in order to avoid a more involved notation.
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easy to verify the G-equivariance of D4 ,- Being Ty L= (5 A,) "1, its G-equivariance
follows. The last part of the statement is derived from Corollary 0.4 O

Remark 2.7. Notice that (E x M)/G can be seen as a fiber bundle over M/G

via ¢ o p1, corresponding to the associated fiber bundle M g constructed in Exam-
ple Similarly Gg x (M/G) is a fiber bundle over M/G via ¢op;. In this
context, ® 4, and ¥ 4, are bundle maps (over the identity).

After Proposition 268 we have the commutative diagram

Yy
(2.1) ExM—2% (ExG) x (M/G)
7rE><M,Gl T4 l(wEXG‘Gopl)Xm
(ExM)/G—— Gg x (M/G)
Ad
consisting of manifolds and smooth maps (or bundle maps, understanding that the

top row are bundles over M and the bottom row are bundles over M/G). In 1)),
we have defined

(2.2) Yy, =P, o mPME = ((7FXEC o p1) X py) oDy,

Lemma 2.8. Let G act on the fiber bundle (E,M,$,F) and Ay be a discrete
connection on the principal G-bundle 7™ : M — M/G. Then, Y4, : E x M —

(éE x (M/G)) defined by @2) is a principal G-bundle.

Proof. Since ® 4, is a diffeomorphism and 72X is a surjective submersion, T 4,

is also a surjective submersion. Also, as T;&(TAd (€0,m1)) = 15 (e0,m1), by
Theorem @8 we conclude that (E x M,Gg x (M/G), Y 4,,G) is a principal G-
bundle. 0

When G acts on the fiber bundle (E, M, ¢, F') and A, is a discrete connection
on the principal G-bundle 7% : M — M /G, we have the following commutative

diagram involving the conjugate bundle Gg.

. P,
(2.3) E<~""ExM-—% (ExG)x (M/G)
e
M/G Gg x (M/G)

pM/Cop,

3. DISCRETE LAGRANGE-POINCARE SYSTEMS

A discrete mechanical system (DMS) as in [I7] is a pair (Q, Lg) where Q is a
finite dimensional manifold known as the configuration space and Ly : Q X Q — R
is a smooth function called the discrete lagrangian. Trajectories of such a system
are critical points of an action function determined by L.

In this section we introduce an extended notion of DMS as a dynamical system
whose dynamics arises from a variational principle. In addition, we find the corre-
sponding equations of motion. In Section ] we formulate a categorical framework
that contains the extended systems.
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3.1. Discrete Lagrange—Poincaré systems and dynamics. The reduction pro-
cedure introduced in [f] and reviewed in the unconstrained situation later, in Sec-
tion B2 has a shortcoming in that, in most cases, when applied to a DMS, the
resulting dynamical system is not a DMS. The main objective of this paper is to
overcome this problem by considering a larger class of discrete mechanical systems
that is closed by the reduction procedure. In order to define the larger class of
DMSs we will consider more general “discrete velocity” phase spaces than @ x @;
concretely, we will consider spaces of the form E x M, where ¢ : E — M is a
fiber bundle. Furthermore, we will consider discrete time dynamical systems on
such spaces, whose dynamics will be defined using a lagrangian function and a
variational principle. In this section we study the extended discrete velocity phase
spaces and discrete lagrangian systems on them.

The motivation for the notion of extended discrete velocity phase space that
we consider in this paper comes from the type of space obtained by the reduction
process introduced in [[]. There, the reduced space associated to a discrete system
on ( x Q with symmetry group G is the space (Q/G) x (Q/G) xg/c G, that is a
fibered product of the pair bundle (Q/G) x (Q/G) and the fiber bundle G— Q/G,
where G = G, for E the fiber bundle idg : Q — Q (see Example [@.17). This space

is not a standard space for a DMS due to the presence of G. Therefore, it seems
reasonable to enlarge the class of spaces to be considered by looking at spaces that
are the fibered product of a pair bundle M x M and a fiber bundle £ — M. In fact,
for continuous mechanical systems, this is the approach of [, where their extended
velocity phase space is of the form T'Q & V and V is a vector bundle over Q). Yet,
we will consider a minor variation of the preceding idea: instead of (M x M) x s E,
we will consider E' x M that, as fiber bundles over M (by ¢op; in the second space)
are isomorphic. The technical advantage of using this last space is that it is easier
to work with a product manifold rather than with a fibered product.

Given a fiber bundle ¢ : E — M we will denote C'(E) := E x M, seen as a fiber
bundle over M by ¢ o p;. Similarly, we define the discrete second order manifold
C"(E) := (E X M) Xy, (4op) (B x M) that we view as a fiber bundle over M via
the map induced by ps.

Remark 3.1. Given a fiber bundle ¢ : F — M, the second order manifold
C"(E) — M is isomorphic as a fiber bundle to the fiber bundle ¢opy : EX EX M —
M via Fg((ey, m1), (€1, m2)) := (€0, €1, ma2).

Definition 3.2. Let ¢ : E — M be a fiber bundle. A discrete path in C'(E) is a

collection (e.,m.) = ((eo,m1), ..., (en—1,mn)) Where ((ex, Mpt1), (€k+1,Mrt2)) €
C"(E) for k=0,...,N —2.

Definition 3.3. Let ¢ : E — M be a fiber bundle. An infinitesimal variation
chaining map P on E is a homomorphism of vector bundles over p7, according to
the following commutative diagram (of vector bundles)

TE < p3*(TE) —Z—> ker(d¢)—= TE

L7

E<~— C"(E)—>E

p3 p1
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where p1((eo,m1), (€1, m2)) := € and p3((eo, m1), (€1, m2)) := €1. Notice that since
¢ : E — M is a fiber bundle, ker(d¢) has constant rank, so it defines a vector
subbundle of TE — FE.

Definition 3.4. Let ¢ : E — M be a fiber bundle. A discrete Lagrange—Poincaré
system (DLPS) over E is a triple M := (E, L4, P) where Lg : C'(E) — R is a
smooth function and P is an infinitesimal variation chaining map on E.

Definition 3.5. Let (E, Ly, P) be a DLPS and (e.,m.) = ((eo, m1), .- ., (en—1,mN))
be a discrete path in C'(E). An infinitesimal variation on (e.,m.) is a tangent vec-
tor (de.,6m.) = ((deg, dma), ..., (ben—1,0mn)) € Te. m ) C'(E)N such that

(3.1) (5mk = d¢(6k)(5€k) for k= 1, ey N -1

or, equivalently, that ((degx_1,0myg), (deg,dmp41)) € TC"(E) for k = 1,...,N —
1. An infinitesimal variation on (e.,m.) with fived endpoints is an infinitesimal
variation (de.,dm.) on (e.,m.) such that

5mN :0,

den—_1 =0€EN_1,
(3.2)

Ser, =0er + P((ek, mat1)s (ehr1s miyo)) Oerrr), if k=1,...,N -2,
deo =P ((€0,m1), (617m2))(<g1)=
where z@ €T, E is arbitrary for k=1,...,N — 1.

Remark 3.6. The name “infinitesimal variation with fixed endpoints” is not en-
tirely accurate in Definition B.El Certainly, dmy = 0 means that my remains fixed.
On the other hand, de¢y does not necessarily vanish, but neither it is arbitrary, as
it is determined by 5; through P. As the (S?k are arbitrary for k =1,...,N — 1,
given dey, for k i\l_’/ ., N — 1, it is possible to find gevk for k=1,. .)\]Y/— 1 such
that dey_1 = den_1 and dep = gevk + P((er, mi+1)s (€xt1,Mpt2))(dexr1) for all
k=1,..., N —2. In this case, deg turns out to be a function of all dey,...,den_1.

Definition 3.7. Let M = (E, L4, P) be a DLPS. The discrete action of M is a
function from the space of all discrete curves on C’(E) to R defined by Sy(e.,m.) :=

Zg:_ol Li(er, mp41). A trajectory of M is a discrete curve (e.,m.) in C’'(E) such
that

(3.3) dSq(e.,m.)(de.,6m.) =0
for all infinitesimal variations (de.,dm.) on (e.,m.) with fixed endpoints, that is,

satisfying (BI) and B.2]).

The following Proposition characterizes the trajectories of a DLPS in terms of
(algebraic) equations.

Proposition 3.8. Let M = (E, Lyq,P) be a DLPS and (e.,m.) be a discrete path
in C'(E). Then, (e.,m.) is a trajectory of M if and only if for allk =1,...,N—1,
D1 Ly(€ex, mig1)+D2La(ep—1,mi) o do(er)

+D1Lg(er—1,mi) 0o P((€r—1,mi), (€x, Mig1)) =0

in T} E, where Dj denotes the restriction to the j-th component of the exterior
differential on a Cartesian product.

(3.4)
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Proof. Equation ([B4]) is obtained from the standard variational computation of
dSq(e.,m.)(de.,0m.), taking into account that the fixed endpoint infinitesimal vari-

ations (Je.,dm.) over (e.,m.) satisfy (B2) for arbitrary de; € T, E. O

Next, we introduce sufficient conditions for the existence of a flow on a DLPS
M = (E, L4, P). Consider the commutative diagram (of smooth maps)

T°FE

=
ExExMT>E

where
E(eo, €1,m2) :=D1Lg(e1,m2) + D1 Lg(en, d(€1)) o P((eo, ¢(€1)), (€1,m2))

+ DaLg(eo, d(e1)) o dp(er).

Notice that all trajectories ((eg,m1), (€1, m2)) of M satisfy E(eq, €1, ma) = 0, €
T} E. Conversely, given (eg,€1,m2) € £ x I x M such that E(eo, €1,m2) = O,
then ((eo, #(€1)), (€1, m2)) is a trajectory of M.

Let Z C T*FE be the image of the zero section of the canonical projection T*E —

E. Tt is easy to check that Z C T*FE is an embedded submanifold.

Proposition 3.9. Let M, £ and Z be as above.
(1) Assume that (eg,€1,m2) € E X E X M is such that E(eg, €1, m2) = 0, and
that Im(dé& (e, €1,m2)) + To,, Z = To,, T*E. Then, there is an open subset
U CE x Ex M with (eg,e1,m2) € U and such that &y :=UNEY(Z) is
an embedded submanifold of E x Ex M with dim(&y) = dim(E) +dim(M).
(2) Consider the smooth map p1 X (popse) : Ex Ex M — C'(FE). In addition
to what was assumed in part[, suppose that
(i) d(pr x (¢ 0 p2))ley (€0, €1,m2) € hom(Ticy 1 ,ma) €U, Tieo,p(e2) C' (E)) is
injective and
(ii) d(p2 % p3)|ey (€0, €1,m2) € hom(T(cy e, m2)EU, Te,,mq)C' (E)) s injec-
tive.
Then, there are open sets Vi,Va C C'(E) such that (e, ¢(e1)) € Vi and
(e1,m2) € Vo and a diffeomorphism Faq : Vi — Vi such that Faq(eo, p(€1)) =
(e1,m2) and, for all (e, m}) € Vi, ((5, m}), Ea(eh,m))) is a trajectory of

M.

Proof. Part [0 follows immediately from the transversality argument on page 28
of [, applied to the point (eg, €1, m2). Notice that, as (eg,€1,m2) € Ey, it is not
the empty set.

Let P := (p1 X (pop2))le, : Ev — C'(E). As dim(&y) = dim(C'(E)), con-
dition 21 implies that dP(ep, €1, m2) is an isomorphism and, consequently, P is a
local diffeomorphism at (e, €1,m2). Hence, there are open sets V4 C C'(E) and
V3 C Ev such that (eo, ¢(e1)) € Vi and (eo, €1, m2) € V5 where Ply; is a diffeomor-
phism onto V3. In addition, as dim(€y) = dim(C’(E)), condition 2l implies that
d(pa X p3)|e, (€0, €1, m2) is a local diffeomorphism at (eg, €1, m2) so that (eventually
shrinking V) Va := (p2 x p3)(Vy) C C'(E) is open and (p2 X p3)|vy : Va3 — Vo is a
diffeomorphism.

