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Abstract

We consider a semiparametric transformation model, in which the regression func-
tion has an additive nonparametric structure and the transformation of the response is
assumed to belong to some parametric family. We suppose that endogeneity is present
in the explanatory variables. Using a control function approach, we show that the pro-
posed model is identified under suitable assumptions, and propose a profile estimation
method for the transformation. The proposed estimator is shown to be asymptotically
normal under certain regularity conditions. A simulation study shows that the esti-
mator behaves well in practice. Finally, we give an empirical example using the U.K.
Family Expenditure Survey.
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1 Introduction

In this paper we consider the problem of estimating a semiparametric transformation model,
when some explanatory variables in the model are endogenous. Endogeneity is an important
issue in statistics, which is however often ignored in practice. It arises naturally in observa-
tional studies, like e.g. in medicine, economics, social sciences, psychology, education, etc. It
occurs when some of the independent variables in the model are related to the error term.
The formal meaning of ‘being related to the error term’ depends on the model, like e.g.
it could mean that the conditional expectation of the error term is non-zero, or that the
error term and the independent variables are not independent. Endogeneity can happen e.g.
when relevant explanatory variables are omitted from the model, when certain variables are
measured with error, when confounding factors are present, or when simultaneous equations
are in place. On the other hand, covariates that are not related to the error term are called
exogenous. We refer to the textbooks by Hayashi (2000), Wooldridge (2008) and Imbens
and Rubin (2015) for excellent introductions into the problem of endogeneity and how to
cope with it in identification, estimation or testing problems.

We are interested in studying the issue of endogeneity in the context of semiparametric

transformation models of the following form :
AN(Y)=0(X,Z) +e. (1.1)

Here, the response Y is one-dimensional, X takes values in R%  and Z in R%, with d, > 1
and d, > 0. The class {Ag : 0 € O} is a parametric family of strictly increasing functions,

and the true regression function ¢y(-,-) has an additive structure given by

dz dz
¢0($,Z) = C+Z¢§O('xa> +Z¢?O(za>7 (12)
a=1 a=1

with E[¢%,(X4)] = 0 for a = 1,...,d, and E[¢p%(Z,)] = 0 for « = 1,...,d.. We assume
moreover that X is endogenous, while Z represents a vector of exogenous random variables,
meaning that (X, Z) and € are not independent. Our objective is to identify the structure
(Ag(+), o(+,-), Fe(+) = Pr(e < +)), to estimate € and ¢ given a sample of observations and to
do inference on these estimators.

When endogeneity is present, ordinary regression techniques produce biased and incon-
sistent estimators. There exist several approaches to cope with this issue. The technique we
use in this paper is based on so-called ‘control variables’. A control variable is such that the

error term in the model is conditionally unrelated to the explanatory variables given this



control variable, whereas without conditioning on this variable the explanatory variables (or
at least the endogenous ones) would be related to the error term. So, in a sense the control
variable re-establishes in a sense the desirable property that the covariates and the error
term are not related, which is crucial to do correct inference. The control function approach
has been detailed in several papers, see e.g. Newey, Powell and Vella (1999) or Imbens and
Newey (2009).

A legitimate question is how to find an appropriate control function in practice. As we
will see further in this paper, a control variable can be constructed once we have so-called
‘instrumental variables’ at our disposal. These are variables that are not part of the original
model, they are depending on the endogenous variables conditional on the other covariates,
and they are unrelated to the error term in the model (i.e. the instruments do not suffer from
the same problem as the original explanatory variables). In other words, the instrumental
variable does not have a direct effect on the response, other than through the endogenous
variables.

We illustrate the concept of instrumental variable by means of the following textbook
example : let X be the price of an agricultural good, and let Y be the demand for the
good. This is a case where endogeneity could be present, since the price of a good influences
the demand, and vice versa (so we have so-called ‘simultaneous equations’). A possible
instrument W in this case could be a certain measure of favorable growing conditions, since
it could be believed that W is related to X and does not influence Y in a direct way, other
than through X.

Many other examples can be found in the literature, see e.g. Angrist and Krueger (2001),
Johannes, Van Bellegem and Vanhems (2013) and Manzi, San Martin and Van Bellegem
(2014). Detecting sources of endogeneity and finding appropriate instrumental variables is a
difficult empirical problem. The aim of this paper is not to propose solutions to this problem.
Researchers doing applied work are in a much better position for answering this delicate
question. Instead, our goal is to study the interesting statistical challenges encountered
when endogeneity arises in the semiparametric transformation model defined in (1.1) with a
given instrumental variable W.

Transformation models lie at the heart of many problems in statistics, since they aid
interpretability, they lead to approximately additive regression functions, they stabilize the
variance of the error, and they help to obtain errors that are approximately normal. A
seminal paper in the literature on transformations is the one by Box and Cox (1964), who
proposed a parametric family of power transformations that includes as special cases the

logarithm and the identity. Other transformations have been proposed in the literature, like



for example, the Zellner and Revankar (1969) transform and the Bickel and Doksum (1981)
transform. See also the book by Carroll and Ruppert (1988) and the review paper by Sakia
(1992) for more details and references on this topic.

Various papers have studied transformation models under different sets of assumptions.
In a fully exogenous setting, some papers have considered nonparametric forms for A and
¢, like Horowitz (2001) or Jacho-Chavez, Lewbel and Linton (2010). Other papers have
analyzed semiparametric transformation models by either assuming a parametric form for ¢,
like in Horowitz (1996) or Moon (2013), or a parametric form for A, as in Linton, Sperlich and
Van Keilegom (2008). The latter model has also been studied by Colling, Heuchenne, Samb
and Van Keilegom (2015) and Heuchenne, Samb and Van Keilegom (2014), who studied
nonparametric estimators of the density and of the distribution function of the error term,
and by Colling and Van Keilegom (2014) and Neumeyer, Noh and Van Keilegom (2014),
who developed tests under this model. Our work extends the latter model by considering a
vector X of endogenous variables, and we focus on the problem of estimating the different
components of the model.

The issue of endogeneity has already been investigated in the setting of transformation
models. Chiappori, Komunjer and Kristensen (2010) consider a fully nonparametric setting
and, with a little stronger assumption of conditional independence between € and one coor-
dinate of X, are able to identify the model and recover a parametric rate of convergence for
the estimated transformation operator. On the other hand, Florens and Sokullu (2012) and
Feve and Florens (2010) consider a semiparametric form for the function ¢ and identify and
estimate the model using an instrument W and by imposing very few technical assumptions
(like conditional mean independence) in the line of ill-posed inverse problems theory. In our
case, the parametric assumption concerns the operator A and we identify the model using a
control function approach.

We also note that there exists a limited literature on other semiparametric regression
models with endogenous variables. We refer to Chen and Pouzo (2009) for semiparametric
inference with nonsmooth residuals, Florens, Johannes and Van Bellegem (2012) for instru-
mental regression in partially linear models, and Birke, Van Bellegem and Van Keilegom
(2014) for instrumental regression in semiparametric single index models.

At last, one could also relate our work to the semiparametric analysis with generated
covariates developed in Mammen, Rothe and Schienle (2012) since the control function needs
to be estimated in a first step. However, we also need to take into account the estimation
of the density of the error term € in the estimation process, and our estimation procedure is

therefore, from a structural point of view, quite different from theirs. We will detail more



explicitly the differences with the existing literature further on in this paper.

The paper is organized as follows. Section 2 is devoted to the identification of the model.
In Section 3 we explain in detail our estimation procedure. Section 4 states the consistency
and asymptotic normality of the estimators of 6 and ¢. A finite sample study is presented in
Section 5, including some simulations and an application to real data, and we also propose a
bootstrap procedure to estimate the distribution of 0 in practice. Some general conclusions

are given in Section 6, and finally all the proofs are collected in the Appendix.

2 Identification

Consider model (1.1) with, as explained earlier, a vector of endogenous variables X and a
vector of exogenous variables Z. We use a control function approach to treat the endogeneity

and we assume that there exists a control variable V' such that :
(A.1) (X,Z) and € are independent conditional on V/
(A.2) The support of V' conditional on (X, Z) equals the support of V.

These assumptions are standard in the literature on nonseparable models (see Imbens and
Newey 2009) and will allow to identify the functions ¢ and F,. The result we present below
allows to identify the fully nonparametric structure (A, ¢, F,), i.e. ¢ is not necessarily additive
but can take any functional form, and A can be any monotone transformation that does not
necessarily belong to a parametric family. Therefore, in this section, we omit the index 6 for
the operator A and the functions ¢ and F..

