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Quasiparticle-Rotor Model Description of Carbon Isotopes
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In this work we perform quasiparticle-rotor coupling model calculations within the usual BCS and the pro­
jected BCS for the carbon isotopes 15C, 17C and 19C using 13C as the building block. Owing to the pairing 
correlation, we find that 13C as well as the cores of the other isotopes, namely 14C, 16C and 18C acquire strong 
and varied deformations. The deformation parameter is large and negative for 12C, very small (or zero) for 
14C and large and positive for 16C and 18C. This finding casts a doubt about the purity of the supposed simple 
one-neutron halo nature of 19C.
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I. INTRODUCTION

Many experimental and theoretical investigations for over 
two decades were concentrated upon study of light nuclei near 
neutron drip line (see references in recent reviews [1,2]). Pair­
ing correlations play an important role in the structure of these 
nuclei, because of the proximity of the Fermi surface to the 
single-particle continuum. This gives rise to many interesting 
phenomena and creates a challenge for conventional nuclear 
structure models. The experimental evidence for the N = 8 
shell melting [3] and the appearance of the lsq/2 intruder state 
in 11 Be are famous indications of the complicated structure of 
light nuclei. In Refs.[4, 5] it was shown that the increase in 
pairing correlations and the shallow single-particle potentials 
for nuclei close to the driplines may result in a more uniformly 
spaced spectrum of single particle states.

To mention a few recent works on this subject, a series 
of interesting articles appeared in the literature which study 
the pair correlation in spherical and deformed nuclei near the 
drip line using a simplified HFB model in coordinate repre­
sentation with the correct asymptotic boundary conditions. In 
Ref. [6] the effects of continuum coupling have been studied, 
it was shown that for small binding energies, the occupation 
probability decreases considerably for neutrons with low or­
bital momentum. In Ref. [7] the weakly bound neutrons in sq/2 
state have been studied. The effective pair gap was found to 
be much reduced compared with that of neutrons with larger 
orbital momentum. In the presence of pair correlations, the 
large rms radius was obtained for neutrons close to the Fermi 
level, thus favouring the halo formation.

Nowadays it is generally accepted that nucleus tends to 
form a halo when the valence particles are loosely bound and 
the relative angular momentum is small. In this case, the last 
nucleons and the core are to a large extent separable and there­
fore these nuclei can be approximated as an inert core plus the 
halo formed by the valence particles. This supports the use 
of the cluster models for such systems. But for real nuclei, 
the admixtures between the core and valence particles have to 

be taken into account. One of the simple models that include 
core degrees of freedom is a core + particle cluster model 
for one-neutron halo systems including core excitation via de­
formation assuming a rotational model for the core structure 
[8, 9]. Although this model allowed successful description of 
the lsq/2 intruder state in 11 Be, it has a serious drawback as it 
does not treat Pauli Principle correctly.

In this work we incorporate the residual interaction be­
tween nucleons moving in an overall deformed potential and 
perform a Bogoljubov-Valatin canonical transformations from 
particles to quasiparticles, thus modifying the band-head ener­
gies and the non-diagonal particle core matrix elements. The 
resulting model is known as the quasiparticle-rotor coupling 
model (QRCM). The inclusion of pairing effects allows a cor­
rect treatment of Pauli Principle. This model is then applied 
to the series of odd-mass carbon isotopes.

Heavy carbon isotopes have recently been studied exten­
sively, and 17C and especially 19C are suggested to be candi­
dates to possess neutron halo. To calculate the quasiparticle 
energies for 13C and heavy carbon isotopes the BCS calcula­
tion with particle projection procedure was used (PBCS). It is 
known that in BCS formalism the number of particles is not 
conserved, which becomes a serious drawback for the case of 
light nuclei. It was shown in Refs.[12, 15], that the projection 
procedure is very important in such nuclei. The Fig. 1 shows 
the BCS and PBCS calculations confronted with experimental 
data, using the results obtained in [12], where we evaluate the 
ground states energies for the remaining odd-mass carbon iso­
topes, by only modifying the numbers of neutrons: N = 8,10 
and 12 for 15C, 17C and 19C, respectively. One immediately 
sees that the pairing interactions account for the main nuclear 
structure features in these nuclei.

II. THE QRCM MODEL

Most applications of the particle-rotor coupling model 
(PRCM) use the simplest picture of the last odd nucleon mov­
ing outside the even-even core, and any kind of residual in-
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FIG. 1: Comparison between the experimental and the calculated 
ground state energies in BCS and PBCS in odd mass carbon isotopes. 
The experimental data were taken from Ref. [10] for 13C. 15C. and 
Ref. [ll]for17C and 19C.

teraction between nucleons is neglected (see, for example, 
Refs.[9, 13, 14]). The core is assumed to be an axially sym­
metric rigid rotor. The Hamiltonian of the core-neutron sys­
tem can be written as

Rp—rot — (1)

where Hsp = T I Co is single-particle (shell-model) Hamil­
tonian, that is the sum of central Woods-Saxon potential and 
standard spin orbit interaction, whose eigenvalues e7 are spec­
ified by the particle angular momentum j. We consider here 
the quadrupole deformation only, specified by the deformation 
parameter p. In this case, the core-neutron coupling hamil- 
tonian