Let Faq : Vi — Va be the diffeomorphism Fyq := (pa X p3) o (P|V2/)*1. By
construction, Fa(€o, ¢(€1)) = (€1,ma). Furthermore, for (ef, m}) € Vi, if we let
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(eh,mh) = Fpm(ey, mh), it follows readily that ((ef, m)), (€}, mb)) € C"(FE) is a
trajectory of M. O

Definition 3.10. The function Fq that appears in part Pl of Proposition[3.9is the
discrete Lagrangian flow of M.

Remark 3.11. If (e.,m.) = ((e0,m1), ..., (en—1,mn)) is a trajectory of the DLPS
M, then it satisfies (B4) for £ = 0,..., N — 1. But then, if j = 0,...,N — 2,
((ej,mj41), (€j41,mj+2)) also satisfies B4 (for k = 4,5 + 1) and, by Proposi-
tion B8, is also a trajectory of M. That is, contiguous points of a trajectory of M,
form a trajectory of M.

The following example shows how a DMS can be seen as a DLPS.

Example 3.12. Let (Q, Ly) be a DMS. Define the fiber bundle ¢ : E — M by
idg : Q — @, so that Ly defines a lagrangian function on C’(idg : Q — Q) = @ x Q.
Next, let P((qe—1,qk): (qrs qe+1))(dgx) := 0 for all dgi, € T,, Q. We define the DLPS
M :=(E, Lq, P).

Discrete paths (e.,m.) of M are, in the current context, the same as discrete
paths ¢. in C,ﬂ Such discrete paths are trajectories of M if and only if they
satisfy [B4) that, in this case, becomes

(3.5) D1 Lq(qk, qr+1) + D2 La(qr—1,q1x) =0

for all k, that is the usual discrete Euler-Lagrange equation (see equation (1.3.3)
in [I7]) that characterizes the trajectories of (@, Lq). Hence, all DMSs can be seen
as DLPSs whose dynamics coincide with those of the original systems.

Remark 3.13. As, by Example 312 all DMSs are DLPSs, we can specialize
Proposition to the case of a DMS (@, L4). A simple analysis provides the
following statement. Let (qo,q1,92) € Q X Q X @Q be a solution of BH) (for £k =1)
such that Ly is regularﬁ at (qo,q1) and (g1, ¢2). Then there are open sets V4, V2 C
Q x @ with (qo,q1) € V1 and (¢q1,q2) € V2 and a diffeomorphism Fpr, : Vi — V;
such that Fr,(qo,q1) = (q1,q2) and that (q), Fr,(q},¢})) is a solution of B3] (for
k = 1) for all (q),q;) € V1. We emphasize that the existence of a trajectory
(go,q1,92) as a staring point cannot be avoided. For example, when @ = R and
La(qo,q1) = 3(a1 — q0)> — n(qo + ¢1)® for n > 0, we have that Lg is regular at
(g0, q1) and (g1, ¢2) for qo,q1, g2 < —&. But, it is easy to check that, if g1 < —ﬁ,
there is no trajectory of the form (qo, q1, ¢2)-

The dynamical system obtained by the reduction process of a symmetric DMS
can be seen as a DLPS, as we describe in the following section.

3.2. Reduced system associated to a symmetric discrete mechanical sys-
tem. We say that the Lie group G is a symmetry group of the DMS (Q, Lq) if G
acts on @ in such a way that the quotient mapping 7%¢ : Q — Q/G is a principal
G-bundle and LdongXQ = L4 for all g € G. Given such a system we can construct a
discrete time dynamical system called the reduced system whose dynamics captures

2A discrete path z. in a manifold X is an element of the Cartesian product XN, for some
N eN.
3Rogularity at (go,q1) means that, with respect to local coordinates q? (for 5 = 0,1 and

2
a=1,...,n:=dim(Q)) neat go and ¢1, the matrix % € R"X™ be invertible.
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the essential behavior of the original dynamics. First we review the construction of
the reduced system and, then, compare the dynamics of the reduced to that of the
unreduced system. After that, we prove that the reduced system can be seen as a
DLPS with the same trajectories.

Given a discrete connection A4 on the principal G-bundle 79¢ : Q — Q/G,
we can specialize the commutative diagram ([ZT)) to the case where ¢ : E — M is

idg : Q = Q:
QxQ—21 (@ x G) x (Q/G)
ﬂ,QXQ,Gl & l(ﬂ'QXG’GOpl)XP2
(QxQ)/G——= G x (Q/G)

where G = (Q x G)/G with G acting on @ by (¢ and on G by conjugation and,
explicitly,

(3.6) Y a,(q0,q1) = (WQXG’G(QO, Aai(q0,q1)), WQ’G(Ql))-

By the G-invariance of Lg, there is a well defined map Lq : G x (Q/G) — R
such that L4(vo,71) = La(qgo,q1) whenever (go,q1) € Q x Q satisfies (vg,71) =
T 4,(go,q1). The action associated to Lg is Sq(v.,7.) := ") La(vi,Tk+1).

The following result from ﬂZIE relates the dynamics of the original system to a
variational principle for a system on G x (Q/G).

Theorem 3.14. Let G be a symmetry group of the DMS (Q, Lq). Fiz a discrete
connection Aq on the principal G-bundle 79¢ : Q — Q/G. Let q. be a discrete
path in Q, vy, = 79 (qr), wr = Aa(qr, i) and vy = 179G (qr, wy) be the
corresponding discrete paths in Q/G, G and G (see footnote[d). Then, the following
statements are equivalent.

(1) q. satisfies the variational principle dS4(q.)(0q.) = 0 for all vanishing end-

points variations q. over q..
(2) dSq(r.,v.)(0r.,6v.) = 0 for all variations (3v.,6r.) such that

(3.7) (0vk, 67k41) = dY 4, (ks Gr+1) 0k, Ort1)
for k=0,...,N — 1 and where dq. is a fized endpoints variation over q..

Remark 3.15. The more general Theorem 5.11 in [7] requires the additional data
of a connection A on the principal G-bundle 7%¢ : Q — Q/G. With this additional
information the variations d§q. are decomposed in 4-horizontal and A-vertical parts.

The reduced system associated to (@, Lg) is the discrete dynamical system on
G x (Q/G) whose trajectories are the discrete paths that satisfy the variational
principle stated in point @ of TheoremBI4l A DLPS M := (E, Ly, P) is associated
to this reduced system; we prove later that the trajectories of both systems coincide.
Define the fiber bundle ¢ : E — M as the conjugate bundle p@/C : G — Q/G, where
p@/G(r@*G.C (¢ w)) := 79CF(q). The reduced Lagrangian Ly : G x (Q/G) — R
defines a real valued function on C'(E) = Ex M.

4In fact, Theorem BI4 here is part of Theorem 5.11 in [, specialized to the unconstrained
case, and where we have adapted the notation slightly to match the one used in the present paper.
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In order to define the infinitesimal variation chaining function, we consider T 4, :

Q% Q = G x (Q/G) defined by [Z8). Then define P € hom(p3(TG), ker(dp®/))
by

(3.8) P((vo,71), (v1,72))(6v1) := Da(p1 0 T u,)(q0, 41)(6q1) € T0, G

where (qo,q1,¢2) are such that (vo,m1) = Y4,(q0,¢1) and (vi,r2) = Y a,(q1,q2),
and 0¢1 € Ty, Q is such that Di(p1 o Ta,)(q1,¢2)(0¢1) = dv1. Lemma B0 proves
that P is well defined.

Lemma 3.16. Let ), Ag and Y 4, be as before. Then, the following assertions are
true.

(1) For (quql) € QxQ, Dl(ploT-Ad)(Qqul) : T(qo,lh)(Qx{(h}) - TTAd(q07¢Z1)G
is an isomorphism of vector spaces.

(2) For ((vo,r1), (v1,72)) € C"(E) and vy € T,,G define P((vo, 1), (v1,72))(6v1)
using @8). Then, P is well defined. In addition, P is linear in dv;.

(3) For ((vo,r1), (v1,72)) € C"(E) and v, € Ty, G we have

dp®/% (v)(P((vo, 1), (v1,72))(5v1)) = 0.

We skip the proof of Lemma [3.16G] as we will be proving more general statements
later: see point Pin Lemma [B5.1] for point [l and Lemma for points [ and

Next, we compare discrete trajectories of M with the reduced trajectories given
by part@2lof Theorem[B. 14l We denote points in £ = G with v and in M = Q/G with
r. The following result proves that all discrete paths in C’(FE) arise from discrete
paths in Q.

Lemma 3.17. Let (v.,r.) be a discrete path in C'(E) and qo € Q such that
p/ % (vg) = 9% (qo). Then, there exists a unique discrete path in C'(idg : Q — Q)
such that T a,(qk, @e+1) = (Vk, Tky1) for allk =0,...,N — 1.

Proof. See Proposition (2] that is the same result, in a more general context. [

A trajectory (v.,r.) = ((vo,71), ..., (vn—1,7Nn)) of M is a pair of discrete paths
v. and 7. such that ¢(vy) = p?/(vy) = ry, for k = 1,...,N — 1, and satisfies
dSq(v.,r.)(dv.,dr.) = 0 for all infinitesimal variations (dv.,dr.) on (v.,r.) with fixed
endpoints. Those infinitesimal variations are given by BI) and [B2)).

In what follows, we fix discrete paths (v.,7.) in M and ¢. in @ such that
(Vk, 7k+1) = Y 4, (qk, qe+1) for all k. The following result compares the infinitesimal
variations over (v.,r.) in M to those coming from E1]).

Proposition 3.18. With the notation as above, the following statements are true.

(1) Given a fized endpoint variation 0q. over the discrete path q. in @, the
infinitesimal variation (v.,or.) defined by B is an infinitesimal variation
with fixved endpoints over (v.,r.) in M.

(2) Given a discrete variation (6v.,0r.) over (v.,r.) with fized endpoints, there
is a fized endpoints variation §q. over the discrete path q. such that (320
holds for all k.

Proof. (1) Let (év.,0r.) be the variation defined by (B in terms of dq.. Let

dvi = D1(p1 o T a,)(qk, qus+1)(0qx) € Tvké for k =0,...,N — 1. Direct
computations using [B.7) prove that (dv., dr.) satisfies B.I]) and [B2). Thus,
it is an infinitesimal variation with fixed endpoints in M on (v.,r.).
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(2) Write (dv.,dr.) according to BI) and B2) for some vectors Suy, € T,.G
and k = 1,...,N — 1. Let gy := 0 € T,Q, dg0 := 0 € T,,Q and,
for each k =1,..., N — 1, using point [l in Lemma BI0] let dg;, € T, Q be
such that Dq(p10Y 4,)(qk, qk+1)(dqr) = Svy,. Straightforward computations
using BJ)) and [B2) now show that dg. as constructed is an infinitesimal
variation over ¢. with fixed endpoints and that (B.1) holds.

O

Corollary 3.19. A discrete path (v.,r.) is a trajectory of M if and only if it is a
trajectory of the reduced system according to point[@in Theorem [T.13)

Hence, the family of DLPSs contains in a natural way all DMSs as well as all
the dynamical systems obtained by reduction of symmetric DMSs.

4. CATEGORICAL FORMULATION

In many circumstances it is useful to be able to consider “maps” between me-
chanical systems. One example in the area of interest of this paper is the reduction
process, seen as a map from a symmetric system to a reduced one. Another exam-
ple is the comparison of different reductions of the same symmetric system. More
generally, a symmetry could be seen as a map from a system to itself. A common
framework for considering spaces together with their maps is provided by construct-
ing a category (see, for instance, []). In this section we study the basic properties
of DLPSs and their morphisms in this categorical context.

