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Abstract
Technical advances towards high resolution PET imaging try to overcome the
inherent physical limitations to spatial resolution. Positrons travel in tissue
until they annihilate into the two gamma photons detected. This range is
the main detector-independent contribution to PET imaging blurring. To a large
extent, it can be remedied during image reconstruction if accurate estimates
of positron range are available. However, the existing estimates differ, and the
comparison with the scarce experimental data available is not conclusive. In
this work we present positron annihilation distributions obtained from Monte
Carlo simulations with the PeneloPET simulation toolkit, for several common
PET isotopes (18F, 11C, 13N, 15O, 68Ga and 82Rb) in different biological media
(cortical bone, soft bone, skin, muscle striated, brain, water, adipose tissue and
lung). We compare PeneloPET simulations against experimental data and other
simulation results available in the literature. To this end the different positron
range representations employed in the literature are related to each other by
means of a new parameterization for positron range profiles. Our results are
generally consistent with experiments and with most simulations previously
reported with differences of less than 20% in the mean and maximum range
values. From these results, we conclude that better experimental measurements
are needed, especially to disentangle the effect of positronium formation in
positron range. Finally, with the aid of PeneloPET, we confirm that scaling
approaches can be used to obtain universal, material and isotope independent,
positron range profiles, which would considerably simplify range correction.
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1. Introduction

One of the most important sources of resolution degradation in PET imaging is the positron
range, particularly for certain radioisotopes and materials. The degree of image blurring
depends on the positron kinetic energy, since larger energies lead to longer paths before
annihilation. Positron range also depends on the surrounding tissue type in such a way that in
those tissues with lower electron density positron ranges are larger. The blurring effect of the
positron range may be described as a contribution to the system point spread function (PSF)
(Derenzo 1986, Haber et al 1990). Recent studies have proposed the use of space-variant PSF
functions (Rapisarda et al 2010) to obtain optimal range-corrected PET images (Bai et al
2003, 2005, Fu and Qi 2010, Cal-González et al 2011). In order to develop accurate positron
range correction techniques it is essential to properly characterize the positron range, both
with simulation and experimental studies. Positron range correction in image reconstruction is
of particular importance when dealing with small-animal PET studies or when radioisotopes
with large positron range are involved.

Nowadays, the radioisotope more commonly used in PET is 18F, especially in the form
of [18F]-FDG, for exploring glucose metabolism in tumours and some cerebral or cardiac
diseases. Other radioisotopes with shorter half-lives such as 11C (20.1 min), 15O (2.07 min) or
13N (10 min) can only be used in centres with a cyclotron facility. Other non-cyclotron-based
radioisotopes such as 68Ga (68.1 min) and 82Rb (1.3 min) have also been included in our study
because they have increasing use in medical diagnosis (Hoffend et al 2005, Breeman and
Verbruggen 2007, Yoshinaga et al 2006).

Early experimental efforts (Phelps et al 1975, Cho et al 1975, Hoffman et al 1976) to
measure positron range in water for medically important positron emitters were of limited
accuracy because the resolution of the detector was comparable to the positron range. Derenzo
(1979) measured annihilation point spread distributions in low-density polyurethane foam,
where positron range is significantly larger. Positron range distribution data were deconvoluted,
fitted to an empirical function, and finally scaled to water equivalent values using range-energy
relations derived for electrons (Katz and Penfold 1952). There are several potential difficulties
inherent to this approach (Levin and Hoffman 1999), such as the need to extrapolate range
results from polyurethane to water or the possible loss of information due to the deconvolution.
Palmer and Brownell (1992) evaluated annihilation density distributions for certain positron
emitters through calculations based on beta-decay energy spectra combined with an empirical
range formula, assuming that positrons behave diffusively. More recently, several authors have
studied the reduction of positron range in presence of a magnetic field (Wirrwar et al 1997,
Herzog et al 2010). According to Soultadinis et al 2011 and Kraus et al 2012, positron range
is unaffected or just slightly enlarged along the direction of the magnetic field, thus producing
an anisotropic distribution of annihilations.

The difficulties involved in the experimental measurements of positron range support the
widespread use of Monte Carlo simulations (Levin and Hoffman 1999, Harrison et al 1999,
Champion and Le Loirec 2006, 2007, Le Loirec and Champion 2007a, 2007b, 2007c). Most
of these studies use water as a reference medium for positron interaction. The exclusive use
of water-based data may be misleading since positron range depends on density and atomic
composition of the tissue (Sánchez-Crespo et al 2004, Alessio and MacDonald 2008, Lehnert
et al 2011, Jødal et al 2012). An accurate assessment of the consequences of positron range
in PET imaging requires a specific model for each tissue type.

The correction of positron range effects in PET image reconstruction is becoming
mandatory in the light of the increasing use of high-energy positron emitters in clinical PET
imaging, and the excellent spatial resolution of modern PET scanners, even sub-millimetric for
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some small-animal systems. Some studies have addressed the question of how accurately the
positron range should be known to obtain good range-corrected PET images (Cal-González
et al 2011). In these studies, phantoms were simulated with a given positron range profile.
These simulated data were then reconstructed with an iterative reconstruction method which
incorporates a model of the PET scanner and the effect of positron range. The average positron
range for the profiles employed during reconstruction was varied. Actually, the shape of the
profiles was just rescaled in the spatial coordinate to obtain a change in the average positron
range. The effect on the reconstructed images was assessed. It was found that differences of
about 10% in the average positron range of the profiles employed to correct the reconstruction
with respect to the profiles employed during the simulation of the acquisition, translate into
detectable changes in image quality. This raises the question of whether positron range profiles
are known with such accuracy for the radioisotopes and materials of current interest for PET
imaging. A first review of the available positron range data in the literature, either from
simulations or from experiments, reveals discrepancies larger than 20% in many cases (Levin
and Hoffman 1999, Champion and Le Loirec 2007). However, as pointed by Jødal et al
2012, different authors chose different ways of representing range profiles, which precludes a
straightforward comparison.

As suggested by Jødal et al (2012), positron range profiles can be scaled to obtain universal
profiles independent of the density of materials and energy of the emitter. This approach may
facilitate the implementation of fast algorithms to correct images for positron range during
reconstruction, if these scaling approaches are accurate at the said 10%, or lower, in the average
positron range.

Thus, the goals of this paper are the following:

• To obtain positron range distributions for common PET isotopes in various human tissues,
employing a simulation tool, PeneloPET.