Hint = -^k(r)Y20(e',0); k(r) = r^-, (2)
dr

where k(r) is the radial part of the interaction.
The total angular momentum is I = j + R (in this work 

we consider only I = 0,2) and the coupling between j and R 
is evidenced in the weak-coupling representation of the total 
wave function, which reads

\jR-,IM)= ^(jmRMR\IM)\jm)\RMR), (3)
M.R,m

I 

where \RMr) is the rotor wave function. The matrix elements 
of the Hamiltonian (1) are:

(j'R,-,IM\Hp_rot\jR-,IM) =

-P(-)/+r+V2R+ l(R020|R'0) | 2 {

The resulting eigenfunctions are of the form:

|4)=Ec'r|jR;Z>, (5)
jR

with energies £/„, and where the CjR are constants that re­
sult from the solution of the coupled channel system of equa­
tions obtained by substituting the total wave function into the 
Schoedinger equation and projecting out the basis wave func­
tions.

We now incorporate the residual interaction, Vres, between 
nucleons moving in an overall deformed potential. The total 
Hamiltonian becomes Hqp-rot = Hp-rot + Vres- After carry­
ing out a Bogoljubov-Valatin canonical transformation from 
particle to quasiparticle operators, one gets that the matrix 
elements of Hqp-rot for odd-mass systems continue being of 
the form (4), except for (i) the band-head energies for a par­
ticle state are modified as e7 -- Ej in BCS, and e7 - £7 in 
PBCS, where Ej is the quasiparticle BCS energy, and t* =

- yr, where quantitiesRK andIK, forKZ.N, 
are defined in Ref. [15]; and (ii) the non-diagonal matrix ele­
ments are renormalised by the following overlap factors

J,-, = m7'M7 — v7'V7 (BCS)
or 

jIK(Jj) - Vj’VjIK'2(fj')
(PBCS), (6)

where m7 and v7 are the occupational numbers for the state j. 
IK(j'j), lK2CiJP i\ndlK(j) are the PBCS number projection 
integrals (see Refs.[12, 16]).

The energies to be confronted with the experimental data 
are

BCS PBCS State

*n
_cV-2 

At

particle 
hole

where A. is the BCS chemical potential. Of course, in the re­
sulting quasiparticle-rotor coupling model (QRCM) the state 

| jm) is now a quasiparticle state. The QRCM differs in several 
important aspects from the PRCM. First, the BCS (PBCS) en-
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ergies if are quite different from the single-particle energies 
ej. Second, the factors !fjj> correctly take into account the 
Pauli principle. In addition, the particle-like states do not cou­
ple to the hole-like states. As a brief test, in Fig. 2 we show a 
comparison of the energy levels for 13C and nBe in the Pure 
Rotor Model with those in the QRCM: Rotor+BCS and Ro- 
tor+PBCS as a function of the parameter of deformation p for 
the single particles taken from the Vinh-Mau’s work [17] for 
13 C and 11 Be. From a careful scrutinising of the energy levels 
in Fig. 2, one can easily convince oneself that, none of our 
particle-rotor coupling calculations is able to reproduce the 
experimentally observed spin sequence 1/2 1 — 1/2— 5/2 1 
in 11 Be, for such a value of p neither positive nor negative. 
The constant of pairing for 13C is v5 = 37.80 in both BCS 
and PBCS, while that in nBe they are v5 = 21.02 in BCS and 
r, = 24.25 in PBCS.

III. RESULTS AND CONCLUSIONS

In our procedure we use the nucleus13 C as a building block 
of the calculation, assuming core 12C deformation p = -0.6. 
In our calculations we adjust the single particle state energies 
ej (for lj>3/2, lpi/2, 1^5/2 and2s1/2) so that the resulting qua­
siparticle energies including the core excitation give correct 
binding energies of four bound states in 13 C. The same set of 
single particle energies are then used in PBCS calculation to 
obtain quasiparticle energies of 15C, 17C and 19C, occupation 
numbers for the states in these nuclei and the reduction fac­
tors of the matrix elements. Subsequently, the quasiparticle 
energies and reduction factors then enter the coupled channel 
system to include core excitation and give the binding ener­
gies of 15C, 17C and 19C. For 15C, 17C and 19C we adjust the 
deformation parameter p to obtain a correct one-neutron sep­
aration energy in each of the isotopes. Using this deformation 
parameter we calculate the energy of the first excited state. 
For simplicity, in the present calculation we use fixed values 
for averaged radial matrix elements between different states, 
that is, (/|k(r) \j) = 25, 30 and 35 MeV. These values provide 
a reasonable estimation of non-diagonal part of the interaction 
and correctly reproduce the spin-orbit splitting between initial 
single-particle lp3/2 and lpi/2 states. The energies obtained 
within the Rotor+PBCS model on different carbon isotopes 
for (k(r)) = 25 MeV (all energies are in MeVs) are presented 
in the Table I.

