
AnUnbalancedApproach to Metric SpaceSearching
�

Edgar Chávez
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Abstract

Proximity queries(the searchingproblemgeneralizedbeyond exact match)is mostly modeled
asmetric space.A metric spaceconsistsof a collectionof objectsanda distancefunctiondefined
amongthem.Thegoal is to preprocessthedataset(a slow procedure)to quickly answerproximity
queries.This problemhave received a lot of attentionrecently, speciallyin thepatternrecognition
community.

TheExcluded Middle VantagePoint Forest (VP–forest) is a datastructuredesignedto search
in high dimensionalvectorspaces.A VP–forest is built asa collectionof balancedVantagePoint
Trees(VP–trees).

In this work we proposea novel two-fold approachfor searching.Firstly we extend the VP–
forestto searchin metricspaces,andmoreimportantlywe testacounterintuitive modificationto the
VP–tree, namelyto unbalanceit. In exact searchingan unbalanceddatastructureperformpoorly,
andmostof thealgorithmiceffort is directedto obtaina balanceddatastructure.Theunbalancing
approachis motivatedby arecentdatastructure(theList of Clusters ) specializedin highdimensional
metricspacesearches,which is anextremelyunbalanceddatastructure(a linkedlist) outperforming
otherapproaches.

1. Intr oduction and motivation

The conceptof “approximate”searchinghasapplicationsin a vastnumberof fields. Someexamples
arenext-generationdatabases(e.g. storing images,fingerprintsor audioclips, wherethe conceptof
exactsearchis of nouseandwesearchinsteadfor similarobjects),text searching,informationretrieval,
machinelearningandclassification,imagequantizationandcompression,computationalbiology, and
functionprediction.

All thoseapplicationshave somecommoncharacteristics.Thereis a universe � of objects, and
a nonnegative distancefunction �����	����

� ��� definedamongthem. This distancesatisfiesthe
threeaxiomsthatmake theseta metricspace: strict positiveness( ��������������� � �!��� ), symmetry
( ���"�����#�$� ���%���&�
� ) and triangle inequality ( ��������'(�*) �
�"�������,+-���%���.'(� ). The smaller the distance
betweentwo objects,themore“similar” they are. We have a finite database/102� , which is a subset
of theuniverseof objectsandcanbepreprocessed(to build anindex, for example).Later, givena new
objectfrom theuniverse(a query 3 ), we mustretrieveall similar elementsfoundin thedatabase.There
aretwo typicalqueriesof thiskind:

Rangequery: Retrieveall elementswithin distance4 to 3 in / . This is, 56�879/*�:�������&3;�,)<4>= .
Nearestneighbor query ( ? -NN): Retrieve the ? closestelementsto 3 in / . That is, a set @�0A/ such

that B @CBD�E? and F��G7G@H���I79/9
J@K�.���"����3;�L)M�����
��3N� .
O
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Thedistanceis consideredexpensiveto compute(think, for instance,in comparingtwo fingerprints).
Hence,it is customaryto definethe complexity of the searchas the numberof distanceevaluations
performed,disregardingothercomponentssuchasCPUtime for sidecomputations,andevenI/O time.

Given a databaseof BP/QBR�TS objects,queriescanbe trivially answeredby performing S distance
evaluations.Thegoalis to structurethedatabaseto computeaminimalamountof distancesin answering
proximity queries.

Therearea numberof methodsto preprocessthe set(to index the dataset) in orderto reducethe
numberof distanceevaluations[2]. All thosestructureswork on thebasisof discardingelementsusing
the triangle inequality, and most of them usethe classicaldivide-and-conquerapproach(which is a
generalalgorithmicapproach).

TheVP–forestis a datastructuresupportingworst casesublineartime searchesin high dimensional
vectorspacesfor fixed-radiusnearest-neighborqueries.Worstcaseperformancedependsof thedataset
but is notaffectedby thedistributionof queries.