• To develop a general framework and a tool to convert from any of the multiple ways
employed in the literature to show positron range into another. Using this framework, we
make a general comparison of PeneloPET predictions for positron range for the available
experimental data and also for simulations from other authors.

• To confirm the possibility of employing material-independent scaled positron range
distributions, as pointed out by Jødal et al (2012). We employ a semiempirical
parameterization of positron range, and verify the validity of the material and isotope
scaling approach with PeneloPET, for different combinations of radioisotopes and
materials.

2. Monte Carlo simulation

There are several Monte Carlo codes able to simulate the transport of radiation through matter,
e.g. GEANT4 (Agostinelli 2003, Allison et al 2006), MCNP (X-5 Monte Carlo Team 2003),
EGS5 (Hirayama et al 2005) and PENELOPE (Baró et al 1995). We have chosen PENELOPE
(2008 version, with the standard simulation parameters, as recommended in Salvat et al (2008))
to simulate positron trajectories. PENELOPE describes the transport in matter of electrons,
positrons and photons with energies from a few hundred eV to 1 GeV. PENELOPE is then less
generally aimed as GEANT4, but it suits well PET needs, it is fast and robust, and it is being
extensively used for medical physics applications, particularly for dosimetry and radiotherapy
(Sempau and Andreo 2006, Panettieri et al 2007). Many Monte Carlo codes employ multiple
dispersion models for the transport of electrons and positrons, which allow for the global
simulation of a large number of interactions in a condensed form. This condensed history
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methodology may cause a loss of accuracy when facing media boundary. PENELOPE, on the
other side, considers in detail the transport of electrons and positrons, interaction by interaction,
which makes it particularly suited to simulate positron range, eventually even across media
boundaries. PENELOPE has been shown to produce good results up to distances below one
millimetre (Muñoz et al 2005). Positron interactions and subsequent annihilation simulated
with PENELOPE have been included in PeneloPET (España et al 2009). PeneloPET is built
on top of PENELOPE and provides a simple framework to simulate PET scanners. PeneloPET
is freely available and can be obtained under request (see http://nuclear.fis.ucm.es/penelopet).

2.1. Energy spectra

When a positron is generated in a decay process, it has a kinetic energy that depends on the
energy shared with the neutrino created in the same process. This yields a continuum energy
spectrum distribution whose theoretical grounds are well-known, both for allowed or super
allowed transitions as well as for forbidden decays, and the energy spectrum can be computed
with accuracy (Gove and Martin 1971), including the Coulomb correction factor (Wu and
Moskowski 1966). For allowed decays, the theoretical energy distribution (Fermi 1934) has
the form:

N(E ) dE ≡ gF(Z, E )pE(Emax − E2) dE (1)

Where g is a constant, E is the positron kinetic energy and p is the corresponding momentum,
in units of mc2 and mc, respectively. Emax corresponds to the maximum kinetic positron energy.
Table 1 reports Emax for the isotopes considered, along with the decay mode, the parent half-
life, the mean kinetic positron energy Emean, and the intensity for each positron and gamma ray
emitted in the decay. Note that in this table an intensity of 100% corresponds to the emission
of one particle (photon or positron in β+ decay) per decay. In the case of annihilation photons,
one can have up to two photons emitted per decay, that is, 200% intensity. F(Z, E) is the Fermi
function which takes into account the effect of the nuclear Coulomb field in the electron or
positron emitted. In positron range simulation, this latter Coulomb correction factor is often
either neglected or just treated within a non-relativistic approach (see, for instance, Levin
and Hoffman 1999). PeneloPET uses the exact expression for the Coulomb correction factor
(Fermi 1934), which, albeit relatively close to one for light nuclei and positron emission, it
may significantly distort the beta spectrum for medium to heavy nuclei, particularly in the case
of electron emission (España et al 2009). The energy spectra simulated for the radioisotopes
of interest are shown in figure 1.

2.2. Electron and positron interactions and transport mechanism

The possible interactions of electrons and positrons within a medium of interest for positron
range estimates are: elastic scattering, inelastic collisions and bremsstrahlung emission;
positrons can also undergo annihilation, either in flight or at rest. The dominant energy
loss mechanisms for electrons and positrons with intermediate and low energies are inelastic
collisions. For a detailed description of the way PENELOPE deals with inelastic collisions
of electrons and positrons, see Liljequist 1987, Salvat and Fernandez-Varea 1992 and
Fernandez-Varea et al 1993. For the simulation of electron and positron transport mechanisms,
PENELOPE implements a ‘mixed’ simulation scheme (Andreo and Brahme 1984), which
combines the detailed simulation of hard events with condensed simulation of soft events
(Fernandez-Varea et al 1993, Baró et al 1995, Bielajew and Salvat 2001).
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Table 1. Decay mode, half-life, maximum and mean kinetic energies (Emax and Emean respectively), and intensity of the annihilation photons emitted by the radioisotope considered in
this work (NNDC 2011).

Isotopes 18F 11C 13N 15O 68Ga 82Rb

Decay mode β+ β+ β+ β+ β+ β+

(Branching ratio) (96.7%) (99.8%) (99.8%) (99.9%) (89.1%) (95.4%)
Parent nucleus 18F 11C 13N 15O 68Ga 82Rb

(Generator: 68Ge) (Generator: 82Sr)
Parent Jπ 1+ 3/2− 1/2− 1/2− 1+ 1+

Daughter Jπ 0+ 3/2− 1/2− 1/2− 0+, 2+ 0+, 2+

Type of transition Allowed Allowed Allowed Allowed Allowed Allowed
Parent T1/2 (min) 109.8 20.4 10.0 2.0 67.7 1.3
Daughter nucleus 18O 11B 13C 15N 68Zn 82Kr
Emax (keV) 633.5 960.2 1198.5 1732.0 821.8, 1899.1 2601, 3378
Intensity 97% 99.8% 99.8% 99.9% 1.2%, 87.9% 13%, 82%
Emean (keV) 249.8 385.6 491.8 735.3 352.6, 836.0 1168, 1535
Intensity 97% 99.8% 99.8% 99.9% 1.2%, 87.9% 13%, 82%
Intensity of 193.5% 199.5% 199.6% 199.8% 178.3% 190.9%
annihilation photons
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Figure 1. Simulated energy spectra for the radioisotopes considered in this work. The distributions
are obtained with peneloPET following equation (1), and were normalized to the same value at the
maximum.

