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Abstract

This paper deals with the nonconforming spectral approximation of variationally posed eigenvalue problems. It is an extension
to more general situations of known previous results about nonconforming methods. As an application of the present theory,
convergence and optimal order error estimates are proved for the lowest order Crouzeix—Raviart approximation of the eigenpairs
of two representative second-order elliptical operators.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

The general results on spectral approximations for compact operators were first obtained in [5.16]. These results
have been extended in [11,12] to consider the case of conforming discretizations of noncompact operators.

Nonconforming methods were also studied. The first approach was proposed in [15] and it is restricted to compact
operators.

Later, in order to prove double order for the convergence of eigenfrequencies in fluid-structure vibration problems,
Rodriguez and Solomin [17] extended classical results about finite element spectral approximation to nonconforming
methods for noncompact operators. However, their theory does not cover many other practical situations since it
assumes that the continuous and discrete bilinear forms appearing in the variational formulation of the considered
problem coincide.

Very recently, discontinuous Galerkin approximations of the spectrum of the Laplace operator have been analysed
in [2]. To do that, the authors adapted the theory presented in [11] to deal with nonconforming approximations
of elliptical second order operators with compact inverse. Moreover, Buffa and Perugia [7] presented a theoretical
framework for the analysis of discontinuous Galerkin approximations of the Maxwell eigenproblem.
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The goal of this paper is to obtain some abstract results of spectral approximation that can be applied to a wide class
of nonconforming methods for either compact or noncompact operators. These results are obtained by introducing
suitable modifications in the theory developed in [11,12]. According to the fact that the approximations considered
are nonconforming, consistency terms appear in our estimates which could be seen as a generalization of previous
results obtained in [17].

The motivations for considering nonconforming finite element methods are several. For example, to avoid the
necessity of smooth elements in fourth order problems or to deal with constrained minimization problems. Also, there
is a closed relationship between mixed methods and nonconforming finite element methods for second order elliptical
problems (see [1]). This relationship can be further exploited for deriving efficient solvers for the mixed formulations
(see [9,3]).

We mention also that the present theory allows the analysis of a large class of discontinuous finite element methods
when they are used for the approximation of spectral problems. This justifies the generality of our abstract approach.

The outline of the paper is as follows. In Section 2 we introduce the class of variationally posed eigenvalue problems
we will consider and we define the approximation methods for these problems. The abstract results are presented and
proved in Section 3. Finally, in Section 4 we illustrate the application of our theory by considering the nonconforming
approximation of the eigenvalues and cigenfunctions of two representative second order elliptical problems. The
analysis is carried out for the lowest order Crouzeix—Raviart finite element space. As in the conforming case, the
order of convergence obtained for the eigenvalues doubles that for the eigenfunctions. To the best of the authors’
knowledge, these estimates have not been proved before.

2. Statement of the eigenvalue problem

Let X be a complex Hilbert function space with norm | - |. Let V be a subspace of X, with norm | - ||, such that the
inclusion V = X is continuous.

Consider the eigenvalue problem:

Find 1 € C,u £0,u €V, such that

a(u,v) = ubu,v), VYveV 2.1

where a : V x V — C is a continuous and coercive sesquilinear form and b : X x X — C s a continuous sesquilinear
form.
Let T be the linear operator defined by
T X—->V-—X

XU,
where 1 € V is the solution of
alu,v) =>b(x,y), VyeV. (2.2)

Since a is elliptic, b is continuous and V — X, Lax-Milgram’s Lemma allows us to conclude that T is a bounded
linear operator. It is simple to show that 4 is an eigenvalue of (2.1) if and only if A = 1/u is an eigenvalue of the
operator T and the corresponding associated eigenfunctions u coincide.

Now, let {V;} be a family of finite dimensional function subspaces of X not contained in V and consider the spaces
V + V. We equip each space V + Vj, with the norms || - ||; and we assume that

n YvreV 2.3)
) = (X,

vl = vl
(V4 Vy,

). uniformly on h. (2.4)

Then, we consider the following discrete eigenvalue problem:
Find pp € C, up £0, uy € Vi, such that

anp(up, v) = upbp(up, v), Vv e V. 2.5

Let us remark that since V, ¢ V, (2.5) represents a nonconforming approximation to (2.1).
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From now and on, we shall consider that the domain of definition of the approximate sesquilinear forms ay and by,
is V 4+ V3. We also assume that both discrete forms are continuous on V + V4, uniformly on A and that a;, is coercive
on V + V}, uniformly on 4. Finally, we assume that

ap(v, w) =a(v,w), VYv,weV (2.6)
bp(v,w) =b(v,w), Yv,weV. 2.7)

Then, we define the discrete analogue of the operator T as follows:

T, . X — V

X = Up,
where 1 € Vj, is the solution of
an(up, y) =bp(x,y), Vye V. (2.8)

Once again, because of Lax—Milgram’s Lemma, the operator T, is bounded uniformly on /. As in the continuous
case, it is simple to show that 1y, is an eigenvalue of problem (2.5) if and only if A5, = 1/uy is an eigenvalue of the
operator Ty, and the corresponding associated eigenfunctions u coincide.

3. Spectral approximation

First, we introduce some notation that will be used in the sequel. For further information on eigenvalue problems
we refer the reader to [4]. From now on, C denotes a generic constant not necessarily the same at each occurrence but
always independent of /.

We denote by p(T) the resolvent set of T and by o (T) the spectrum of T. Now, forany z € p(T), R-(T) = (z—T) ™!
defines the resolvent operator.

Let us consider the restrictions T|y and T|y4v,. It can be proved that the knowledge of the spectrum of T|y v,
gives complete information about the spectrum of T|y. The proof closely follows the arguments used in the proof of
Lemma 4.1 in [6].

Lemma 3.1. The spectra of T|y and T|vyvy, satisfy
o(Tlyv)U {0} = o(T|y+y,).
Further, for any z € p(T|v4v,) there is a constant C, independent of h, such that

IR (Tlyv)lln < C.

Proof. Let z ¢ o(T|y),z # 0. We are going to prove that (z — T|y4y,) : V+V, — V + V, is one to
one and onto. Suppose that (z — Tly4y,)x = 0. Since T|yy, (V + V) C V.x = %T|V+th € V and then
(z = Tlvyv,)x = (z = Tly)x = 0. Since z & o (T|v), we can conclude that x = 0. Hence, (z — T|y1y,) is one to
one. Now, given y € V 4+ Vj, we can take x = ly+ @z - T|V)_1T|V+Vhy) and we have (z — Tly4y,)x = y. So,
(z — T|v+v,) is onto. Therefore, because of the open mapping theorem, z & o (T|v1v;, ).