TheVP–treewasproposedin anearlypaperby PeterYianilos[3], which is astraightforwardimple-
mentationof ageneralmultidimensionalsearch.

Theabovedatastructuresarebalanced.Perhapsfollowing generalalgorithmiccriteria,andstrongly
motivatedby exactsearchingproblems.However it hasbeenprovedin [1] thatunbalancingis indeeda
goodideato savedistancecomputations.

In this work wewill testtheunbalancinghypothesisin thisparticulardatastructure.

2. VP–treeand VP–forest

In this sectionwe briefly describebothdatastructures,theVP–forestandtheVP–tree, moredetailscan
beseenin [3, 4].

The VP–tree)organizea database/ with S elementsallowing metric-rangeandnearest-neighbor
querieswith a expectedsublinearcomplexity for a fixed distribution. Performancedependson the
datasetandon theassumeddistribution of queries.TheVP–forestis a relateddatastructuresupporting
worst casesublineartime searchesfor fixed-radius( U ) nearestneighborsqueries. Worst caseperfor-
mancedependson thedatasetbut is notaffectedby thedistributionof queries.

Thedatasetis organizedinto aforestof VI��SXWZY>[\� trees,eachof depthVI�%]%^6_`Sa� . Here b maybeviewed
asdependingon U , thedistancemeasure,andon thedataset.Theradiusof interestU is an input to the
organizationprocessandtheresultis a datastructurespecializedto answerquerieswithin this distance.

Eachelementof thedatasetoccursin exactly onetreesothat theentireforestremainslinearspace.
Searchesfollow asingleroot-leafpathin eachtree.Therein nobacktrackingwhenthesearchis limited
to neighborswithin distanceU . Along its way everyneighborwithin U is necessarilyencountered.The
effectof thequeryis to guidethedescentthrougheachtree.

The generalideabehindVP–forest is easilyunderstood.A VP–treerecursively divide the dataset
usingasa ruler the distanceto a fixed vantage point or pivot. At eachnodea, roughly central,fixed
thresholdis usedin the distribution of values.Elementsbelow this thresholdareassignedto, say, the
left child, andthoseabove to theright child. Elementsnearto thethresholdleadto backtrackingduring
search.

Theabovebacktrackingproblemis eliminatedin theVP–forest, by deletingsuchelementsfrom the
tree.Oncethetreeis completed,thethrowedelementsareorganizedinto a differenttreewith thesame
procedure,resultingin another(smaller)bucketof elements.Thiscontinuesuntil all theelementsin the
datasetbelongto atree.Thiseffectively eliminatesbacktracking,becauseelementsnearto thethreshold



arerecursively deleted,andthis thresholdlies nearthe middleof the distribution of values.This data
structureis referredasanexcludedmiddlevantagepoint forest.

Theideasandconstructionsketchedcanbeformalizedby thefollowing definition.

Definition 1 Consideran ordered set /��c56� W
deded �gf�= and a value h 7	ij���lklm . Let no� p"hqS�r ands �tpu�%Sv
Jnw�yx;z{r . Then,the h -split of / consistsof left, middle, andright subsetsdefinedby:

| � 56�g}yB ~�) s =� � 56�g}yB ~�� s ��~�) s +�nH=� � 56�g}yB ~�� s +�nH=

Thatis, a balanced3-waypartition of / with a central proportionof approximatelym.

3. BalancingversusUnbalancing

We learnin any elementarybookof algorithms,asoneof thefirst lessons,thatbalanceddatastructures
(treesin general)provide thebestperformance.Indeed,asa treebecomesmoreunbalancedit becomes
moresimilar to a linkedlist, andthecostraisesfrom V��%���N�:Sa� to VI��Sa� .

