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Abstract

Within the approximate reasoning framework, several systems of modal logic have been proposed
to formalize several kinds of reasoning models ([MP94], [HM92], [FH91]). In particular, in [EGG95]
a Kripke model-like theory for a logic of graded necessity and possibility operators is presented to
model similarity-based reasoning. In this paper, we propose an axiomatization for this logic and we
show that it is sound and complete with respect to classes of models based where the accesibility
relation is defined in terms of fuzzy similarity relations on the set of possible worlds. Finally, we
indicate how this logic can be used to characterize several graded entailments proposed in [DEG*95).
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Similarity-Based Graded Modal Logic

1 Introduction

One of the goals of a variety of approximate reasoning models is to cope with inference patterns more
flexible than those of classical reasoning. For instance, a pattern like this one, if A approximately
entails B, and we observe A/, then it is plausible, at some extent, to conclude B, whenever A’ is close
enough to A would be a generalization of the well-known modus ponens rule. This kind of patterns
have been the focus of a huge amount of the research done in the field of fuzzy logic, where, in general,
the statement ”if A approximately entails B” has been modelled as a fuzzy rule whereas A, B and A’
are modelled as fuzzy facts (see for instance [ZAD79]). However, terms like ”approximately” or ”close”
above, although fuzzy, denote notions of resemblance or proximity among some propositions which must
not be necessarily fuzzy. One way of proceeding is to equip the referential W with a similarity relation
S, that is, a reflexive, symmetric and t-norm transitive fuzzy relation ([TV84]). This kind of approach
was started out by Ruspini ([RUS91]) by proposing a similarity-based semantics for fuzzy logic, trying
to capture inference patterns like the so-called generalized modus ponens. Given a similarity relation S,
Ruspini proposes two measures, the implication and consistency measures, to account for the degree with
which a proposition B is an approximate consequence from, or is consistent with, another proposition A,
respectively. Namely,

Is(B | 4) = INF SUP S(w,u?) Cs(B|A)=SUP SUP S(wl,w2).

Based on such measures, Ruspini proposes a formalization of the generalized modus ponens in fuzzy

logic. This framework has been recently extended in ([EGG194c]) and ([EGG94a]) and compared to
the possibilistic approach in ([DLP94]) and ([EGG94b]). See also ([KK94]) for another approach to
similarity-based reasoning. From a logical point of view, several formalisms can be envisaged to capture
a notion of similarity-based reasoning system. In [EGG95a], Esteva, Garcia and Godo describe some of
the work done in this direction and to point out some open problems. First, they consider a system of
graded consequence relations proposed in ([DEG195]). Next they turn their attention to a non-standard
fuzzy logic approach. Finally, the frameworks of sphere systems and multi-modal logics are also examined
at the semantic level, in a similar way Farifias and Herzig did it for possibility theory ([FH91]). Links
among all approaches were also provided. In this paper, we continue in the exploration of the multi-modal
logic but now at the syntactic level. Namely, we will present a modal language with graded necessity
and possibility operators and a normal system for it. The aximatization of this system is presented and
it is proved to be complete and correct with respect to classes of similarity-based models . At the end,
we indicate how to capture the different entailment of [DEG*95] in this formalism and mention several
open problem.
For our purposes, in the rest of the paper, we will take W as the set of interpretations of a given finite
boolean algebra of propositions L. We will identify interpretations w of W with their corresponding
maximal elementary conjunctions. The symbol ® will denote a t-norm and S will denote an arbitrary
®-similarity relation on W, i.e. S: W x W — [0,1], verifying: reflexivity S(w,w’) = 1 iff w = w’;
symmetry S(w,w’) = S(w',w); ®-transitivity S(w,w"”) > S(w,w’') ® S(w’,w”). The symbol = will
denote the classical entailment. Moreover, given a ®-similarity relation on W we define a graded
satisfaction relation between worlds and propositions, written w == A with the follwing intended
meaning: although B may be false at world w, B is close to be true at least to the degree a. In
particular, when a = 1 we want to recover the notion that, at world w, B is true.

Definition 1.1 w |=* B f there exists a B-world w' which is a-similar to w.

This graded satisfaction relation between worlds and propositions is naturally extended to a consequence
relation between propositions as usual.

Definition 1.2 A proposition A entails a proposition B at degree o, written A |=* B, if for each A-world
w, there is a B-world w’ such that S(w,w’) > a. In other words, A |=* B iff w |=* B for every A-world

w.

This notion of consequence relation is directly related to Ruspini’s implication measure in the finite case.
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Fact AE*B  iff Is(B|A)2>e.

