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On the use of variable-separation method
for the analysis of vibration problems with
time-dependent boundary conditions

Josué Aranda-Ruiz and José Fernandez-Saez

Abstract

In this article, the axial vibrations of a rod with a clamped end and the transversal vibrations of a cantilever beam, both
with a time-dependent and non-harmonic force applied on their free ends, are analysed. These are problems in which the
traction and the shear, for the rod and the beam, respectively, prescribed in the boundaries of the bodies vary with time.
The problems can be solved by the method proposed by Mindlin and Goodman. However, it is usual to solve this
problem by the classic variable-separation method (which does not properly fulfil the time-dependent boundary con-
ditions). The displacements and the forces along the systems are derived from both cited methods, and the results are
compared. These results highlight the importance of using the proper solution method for the vibration problems with

time-dependent boundary conditions.

Keywords

Axial vibrations, transversal vibrations, time-dependent boundary conditions, natural frequencies, variable-separation

method

Introduction

Topics on mechanical vibrations of continuum systems,
such as rods, beams, plates and shells, constitute a crit-
ical subject for engineers and scientists working in civil,
mechanical and aerospace fields. Thus, there are many
textbooks which deal with the analysis of these
subjects.' ™

In many situations these problems can be formulated
in terms or linear partial differential equations which
can be solved by the classical variable-separation
method, but in some cases, the displacements or trac-
tions prescribed in the boundary of the body vary with
time. This is the case of the axially vibrating cantilever
beam with a time-dependent force P(¢) acting on its free
end in the axial direction or the same beam subjected to
an arbitrary transverse time-dependent displacement at
its free end. In such cases, in general, the method of the
separation of variables breaks down when applied dir-
ectly because it is not possible to satisfy the non-
harmonic time-dependent boundary conditions.

This kind of problems can be solved by the method
of Laplace transform or, alternatively, by other
approaches such as the procedures proposed by

Mindlin and Goodman,> and Courant and Hilbert,’
which requires less sophisticated mathematical
techniques.

However, some texts' present examples of vibration
problems with arbitrary time-dependent boundary con-
ditions solved by the classical method of separation of
variables.

In this article, the axial vibrations of a rod with a
clamped end and the transversal vibrations of a
cantilever beam, both with a time-dependent and non-
harmonic force P(f) applied on their free ends, are
analysed. In the following section ‘Problem formula-
tion’ is done. The solutions are reached, in the
‘Solution with time-dependent boundary conditions’
section, using the method proposed by Mindlin and
Goodman® and the results are compared with those

Department of Continuum Mechanics and Structural Analysis, University
Carlos Ill of Madrid, Leganés, Spain

Corresponding author:

Josué Aranda-Ruiz, Department of Continuum Mechanics and Structural
Analysis, University Carlos lll of Madrid, Avda. de la Universidad 30,
28911 Leganés, Madrid, Spain.

Email: jaranda@ing.uc3m.es



calculated, in the ‘Solution with homogenous boundary
conditions’ section, by the classical variable-separation
method (which does not properly fulfil the time-depen-
dent boundary conditions). Then ‘Comparison of
results with practical examples’ is made, points out
important differences in the axial force (for the rod
problem), shear force (for the beam problem) and dis-
placement distributions.

Problem formulation

The problems to be studied are the axial vibrations
of a clamped rod and the transverse vibrations of
a cantilever beam, both with a time-dependent and
non-harmonic force P(7) applied on their free ends.

There are two ways to approach the solution of both
problems. The first is to consider a forced-vibration
problem, applying the point load as an external load
applied on each body, and the boundary conditions as
homogeneous conditions.' This method does not rigor-
ously fulfil the boundary conditions, because of the
stresses at the free end of each body are considered
null. The second method is to address a free-vibration
problem, considering the point load applied as a
boundary condition at the free end of each body,’
this method being completely rigorous with the bound-
ary conditions of the problem.

Clamped rod problem

We consider the axial vibrations of a uniform rod of
density p, Young’s modulus E, length L and cross-
sectional area 4. The axial vibrations of the rod
under the action of an axially distributed force F(X, 7)
are governed by*

pA@ 3_ ou
o oax

EA —> = F(X, 1) (1)

ax
where (X, 1) represents the longitudinal displacement.