To stick to a general setting, we suppose there exists an unknown function r and an
instrumental variable W such that V' = r(X, Z, W) satisfies assumptions (A.1) and (A.2)
and r is identified. In Remark 2.2 below, we will give some classical examples of this function
r. Moreover, we assume that the random vector (X, Z, WY is absolutely continuous with
density fx zwy, whose support is Rx 7wy C Ri=td=tdutl
We also need to identify A and based on Chiappori, Komunjer and Kristensen (2010) and

Linton, Sperlich and Van Keilegom (2008), we impose the following additional assumptions:

(A.3) Ais a continuously differentiable and strictly increasing function defined on the support
Ry of Y.

(A.4) For almost all (z,z) € Ry, 7 (the support of (X, 7)), the density fqx z(-|z, z) exists, is

strictly positive and continuously differentiable.



(A.5) The derivative of ¢ with respect to x; (the first coordinate of z) exists and the set

(A.6)

{(z,2) € Rx z: %qﬁ(z, z) # 0} has a nonempty interior.

E(A(Y)) = 1, A(0) = 0, and E(e) = 0.

Our result is based on the equality:

Fyixzv(ylz,z,v) = PriA(Y)< AW X =2, Z=2, V =1
— Pre< A - O(X, 2K =3, Z=2, V=1
= Prle < A(y) — ¢(z,2)|V =],

where the first equality comes from the monotonicity Assumption (A.3), and the third one

follows from Assumption (A.1). Then, following Imbens and Newey (2009) we have:

[ Fixavtole, 2 0 Fue(@) = FAG) - 6(z.2) (2.1)

Proposition 2.1. Under Assumptions (A.1) — (A.6), the structure (A, ¢, F,) is identified.

The proof is given in the Appendix.

Remark 2.1. 1. Note that Chiappori, Komunjer and Kristensen (2010) suggest a slightly

different independence assumption, instead of (A.1): € is independent of X, conditional
on (X_1,2,V) (where X = (X1,X_1)). Although an equivalent identification result
could be derived with their set of assumptions, the estimation of the parameter 6 would

become more tricky since the distribution of € would remain conditional on (X_1, 7).

Note also that Proposition 2.1 only gives sufficient conditions to identify the structure
(A, ¢, F,). In particular, Assumption (A.2) could be weakened using a separability as-
sumption as proposed in Newey, Powell and Vella (1999). Indeed, once A is identified
using Assumptions (A.1), (A.3) — (A.6), we get:

E(MAV)X =2,Z =2V =v) = ¢(z,2) + A(v),

where \N(v) = E[e|V = v]. Then, using Theorem 2.2 in Newey, Powell and Vella (1999)
and the normalization assumption (A.6), we conclude that if there is no functional
relationship between (X, Z) and V', then ¢ is identified.

Remark 2.2. Note that different candidates can be proposed to characterize the control
variable V. In the line of Newey, Powell and Vella (1999), V' can be defined as the error of

the following (separable) nonparametric model :

X =y(Z,W)+V, (2.2)
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where W is a vector of instrumental variables taking values in R*™ such that (¢,V) and
(Z,W) are independent, in order to satisfy Assumption (A.1).
A second option would be to consider a monseparable model and a single endogenous
variable X defined by:
X = (2, W), (2.3

where 1) is strictly monotone in 1. Then, V = Fxzw(X|Z,W) = F,(n) is a uniformly
distributed control variable under the following conditions: (i) (e,n) and (Z,W) are inde-
pendent, and (ii) n is a continuously distributed random variable with strictly increasing
distribution function on the support of n and (Z, W,t) is strictly monotone in t with prob-
ability 1 (see Imbens and Newey 2009 for more details).

A natural extension of model (2.3) when X is multidimensional, consists in considering

the set of one-dimensional independent models:

and = (M, ..., Na,)-

3 Estimation

Although a fully nonparametric approach is possible, we return now (and for the rest of
the paper) to model (1.1), which assumes that the transformation A is parametric and that
the true regression function ¢y has the additive structure given in (1.2). Hence, we assume
that A(-) = Ag(+), for some parametric family {Ay(-) : 6 € O}, where we suppose that O is
compact. Indeed, considering a parametric transformation can lead to easier interpretation,
like for the family of power transformations proposed by Box and Cox (1964), and the Bickel
and Doksum (1981) class of transformations.

From equation (2.1) we obtain:

/fyx,z,v(ylx, 2, 0)dFv(v) = feay) (Bo(y) — o, 2)) - Ag(y), (3.1)

where f.g,) and fy|x,zv are the probability density functions of € and of ¥ given (X, Z,V),

respectively, and where 6, is the true value of 6 and Ay = Ay, .



Consider now a randomly drawn i.i.d. sample (X;, Z;, W;, Y;), i = 1, ..., n from the random

vector (X, Z, W,Y). Then, the criterion function is derived from equation (3.1) by:

S~ {1ogl ) (Mo(¥:) = d0(Xi, 2))] + logAg(¥i)] }. (32)

i=1

This criterion function depends on the unknown functions fc4,), 7 and ¢y. The idea
is now to estimate 6 be replacing all unknown quantities in the above criterion function
by nonparametric estimators for a fixed value of 6§, and to maximize the so-obtained ex-
pression with respect to the unknown parameter 6. In what follows, we denote H (0, f,¢) =
E{log[f (Ao(Y) — (X, Z))]+1og[Ay(Y)]} and we let H,(6, f, ¢) be its empirical counterpart.

Let us first of all consider the estimation of the function ¢y. Consider, for § € ©, the

functions
me(z,z,0) =EN(YV)|X =2,Z =2,V =)
and
dy d
514w, 2) = co+ Y 0(wa) + D $%(2a)
a=1 a=1
with ¢%(zo) = E(my(ra, X0, Z,V)) — co, where X = (Xo X 0), 0%(2a) =
E(me(X, 2z, Z—0,V)) — cg, where Z = (Z,,Z_,,), and ¢y = E[Ag(Y)]. Hence, for estimating
add

add(z, z), we first need to estimate my(z, z,v).

Remark 3.1. Note that for ¢g(x,z) := Elmg(z, 2, V)] we have in general that ¢§%(z,z) #

ooz, 2) except if 0 = Oy, since the additive structure of mg(z,z,v) only holds for 0 = 6.
Denoting my = my,, we have that
m0($,27’0) = ¢0(.T,Z) +>‘(U)7 (33)

where A\(v) = E [¢]V = v] using assumption (A.1). Note that, under Assumption (A.6) we

have:
EXV)=E[E(e] V)] =Ee = 0.

We assume in what follows that we dispose of a nonparametric estimator of V; =
i

r(Xy, Z;, W;), denoted by V; = 7(X;, Z;,W;) (i = 1,...,n). For instance, consider the non-

separable equation (2.3). A nonparametric estimator of V; is then given by

Vi = Fxpzw(Xi|Z, W)

_ Z?:l X, < X0)Ky(Z; — Z;) Kpy(W; — W)
- T Kn(Zi— Z)Ka(Wi— W) (3.4)

j=1

7



where K is a d-dimensional product kernel of the form K(uy,...,ug) = H?Zl k1(u;), with
d =d, or d,, and k; is a univariate kernel function. As usual, h is a bandwidth converging to
zero when n tends to infinity, k15,(-) = k1(-/h)/h and Kp(uq, ..., ug) = H?Zl kip(u;). Later
in the paper we will develop conditions on V; — V; that are needed for the asymptotic theory.

We first estimate the function my(z,z,v) by using a nonparametric kernel estimator
based on (X;, Z;, ‘Z,Yi) (i=1,...,n):
me(x,z,v) = E AV X =2,7Z = z,\A/ = v]

Doy Do (Yo) Kin(z — Xi) Kin(2 — Zz')Kh(U: ‘72‘).
> iy Kn(r — Xo) Kn(2 — Zi) K (v = V;)

For simplifying the presentation, we work with the same bandwidth for all variables.
In what follows, we use marginal integration techniques (see e.g. Linton and Nielsen
1995). Note that other methods could have been used like smooth backfitting techniques

(see Mammen, Linton and Nielsen 1999). We briefly comment on this in Section 4. Consider

o~

1< PN
o a = - m oquaiyZiu‘/; — ¢ :17"'7dx
) = Yl -& )

-~

1< ~
s « = - m Xi7 omeazd‘/ri — G :17"'7d27
W) = (X )-%  (a )

where ¢g = n=' 3" | Ap(Yi). The nonparametric estimator of ¢§%(z, 2) is now given by:

“dd (x,2) =Cp + Zﬁbze (xa) + quzg (za)- (3.5)

Using the estimator of ¢2%(x, z) we can now estimate the error density fe(o) of the variable
€(0) = Ap(Y) — ¢844(X, Z) for a fixed value of 6:

=y e —@(0)). (3.6)

where €(0) = Ap(Y;)— Agdd(X,-, Z;), ko is a univariate kernel, and g is a bandwidth parameter.
Finally, we are in position to estimate the transformation parameter 6, by plugging-in

the estimators of all unknown quantities in the criterion function given in (3.2):
i = H, (6, Juwy, 95 .
arg max Fe): 9 (3.7)

= g 3 {loalf (Ao(¥D) = G5, Z))] + o5 ()] .