2.3. Positron annihilation

When the positron reaches thermal velocities (a few eV), it either annihilates directly with
an electron into two gamma rays, or first forms positronium (Ps) in the singlet (1S0, para-
positronium, p-Ps) or triplet (3S1, ortho-positronium, o-Ps) states (Berko and Hereford 1956).
Para-positronium decays only into two photons, while ortho-positronium decays into three
(Harpen 2004). The fraction of positrons forming positronium is known as the Ps yield. Using
the technique of Positron Age-Momentum-Correlation (AMOC), Castellaz et al (2002) have
measured Ps yields in a variety of liquids for an external 4 MeV positron beam. The Ps yield
in water was found to be 38% and in other liquids (organic solvents) it can be as high as 70%
in spite of positron recoil effects at the liquid surface. It seems reasonable to expect the yield
from lower energy sources embedded in tissue to be higher than the 38% found by Castellaz
et al in water, thanks to the lack of surface and the lower instance of in-flight annihilation.
In fact, Champion and Le Loirec (2006, 2007) estimated values of Ps yield of about 83% in
water, independent on the isotope considered. Owing to the fact that positronium is a neutral
particle and does not interact electromagnetically; the effect of Ps formation in the annihilation
process will be a higher positron range. The subsequent positronium drift could be estimated
from its residual momentum and effective half-life, as it has been described by Brawley et al
(2010a, 2010b).

Once formed, p-Ps is observed to decay in liquids with its vacuum lifetime, 125 ps (Asai
et al 1995). The observed lifetime of o-Ps in liquids is considerably shorter than its vacuum
value due to pick-off effect, where a second electron with opposed spin reacts with the positron
in the o-Ps atom resulting in two photon annihilation. The observed lifetime of o-Ps in water is
1800 ps, shorter than the vacuum lifetime of 140 ns (Westbrook et al 1989), but much longer
than p-Ps lifetime, thus we may conclude that most annihilations in tissue result in two-gamma
ray emissions despite the larger amount (3:1) of o-Ps initially formed (Harpen 2004).

While positron formation may be an important factor in positron range, in PeneloPET, as
in the majority of other Monte Carlo codes, such as EGS4, Geant4, etc; positron annihilation
is described as an in-flight process and formation of positronium is not considered. To the best
of our knowledge, only in Champion and Le Loirec (2006, 2007) and Le Loirec and Champion
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Figure 2. Schematic procedure to obtain aPSFsin and aPSFimg from the original 3D aPSF.

(2007a, 2007b, 2007c), was Ps formation considered. When considering the effect of Ps in
positron range, one must address Ps formation rates estimations inside tissues.

3. Positron range modelling

3.1. Positron range distributions

For a given positron emitting point source, the distribution of 3D Cartesian coordinates (x, y, z)
of the annihilation events provides the 3D annihilation point spread function (aPSF). A model
for aPSF was proposed by Palmer and Brownell (1992) and by Palmer et al (2005). In those
works, the aPSF for mono-energetic positrons (with energy E0 < 4 MeV) in isotropic media
was represented by a three-dimensional Gaussian. Other authors compute 1D distribution from
the aPSF. For instance, the projection onto one direction (aPSFsin), has been often employed.
This distribution can be readily transformed into sinogram representation (Blanco 2006).
aPSFsin distributions are employed for instance to report the results of the simulations of Levin
and Hoffman (1999), Champion and Le Loirec (2007) and Blanco (2006). This 1D distribution
is given by the expression:

aPSFsin(x) ≡
∫ ∞

−∞
dz

∫ ∞

−∞
aPSF(x, y, z) dy. (2)

A different 1D distribution can be formed by considering the profile, across the maximum,
of the aPSF projected in a plane (aPSFimg). This distribution is employed for instance in the
experimental work of Derenzo (1979) and in simulations performed by Blanco (2006). It is
given by:

aPSFimg(x) ≡
∫ Ym+�y

Ym−�y
dy

∫ ∞

−∞
aPSF(x, y, z) dz (3)

where Ym is the location of the maximum of the distribution projected in the plane and �y
is the sampling interval on y. The schematic procedure to compute these 1D distributions
starting from the original 3D aPSF is depicted in figure 2. aPSFsin has been fit to a sum of
two-exponential functions (Derenzo 1979):

P(x) = Ce−k1x + (1 − C) e−k2x; x � 0,k1 � k2; (4)
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Figure 3. aPSFsin obtained from a PeneloPET simulation of 18F in water and two-exponential fit
proposed by Derenzo (1979).

Figure 3 sketches aPSFsin for a 18F point source in water. We can consider three different
regions in the curve. For x → 0, the distribution is determined by the k1 coefficient. One has
to take into account that in this limit the behaviour of the distribution depends strongly on the
bin size chosen, thus k1 should not be employed to compare to other results available in the
literature. At intermediate values of x, the behaviour of the distribution is determined by k2,
that is a meaningful parameter to compare 1D distributions from different authors. Finally,
for large x, comparable to the maximum positron range, the 1D distribution is no longer well
represented by a sum of two-exponential functions, as it does not fall to zero for large distances,
contrarily to actual positron range distributions.

In homogeneous media, aPSF(x, y, z) must be spherically symmetric for a point source.
Thus it can be represented as aPSF(r). Therefore, 3D radial histograms can be also obtained
for the positron annihilation distribution:

g3D(r) ≡ 4π

∫ r+dr

r
r′2aPSF(r′) dr′ (5a)

G3D(r) ≡
∫ r

0 g3D(r′) dr′∫ ∞
0 g3D(r′) dr′ (5b)

g3D(r) represents the number of annihilations at a given radial distance. The 3D cumulative
distribution G3D(r) (equation 5b) can also be obtained from aPSF(r).

From the projection of aPSF(r) in the XY plane, we can obtain 2D distribution g2D(r) and
cumulative distribution G2D(r). These radial distributions can be obtained with the following
expressions:

g2D(r) ≡ 2π

∫ r+dr

r
r′aPSF(r′) dr′ (6a)

G2D(r) ≡
∫ r

0 g2D(r′) dr′∫ ∞
0 g2D(r′) dr′ (6b)
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Table 2. Main relations and definitions of different positron range distributions found in the
literature.

Relation Mathematical expression

R1 g3D(r) = 4π · r2 · aPSF3D(r)

R2 aPSFsin(r) = − ∫ r
0

1
2r′ g3D(r′) dr′

R3 G3D(r) = ∫ r
0 g3D(r′) dr′/∫ ∞

0 g3D(r′) dr′

R4 aPSFimg(r) = ∫ ∞
δ

1
4π ·r′(r′2−δ2 )1/2 g3D(r′) dr′

R5 g2D(r) = 2π · r · aPSFimg(r)

R6 G2D(r) = ∫ r
0 g2D(r′) dr′/∫ ∞

0 g2D(r′) dr′

Champion and Le Loirec (2007) and Alessio and MacDonald (2008) showed 3D
annihilation cumulative distributions G3D(r). Derenzo (1979) showed the 2D cumulative
distributions G2D(r).