In [DEG™*95] it is also shown how the graded entailement = can be extended in several ways to cope
with a background knowledge K in the form of a set of propositions. Basically, they correspond to differ-
ent possibilities of conditionalizing the implication measure Is as proposed in [EGG94b]. Of particular
interest are the consequence relations defined as:

1. AE¢ B iff Isk(B|A)>e.
2. AEgB  iff  Isk(BAA|A)2a
where the conditional implication measure I g is defined as:
Is(B | 4) = INF (Is(4) 8— Isu(B)).

®— standing for the residuated many-valued implication generated from the t-norm ®. Consequence
relation (1) is monotonic while (2) is not. It is shown there that they enjoy "good” properties, like
®-Transitivity or Cut (only (2)), that allow to capture some form of interpolative reasoning very similar

to that used in fuzzy control systems.
Here we will be explarate other natural setting, one of the modal logics which is tailored to account
for relations on the set of interpretations. The similarity relation S will be considered as a family of

nested accesibility relations R, over the set of possible worlds W definid as
Ry(w,w') iff S(w,w') > a

Therefore, enlarging the logical language we will define, for each «, a usual pair of operators O, and <,
with the following standard semantics:

w = Oqo B iff there exists w’ = B Rq(w,w’)
w |= O, B iff for every w’ if Ro(w,w’) then «’ = B.

Combining this definition with the above given of graded satisfaction between a world and a proposition,
we will give the first relation between graded entailment and graded possibility operator througt the
following equivelence:

wk Biffw ©uB

The paper is organized as follows. In section 2 the symilarity-based graded modal language and the
its underlying logic are described. In section , possible world semantic for this logic, while in section
4 we present its axiomatization and prove that it is sound and complete respect of given semantic in
section 2. Finally, in section 5 some connexions between this similarity-based graded logic and graded
entailments are stressed. We end with some concluding remarks and several open problems will be waiting
for resolution.

2 Similarity-Based Graded Modal Logic

This section is devoted to a recital of the syntactic based concepts for the language of graded modal logic,
many of which are probably known by the reader. The ideas are very simple. The few formal definitions
we offer may be helpful, but they are not essential, we state them mainly for the sake of completeness
and future reference.

The language of graded modal logic is based on:

1. A denumerable set of atomic formulas: Fy, Fy, Fy, .....
Two constants: T and L.
A set of numbers G between 0 and 1 such that 0 and 1 belong to G.

. One-place operators: -, O, and <, for each a in G.

o s N

. Four two-place operators: A,V,— and «.
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Definition 2.1 The language of graded modal logic is the minimal set L satisfyting the following cond:i-
tions:

1. F, € L forn>0.
2 T,Lel

3. OoT € L.

4. If A€ L then ~A, DA (with o in G and a # 0) and O, A (with a in G) € L.
5. fAeLthen ANB,AVB,A>Band Ao Bel

From now on, we shall use A, B,C, ..., sometimes with subcripts and supercripts, for sentences and
I'A,Y, ... for sets of sentences. The sentence O, A is the graded necessitation of A and it represents the
grade of necessity of A. By example, we assume that O; A is true when A is true and that OgA if and
only if A is a tautology.

3 Model Theory

In this section, we define the idea of a model and state the truth and validity conditions for modal
sentences in a worlds, in a model and in a class of models.

According to the kripkean idea, a sentence is necessarily true at the actual world if it is true in every
world accesible from it. Intuitively, a world is a full interpretation of all atomic formulas Fy, Fy, Fo, ......
So, two different worlds determine two different assignment of thuth to Fp, Fy, Fy, ......

A similarity-based model for a graded modal logic is a structure M = (W, Rg, || ||}, in which W is
the set of possible worlds, || || represents an assignment of possible worlds to atomic formulas, and Rg is
a family of nested accesibility relations between possible worlds. Formaly:

Definition 3.1 M = (W, Rg, || ||) ¢s a similarity-based Kripke’s model iff:
1. W s a not empty set of possible worlds,

2. Given similarity function S : W x W — G(C [0,1]), Rs s a family of nested accesibility relations
{Ra}acjo,1) based on the similarity relation S, defined by:

Ro(w,w') iff S(w,v') 2 a.

3. || || s a function that given an atomic formula F return the set Wy C W where F is considered to
be true.

In our case, we consider that possible worlds are interpretations of propositional language and that
the accesibility relation R, represents pairs of worlds with similarity degree greater than a.