However, all the conceptof balancingis basedon the implicit assumptionof exact searching: We
have a searchqueryandwant to find its exact replicain the tree. Hence,we enteronly onebranchof
the tree,andthereforea balancedtreeminimizesthe cost. More sophisticatedqueriessuchasrange
searchingarestill basedon theassumptionthatthereexist a total linearorderon thekeys. Hence,these
queriesarereducedto acoupleof exactsearchesto find theextremesof therangeof interest.

Noneof theseassumptionsis valid in proximity searching.Theonly tool to organizeadatastructure
on metricsspacesis the distancesamongelements.Many proposalsstill manageto designtreedata
structures,wherea total linearorderis imposedby sortingtheelementsaccordingto their distancesto
theroot. Probablyinfluencedby a strongalgorithmicbackground,mostauthorstry aswell to obtaina
balanceddatastructureby splitting therangeof distancessothatthesubtreeshave thesamesize,asthe
VP–treedoes.

The realproblemwith this approachappearswhenoneconsidersthe typeof searchcarriedout on
thesebalancedtrees. As explained,the searchis not exact, but it hasa toleranceradius 4 which is
fixedat querytime andis insensitive to theslicesassignedby thetree.Low dimensionalmetricspaces
have an histogramof distanceswhich is moreuniform thanthoseof high dimensionalspaces.In low
dimensionalspaces,therefore,the queryis comparedagainstthe root anda rangeof the histogramis
selected.This rangecontainsa reasonablysmall fractionof thedistribution andthereforetheproblem
is reducedwell along the iterations. Moreover, sincethe histogramis not concentrated,a partition
wherethe subtreehave the samenumberof elementsyields slicesof approximatelythe samewidth,
andthereforethesearchentersinto a reasonablenumberof subtrees.Considernow a high dimensional
space.All thehistogramis concentratedin asmallrange,wherethequeryalsolieswith highprobability
whencomparedto therootof thetree.Hencea largeproportionof theelementswill now beselectedby
thequeryrange.This is thebasicreasonthatmakessearchingin highdimensionalspacessodifficult.

However, balancingthe treesaddsan extra inefficiency to this. As the histogrambecomesmore
concentrated,theslicesto partitiontheelementsin equalsizegroupsbecomethinner. Sincethesearch
radiusstaysthe same,it will intersectmore slicesand the searchwill needto entermore subtrees.
This shows why the searchmodel for proximity queriesmakesbalancedtreesa poor choicefor high
dimensionalmetricspaces.



A treewherethesliceshavefixedwidth avoidsthis lastproblem.Sincethewidth is independenton
thedimensionof thespace,thesearchwill not entermoresubtreesof a nodeasthedimensiongrows.
However, a new consequenceshows up whenfixedslicesareused:Thesubtreescorrespondingto the
slicescontainingthecoreof thedistribution will have muchmoreelementsthat the rest,anetherefore
thetreewill bemoreandmoreunbalancedasthedimensionsgrows.

As thetreebecomesmoreunbalancedandhencetallerasthedimensionsgrows,theleavesof thetree
will know their (approximately)distanceto morepivots: from VI�%���;�:S�� in a balancedtreeto V��%Sa� in a
veryunbalancedtree.Also arandomquerywill becomparedagainstmorepivotsasit traversesthetree.
this effect is very similar to having a largenumber? of pivots in plain pivot-basedalgorithms.Unlike
those,however, this unbalancedtreetakesalwayslinear space.The main problemis its construction
cost,which movesfrom V��%Sw���N��Sa� to VI��Sa� asthetreelosesbalance.

To summarize,unbalancingpermits,in essence,to havea largenumberof pivotswithout increment-
ing thespacecost(theprice is paid in constructioncost). Hencewe canreachtheoptimumnumberof
pivots,whichgrowswith thedimension.

4. Unbalancinga VP–forest

The ideabehindour proposalis to improve the VP–forestsearchingperformancein high dimensional
spaces,unbalancingtheVP–treesthatcompoundit.