Once 6 is estimated we can estimate the unknown regression function ¢o(z,y). This gives

Q?add(ffa Z) = ag\dd(% Z)

for any x and z.

4 Large sample properties

In this section we present the consistency and the asymptotic normality of our estimators.
Our consistency result will be proved using the paper by Delsol and Van Keilegom (2014),
which considers general semi-parametric M-estimation problems when the criterion function
is not necessarily smooth and is allowed to have several local maxima. This framework
is appropriate in our context, since the criterion function defined in (3.7) depends in a
complicated way on 6, and so the existence of a unique (local) maximizer is not guaranteed.

The regularity conditions (C.1)—(C.10) under which the results below are valid, are given
in the Appendix.

Theorem 4.1. Assume (A.1)-(A.6) and (C.1)-(C.9). Then,
é\— 90 = 0.

Given that we now know that § is a consistent estimator of 0y, we can from now on
maximize the criterion function with respect to a shrinking neighborhood around 6. In this
shrinking neighborhood the criterion function will have a unique local maximum (namely é\)
and hence we can from now on consider @ as the solution of the derivative of the criterion
function H with respect to € over this shrinking neighborhood, and prove the asymptotic
normality using the general framework considered in Chen, Linton and Van Keilegom (2003)
on semiparametric Z-estimation. (Note that Delsol and Van Keilegom (2014) also propose
some asymptotic distribution theory of their estimator, but in a much more general setting
since their criterion function may not be differentiable, which is not our case.)

We now denote © for a shrinking neighborhood of the finite dimensional parameter set
around 6y (and we will implicitly consider the associated shrinking neighborhood for the
infinite dimensional parameter space). We define a non-random measurable vector-valued

function G by the derivative of the function H with respect to 6:

G(0,v5") = E{M(0,v", X, Z,W,Y)}.



add j5 3 vector of nuisance parameters defined by

’Ygdd - ( 5 ¢add7 f f fe(@))ta

Here, vj

where gb“dd (respectively fe(g ) denotes the vector of partial derivatives of ¢3¢ (respectively
fe(e)) with respect to the components of § and [/, (y) denotes the derivative of f()(y) with

respect to y, and the function M is defined as follows:

M0, ~v5% X, Z, W,Y) (4.1)
1 . - fy(Y)
= CO)] [fe(e N{Aa(Y) — ¢5*(X,2)} + fe(e)(ﬁ((‘)))] + AL(Y)

Let M, (0,v§%) = n=t 5" M(0,~§%, X;, Z;, W;,Y;). Then, M, (0,75%) is the derivative
(up to the multiplicative factor n~') of the criterion function defined in equation (3.7) with
respect to 6, where 739 = ( “dd, gzﬁzdd f6 J/i’(g), ﬁ(g))t.

Remark 4.1. Note that, by construction, G(0,73%) = 0 at § = 0y € © where Oy € O and

yadd = fygdd are the true unknown ﬁmte and infinite dimensional parameters. Note also that
| M, (0,789 || takes its minimum at 0, where | - || denotes the Euclidean norm.
We denote by I' the matrix of partial derivatives of G(6,74%) with respect to 6:
I = (0, o ‘ 4.2
0.5, (1.2
We also need to introduce the matrix
¥ = Var{A(T)}, (4.3)
where
dy+ds
AT) = M(6y, 3% T) + Z D(T) + Dy(T), (4.4)

T = (X,Z,W,Y), and the functions D} and D, are given in (7.6) and (7.7) in the Appendix.

We are now ready to state the asymptotic normality result :

Theorem 4.2. Assume (A.1)-(A.6) and (C.1)-(C.10). Then,
n'2(0 — 6,) % N(0,9),

where

Q=r"'n1H!
and where T and 3 are defined in (4.2) and (4.3).

10



The following corollary is a by-product of the main result:

Coro
and d

s) = /kf(u)du i fs.(8a) Var{ [AO(Y) — mg, (.S, V)] f§a1|s,a,v(5a’5—m V)

llary 4.1. Assume (A.1)-(A.6) and (C.1)-(C.10). Consider the notation S = (X, Z)
s =d, +d,. Then, for any s = (x,2) € Rx z,

(nh)/2(6°(s) = Gols)) > N(0,0%()).

Sa:sa}.

a=1

Let us comment on these asymptotic results:

1.

It can be seen from the proof of Theorem 4.2 that the extra terms in the formula of
¥ come from the estimation of the nuisance functions ¢y, ¢§%, Jeo)s fé(eo) and fe(go).
Note that these terms would be equal to zero if (X, Z) and € would be independent,
which is the case in the exogenous model considered by Linton, Sperlich and Van
Keilegom (2008). Another difference between the variance in the endogenous and the
exogenous case lies in the formula of ¢g%(z, ) (denoted by mg(z) in their paper). Even
for 0 = 0y, the function ¢g(z, z) is different in the two cases, namely in the exogenous
case it equals E[Ao(Y)|X = x,Z = z|, whereas in the endogenous case it is given by

JEMNY)X =2,Z =2,V =0v]dFy(v).

. Note that the asymptotic distribution of gg“dd(:v, z) in Corollary 4.1 is the same as that

of g/b;gdd(m, z), i.e. the asymptotic distribution is as if the parameter 6y were known.

. Instead of using the marginal integration method to estimate ¢o(z,z), we could as

well use other estimation procedures, like e.g. the smooth backfitting method (see e.g.
Mammen, Linton and Nielsen, 1999, and Mammen and Park, 2005). However, the
proofs are considerably more complicated in that case. For the smooth backfitting,
we expect that the asymptotic distribution of 0 will be the same as for the marginal

integration method, except that ¢3%(x, z) is now given by the components depending

on z and z of the function mg%(z, z,v) defined as:

2
mgdd(x, z,0) = argminmeMadd/ [mg(a:, z,v) —m(x, z,v)] dFx zv(z, z,v),

11



where

do d.
Maga = {m cm(x,z,v) = mea (o) + Zmza(za) + my(v)
a=1 a=1
for some my,, ..., Mgy My, 7mzdz,mv} )

Proving the asymptotic properties of this type of estimator is however not at all an
easy task. We therefore restrict attention in this paper to the marginal integration
estimator. The refinement of our method to smooth backfitting methods (or other

methods to estimate an additive regression function) is left as a topic of future research.

. The asymptotic results of this section can be compared with some related papers.
First of all, the paper by Mammen, Rothe and Schienle (2012) considers also a general
class of semiparametric optimization estimators with infinite-dimensional nuisance pa-
rameters that include a conditional expectation function estimated nonparametrically
using generated covariates. In our model, the generated covariate V' affects the func-
tion ¢, its derivative with respect to 6, the residual density function f.) as well
as its derivatives with respect to the principal argument and to 6. This structural
difference between both models has of course an impact, not only on the estimation

step, but also on the inference.

Second, our model extends the setup considered in Linton, Sperlich and Van Keilegom
(2008), which includes no endogenous variable X, and therefore no generated covariate
V. As it has just been stressed, the estimation of V appears in each step and thus
affects all the nuisance functions. In addition, the assumption of endogeneity implies
that (X, Z) and € are not independent anymore, which complicates a lot the derivation
of the asymptotic variance in Theorem 3.2. This second main difference is stressed in
the first comment above, as well as in the proof where more lemmas are required to

derive the asymptotic normality (Lemmas 7.2 and 7.3).

Third, our framework is also very different from Imbens and Newey (2009) although
the identification proof is partly based on their arguments. From a structural point of
view, we need to identify two functions namely A and ¢ whereas they only consider the
identification of ¢. Moreover, we consider a semiparametric model and our estimation
procedure includes the estimation of the parameter 6 (whereas they consider a fully
nonparametric setting). As we have stressed above, the estimation of # in an endoge-

nous setting complicates a lot the estimation step, since our model also requires the
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estimation of the function ¢ and the density f. of the error, as well as the derivatives
of ¢ and f..

5 Finite sample study

5.1 Simulations

We consider the following data generating process:
A@(Y) = bg + le + €,

where Ay is the Box-Cox transformation, that is Ag(y) = % (0 #0), Ao(y) = log(y)
(0 = 0), and € is drawn from N(0,02). In this setting, we omit the exogenous variable Z.