We write ” =2 A” to mean that A is true at the possible world w in the model M. This notion is
defined as follows.

Definition 3.2 Let w be a world in a model M = (W, Rg, || ||) then:
1. EMF, iff w € ||Fy|, for anyn > 0.

Fo' T

Not =M L

M A iff ot =1t A

E=M AA B iff both =M A and =M B.

=M AV B iff either =31 A or =41 B, or both .

EM A - B iff =M A implies =1 B.
M A o B iff =M A if and only if M B.

> XS - e
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9. =M 0L A iff for every w' in M such that wRaw', =M A.
10. =M O4A iff for some w' in M such that wRaw', =M A.

We write ”|=* A” to mean that A is valid in the model M, and ”}=¢ A” to mean that A is valid in
the class C of models. We recall these definitions formally.

Definition 3.3 ™ A iff for every world w in M, =M A
Definition 3.4 |=¢ A iff for every model M inC, EM A

Definition 3.5 Given the family of min-trunsitive similarity functions S, we define C,, as the class of
models defined by this family.

Notice that if the similarity function is min-transitive then for each a, R, is a equivalence relation.
Moreover, in this case, O, and <, are a pair of dual S5 "classical” modal operators.

4 Axiomatic System

Here, we are going to present the GS5 system of the graded modal logic which is very related to that
presented by L.F. Goble in [GLO70].

Definition 4.1 The graded modal logic GS5 is the smallest set of sentences containing every instance
of the following axiom schemes and closed under the two last rules:

PL. A is a tautology in propositional logic.
GDF. G, 4 & ~O4-A (witha in G and o #0).
GK. 0,(A — B) — (0,4 — O,B).

GT. 0, A — A.

G5. OuA - 0,C,4 : witha #0.

GC. A- A

GN. O,A— OgA : with B > a.

GRN. 'ﬁfﬁ : foralla in G and a # 0.

MP. 4428

Notice that the first five axioms are the S5 classical modal logic for the graded necessity and possibility
operators. GC and GN axioms provide the centered and nested properties, respectively.

Since the theorems of a system are just the sentences in it, we usually write "Fgg5 A” to mean that
A is a theorem of GS5, this is ggs A iff A € GSb5.

Theorem 4.1 The system GS5 has the following rules of inference and theorems.
GRM. E;%::__g‘,)s sforallainGand a#0. .

GTO. A— OLA.

GD. 0,4 — O A.

GT'. 0,054 — O,A.

GE. 014 ~ O A.

GB. A — 0g04A : with 3> o and 8 #0.

G4. 0, A — OgO,A : with > a.

Proof:
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GRM. If A —» B € GS5 then, by appling the GRN rule, it results that O,(4 — B) € GS5 (for
all « in G and o # 0) and combining it with the GK scheme via the M P rule, we obtain that

0.A — O.B € GS5.

GT9. Since O,—A — -~A € GS5 (GT scheme), then A — -0,-A € GS5, and using the GDF schema,
we get the proof.

GD. Trivial. By combination of the GT scheme and the previous theorem.

GT’. For all 8 € G, the GN schema gives the following result: OgA — 0O;A. Now, applying the RM
rule, we obtain 0,084 — T,01A. Furthermore, by combination of the GT axiom as 0; 4 — A,
and the RM rule, it results 0,0, — O,A. Finally, by chaining of implications we obtain the
desired result.

GE. Left to right is obtained by combining the GT scheme and the GT'O theorem. For the reverse,
consider the dual of the GC scheme and then chaining ¢;A — 4 and A — 0O, A.

GB. Trivial. By combination of above the GT'® theorem and the G5 scheme.

G4. Since O,0,A — O, A is the contrareciprocal of the G5 scheme, then applying the RM rule it results
O0490a0aA4A — 0,0,A4. Furthermore, by the GB theorem, O,A — 0,0,0,A4. Thus, combining
the last two formulas it results 0,4 — 0,0,A and using the GN axiom and MP rule.

v

In terms of theoremhood we can characterize notions of deducibility and consistency. A sentence A
is deducible from a set of sentences I' in the system GS5, written I' ggs A, if and only if GS5 contains
a theorem of the form

AN ANA, - A

where the conjuncts A; (i = 1,...,n) of the antecedent are sentences in I'. A set of sentences I' is
consistent in GS5, written ConggsI', just in case the sentence L is not GS5-deductible from I". Thus T’
is inconsistent in GS5 just when I' Fgg5 L. We recall these definitions formally.