With the use of new dimensionless variables
defined as

Cr

_u(x, 1)
7 AN
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where

¢ = \/E (©)
o

is a material-dependent constant called wave velocity.
Equation (1) can be rewritten, considering a rod with
uniform parameters, as

Pu  Fu

where

F(x,t)L
F(x, 1) = 4
is a dimensionless axially distributed force.
The problem to be addressed is that of a clamped
rod under the action of a time-dependent point load, at
its free end, as shown in Figure 1.
It is easy to see that this load exerts an axial force
along the rod, including its free end.

®)

Cantilever beam problem

In this case, we consider the transversal vibrations
¥(x, 1) of a uniform beam, which are governed by

*v v -
A—+-— | El—= | = F(x,t 6
PG T axz< axz) (%0 ©
Equation (6) can be rewritten in a dimensionless
form as

Py v
— = F(x,t 7
a2 T ond (x, 1) (7

with the use of new dimensionless variables defined as

ch - F(x, ) L? W(x, 1)
= — F P =
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The problem to be solved is that of a cantilever beam
with a time-dependent point load at its free end, as
shown in Figure 2.

P(t)

f—.

Figure |. Clamped rod with a time-dependent load applied on
its free end.

Figure 2. Cantilever beam with a time-dependent load applied
on its free end.



Solution with homogeneous boundary
conditions

In this section, the classic variable-separation method
to solve the two problems introduced before is used.
First, the clamped rod problem is resolved and then
the cantilever beam one is treated.

Clamped rod problem

As discussed, in this case, the point load is considered
to be an external load, which is dependent only on time,
applied at the free end of the rod. Being a point load
and not a distributed load, the motion equation given
by equation (4) should be rewritten as

Pu  du

— ——=P)s(x—1 10

5 — 5 = P — 1) (10)

Boundary conditions for this problem are
homogeneous

u0,0=0, u(1,H0=0 (11)

as they are considered zero displacement in the clamped
end, and zero axial force at the free end.

Both the initial displacement and initial velocity will
be considered null, so that the initial conditions of the
problem are

u(x,0)=0, u(x,0)=0 (12)

Equations (10) to (12) define a classical problem of
forced vibrations, with homogeneous boundary condi-
tions, the solution of which is achieved by the method
of separation of variables.* Therefore

u(x, 1) = i #;(x)n;(1) (13)
=
where
¢j(x) = sin(wx) (14)
and
q{ﬂ::%%SJKTPOJQH(@KI—r»dI (15)
with

Equations (16) and (14) define the dimensionless
natural frequencies and the eigenmodes of the rod,

respectively. The dimensional natural frequencies are
given by

w; =%wj (17)

The axial force along the rod is determined by*

B N(x, 1)
-~ EA

a
NGx, 1) = 2= (x, 1) (18)
ax
Cantilever beam problem
For the problem shown in Figure 2, the motion equa-
tion given by equation (7) can be rewritten as
oty
ox*

9y

W—i_

— P()5(x — 1) (19)

Homogeneous boundary conditions for the canti-
lever beam are
v(0,7) =0,

V(0,) =0 (20a)

V(1,60 =0, v'(1,5)=0 (20b)
which imply null displacement and rotation at the fixed
end and null bending moment and shear force at the
free end, respectively.

The same initial conditions as in previous problem
will be considered, i.e.

v(x,0)=0, »(x,00=0 (21)

The solution of the problem defined by Equations
(19), (21), and 20(a) and (b), is given again by the
method of separation of variables. Therefore

v(x, 1) = Y ¢i(m;(0) (22)
=
where, in this problem
¢;(x) = sin(/@;x) — sinh(/@;x)
+ Djfcos(/@;x) — cosh(/w;x)] (23)
and
- :—J%Q——[P in (w,(t — 7))d 24
(o) @£¢%WMA @sin (0 - D)dr  (24)
with

b _ cos( /@) + cosh(, /@)
/= sin(,/@;) — sinh(,/@;)

(25)



In this case, the dimensionless natural frequencies of
vibration are the solutions of the transcendental equa-
tion given by

cos(/@;) cosh(/w;) = —1 (26)
where
w; = 3.5156, w; =22.0336, w3 =061.7010 (27a)
w4 = 1209120, ws =199.8548, ws = 298.5638
(27b)

For the beam problem, these dimensionless frequen-
cies are related to the dimensional ones by

@y

Ch

= 5o (28)

The bending moment and shear force along the
beam are determined, respectively, by

M(x, 1) = %(x, 0 = % (292)
Vix, 1) = % (x, 1) = V(XT?H (29b)

Solution with time-dependent boundary
conditions

Again, it will now solve the case of a clamped rod sub-
jected to a point load at its free end, P(7). This case will
be considered as a free-vibrations problem, since the
load will not be considered as an externally applied
load, but as a boundary condition at the free end.