The variable X is generated from the following generating process:
X:Cl0+a1W+CL2€+U,

where W, € and U are mutually independent, 1 is drawn from N (0, 02) and U from N (0, ¢2).
The regressor X is then correlated with the error term e and the instrumental variable W is
correlated with X but not with € in order to correct for this endogeneity issue. The control
function V' is identified as the residual of the regression of X on W. We present here the
results for the case where by = 1,0, = 0.25,a9 = 1,a; = —0.5,a2, = 2, 0, = 1,0, = 0.25 and
o, = 0.2

The parameter 6 is set equal to 1, 2 and 3 and is estimated using the package ” optimize”
in R. We use the gaussian kernel and fix the bandwidth parameters as follows: hyx = hy =
0.1, Ay = 0.04 and h. = 0.05. Note that optimizing the bandwidth parameters in order to
minimize the mean squared error should give better results but we believe this is beyond the
scope of this paper. The Monte Carlo study has been performed with mc = 500 replications
and a sample size n = 100. We provide each time the mean, the standard deviation and the
mean squared error (mse hereafter) of 6. We also provide the bias, the standard deviation
and mse for the nonparametric estimator gg(x) evaluated at the median value of X. Moreover
we also present the same results when the true value of V' is used. The results are summarized
in Table 1 and show that the method works well for reasonable sample size, that is the bias

and variance are relatively small.
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0y | mean(6) sd ) mse(@) bias(¢) sd(¢) mse(QAﬁ)

(6 (¢

1 ]0.94 (0.96) 0.69 (0.64) 0.48 (0.41) | 0.09 (0.09) 0.44 (0.42) 0.20 (0.18)
1.91 (1.95) 0.76 (0.74) 0.58 (0.54) | 0.06 (0.06) 0.36 (0.38) 0.14 (0.14)
3 12.89 (2.93) 0.81 (0.79) 0.66 (0.63) | 0.05 (0.05) 0.33 (0.34) 0.11 (0.11)

Table 1: Simulation results for 6y and ¢y(x) evaluated at the median of X. The numbers

between parentheses correspond to the values computed using the true control function V.

5.2 Bootstrap

Note that although the asymptotic limit of n!/ 2((/9\— 0p) is explicitly defined and has a
simple normal distribution, it cannot be directly applied in practice, since the covariance
matrix contains a number of unknown quantities, namely the parameter vector 6, the error
density fe(g,), its derivative f/ (8 the function ¢y and the derivatives of these functions with
respect to 6. Each of these functions can be estimated by a kernel estimator, by taking the
appropriate derivative of the kernel estimator of ¢y and of f.(,) given in (3.5) and (3.6). This
approach leads (under suitable conditions on the bandwidths) to a consistent estimator of
the asymptotic variance, by using similar results as in Lemma 7.1 (for ¢y and its derivatives)
and Lemma 7.2 (for fg,) and its derivatives). However, we do not recommend to follow
this approach in practice since some of these unknown quantities are hard to estimate and
require the introduction of new smoothing parameters.

An alternative approach consists in approximating the variance, or even the whole dis-
tribution, of 0 by means of a bootstrap procedure. The use of bootstrap techniques in the
context of semiparametric inference has received a lot of attention in recent years. Chen,
Linton and Van Keilegom (2003) propose a naive bootstrap procedure and give primitive
conditions under which the bootstrap estimator converges to the same limit as the original
estimator. Our estimator, which is a two-step semiparametric Z-estimator whose nuisance
function depends on 6, is a special case of the general estimator considered in their setting. In
a closely related context of one-step semiparametric M-estimation whose nuisance function
is independent of #, Cheng and Huang (2010), respectively Cheng (2015), proposed an ex-
changeable bootstrap scheme for approximating the distribution, respectively the moments,
of @\, whereas Cheng and Pillai (2012) proposed a model based bootstrap procedure. Finally,
instead of using a bootstrap procedure, one could also make use of Bayesian inference tech-

niques to approximate the distribution of a semiparametric estimator. We refer to Cheng
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and Kosorok (2008) for more details.

Let us now focus on how the naive bootstrap proposed in Chen, Linton and Van Kei-
legom (2003) can be applied in our setting. Let (Xf, Z* W> Y*), i = 1,...,n, be drawn
randomly with replacement from the original data (Xi, Z;, W, Y;), i =1,...,n, and for any
0 let Hdd* = (Agdd’*, Agdd’*, fe*(@), fe”("@), ﬁ*(e))t be the same estimator as 3% but based on the
bootstrap data. For each (6,7), define

M:Z(Q, 7) =n"" Z M(H’ Y, nga Z:7 VV:, Y;*)
=1

and define

~

0" = argmingee || M;;(6,75""")

Theorem B in Chen, Linton and Van Keilegom (2003) shows that under certain regularity

conditions n!/2(6* — 8) and n/2(§ — 6,) converge in distribution to the same normal limit.

More precisely, using similar techniques as in the proof of Theorem 4.2, we conjecture that

n2(0" —0) = —T "'V [A(X], ZE WL YY) — A(XG, Zi, WL Y)] + op- (1), (5.1)
i=1

where the function A(X, Z, W,Y") is defined in (4.4) and where the op«(1)-term goes to zero in
probability, conditionally on the original data (X;, Z;, W;,Y;), i =1,...,n. From this claim
together with the central limit theorem and Theorem 4.2 the result would follow. However, a
detailed proof of (5.1) is beyond the scope of this paper, since it requires elaborate, lengthy
and sophisticated calculations which are too space consuming. Instead we will check the
validity of the proposed bootstrap procedure by means of a simulation study.

We continue to use the same model as in Subsection 5.1. For each sample of obser-
vations (X;,Yi, W;)iz1..n of size n = 100, we generate B = 100 bootstrapped samples
(X[, Y W)z, of the same size, drawn randomly with replacement from the original
data. Then, from these bootstrapped samples, B estimators (@”*)b:l,_,,,g are computed as
well as the mean and the variance of these B bootstrapped estimators. We simulate mc = 100
initial samples (X, Y;, W;);=1..» in order to obtain a total of mc bootstrapped means and
bootstrapped variances. At last, we provide the histograms of these bootstrapped means
and bootstrapped variances for different values of 6y (see Figures 1, 2 and 3). In order to
provide an empirical proof of the validity of our bootstrap procedure, we check that each
histogram is centered around the mean and the variance of the 100 estimated values of 6.
This is indeed the case for each of the 6 figures which therefore suggests that the proposed

bootstrap procedure works well in practice.
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5.3 Real data analysis

We conclude this finite sample study by considering the estimation of Engel curves based on

the UK Family Expenditure Survey as in Blundell, Chen and Kristensen (2007). The Engel
16



curve relationship describes the expansion path for commodity demands as the household’s
budget increases. The motivation for a control function approach derives from the endogene-
ity of the total budget variable. As total expenditure is endogenous for individual commodity
demands, we use gross earnings of the household head as an instrument (see Blundell, Chen
and Kristensen 2007 for a detailed discussion). In this application, we consider a single year
of study, 1995, and 3 broad categories of nondurables and services: (1) leisure goods and
services, (2) travel and (3) household goods and services. To preserve some demographic
homogeneity, we consider couples where the head of household is aged between 20 and 55
and at work and among them select a subset of couples with 3 children. We first present

some descriptive statistics for this subsample in Table 2.

Mean  Sd.
Leisure goods 0.129 0.105
Travel 0.190 0.098
Household goods 0.114 0.085
log nondurable expenditure | 5.810 0.637
log gross earnings 5.769 0.644
Sample size 294

Table 2: Data descriptives

The objective is to estimate the model defined in (1.1) where Y represents a budget share
(leisure, travel or household) and X the log of nondurable expenditure. There is no exogenous
variable Z in the application. The instrumental variable W used to identify and estimate the
model is the log of gross earnings. The operator Ay is chosen as the Box-Cox transformation.
The control variable V' is identified as the conditional distribution of X given W and the
bandwidth parameters are fixed as follows: hx = hy = 0.5, hy = 0.02 and h, = 0.3. The
same remark as in Subsection 5.1 applies, that is optimizing the bandwidth parameters in
order to minimize the mse should give better results but this is beyond the scope of this paper.
Figure 4 presents the estimated curves of ¢ for the three goods and the corresponding 95%
pointwise confidence bands obtained using the naive bootstrap described above and based
on 100 resamples. The results for the estimation of 6y are presented in Table 3 with the
values of the mean and the standard deviation obtained by the same bootstrap procedure.

The results show small standard deviations and relatively small confidence intervals.
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0 Mean(6*) Sd(6%)

Leisure goods | 0.120 0.107 0.087
Travel 0.303 0.314 0.126
Household goods | 0.001 0.003 0.012

Table 3: Estimation of §y for the 3 budget shares together with bootstrapped means and

standard deviations based on 100 resamples.

6 Conclusion

In this work we have studied a semiparametric transformation model with a parametric
transformation operator Ay, a nonparametric regression function ¢ and some endogenous
explanatory variables. We use a control function approach to identify the nonparametric
structure (A, ¢, F;). A profiling method is proposed to estimate the parametric transforma-
tion, and by imposing an additive structure on the function ¢, we showed the asymptotic
normality of the proposed estimator with \/n rate of convergence. Some finite sample sim-
ulations confirm the validity of our method. Finally, we illustrated our method using data

from the UK Family Expenditure Survey.