Definition 4.2 T Fggs A iff there are Ay, ..., A, € ['(n > 0) such that Fggs A1 A..ANA, = A
Definition 4.3 ConggsI' iff not I'Fggs L

Before continuing, we comment about. the modal degree and the GS5 reduction theorems. The modal
degree of a modal formula is the number of nested modal operators (do not confuse nested with iterated).
For instance, in the classical S5 system of modal logic there exists a disjunctive normal form. However
in this logic the reduction laws are only valid when the grade of the left-hand side operator is greater
or equal to the grade of the right-hand side operator. Therefore, there does not exist a normal form.
Morever, in the worst case, the modal degree of one formula can be equal to the cardinality of G.

Now, we prove the soundness of GS5 system with respect to the class of models C,, already defined.

Theorem 4.2 The schemes PL,GDF,GK,GT,G5,GC and GN are valid in the class C,, and the rules
preserve validity in this class.

Proof:
PL. Trivial.

GDF. By definition =21 O, A if and only if Vo’ (S(w, w’) > « then =24 A) and equivalently Vo' (v’ £ A
then S(w,w’) < a). Thus Vw'(w’ = = A then S(w,w’) < a) if and only if -~(3w'(w’ = ~A and
S(w,w’) > a), it is equal to A 0 ,-A.

GK. Suppose =M 0O,(A — B). Thus, for all w’ if S(w,w’) > a and =M A then it results that = B.
On the other hand, if =2 O, A occurs then Yw'(S(w,w’) > o then =2 A) and combining the two
implications results that =3! O, B.

GT. If M 0, A then for every world w' such that ” S(w,w’) > o implies =4} A”. In particular, if w’
= w then S(w,w) =1 > a and thus =3 A.



432 2do. Workshop sobre Aspectos Tedricos de la Inteligencia Artificial

G5. We know that =21 0,0, A iff for every world w’ such that S(w,w’) > o then there exists a world
w” with S(w,w”) > o and such that |=}! A. Now, suppose that 2! ©,A and hence there
exists a world w# such that S(w,w#) > a and = A. For any world w/, if S(w,w’) > a, then
S(w',w#) > o (by min-transitivity of §), and since =, A we have =31 0,0,4.

GC. If 3! A then, for every world w' such that S(w,w’) > 1, it holds = O;A. As by definition
S(w,w’) > 1 if and only if w = w’, then = 0,4 holds.

GN. If M 0,4 then, for every world w’ such that S(w,w’) > o, it holds M A. Soif 8 > a then, for
every world w” such that S(w,w”) > 5, we have S(w,w”) > & too. Thus =2 A, as desired.

GRN. Suppose that for every world w [=3! 4. So for any world w’ and any « in [0,1], if S(w/,w) > o
then |= A, that is equivalent to say that for every world w, =M O, A.

MP. Trivial.

Corollary 4.3 The GS5 system is sound with respect to the class of models Cp,.

Next, we define the idea of a canonical model for a GS5 system and prove some fundamental theorems
about completeness. Before of introducing the concept of canonical model, we need to define the concept
of maximality. Intuitively, a set of formulas is maximal if it is consistent and contains as many formulas
as it can without becoming inconsistent. We write MazgssI' to mean that I' is GS5-maximal, and we
state the definition as follows.

Definition 4.4 MazgssD iff (i) ConsgssI', and (i) for every A, if Consgss(I'|J{A}) then A €T.
Theorem 4.4 Let T be a GS5-mazximal set of formulas. Then:

1. AeT iff T bgss A.

2. GS5CT.

3. mAeliff A¢rl.
Proof: As usual. v

In terms of maximality we can define what we shall call the proof set of a formula. Relative to system
GS5, the proof set of a formula A (denoted by | A |ggs) is the set of GS5-maximal sets of formulas
containing A:

Definition 4.5 | A |gss = {MaxgssI': A €T}

We can state that a sentence is deducible from a set of sentences if and only if it belongs to every maximal
extension of the set.

Theorem 4.5 Let T and A be a set of sentences and a sentence repectively, then
T'lFgss A iff A€ A for every A €| T |gss
Proof: It follows from the Lindenbaum’s Lemma. v

Definition 4.6 Let M* = (W*, R*,|| ||*) be a structure of model for GS5. M* is the proper canonical
standard model for GS5 iff:

1. W* = {F . Ma:rassl’}.
2. For every w and w’ in W, wR}w' iff {A: OA € w} Cw'.
S. BN =| Fi |lcss fori > 0.

Next lemma shows that the proper canonical model for GS5 is like another model M#* with W# and
|| Fi||* equal above, and R* defined so that a world collects all the possibilitations of sentences ocurring
in its accessibles.
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Lemma 4.6 M# = (W# R# || ||#) is the proper canonical standard model for GS5 iff W# and || ||*
are as in definition 4.7, and for every w and w’ in M¥*,

wREw' iff {OpA: A€ w'} Cw.