The partial differential equation governing the lon-
gitudinal vibrations of the rod for a free-vibrations
problem is derived from equation (4), by imposing
F(x, 1)=0, as

Fu  Fu

arr  ax?

Boundary and initials conditions are given, respect-
ively, by

=0 (30)

w0, =0, u'(l,1)= HP(7) (31)
and
u(x,0) =0, u(x,0)=0 (32)
where
Py

is a dimensionless group, and P(r) is given by

P(1)

P(ty=—+=

="

In addressing the cantilever beam problem as a
problem of free vibrations, equation (7) turns into

(34)

> n v

a2 oax*

In this case, the initial conditions are again given by
equation (21), and boundary conditions are now

—0 (35)

v(0,0)=0, V(0,0)=0 (36a)
V'(1,0)=0, V'(1,1) = KP(1) (36b)
where
_ PyL?
K= 5 (37)

is another dimensionless group, and P(¢) is given by
equation (34).

General solution method

As can be seen in equations (31) and (36(b)), the bound-
ary conditions for both problems are time dependent.
In cases like this, in general, the classical method of the
separation of variables breaks down when applied
directly because it is not possible to satisfy the non-
harmonic time-dependent boundary conditions.

In this section, a description is given, in a general
way, of the method of solving problems in which
the boundary conditions are functions of time, and
then the resolution of the specific cases under study is
continued.

The method described below also applies even taking
into account damping, but this has been omitted for
simplicity.

In the following discussion, the symbol D™ is used
to represent a linear differential operator of order n,
given by

al’l

D(n) _ Llfn R
ox”

(3%)

where L is the length of the rod. This operator can be
used to define the boundary conditions of the problem,
so that Dg") sets the ith boundary condition. Using this
notation, and taking the cantilever beam problem as
example, general boundary conditions for the problem
can be written as

D0, 1)] = f(1),

DY[v(1, 1)] = £i(0),

i=1,2 (392)

i=3,4 (39b)



where the fi(¢) functions depend on the characteristics
of each system. It is important to note that for the
clamped rod problem, it is necessary to impose only
two boundary conditions.

The initial conditions of movement are specified by
two arbitrary functions

v(x, 0) = vo(x) (40a)
.0 = o) (40b)

A difficulty in solving problems of this type by the
method of separation of variables arises when not all of
the functions fy(#) that define boundary conditions
vanish.’

In this case, the method of separation of variables
breaks down when applied directly because it is impos-
sible to satisfy the boundary conditions define by equa-
tions (39(a)) and (39(b)), since the function dependent
on x would not be consistent.

The above difficulty can be overcome by separating
the solution into two parts, one of which will later be
adjusted to simplify the boundary conditions on the
other.

Therefore, it will require the displacements that are
to be obtained to take the form®

4
v0x, 1) = wx, ) + Y fll) gix) (41)
i=1

where fi(t) are the functions shown in equation (39(a))
and (39(b)), which determine the boundary conditions.

When this expression is substituted in the movement
equation of the problem, e.g. equation (7), it is found
that the new function w(x, ) must satisfy the differen-
tial equation

Fw  tw

gw, o 42
or? + x4 42)

+ i(flgl +figiIV) = F(x,0)
i=1

Moreover, the expression assumed for v(x, ), equa-
tion (41), must satisfy boundary conditions, equation
(39(a)) and (39(b)), therefore

4
DD 0. 0] = fi(t) = Y (D" g(0)].

i=1,2
j=1
(43a)
4
DI Dw(1, 0] = /i) = Y fODP gD, i=3,4
j=1
(43b)

Finally, initial conditions, equations (40(a)) and
(40(b)), become

4
w(x, 0) = vo(x) — ) £i(0) gi(x) (44a)
i=1

4
(x, 0) = vo(x) — > £i(0) gi(x) (44b)
i=1

I

The next step is to determine the functions gi{x) so
that the terms on the right side of equation (43(a)) and
(43(b)) are cancelled, giving homogeneous boundary
conditions for the function w(x, ¢). To ensure this, it
is sufficient to meet the following conditions

D[] =85 j=12 i=1234 (@5

D}">[g,-(1)] =85, j=3.4, i=1234  (45b)

Each of the expressions given by equation (45(a))
and (45(b)), provides four conditions for each of the
four functions g{x). To ensure that these conditions
are satisfied in all cases, the functions g,(x) are taken
as fifth-degree polynomials in x

gi(X) =a; + b,-x + C,’Xz + d,'X3 + e,-x4 + h,‘XS (46)
choosing the coefficients according to the following
criterion’