Conversely, let z & o (T|v4v,). First, we have that z # 0 since T|y1v,(V + Vi) C V and so T|y4y, is not
onto. Next, given y € V. C V + Vp, there exist a unique x € V + Vj, such that y = (z — T|y 4y, )x. Furthermore,
x = %(y + T|y4+v,x) € V. Hence, x is the unique element in V such that (z — T|y)x = (z — Tlv4y,)x = .
Therefore, (z — T|y) : V — V is invertible and z & o (T|y).

On the other hand, given y € V + Vj, it is easy to show that x = %(y + (z — T|V)‘1T|V+Vhy) is the unique
elementin V + Vj, such that y = (z — T'|y4v, )x. Now, since T'|y4+v,v € V, (z — T|V)_1T|V+vhy € V and so, in
view of our assumption (2.3), we can write ||(z — T|V)_1T|V+vhy||h = |z — T|V)_1T|V+vh v||. Then, we obtain

| _ 1 _
el = 777 (1l 41 =Tl ™ Ty vl) < 1 (0 + 0 =T 1Ty 01)

Now, the continuous inclusion (2.4) implies that
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ITlv4+v, ¥l < Clyl < Cliylla.
Finally, combining the last two inequalities above, we can conclude the proof. [

Let X be a nonzero isolated eigenvalue of T|yy, with algebraic multiplicities m. Let I” be a circle in the complex
plane centred at 2 which lies in o (T|v 4y, ) and which encloses no other points of ¢ (T |y v, ). The continuous spectral
projector, E : V + V;, — V + V,, relative to A, is defined by

|
E = " Rz(T|V+Vh)dZ-
Lt Jr

We assume the following properties to be satisfied:
P1:

lim || (T — Tp)ly, lln = 0.
h—{}

P2. For each function x of E(V + V3),

fi

lim [ inf |x —xp Il;,\l =0.
h /

==} \ xp eV,
P3:

I}gl}) (T = Twlewv+v)lln = 0.

We are going to give an extension of the theory developed in [11] to deal with nonconforming methods. Most of
the proofs of the results stated below are slight modifications of those in [11], taking care of the fact that, here, || - |5
denotes the discrete norm associated with the nonconforming spaces.

Lemma 3.2. Let G be a closed subset of p(T|v4v,). Under assumption P1, there exist positive constants C and hy,
independent of h, such that

Iz = Taly,) "Ml < €. ¥z eG. Vh < ho.
Proof. The proof is identical to that of Lemma 1 in [11]. O
Theorem 3.3. Let 2 C C be a compact set not intersecting o (T|yyv,). There exist ho > O such that, if h < ho, then
2 does not intersect o (Ty |y, ).

Proof. The proof is a direct consequence of assumption P1, as it is shown in Theorem 1in [11]. O

So, in virtue of the previous theorem, if £ is small enough, I' C p(Ts|v,) and the discrete spectral projector,
E; : Vi — V3, can be defined by

|
E;, = / R-(Tp|v,)dz.
g

2mi
Let us recall the definition of the gap 8 between two closed subspaces, Y and Z, of V + Vj,. We define
3(Y. Z) == max{s(Y, Z). 3(Z. Y)}.
where
8(Y,Z) = inf ly —cllp ).
2= up (1t 1r-2)

: N\
Iylp=1

The following theorem implies uniform convergence of Ey |y, to E|y, as h goes to 0:

Theorem 3.4. Under assumption P1,

lim [|(E — Eq)l, 1 = 0.
2
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Proof. It follows combining Lemma 3.2 with assumption P1 and is essentially identical to that of Lemma 2
in[11]. O
Theorem 3.5. Under the assumption P1, for all x € E,(Vy,) there holds

Jlim S(x, EK(V + V) =0.
1—U

Proof. It is a direct consequence of Theorem 3.4. O

Theorem 3.6. Under the assumptions P1 and P2, for all x € E(V + V) there holds
;liII}FS(x, En(Vy)) =0.
—

Proof, The proof is identical to that of Theorem 3 in [11]. O

Theorem 3.7. Under the assumptions P1 and P2,
!lin}}g(E(V + Vi), En (Vi) = 0.

Proof, It is direct consequence of Theorems 3.5 and 3.6. [

As a consequence of the previous theorems, isolated parts of the spectrum of T are approximated by isolated parts
of the spectrum of Ty (see [14,11]). More precisely, for any eigenvalue A of T of finite multiplicity m, there exist
exactly m eigenvalues L1z, - - -, Amp of Ty, repeated according to their respective multiplicities, converging to + as A
goes to Zero.

Now we are going to give estimates which show how the eigenvalues of T are approximated by those of Ty. To
attain this goal, the theory in [17] about nonconforming approximation for noncompact operators should be adapted
to cover more general cases where the continuous and discrete sesquilinear forms do not coincide. By proceeding
as in that reference, we extend the theory developed in [12], so that it can be applied to non conforming methods.
By so doing, consistency terms arise in the error estimates. We shall give general expressions for these additional
consistency terms.

We begin considering the bounded operator T, defined by

T, . X -V
X =1,
where 1 is the solution of
a(y,u) =>b(y,x), VveV. 3.D

It is known that } is an eigenvalue of T, with the same multiplicity m as that of % (see, for instance, [12]). We also
consider the bounded operator T, defined by

T : X — Vj

X = Up,
where 1y, is the solution of
an(y, up) = bp(y, x), Vy e V. (3.2)

Here, A1j, - - -, Ay are the eigenvalues of T,;, which converge (o % as h goes to zero.
Let E, be the spectral projector of T, |y 1y, relative to A.
We also assume the following properties for T, and T,y,:

P4:

lm [[(Ty — Tyndlv, lln = 0.
h—0



182 A. Alonso, A. Dello Russo / Journal of Computational and Applied Mathematics 223 (2009) 177-197

PS: For each function x of E.(V + V3,),

lim { inf le—xh|;,\l =0.
h—0 \xpeVy, /

Po:
I}in}] I(Ty — Tup)IE, (Vv lln = 0.