Proof: From left to right, suppose wR#¥w' and O,A in w, then 4 in w’ and so -4 is not in w/, implying
that -0,-A is not in w and then by maximality O, A4 in w.

In the other direction, suppose that ©,A4 is in w, since w is consistent, O,—A is not in w, hence -A is
not in w’ and then A belongs to w'. v

Theorem 4.7 Let M* be the proper canonical standard model for GS5. Then for every w in M* and
for every formula A in GS5:

EM AiffAew

Proof: The proof is by induction on the complexity of A. It suffices to give it for the case in which A
is (1) an atom F,,,(2) a negation -B, (3) a conditional B — C and (4) a necessitation, O,B. For (1).
By the definition 3.2, A" F,, iff w € || Fy,|* and by definition 4.6 this occurs iff w €| F,, |gss. But by
definition 4.6 this holds iff F;, € w. So the result holds when A is atomic. For the inductive cases we
make the hypothesis that the result holds for all formula shorter than A.

For(2), M —B iff (def.3.2) not =2 B iff (inductive hypothesis) B ¢ w iff =B € w. So the result holds
when A is a negation.

For (3). EM" B — C iff (def. 3.2) if 51" B then =" C and this iff (inductive hypothesis) if B € w
then C € w iff B — C € w. So the result holds when A is a conditional.

For (4). =" OB iff (def.3.2), for every world w’ in M* such that wRAw', A" B, iff (inductive
hypothesis), for every world w’ in M* such that wR}w’, B € v/, iff (def.4.7) for every world w’ such
that {A: 0,4 € w} C w' then B € w’. Now consider separataly both implicatoions:

i) If O, B € w, then it is easy since by definition 4.6 B belongs to every GS5-maximal extension of the
set {A: 0.4 € w}.

ii) The other direction is the most interesting. If B belongs to every G'S5-maximal extension of the set
{A: O4A € w} then, by theorem 4.4 {A : O, A € w} Fggs B. This in turn means that there are sentences
A1 A ... A A, in this set, such that Fggs (A1 A ... A A,) — B. Because GS5 contains the necesitation
rule, we may infer, by the GK scheme, that Fgss (0o 41 A ... A OgA,) — OaB. But w contains each
OoAr1, ..., Oa Ay 50 OB € w. v

Corollary 4.8 Let M* be the proper canonical standard model for GS5. Then for every w in M* and
for every formula A in GS5:

}:M‘ A iffFgss A
Proof: This is easy to prove from last theorem. v

Before the completeness theorem, it is necessary to present the following. result. It is similar to the
classical case.

Proposition 4.9 The accesibility relation R}, in the family R* of the proper canonical standard model
for GS5, M*, is an equivalence relation for each o in [0,1].

Proof:
1) R}, is reflexive. Trivial by definition and the fact that axiom GT is in GS5.
2) R} is symmetric. Already, we proved that Theorem GB is in GS5. Let us prove that for all GS5-

maximal set of sentences w; and w,
if {A: 0,4 €w} Cuw then {OoA: A€ w} Cw'.
By definition 4.6 and lemma 4.6, this means that R}, is symmetric, i.e. that for every w and w’ in M?*,
if wRw’ then w'Rjw

Assume that {4 : O,A € w} C w/, and also that A € w. It remains only to be shown that CA € w’. But
if w contains A and the theorem A — 0,04 too, then 0,044 is in w. Hence O, A € w'.

3) R} is transitive. We know that GS5 contains the theorem G4: O,A — Ua0,A. We express the
transivity of R, by saying that for every GS5-maximal set of sentences w;,w; and ws,
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If {A:0qA € w1} Cw;yand {B:0,B € wy} C ws then {C: 0,C € w1} C w3

Suppose that {A : 0,4 € w1} C wy, {B : OaB € ws} C w3 and that 0,4 € w;. The presence of G4 in
w; and the last assumption imply that 0,0, A is in w;. By the first assumption, then, OA is in w,, and
by the second, A is in ws. v

Notice that the proper canonical standard model for GS5, above defined, is not a model in the sense
presented at section 3, because W* is not a set of interpretations of propositional language. We obtain
the appropriate model for our goal via the collapsation through I'r of the model M* and where I'r is
the set of atomic formulas.