Definition 4.1. We define the category of discrete Lagrange—Poincaré systems as
the category £, whose objects are DLPSs. Given M, M’ € obgy, with M =
(E,Lg,P) and M’ = (E', L)}, '), amap T : C'(E) — C'(E’) is in morggq (M, M)
if

(1) T is a surjective submersion,

(2) Di(p1 o T)(eo,m1) : Tieomi)(E X {m1}) = Ty, (Y (eo,m1)) B is onto for all

(Eo,ml) S C/(E),
(3) D1(p2 o Y)(eg,m1) =0 for all (eg,m1) € C'(E)
(4) as maps from C"(FE) to M’,

(4'1) pgl(E/)vM, o T opf,,(E)vc/(E) _ ¢I oplcw(E,)vE, o T opg,,(E)vc,(E)

)

where p?’B : A — B are the maps induced by the canonical projections of

a Cartesian product onto its factors,
(6) Lg=L}oT,
(6) For all ((eg,m1), (€1,m2),d€1) € p5(TE),
P'(Y® ((e0,m1),(e1,m2)))(D1(p1 0 T)(e1, ma)(de1)) =

d(p1 o T)(e0, m1)(P((€0,m1), (€1,m2))(0€1), dd(er)(der))

(see Remark @2 below).
Remark 4.2. If T € morgyq, (M, M’), by point @l T x T defines a map Y :
C"(E) — C"(E’), which is used in point

Lemma 4.3. Let T € moreyp (M, M'), ((e0,m1), (€1,m2)) € C"(E) and (e, m}) :=
Y (eo,m1). The following assertions are true.
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(1) Given deq € Ty E', if D1(p1 o T)(eo, m1)(de0) = degy for some deg € Te, E,
then dT(EQ, ml)(éeo, 0) = (566, 0)
(2) If be; € T, E,

(4.3)  Da(p2 0 T)(eo,m1)(de(e1)(d€1)) = d@’ (€})(D1(p1 o T)(er, m2)(de1)).

Proof. Point [ follows from morphism’s condition B satisfied by Y. Point ] fol-
lows by noticing that (0,d@(e1)(de1),d€1,0) € Ti(eg,my),(er,mo))C" (E) and, then,
using (@T)). O

Proposition 4.4. £, is a category considering the standard composition of func-
tions and identity mappings.

Proof. In order to prove that the given data defines a category one has to check
that the composition mapping is associative and the identities are left and right
identities for the composition mapping. The composition of functions and the
identity mappings meet those requirements, so the only thing left to prove is that
o is well defined in £3 4, that is, that o : morey,(M', M”) x morey, (M, M') —
morgyp, (M, M”) and that idy := ider(g) € morey, (M, M). Both properties
follow in a lengthy but straightforward manner. O

Lemma 4.5. Let Y’ € moreyp, (M, M) and Y" € moreg, (M, M") where M =
(E,L4,P), M' = (E',L;,P") and M" = (E",L},,P"). If F: C'(E') — C'(E") is
a smooth map such that the diagram

C'(E)

=N

C'(E')

! 1
_ C'(E")
is commutative, then F' € morgy (M’ M"). Furthermore, if F is a diffeomor-
phism, then F' is an isomorphism in £ ,.

Proof. That F satisfies morphism’s conditions [I] and B follows easily using the
corresponding property of the morphism Y to lift the data (point or tangent
vector) to C'(F) and, then, using Y’ to push down to C'(E").

Given (ep,my) € C'(E') and de € Ty B, let (€g,m1) € C'(E) and deg € T, E
such that Y'(eg,m1) = (€f, m}) and D1(p1 o Y')(eo, m1)(d€p) = depy, by point [
in Lemma A3 dY’(eg, m1)(d€g,0) = (de,0). As pao X’ = py o F oY’ taking
differentials and evaluating at (€9, m1) we get

Dl(pZ o F) (667 mll)(éeé)) Zd(pg © F) (667 mll)(6€67 O) = d(p2 °© TH)(EO’ ml)(560, O)
=D (pa 0 T")(eo, 1) B0) = 0,

where the last identity holds because Y € moreg (M, M”). Thus, F satisfies
morphism’s condition

The remaining conditions follow in a similar fashion, and we conclude that F' €
morey, (M, M").

The last assertion of the statement follows easily as the first part of the Lemma
proves that FF~! is a morphism in £33, and since, as functions, F and F~! are
mutually inverses, they have the same property as morphisms in £33 . O
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Lemma 4.6. Let T € morgg (M, M') for M = (E, Lq,P) and M’ = (E', L}, P")
such that T : C"(E) — C'(E') is a diffeomorphism. Then YT is an isomorphism of
Emd.

Proof. AsY € moreg, (M, M') and, by Propositiondd] idc: gy € moreg, (M, M),
the result follows from Lemma 0 with M” := M and F := Y~1. O

The following result exposes the relation between trajectories of a DLPS and
their images under a morphism in £3,.

Theorem 4.7. Given T € morgp, (M, M) with M = (E,Lq,P) and M' =
(E', L, P, let (e.,m.) = ((e0,m1),...,(en—1,mn)) be a discrete path in C'(E)
and define (e}, my,_ 1) := Y(ex,mpy1) for k = 0,...,N — 1. Then, (e.,m.) is a
trajectory of M if and only if (¢/,m’) is a trajectory of M’.

Proof. Assume that (de.,dm.) is an infinitesimal variation in M over (e.,m.) and
that (d¢’,dm’) is an infinitesimal variation in M’ over (¢, m’) satisfying

(4.4) dY (g, mit1)(O€x, Ompy1) = (d€y,,0mj, ) for k=0,...,N—1.
Then, using the chain rule, we see that
(4.5) dSq(e.,m.)(de.,0m.) = dS}(e',m’)(6€., om”).

Next we prove the equivalence of the assertions in the statement.

Assume that (e.,m.) is a trajectory of M. Let (d¢/,dm!) be an infinitesimal
variation with fixed endpoints in M’ over the path (¢/,m’). That is, there are
o€, € Ty B' for k = 1,...,N — 1 such that @) and @B2) hold with de;, and de),

instead of dex and 56; .

By morphism’s propertyBlapplied to T, there exist dej, € T, F such that D;(p;o
T)(Ek,mk+1)((§;};) = cgg for k = 1,...,N — 1; we fix one such vector for each k.
Next apply BI) and (B2) to define an infinitesimal variation (de., dm.) on (e.,m.)
with fixed endpoints based on the Se. constructed above.

Direct computations using the morphism properties of T show that condition (4]
holds for these variations. Then, using ([Z1),

dS(e',m")(6€',6m’) = dSq(e.,m.)(de.,om.) = 0,

where the last equality holds because (de.,dm.) is an infinitesimal variation with
fixed endpoints in M over (e.,m.), that is a trajectory of M. Finally, as (d¢’,dm/)
was an arbitrary infinitesimal variation with fixed endpoints in M’ over the path
(e/,m'), we conclude that (¢/,m’) is a trajectory of M’.

A similar argument shows that if (¢/,m/) is a trajectory of M’, then (e.,m.) is a
trajectory of M. O

5. REDUCTION OF DISCRETE LAGRANGE-POINCARE SYSTEMS

The purpose of this section is to define what is meant by a group of symmetries
of a DLPS. Also, a reduction result is studied.
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5.1. Symmetry groups of discrete Lagrange—Poincaré systems. Recall that
a G-action on a fiber bundle consists of a pair of G-actions [¥ and I, satisfying a
number of conditions (Definition @.T4]). We can use these actions to define “diago-
nal” G-actions on the fiber bundles C’(FE) and C"(E) by

19" g ) =0 ), 2 )
1" E) (e9, ), (e1,m2) =15 B eo, ), 15" P (e1, ma)).

These actions are smooth and free because ¥ and ™ have those properties. In
addition, the bundle projection maps of C’'(E) and C”(E) on M are G-equivariant
and 7% . M — M/G is a principal G-bundle. In fact, it is easy to check that G
acts on the fiber bundles ¢ o py : C'(F) = M and ¢pops: C"(E) — M.

We can also define G-actions on ker(d¢) and p5(TE) by

lgTE(eO, deo) ::dlj]E (e0)(deo),
BT (eg,ma), (e1,mz), 8er) :=(15" P (€0, mr), (e1,m2)), diF (e1)(8e1)).

We denote the G-action on ker(d¢) by T because it is the restriction of the natural
G-action on TE. The action {7 is well defined by the G-equivariance of ¢.

(5.1)

(5.2)

Lemma 5.1. Let G be a Lie group acting on the fiber bundle ¢ : E — M and
Aqg be a discrete connection on the principal G-bundle ¥™°¢ . M — M/G. Define

ng . C"(E) — C"(Gg) as the restriction of (Ya,0p1) x (Ta, op2) : C'(E) x
C'(E) = C'(Gg)x C'(Gg) to the corresponding spaces, where Y 4, is the surjective
submersion defined in 22). Then
(1) Tfi is well defined. N
(2) Di(p1 o Ya,)(€0,m1) @ Ticymy)(E x {m1}) — T(moTAd)(EO,ml)GE s an
isomorphism of vector spaces for every (eg,m1) € C'(E).
(8) ng : C"(E) = C"(GEg) is a principal G-bundle with structure group G.
In particular, C"(E)/G ~ CN"(éE)
(4) For ((vo,r1), (v1,72)) € C"(GE) and (€9, m1) € C'(E) such that Y 4,(eo, m1) =
(vo,71), there is a unique (e1,m2) € C'(E) such that ((eg, m1), (e1,m2)) €
C"(E) and T ((co,m1), (e1,m2)) = ((v0, 1), (v1,72)).

Proof. A simple computation shows that, for ((eg,m1), (€1, m2)) € C"(E), we have
p2(Y a,(e0,m1)) = pM/(p1(Y 4, (€1, m2))), proving point [0

Let (vo,71) := T, (c0,m1) = (7% (€0, Aa(d(en), m1)), 7" (m1)). Tt is easy
to check that if deg € ker(D1(p10Y 4,)(€0, m1)), then (deg, 0) € ker(dY 4, (€9, m1)) =
{(¢e(c0),&ar(m1)) € Tiey,my)(E x M) : € € g}. But, being #¢ : M — M/G a
principal G-bundle, £y(m1) = 0 implies that £ = 0, and we conclude that deg = 0,
so that Dy(p1 o Y a,)(€0,m1) : Ticy,my)(E x {m1}) — T,,Gg is one to one. As, in
addition, dim(T (¢, m,) (£ x {m1})) = dim(T,, Gg), we conclude that point @is true.

Consider the commutative diagram

C'"E)— L S ExExM
rggl lfﬁ;

C”(éE) ?GE X éE X (M/G)
GE
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where Fp and Fiz  are the diffeomorphisms introduced in Remark B and

TG (Goaélamz) (10 Y a,)(€0, P€1)), L a,(€1,m2)).

It is clear that T Ad is smooth. Furthermore, as the projection to its last two

components is simply Y4, : E x M — Gg x (M/G), that is known to be a sur-
jective submersion and applying point @ to the first component, we conclude that

Tf) is a submersion. We check explicitly that TEL‘) is surjective. Let (vg,v1,72) €

Gg x Gg x (M/G). Then, by definition of Gp, there are (eg,m1) € E x M
such that Y 4,(eo,m1) = (vo,p™/%(v1)). Next, choose (€}, m}) € E x M such
that TAd(el,mQ) (v1,79). Notice that, using diagram @3), 7C(¢(c})) =
pM/G(vy) = 7M-C (my). Hence, as 7TM ¢ .M — M/G is a principal G-bundle, there
isg €G such that 1)/ (¢(€))) = m1. We define (e1,mz) := leM(el,mg). By con-

struction, Y 4,(€e1,m2) = (vl,rg) and ¢(e1) = my. All together, Tfi (€0, €1,m2) =
(vo,v1,72), showing that Tfi is onto. Using that T 4, is a principal G-bundle,
it follows easily that (ffi)’l(vo,vl,rg) = 1E*F*M{(eg,e1,m2)}, showing that
(ffi)’l(vo, v1,72) coincides with the orbit of the free “diagonal” action of G' on

E x E x M. Theorem [I8 proves that T : E x E x M — Gg x G x (M/G) is
a principal G-bundle. Finally, since the diffeomorphism Fg is G-equivariant (when
considering the G-actions [C”(E) and [E*xExM ), we conclude that point [ holds.
Notice that in the first step of the previous construction, we picked (eg,m1) €
C'(E) such that T 4,(eg,m1) = (v, p™/%(v1)). In the context of point H such
(€0, m1) is given. Hence, the rest of the construction produces (e1,m2) so that
((0,m1), (1,m2)) € C"(E) and TS ((eo,m1), (e1,m2)) = ((v0,71), (v1,72)). The
uniqueness of that pair follows from the fact this is the only element in the G-orbit
that has (€9, m1) as the first component. Hence, point Hlis valid. O

Proposition 5.2. Let G be a Lie group acting on the fiber bundle ¢ : E — M and
Aqg a discrete connection on the principal G-bundle ¢ : M — M/G. Given a
discrete path (v.,r.) = ((vo,1),...,(on_1,7n)) in C'(Gg) and (€,7m,) € C'(E)
such that Y 4,(€p,m1) = (vo,r1), there is a unique discrete path (e.,m.) in C'(E)
such that (eg, m1) = (€0, m1) and T a,(ex, Mp+1) = (Vk, Tky1) for all k.