We now need to introduce other operators.
Let Il : V 4+ V;, — V 4+ Vj, be the projector with range V;, defined by

ap(x — Ipx,y) =0, Vye V. (3.3)
Analogously, we define /1,5, : V + Vi — V + V3, by the relation
an(y,x — llypx) =0, Yye V. 3.4)

Moreover, since ay, is continuous and coercive on V + Vy,, both uniformly on A, 11, and I1,; are bounded uniformly
on h. Let us remark that for conforming methods T, = II;T. This is assumed in the spectral approximation theory
in [12] and used in the proofs therein. Obviously, for nonconforming methods, Ty, and 77, T do not coincide.

LetBy, = Tyl : V+ V;, — V + Vj. Notice that o (Ty) = o (By) and that, for any non null eigenvalue, the
corresponding invariant subspaces coincide. Let F, : V + V, — V + V;, be the spectral projector of By, relative to
its eigenvalues iyz, - - -, Ayp. It can be proved that | R.(By) || is bounded uniformly on 4 for z € I’ (see Lemma 1
in [12]). Consequently, the spectral projectors Fy, are bounded uniformly on 4.

Finally, let Byy, .= Ty Il - V+V, — V4V and let Fyy, be the spectral projector of By, relative to Az, -, Amp.

It is easy to show that B, is the actual adjoint of B with respect to ay. In fact, for all x and v € V + V3, we have

anBpx, v) = ap(Tpllhx, v) = an(Tpllpx, Ly y) = bp(Ilhx., Ty y).
Similarly, we get
an(x, By y) = bpUlpx, Iy y).

Therefore, the spectral projector F,, is also the adjoint of Fy, with respect to ay,.
Let

vr = SEV + Vi), V).
Property P2 implies that y, — 0 as A — 0. Analogously, let
Ve = 0(Ey(V 4 V3), Vi),
Here, because of P4, y,, — Oas h — O.
Lemma 3.8.
X = I Ev+viplla < Cyn.
X — L), (vevipylle < Cvan.
Proof. Let x € E(V 4 V). Since ay, is coercive on V + Vj, uniformly on 4, we have
I — xll; < Can((X — y)x, (L= [I)x) = Can((X — Hy)x, x — yp),  Yvi € Vi

where the last equality yields from the definition of I7,. Now, taking into account that a5 is continuous on V + V;,
uniformly on %, we obtain

I(X—Ipxllp < C inf [|x — yula,
yheVh

which allows us to conclude the proof of the first estimation. Analogous proof is valid for the second one. [
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Lemma 3.9.
IE—=Flev+vplln < CIT =Bplew+v lla,
1Es — Fidlg, veviolln < CIKTy — By)lg, (vvilla-
Proof. The proof is identical to that of Lemma 3 in [12]. [
Now, let
8n = vn + KT = Tlevivy)la-
From properties P2 and P3, it is easily scen that 8§, — 0 as A — 0. Analogously, let
Sen = Y + 1Ty — TumdEV4v) 12+
Because PS5 and PG, 5., — Oas h — 0.
Lemma 3.10.
(T = Bu)lgw+vnlln < Con,
[Ty — By E. vy lln < Coyp.
Proof. Let x € E(V + V3) with || x|| = 1. We have

T —Bu)x|ln < KT —Tuxlln + I Ta X — Lp)x|n
< (T = Twlewvivplla + ITallald = D Evv) lla
< CUT = T lew+vpylla + va),

where the last inequality follows from Lemma 3.8 and the fact that ||Ty ||; is uniformly bounded with respect to A.

Analogous proof is valid for the second estimate of the lemma. [
Let
A =Fplgv4v,)  EV + Vi) — Fp(V 4+ V).

Lemma 3.11. For h small enough, Ay is a bijection and || A, 1 I is bounded uniformly on h.

Proof. Sce the proof of Theorem 1in [12]. O

Theorem 3.12.
SERV + Vi) E(V + Vi) < Cdy.

Proof, The proof is identical to that of Theorem 1 in [12]. O

183

Let us now define the operator T = Tlrv+v,) E(V+ V) — E(V + V) and B, = A;lBh A T E(V+ V) —
E(V + Vj). From these definitions, it follows that T has a unique eigenvalue % of algebraic multiplicity / and that By,

has the eigenvalues Az, - - -, Ay
Let us consider the following consistency terms:

M, = sup sup  |ap(Tx, ILgy) — bp(x, ILay),
xeRB(V+Vy) veEx(V+Vy)
lxllp=1 I¥1p=1

M., = sup sup  laplpx. Tyy) — by (Ulx, ¥)I.

xeRB(V+Vy) veEx(V+Vy)
lxllp=1 [vllp=1
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Theorem 3.13.
IT = Bpll < C (348sh + My + My .

Proof. We have
IT—Byull = sup [(T—Byxls

XeR(V+Vy)
Ixllp=1

<C sup sup |a((T —Bp)x, y)|
xeE(V+Vy)  yeV
felp=1 Iylp=1

=C sup sup |aE(T —Bpx,y)|
xeE(V+Vy)  yeV
belp=t 13lp=1

=C sup sup |a((T —Bpx, E,y)|
xeE(V+Vy)  veV
Ixlp=1  ylp=1

< C sup sup  |a((T —Bp)x, v)|

xeB(V+Vy) yeEp(V4Vy)

lxllp=1 [l¥lp=1
=C sup sup  |an (T —Bp)x, y)|- (3.5)
xeB(V4+V),) yeEy (V+Vy)
[lx =1 Iylp=1

Now, using that (A, 1 Fy — DT|gv+v,) = 0 and that B, commutes with its spectral projector Fy, it follows that

T — By = (T —Bp)lgv+v,) + (4, 'Fi — DT = Bp)Ev4v,)- (3.6)

Letx e E(V+Vyyand y € E.(V + V), with ||x]|z = ||¥|lx = 1. Since Fh(/l,leh —1I) = 0 and F,, is the adjoint
of Fy, with respect to a5, we have

lan((A;'Fp — D(T = Bp)x, )|
= lan (A "Fy — D(T — By)x, ¥) — an (F(A; "By — D(T — By)x, y)|
= lan (A, "y — D(T = Bp)x, ¥) — an (A, Fj — DT — By)x, Fu )|
= |an (4, "Fp — D(T = By)x, I — Fyy)y)|
< Cll A, Fp = Un (T = Blevvp Il — Fa) 1B, vvi) l1a
< Cép84p- 3.7