Substitute each of the gi(x) in the appropriate expres-
sion of equation (45(a)) and (45(b)). Each case will
result in a set of four linear algebraic equations govern-
ing the coefficients of the particular function gf(x). If
more than four of the constants a;. .. h; appear in these
expressions, this constants must be reduced to four by
setting equal to zero the coefficient of the term of high-
est degree in x and also, if necessary, the coefficient of
the term of the second highest degree. If any of the
constants «;...h; does not appear, they must be set
equal to zero. Moreover, it is necessary to calculate
only those gi{(x) functions for which the corresponding
fi(¢) are not zero.

The resulting equations determine the constants in
equation (46). With this choice of the functions gix),
the boundary conditions expressed by equation (43(a))
and (43(b)) become those of a stationary problem

D [w.n] =0 i=12 (472)

D§">[w(1, z)] —0 i=3,4 (47b)



It is important to note that for the clamped rod
problem, the conditions given by equation (45(a)) and
(45(b)) will be reduced to four, and therefore, the fifth-
degree polynomials that define the gi{x) functions,
reduced to third-degree polynomials.

The last step is to find the function w(x, f) that satis-
fies the differential equation given by equation (42),
with the boundary conditions expressed by equation
(47(a)) and (47(b)), and initial conditions given by
equation (44(a)) and (44(b)). This is a typical problem
of forced vibrations with homogeneous boundary con-
ditions, which can now be solved by the method of
separation of variables, looking for a solution that fol-
lows the expression

wix, 1) =Y ¢i(x)m(1) (48)
Jj=1

This completes the formal solution of the problem.

Clamped rod problem

Returning to the specific clamped rod problem of study,
the boundary conditions given by equation (39(a)) and
(39(b)) are reduced to two, and taking into account
equation (31), can be rewritten as

D[u0.n] =i, DY[ulo]=fw) @)
where

p? =pO, DY = D (50)
and

i) =0, fo(t) = HP() (1)

and, as discussed above, f>(f) being the only non-zero
function, it is necessary only to calculate the function
g2(x). For this, it will follow the procedure set by the
previous criterion, finally obtaining the expression

&(x) =x (52)
Since f1(7) =0, it follows that
u(x, 1) = w(x, 1) + f2(1) g2(x) (53)

Substituting the expression above into equation (4),
adapted to a free-vibration problem, and taking into
account, from equation (52), that g5(x) = 0, the partial
differential equation that must satisfy the function
w(x, 1) is finally

Fw  FPFw

S g = L&) = —f)x (54)

With the expression given by equation (52) for
g>(x), the boundary conditions for w(x, f) become
homogeneous

w(0,7) =w(l,1) =0 (55)
and initial conditions become

w(x, 0) = —/2(0) g2(x) = —/2(0)x,

W(x, 0) = /(0 g2(x) = ~/>(0)x (56)

Equation (54) and (55) correspond to a forced-
vibration problem with homogeneous boundary condi-
tions, which will be solved by the method of separation
of variables. Thus, the function w(x, ¢) will be given as

HCOEDICLI (57)
=1

where functions ¢;(x) are given again by equation (14)
and

ni(t) = Cy;sin(w;jt) + Cyj cos(w;t)

+ 0 (— f2(0)) sin (w)(r — 7))dr (58)
@i Jo
with w; given by equation (16) and
Jo @2(0);(x)dx !
= JOSMWATT g (x)dx,
T /0 ()P ()
¢y =% ¢, - 06y (59

7

Therefore, the final solution for the displacements of
a clamped rod under the action of an external point
load at its free end, this being applied as a time-depen-
dent boundary condition, is

u(x,t) = u(x, 1)L = L[i @i (x)n;(t) + HP(t)x:|

j=1
(60)
where the functions ¢,(x) and n(#) are given, respect-
ively, by equations (14) and (58).
The axial forces along the rod are again determined
by the expression given by equation (18).

Cantilever beam problem

From equations (36(a) and 36(b)) and (39(a) and 39(Db)),
we get that

N0 =10 =0 =0, fat)=KP() (61)



and

p"” =p©, pP—pd p—p?,

Dy = DY (62)

Again, being f4(¢) the only non-zero function, it is
only necessary to calculate the function g4(x). From
equation (45(a) and 45(b)), and following the previous
criterion, we obtain that

X2

ga(x) = — —?