The results for the odd-mass carbon isotopes can be sum­
marised as:

15C: In our calculation we obtain a zero deformation for 
the core 14C in case of (k(r)) = 25 MeV and a binding en­
ergy of 1.25 MeV. The calculation with larger average matrix 
element 30 and 35 MeV, gives an oblate shape with defor­
mation parameter equal to -0.23 and -0.32 respectively. (In 
this calculation we introduced a lower 2+ rotational energy in 
14C e2+ = 3 MeV). This confirms the idea that the core nu­
cleus 14C is nearly spherical and supports the possibility of 
halo formation for 15C. Finally, our calculation also predicts a 

first excited state | with the binding energy -936 keV, -991 
keV and -867 keV for (k(r)) equal to 25 MeV, 30 MeV and 
35 MeV, respectively. The binding of the first excited state is 
overestimated in our model.

17C: Small separation energy of 17C 0.728 MeV suggests a 
possible halo structure of this isotope. There is an uncertainty 
about ground state spin assignment for this nucleus. In our 
model we obtain |+ ground state for 17C, although the exper- 

imental value is | [ 11 ]. A simple explanation for this experi­
mental result could be found in the so called J = j -1 anomaly 
discussed by Bohr and Mottelson [18]. Core-particle calcula­
tions without pairing similar to those in Ref. [13] used defor­
mation parameter p = 0.55. We obtain the p equal to 0.505, 
0.583 and 0.609 for average radial matrix element (k(r)) equal 
to 25, 30 and 35 MeV, respectively. We see that the deforma­
tion changes slowly with the value of the matrix element and 
is rather large. The first excited state of 17C in our model is 
| state. The binding energy of this state is as follows: -0.616 
for (k(r)) = 25 MeV, -0.527 MeV for (k(r)) = 30 MeV and 
-0.430 for (k(r)) = 35 MeV. These energies are close to the 
experimental separation energy of -0.433 MeV.

19C: Ground state with spin-parity | and small one- 
neutron separation energy favours the formation of the halo 
in 19C. In our analysis we adjust the deformation parame­
ter in order to obtain the adopted separation energy of 0.58 
MeV. Core-particle calculations without pairing used defor­
mation parameter p = 0.5. For (k(r)) = 25,30 and 35 MeV 
we need, respectively, p = 1.27,1.51 and 1.82. That is, we 
obtain very a large prolate deformation for the core 18C. The 
first excited state we obtain to be 5 state with the binding 
energy -0.21MeV ((k(r)) = 25 MeV).

The Fig. 3 summarises the above results and compares them 
with the results of other models and experimental data.

Finally, in Fig. 4 we show the dependence of the deforma­
tion parameter on the number of neutrons in the core N for 
three values of (k(r)/ It is seen that in each case, the defor­
mation changes from negative values (for cores 12C and 14C) 
to large positive values (for cores 16C and 18C). The depen­
dence is nearly linear and crosses the zero deformation in the 
region of the core 14C.

To summarise, in this work we analyse the structure of 
heavy carbon isotopes 15C, 17C and 19C in the quasiparticle­
rotor model using the 13C as the building block of the calcu­
lation. The quasiparticle energies and the reduction factors 
in the matrix elements are calculated in the projected BCS 
model. As it was mentioned in the introduction, we first ex­
plore the results of the pure BCS and PBCS models, that use 
the single-particle energies and pairing strengths of Ref. [12] 
fixed so that the experimental binding energies of nC and 13C, 
together with the 13C energy spectra, are reproduced by the 
calculations. With these parameters we evaluate next the low- 
lying states in 15C, 17C and 19C, by augmenting correspond­
ingly the number of neutrons only. We found that proceeding 
in this way both models are capable to explain fairly well the 
decrease of the binding energies in going from 13C to 19C. 
Second, the QRCM was implemented, and in this approxima­
tion we obtain 15C, 17C and 19C with J/ ground state and
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FIG. 2: (Color online) Energies of the lowest states in 13C and nBe as functions of deformation parameter P calculated in the Pure Rotor 
model (middle panels). Rotor+BCS model(upper panels) and Rotor+PBCS(lower panels).

TABLE I: Energies obtained within the Rotor+PBCS model on different carbon isotopes for (A'(r)J = 25 MeV. All energies are in MeVs.
State 13C ^C "C lyC
l?3/2 0.63 6.95 9.66 11.86
1P1/2 -4.75 1.92 4.38 6.32
ld5/2 -0.10 -0.94 -0.30 0.32

1/2 -0.75 -1.25 -0.36 0.45

FIG. 3: Comparison between the calculated (a) core-particle, (b) 
QRCM. and (c) experimental level scheme for odd mass carbon.

4 first excited state. For 15C we obtain zero or small oblate 
deformation. For 17C large prolate deformation is given. Fi­
nally 19C has a very large prolate deformation, indicating that 
the nature of this nucleus is more complicated than the simple 
one-neutron halo picture of this nucleus would suggest.

The further analysis of this model and the details of its 
application to describe the low-lying spectra of light nuclei 
model will be presented in our next work [19].

N

FIG. 4: The adjusted value of deformation parameter P of cores 12C. 
14C.16C and 18C for three values of (k(r)).
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