The last inequality in (3.7) follows from Lemmas 3.9-3.11 and the fact that aj, is continuous on Vj, independently of
h and that Fj, is bounded uniformly on 4.
On the other hand,

an((T = Bp)x, ) = an (T — Bp)x, Iy v) + an((T — Bp)x, (I — ILy)y). (3.8)
To bound the second term in the right-hand side of (3.8), we use Lemmas 3.8 and 3.10. We thus obtain

lap (T = Bp)x, X = ILp)y)| < CI(T = Bp)lgw+v) lallX = Ip)le, viv lla
< Cényxh- 3.9)

For the first term, we write
an(T —Bp)x, ILypy) = ap(T — Tpix, Ly y) + ap((Ty, — Bp)x, 1Ly y). (3.10)
Now,

lan (T — Tp)x, )| = lan(Tx. I y) — bp(x, L y)| < My, (3.11)
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and
an(Tp —Bp)x, ILay) = apn(Tp(X — Hp)x, Iy y) = bp (L= Ip)x, Hipy)
= bp(A = Hp)x, vy — bp (X = Ip)x, X — L)), (3.12)
The first term in the right-hand side of (3.12) can be written as
bp((X— Ip)x, y) = bx,y) —bpUlpx, y) = a(x, Tuy) — bp(Ipx, y)
= lan(px. Tyy) — bp(Ipx, )] — ap (Ul — Dx, Tyy)
= lanUlpx, Tyy) — bpUpx, )] — ap (Il — Dx, I — 1) Ty y), (3.13)
where in the last equality we have used that a5 (11, — D)x, 11,3, T y) = 0, which follows easily from (3.3) and the fact

that /1,, T,y € Vj,.
The last term of the right-hand side above can be easily bounded by

lap (U, — Dx, (T = ILp)Tyy)| < CI Tl = ) g, (vvp ln | — DIE(v v, la- (3.14)
Then, Lemma 3.8, (3.13) and (3.14) immediately yield
[bn (X — Hp)x, )| < C(Mun + vaysn)- (3.15)

Finally, the theorem is a consequence of formulae (3.5)—(3.15). O

By using the previous theorem, we deduce the following result about the approximation of the eigenvalue A:
Theorem 3.14. (i) ‘A = ‘I‘. Yo kin| < C(8p8un + Mp + Man)

(i) max,—j ... |2 — Ain| < C (Spden + My, + M )Y where o is the ascent of the eigenvalue A of T.

Proof. Taking into account that o(T) = 4 and that L1z, - - -, A, are the eigenvalues of Bh, we have tr(T) = m) and
tr(By) = ¥ '~} Ain. Then, from the continuity of the traces

=

1 )
= —lr(T) — ()| < C|IT — By .

1
h—— ZAM
UL =1

On the other hand, it is known that
A = Ain|” < CIT =By

for any 1 <i < m. Therefore, we can conclude (i) and (ii) directly from Theorem 3.13. O

Remark 3.15. In many applications, the operator T is selfadjoint. In this case, if /7 is a nonzero eigenvalue of T, the
ascent « of (1 — T) is one. So, the space of generalized cigenvectors E(V 4+ V) coincides with the space of the actual
eigenvectors corresponding to ji (see [4]).

4. Examples

In this section we apply the abstract theory results obtained above to two representative problems.

Let 2  R? be a simply connected and bounded domain with polygonal boundary 302 = I.

Let (-, -) be the scalar product in Z.2(£2) and let | - [|o denote the corresponding 1.2 norm. Further, let H* (£2) denote
the standard Sobolev spaces with the usual norms || - || and seminorms | - |;. We also denote H }(Q) the subspace of
functions in H'(£2) with a vanishing trace on I". We use a circumflex above a function space to denote the subspace
of elements with mean value zero.

Let {7} be a family of triangulations of 2 such that any two triangles share at most a vertex or an edge. We also
assume that the family {73} is regular in the sense of the minimum angle condition (see [8], for instance). Finally, let
& denote the set of all the edges of triangles T € 7.

With the triangulation 7y, we consider the lowest-order Crouzeix—Raviart finite element spaces:

CRy, ={v € L2 : vplr € PiU(T), VYT € T, vycontinuous at midpoints of all ¥ € &,}.
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4.1. A Steklov eigenvalue problem

Eigenvalue problems of the Steklov type, in which the eigenvalue parameter appears in the boundary conditions,
arise in a number of applications. Let us mention, for instance, the problem of determining the vibrations modes of
liquids in moving containers, the so-called sloshing problem.

We consider the following spectral problem:

Find » € R and u # 0 such that

I —div(eVu)+ Bu=0 1in {2,

a 4.1
|al:)»u onl. @.1)
on

where the coefficients o = «(x) and B = B(x) are bounded by above and below by positive constants. We assume
that € C1(2).
Let W := H'(£2). Let a* and b* be the symmetrical bilinear forms defined by

a*(u, vy = I aVu-Vo + IIIr Buv, Yu,veW,
Jo Ja
b*(u, v) = / uv., Vu,veW.

Since « and f are bounded in Q, we have that ¢* is continuous and coercive on W.
Then, the variational formulation of the spectral problem (4.1) is given by:
Find» e Randu € W, u = 0, such that

a®(u, vy = rAb*u,v), YveW. (4.2)

From the classical theory of abstract elliptical cigenvalue problems, we can infer that problem (4.2) attains a
sequence of finite multiplicity eigenvalues A, > 0,n € N, diverging to +oc, with corresponding L2(I")-orthonormal
eigenfunctions u,, belonging to W.

We introduce the following spaces:

X = L*(2) x LA(I)
Vo={u & e HD) x H>(I'y . &€ = u|p).

endowed with the norms defined by
[, &) = (lullg + 1615 ",
1, )1 = (luell + 1615 '

Let a be the bilinear and continuous form defined on V x V by
{ / r
a((u, &), (v,n)) = j aVu-Vo+ | Buv+ | &n.
n Jn Jr
Note that a is V -elliptical. Let b be the bilinear and continuous form defined on X x X by

p
b((u, &), (v, n) = /, &n.

Now, we consider the following spectral problem:
Find ». e Rand (4. &) € V. u +# 0, such that

al(u, &). (v,n) =+ Db{u, ). (v.n)), VY, eV. 4.3)

For A = 0, variational problems (4.2) and (4.3) are equivalent to problem (4.1). In fact, the solution of (4.1) satisfy
Egs. (4.2) and (4.3). Conversely, by testing these two equations with adequate smooth functions, it is easy to show
that any solution of each of them, corresponding to a nonzero e¢igenvalue, also satisfy (4.1).
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As in Section 2, we consider the bounded linear operator T : X — X defined by T(f. 7) = (1, &) € V and
a((u, &), (v, &) =b((f,0), (¥, 0)), VY, ¢ eV. “4.4

By virtue of Lax—Milgram LLemma, we have

G, I < CI(Sf, T

Since @ and b are symmetrical, T is self-adjoint with respect to a. Clearly, (4. (u, £)) is a solution of problem (4.3)
if and only if (1. (1. £)) is an eigenpair of T.