(63)
The transversal displacements of the beam can be
now expressed as
v(x, 1) = wlox, 1) + fa(1) g4(x) (64)
Substituting equation (64) into equation (35), and
considering, from equation (63), that g,"(x)=0, the
partial differential equation that must satisfy the func-
tion w(x, ) for this problem is finally

Pw tw -

T a = —fa(1) ga(x) (65)
subjected to the boundary conditions

w(0,0) =w(0,0) =w"(1,) =w"(1,1)=0 (66)

and initial conditions

W(x,0) = —/3(0) g(x), 1(x,0) = —/3(0) ga(x)  (67)

Thus, applying the method of separation of vari-
ables, the function w(x, 7) will be given again by equa-
tion (57), where, for this problem, functions ¢,(x) are
given by equation (23) and

ni() = Cy;sin(w;t) + Coj cos(w;t)

Gy 1, - .
+ 24 (—fa(0)) sin (w;(r — 7))dr (68)
wj Jo
where w; is obtained from equation (26) and
g = DB - 0Gy
T gwde T P
Coy; = —/4(0)Gy; (69)

Therefore, by this method, the final solution for the
displacements of the cantilever beam problem is
W(x, 1) = v(x, L = L[Z ¢(¥)ni(1) + KP(2) g4(x)]
J=1

(70)

where the functions ¢,(x) and 7,(¢) are given, respect-
ively, by equations (23) and (68).

The shear force along the beam is determined by the
expression given in equation (29(b)).

Comparison of results: practical examples

So far, a generic applied load has been taken into
account. The next step is to particularize the solutions
achieved by both methods for a specific load. In this
study, a parabolic load given by the following expression

P(7) = —St> +2T1, 0<i1<2 (71)
has been considered.

From here on, superscript (%) will be used for func-
tions related to the classical method of resolution, by
which homogeneous boundary conditions were con-
sidered, and the superscript (r) for those related to
the method by which boundary conditions were con-
sidered time dependent.

Clamped rod problem

The load given by equation (71) can be expressed in a
dimensionless form as

2¢,
o<r< =L

P(f) = —S,> + 27,1,
(#) + 7

(72)

For the classical method of resolution P(7)= P(¢),
and using equation (5)

Shp3 T2
S,=St="r ) T,=T'=
EAc? EAc,

(73)

On the other hand, for the method by which bound-
ary conditions were considered time dependent
P(f)= P(t), and using equation (34)

St1? T°L
S":S‘f:r—, Tr:r: r 74
! PoC,z. ! PoC, ( )
which, using equation (33) and the relations
St=S8r, T =T'L (75)



can be rewritten as

o Shp’ 7o _ T?
" HEAc2® " HEAc,
The comparison will be made by contrasting the lon-

gitudinal displacements of the free end of the rod and
the axial force to which the rod is subjected.

(76)

Longitudinal displacements. The expression formulated for
the longitudinal displacements of the rod, using the
classical method of resolution was given by equation
(13), where the functions ¢/x) and 1n; () are given,
respectively, by equations (14) and (15).

Specializing these equations for a parabolic P(¢) load
given by equations (72) and (73), it follows that

il"(x, 1) = u'(x, )L = L[Z B! (r)} (77)
and
() = 2¢f( ) [27%, sin(w;?) + 25" cos(w;)
+ @,ij(sffz 27 - 25! (78)

On the other hand, the expression formulated for the
longitudinal displacements of the rod, using the time-
dependent boundary conditions method of resolution,
were given by equation (60), where the functions ¢;(x)
and n7(7) are given, respectively, by equations (14) and
(58).

Again, specializing the equations (58) and (60) for a
parabolic P(t) load given by equations (72) and (76), it
follows that

at(x, 1) = u'(x, 1)L
= L[ i G (1) + H(=Si1* + ZT;I)X}
=1

(79)
and

—2H Gz,

(1) = [ST cos(w;t) + Tro;sin(w;r) — ST]

./

(80)

Thus, the full expressions for the displacements,
referring to the free end of the rod, x=1, are

o0

(1= wf [S" cos(w;t) + T'w; sin(w;t) — S

=1 @
) (81a)

T (3

o0
—4
u*(1,1) = 2—4[Sf.’ cos(wjt) + T,’.’a)j sin(w;f) — Sf.’]
j=1 =7
+ Q1" - S'?)

r

(81b)

In formulating the equation (81(a)) and (81(b)), the
following relations have been taken into account