7 Appendix : Proofs

In this Appendix we first prove in Subsection 7.1 the identification of the model stated in

Proposition 2.1. Next, in Subsection 7.2 we state the conditions under which the asymptotic
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results of Section 4 are valid. To prove these asymptotic results we need a number of lemmas,
which are proved in Subsection 7.3. Finally, Subsections 7.4 and 7.5 contain the proofs of

the consistency and asymptotic normality results, respectively.

7.1 Identification

Proof of Proposition 2.1. To prove identification of the structure (A, ¢, F.), we proceed
in two steps: we first establish identification of A and then prove that ¢ and F, are identified.

1. Identification of A. This first step is inspired by the proof of Chiappori, Komunjer
and Kristensen (2010). Under the regularity assumptions (A.3) and (A.4), we can

differentiate equation (2.1) with respect to y and z; (the first coordinate of z) to

obtain:
a% / Fyixzv (e, 2 0) F(dv) = f.(A(y) — 6(z, 2)) N(y)
a% Foixzv(Wle, 2 0)Fo(dv) = —f. (My) — é(z,2)). a%w ).

Let A= {(z,2) € Rxz: % [ Fyix,zv(ylz, z,v)Fy(dv) # 0 for every y € Ry }. Under
Assumptions (A.4) and (A.5), the set A has a nonempty interior. Then, for any point
(z,z) € A and for every y € Ry, we have:

~— 79 . N 3<ya$72)7
(. 2)

a%fFY\X,Z,V(yL’U,ZyU)FV(dv)
#:1 S Fyx,z,v(ylz,z,0) Fy (dv)
a constant sign for all y € Ry. Integrating from 0 to y and under Assumption (A.6)

where s(y,x,2) = Note that s(y,z, z) is non zero and keeps

we get:
0
where S(y,z, 2) fo (t,z, z)dt. Agam S(y,x, z) is nonzero and keeps a constant

sign for all y € Ry. Hence, E[S(Y, z, z)] # 0. Using again Assumption (A.6) we get:

0 (3, 2) 1
R r.z)l=—-———
dry E[S(Y,x,2)]
and finally we obtain that:
S(y,z,2)

Ay) = B[S(Y,x,2)]

Hence, A is identified.
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2.

7.2

Identification of ¢ and F.. The identification of ¢ is a direct consequence of As-
sumptions (A.1) and (A.2) following Imbens and Newey (2009). Identification of F
eventually follows from equation (2.1). This finishes the proof. U

Assumptions

For any ¢ > 1 we let 8%e denote the derivative with respect to the fth argument of a vector

e, Ve

denotes the gradient with respect to the vector e, and V! is its transpose. At last,

we denote by mg(z, z,v) the vector of partial derivatives of my(x, z,v) with respect to the

components of 8. The following regularity conditions are required for the asymptotic results:

(C.1)

(C.5)

(C.6)

For j = 1,2, k; is a symmetric kernel of order ¢; > 4, ie. [u™k;(u)du = 0 for
m=1,...,¢; — 1 and [u%k;(u)du # 0. Moreover, k; has compact support and is
twice continuously differentiable, and ¢, satisfies ¢; > 2d, + d,, + d, + d, + 1.

nhtde T2 t2da 2042 o o pp2 — () ng®(logg )% — oo and ng?®? — 0, where ¢

and ¢, are defined in condition (C.1).

The density fx z v exists and is bounded away from zero and infinity. Moreover, fx zv

is Lipschitz continuous and has a compact support Rx zv.

me(z, z,v), me(z, z,v) and V,my(z, z,v) exist and are ¢; times continuously differen-
tiable with respect to the components of z,z and v on Rx zy x ©. In addition, all

derivatives up to order ¢; are bounded, uniformly in (z,z,v,0) in Rx zy X ©.

fzw(z,w) and Fx|zw(x|z,w) exist and are ¢; times continuously differentiable with
respect to the components of z and w on Rz . In addition, all derivatives up to order
¢ are bounded, uniformly in (z,z,w) € Rx zw, and fzw(z,w) is bounded away from

zero, uniformly in z and w.

Ay (y) is three times continuously differentiable with respect to y and 6, and there exists

a 0 > 0 such that
akz—i—l

El sup |——Ap(Y)|| <0
[||e'—6||§6 Aykael .06l o )H

for all # in © and for all £ and [ such that 0 < k +1 < 3, where [ = [; + ... + [, and

6 = (04,...,0,)". Moreover,
, 2
supEHAg(Y) < 0.
0cO
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(C.7) F.p)(y) is three times continuously differentiable with respect to y and 6, and

ak—i—l

sup | ———— F(y)| < o0
0y | Oyrogt.ogr )

for all & and [ such that 0 < k +1 <2, where l =1; + ...+ 1, and 0 = (04, ...,0,)".

(C.8) Ve >0, 3d(¢) > 0 such that || § — 6y ||> € implies
H(607 fe(90)7 (bO) - H(97 fe(@)? gdd) > 5(6)

(C.9) The control function V; and its estimate V; satisfy

Vi-Vi=(n iB@(l +R)),
k=1

» have the same dimension as V; and

.....

By = Q(Xi, X, Zi, W) Kin(Zi — Zi) Kn(Wi — W)

for some bounded function @,

max
1<i,k<n

E(sz|Zk7 Wk7 Xi> Zia Wz)

= Op(h®),

and R; is the residual term of dimension 1 such that maxi<;<, |R;| = op(1).

(C.10) The matrix I" is of full rank.

Remark 7.1. Conditions (C.1)-(C.7) are quite similar to the assumptions in Linton, Sper-
lich and Van Keilegom (2008). Condition (C.8) is needed to identify the true parameter 0.
It is taken from the paper of Delsol and Van Keilegom (2014) on which our consistency proof
is based. Also note that, contrary to other papers in the literature, we explicitly show the
consistency of 0. At last, condition (C.9) gives high level conditions for the convergence of
the generated regressor V to V', which is required to prove the consistency and the rate of

convergence of 6.

Let us check briefly that condition (C.9) is satisfied for the estimator Vi defined in (5.4).
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We have:

V.-V
S (10X < XG0) = Fxizw (Xl 20 Wo) | Ka(Z: = Zi) Kn(Ws = Wi)
N 2 ket BKn(Zi = Zi) Kn(Wi = W)
S [ < X0) = Fxizw (X012 Wo)| K(Zi = Z1) (Wi = Wa)

N faw (Zi, W)
+O0p((nh®=*)™1) + O(h*™)

=(n i By ) (1+ 0p(1).

It can be shown that E(Bik|Zk, Wk, Xi, Z;, W;) = Op(h®) uniformly in i and k which proves

the result.

7.3 Some useful lemmas

We first start this subsection by presenting a few lemmas that will be useful to prove both
the consistency and the asymptotic normality result.

From now on, in order to simplify the notations, we consider S = (X, Z) and ds = dy+d..
The following lemma gives an i.i.d. representation of the estimators g¢%(s) and ¢(s),
uniformly in 6 and s, and will be a key ingredient for obtaining the asymptotic limit of our

estimator ¢/9\ .

Lemma 7.1. Assume (A.1)-(A.6) and (C.1)-(C.9). Then, using the abbreviated notation
S=(X,Z) and s = (z, z), we have

D (s) — patd(s)

n ds
= n_l Z ( klh(sa - Sal) |:A9<YZ) - mG(Si; ‘/L):| fS_’a1|S_Q7V(Sai|3_aia ‘/L)
=1

i=1 «

d
”  fE(A(Y)IS, W) = my(S, V)
+;Ex_a [Vv{ fsa|s,av(3a|5—a,v) }fSQZW|X,a(sa,Z,W|X7Q)

K Q(X, S5, Wi)|Su = 80, Z = Zi, W = Wi]

ds A s B 5
+ Y B[V {E( ;gs)’ ;Z)IS_W‘(/ >, v)} F 2 WX oo (5al . 2o W)

Sa = Sa, Z—a - Z—aiu W = VVzi|

a=d;+1

XQ(X, Sas S—am Wz)
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7= Z.W = Vm] Fow (Zi, W)

ds
+ Z EX [vzmﬂ(saa S—Om V)Q(Xa Sia M/Z)

+[ijm9(sa, S-ais Vi) = (ds = D)Ag(Y7) — zdd<s)}>

+0p<n71/2),

uniformly in s € Rx z and 0 € ©. The i.i.d. representation for éﬁ\gdd(s) — 3% (s) is obtained

by replacing Ny, mg and $3% in the above representation by respectively Ag, my and égdd.