The following proposition states a priori estimates for the solution of problem (4.4) depending on the regularity of
the data.

Proposition 4.1, Let (u, &) be the solution of problem (4.4). There exist constants r € (1/2, 1] and C > 0 such that
o if T € L"), u € H'Y/2(0) and

lwll1i4r/2 < Clizllo,rs “.5)
o if T € HY(I"), withe € (0.r —1/2), u € H/*t<(2) and

lwll3/24e < CliTlle,rs (4.6)
o if t € HY2(I"), u € H () and

lulli4r < CliTlhy2,r- “.7)

Proof. It follows directly from classical regularity results (see [10]). [

In the previous proposition, r = 1 if {2 is a convex region and < 7, with & being the largest interior angle of (2,

otherwise (see [13]). Notice that, as a consequence, the eigenfunctions (i, £,) of T belong to H'1 (2) x HY/ZH (1)
and satisfy

lnllitr < Clluz, &Il 4.8)
Now we introduce the nonconforming finite element spaces
Ly =& € L*(I') : &l¢ € P11 V¢ C T').
and
Vi = {(vn, nn) € CRp x Ly gple = vnle, V€ C T}
Let a; and by, be the symmetrical bilinear forms defined by

ap((u, &), (v, n)) = Z /aVu-Vu—i— / Buv + / g, Y, &), (v,n) e V4+Vp,
7e7, /T J0 Jr

bp((u, &), (v, 7)) = b((u, &), (v, 1)), Y, &), (v,n) € X.

Then, the discretization of the spectral problem (4.3) is given by
Find Ay € R and (uy, &) € Vi, (up, &) # (0, 0), such that

an((up, En). (Up. np)) = A + DbWun. &), (vp. ma )Y, Y. ma) € Vi 4.9)
By choosing

/ 1/2

N 9 s ] 3

Hon )lle = Y loalt gz + llvallg + ||nh|\a,p\,
TeTy, /

as a norm over the space V + V3, the continuity of the imbedding (2.4) follows immediately and the condition (2.3) is
obviously satisfied. Also, it follows from the definition of the discrete norms || - || that the approximate bilinear forms
ay, are coercive uniformly on V 4+ V3,
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Now, we consider the bounded linear operator Ty, : X — V + Vj, defined by Ty (f, 7) € V3, and
an(Trp(fo ), (o, ) = b ) (v, ). Y(vn, mp) € Vi, (4.10)

The spectral convergence results rely on propertics P1, P2 and P3. The proofs of these properties for this
nonconforming finite element approximation are standard but we include them for the sake of completeness.

Theorem 4.2. (P2) For each eigenfunction (u, &) of T associated to A, there exists a strictly positive constant C such
that

inf (. &) — (p, g lln < CA" |ul 14+
(vn,np )€V

Proof. Since u € H' (2), u € C%). So, the piecewise linear Lagrange interpolant of u, u?, is well defined
(see [8], for instance). Moreover, u! € Vi, N H'(£2). Then, we can choose v, = u?. By using a suitable trace theorem
and standard interpolation results, we obtain

16 = millo.c = lule = valello.e = € |72 = vyllo,r + 1" — il 7 |
< CW Y2\ ulgrr., VECT 4.11)
and
lu — vplli.r < Ch' ||ull1arT. (4.12)
Now, combining (4.11) and (4.12) with the definition of || - ||5, we can write
[, &) — (v i)l < CH [l 14

So, taking the infimum with respect to (vy, n3) € Vi, we can conclude the proof. [

Theorem 4.3. (P1) There exists a positive constant C such that

(T =T/, Dlln < CHPI D, V(7)€ Vi

Proof. Let («, n) := T(f, 7) and (up, ny) = Tu(f, t), for any (f, ) € Vj. From the second Strang’s T.emma
(see [8]) we have

{
|G, &) — Cun, En)lln SC(\.- inf |G, &) — (vn, yn)ln

I-bfl -1“3 IE 1.|r|’

E). (Wi xn)) — BUCS T, (wp.
Coap £). (whe 1)) — b((f, 7). (wp x;m\!_

(4.13)
(wh, xn)€VR I (wn. xa)lln /

To bound the first term in the right-hand side of inequality (4.13), we repeat the arguments used in the proof of
Theorem 4.2. By using estimate (4.5), we obtain

inf |, &) — a m)lle < CH2NCS, ©lla
(v )EV),
Now we are going to bound the second term. By testing (4.4) with adequate smooth function, it is simple to show
that u satisfy the following strong problem:

I —divieVu) +Bu=0 1in {2,
a
a—u—i-f;:r onl". “@.14)
an
where & = u|r.
Multiplying Eq. (4.14) by wy, € CR}, and integrating by parts, it is straightforward to see that

{1
@ §). (o, ) = bSO e xi) = 3 | @z,
je1, JoT o
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where x;, = wp| . Notice that, since f € CRy, © € HE(I). So, from estimate (4.6), we have u € H*/?**(£2) which
gives a meaning to the integrals |, a Lwy, on each edge ¢.
Let us denote by [-]] the jump across an inner edge ¢ € &,. Then, we can write

- 8
an (1, &), Wh, X)) — UL 7). (wh i) = 3 [da—ii[[wh]]~ (4.15)
= i

Let P denote the L2(£)-projection of H¢ (¢) onto the constants. For £ € &, let T1, T> € T;, be such that 77 N T = <.
Since [[wy] is a linear function vanishing at the midpoint of £, we have

[ du [ (. 0u u

jgug[[wh]] = ‘/ ((X% — P (Ota—)) R
‘/ /—— — u:'—:))w'hlm - /‘(u::—:: - P, (u::—:)) (wpl7;)
=3 |f f(ua” - (ag:‘l))uw;lm)—&(whm)]‘.