Definition 4.7 Let M* be the proper canonical standard model for GS5 and let T'r be the set of atomic
formulas (Fy, F\, Fy, .....). Then a collapsation of M* through T'r is the model M*, = (WX, R:, || ||2)
such that:

1. WP = W,

2. For every [wl] and [w2] in W}
[w1] R} [wa] iff there exists w in [wy] and w' in [wo] such that wRiw'.

3. IFallz = [IFall*]re for anyn 2 0.
where [X|r, denote the set of equivalence class of worlds in X with respect to T'p.

Since collapsation is a particular case of filtration, we are able to apply the theorems 3.19 and 3.20 in
[CHES0]. Thus the following result is immediate.

Proposition 4.10 Fach accesibility relation R} in the family R} of the collapsation of proper canonical
standard model for GS5, M*, is an equivalence relation for any o in [0,1].

Now, we must prove that M*, belongs to the class of models C,,. For this, first we analyse the case
where the set of atomic formulas and the set of numbers G are finite and then the set of GS5-maximal
sets in M* and the set of possible worlds of each M in C,, too. This will serve to guaratee that all
subsets of the family R} have maximum. Before, we present a lemma from [ZAD71] that will be useful
in the posterior theorem.

Lemma 4.11 A function S : W x W —— [0,1] is a min-transitive similarity function if and only if
there exists a nested family of equivelence relations R, on the set of posible worlds such that:

Yw,w’ € W(S(w,w') = maz{a | Ro(w,w’)})
Thus we are just prepared to present our main result of completeness.

Theorem 4.12 If the set of atomic formulas of L and the set of numbers G are finite, then the collap-
sation of the proper canonical standard model for GS5 belongs to the class of models Cp,.

Proof: Let M*, = (W}, R:,|| ||z) be the collapsation of the proper canonical standard model for GS5.
First, we define a binary relation S* via the family of accesibility relations R} as follows:

V[w), [w'] € W (S*([w], [w']) = maz{a | [w]RZ, [w']}).

By proposition 4.10, R} , are equivalence relations, therefore, by lemma 4.11,5* to defined a min-transitive
similarity relation. Furthermore, let us see that S* is discriminality and universal.

1) S* is discriminality if and only if for all [w][w'] € W[, S*([w], [w']) = 1 implies [w] = [w’]. This holds
if and only if [w]R},[w’]. But is so, since by definition 4.6 [w]R}, [w'] iff there exists w in {w] and w’ in
[w’] such that [w]R*y[w’]. Since the axiom GC is in w then it must be w=w’.

2) S* is universal if and only if for all [w] and [w'] in W results that S*([w], [w']) > 0. It is equivalent
to require that for all {w] and [w'] in W7, [w]RZ,[w’]. By definition 4.6, this occurs if and only if there
exists wy in [w] and wq in [w’] such that {A : OgA € w1} C wy (for all[w], [w’]). But sinse OpAif A=T
by definition 2.1, and since T is in all worlds, we may consider the proof completed. v

Corollary 4.13 The system GS5 is complete with respect to the class of models C,,.
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5 Relations with Graded Entailment

As we already mentioned, different consequence relations that make sense in similarity-based reasoning
are presented in [DEG*95]). Here, we characterize them in the framework of similarity-based graded
modal logic. Before, we give some useful definitions and propositions. We have also to notice that the
different graded entailments are defined from a similarity relation and not from a class of them. Thus,
given a similarity relation S we extend the modal system GS5 , in such a way that the extension represents
the class of models that has as a unique element, Mg = (W, Rg, || ||}. Since we are considering a finite
set of atomic formula, then for each world w we can build the formula 1 such that w |= % and v’ }£ W
for all w’ # w. Furthermore since G is also taken finite, we can enumerate its elements. Let E be the
mapping from G to [0,n]. So on, we write R; instead of R, with i = E(c).

Now, we can consider a set of formulas corresponding a similarity S:

Definition 5.1 Given a similarity function S the set of formulas that it represent is:
Fs={w — 0;_10' A O;’ | w and w' € W and E(S(w,w’)) = i}.

This set of formula capture the similarity S in the sense that o formula @ — 0O;_1%’ A O;@’ is valid in
Mg if and only if E(S(w,w’)) = i}
Now, we can extend the system GS5 adding the formulas of Fs. Formally:

Definition 5.2 Let S be a stmilarity function, the extension of GS5 by S, noted Sgss, is the smallest
set of formulas containing the axioms of SG5 plus those of Fg and closed under GRN and M P rules.