Proof. The proof is by induction in the length of the reduced discrete path, N.
If N = 0, taking (eg,m1) := (€, m1) solves the problem. Otherwise, assume
that the result holds for all lengths < N and (v.,7.) = ((vo,71),--., (UN=1,7N))-
Then, there is a discrete path ((eg,m1),...,(en—2,mn_1)) in C'(E) that lifts
((vo,71), .-+, (UN—2,7N_1)) starting at (€p, m1). In particular, T 4,((en—2,mNn_1)) =
(vn—2,7N—1). As, in addition, ((vN—_2,7N-1), (UN—-1,7N)) € C”(éE), by point @ in
Lemma BT] there is (ex—1,mpy) € C'(F) such that ((ey—2,mn_1),(en—1,mN)) E
C"(E) and TG ((en—2.my—1), (exn—1,mn)) = ((un_2,7n-1), (ux—1,7x)). This
proves that ((eg,m1),...,(en—2,mn_1),(en—1,mn)) is a discrete path in C'(E)
starting at (€p,m1) and that lifts ((vo,71),..., (vn—1,7n5)). This proves that the
statement holds for discrete paths of length N so that, by the induction principle,
it holds for arbitrary lengths. ([

Definition 5.3. A Lie group G is a symmetry group of the DLPS M = (E, Ly, P)
if
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(1) G acts on the fiber bundle ¢ : E — M (Definition @14)),

(2) considering the “diagonal action” of G on C'(E), I€'(E) defined in (1)), Ly
is G-invariant, and

(3) P is a G-equivariant element of hom(pj(TE),ker(d¢)) for the G-actions
ITE and 1P3(TP) defined in ). In other words,

(5.3) Polli ™) —TEop —dif oP  forall geG.

Example 5.4. Let (Q, Lg) be a DMS and M := (idg : @ — @, Lg4,0) the DLPS
associated to (@, Lgq) in Example BI2 If G is a symmetry group of (Q, Ly) as in
Section 3.2 then G acts on the fiber bundle idg : Q@ — @ and Ly is G-invariant.

Also, as P = 0, condition ([B3)) is trivially satisfied. Hence, G is a symmetry group
of M.

Lemma 5.5. Let M = (E,L4,P) € obey, and G be a Lie group. Then, for
g € G, B3 holds if and only if @2) holds for T := lg/(E) and M’ = M.
Proof. Unravel the definitions. O
Proposition 5.6. Let M = (E, Ly, P) € obeg, and G a Lie group. Then G is a
symmetry group of M if and only if G acts on the fiber bundle ¢ : E — M and
1§ (B) ¢ morey, (M, M) for all g € G.
Proof. Assume that G is a symmetry group of M. Then, by definition, G acts on
the fiber bundle ¢ : £ — M. We have to prove that lgc (B) ¢ moreg (M, M).
It is immediate that lgc,(E)
C'(E) _ IE C'(E)y _ niE : : T—
As proly =1, op1, we have Di(p1oly ') = dl/, that is an isomorphism;

) has morphism’s property Bl As ps o lgc/(E) = léw (E)) =

is a diffeomorphism, so it has morphism’s property [l

opa, Dipzoly
Dl(lé‘/'[ opg) = 0, it follows that lgc ®) has morphism’s property Bl Also, as on
C"(FE) we have that

C/ , ’ C// 7C/ C/ ,
S (B),M Olgc (B) o S (B),CU(E) :lé” o pS (B)M

—¢ 0p10 (B).E lgc’(E) OPQC (E),C'(E)

C/
hence, l4

C"(E),C'(E)
1

3

we see that lgl(E) has morphism’s property @l As L4 o lgc/(E) = Ly, lgc/(E) has

morphism’s property [l and Lemma shows that morphism’s property [@l is valid
for 15 () We conclude that 1§ B ¢ mor gy, (M, M).

Conversely, if G acts on the fiber bundle ¢ : F — M and lgl(E) € morgsyp , (M, M),
the first condition for being a symmetry group is met. The other two follow from
morphism’s properties Bl and [ together with Lemma O

Later on we will be interested in subgroups of a symmetry group of a DLPS. The
following results establish that closed subgroups of a symmetry group of a system
M are symmetry groups of M.

Lemma 5.7. Let G act on the fiber bundle (E,M,$,F) and H C G be a closed
Lie subgroup. Then H acts on the fiber bundle (E, M, ¢, F).

Proof. We consider the H-actions on E, M and F obtained by restricting the G-
actions (¥, 1™ and r¥" to H. Hence, all are smooth and the first two are free; also,
¢ is H-equivariant. As 7™ : M — M/G is a principal G-bundle, by Lemma .11}
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the G-action [M is proper and, being H C G closed, the H-action ™ obtained
by restriction is proper. Then applying Corollary to the H-action IM, we
see that #*H : M — M/H is a principal H-bundle. Given m € M, there is a
trivializing chart (U, &) with m € U, an open G-invariant subset of M, and &y
G-equivariant. Thus, U is H-invariant and @y is H-equivariant, so that (U, ®y) is
the type of trivializing chart required in point Bl of Definition to conclude that
H acts on the fiber bundle (E, M, ¢, F). O

Proposition 5.8. Let G be a symmetry group of M € obey,. If H C G is a closed
Lie subgroup, then H is a symmetry group of M.

Proof. Since G is a symmetry group of M = (E, Ly, P), G acts on the fiber bundle
(E, M, ¢, F) and, by Lemmalp.1 the same happens to the closed subgroup H, when
acting via the restricted G-actions. That Ly is H-invariant and P is H-equivariant,
follow from the fact that they have those properties for GG, and that H acts by the
restriction of the corresponding G-actions. Thus, H is a symmetry group of M. [

Remark 5.9. When G is a symmetry group of M = (E, Lq, P) € obeg, there are
functions Jy : C'(E) — g* and (Jg)e : C'(E) — R defined as follows. Jy(ep, m1)(§) :=
—D1Lg(eo,m1)(Ee(eo)) for (eg,m1) € C'(E) and £ € g, where {g is the infini-
tesimal generator associated to & by the G-action on E. Then, (Jg)¢(eo,m1) =
Ja(eo,m1)(§). In some sense, these functions resemble the momentum mappings
that appear in the context of DMS. It is easy to check that when (e.,m.) is a
trajectory of M, for any £ € g,

(Ja)e(ers mit1) =(Ja)e(ex—1, M)
+ D1 Lg(€k—1,mi) o P((€x—1,mk), (€, mr+1))(EE(er))

for all kK = 0,...,N — 1. This last expression shows how J; evolves on a given
trajectory of M. In particular, when the image of P is contained in ker(D; L,), the
momentum is conserved along the trajectories; this is the case of a DLPS arising
from a discrete mechanical system (see Example BI2). Equation (&4l can also
be compared with the momentum evolution equation in the nonholonomic case:
equation (35) in [0.

(5.4)

5.2. Reduced discrete Lagrange—Poincaré system. Let G be a symmetry
group of M = (E,Lq,P) € obgy,. We want to construct a new DLPS that,
as will be shown later, will play the role of the reduced system of M. First of
all, since G acts on (FE, M, ¢, F), the conjugate bundle (éE,M/G,pM/G,F x G),
introduced in Example @17 is a fiber bundle.

Fix a discrete connection A4 on the principal G-bundle 7*:¢ : M — M /G and
let Y4, : ExM — G x (M/G) be the map introduced in Z3) that, by LemmaPR]
is a principal G-bundle. Define Lq : Gg x (M/G) — R by Lg(vo,71) := La(eo, m1)
for any (eg,mq) € T;‘i (vo,71); Ly is well defined by the G-invariance of Lg.

Next we define P € hom(p§(T(C~¥E)),ker(dpM/G)). By point Bl of Lemma [B.1]
given any ((vg,r1), (v1,72)) € C"(GE), there are elements ((eg,my), (1, m2)) €
C"(E) such that Tfi((eo,ml),(el,mg)) = ((vo,71), (v1,72)). In fact, those ele-
ments form a G-orbit in C”(E); we fix one element in the orbit. Also, by point 2 of
LemmaBT] Di(p1oYa,)(e1,m2) : Tie, my) (B x {ma}) = T,, G is an isomorphism
of vector spaces. Consequently, every element ((vo,71), (v1,72),6v1) € pi(T(GEg))
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is 0v1 = D1(p1 0 Y a,)(€1,m2)(der1) for a unique dey € Tie, yy) (B X {ma}). Let

(5.5) P((vo,71), (v1,72))(0v1) :=D1(p1 o Y a,) (€0, m1)(P((€0,m1), (€1, m2))(Je€1))
' + D2(p1 o T a,)(€0,m1)(de(€1)(der)).

Lemma 5.10. Under the previous conditions, the map defined by BH) is a well
defined homomorphism P € hom(p}(T(Gg)), ker(dp™/)).
Proof. Two things have to be checked: that the image of P is contained in ker(dpM / &)
and that the definition is independent of any choices involved in lifting the input
data to p5(TE). Since the points ((eg,m1), (€1,m2)) lying over ((vo,r1), (v1,72))
form a G-orbit, any other such point would be of the form ((ef,, m}), (€, mb)) =
C"(E
7
that
Di(p1 oY a,)(er,m2)(3e1) = Di(p1 o Tu, )15 B (e1,ma)) (dLF (e1)(8er)).

Hence, a variation ((v,71), (v1,72),0v1) € pi(T(Gg)) lifts to the (unique for each

g) variation (lgc//(E)((eo,ml),(el,mg)),dlf(el)(éel)) for arbitrary ¢ € G. Then,
for a given g € G, using the G-equivariance of P and the G-invariance of T 4,,

€0, m1), (€1, m2)) for some g € G. It follows from the G-invariance of T 4,

we see that replacing ((eg, m1), (€1, m2)) and de; by lgC”(E)((eo,ml), (e1,m2)) and
(lgC (E)((eo,ml),(el,mg)),dlf(el)(éel)) does not alter the value of the left side

of ([EH). This proves P is independent of the choices made.
Direct computations show that the image of P is contained in ker(dp™/¢). O

Definition 5.11. Let G be a symmetry group of M = (E, Lq,P) € obeyp, and Ay
a discrete connection on the principal G-bundle 7™¢ : M — M/G. The DLPS
(Gg, Ld, ’P) € obggs, defined above is called the reduced discrete Lagrange—Poincaré

system obtained as the reduction of M by the symmetry group G using the discrete
connection Ag. We denote this system by M/G or M/(G, Ag).

Example 5.12. Given a DMS (Q, Lg), let M := (Q, Lq4,0) be the DLPS con-
structed in ExampleBI2 Let G be a symmetry group of (Q, Lyq). By Example 54
G is a symmetry group of M. Fix a discrete connection A4 on the principal G-
bundle 7?¢ : Q — Q/G. The reduced DLPS M/ (G, Aq) is (Gg, Lg, P) where the
fiber bundle ¢ : Gg — M/G is p?/C : G — Q/G, the lagrangian is determined by
Lgo Y, = Lq and, according to (1),
P((vk=1,7k), (ks Tr+1))(6vk) = Da(p1 o L a,)(qr—1, qx)(0gk),

where (vg—1,7k) = Ta,(qk—1,k), (Vk;Tk+1) = YL a,(qk, qr+1) and dvg = Di(p1 o
Y 4,)(qk, ge+1)(0qr). Notice that this DLPS coincides with the DLPS associated
to the reduction of (Q, Lg) in Section In other words, the reduced system
M/(G, Agq) extends the reduction construction of DMSs introduced in [1.