Now, if Pr denotes the L2(T)-projection of H“+'/2(T") onto the constants, by using a trace theorem and standard
error estimates for the Z2-projection, we obtain

< Y llaVu-n— Pr@Vi-m|,, | (wlz) = Prwslz)ll,

1=1,2

c Y (V2 Vul ) (¢ wnl g ) - .16)
1=1,2

/ 8u[[w]]
Y —
Joom "

IA

Summing up on all the edges ¢ € &, and using estimate (4.5), we can write
lan (e, &), (wh, x)) = BUCL T (wh xa))] < CHCE Dl o xi)llas
which allows us to conclude the proof. [

By virtue of the previous theorems, the spectrum of Ty, furnishes the approximations of the spectrum of T as we
stated in Section 3.

Theorem 4.4. (P3) There exists a positive constant C such that

(T —TlEvs+villa < Ch™.

Proof. For (x,7) € B(V 4+ Vp), (u, &) = T(x,¢) € HF(12) x HYZ(I"). Then, we proceed as in the proof of
Theorem 4.3 with ( £, 7) substituted by (x,¢). O

Observe that, since T and T}, are self-adjoint, properties P4, P5 and P6 are equally valid.
Now, we are going to estimate the consistency terms appearing in Theorem 3.14. Notice that My and M, also
coincide because of the symmetry of a;, and b.

Lemma 4.5. Let

M, = sup sup  |an(T(x, &), (v, 9)) — b((x, &), LIh(y, @),
(x.0)eE(V+Vy) (y.0)eE(V+Vy)
G p=1 I(y.o)llp=1

with II, being the projection onto Vi, with respect to ay, defined by Eq. (3.3). There exists a positive constant C such
that

My < Ch¥.
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Proof. Let (x,¢) € E(V + Vp) with ||(x, &)|ls = 1 and let (w, x) = T(x, ¢). From (4.7), we have (w, x) €
HY"(02) x HY2+7 (") and

[wlir = Clitx, Ol < C.
Proceeding as in Theorem 4.3, it can be shown that (w, x ) satisfy the following strong problem:
divieVw) + Bw =0 in {2,

I_
|n’ il: —+ X = & ()n[” (417)

where x = w|r.
Now, consider any function (v, ¢) € E(V 4+ Vp) with |[(v,@)|lz = 1. We denote by (vi. o) = (v, @).
Multiplying Eq. (4.17) by y; and integrating by parts, it is straightforward to sec that

an (. ). I (3. @) = b ((x, 0. T (3, 9)) = Zj aVw - ny;.
re7, JoT

Since v, € CRy, we proceed in this case as in the proof of the previous theorem, with [wy] substituted by [y, and
we obtain

lan((w, x). Hp (v, 9)) — bp((x. ), Hp(v. )]
/ \

<C| > > leVw n— Pr@Vw-mloclyaln — Pronllloe | - (4.18)
'M-:'F,, i=1,2
We can write
lve — Pr(yvilloe < v —¥) = Pr(yn — V)oe + 1y — Pryloe. (4.19)
Since (v,p) e E(V+ V), ve H 14+r( ). Then, the terms in the right-hand side of inequality (4.19) can be bounded
directly. In fact, using standard error estimates for the Pr-projection, we have
I = ) = Pr(om = Plloe < CHY1ys = ylinr (4.20)

and
1y = Prylloe < CEY** ¥ 13r7- (4.21)

On the other hand, w € H'*7 (£2) forr > 1/2. So, once again, by using standard error estimates for the Pr-projection,

we have
laVw - n— PriaVuw -m|o¢ < ChH Y2 w|igrr. (4.22)

Thus, combining inequalities (4.18)—(4.22), summing up on all the edges £ € &, using Theorem 4.2 and estimate
(4.8) we conclude the proof. O

Theorem 4.6. There exists a positive constant C such that

max |A — Al < ChY.

i=1,m
Proof. It is an immediate consequence of properties P2 and P3 and the previous lemma. [
4.2. Eigenvalue problem for a system of partial differential equations

Now we consider the following spectral problem:
Find ). € Rand (u1, up) # (0. 0) such that

—Aui —divup = Auq  in 2,
Vui +uw = i in (2, (4.23)
| uyp =0 onl.
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The same problem is considered in [11,12] where a conforming finite element method was proposed and analysed
and optimal order error estimates were proven. Here, we introduce a low order nonconforming space for dealing with
problem (4.23). By applying the abstract theory developed in Section 3, we prove that this method yields the same
order of accuracy.

We begin by giving a thorough spectral characterization of this problem.

The second equation in (4.23) implies

—Au1 —divuy = —A div up.

Hence, if . £ 0, u is a solution of the following problem:

—Aup=(h— inf?,
Ay = (h— 1y 1nd d (4.24)
iy =10 on [.
Let (ay. ¢, ) denote the eigenpairs of the Laplace equation with Dirichlet boundary condition. Then, &, = 1 4 w,, is

an eigenvalue of problem (4.23) with (¢,,, A;1V¢n) being the associated eigenfunction.

Now, if A = 1, the unique solution of problem (4.24) is «1 = 0 and, by using the first equation in (4.23), it follows
that our problem has eigenfunctions of the form (0. curl ) for any ¢ € H'(12).

Finally, from the second equation in (4.23), it is immediate to see that the eigenfunctions associated to the
cigenvalue A = 0 have the form (£, —V&), with & € H}.(12).

Let X = (L%2())° and [(u1, up)| be the standard L2-norm. Let V be the subspace of X defined by V =
H}(Q) x (L2(12))%, endowed with the usual product norm || (v, v2)| == (||ul||f + ||vz||8)1/2.

Let a be the symmetrical bilinear form defined on V x V by

r r I r
a(u,v) = I Vui -V + / Vur-vy+ I up - Vv + / uivy +2 [ up - vo.
Ja Jo Ja Jo Jo
Is simple to show that the form a is continuous on V. Moreover, using the inequality

1
2[ Vi vy > — (eznwluz + 8_2”“2“2)’
_(;

with ¢ > 0, the coercivity of a on this space follows directly. Let b be the bilinear and continuous form defined on
X x X by

b(u,v) = / uivl + [ u - va.
Jo Jo
The variational formulation of the spectral problem (4.23) is given by:
Find ». e Randu € V,u # 0, such that
alu.v)= (k4 Db(u.v), VYveV. (4.25)
In order to analyse the spectral problem (4.25), let us introduce the following bounded linear operator:
T:X—-X
(f.8) > (u1,v2),
with (u1, up) being the solution of the elliptical problem
a((uy,wp), (v, v2)) =b(( [, g), (v1, v2)), V(vy, vp) e V. (4.26)

Then, T is self-adjoint and positive definite with respect to a and b. It is clear that (4. u) is a solution of problem
(4.25) if and only if (ﬁ, u) is an eigenpair of T. Since the eigenvalues of problem (4.25) are positive, then those of
T satisfy 0 < 1 < 1.