3.2. Positron range modelling and simulation in PeneloPET

PeneloPET was used to simulate the positron range of 18F, 11C, 13N, 15O, 68Ga and 82Rb in the
following tissues: cortical bone, B-100 bone-equivalent plastic, skin, striated muscle, brain,
water, adipose tissue and lung. Table 8 (section 7) shows the physical properties of these
tissues, whose compositions were obtained from ICRU (1989) and ICRP (1975) databases.
For each isotope/material combination investigated, more than five million positron histories
were generated. aPSFsin(x), aPSFimg(x), aPSF(r), g3D/2D(r) and G3D/2D(r) distribution profiles
were histogrammed with a bin size of 10 μm.

4. Comparison of positron range estimates

4.1. Comparison of positron range distributions using a genetic algorithm

As many different ways of presenting positron range results are adopted in the literature, in
order to facilitate the comparison of our simulations to previous results, we have developed
a tool able of transforming a given positron range distribution into any other. We chose as
canonical distribution the radial 3D distribution g3D(r). In this work we employed the following
analytical expression for g3D(r):

g3D(r) ≈ C

[
(a · r + 1)

[
1 − r

r0

]n

− ε

rn

]
(7)

for r < r0, and zero otherwise. a, r0, n and ε (ε � 1) are fitting parameters which a genetic
algorithm (see Fernández-Ramirez et al 2008) will modify to adjust g3D to data on whatever
other quantity that can be derived from g3D (when needed, the relationships among different
positron range distributions, table 2 and appendix, are employed). C is a constant employed
to scale g3D to the data. In this work we present results scaled to a maximum value of one. By
means of the genetic algorithm and the transformation among different profile expressions,
results for range profile are employed to fit equation (7). Using g3D as canonical range
distribution is convenient, but other distributions could be employed as well. For instance,
the cumulative G3D is also a good indicator of positron range.

The analytical expression proposed in (7) has two parts. The first one represents the shape
of the g3D(r) distribution for r not close to 0, while the second term, diverging at the origin,
was added in order to give flexibility to fit to data when r → 0. One has to recall that actually
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Figure 4. Procedure to fit positron range distributions.

the divergence near the origin displayed by equation (7) poses no special problem as long as
the integral of equation (7) on any volume enclosing the origin, no matter how small, remains
finite. This functional form makes it possible to fit projected profiles whose behaviour near the
origin may depend on non-physical parameters, such as binning size. On the other hand, r0 has
a clear physical meaning: it represents the maximum positron range. Compared for instance
to expression (3) previously mentioned and often employed in the literature, equation (7)
shows the expected behaviour at large r. It has, however, one additional free parameter. The
expression is just the result of several attempts to get a phenomenological fit to the observed
range profiles imposing the condition for the profile to go to zero at a maximum range value.

As mentioned above, a genetic algorithm was used to fit g3D(r). The algorithm begins
producing individuals with initial random values of the parameters, representing many
possibilities for g3D(r). If needed, by means of relations (R1)–(R6) (see table 2), positron
range distributions expressed in any of the usual ways found in the literature are obtained
for each individual. The difference of the positron range distribution with the one taken as a
reference is evaluated in terms of χ2

i (see figure 4), that is employed as the fitness value for
each individual. Individuals with small fitness are replaced by new ones. Evolution proceeds
until a stable minimum χ i

2 is obtained. This fitting procedure has proven to be very robust,
and allows to obtain g3D(r) from positron range data expressed in any of the commonly found
ways. Figure 4 shows a schematic diagram of the procedure employed. The genetic algorithm
was running using 200 generations of 400 individuals each. This requires a few seconds on
a modern personal computer. We found that the genetic algorithm produced adequate best
fit parameters for all the profiles after single shot execution, without the need to prepare
initial estimates of the parameters. This was not the case when a more standard optimization
procedure, based on a steepest descent method, was tried instead.

4.2. Comparison of mean and maximum positron range values

We report (see tables 5 and 6, section 6.3) a comparison for PeneloPET to the available literature
concerning mean and maximum positron ranges in water, Rmean and Rmax, respectively. On the
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simulation side, we consider Champion and Le Loirec 2007, Partridge et al 2006 and Bailey
et al 2003, who reported Rmean values varying from ∼ 0.6 mm for 18F to ∼ 7.5 mm for 82Rb.
Concerning the maximum penetration of positrons in water, Rmax, we compare PeneloPET
results with Champion and Le Loirec 2007. On the experimental side, Cho et al 1975 have
measured range distributions for several nuclides. Additionally, we have also compared to
positron range measurements taken from Derenzo (1979). We compare also with semiempirical
expressions for the mean and maximum ranges. We consider the results of Katz and Penfold
1952, reviewed in Evans 1972. In his book, Evans estimates the mean positron range with the
following semiempirical expression:

Rmean(cm) ≈ 0.108
[
Emax

β (MeV)
1.14

ρ(gcm−3)
(8)

The maximum positron range, also called extrapolated range, is very similar to the
extrapolated range of electrons (see Evans 1972), and for energies between 0.01 and 2.5
MeV, it can be estimated from the following semiempirical relationship:

Rmax(cm) ≈ 412
[
Emax

β (MeV)
.n

ρ(mg cm−3)
; 0.01 � E � 2.5 MeV (9a)

With:

n = 1.265 − 0.0954 ln Emax
β (MeV) (9b)

Rmax(cm) ≈ 530Emax
β (MeV) − 106

ρ(mg cm−3)
; 2.5 � E � 20 MeV. (9c)

5. Annihilation distributions for PET isotopes using PeneloPET

This section shows positron range distributions for the isotope-material combinations
considered in this work.

5.1. 1D Positron range distributions

As we have already said, in order to obtain the 1D and 3D positron range distributions, more
than five million positron histories were generated for each isotope/material. The bin size was
10 μm. We can estimate the expected error in the parameters of the simulated positron range
distributions, from the variance of the Monte Carlo simulation. For instance, the expected error
for the radial position at which 0.1% of the particles survive is less than 0.1% for short-range
isotopes (as 18F or 11C) in water, less than 1% for large-range isotopes (as 68Ga or 82Rb) in
water, and less than 2% for long range isotopes in soft tissues, such as lung.