Proof of Lemma 7.1. We restrict attention to proving the first result of Lemma 7.1, since
the second one can be shown in a very similar way. We first decompose qggdd(s) — $3%(s) as

follows:

Pt (s) — gatd(s)

n [d
1 N N a
= E : ZmO(Saa S—Ociy V;) - (ds — 1)A9(}/;) _ dd(S)
i=1 La=1
n [ ds
1 ZmQ(Som S_ai, Vi) — (ds — D)Ag(Y;) — 5% (s)
n i=1 La=1
ds 1 n R
+ azjl E Zz:; |:m9(3047 S—ai7 ‘/;) - m@(sa, S—ozia ‘/;):|
ds
= Ri(s)+ ) R3(s)
a=1

Then, using a Taylor expansion on RS (s), we have:

n n

R§(5) = =3 (g — m0) (50, -6, )+ - 3 ({50, St V) = o5, -0, V)

i=1 =1

I, . 1 & ~
== (g =) (S0 Sais Vi) + — > Vomo(sa, S-ai, Vi) (Vi = Vi)

i1 i=1
I~y N
+ﬁ ,Zl V., (Mg —ma) (Sas S—ais &) (Vi — Vi)

L p t b~
_'_% ZO/Z B V;) vvvme(sa, S,m-’gi)(‘/i — V;)

i=1

= R (s) + Ryy(s) + R93(s) + Roy(s),
where & = A\;Vi+ (1= )V for some \; € [0,1], & = \Vi+ (1= )V for X; € [0, 1], (V; = V3)!

is the transpose of the vector ‘//\; — Vi, V,my represents the gradient of my, i.e. the vector
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of partial derivatives of mg with respect to the components of v, Vimy its transpose, and
Ve 1s the Hessian matrix.

In what follows we concentrate on RS (s) and R$,(s), since it is easily seen that RZ;(s)
and RS, (s) are of lower order.

We start with RS, (s). Write

n

I, . - 1 N
R%(S) - EZ(mQ _m0>(8aus—ai;‘/i) + EZ(mG _me)(sons—ai)‘/;)
i=1 i=1
= R%,(s) + RYp(s),
where

> iy Mo (Vi) Kin(s — Si) Kn(v = Vi)
>y Kn(s = Si) Kn(v = Vi) 7

i.e. with respect to my(s,v) we have replaced the V;’s by the true (but unknown) V;’s. The

me(s,v) =

term R$5(s) can be worked out similarly as in e.g. Linton and Nielsen (1995), since this is

the ordinary marginal integration estimator. Hence, this term equals

n_l Z |:A0(Y;) - m9(5i7 ‘/;)] klh('soa - Sai)f_;ohs (Soﬂ|5—aza ) + OP( 1/2)~

i=1

Now consider

>2>

(fl\’Lg - m@)(saa S—ai7 V;) i: Zi'LZI

D1
> -1 1 Dij
where Ni; = Ag(Y;)k1n(Sa — Sa;) Kn(S—ai — s_aj)Kh(vi - vj), Di; = kn(Sa — Saj) Kn(S—ai —
S_aj) Kn(Vi — Vj), and similarly for Nij and 5Z»j In analogy with these notations, we define
Ni =EN\g(Y)|5as S—ai, Vi) fsv (Sa, S—ais Vi) and D; = fsy(Sa, S—ai, Vi). In order to simplify
the notation, we have omitted the dependence on # and s,, but of course it will be a crucial

point in the proof. Next, write

non_ " 1 1
Re _ 1 Ny — Nij)———— + N; ==~ =
211(5) n ZZ”ZI( J Zg 1D " ;]Zl J<Z?—1 Dy Yia Dij)
= [ S = Ny =t 33Dy~ D) B4+ ont1)
i=1 j=1 i=1 j=1

where the op(1) term is uniform in s, (from assumption (C.3)) and in 6. The latter equals

[”2 i D i {Vfﬁzj - Viﬁzj%ﬁ}(v} - ‘73)] (1+0p(1))

- [‘3ZD IZZ{VU\Q] VD "%}Bjk](l+oP(l))a (7.1)

7=1 k=1
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where the op(1) term is again uniform in s, and 6, and where Vvﬁij = No(Yj)kn(sa —
S ) K (S—ai = S—af )V K (Vi = V), VuDij = kin(50 = Sag) Kn(S—ai— S—aj) b Vo Ky (Vi—
V;), and

~

uniformly in 1 < j < n, by condition (C.9). Ignoring the factor (1 + op(1)), (7.1) is a

V-process of order three depending on s,, ¢ and h, which can be rewritten as:

n_giiiQ(EaT’jaTkasaaea h)

i=1 j=1 k=1

where T; = (X, Z;, W;, Y;)! and
-1 N t N;
Q(Tinka; 801797 h) = _Dz {V’UN'L] - VUDUH}BJIC

We denote p(T;,T;, Tk, Say 0, h) = hPd=Fdwtdatdotlo(T 70 Ty s, 0, h) and consider the fol-

lowing V-process:

n n n

Va($a,0,h) =023 "N " p(T3, Tj, Tk, 80,0, 1)
i=1 j=1 k=1
Since a V-process can be written as a U-process plus negligible terms, following Sherman
(1994), we introduce the associated U-process U, (Sq, 0, h) which can be decomposed as (see

equation (6) on page 449 in Sherman):

Un(Sa, 0, h)
1
- inuTﬁT) aaeah
=D =g 2 P T Tiose 1)

3,5,k#
=n"" > EBp(T, T, T, 50,0,0)|T}) + 0" Y E[p(T,T;,T', 50,6, h)|T]
i=1 j=1
+n" ' EP(T, T, Tk, $a, 0, 1)|Tx] = 2E[p(T, T, T", 50,0, 1)] + Ra(50,0,h),  (7.2)

k=1

where T, T, T" are i.i.d. and have the same distribution as 71, ..., T,,. The last term R,,(s4, 0, h)
is by construction the sum of two degenerate U-processes, one of order 2, denoted by
Ru2(Sas0,h), and one of order 3, denoted by R,3(s4,0,h). In what follows, we concen-

trate on R,2(8q4, 0, h), which will be dominant. In order to control uniformly in s,, 6 and
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h the term R,2(Sq,0,h), we will apply Corollary 4 in Sherman (1994). Let us first intro-
duce some notations. We define the following functional class associated to the U-process
Uy (50,0, h):

F=A{(t,t,t") = p(t,t', 1", s4,0,h) : 54 € Rs,,0 € O, h > 0}.

In order to apply Corollary 4, we need to check that F is Euclidean (see Sherman 1994 or
Pakes and Pollard 1989 for a precise definition). Using conditions (C.5), (C.6) and (C.9), and
Lemma 2.14 and Example 2.10 in Pakes and Pollard (1989), it follows that F is Euclidean
and so is the class of functions associated to R,2(sq4, 0, h) (see Lemma 6 in Sherman 1994).
Then, using Corollary 4 in Sherman (1994), it follows that

sup |Rn2(Sa, 0, h)| = Op(nfl)
Sas0,h

and hence, using Assumption (C.2),

b (e +dutdstds+1) Su}; Ru2(Sa,0,hn)| = Op(n~th;2detdutdetdotl))
Sas

_ Op(n_l/Q),

where h,, denotes (here) the smoothing parameter associated to the sample size n (in order
to make the distinction with the parameter h of the U-process). Let us now go back to the

first term on the right hand side of equation (7.2) evaluated at h = h,:

n BT T, T, 50,0, hy)|Ti] i= n7 W25ttt N " o(T, T, 17, 50,0, hy) | Ti).