2
Gy(1) = 26,(1) / (I =

I

S/ =SH, Ti= (82)

Note that the first term of equation (81(a)) and
(81(b)) is null for all values of j, so the displacements
u"(1, 1) and u*(1, £) can be expressed as

j=1 7

(83a)

u'(l,0) = 2T"t — S"r%) (83b)
In view of equation (83(a)) and (83(b)), it follows

that to ensure the equality in displacement, that is

u'(1, 1)
> = 84
u™(1, 1) ®4)
it must be satisfied that
. 47 (S
Z—2<—r— 7*) =27t — S'7 (85)
— r \ 2
J=1 77
This leads to the following two equalities
X, 458"
Y =-S5 (862)
— D
j=1 J
X 471"
Y = (86b)

=Y
As can be seen, the last two expressions lead to the
same condition, given as

—2 (87)

j=1 I

which have no dependence on the type of load applied,
and depend only on the value of the natural frequencies
of vibration w;.

Defining the parameter R,(n) as

Ry(n) (88)

n 2
- 2 :_2
=1



can be observed from equation (87), that equation (84)
is fulfilled when

0
Ris = =1
| ;w

(89)

E o

To verify whether the above equality holds, Figure 3
graphically shows the values taken by the parameter
Ri(n) as n increase to a maximum of n=20.

As shown in Figure 3, as more terms are being taken
in the series, the result converges to 1. If only the first
mode of vibration is taken into account to compute the
solution achieved using the classical method, that is, if
only the first term of the series is considered, the differ-
ence between the solution of the two methods is
approximately 19%. As shown in the graph, however,
if to reach the solution by the classical method, the first
six modes are taken into account, this difference is
reduced to approximately 3.37%.

Therefore, it has been shown that the displacements
achieved by both methods are exactly the same for
an infinite number of vibration modes, since the infinite
series given by equation (89) converges to 1. However,
it is important to note the large existing difference,
almost 20%, if only the first mode of vibration is con-
sidered in the calculation of the solution by the classical
method.

In addition, from this result, an important conclu-
sion can be achieved. If taking into account a consid-
erable number of vibration modes to calculate the
longitudinal displacements, the two methods lead to

the same result regardless of the type of load being
applied to the system. This can be seen on the condition
given by equation (89), which have no dependence on
the type of load applied and depend only on the value
of the natural frequencies of vibration w;.

Axial force. The next step is to perform the same com-
parative study, but this time with the axial force at the
free end of the rod, N(1, 7). Again, the subscripts (/)
and (7) will be used to refer to the axial forces made by
each method.

The expression that relates the axial force with the
longitudinal displacements of the rod is given by equa-
tion (18). Thus, from equation (77), the axial force on
the rod, according to the classical method of resolution,
will be defined by

NG, 1) =Y g0 (1) (90)
J=1

where the vibration modes, ¢;(x), are again of the form
given by equation (14), and the functions n]h(t) are given
by equation (78). Also, from equation (79), the axial
force on the rod, according to the time-dependent
boundary conditions method of resolution, will be
defined as

NY(x, 1) = i S0 + H(=ST2 +2T%7)  (91)
=1

Jj=

where the functions 77 (7) are given by equation (80).
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Figure 3. Ratio between longitudinal displacements of the free end of the rod obtained by both methods versus the number of

eigenmodes considered.



Therefore, the axial force at the free end of the rod
for each of the two resolution methods is given by

Ni(1, 1) = i M [s{? cos(w;t)

= J

It can be noted, in view of equations (51), (72) and
(94(b)) that, according to the time-dependent bound-
ary-conditions method of resolution, the axial force at
the free end of the rod coincides at all times with the
one that would be produced by an axial force.

Figure 4 shows the axial forces along the rod for a

h . . . . Co
+ Tﬁa)j sin(w;t) — Sf? + wgt<5rt _ T’h)il (92a) fixed t'1me, in this case t=c,/L. This grgph highlights
‘ 72 the differences between the results given by both
methods.
X, =2¢ (1) HGy; It can be noted that while the axial force obtained
_ N AT A

N1 1) = Z 2 LS} cos(eyt) with time-dependent boundary conditions, N°, is con-
j=1 J . .
] . stant along the rod, the one obtained by the classic

+ TTw;sin(w;t) — S;1+ H(=S71" + 2T710) (92b)  varjable-separation method, that is, N”, is not a con-

It is important to note that in both expressions the
term ¢(1) appears, which determine the boundary con-
dition that was applied at the free end of the rod when
calculating the displacement «"(x, 7) and the w(x, )
function. In both cases, the boundary conditions were
homogeneous, so that

1) =0

Therefore, it is easy to see, using equation (93), that
both axial forces at the free end of the rod are different,
since

93)

stant value. Therefore, it is shown that the axial force
N" is null on the free end of the rod.