Figure 5 (left) shows aPSFsin distributions for different isotopes placed in water. Figure 5
(right) shows the same distributions for 18F placed in different materials. Table 3 shows the
values obtained for k2 parameters for the aPSFsin distributions and the isotopes studied in this
work in the following materials: cortical bone, soft bone (B100 bone-equivalent plastic), water
and lung.

As expected, aPSFsin spans a larger spatial range for increasing energies of the positron
and smaller spatial range for larger densities of the material in which the positron propagates
and annihilates.
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Figure 5. Left: aPSFsin distributions for 18F, 11C, 13N, 15O, 68Ga and 82Rb emitters in water. Right:
aPSFsin distributions for 18F emitter in different materials.

Figure 6. Left: g3D(r) distributions for 18F, 11C, 13N, 15O, 68Ga and 82Rb point sources in water.
Right: g3D(r) distributions for a 18F point source in different materials.

Table 3. k2 resulting from the fit to the positive x region of the aPSFsin distributions for each isotope
in the following materials: cortical bone, soft bone, water and lung.

Cortical bone Soft bone Water Lung
Isotope k2 (mm−1) k2 (mm−1) k2 (mm−1) k2 (mm−1)

18F 6.06 4.69 3.27 0.98
11C 3.29 2.54 1.79 0.53
13N 2.42 1.83 1.30 0.39
15O 1.43 1.10 0.77 0.23
68Ga 1.24 0.95 0.67 0.20
82Rb 0.59 0.45 0.31 0.10

5.2. 3D positron range distributions

Radial histograms weighted by the total number of annihilations at a given radial distance
[g3D(r)] and 3D cumulative distribution G3D(r) are studied in this section. Figure 6 shows
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Figure 7. Left: G3D(r) distributions for 18F, 11C, 13N, 15O, 68Ga and 82Rb point sources in water.
Right: G3D(r) distributions from a 18F point source in different materials.

Table 4. Comparison of the parameters resulting from the two-exponential fit for aPSFsin of
PeneloPET (in bold) and the ones of Champion et al 2007 (1), Levin and Hoffman 1999 (2),
Derenzo 1979 (3), Haber et al 1990 (4) and Blanco 2006 (5) for several isotopes in water. The
parameter of the fit for the universal profile is also shown in the table.

Water
Isotope k2 (mm−1)

18F 3.27/2.79(1)/3.1(2)/3.94(4)/3.38(5)

11C 1.79/1.49(1)/1.8(2)/2.19(3)/1.78(5)

13N 1.30/1.07(1)/1.4(2)/1.31(5)

15O 0.77/0.60(1)/0.90(2)/0.77(5)

68Ga 0.67/0.49(1)/0.87(3)/0.87(4)/0.65(5)

82Rb 0.31/0.22(1)/0.33(3)/0.39(4)/0.30(5)

Universal profile 3.20

g3D(r) for different isotopes placed in water (left) and g3D(r) for 18F placed in different
materials (right). Equivalent plots are presented for G3D(r) in figure 7.

6. Comparison of PeneloPET to previous results

A comparison of PeneloPET results for positron range and other studies of positron range,
either theoretical, simulated or experimental, presented in the literature is shown in this section.
Wherever some observable for an author was not available, the genetic algorithm was employed
to reconstruct g3D(r) and from it, other observables were derived.

6.1. 1D distributions

We will first consider k2 from the two-exponentials fit to aPSFsin given in table 4. Figure 8
(left) shows the dependence of k2 with the maximum β+ energy for the isotopes covered in
this work. We find discrepancies with other results in the literature below 20%, in the majority
of cases. The dependence of k2 on the density for a given isotope (18F in this case) is shown in
figure 8 (right).
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Figure 8. Left: dependence of k2 with the maximum energy of the positron spectrum for each
isotope. PeneloPET results are compared with results obtained with GEANT4 (Blanco 2006), Levin
and Hoffman (1999), Derenzo (1979) and Champion and Le Loirec (2007). Right: dependence of
k2 with the density of the media, for 18F.

Figure 9. Left: 3D cumulative distributions obtained with PeneloPET, GEANT4 (Blanco 2006)
and Champion and Le Loirec (2007) simulations, for 18F and 82Rb isotopes in water. Right: 2D
cumulative distributions for PeneloPET simulations compared to Derenzo (1979) experimental
results, for 11C, 68Ga and 82Rb isotopes in water.

Looking at figure 8, we note that PeneloPET estimations are in good agreement with
the results of other authors, except for Champion’s results, which under-estimate k2 values
compared to all other curves. This can be attributed to the consideration of positronium
formation by Champion et al, while it is not included in all other calculations.

On the right side of the figure we can see that the dependence of k2 on the density of the
propagation media is almost linear.

6.2. 2D and 3D cumulative distributions

In this section we compare G2D(r) and G3D(r) distributions to the experimental results of
Derenzo (1979) and with the simulations of Blanco (2006) and of Champion and Le Loirec
(2007). Figure 9 shows these comparisons, for G3D(r) (left) and G2D(r) (right). As it was the
case for k2, PeneloPET results are relatively close to GEANT4 ones (they are within 12% of
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Table 5. Comparison of PeneloPET, GATE and semiempirical estimates from equation (8) for
Rmean. Within parentheses are shown the deviations with respect to PeneloPET.

Rmean (mm) Rmax (mm)

Isotope Material PeneloPET GATE Equation (8) PeneloPET Equation (9)

18F Cortical bone 0.32 0.25 (−21.9%) 0.35 (9.3%) 1.28 1.24 (−3.2%)
Water 0.57 0.48 (−15.8%) 0.64 (12.3%) 2.16 2.27 (4.8%)
Lung 1.85 1.86 (0.5%) 2.14 (15.7%) 7.49 7.56 (0.9%)

11C Cortical bone 0.55 0.48 (−12.7%) 0.56 (1.8%) 2.18 2.12 (−2.8%)
Water 1.02 0.92 (−9.8%) 1.03 (1.0%) 3.67 3.91 (6.1%)
Lung 3.35 3.61 (7.8%) 3.45 (3.0%) 12.4 13.0 (4.6%)

13N Cortical bone 0.75 – 0.72 (−4.0%) 2.82 2.79 (−1.1%)
Water 1.40 1.30 (−7.1%) 1.32 (−5.7%) 4.88 5.16 (5.4%)
Lung 4.61 – 4.43 (−3.9%) 16.1 17.2 (6.4%)