=1 =1

By definition, we have:

n n ~ ~ N
n S BT T Tioseo 6. h)IT] = =07 32 D7 B|{ VIR, — ViDy 5 | B,
i=1 =1 z

From condition (C.9) we know that ||E(B;;|T;)|| = Op(h%') uniformly in j. Then, it easily
follows that .
! Z E[q(Ti’ T, T,v Sas 0, hn)|Tz] = OP(hgzl) - OP(n_l/Q)a
i=1

since nh2" — 0 and by using assumptions (C.3), (C.5) and (C.6). In reality the order is even
smaller than Op(h2'), but it is not necessary to do a more detailed order calculation, since

we reach already the required op(n~'/2?)-rate based on this simple argument. In a similar
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way we can show the order of the second term on the right hand side of (7.2) (with p replaced
by q) :

n~! Z Elq(T.T;,T', $4,0, hy)|T;] = Op(hL) = 0P<n71/2>'
j=1
For the third term more work is needed. It is easily seen that

E[Q(Tv Tj? Tkv Sas 97 hn)|T]7 Tk]
o {A000) = Bl o .15
0 Ssals—av(8alS-aj; Vj)
XQ<XJ> Xk, ZJ? Wj) + OP(nil/Z) (7'3)

Foun (50 = Sug) Kn(Z; = Zi) Kn(W; = Wi)

uniformly in j, k, s, and 6. The calculation of the expected value of (7.3) with respect to 7}
depends on the value of a. In fact, when o =1,...,d,, So; = X,; and so the variables in the
product kip,(Sq — Saj) Kn(Z; — Z,) appearing in (7.3) are d, + 1 different variables. However,
when o« = d, + 1,...,ds, then we have only d, different variables, one of the components of
Z; appearing in fact twice. This has an impact on the expected value. For o = 1,...,d,, it

is easily shown that

n™'Y Elg(T, T, Tk, 50,0, h)| Ti]
k=1
E(Ag(Y)|5as S—as W) — E(Ag(Y)|Sa, S—a, V)
Isas_av(8alS=a,V)

Sa = $a, Z = Zi, W = Wi| +0p(n™'7?),

= FEx_. [Vf}{ fSaZW|X_a(Sa7Z7W‘X*Oé)}

XQ(SQ7 X*Om Sk7 Wk)

uniformly in s, and 6. The derivation for « = d, 4+ 1,...,ds can be done in a similar man-
ner. Finally, it follows from the above calculations that E[q(T,T",T", 84,0, h,)] = o(n~'/?)
uniformly in s, and 6. This finishes the calculation of R$,(s), and hence of R, (s).

Next, consider RS,(s). Using again Sherman (1994)’s result on degenerate U-processes,

we can prove in a very similar way as for R, (s) that

RSy(s) =1~y Vimg(sa, S-ai, Vi) (V; = Vi)

i=1

= {n72 Xn: Xn: Vimo(sa, Sfa% Vz)sz}(l + OP(l))

i=1 k=1
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— {0 ST B Vimg(sa, S ai VIQ(Xi, X, Z W) Ki(Z; = Z)En(W; = W)

i=1

)

0t B[ Vhmo(sa, S, VIQUX, Xi, 2, W)K(Z — Zi) Kn(W = W) | Ty

k=1

—E [Vf}m(;(sa, S_al; ‘/1)512} }(1 +op(1)) + op(n~?)
— ! zn:E[Vf)mg(sa, S-as VIQUX, Sk, Wi)| Ths Z = Z, W = Wi fw (Z4, W)
+O(h_?5) +op(n~1?),
provided nh?? — (. This finishes the proof. O

Next, write the result of Lemma 7.1 for § = 6, using the following abbreviated notations:

Gi(s) = 65() = 32D k(s = S (1) + wals, T)} + 0p(n™172), (7.

and

n

5409(9) — () =17 30D bl — Saduf () + wals. )} + 0p(n™2), (7.5)

=1

uniformly in s € Ry z, where S; = (X, Z;) and T; = (S;, W,,Y;) fori=1,...,n

Lemma 7.2. Assume (A.1)-(A.6) and (C.1)-(C.9). Then,

ﬁ(@o) (y) - fe(é’o) (y)

n ds

SRR D LD 1) 5 050 (0 500) + B[22, T) Ly 5(015)

=1 a=1

+n 7t Z ng(y - Ei(eo)) - fe(Go)(?J) + R (?/)7

rl}

]Z(Go)(y) - fe/(eo)(y)
n ds 82

=7 S Do) g feoo s 9, ) B 02(S, )y 5(01S)

i=1 a=1

ng)_l Z k;g (y - Ei(00)> - fel(eo)(y) + Rn2(y),

ml}
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Fron W) — f'ewo)(y)

n

=n! Z { Zvl Fe00),.5. (Y, Sai) + E[Uz(s T)fe(@g 1s(Y]9)

i}

d

d.s

5w (T fEGO (. Sai) + B[ w3(S, T) fLgy5(015)

n

7t Doy = 80 (Rof¥) = d57(5)) = faa®) + Fra(0),

where sup, | Rn;(y)| = op(n™'/%), j = 1,2,3.

The proof of Lemma 7.2 is similar to that of Lemmas A.1-A.3 in Linton, Sperlich and
Van Keilegom (2008), and is therefore omitted. The only difference is that here € and (X, Z)

are not independent, which has an effect on the main term in the above representations.

For the next lemma, we say for any 6 € © that G(6,~) is pathwise differentiable at ~ in
the direction [y —~] if the limit lim, o [G{@ y+T(F—7 } G(0 )] /7 exists. The limit is
in that case denoted by A(6,~)[7 —~]. This limit places an 1mportant role in the calculation

of the asymptotic variance of 9.

Lemma 7.3. Assume (A.1)-(A.6) and (C.1)-(C.9). Then,

n ds
Ao A Fe™ ~ 26" = 07 {0 DRT) + DaT) |+ op(n ),
=1 a=1

where fori=1,...,n,

DHT) = B~ (e [ (€(00))] ) s (Sle(60))

feto) (¥)
1 0
f290 (6( )) f(90 ( (90) ai)v9 [fe(90)<6(60))}
1

—V L‘)ae Je(00),5. (€(60), Saz‘)]

S

ooy (e(00)) S

+w1a(Tz')E[afsak(eo)(saik(@o))
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and

N 1 (05 (€(00)) ) ; 4
DuE) = B S Tty v U (000 (5.7
Vo Lo (e(60))] , ‘
oty E Flais 008 (S, T |e(00). T
—Vo [fl90)(€(60))] va(S, T;)
FV0e(00) B (L (e(60)|S)0a(S. T0) | e(bo), )
B (Fanys (00| S)ea(S, T |e(60). T:) }| T3
1 , A
Byt~ fn(cCo)uaS.T)
+E( Sl as(€(00) )2 (S, T3) | e(60), T3 ) } | T (7.7)

and where the functions vy, w, vy and wy are defined in (7.4) and (7.5), Vg denotes

the gradient with respect to the vector 0, and ~ denotes the deriwvative with respect to the

argument €.

Proof. Consider an arbitrary . Straightforward calculations show that

A0, 75" [Fg% — 5

P e®) s oo By — Foo)(c(6)
-5 T O S - (f39><?>> J

{ <e<e>>[ oY) = G5(9)] + fan (€(0)) |
N (0D [Ro(Y) = G5(S)] (65" — ¢5")(5)

(f f ><<>>[A9<Y>—‘zdd<s>}

L (0) (05 = d5)(S)

<f — feo)(€(0)) = i) (e(O)(@5 = ¢5")(S) } |

In order to calculate this expression for 6§ = 6,, we make use of the expansions given in
(7.4) and (7.5) and of Lemma 7.2. We will develop i.i.d. expansions for the terms involving
vf, U9, wi and ws.

We start with w{'. The terms that contribute to w{" are those involving ( padd _ de) (9)

and ( fe(go) f )( (6p)). More precisely, from the i.i.d. representations of these expressions,
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3 - S, sa»+aefﬁ‘sz;iiézfzzifa” 5]

o S | - F s ) +
S ()l

=n"' Z:; iw?(Ti)E :%fsak(oo)(saﬂﬁ(@o)) Sa,} : (7.8)

Note that the terms in this sum have mean zero, since E[w{(T)|S.] =

We now consider the terms involving v{. Note that
Vo [feo (€(0)] = flioy (@) [As(Y) = 65“(S)] + feio (€(6))
and that
0 , : _
Vo [ fe(0),5.(€(0),54)] = afe(e),sa(G(e), Sa) [Ao(Y) — de(s)] + fe(0),5.(€(8), 54).

The terms that involve v{ can hence be written as

”AZZ [f’90(< 0))

i=1 a=1 mklh(s N Sai)Vg [fe(@o)(€(90)):|

Vo [f (00) (€ <90))]k (S — 5u)

&fe 90 5. (€(6h), S, ) \v [fg(eo)(e(go))] -

o0y (€(00)) 60) (€(60))
862f€(00 Sa (6(00) ) ¢ aefe(eo ( (00)a ) ]
e D T

_ ! ZZU?(TJE[ 2 (Ve [fe(o) (€(60))] )fSa|e(90)(Sai|€(60))

i=1 a=1 fe00)(€(60))
" ls]
et e(00),8. (€(6o) Sai) . Vo [2 feo),5a(€(00), Sai)] | o
f?(e(»(f(&o)) V@ |:f6(90)( (00))] + fe(eo)(e(e())) C”:| (79)

Again, note that the above expression has mean zero since E[v(T)[S,] =0

We now turn to the calculation of the expressions involving ws, which are given by
. 1
w3 B { = Flay (€(00)wa(S,T))
; Je(00)(€(60)) )

€(0o), Tz>}

T} . (7.10)

B (fL 5 (e(00)1S)2(S, Ty)
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Finally, the terms involving vy can be calculated in a similar manner. It now suffices to
combine this calculation with (7.8), (7.9) and (7.10) to get the required result. O