Proposition 5.13. Let G be a symmetry group of M = (E, Lq,P) € obey, and
Aq a discrete connection on the principal G-bundle 7™ : M — M/G. Then Y 4,
defined by [2.2) is in moreyp, (M, M/(G, Ag)).

Proof. We have already noticed that Y 4, : C'(E) — G is a surjective submer-
sion, so that morphism’s property [l holds. By point Bl of Lemma .1l morphism’s
property Bl holds. As ppo Y4, = #% o py, if iy : TE — T(C'(E)) = TE®TM
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is the natural inclusion, we have that Di(p2 0 T 4,) = dn™% odpy 0i; = 0, as
Im(i1) C ker(dpz), so that morphism’s property Bl is valid. As

(py GEPMIG o 4, 0 pl I CEN (o, my), (e1,ma)) = 7MC (my)
and
(M€ 0 p GEEE Y 4 0 S FYE I (e5,my), (61, ma))

=pM (@G (e, Aa(d(e1),ma))) = 74 (p(er)) = 70 (ma),

morphism’s property @l is satisfied. Morphism’s property [l is satisfied by G being a
symmetry group of M and, by definition of P (&3], we see that [@2) holds, proving
that morphism’s property Gl holds for T 4,. O

When a DLPS is symmetric, constructing the associated reduced system requires
the choice of a discrete connection. The following result proves that all reduced
DLPSs obtained from a DLPS by this procedure are isomorphic in £33 ,, indepen-
dently of the discrete connection chosen.

Proposition 5.14. Let G be a symmetry group of the M = (E, Lq,P) € obgsp,

and A}i,.AZ two discrete connections on the underlying principal G-bundle ¢ -
M — M/G. Then, the reduced systems M/(G, AY) and M/(G,A2) are isomorphic

m ’S%d'

Proof. By Lemmall8 Y 41, T 42 : C'(E) — C'(Gg) are principal G-bundles. Then,
we have the following commutative diagrams of smooth maps, where the horizontal
arrows are diffeomorphisms (see Proposition [Z.0])

C'(E) and C'(E)
T 1 T 42
“a ‘/ﬂ_c’(E),c 7Tc’(E),cl X
C/(GE) ? C'(E)/G C'(E)/G @) Cl(éE)

1
Ad

Joining the two diagrams we obtain the commutative diagram of smooth maps

T C1E) T
C'(Gp) C'(Gp

D 00D 1
’Ad Aé

)

The result then follows from Lemma because the horizontal arrow is a diffeo-
morphism and, by Proposition B.I3] the non-horizontal arrows are morphisms in

o, O

5.3. Dynamics of the reduced discrete Lagrange—Poincaré system. The
following result compares the dynamics of a reduced DLPS to that of the original
symmetric system.

Theorem 5.15. Let G be a symmetry group of the DLPS M = (E,Lq,P), A4 a
discrete connection on the principal G-bundle 7™C : M — M/G and M/(G, Aq) =
(GE, La,P) the corresponding reduced DLPS. If (., m.) = ((€g,m1), ..., (ex_1,mnN))

is a discrete path in C'(E), we define a discrete path (v.,r.) in C'(Gg) by (vg, Tk+1) :=

3
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Y a,(€x,mps1) fork=0,...,N—1. Then, (e.,m.) is a trajectory of M if and only
if (v.,r.) is a trajectory of M/(G, Aq).

Proof. As, by Proposition B.I3 T 4, € moreq, (M, M/(G,Ag)), the result follows
from Theorem .7 O

Corollary 5.16. In the same setting of Theorem[2 1A, the following assertions are
equivalent.

(1) (e.,m.) is a trajectory of M.
(2) Equation [BA) is satisfied.
(3) (v.,r.) is a trajectory of M/(G, Aq).
(4) Forallk=0,...,N —1,
D1y La(vi, mig1) + D1La(ve—1, %) P((0k—1,7%), (Vs Tht1))
+ Dy La(v—1,73)dp™/ (v,) = 0
Proof. Use Theorem [E.18] and Proposition B8 applied to M and M/(G, A4). O

(5.6)

The following reconstruction result shows how, knowing the discrete trajectories
of a reduced system, the trajectories of the original system can be recovered.

Theorem 5.17. Let G be a symmetry group of the DLPS M = (E,Lq,P), A4 a
discrete connection on the principal G-bundle 7™¢ . M — M/G and M/(G, Ag)
the corresponding reduced DLPS. Let (v.,r.) be a trajectory of M/(G, Aq) and
(€0,m1) € C'(E) such that T 4,(€y, m1) = (vo,r1). Then, there exists a unique tra-
jectory (e.,m.) of M such that (eg,m1) = (€o,m1) and YL a, (€, Mp+1) = (Vs Tht1)
for all k.

Proof. By Proposition 5.2 the discrete path (v.,r.) lifts to a unique discrete path
(e.,m.) in C'(E), starting at (€, m1). Then, (eg,m1) = (€p,m1) and (vg,Tk41) =
T 4, (€x, mp41) for all k. By Theorem BIH, (e.,m.) is a trajectory of M. O

Remark 5.18. Theorem B.I7 asserts that all trajectories of a reduced DLPS
M /(G, Ay) come from trajectories of the original system M. It is possible to
give a direct description of the reconstruction process in terms of lifting discrete
paths (see Lemma Bl and Proposition [5.2). This process is inductive, so it suffices
to describe the initial step, as we do next.

Given a discrete path p := ((vo,71), (v1,72)) € C"(Gg) and (e, m1) € C'(E)
such that Y 4,(eg, m1) = (vo,71), the discrete lift of p starting at (eg,mq) is p :=
((€0,ma), (17 (€}), 1) (m}))) where (¢}, m}) € T;‘i(vl,rg) is arbitrary —as T 4, is
onto, it is always possible to find such pairs (¢}, m})— and g € G is the unique
element making I (¢(e})) = m.

Using [Z3) we see that 79 (¢(e1)) = p™/9(pr(Ta, (€1, m))) = p™/ (1) =
r1 = 7% (my), so that m; and ¢(e}) are in the same G-orbit and g is well defined.
Furthermore, as ¢(I2 (¢})) = 1} (¢(€])) = m1, we have that p € C"(E). Finally, as

Y4, is G-invariant T 4, (12(e)), 12 (mh)) = Y, (15 P (€], mb)) = Ta, (e}, mb) =
(v1,72). Hence Tfi (p) = p, and p is, indeed, the corresponding lifted path.
6. EXAMPLE

In this section we illustrate the reduction techniques introduced so far with the
reduction of an explicit symmetric DLPS and give a description of the resulting
system.
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6.1. The system and a symmetry group. The starting point is the DMS
(Q, Lg), where Q := C? — A, for A,, the diagonal in C? and

1 T T 2 h (12
(6.1) La(qo, a1) = 55 (llaf — a5 I+ llg¥ — g§11”) — 5V (llag = a)II)

where h # 0 is a real constant. This DMS arises as a simple discretization of the
mechanical system consisting of two distinct unit-mass particles in the plane that
interact via a potential V', that only depends on the distance between the particles.

Following Example BI2] we associate a DLPS M to (Q, Lg). Take the fiber
bundle ¢ : E — M to be idg : @ — @, the Lagrangian function Lg and P := 0.
Define the DLPS M := (Q, Ly, P).

Recall that SE(2) is the group of special Euclidean symmetries of R? ~ C. We
can identify SE(2) with {(A4,v) € C?:|A| =1} = U(1) x C. The product operation
is (A1,v1)-(A2,v2) = (A1 Az, Ajva+v1) with null element egp (o) = (1,0) and inverse
(A,v)7t = (A7, —A~tv). Thesubset T := {(1,v) € U(1)xC} C SE(2) is a closed
normal subgroup that is isomorphic (as a group) to C.

SE(2) acts naturally on C by l((CA,v) (z) :== Az+wv. This action induces the diagonal
action of SF(2) on Q x Q by l((cjﬁv)(q) = (l((CAﬁv)(qm), l((CA,v) (¢¥)) = (Ag¢"+v, Ag¥ +v).
Since @ is preserved by ZCQ, SE(2) acts smoothly on @ by the restricted action,
that we denote by (<.

It is immediate that (9 is a free action. Being U(1) compact, I9 is a proper
action. Then, by Corollary @10, 7@5F(?) : Q — Q/SE(2) is a principal SE(2)-
bundle.

From the previous discussion and the fact that ¢ = idg is an SE(2)-invariant
trivialization of ¢ : E — M, we conclude that SE(2) acts on the fiber bundle
¢ E— M As Lgol[3 = Ly for all (4,v) € SE(2) and P := 0 is SE(2)-
equivariant, we conclude that SFE(2) is a symmetry group of M. Being To C SE(2)
a closed subgroup, it is also a symmetry group of M by Proposition 5.8

6.2. A discrete connection. In this section we use the canonical real inner prod-
ucts in C? and C to produce a discrete connection Ade on the principal T»-bundle
712 . Q — Q/Ts, following the construction given in Section 5 of [§]. The idea
of that construction (in the current setting) is as follows. As T, acts by isometries
on C (with the canonical real product), Ty acts by isometries on C? via the diago-
nal action (with the canonical real inner product on C2?). This last inner product
induces a Ts-invariant riemannian metric on (). The horizontal subspace for the
discrete connection is an open subset of the set of pairs (go,¢1) € @ x @ such that
q1 = exp?(v) for some v € T,,Q that is orthogonal to T, V(qo) = ker(dn? ™2 (qp)),
the tangent space to the [?-orbit through gq.
The previous construction gives that

Hor yr :={(g0,1) € @ x Q: g5 + 99 = a7 + a1’}

is a discrete connection on the principal T»-bundle 7972 : Q — Q/Ty. Straightfor-
ward computations show that the discrete connection form is

(6.2) A (q0,q1) = <1,%((qf+(ﬁ) — (a0 +Q3)))-

Remark 6.1. Other discrete connections can be considered on the principal T5-
bundle 7972 : Q — Q/T5. For instance, one can define an affine discrete connection
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whose horizontal space consists of a level manifold of the discrete momentum func-
tion (see Remark [£.9), This would lead to the reduction procedure considered in
Section 11 of 1 for DMS with horizontal symmetries.

6.3. The reduced system. Using the discrete connection .AdT2 we construct the

—~—

reduced system M /(Ty, A%?) = ((T2)q, La, P), in such a way that
TA? (g0, q1) = (79T (qo, AL (0, 01)), 79 (q1))

is in mor (M, M / (T, AL*)). Below we give an explicit DLPS M’, isomorphic to
M [(Ty, AT).

6.3.1. An alternative model. Define ¢' : E' — M by p; : C* x Ty — C*, so that
(E,M,¢',Ty) is a trivial fiber bundle. Define the map Y : C'(E) — C’(E) by

T (g0, 1) F((%(qf)” — ), (1, %((tﬁ +4qf) — (a0 +qé’)))),%(tﬁ —qi’))-

Clearly T is smooth and Th-invariant.
We intend to define a DLPS structure on ¢’ : ' — M in such a way that Y is
a morphism. This forces us to define

1 h
63)  Ld((ro,20)m1) =57 U=+ Ira — 7o) = 5V (2 roll)
and
’ 0 o) _ i
(6.4) P (((ro, 20), 1), ((r1, 21),72) (b 2t 821> e

where (r,2) € C* x C. A number of computations confirm that M’ := (E/, L', P")
is a DLPS and that T € moreg (M, M').

By the Ts-invariance of Y, there is a smooth map T such that the diagram

C'(E)

is commutative. Define the smooth map T := To W 7. As T is onto and satisfies
d

T (Y(qo,q1)) = Z%XQ(qo, q1) for all (go,q1) € @ x @, which easily implies that T
is one to one, T is a diffcomorphism. By Lemma 3] T is an isomorphism in £,
All together, M’ is an explicit model for the reduced DLPS M /(Ty, A}?).

6.3.2. Equations of motion. Trajectories in M’ are found using [34). Evaluating

the left side of [B4]) on an arbitrary tangent vector ba%l + 06%1 € Try,z) ' and

computing the corresponding derivatives we obtain the equations
Re((z1 —20)e) =0 and  Re(((r1 —ro) — (ro — 1) — 2R*V’(2 HT1H2)T1)5) =0
which, due to de arbitrariness of b, ¢ € C, lead to

zm=z and 1o =2 — 1o — 202V (2 ||re|P)r1.
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It should be noticed that the z; are (proportional to) the velocity of the center
of mass of the original system, which explains the fact that z; is constant for a
trajectory, while r; gives the position of one particle relative to the other.