As VP–forestdoes,werecursively dividethedatasetin threeparts,but thepartssizesarenotsimilar.
Hence,the treeswill not bebalanced.We choosean element� of / aspivot, andwe considertheset
orderedby distanceto � andavalue hT7Jij���lklm . Let n���p"hqS�r and s ��pu�%SI
�nw�yx;?`r , where ? canbea
valuenotequalto 2. Thenthe h -split of / consistsagainof left, middle,andright subsetsdefinedby:

| � 56�g}yB ~�) s =� � 56�g}yB ~�� s ��~�) s +�nH=� � 56�g}yB ~�� s +�nH=

Notethatit is a3-waypartitionof / with acentralpart
�

with aproportionof h , but
|

and
�

parts
canhaveverydissimilarproportionof element,dependingonthechosenvalueof ? . Theparticularcase
when ?��Ez will producea VP–forestbalanced.

The simplerway to definethis 3-way partition of / , using � asa pivot, is consideringto obtaina
distancevalue �;� to � suchthat the numberof elementswhosedistanceto � is lower than �;��
�U is
approximatelys (thoseform

|
).
�

would betheelementsat distancegreaterthan �(��+�U to � and
�

wouldbetheelementswhosedistanceto � belongto therange ij�;�J
�U#�.�;�9+JU�m .
At eachnodewe put theelement� of / , chosenaspivot, and

|
and
�

partsareassignedto its left
andright child, andrecursively we continueon bothparts.Oncethetreeis completed,all theelements
discarded,that is thoseof the

�
part for � andthosediscardedduring theconstructionof the left and

right subtrees,areorganizedinto a tree in the sameway, resultinganother(smaller)setof discarded
elements.This continuesuntil the forestis completelybuilt. We canobserve thatall the treeswill be
unbalanced,becauseall of themhavedifferentsizesbetweenleft andright subtrees.

Whenwesearchanelement3 with radius4 , in ourproposedstructure,wecompare3 againsttheroot
element� of thefirst tree.If �(��
vU�)M�����a��3N���$4�)M�;�I+8U wedonotneedto enterin this tree,because
weknown thatall theelementsrelevantto thequery 3 mustbein anothertree.If �����a��3N�N�q4��<�;��+�U , or
if �
���a��3N�6�C4����(��+�U , wecontinuerecursively thesearchingprocessonly ontheleft, or right, subtreeof
� respectively . In any othercase,whentheball queryintersectmorethanonezone,weshouldenterinto



morethanonesubtree,and/ormorethanonetree.Theworstcaseis whentheball queryintersectevery
zoneof � , becausein this casewe mustenterin eachsubtreeof � andwe needto continuesearching
on thefollowing trees.However, in thenext pathsof theprocesswe will consideranotherpivot that it
shouldpermitsusto avoid enteringin somebranches.

Hence,althoughwe unbalancethe trees,we alsoeffectively eliminatesbacktrackingif the query
radius4 is lower than U , becauseelementsof

�
partsarerecursively deleted.

5. Conclusionsand Futur eWork

In this work we have proposedto unbalancea datastructurealreadyknown for similarity searchingin
metricspaces,in orderto improve its searchingperformancein highdimensionalspaces.

As work in progress,alreadybeingcarriedoutwithin our researchgroup,weareconsidering:

� Experimentingwith differentmetricspacesof low andhigh intrinsic dimensionality.

� ComparingagainstList of Clusters [1], thatis a unbalanceddatastructurefor searchingin metric
spacesandvery resistantto theintrinsic dimensionalityof thedataset.

� Comparingagainstdatastructuresthatusepurepivoting.

� Characterizingthegoodunbalancingfor theintrinsicdimensionof themetricspace.

� Characterizinggoodvaluesof theradiusU for thequeriesthatcouldbeconsideredin eachspace.

� Analyzingif thereis anotherwayto makeunbalancedaVP–forest, andif it is possible,comparing
it againstour proposal,in orderto obtainthebestway.
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