Cantilever beam problem
For this problem, the dimensionless form of the load

given by equation (71), can be expressed as

P(t) = =Spt> +2Tt, 0<1< = (95)

Following the same methodology as for the previous
case, we have that

N'(1,0=0 94 SpL’ TiL°
o . o Th=r (96)
N'(1,0) = H(—SI* + 2T%1) (94b) % €b
Qhr7 Thrs
This implies that, as was demonstrated, although the SF = SpL . T = T,L 97)
longitudinal displacements achieved by both methods KEIc), KEIc),

were equal at the infinite limit, the results achieved for
the axial force at the free end of the rod were not equal,
being calculated by both methods.

In this case, the comparison will be made between the
transversal displacements of the free end of the beam,
and the shear force to which the beam is subjected.

Dimensionless Spatial Coordinate, x

0.0001
PR
2 - - e " ‘\
5 0.00008 [ttt + .
,5 - - - = “
A [
= 0.00006 | '|
- A
'
;E 0.00004 l|l |
g v
-g 0.00002 | === =2 Homogeneous boundary-conditions |u|
§ s Time-dependent boundary conditions ]
'
' 4
0.0 0.2 0.4 0.6 0.8 1.0

Figure 4. Dimensionless axial force along the rod for t=c,/L.
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Transversal displacements. From previous sections and
following the same steps as for the clamped rod prob-
lem, we have that the transversal displacements at the
free end of the beam, obtained by the two methods, are

Vi1, 1)
i 3;02228 — {Sf?[l — cos(w;f)] — 7*;sin«ujr)}
+i#(—8212+2721) (98a)
S o} [y gp0dx
vi(l, 1)
- 22¢’(13G4' {S”[ <o) - Thsinton)
—ji-g4(1)(—SZt + 27700 (98Db)

In this case, the first terms of both expressions
are not zero, as in the bar problem, but can be verified
that these terms are three to four orders of magnitude
smaller than the second terms on both equations.
For that reason, the displacements given by equation
(98(a)) and (98(b)) can be approximated by

As in the previous case, to ensure the equality
between displacements, it must be satisfied the follow-
ing equality

x> —¢(1)
Z I -

— (100)
=1 @7 Jo ¢7()dx

= q()=—3

To check if previous condition is met and observe
the differences between the results provided by both
methods depending on the number of terms considered
in the series, the parameter R,(72) will be defined as

o 3g2(1)

Ry(n) = Z

PRIV (101
j=1 j fo ¢j (x)dx

It can be seen that transverse displacements calcu-
lated by both methods are equal when

00 2
Roso =ZL(I)=1 (102)

I @ [y pF(x)dx

Figure 5 graphically shows the values taken by the
parameter R,(n) as n increase from 1 to 20.

In Figure 5, it does appear a clear relationship
between the number of terms considered in the series
given by equation (101), and the differences between the
solutions provided by both methods.

In view of this, and just as in the clamped rod prob-

> —¢7(l)
h ~ h 2 h
Vil )~ sz fl (;2 (x)dx (_Sbt + 2th) (99a) lem, it can be seen that the transversal displacements
=S o % derived by both methods are the same for an infinite
; 52 oh number of vibrations modes, since the series given by
V(L0 & ga()(=S,1° + 2T31) (99b)  equation (101) converges to 1 as n— oo.
1.005
1.000 ==
0.02%
. 0995
e
& 0990 f
e o
T o098s|
©
& osso}
<
Ay, 0975
0970+
0.965 : e
0 5 10 15 20
Number of terms, n

Figure 5. Ratio between transversal displacements of the free end of the beam obtained by both methods versus the number of

eigenmodes considered.
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It can also be seen in Figure 5 that if only one vibra-
tion mode, i.e. if only one term of the solution given by
equation (22) is considered, the difference between the
solutions provided by both methods increase to 3%.
This difference is reduced to 0.02% when the first six
eigenmodes are used.