For our purpose, we want to see that when the similarity function is back built through the system Sggs
via the collapsation of the proper canonical standard model for Sggs, this function is recovered. This is
established by the following theorem.

Theorem 5.1 Let S and Sgss be a similarity function and the extension of GS5 from S respectively,
and let M*, = (W2, R;, || ||%) be the collapsation of the proper canonical standard model for Sgss. Then

Viw], [w'] € We (S([w], (w']) = maz{a | [w]R,[w]}).
Proof: Trivial from theorem 4.11. v

Having defined the system Sggs from a similarity S, we can present the relation between this system
and the different entailments with respect to S. Following the presentation from [DEG*95], where
w =% B means there exists a B-world w’ such that S(w,w’) > a, it is easy to check that this entailment
is directy related to the possibility operator ¢, in the following sense:

w =§ Biff kg W — OoB

It is easy to see that the right-hand side of the equivelence represents that any world w satisfying @ must
also satisfy O, B, t.e. there must exist a B-world w’ such that S(w,w’) 2 o.

The idea of the above graded satisfaction in a world can be extended over to a more general graded
semantic entailment relation. According to [DEG*95], a proposition A entails a proposition B to the
degree a, written A =3 B, if and only if each .4-world makes B at least a-true, i.e. Vw3w'(w | A —
(w' = BAS(w,w') > a)).

Using the modal logic setting this can be expressed as:

Fsgss A — OaB
According the notion of deducibility, this means that ©,B follows from A in Sggs.
As it is pointed out in [DEG*95], a natural question about the entailment is how to deal with some
prior information which is available under the form of a set K of formulas. In this paper, the authors

propose three extensions of A =g B that take into account the background information K.
The first and direct option is just to take the set K as a restriction on the set of A-worlds, and thus.

considering the entailment |=§ ;- defined as follows:
AFsxk B KNAES B

In our modal opproach, this can also be expressed as:
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KAAFs,s, ©uB

A second option (in [DEG195]) to take into account prior knowledge into the entailment relation, and
related to Ruspini’s proposal of what he calls ”conditional necessity functions” ([RUS91]), is to define
the following entailment:

A |=g,K B iff IS'K(B ] A) 2a

where Is k(B | A) = INF (Isw(A) ®— Isw(B)).

To represent the last entailment in our logical system Sggs, first we need to define a new family of
modal operators (O, With ain G. A sentence (O, 4 is to be true at a world w if and only if the A-worlds
that are closest to w are, at most, a-similar to w. At the syntactic level O, is defined as follows:

O,;A =0;_1mAANO;A with ¢ = E(a)
Now, the previous entailment can be writen as:

K Fsgsy (g/<\a (OpA — OpB))V ©OoB)

Finally, the third consequence operator that is presented in [DEG*95] corresponds to a modified version
of the conditional measure Is k(B | A), that is proposed in [EGG94b), and it is defined as:

AE3x Biff IZ ((B| A) =Isk(BAA| A)
Again, we can characterize this entailment via the following expresion:

K Fsess () (OpA— Op(BA A)))V Oa(BA 4))

6 Conclusions and Open Problems

We have presented the axiomatization of a similarity-based graded multi-modal system GS5, indicating
how several entailments proposed in [DEG195] can be characterized inside this system whenever the
propositional language, as well as the ranges of grades of similarity, are finite. Furthermore, the axioma-
tization has been proved to be correct and complete with respect to the classes of Kripke models whose
accesibility relations are based in finite min-transitive similarity relations.

The extension to the infinite case is not direct, because we can not be sure about the fact that the
nested family of accesibility relations in theorem 4.11 can be recovered by the a-cut of similarity relations
which is constructed there, using supreme instead of maximun. We think that a solution is to incorporate

the following rule in GS5:

%:izé with o; T
where a; | o express as an ascendent succession with limit a. The proof of the usefulness of this rule
remains.

Another remark is the limitation of the language in definition 2.1 due to the requerement that any
pair of worlds have to be at least O-similar. For this we impose the restriction that the formula OgA does
not belong to the language if A # T. Other conditions should be studied too.

In [EGG95b] a semantical interpretation of possibilistic deduction via another similarity-based graded
modal logic is established, called it "multi-modal logic”. This logic has four kind of graded operators,
namely, Cony Doay Cca and Tg,. The difference between ¢,,q and O.,q is that the first is true in a
world w if there exists a g-world w’ such that S(w,w’) > e, and the second is true in w if S(w,w’) > a.
An extension of our axiomatization with this operator is being studied.