15O Cortical bone 1.26 1.16 (−7.9%) 1.09 (−13.5%) 4.46 4.34 (−2.8%)
Water 2.34 2.21 (−5.6%) 2.01 (−14.1%) 7.92 8.02 (1.2%)
Lung 7.70 8.51 (10.5%) 6.73 (−12.6%) 24.7 26.7 (7.5%)

68Ga Cortical bone 1.44 – 1.20 (−16.7%) 4.89 4.78 (−2.3%)
Water 2.69 – 2.24 (−16.7%) 9.06 8.84 (−2.5%)
Lung 8.86 – 7.41 (−16.4%) 27.1 29.5 (8.1%)

82Rb Cortical bone 3.00 – 2.25 (−25.0%) 9.11 8.72 (−4.5%)
Water 5.33 – 4.29 (−19.5%) 16.5 16.1 (−2.5%)
Lung 17.6 – 13.90 (−21.0%) 52.0 53.8 (3.3%)

each other) and to the experimental ones (only available in the literature for the 2D cumulative
distribution, shown in the right part of figure 9), again with differences of the order of 10%,
while Champion’s results depart from the ones obtained in this work by more than 25%.

6.3. Comparison of Rmean and Rmax values

Mean positron range values were computed with PeneloPET for different media and compared
to GATE results (Lehnert et al 2011) and predictions of expression (8), reported by Evans
(1972). This comparison is displayed in table 5. Table 6 shows mean and maximum positron
ranges in water, Rmean and Rmax respectively.

6.4. Comparison of positron range distributions using a genetic algorithm

In the previous section we limited our comparison to observables actually quoted in the
literature. Here we will use the genetic algorithm described before, to make a comparison of
other observables related to positron range.

6.4.1. Fit of g3D (r). First, we examine how well the genetic algorithm is able of reproducing
g3D(r) in a test case with simulated data from PeneloPET. Figure 10 shows the g3D(r)
distribution fitted from the algorithm, using as input g3D, aPSFsin or G3D distributions. In
all cases, the g3D(r) distribution obtained from the simulation is also plotted. These figures
show that the analytical expression for g3D(r) proposed fits very well PeneloPET simulations.

Table 7 presents the resulting parameters of the fit of PeneloPET g3D(r) to equation (7),
for the different isotopes considered in this work, annihilating in water. The expected error,
resulting from the fit, in these parameters is less than 5% in all cases. It is important to
keep in mind that the r0 parameter in table 8 represents the maximum range of positrons. A
comparison of r0 to the maximum range derived from the PeneloPET simulations is included
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Table 6. PeneloPET results for Rmean in water compared to Champion et al 2007 (1), Partridge et al 2006 (2), Bailey et al 2003(3) and for Rmax, to Champion et al 2007 (1). The table
also shows semiempirical estimates from Evans (1972) (4) and measurements from Derenzo et al (1993) (5) and from Cho et al 1975 (6).

Rmean in water (mm) Rmax in water (mm)

Isotopes PeneloPET Other simulations Equation (8) Experiment PeneloPET Other simulations Equation (9)

18F 0.57 0.66(1)/0.6(2)/0.6(3) 0.64(4) 0.54(5)/0.9(6) 2.16 2.63(1) 2.27(4)

11C 1.02 1.13(1)/1.1(2)/1.1(3) 1.03(4) 0.92(5)/1.095(6) 3.67 4.54(1) 3.91(4)

13N 1.40 1.73(1)/1.5(2)/1.5(3) 1.32(4) 1.39(6) 4.88 5.75(1) 5.16(4)

15O 2.34 2.96(1)/2.5(2)/2.5(3) 2.01(4) 1.785(6) 7.92 9.13(1) 8.02(4)

68Ga 2.69 3.56(1)/2.9(2) 2.24(4) 2.8(5)/1.975(6) 9.06 10.3(1) 8.84(4)

82Rb 5.33 7.49(1)/5.9(2) 4.29(4) 6.1(5)/2.9(6) 16.5 18.6(1) 16.1(4)
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Figure 10. g3D(r) given by PeneloPET and the ones recovered with the genetic algorithm fitting
equation (7) using as input g3D, aPSFsin or G3D. For 68Ga in water.

Table 7. Parameters of the fit to the g3D distribution of PeneloPET to equation (7).

Water. Number of positrons simulated: 5 × 106

Isotope a (mm−1) r0 (mm)/Rmax n ri (mm)

18F 2.60 2.39/2.16 4.04 0.051
11C 1.48 3.80/3.67 3.16 0.21
13N 1.46 4.95/4.88 3.04 0.29
15O 1.15 7.90/7.92 3.09 0.36
68Ga 2.41 8.98/9.06 3.27 0.20
82Rb 7.13 16.6/16.5 3.11 0.41
Universal profile 2.48 2.44/2.35 4.03 0.0102

in the table. On the other hand, ri is obtained using the following expression for ε in expression
(7) ε ≡ 0.01 × rn

i . In table 7 one can also see the fitting parameters for the universal profile
computed in section 6.

6.4.2. Comparison to range distributions from other authors. We compare PeneloPET
positron range distributions with the ones presented by Alessio and MacDonald (2008),
Derenzo (1979), Champion and Le Loirec (2007) and Levin and Hoffman (1999). In their
paper, Alessio and MacDonald computed directly the g3D distributions for 18F, 11C, 13N and
82Rb isotopes annihilating in water. Derenzo calculated the aPSFimg and G2D distributions for
11C, 68Ga and 82Rb isotopes in water. Champion and Le Loirec computed the g3D, G3D and
aPSFsin distributions for 18F, 11C, 13N, 15O, 68Ga and 82Rb isotopes, also in water. Finally, Levin
and Hoffman obtained aPSFsin distributions for 18F, 11C, 13N and 15O isotopes.

Figure 11 shows aPSFsin(x) for 11C, 13N, 68Ga and 82Rb point sources in water. Figures 12
and 13 show the same plots for the g3D(r) and G3D(r) distributions. Alessio’s (Alessio and
MacDonald 2008) and Champion’s (Champion and Le Loirec 2007) results were obtained
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Figure 11. Comparison of PeneloPET results with the ones of other authors (Alessio—green,
Champion—blue, Levin—pink and Derenzo—red), obtained using the genetic algorithm, for the
aPSFsin(x) distributions of 11C, 13N, 68Ga and 82Rb isotopes annihilating in water.

Table 8. Comparison of PeneloPET mean and maximum positron ranges with the universally scaled
prediction for the different isotopes and materials (differences in percentage are also shown).