The operator T is not compact. In fact, the eigenspace corresponding to eigenvalue A = 11is K; = {(0, curl&), & €
H'(12)} and the corresponding one o + = 0 is Ko = {(¢. —Vg).¢ € H }-{.(2?1}. both having infinite algebraic
multiplicity, proving the noncompactness of T.
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On the other hand, by virtue of Lax—-Milgram Lemma, we have
|1, w2} || < CI(f. 8)- 4.27)

As a consequence of the classical a priori estimates for the Laplace problem, the eigenvectors of problem (4.25), not
corresponding o & = 0 or A = 1, satisfy some further regularity. In fact, (1. wp) € H¥7(£2) x (H" (12))? for some
r > 1/2, depending on the geometry of {2, and there holds

luillier + [uall, < Cllug, up)l. (4.28)

Denoting by P1(T') the set of functions on 7" which are the restrictions of linear polynomials, we introduce the
following finite element spaces:

Sp = {v, € H'(02): vplr € PUUT), YT €1},
Ry, ={vp €8, :vp=00n17},
Uin = {Vup . vp € Ry},
Uy, = {curlvy : vy € S}
Next, we consider the discontinuous finite element space
Win = {vp € CRy, : v, = 0 at the midpoints of all £ C I'}
and we define the spaces
W, = Uy & Uy
Vy= Wi x W,
Let a, and by, be the symmetrical bilinear forms defined by

ap(u.v) = Y (f Vuqu,+j \7.'fr-v3+[u:-th)

redy
f f gy + 2] u vy, YuveV4V,
12 n
bpiu, v) :=b(u,v), VYo, veX

Now, we are in order to define a discrete analogue of problem (4.25).
Find )y, e Rand vy, € Vy, wy, £ 0, such that

ap(uy, vp) = (b + DDy, vi), Vv, € Vi (4.29)

By choosing

i J
2 2 2\
Ivalln = (Z lvial 7 + lvialld + ||m||0/|
[-‘—t’]h

as a norm over the space V + V,, the continuity of the imbedding (2.4) follows immediately and the condition (2.3) is
obviously satisfied. Also, it follows from the definition of the discrete norms || - ||; that the approximate bilinear forms
ay, are coercive uniformly on V + Vy,

Let Ty, be the lincar bounded operator given by

Th :X--»Vh
(f, &) = (u1n, ugp),

with (u17. up) being the solution of the discretized source problem

an((Uin. Won). (V1. vor)) = D((f, ). (vin. van)),  Y(vin, van) € Vy. (4.30)
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As is shown below, the spectra of these discrete operators provide good approximations of the spectrum of T.
Moreover, the operators Tj, have eigenspaces providing good approximations of the infinite dimensional eigenspaces
K, and K; of T with exactly the same eigenvalues.

Theorem 4.7. For iy, = 1, pup = 5 ;—'_-‘—_ = % is an eigenvalue of Ty,. Furthermore, if Ky, denotes the corresponding
eigenspace, then

K1 NV, ={(0, curléy), & € Sp} < Kz,
and

KiNV, =K N (R x W)
Proof. We note that every (17, ups) € Ky, is clearly an eigenvector of Ty, associated to 4, = 1. In fact, from (4.29)

Sﬁ‘ / uwy, - Vo, = Z / curls, - Vo, = Z / curl &, - nvyy

-

TE’T}L T Tef]'h JT TE’];L JaT
7 f
= Z / curl&, -nflvgy ]l + Z ! curl&y, - vyy.
ieFy JC ecre
23

Now, since &,|7 € P1(T), curl&, - n takes constant values on each edge of the triangulation. On the other hand,
for any vi5, € Wiz, [[vinll]e is a linear function vanishing at the midpoint of £. So, we get

f
N curlé, - Vg, = 0. (4.31)
[ a— .

T, T

Now, let (115, w2) € Vy, such that Ty (115, upp) = %(ulh, u2). From Eq. (4.29), it satisfies

Z [ Vury -vop, =0, V0, vop) € Vp. (4.32)
TeTy T

Since we are assuming that u1;, € Ry, Vi, € Wy, Then, from (4.32) it follows that u1; is piecewise constant.
But, 1, € Wiz, so u1, = 0in £2. Now, testing (4.29) with (1. 0) we have

Z [ uy - Vo =0, Vv, 0) € V.
TeT, JT

Since up, € Wop, we have ug, = Vo, +curl &, with ¢, € Ry, and &, € Sp,. Taking into account the orthogonality
(4.31), we conclude that

X [ Vop -V, =0, V(. 0) € Vi
17, /1
Then, Vg, = 0 and hence vy, = (0. curléy). O

Theorem 4.8. For +, =0, up = ﬁl; = 1is an eigenvalue of Ty, with corresponding eigenspace

Kop = Ko NV = {(uip. wop), uin € Ry, upp = —Vuip).
Proof. We note that if Ay, = O and (15, wp) € Vy, satisfies Ty, (115. Wpp) = (113, Upp), from (4.29) we get

Z / (Vi +upp)-vop =0, VO, vo) € Vy. (4.33)
Ted, ¥ I
Since uy, € Wyy, it can be written as uy, = Vo, +curl &, with ¢ € Ry, and &, € Sp,. Then, by taking vy, = curl v,
and using the orthogonality (4.31), we can obtain

~

Y | curlg, - curlyy, =0, Yy € Si. (4.34)
TeT, JT
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So, from (4.34) it follows that curl&, = 0.
Now, by considering vy, = V¢, we further obtain

S [ (Vuu+ Vou) - Vg =0, Vi € Ry, (4.35)
TeT, ¥

On the other hand, by testing (4.29) with (v1z, 0), we have
Z / (Vurp, + V) - Vo, =0, Ve, € Wy, (4.36)
= r

By using ¢ = ¢y in (4.35) and vy = u1y in (4.36), we may write
> / (Vuin + Vo) - (Vuip + Vop) = 0. (4.37)
TeTy" T

So, (i1, + ¢n) is piecewise constant and since (15 + ¢n) € Wiy, we deduce directly that (11, + )| = 0. VT €
T,. O

Now, we are going to prove that the eigenvalues of T in (0, 1/2) and their eigenfunctions are well approximated
by the nonconforming discretization considered here. To do that, we need to prove properties P1, P2 and P3.