7.4 Consistency

Proof of Theorem 4.1. We prove the consistency of ) by checking the conditions of
Theorem 1 in Delsol and Van Keilegom (2014) (DVK hereafter). In that paper, high level
conditions are developed for the consistency of the maximizer of a fairly general semipara-

metric maximization problem. In our setting,

)

— Hn 4 : “add
arg%leég( ( 7f(9)7 0 )7

and we need to check whether the functions H,,, ﬁ(g) and ¢4 satisfy the conditions of the

above theorem. First of all, condition (A1) in DVK is satisfied by definition of the estimator
6, and their condition (A2) is our condition (C.8). Next, define the class

H =M x CH(IR),

where M = "% C}(Rsg,) and C%(R) (0 < a < 00, 0 < b <1, R C IR* for some k) is the

set of all continuous functions f : R — IR for which

MOV

sup | f(y)| + sup
y RT4 ||y —y/Hb

We equip the space M with the Lo-norm || - ||z,. For condition (A3) in DVK we need to

show that
P((Agddaﬁ(e)) EH VOe€O)—1asn— oo,

and that supyee | 057 — 657z, = op(1) and supjce ||fz(£) = fewllz. = op(1). For #, the
decomposition in Lemma 7.1 allows to uniformly bound ¢35 — ¢4% whereas for f(g) this fol-
lows from Lemma 7.2 together with Corollary 2.7.4 in Van der Vaart and Wellner (1996). For
condition (A4), since H(0, hy, he) = E{log [ha(Ae(Y) — h1(X, Z))] + log [Aj(Y)]}, it suffices
to show that supgeg (1, ny)en [Hn(0, i, ha) — H(0, by, ho)| = op(1), i.e. we need to show that
the family F = {(z, z,y) — log [ha(Ag(y) — hi(x, 2))] + log [Ay(y)] : 0 € O, (h1,he) € H} is
Glivenko-Cantelli. This follows easily from Corollaries 2.7.2 and 2.7.4 in Van der Vaart and
Wellner (1996). At last, condition (A5) is a regularity condition on H which is automati-
cally satisfied since H is continuously differentiable of order 1. This finishes the proof of the

consistency. 0
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7.5 Asymptotic normality

Proof of Theorem 4.2. In order to prove the asymptotic properties of our estimator, we
need to check the high level assumptions of Theorems 1 and 2 in Chen, Linton and Van
Keilegom (2003). Note that our setting is very different from Linton, Sperlich and Van
Keilegom (2008) due to the fact that S = (X, Z) and € are not independent in our case and
that we also have a generated covariate V to take into account. However the structure of
our proof is somewhat similar to the structure of the proof of their Theorem 4.1.

A crucial assumption of their Theorem 4.1 is assumption A.8 given in the Appendix of
their paper, which gives the properties that the estimator <$gdd(s) (denoted by mg(x) in their
paper) needs to satisfy. In addition, to check condition (2.6) of Theorem 2 in Chen, Linton
and Van Keilegom (2003), they use the results of 11 lemmas given in their Appendix A.2.

In our setting, using the conditions (C.1) —(C.9) which already include their assumptions
A.1.-A.7., everything boils down to checking an analogue of their assumption A.8. and an
analogue of their lemmas. Let’s start with the analogue of their assumption A.8, which in

our case corresponds to the following:

(i) The estimator (ngd can be written as

Dt (s) — gat(s)

n ds n
=n"! Z Z k1n(Sa = Sai)vora(sa, Ti) + 07" Z vo2(s, 1) + vo(s),
i=1 a=1 P

where T; = (X, Z;, Wi, Y;)!, sup, [0o(s)| = op(n™2), E(voi1a(5a,T)|Sa = 54) = 0 and

E(vga(s,T)) = 0. Moreover, a similar expansion holds for the estimator ¢gd.

(ii) Consider the space M defined in the proof of the consistency, Theorem 4.1. Then,
P(Agdd, <$gdd e Miforall € ©) - 1asn— co.

(iii) The space M satisfies [ /log N(A\, M, [ - ||1,) dX < oo, where N(A\, M, || - ||1,) is the
covering number with respect to the norm || - ||z, of the class M, i.e. the minimal

number of balls of || - ||.,-radius A needed to cover M.

~

(iv) supgee 95" — 05|, = 0p(1), suppee 165" — 95|, = op(1).

(v) Uniformly over all § with ||§ — 6y]] = o(1), ||q/b\g‘dd — ¢34, = op(n~Y*) and Hgggdd -

G381\, = op(n~Y/1).
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(vi) For all # with ||@ — 6| = o(1),

sup [(65% — d5)(s) — (957 — 53)(5)| = 0p(1)10 — o] + Op(n"72).

First, for point (i), note that the i.i.d. representations for Agdd(s) — ¢ (s) and gggdd@) _
'de(s) are given in Lemma 7.1. _
Next, let us check that P(Agdd,agdd € Mforall @ € ©) — 1 asn — oo. We have to

prove that g/ggdd

and g?sgdd are uniformly bounded in s and 6 as well as their first derivatives
with respect to the components of s. Using condition (C.2), the decomposition in Lemma
7.1 allows to uniformly bound <$gdd — ¢gdd and (Eg‘dd — ¢add As for the first derivatives of
these estimators, it suffices to show that they converge in probability to the true functions,
uniformly in s and 6. The proof for these derivatives is somewhat similar in structure to the
proof of Lemma 7.1, and we therefore restrict to explaining the main differences. In fact,
the proof is even much simpler than that of Lemma 7.1, since the remainder terms are only
required to be op(1), instead of the much sharper bound op(n~'/2) that is required in the
aforementioned proof. In particular, contrary to the proof of Lemma 7.1, we do not need to
develop expansions of U-processes and we do not need to perform detailed order calculations.
Hence, the uniform boundedness of these derivatives follows, which shows point (ii) above.

For point (iii), note that the covering number N(\, M, || - ||L,) satisfies log N(\, M, || -
lz,) < KAt (see Corollary 2.7.2 in Van der Vaart and Wellner, 1996), and hence

/ VIog NOWM, [ - [l1) dA < .
0

Next, using Lemma 7.1 it is easy to show that supyece || add — padd|| = Op((nhV/2)=1/2+
h?) = op(n~Y*) (the uniformity in @ can be shown using standard arguments based on
partitioning the compact set © in small subsets, and the rate of the Lo-distance can be
proved following e.g. the method of proof in Hardle and Mammen, 1993). In a similar way
we can show that sup,ee |68 — ¢24||,, = op(n~Y/4). This shows (iv) and (v).

Finally, for point (vi), note that (again using the second part of Lemma 7.1) it suffices

to control (for all 7)

HAe(Yi) — 1y (S;, Vi) — No(Y;) + 100 (Si, Vi)

9

and this is bounded by

| Ro(¥) = sio(S:, V2)

10 — 6o[|(1 + 0p(1)) = op(1)[|0 — 6o,
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which is of the required order, and where Ay represents the Hessian matrix with respect to
6. This finishes the proof of results (i)-(vi).

The next step is to present the analogues of the 11 lemmas given in Linton, Sperlich and
Van Keilegom (2008). Their lemmas A.1-A-3, A.5 and A.9 concern results about the density
estimation of the error € and its derivatives and correspond to our Lemma 7.2. Their lemmas
A4, A6-A.8, A.10-A.11 concern results about the functions M, M, and their derivatives
and correspond to our Lemma 7.3.

Conditions (C.1)-(C.10), the results (i)-(vi) stated above and these last two lemmas allow
us to conclude. In particular, Lemma 7.3 is crucial for calculating the asymptotic variance of
6, which is equal to the asymptotic variance of T'=*{ M, (6, Y8 1 A (B, 4394 7o — ~add]},
with A(y, 784 [%°™ — 48] defined in the paragraph above Lemma 7.3 (see condition (2.6)
in Theorem 2 in Chen, Linton and Van Keilegom 2003). The asymptotic normality of f then
follows. U

Proof of Corollary 4.1. Write
§14(5) = du(s) = |95(s) = 34(s)] + |967(s) — 65(5)] (7.11)

The first term on the right hand side equals (32%(s)|g—¢)t(8 — o) for some £ on the line

segment between 9 and fy. From the proof of Theorem 4.2 it follows that

~

sup || (s)|| < sup |67 (s) — 5 (s)I| + sup [| G5 (s)|| = Op(1),
0cO 0cO 0cO

and hence the first term of (7.11) is Op(n~"?) = op((nh)~'/2) by Theorem 4.2. For the
second term of (7.11) we apply Lemma 7.1, which yields that

08t (5) — Pt (s)
n ds

=17 0D a0 = Sai) [Aa(¥) = mol(Si V)| £y (Sl S-ais V) + 0((n) ).

=1 a=1

The result now follows from e.g. Lindeberg’s central limit theorem, together with standard

variance calculations. O
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