Mean positron range (mm) Maximum positron range (mm)

PeneloPET Universal PeneloPET Universal
Isotope Material simulation distribution simulation distribution

18F Adipose tissue 0.62 0.62 (−0.1%) 2.30 2.35 (2.2%)
B100 bone eq. plastic 0.41 0.40 (−2.9%) 1.55 1.49 (−3.9%)
Bone (cortical) 0.32 0.31 (−2.2%) 1.21 1.17 (−3.3%)
Brain 0.55 0.55 (0.0%) 2.10 2.08 (−1.0%)
Muscle 0.55 0.55 (0.2%) 2.06 2.08 (1.0%)
Lung 1.85 1.91 (3.6%) 7.41 7.20 (−2.8%)
Skin 0.52 0.52 (−0.5%) 2.00 1.96 (−2.0%)
Water 0.57 0.57 (1.2%) 2.16 2.16 (0.0%)

11C Water 1.02 1.03 (1.2%) 3.67 3.56 (−3.0%)
13N Water 1.40 1.41 (1.3%) 4.88 4.86 (−0.4%)
15O Water 2.34 2.37 (1.3%) 7.92 8.16 (3.0%)
68Ga Water 2.69 2.72 (1.3%) 9.06 9.35 (3.2%)
82Rb Water 5.33 5.47 (2.6%) 16.5 18.6 (12.7%)

taking the g3D distribution from their published figures. On the other hand, Levin’s (Levin
and Hoffman 1999) results were obtained from the published aPSFsin distributions. Finally,
Derenzo’s (Derenzo 1979) results were obtained from the published G2D distributions.
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Figure 12. Comparison of PeneloPET results with the ones corresponding to other authors
(Alessio—green, Champion—blue, Levin—pink and Derenzo—red), obtained using the genetic
algorithm, for the 3D angular integrated radial distributions [g3D(r)] of 11C, 13N, 68Ga and 82Rb
isotopes annihilating in water.

Looking at figures 11–13, one can observe sizeable differences for g3D and
aPSFsin distributions from different authors. On the other hand, the 3D cumulative distributions
(G3D) show smaller differences. Most distributions are well within 10% of each other, except,
the ones from Champion and Le Loirec (2007). Champions’ results are also the ones farthest
away from Derenzo data.

7. Scaling of positron range distributions

Positron range profiles can be scaled to obtain universal profiles independent of the density of
materials and energy of the emitter (Jødal et al 2012). To obtain material-independent profiles,
a scaling by the density of material can be performed. The physical properties of these tissues
were obtained from ICRU (1989) and ICRP (1975) databases.

A similar study of scaling with tissue density was recently presented by Jødal et al (2012).
In this work we scale with the electronic density of the material instead, because we expect
that positron range depends more linearly on relative electron density range are related by a
more linear law than on tissue density.

To see whether a universal curve for different emitters in water is possible, and following
a similar procedure than the one used by Jødal et al (2012), we scale also by the mean range
of the positrons emitted by the isotope considered, previously calculated from PeneloPET
simulations and quoted in table 8.
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Figure 13. Comparison of PeneloPET results with the ones corresponding to other authors
(Alessio—green, Champion—blue, Levin—pink and Derenzo—red), obtained using the genetic
algorithm, for the 3D accumulated range distributions [G3D(r)] of 11C, 13N, 68Ga and 82Rb isotopes
annihilating in water.

Figure 14 (left) shows tissue-scaled aPSFsin, g3D and G3D distributions for 18F. The right
side of the figure shows the range-scaled aPSFsin, g3D and G3D distributions for different
emitters placed in water and scaled by the mean range of the emitted positrons of each isotope.
The universal curves, given by the average of the different tissue-scaled curves, are also shown
in the figure. Table 8 shows mean and maximum ranges for different isotopes in water and
for 18F in different materials. These mean ranges are also compared with the ones obtained
from the universal curves. One can see that the mean and maximum positron ranges derived
from the universal profiles, both for different emitters and different materials, are very similar
to the ones obtained with PeneloPET, with discrepancies smaller than 5% in almost all cases.
Tissue-scaling in different biological materials, from cortical bone to lung tissue, as given in
table 8, is shown to be very good. Range profiles in different tissues can be described by a
universal curve with less than a 4% error. Range-scaling is not as good as tissue-scaling for
the emitters considered here. The g3D(r) distribution exhibits a larger sensitivity thus showing
poorer range-scaling than the 1D aPSFsin(x) and the cumulative G3D(r) distributions.

8. Discussion

In this work we derived positron range distributions for different settings, and compared them
to existing results in the literature. There is a significant diversity in the way different authors
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Figure 14. Left: scaled aPSF(x), g3D(r) and G3D(r) distributions for 18F in different tissues. Right:
comparison of different isotope distributions scaled by mean positron range.

present the results, for instance, using 1D projection of the positrons annihilation coordinates
(aPSFsin and aPSFimg), angular integrated radial distributions (g3D and g2D), or accumulated
range distributions (G3D and G2D). It is known that differences of 10% in the mean and
maximum positron range values lead to visible differences in range-corrected images (Cal-
González et al 2011). Although our estimations obtained with PeneloPET are in agreement
with other works and with experimental measurements, there is a clear need for improved
experimental results, in order to disentangle the role of positronium formation. Actually,
calculations that take this phenomenon into account (Champion and Le Loirec 2007) clearly
depart from most other results.

In our work we used a new procedure based on genetic algorithms to compare our results
with others available in the literature. We fitted the g3D distribution to an expression with 3
free parameters (a fourth parameter is fixed by the profile normalization condition used in
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the positron range model). The parameter r0 fits the maximum range, n fits the slope at the
end of the profile, and a determines the slope at intermediate distances (equation 7). This
fitting function outperforms the two-exponential sum proposed by Derenzo (1979) for the
aPSFsin, which fails for large x values. Other authors (Champion and Le Loirec 2007, Lehnert
et al 2011) proposed a Gaussian fit for g3D, with only three parameters. However, PeneloPET
results show that these functions depart from the Gaussian shape for large r values. More
recently, Jødal et al (2012) proposed a non-Gaussian fit that seems to perform similarly to
ours. However, their fit does not include any parameter explicitly related to maximum positron
range. As expected, g3D and aPSFsin distributions tend to be more different for several authors
and approaches, while 3D cumulative distributions (G3D) are more stable. G3D represents the
fraction of positrons annihilated within a sphere or radius r and it seems to be more robust to
compare results available in the literature.