Theorem 4.9. (P2) For each eigenfunction u of T associated to » € (0, 1/2), there exists a strictly positive constant
C such that

inf Jlu—valn < Ch |ul.
v,EV),

Proof. Since u; € H'Y"(2), u; € ¢%(02). So, u{ , the piecewise linear Lagrange interpolant of «1, is well defined

(see [8], for instance). Moreover, u{ e Wi, N H }4! 2). Then, we can choose vy, = u{. By using standard error

estimates, we get

lur — vinllr < Ch" utlligr - (4.38)
Since up = x—lwl, we can take vo, = A~ 'V, and we get

luz —vanllo.o < Ch"luzll, . (4.39)
Now, combining (4.38) and (4.39) with the definition of || - ||; and estimation (4.28), we can write

o —vallp < Ch |ul.

So, taking the infimum with respect to v;, € Vj, we can conclude the proof. [

Theorem 4.10. (P1) There exists a positive constant C such that
(T = Tw)(f.&)lln < CH I f.&)ln V(S .8 € V.

Proof. Letu = T(f, g) and v, = Ty (f, g), for any (f. g) € Vj. Since V;, ¢ V, we apply the second Strang’s
Lemma (see [8]), which in this case reads:

(4.40)

. ap(u, wp) — b((f, ) wi) \
o=l = € ( inf u— vyl + sup DI IS B WY
YhEV) WhEVh ”Wh”h /

We begin the proof by bounding the first term in the right-hand side of inequality (4.40). To do that, we may test
Eq. (4.26) separately with (0, vp) and (v1. 0), for any v, € L2(£2) and vl € H}(Q). Then, we obtain that (i1, up)
satisfies

Vui+2uwp =g (4.41)
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and that

f r y r
| Vui-Vor+ | w-Vu + / uivy = I fuvy, Vv e HL(0).
Jn Jn Ja Jn '
Now, since g € Wy, we can write the orthogonal decomposition

g = Vg + curl g,
with g5, € R, and &, € Sj,. So, by using Eqs. (4.41)—(4.43), we have

1
f Vur Vo + =
J 12 2

/(V(ﬂh—vm)-vlu—i- / uiv
J (! By,
= fui, Vo € HA(9).
Jo

Tetw e H}(Q) be defined by w = 11 + ¢5. Then, w satisfies

|

3 [ Vw- Vv + [ wyp = /(f—i—(ph)ul, Yup € H}-{H}.

2J0 Jo J0

and is shown to be the solution of the following problem

I
I —;L\ur +uw = f 4@, inlfl
| w =0 on [.
From the a priori estimates for this problem, it turns out that w € H I+ 02y with

lwlier = ClLf +@nllo < CU fllo+ Venllo) < CICf. 8

195

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

Arguing again as in Theorem 4.9, w!, the piecewise linear Lagrange interpolant of w, is proved to be well defined.

Choosing,

1
n‘: =w' — ¢, and ug = (8- Vn‘:)_

we can obtain
" l /Y

(Z llse1 — u{ni;-) < CH|(f. 8.

?-"-—Iﬂl
| 1 , . vaR e -
[far — l!-;,ﬂn < ;HVFH — \7{{1 llo < Ch"|( f. )|
and, finally,
inf [lu—wv;lln < Ch|(f &)
VhEVh

It remains to bound the second term in Eq. (4.40). We multiply Eq. (4.40) by v1;, € Wy, and integrate to obtain

%Z ( -[va Vv, — /”Vtt'-m-'m) } /Q Wy, = J/Q(f+(ﬂh)vlh~
et '
Now, taking into account that
ur=uy+o¢p and Vi =g—2u;
and replacing g by the orthogonal decomposition (4.43), we deduce

¥ ([ Vauy - Vo, + / u-;_-V’n”,) + [ HIU1H — [ Jvim
T 1

Ted; ; v4 ot

(4.48)
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i

/ , \
=) {/ Vw - nvy, + — [curlsh-vm ). (4.49)
Te1, \Jor 2ir /

Now, as shown in the proof of Theorem 4.7, for every &, € Sy,

M / curls, - Vo, = 0.
e e
rez, 1
Multiplying Eq. (4.41) by v, € Wy;, and adding to Eq. (4.49), we have
an(w, vp) —b((f. 8, vp) = Z Vuw - nuyy.
TeT, aT
Now, because w € H!*7(2), we can proceed as in the proof of Theorem 4.3 to obtain
an(u, vi) — b((f, &), vi)| < CH"|(f, ®IValln, (4.50)

which allows us to conclude the theorem. [

Theorem 4.11. (P3) Let E(V + Vj) be the direct sum of the eigenspaces of T associated to its eigenvalues
+ € (0. 1/2). There exists a positive constant C such that

(T — Ti)lEwv+villn < Ch".

Proof. For (f,g) e E(V+ V), u=T(f g € HF () x (H" (12)%. From second Strang’s Lemma (see [8]) we
have

. ap(u, wp) — b((f, yowi) \
lo—uills <C [ inf fu—valls+ sup ZWe (/8. %)} (4.51)
\VhEVh

WhEVh ”Wh”h /

Because of Theorem 4.9, it only remains to bound the second term in the right-hand side above.
By testing (4.26) with adequate smooth function v, it is simple to show that u satisfy the following strong problem:

—Auy —divep +u; = f inf2,
Vi +2up=g in 02, (4.52)
| uy =0 onl.

Multiplying the first equation by vy, € Wy, the second one by v, € Wy, and integrating by parts we obtain

" [ duq ‘ .
lan(u, vp) —b((f, ), Va)| = ; (/{ on U1 .—/; uy nUlh)

du duy
= Z 3 lvizll + | wo nlvwgll ) + Z vin + [ w2 - nviy .
te€p £ on £ el £ on £

tgr

So, proceeding identically as in the proof of Theorem 4.3, we are able to prove an inequality similar to (4.50). Then,
we conclude the proof. [
Lemma 4.12. There exists a positive constant C such that
My= sup  sup |ap(Tx, Iy) — b(x, Ily)| < Ch™
xeEB(V+Vp) yeE(V+Vp)
Ixllp=1 Iylp=1

with I, being the projection onto Vi, with respect to ay, defined by Eq. (3.3).
Proof. The proof runs almost identically to that of Theorem 4.11. O

Theorem 4.13. There exists a positive constant C such that

max |A— Am| < Ch?.

i=1,m
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Proof. It is an immediate consequence of properties P2 and P3 and the previous lemma. [
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