Shear Force. From the equations (22), (29(b)), and (70),
the shear force at the free end of the beam can be

obtained using the two methods of solution introduced.
These forces are given by

>\ 297" (Dgi(1)
Ly =Y
j; o} fy gP(x)dx

h
x {i[l — cos(wjt)] — T sin(cq,-t)}
j
= 97 (Dg(1) b
+ Y R (—ShA 4 2T) (103a)
;w}fo‘¢}(x>dx( R

V(1. 1) = i ‘2¢}/'(1')KG4J

= @y

X {ﬂ[l — cos(w;t)] — By sin(a)jt)}
wj

— K(—A}1* + 2Bj1) (103b)

Exactly as in the clamped rod problem, in equation
(103(a)) and (103(b)) appears the term ¢’(1). This
determines the boundary condition that was applied
at the free end of the beam when the transversal

displacement v"(x, ) and the w(x, 7) function were cal-
culated. In both cases, it was hold that

¢ (1) =0 (104)

Therefore, the shear forces at the free end of the
beam differ according to the method used

Vi(1,1) =0 (105a)

(105b)

Moreover, as with the axial force on the rod prob-
lem, Figure 6 shows as constant the shear force
obtained with time-dependent boundary conditions,
I, but that the value calculated by the classic variable
separation method, V" is not a constant one.

Vi1, 1) = K(—=S}i* + 2T}1)

Concluding remarks

In this article, the axial vibrations of a rod with a
clamped end and the transversal vibrations of a canti-
lever beam, both with a time-dependent and non-har-
monic force P(¢) applied on its free end, are analysed.
The solutions are achieved using the method proposed
by Mindlin and Goodman® and the results are com-
pared with those calculated by the classic variable-
separation method (which does not properly accom-
plish the time-dependent boundary conditions).
Regarding the displacement of the free end, both solu-
tions converge if a sufficient number of vibration modes
are used. However, in the clamped rod problem, if only
the fundamental mode is retained, a difference close to

19% arises, and a reduction of this difference to 1%

A 5.x10-6

-~
x
—
5
o
.
L ]
1
]
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1.x1076 |

Dimensionless Shear Force,
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= == =+ Homogeneous boundary-conditions

s Time-dependent boundary conditions

0.0

0.2 0.4 0.6 08
Dimensionless Spatial Coordinate, x

Figure 6. Dimensionless shear force

along the beam for t=¢,/L.
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would require the use of the first 20 vibration modes.
For the cantilever beam problem, the differences
between the solutions provided by the two methods
are reduced. In the latter case, a difference close to
3% arises when only the fundamental mode of vibra-
tion is considered, while only a deviation of 0.02% is
obtained when the first six modes are retained.

On the other hand, both methods lead to different
axial forces in the rod problem and different shear
forces in the beam problem. By the classic variable sep-
aration method, is found that these forces are zero at
the free ends of both the rod and the beam, which is a
logical development of the method, since it imposes
zero boundary conditions in terms of forces on the
free ends. Otherwise, with the use of the method pro-
posed by Mindlin and Goodman,’ the result is more
suited to reality since both forces coincide at all times
with those applied at the free ends on both problems.

In any case, the differences are independent of the
type of time-dependent load exerted at the free end of
the rod when this force is non-harmonic. The differ-
ences are related to normal modes corresponding to
the free vibrations of the mechanical element.

These results highlight the importance of using the
proper method of solving the vibration problems with
time-dependent boundary conditions.
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Appendix

Notation

A cross section

¢ material-dependent constant

Cla C2

M, M

N, N

P(7), P(1)
Py

Rl(”)s R2(n)
Rlooa R200
S, T

, T

! %]}

~
~

8(x)

&
=

SRS

constants determined by initial
conditions

dimensionless constant

differential operator of order n
Young’s modulus

function that defines the
time-dependent boundary conditions
dimensional and dimensionless force
applied

spatial dependent auxiliary function
dimensionless constants

moment of inertia

dimensionless constant

length of the rod or beam
dimensional and dimensionless
bending moment

dimensional and dimensionless axial
force

dimensional and dimensionless
time-dependent force

reference force value

parameters defined by sums series
parameters defined by sums series
dimensionless constants used to define
the parabolic load

dimensional constants used to define
the parabolic load

dimensional and dimensionless time
dimensional and dimensionless
longitudinal displacement
dimensional and dimensionless
transversal displacement
dimensional and dimensionless shear
force

auxiliary function

dimensional and dimensionless spatial
coordinate

subscript relative to the cantilever
beam problem

superscript relative to the classical
method of resolution

subscript relative to the clamped rod
problem

superscript relative to the
time-dependent method of resolution

Dirac delta function

Kronecker delta

modal coordinate

density

modes of vibration

dimensionless vibration frequencies
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