We also compared the mean and maximum positron ranges in water obtained with
PeneloPET with those previously available in the literature (tables 5 and 6). Regarding the
mean range Rmean, a relatively good agreement is observed between our results and other
simulated or semiempirical estimates, with discrepancies ranging from 7% for 18F to 18% for
82Rb. However, the differences with the results of Champion and Le Loirec (2007) are larger,
up to 40%. Further, they are larger for larger positron range isotropes. These discrepancies are
likely due to the fact that Positronium formation is included in Champion’s results, in contrast
with our calculations and most other results that do not consider it. Regarding to experimental
data, PeneloPET predictions for 18F are in disagreement with the Rmean values measured by
Cho et al (1975) by more than 50% for 18F, but they are in relatively good agreement with
the data provided by Derenzo (1979). The discrepancies observed between our results and
some experimental data are likely due to the limited accuracy achievable in the experimental
procedures, since the detector resolution was comparable to the positron range for the lowest
range isotopes, such as 18F. Regarding the maximum range, Rmax, PeneloPET predictions
are consistent with those obtained from Evans’ empirical relationships (Evans 1972), while
the discrepancies with Champion and Le Loirec (2007) are substantial. Table 5 shows the
comparison of Rmean values obtained for different media with the results obtained with GATE
simulations and the theoretical predictions given by the expression in equation (8). Although
PeneloPET and GATE results are in good agreement, with discrepancies smaller than 10% in
almost all cases, larger relative differences can be observed for the higher range isotopes: 15O,
68Ga, and 82Rb.

As it was anticipated in some recent works (Jødal et al 2012), positron range distributions
predicted by PeneloPET after scaling by material densities yield very similar results for
different materials, with differences in the mean and maximum range values smaller than 4%
in most cases. Scaling by the mean range of the positron emitter is less accurate. For the
allowed decays considered here, scaling for different isotopes produces differences of about
5%, except for 82Rb, which shows discrepancies of about 12% in the maximum range (see
table 8). These two scaling rules would enable a reasonably accurate estimation of positron
range distributions for any isotope/material combination, and may play a key role for fast
algorithms aimed to correct images for positron range during reconstruction (Cal-González
et al 2011). The parametric expression for the universal scaled curves proposed in equation (7)
would facilitate these implementations.

Positronium (Ps) formation deserves a deeper discussion. As mentioned above, the results
of the work that considered Ps formation (Champion and Le Loirec 2007) depart from all the
other ones, which are otherwise in relatively good agreement with each other. This is somehow
understandable since Ps formation is expected to have a clear impact on the positron range,
especially for formation probabilities larger than 80%, such as the ones used in Champion and
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Le Loirec (2007). However, these results, that include Ps effects, do not match the experimental
results of Derenzo (1979) while it is unclear for the experimental values reported by Cho et al
(1975), which are in turn very different from the Derenzo’s ones for the larger range isotopes.
It is noteworthy that the improvement of the physical model by considering Ps formation
seems to worsen the agreement with experiments, especially for larger range isotopes. This
may be due to different Ps formation probabilities for different materials. While Champion
and Le Loirec (2007) values were extracted from simulations in water, Derenzo experiment
was performed in low-density polyurethane foam. Positronium formation probabilities might
be very different in liquid water than in the foam. In consequence, while the inclusion of
positronium effects in a simulation may be relatively straightforward, we must realize that
accuracy can only be achieved by knowing the formation probabilities for most body tissues,
or at least for bone, water and lung. Furthermore, Ps formation (and the ratio of o-Ps and p-Ps)
would not scale with electron density or tissue density as positron range does, because it also
depends on the momentum distribution of the electrons in the medium. In this way, the scaling
of positron range for different tissues should not be considered accurate until the issue of Ps
formation is solved. In order to complete the model and to achieve a thorough description of
the phenomena involved, accurate experimental measurements of positron range in relevant
biological tissues and Ps formation (and Ps lifetimes) are warranted.

9. Summary and conclusions

In this work we used PeneloPET to generate Monte Carlo simulations of positron range for
different radioisotopes in different media. aPSFsin, aPSFimg, g3D, g2D, G3D and G2D distributions
for each combination isotope/material were determined and PeneloPET predictions were
compared with values from previous literature. To this end, we also propose the use of a new
framework based on a genetic algorithm that fits the radial, angle integrated, g3D(r) distribution
of the annihilation points, to any distribution chosen as reference.

Our results were consistent with previous literature, except for the case of Champion
and Le Loirec (2007), which included positronium formation in their model. Insufficient
experimental data are available to properly assess the importance of positronium formation.
Therefore, more accurate experimental results for positron range, especially on newer isotopes
and in biological tissues are needed in order to correct for range effects, especially in preclinical
image reconstruction.

Finally, the scaling method to estimate the positron range distributions for any
isotope/material combination was confirmed according to PeneloPET simulations. Scaling
by the density of media has been shown to work well, and scaling for different isotopes allows
estimating positron range distributions with acceptable accuracy in most cases.
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Appendix. Relations among different positron range distributions

g3D(r) was expressed in section 2.5 as:

g3D(r) = 4π

∫ r+dr

r
r′2aPSF(r′) dr′

Assuming isotropy, we can consider the range distribution without integration in angles
( f 3D(r)), and obtain the following relationship:

g3D(r) = 4πr2aPSF3D(r) (R1)

Following the relations proposed in Poularikas (2000), the relationship between the 3D
and 1D distribution becomes:

aPSF3D(r) = − 1

2π · r
d[aPSFsin(r)]/dr

Using (R1) and (R2) we can relate aPSFsin(r) and g3D(r):

aPSFsin(r) = −
∫ r

0

1

2r′ g3D(r′) dr′ (R2)

The cumulative 3D distribution G3D(r) was obtained as a function of g3D(r):

G3D(r) =
∫ r

0 g3D(r′) dr′∫ ∞
0 g3D(r′) dr′ (R3)

For the aPSFimg and 2D distributions the Abel transform was used (see Poularikas 2000—
chapter 8):

aPSFimg(r) =
∫ ∞

δ

1

4π · r′(r′2 − δ2)1/2
g3D(r′) dr′ (R4)

g2D(r) can be obtained from aPSFimg(r):

g2D(r) ≡ 2π · r · aPSFimg(r) (R5)

Finally, the cumulative 2D distribution G2D(r) was already expressed in terms of g2D(r) in
section 2.5:

G2D(r) =
∫ r

0 g2D(r′) dr′∫ ∞
0 g2D(r′) dr′ (R6)

Using (R1)–(R6), g3D(r) can be related to any other positron range distribution.
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