Remark 6.2. There is a U(1) action on M’ given by la,o)(rv z) := (Az, Az). This
action is a “residue” of the original SE(2) action on M. This action is, indeed, a
symmetry of M’ and can be reduced using the same techniques. During the rest of
the paper we will show that, under appropriate conditions, this second reduction
produces a system that is isomorphic to M /SE(2).

7. REDUCTION IN TWO STAGES

Let G be a symmetry group of the DLPS M and H C G a normal closed
subgroup. In this section we apply the reduction theory of M by H and, provided
that G/H is a symmetry group of M/H, perform a second reduction. Last, we
compare the two step reduction with the reduction M /G performed in one step.

7.1. Residual symmetry group.

Lemma 7.1. Let G act on the fiber bundle (E,M,$,F) and H C G be a closed
normal subgroup. Define mappings

LS gy (70 (6 w)) =M (1 (€)1 (),

M/H
L i gy (@ (m)) =7 (1 (),

(7.1)

Then lﬁE, IM/H gnd the trivial right action on F x H define a G/H-action on the
fiber bundle (Hg, M/H,p™/H" F x H).

Proof. By Lemma B, H acts on (E, M, ¢, F'). Hence, by Example @17 the con-
jugate bundle (Hg, M/H,p™/H F x H) is a fiber bundle. Consider the G-action
on F x H defined by

(7.2) leH(e,w) = (lf(e),lf(w)),

where lf(w) = gwg~!. Being a product of smooth actions, it is a smooth action.
Also, as I¥ is a free and proper G-action (see Lemma [I.IT]), the same is true for
[EXH  Therefore, by Lemma 12 the function [7& given in () defines a smooth,
free and proper G/H-action on Hp = (E x H)/H.

Analogously, as the G-action [™ on M is smooth, free and proper (this last fact
by Lemma 11 ), Lemma T2 proves that 1M/ defined in () is a smooth, free
and proper G/H-action on M/H. Then, Corollary BI0 proves that the quotient
map 7M/HG/H N JH — (M/H)/(G/H) is a principal G /H-bundle.

It follows from the G-equivariance of ¢ : E — M that p™/H . Hp — M/H is
G/ H-equivariant for the G/H-actions defined above.

For the rest of the proof we construct G/H-equivariant trivializing charts of the
fiber bundle (HE, M/H,pM/H F x H). Since this is a local problem (in the base of
the bundle) we will assume that ¢ : E — M is p; : M X F' — M with the G action
on E given by I[(m, f) = (ly(m),rg,l(f)). Even more, as 7% : M — M/G
is a principal G-bundle, by shrinking M further we may assume that 7% is a
trivial principal G-bundle, that is, M = (M/G) x G, where the G-action is given
by left multiplication on G. All together, we have that ¢ : E — M is given by the
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projection on the first two components p12 : (M/G)x G x F — (M/G) x G and the
G-actions are I (n'0%(m), ¢, f) = (7% (m), g¢', v+ (f)) and g7 (7% (m), ¢') =
(7% (m), 99').
Define the map
0:(M/G)x Gx FxH — (M/G)xGxF x H
—_——— —_——
=B =M
by
o(x"%(m), g, f,h) = (75 (m), ', 15 (f), (')~ hg').

A quick check shows that o is a G-equivariant diffeomorphism for the left actions
PP and 1F*H (m, f,h) = (1)'(m), f,h), for all g € G. Restricting those
actions to H C G and applying Corollary B4 o induces a map ®He . Hp —
(M/H) x F x H. Tt is easy to see that ®7& provides a (local) G/ H-equivariant
trivialization of pM/# : Hp — M/H, concluding the proof of the fact that G/H
acts on the fiber bundle (Hg, M/H,p™/H F x H). O

Lemma 7.2. Let G be a Lie group acting on Q by the action I9 in such a way
that 7% : Q — Q/G is a principal G-bundle. Assume that H C G is a closed and
normal subgroup and that Ag is a discrete connection on the principal H-bundle
7QH . Q — Q/H whose domain is G-invariant for the diagonal G-action 19*?.
Then, the following assertions are equivalent.

(1) For each g € G and (qo,q1) in the domain of Aqg,

(7.3) Aa(1%(90): 12 (1)) = g Aalqo, q1)g "
(2) The submanifold Hora, C Q x Q is G-invariant for the G-action 19%%.

Proof. Recall that (o, ¢1) in the domain of Ag isin Hor 4, if and only if A4(g0, q1) =
e. Assume that [C3) holds, for each g € G. Let (go,q1) € Hora,. Then, for any
geGaG,
Aa(l€(90), 12 (1)) = gAalqo, )9 " = g9 ' =,

showing that 19%9 (qo, q1) = (12(00), 13 (1)) € Hora,.

Conversely, if (go, q1) is in the domain of A4, which is G-invariant, we have that
(12(q0), 1% (q1)) is also in the domain of Agq. Then Aq(I19(q0),1%(q1)) = h € H if
and only if

(7.4) (12(g0), 1 (19(q1))) € Hor a,.

But, as (qo, lgd(qo,ql)*l(ql)) € Hor 4, and Hor 4, is G-invariant, we have that

(2090, 14 (goany-19-1 12 (@1))) = 1979 (0,12 0 oy-1(@1)) € Hora,

so that h := gAa(qo, q1) g~ " satisfies (Td). As the element of G with this property
is unique, we conclude that ([Z3) holds. O

Proposition 7.3. Let G' be a symmetry group of M = (E,Lq,P) € obey, and
H C G be a closed and normal subgroup. Choose a discrete connection Agq of
the principal H-bundle 72 . Q — Q/H such that either one of the conditions
in Lemma [T holds. Then G/H is a symmetry group of the DLPS MH =
M/(H, Aq) = (Hg, Lq, P) obtained by the reduction of M using Aq.
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Proof. By Lemma [[L]] G/H acts on the fiber bundle (ﬁE,M/H,pM/H,F x H).
Recall that T 4, : C'(E) — C'(Hg) is defined by

TAd (607 ml) = (FEXH)H(('O? Ad(¢(€0), ml))7 T‘—M)H(ml))'

Unraveling the definitions and taking (3]) into account, we have that

(7.5) T, 0l B) = HEXM/D oy, forall geG.

nGH(g)

Then, as L, satisfies Ly o Y 4, = L4, and L, is G-invariant for the G-action [ExM
we have that

LaolZE 50 0 4, = Lao T a, o lPM = LyolM = Ly = Lyo T a,.

Hence, as YT 4, is onto, Lg is G/ H-invariant for the G /H-action [HEx(M/H)
Differentiating the first component of ([T3) we see that, for vg = T 4, (€9, m1),
(7.6)

Di(p1 o Y )l " (eo,mn))dly (eo)(Se0) = dLAE 1 ) (v0) D (p1 © Y a,) (€0, ma) (5eo)

and
(7.7)

Dz(ploTAd)(lg,(E)(fo, ml))dlé\/[(ml)(aml) = dlfGE,H(g) (v0)D2(p10Y 4,) (€0, m1)(dma).

Now, fix v = ((vo,1), (v1,72)) € C"(Hg) and take n = ((eg, m1), (e1,mg)) €
C"(E) such that Tgi (n) = v. Then, by point B of Lemma 51} any dvy € T, (Hp)
is of the form dvy = Di(p1 o T a,)(e1,m2)(d€1) for a unique dey € T, E. Then,
using (7)), we obtain

Di(p1 0 T a,) (1S ) (e1,ma))dLE (e1) (5er) =d1 Pz, (1) (001),

which shows that the unique element of Tjz ) E' that represents dlfc’i,, ) (v1)(0v1) €
)EIE is dIff (e1)(de1). Also, notice that using (ZF) we obtain
V1 -

" c"(# o
TP 0) =le kG (YL m) = Lol )

We use this information to compute P o li %T,SIZ]’*;) For any g € G,

(P o TS (v,501) = PUCGSE) () (@15 o, (00) (01))
(7:8) =Di1(p1 0 T, ) (15" P (e0, ma)) (PGB (1)) (L (e1) (Bex)))
+ Da(p1 0 T, ) (15" B (e0,m1))(dS(IE (1)) (dIE (e1) (661))).
Using the G-equivariance of P and ([8]), we have
Di(p1 0T a,)(15 P (eo,m1)) (PSP (n)(dLE (e1) (561))))
=D1(p1 0 Ta,) (1S B (€0, m1)) (ITE (e0) (P (1) (e1)))
=D1(p1 0 Y., ) (15 B (€0, m1)) (dLE (e0) (P (n) (3¢1)))
iz, . (w0) D1 (pr 0 Ta,) (€0, m1) (P(n)(3er))

)
)
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and, using (1),

Da(p1 0 T, ) (1S ) (eg,m1) ) (d(1F (1)) (dLF (e1) (5¢1)))
=Da(p1 0 Tu, )15 ) (eg, m1)) (LM (1) (d(e1) (3e1)))

=dlE 1,y (v0) Da(p1 © T a,) (€0, ma) (d(er) (er)).

Going back to (Z8]), we obtain

P o IS8 (v, 801) =P STE W) (AIEE ) (o) G01))
—di% ;) (00) (D1 (p1 © T a,) (€0, m1) (P (n) (3e1))
+ Da(p1 0 T a,)(co, m1)(dd(er)(Ser)))
=iz ;) (00) (P(v)(601)).

showing that P is G /H-equivariant. Hence, G/H is a symmetry group of M¥. [

Example 7.4. In Section we introduced a DLPS M and saw that SE(2) was
one of its symmetry groups. As To C SE(2) is a closed normal subgroup, it was also
a symmetry group of M. A simple verification shows that the discrete connection
form A% defined in [@2) satisfies (Z3) for G := SE(2) and H := Ty so that,
by Proposition 3 SE(2)/Ts is a symmetry group of M /(Ty, AY?) ~ M'. As
SE(2)/T> ~U(1), we see that this fact is already suggested in Remark 0.2

7.2. Comparison with reduction by the full symmetry group. Here we con-
sider a symmetry group G of M = (E, Lq,P) € obeg,. Fixing a discrete con-
nection Ag on the principal G-bundle 7¢ : M — M/G we have the reduced
system MY := M/(G, A). When H C G is a closed and normal subgroup, by
Proposition B8, H is a symmetry group of M and, when A4 is a discrete connec-
tion on the principal H-bundle 7*-# : M — M/H we have the reduced system
M = M/(H, AH). Furthermore, when A% satisfies any one of the conditions in
Lemma [2 by Proposition [[3l G/H is a symmetry group of M. Fixing a dis-

crete connection AdG/H on the principal G/H-bundle #™/H.G/H . Nf/H — AC?IT/;II’

we have the reduced system M%/H .= MH /(G/H, Ag/H). The following diagram
depicts the relation between the different DLPSs and morphisms.

M

Yél

T

Ad MH
%/H

MG MG/H
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At the “geometric level”, the corresponding spaces and smooth maps are

C'(E)
%
TAS; C’ (E[E) ]
wifl
C'(Gr) C'(G/Hg,)

We can enlarge the previous diagram by adding the different diffeomorphisms ® 4,
introduced in Proposition and by taking into account the commutative dia-
gram (). The resulting diagram follows.

c%

—>C'(HE)

R C'(Fp).G/H T
C’ E
E) c/H

cl(B) _ ~ ~  C'(Hg) _~ "GTH ~
G m o o/m o, O/ <I)AG/HC (G/Hg,)
d

(7.9)

C'(Gp)

The following result introduces the new functions that appear in diagram (Z.9)
and explores their basic properties.
Lemma 7.5. Under the previous conditions,
(1) @y % — C'(Hg) is a G/H-equivariant diffeomorphism. Hence it

. . . Lo C'(Hg)
induces a smooth diffeomorphism fIJAéq : G/H — G7H

(2) 7€' (E)G . C'(E) — C/(E) is a smooth H-invariant map, hence it induces a
smooth map Fy : ;I — @

(3) Fy : C/;IE) — éE) is a smooth G/ H -invariant map, hence it induces a
smooth map Fy : ﬁ — % Furthermore, Fy is a diffeomorphism.