Further interesting topics for future research are, among others:

1) To provide an aximatization for the case when the similarity relations are transitive with respect to a

t-norm different from minimum,
2) To define inference mechanisms for Sggs.



2do. Workshop sobre Aspectos Teéricos de la Inteligencia Artificial 437

References

[CHES0]

[DEG+95]

[DLP94]

[EGG94a]

[EGG94b]

[EGG*94¢]

[EGG95a]

[EGG95b)]

[FH91]

[GLO70]
[HM92]

[KK94]

[MP94]

[RUS91]
[TV84)
[ZAD71]

[ZAD79)

Brian CHELLAS. Modal Logic: An Introduction. Cambridge University Press, Cambridge,
USA, 4rt. edition, 1980.

Didier DUBOIS, Francesc ESTEVA, Pere GARCIA, Lluis GODO, and Henri PRADE.
Similarity-based consequente relations. In Christine Froidevaux and Jiirg Kohlas, editors,
Symbolic and Quantitative Approaches to Reasoning and Uncertainty, volume 946 of Lecture
Note in Artificial Intelligence, pages 168-174, Fribourg, Switzerland, July 1995. Springer.

Didier DUBOIS, Jerome LANG, and Henri PRADE. Possibilistic logic. In D. M. Gabbay,
C.J. Hogger, and J.A. Robinson, editors, Handbook of Logic in Artificial Intelligence and
Logic Programming. Volume 3: Nonmonotonic Reasoning and Uncertain Reasoning, pages
439-513. Oxford University Press, 1994.

Francesc ESTEVA, Pere GARCIA, and Lluis GODO. On conditional in similarity logic. In
IPMU International Conference, volume 2, pages 999-1005, Paris FRANCIA, 1994. FUZZ-
IIIE’'94, IPMU’94.

Francesc ESTEVA, Pere GARCIA, and Lluis GODO. Relating and extending semanti-
cal approaches to possibilistic reasoning. International Journal of Approrimate Reasoning,
(10):313-344, 1994.

Francesc ESTEVA, Pere GARCIA, Lluis GODO, Enrique RUSPINI, and Lloreng
VALVERDE. On similarity logic and the generalized modus ponen. In IEEE Interna-
tional Conference on Fuzzy Systems, volume 2, pages 1423-1427, Orlando USA, 1994. FUZZ-
IIIE’94, IEEE Press.

Francesc ESTEVA, Pere GARCIA, and Lluis GODO. On similarity and graded entailment. .
In Third European Congress on Intelligent Techniques and Soft Computing, Aachen GER-
MANY, August 1995. ELITE, EUFIT’95.

Francesc ESTEVA, Pere GARCIA, and Lluis GODO" Un anélisis modal de la l6gica de
la similitud. In V Congreso Espariol sobre Tecnologias y Ldgica Fuzzy, Murcia ESPANA,
Septiembre 1995. Dto. Informética y Sistemas-Univ. de Murcia, ESTYLF'95.

L. FARINAS del CERRO and A. HERZING. A modal analisis of possibility theory. volume
535 of Lecture Notes tn Computer Sciences, pages 11-18. Springer Verlag, Berlin, 1991.

F.L. GLOBE. Grades of modality. Logique et Analyse, (51):323-334, 1970.

Wiebe van der HOEK and John Jules MEYER. Modalities and (un-)certainties. Lectures
Notes for School Summer of Linkdping’92, May 1992. note.

F. KLAWONN and R. KRUSE. Equality relations as a basis for fuzzy control. Fuzzy Set
and Systems, 54:54-147, 1994,

R.Lopez de MANTARA and D. POOLE. On Modal Logics for Qualitative Possibility in a
Fuzzy Setting, volume 10 of Uncertainty in Artificial Intelligence, chapter 278-285. Morgan
Kaufmann, San Francisco (USA), 1994. note.

Enrique RUSPINI. On the semantics of fuzzy logic. International Journal Of Approrimate
Reasoning, (5):45-88, 1991.

Enric TRILLAS and Lloren¢ VALVERDE. An inquiry on t-indistinguishability operator. In
H. Skala et al, editor, Aspects of Vagueness, pages 231-256. Reidel, Dordrecht, 1984.

Lofti A. ZADEH. Similarity relations and fuzzy orderings. Information Science, 3:177-200,
1971.

Lofti A. ZADEH. A theory of approximate reasoning. In J. E. Hayes, D. Michie, and L.I.
Mikulich, editors, Machine Intelligence, volume 9, pages 149-194. Wiley, 1979.