(4) The diagram Q) is commutative.

Proof. Unraveling the definitions and recalling that A4 satisfies (T3), we see that
P Al is G/H-equivariant. As, by Proposition 2.6 ® Al is smooth, we conclude
from Corollary that the induced map <I>:4£; is smooth. Furthermore, as ® 4
is also a diffecomorphism by Proposition 26 its inverse is also G/H-equivariant,
so that <I>:4£; is a diffeomorphism. Hence point [ in the statement is proved. By
construction the square in diagram (7.9) is commutative.

Point [l follows immediately using the H-invariance of ¢ (B).C¢ and Corollary[@.5
Furthermore, it is immediate that Fy is G/H-invariant, and the same argument
proves that F5 is a well defined smooth map. It is easy to check that the map

c'(®) ' s N o
H G/ o g CENH . ON(E) — < is smooth and G-invariant, so it induces a

s
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smooth inverse of Fs, showing that Fy is a diffeomorphism. This proves point

By definition, the two triangles involving Fy in diagram ([Z9]) are commutative.
The commutativity of the three remaining triangles in diagram ([Z9) is due to

the commutativity of diagram (ZT). O

Theorem 7.6. Consider the data given at the beginning of this section. Let F :
C'(G/Hg,) — C/(VGE) be defined by the bottom row of diagram ([C9)), that is,
Fi=®,c0kFp0 (‘I)Agl)_l o (® yeru)~". Then, the following statements are true.
d
(1) F is a diffeomorphism.
(2) F € morgg (MG, ME/H),
(8) F is an isomorphism in £ ;.
Proof. By Proposition2.6 ® A and ® ,o/n are diffeomorphisms and, by Lemmal[7.5]
o d
the same happens to F» and ® AH - Hence, F is a diffeomorphism, proving point [T
Next, as TASJ/H € morgy,(MH, MY/H) and T 1 € morey, (M, M) we have
that TAZ;/H oY qn € mor ey, (M, ME/H). Also, Tac € moreq (M, M), F is
smooth and F'o TA? =T o/mo TASI, so that, by Lemma 0] point Rl is true. Using
d
point [ and Lemma [Z6] point B follows. O

Theorem 7.7. Consider the data given at the beginning of this section.
(1) Let (e.,m.) = ((eg,m1),...,(en—1,mn)) be a discrete path in C'(E). For
k=0,...,N — 1 define the discrete paths (vf,rgl) = TA? (€ky Mk+1),

G/H G/H . ~
(U1?77°1§+1) = TAg" (€r, mry1) and (Uk/ 7%4{1 )= TAfj (UI?7TI€I+1) inC'(HE),

C'(Gg) and C’(é_/\T{ﬁE) respectively. Then, the following assertions are
equivalent.
(a) (e.,m.) is a trajectory of M.
(b) (v&,r%) is a trajectory of M.
(c) (vH,rH) is a trajectory of M.
(d) (’U.G/H,T‘.G/H) is a trajectory of MG/H.
(2) Let F : C’(é_/\T{ﬁE) — C'(Gg) be the diffeomorphism defined in Theo-
rem[7.6. Then F(vf/H, rf_{f) = (v, r ) for all k.
(8) The DLPSs M and MS/H are isomorphic in £3,.

Proof. By Proposition B.13]1 T AG T Al and T AG/H are morphisms in £ ,. Then,
d
point [ follows from Theorem 711

Point [ is true by the following computation.
(0 1) =Y 4¢ (en,mig1) = (F o T jgrm o T qur)(€x, mi+1)
H H G/H G/H
=(FOTA§/H)(U,€,rkH):F(vk/ 7%4{1 ).
Point Bl is immediate from point Bl in Theorem O

7.3. Discrete connections derived from a Riemannian metric. The condi-
tions stated at the beginning of Section require the choice of three discrete
connections AX, A and Ag/ " on the corresponding principal bundles. One case
where such connections are known to exist is when the total space of the corre-
sponding principal bundle carries a Riemannian metric and the structure group
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acts by isometries; this is the content of Theorem 5.2 in [§]. In addition, A¥ is re-
quired to satisfy either one of the conditions in Lemmal[Z.2l In this Section we prove
that when the total space @ of a principal G-bundle 7%¢ : Q — Q/G is equipped
with a G-invariant Riemannian metric, it is possible to apply Theorem 5.2 in [{] to
construct discrete connections Af satisfying the conditions in Lemma on the
principal H-bundle 7%# : Q — Q/H for any closed and normal subgroup H C G.

The construction analyzed in Theorem 5.2 in [§] is as follows. When @ is a
Riemannian manifold and a Lie group H acts on @ by isometries, the vertical bundle
VH c TQ defined by Vf = Tq(lg(q)) C T,Q has an orthogonal complement,
the horizontal bundle H*. This horizontal bundle determines a connection AX
on the principal H-bundle 79 : Q@ — Q/H. In addition, there is a unique
Riemannian metric on Q/H that makes Q/H a Riemannian manifold and 7% a
Riemannian submersion. Standard results of Riemannian Geometry show that, for
any r € (Q/H, there are open sets W,. C Q/H containing r and such that any two
points in W,. can be joined by a unique length-minimizing geodesic that, also, is
contained in W,. (see Theorem 3.6 on page 166 of [I3]); we call these sets geodesically
convez. Using such a collection {W, : r € Q/H?}, the open set

(7.10) U = Urequ ((@@H) W) x (r@H)~HW,)) € Q x Q

is defined. Then, a function Agl :U — H is constructed as follows. Given (qo,q1) €
U, there is r € Q/H such that 7@H (qo), 79H (¢1) € W,.. Let v : [0,1] — Q/H
be the unique length-minimizing geodesic contained in W, and joining 79 (¢o) to
79H (q). Let 5 be the A”-horizontal lift of v to Q, starting at go. Finally, let

(7.11) A (g0, 1) = kg, (v(1), @),

where g, : Qren(g) — H is the smooth map defined by g, (l,?(ql),ql) = h.
Theorem 5.2 in [B] asserts that there is a discrete connection Aé{ on the principal
H-bundle 79 : Q — Q/H whose domain is U and whose associated discrete form
is given by (TIT).

Below, we consider the case where G is a Lie group and H C G is a closed
normal subgroup. G acts on the Riemannian manifold ) by isometries and in such
a way such that 7%¢ : Q — Q/G is a principal G-bundle. Then, by restricting
the G-action to an H-action, H acts by isometries on Q and 7% : Q — Q/H
is a principal H-bundle. But, still, G/H acts on Q/H by isometries and making
a@/HG/IH . Q/H — (Q/H)/(G/H) a principal G/H-bundle.

Lemma 7.8. Under the previous conditions, there is a collection of open subsets
{W, C Q/H : r € Q/H} that are geodesically conver as above that, in addition,
satisfies

(7.12) zféﬁ(g) (Wrang) = Woonqeq foral qeQandged.
Proof. In the current context, we have the commutative diagram
Q—"-q/H
7@G J/,,Q/H,G/H
Q/G—~ &

@ G/H
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where all the m-mappings are principal bundles and ¢ is a diffeomorphism. Let o
be a section of 7@/H:.G/H that may be discontinuous, and define o : Q — Q/H by
o:=00¢onC It is easy to see that o is G-invariant, that its image intersects
each G/H-orbit in Q/H in exactly one point and that, for each ¢ € Q, o(q) and
7@H (q) are on the same G /H-orbit.

For each o(q) € Q/H, let W,y C Q/H be any geodesically convex open subset.

Using the G/H-action [2/H | for each q € Q, we define
Wi = 130 ) (Wotg)  where 7™ (g) = s(o(q). 7" (q)).

Since l%f,(g) is an isometry in Q/H, the open sets Wi q.u(,) are also geodesi-
cally convex. A direct computation shows that the collection {Wyq.n(g) : ¢ € Q}
O

satisfies (T12).

Proposition 7.9. With the same conditions as above, let U be defined by ([LI0),
for a collection of geodesically convex open subsets {W, C Q/H :r € Q/H} satis-

fying (CI2). Then
(1) U is G-invariant for the diagonal G-action 19*?.
(2) The discrete connection with domain U and discrete connection form AX

defined above satisfies condition [[3)) in Lemma[7.3

Proof. Let (qo,q1) € U and g € G. By definition of U, there is 79 (q) € Q/H
such that 79 (qo), 79 (q1) € Wye.n(q). Hence, for j = 0,1,

) _ jQ/H , Q/H _
< H(ng(qJ')) = lﬂc/,H(g)(WQ H(Qj)) € lﬁé,H(g)(Wer’H(q)) = WﬂQ,H(lg?(q))v
EWra.H o)
Hence l?XQ(qO, Q) = (l?(qo), l?(ql)) € U, proving part [

Given (qo,q1) € U and 79H (q) as above, let 4o and v; be the unique length-
minimizing geodesics contained in Wi .1, and WWQ,H(ZQ(q)) going from 7@ (gq)
g

to 79 (q1) and from 7@H (19 (qo)) to 79H(19(q1)). Let Jo and 71 be the AH-
horizontal lifts starting at ¢o and lf];’(qo) respectively.
Notice that, by the uniqueness of the length-minimizing geodesics in W_g 19 (9))
s
and since ZT%EI(Q) is an isometry in Q/H, we have that v, = lféﬁ(g) °Yp.
Let p := lf];’ o ¥p. It is easy to check that p is a lift of ; starting at lf];’(qo). It is

also A -horizontal, a fact that follows from the G-invariance of H, that is, from
dig (q’)(%?) - Hl%(q,) for all ¢’ € Q. By the uniqueness of the horizontal lifts, we
g

conclude that 7, = p.
Finally, using ([CIT)), we have

AT 200, 12(01)) =ryg (2 (1, 12(a1)) = 19,0 (19 Gol1)), 19 a1)
=gkq (Y0(1),q1)9~" = gAY (g0, 01)97 ",

that is, identity ([[Z3)) holds, concluding the proof of part O

8. POISSON STRUCTURES

It is a well known and used fact that if (Q, Lg) is a regular DMS, there is a
symplectic structure wy, defined in (an open subset containing the diagonal of)
@ x Q. Furthermore, the discrete Lagrangian flow Fp,, is symplectic for wy,,. This



32 JAVIER FERNANDEZ, CORA TORI AND MARCELA ZUCCALLI

structure is important both for the theoretical as well as the numerical applications
of DMSs. Still, the dynamical system obtained as the reduction of a DMS may not
carry a symplectic structure: an obvious reason could be that dim(G x (Q/G)) =
2dim(Q) — dim(@) could be odd, making it impossible for the reduced space G x
(Q/G) to be a symplectic manifold.

The purpose of this section is to show that when a symmetric DLPS has a
Poisson structure, in a sense to be defined below, and the symmetry group acts by
Poisson maps, then its reduction also carries a Poisson structure and the reduction
morphism is a Poisson map. In principle, these structures could be uninteresting —
for instance, the trivial Poisson structure is always a Poisson structure for a DLPS.
Still, when a DLPS has an interesting structure, as is the case of those DLPSs
obtained from DMSs, the natural Poisson structure arising from the symplectic
structure is inherited by all reductions, as we see below.

Definition 8.1. Let M = (E, Ly, P) be a DLPS. We say that a Poisson structure
{,}c/(gy on C'(E) is a Poisson structure of M if the flow map Fjq is a Poisson

map for {, }c/(g)-

Proposition 8.2. Let {, }c/(g) be a Poisson structure of M = (E,Lq,P). If G
is a symmetry group of M that preserves {, }c/(gy and Aq is a discrete connection
on ™G . M — M/G, then there is a Poisson structure {, }C,(éE) of the reduced
system M/(G, Aq) such that the reduction morphism Y 4, is a Poisson map, i.e.,
(8.1)

T, ({1 Fodena,n) = {0, () Y, (f) Yoy forall— fi, fo € C(Gr).

Proof. Being G a symmetry group of M, by Lemma[Z8 Y 4, : C'(E) — C’(éE)
is a principal G-bundle. Then, the G-action on C’(E) is free and proper and T 4,
is a surjective submersion. As G acts on C’'(E) by Poisson maps, it follows from
Theorem 10.5.1 in [20] that there is a unique Poisson structure {, }C’(GE) on C'(Gg)
such that Y 4, becomes a Poisson map, hence (I holds. By Theorem B.TH, we
have the commutative diagram of manifolds and smooth maps:

CU(E) 2 o1(E)

Tay \L \LTAd

C'(Gp) —= C'(Gr)
Famye
where Fyq/q is the flow of the reduced system. As T 4, and Fq are Poisson maps,
with Y 4, onto, it follows from LemmaR.3 below that, F)r¢/¢ is a Poisson map. All
together, we have seen that {, }C’(GE) is a Poisson structure of M/(G, Ay). O

Lemma 8.3. Let ¢1 : M — M; and ¢o : M — My be Poisson maps and assume
that ¢1 is onto. If f : My — My is a smooth map such that f o ¢1 = ¢a, then f is
a Poisson map.

Proof. As f o ¢1 = ¢, a direct computation shows that, for hi, he € C®(Ms),

dT(f*({h1, hatarn)) = 5({f*(h1), f*(h2)}ar, ). The result follows by noticing that,
as ¢1 is onto, ¢7 is one to one. (I
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Recall that a regular DMS (Q, Lg) carries a natural closed 2-form wy, that is
symplectic in, at least, an open subset of @) x @ containing the diagonal Ag. We
have the following result.

Lemma 8.4. Let G be a symmetry group of the reqular discrete mechanical system
(Q,Ly). Then, the diagonal G-action on Q x @Q is symplectic for the symplectic
form wr,,.

Proof. See the argument at the beginning of page 375 in [IT]. O

In particular, a DLPS M = (Q, Lg4, P) that comes from a DMS (Q, Lg) as in
Example BI2 carries a natural Poisson structure {, }ox¢o arising from the sym-
plectic structure wr,, on Q x Q. It is well known that F,(wr,) = wr, (see Section
1.3.2 in [I7]). Hence Fy, is a Poisson map and, consequently, {, }gx¢ is a Poisson
structure of M.

When G is a symmetry group of (@, Lg), it is a symmetry group of M and,
by Lemma B4 it acts on C'(Q) = @ x Q by Poisson maps for {, }oxq. Fixing
a discrete connection Ay on 7%¢ : Q — Q/G, by Proposition B2 the reduced
system M/(G, Aq) has a natural Poisson structure induced by {, }oxg and T 4, is
a Poisson map.

We conclude that all DLPSs obtained from a DMS by a finite number of re-
ductions have natural Poisson structures that make the corresponding reduction
morphisms Poisson maps.

9. APPENDIX

The purpose of this Appendix is to review some basic definitions and standard
results, using a notation that is compatible with the rest of the paper. Sections
and contain well known material. Section contains some nonstandard ma-
terial.

9.1. Group actions on manifolds. A continuous map f : X — Y between
topological spaces is proper if f~'(K) is compact for every K C Y compact. A
G-action IM of a Lie group G on a manifold M is proper if the map LM : G x M —
M x M defined by LM (g, m) := (1}'(m), m) is proper. The following result gives
a characterization of properness in terms of sequences that is very convenient in
practice.

Proposition 9.1. Let M be a manifold and G be a Lie group acting on M by IM.
Assume that I has the property that for any convergent sequence (m;)jen in M
and sequence (g;)jen in G such that the sequence (lé\f(mj))jeN is convergent, there

l]W

exists a convergent subsequence of (g;)jen. Then is a proper action. Conversely,

if the action ™M is proper, then the property holds.
Proof. See Proposition 9.13 in [I4]. O

Theorem 9.2. Let M be a smooth, free and proper action of the Lie group G on
M. Then, the quotient space M /G is a topological manifold of dimension dim(M)—
dim(G). In addition, M/G has a unique smooth structure with the property that
the quotient map 7™ : M — M/G is a smooth submersion. Furthermore, 7%
M — M/G is a principal G-bundle (Definition[J 7).

Proof. See Theorem 9.16 in [T4]. O
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Proposition 9.3. Let G be a Lie group acting smoothly on the manifolds M and
N in such a way that ¥™¢ : M — M/G and 7™V¢ : N — N/G are smooth
submersions (in particular, M/G and N/G are smooth manifolds). If f : M — N
is a smooth G-equivariant map, then there is a unique smooth map f : M/G — N/G
such that ©N% o f = fox™G,

Proof. An application of the local description of submersions. O

Corollary 9.4. Let G be a Lie group acting smoothly, freely and properly on the
manifolds M and N. If f : M — N is a smooth G-equivariant map, then there is
a unique smooth map f: M/G — N/G such that 7% o f = f o 7™C,

Corollary 9.5. Let G be a Lie group acting smoothly, freely and properly on the
manifold M. If f : M — N is a smooth G-invariant map, then there is a unique
smooth map f: M/G — N such that f = f o G,

9.2. Bundles.

Definition 9.6. A fiber bundle is a quadruple (E, M, ¢, F) where E, M and F are
smooth manifolds and ¢ : E — M is a smooth map such that each m € M has a
neighborhood U C M and a diffeomorphism ®;; : ¢~1(U) — U x F that makes the
following diagram commutative.

(9.1) o WU) 2 U x F

In this case, E, M and F are called the total space, base space and fiber of the fiber
bundle. A pair (U, ®y) as above is called a trivializing chart of the bundle. It is
convenient to denote a fiber bundle (E, M, ¢, F) by E or ¢.

If (E,M,¢,F) is a fiber bundle, given two of its trivializing charts (Uy, @,
and (Ug, ®3) such that Uap = Uy NUg # 0, we can write (®, o @El)(m,f) =
(m, @ag(m)(f)) for allm € Uyp and f € F, for a smooth map @, : Uyg — Diff (F)
known as a transition function of the bundle. The fiber bundle is called a G-
bundle for a Lie group G if there is a right G-action on F denoted by r such
that all transition functions are of the form ®,g(m) = rf s (m) for a family of
smooth functions xap : Uag — G that satisfy xp(m)xas(m) = Xa~y(m) for all
m e U, NUgNU, # 0.

Definition 9.7. Let (E, M, ¢, G) be a G-bundle such that G acts on the fiber G
by right multiplication. Then, FE is called a principal G-bundle over M.

Theorem 9.8. Let (E, M, $,G) be a principal G-bundle. Then ¢ is a surjective
submersion, G acts freely on the left on E and the G-orbits for this action are of
the form ¢~t(m) for m € M. Conversely, if ¢ : E — M is a surjective submersion
and the Lie group G acts freely on the left on E in such a way that the G orbits are
of the form ¢~1(m) for m € M, then (E, M, ¢,G) is a principal G-bundle.

Proof. The first part is direct computation. See Lemma 18.3 in [23] for the converse
(in the right action case). O
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Remark 9.9. All principal G-bundles are left G-spaces by Theorem This
follows, eventually, from the fact that our G-spaces have right G-actions on the
fibers. The opposite choices are common in most of the fiber bundle literature
(see [M). Our choice is the standard one in Geometric Mechanics (see [H]).

Corollary 9.10. In the context of Theorem[@3, ¢ : M — M/G is a principal
G-bundle.

Lemma 9.11. Let v : M — R be a principal G-bundle. Then the G-action on M
is proper. If, furthermore, (E,M,¢,F) is a fiber bundle and G acts on E by I¥
making ¢ equivariant, then 1¥ is proper.

Proof. The first statement follows from Proposition @] using the local triviality of
the bundles. The second repeats the same argument building on the properness of
the G-action on M. O

Lemma 9.12. Let G be a Lie group acting smoothly, properly and freely on the
manifold Q). Let H C G be a closed and normal Lie subgroup. The G-action on Q
induces an H-action on Q. Then

(1) G/H acts on Q/H by the induced action lféﬁ(q) (QH (q)) := WQ’H(Z!?(Q)).
2) The G/H-action 19/ is free and proper.
(2) prop

Definition 9.13. Let (E;, M;, ¢;, F;) be fiber bundles for j = 1,2. A bundle map
from F; to Ey is a pair (¥,1)) of smooth maps ¥ : F1 — Es and ¢ : M; — My
such that the following diagram is commutative.

E1LE2

al e

M, T>M2

9.3. Group actions on bundles. The following definition introduces what we
mean by the action of a Lie group on a fiber bundle. We warn the reader that it
may not be completely standard.

Definition 9.14. Let G be a Lie group and (E, M, ¢, F) a fiber bundle. We say
that G acts on the fiber bundle E if there are free left G-actions [F and [ and a
right G-action 7' on F such that

(1) 1™ induces a principal G-bundle structure 7% : M — M/G,

(2) ¢ is a G-equivariant map for the given actions,

(3) for every m € M there is a trivializing chart (U, ®y) of E such that U is
G-invariant, m € U and, when considering the left G-action [Y*¥ on U x F

given by IJ*F (m, f) := (ly(m),rg,l(f)), the map ®y is G-equivariant.

Example 9.15. Let G act on the fiber bundle (E, M, ¢, F}) by the left actions I¥
and I and the right action 7* on F, and let F» be a right G-manifold for the
action 2. Consider the left G-action [”*¥2 on the fiber bundle (E x Fh, M, ¢ o
p1, F1 x Fy) defined by 1EXF2(e, f5) := (lf(e),rfﬁl(fg)). Then G acts on the fiber
bundle E x F,. The only part of the verification that requires some work is the ex-
istence of local G-equivariant trivializations. This is done by taking the (Cartesian)
product of G-equivariant trivialization of E and the identity mapping on F5. Using
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the right G-action r, = rgl X 7“52 on Fi x F» makes the resulting mapping
G-equivariant, in the sense of point [] of Definition

Proposition 9.16. Let G be a Ijie group that acts on the fiber bundle (E, M, o, F).
Then ¢ induces a smooth map ¢ : E/G — M/G such that (E/G,M/G,¢,F) is a
fiber bundle.

F1 XF2
)

Proof. Since the G-actions on E and M are free and proper and ¢ is equivariant,
by Theorem and Corollary 04 we have that E/G and M/G are manifolds,
the quotient mappings 7%¢ : E — E/G and 7™¢ : M — M/G are smooth
submersions and ¢ is smooth.

An outline of the proof of the local triviality of (E/G, M/G, ¢, F) goes as follows.
Since the existence of local trivializations is a local matter, we can assume that
MG . M — M/G is a trivial G-principal bundle, that is, it is p; : R x G — R for
some manifold R and the G-action on M is I*%(r,¢') := (r,gg’). Similarly, we
can assume that ¢ : B — M is p; : (R x G) x F = R x G and the G-action on E
is 1 (r, ), £) = ((r,99"), 770 ()

Using Corollary @4 p; induces a map p1 : (RxG) x F)/G — (R x G)/G = R.
In addition, define o : (R x G) x F — R x F by o(r,g, f) := (r,r}(h)). As o is
smooth and G-invariant, it induces a smooth map & : (R x G) x F)/G — R x F.
In fact, & is a diffeomorphism and satisfies p; o & = p1. Thus, we have the following
commutative diagram

E/G=(RxG)xF)—2>RxF

on|

M/G=R
showing the (local) triviality of the bundle (E/G, M/G, ¢, F), ending the proof. [

Example 9.17. Applying Proposition to the setting of Example we
conclude that if G acts on the fiber bundle (E, M, ¢, Fy) and Fy is a right G-
manifold, then ((E x Fy)/G, M/G, ¢ o p1, Fi x F,) is a fiber bundle that we call the
associated bundle and denote by E - A special case of this construction is the so
called conjugate bundle, denoted by éE, that corresponds to the case when F» = G
and the right action is r52 (h) = lg,l(h) = g~ 'hg. For the conjugate bundle, we
define pM/G := ¢ o p;.

When the Lie group G acts on a manifold Q in such a way that 79 : Q — Q/G
is a principal G-bundle, (@, @,idg, {pt}) is a fiber bundle with a G-action. The

conjugate bundle in this case, G coincides with the conjugate bundle p@/C G —
Q/G considered in Section and in [1].
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