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1 Introduction

Let Xi,...,X, be a set of independent exponential random variables and Yi,...,Y, be
another set of independent exponential random variables. If X; and Y;, ¢ = 1,...,n, are
the lifetimes of the components of two (n — ¢ 4+ 1)-out-of-n systems, then X;., and Y;., are
the lifetime of the first and the second system, D,., and C;., are the i’th times elapsed
between failures of components, respectively, which are called simple spacings, and D, and
C7,, are the i’th normalized spacings from X;’s and Y;’s, respectively. A natural question is
to examine whether the first system is better than the second one in some stochastic sense.

This problem has been previously treated in the literature but with some restrictions. For
example, many researchers have considered the problem of comparing the spacings of non-
identical independent exponential random variables with those corresponding to independent
and identically distributed exponential random variables according to different stochastic or-
derings such as the usual stochastic and the likelihood ratio orderings. In particular, Pledger
and Proschan [12] showed that the i’th normalized spacing of a sample of size n from het-
erogeneous exponential population is stochastically larger than the ¢’th normalized spacing
of a sample of size n whose distribution is the average of the distributions in the heteroge-
neous case. This result give a lower bound for the survival function of normalized spacings
from independent, heterogeneous exponential distributions based on the case when they are
ii.d. Kochar and Kowar [6] extended this result from stochastic ordering to likelihood ra-
tio ordering. Recently, Kochar and Xu [7] provided necessary and sufficient conditions for
stochastically comparing according to likelihood ratio ordering when Y7, Y5,...,Y,, is a ran-
dom sample of size n from an exponential distribution with common hazard rate A which
can differ from .

An interesting special case studied in the literature is multiple-outliers models with pa-
rameters A and Ay, that is, when Xi,..., X,, are independent exponential random variables
such that X; has hazard rate A for i = 1,...,p and X, has hazard rate A\, for j = p+1,...,n.
Khaledi and Kochar [5] established the hazard rate ordering between successive normalized
spacings from a single-outlier exponential model, that is, when p = n — 1. This result was

strengthened to likelihood ratio ordering of simple spacings from a multiple-outlier exponen-



tial model (see e.g., Wen et al. [14] and Hu et al. [8]). An important application of order
statistics from multiple-outliers models is the study of the robustness of different estimators
of parameters of a wide range of distributions, see e.g. Balakrishnan [2].

Not much work has been done when the two samples are nonidentical independent expo-
nential random variables, because of the complicated nature of the problem. The objective
of this article is to investigate stochastic properties between both, simple and normalized
spacings, of two heterogeneous samples. Specifically, we study the likelihood ratio order be-
tween successive spacings from two samples of exponential distributions with different scale
parameters and we also show some applications to multiple-outlier models.

The article is organized as follows. In Section 2, we review some stochastic orderings which
are used in this article and the probability density function (pdf) of normalized and simple
spacings, and give two useful lemmas which will be used in the following sections. We provide,
in Section 3, some new results related to the likelihood ratio ordering of spacings of two
samples from heterogeneous exponential random variables. Section 4 is devoted to stochastic
comparisons of spacings in multiple-outlier models and finally we show some conclusions in

Section 5.

2 Stochastic orders and preliminaries

In this article, we investigate stochastic comparisons between successive spacings based on
order statistics from two samples of heterogeneous exponential random variables. Formally,
if the random variables Xy, ..., X,, are arranged in ascending order of magnitude, then the

1 ’th smallest of X;’s, denoted by Xj.,, is the 7’th order statistic, and the random variables
Dip = Xin — Xi—1n and  Dj,, = (n— i+ 1) Djp,

for i =1,...,n, with Xg., = 0, are called simple spacings and normalized spacings, respec-
tively. It is well known that the lifetime of a (n—i+1)-out-of-n system is usually described by
the ¢ 'th order statistic, and the times between failures of components in a (n —i+ 1)-out-of-n
system correspond with the spacings associated with order statistics.

Here, we give briefly a review of stochastic orders related to the location, the magnitude



and the dispersion of random variables. Stochastic orders between probability distributions
is a widely studied field, see e.g. Shaked and Shantikumar [11] as a reference in this field.
Throughout, we shall use increasing to mean non-decreasing and decreasing to mean non-

mcreasing.

Definition 2.1. For two random variables X and Y with their densities f, g and distributions
functions F, G, let F =1 — F and G = 1 — G. As the ratios in the statements bellow are

well defined, X is said to be smaller than Y in the:

a) usual stochastic order if F(t) < G(t) for all ¢, and in this case, we write X <y Y or

F Sst G7
b) hazard rate order, denoted by X <p, Y or F <y, G, if G(t)/ F(t) is increasing in ¢,

c) likelihood ratio order if g(t)/f(t) is increasing in ¢ and in this case, we write X <, Y

or ' <, GG.

It is well known that likelihood ratio ordering implies hazard rate ordering which, in turn,
implies usual stochastic ordering. For more details, see Shaked and Shanthikumar [11].
Next, we review the dispersive order that compare the wvariability or the dispersion of

random variables.

Definition 2.2. We say that X is smaller than Y in the dispersive order if
FH(8) = F ) <G7(B) - G (o),
for all 0 < o < B < 1, where we write X <gisp ¥ or F' <gis, G.

We shall also be using the concept of majorization in our discussion. Let {x(l), T(2)s -

T(y)} denote the increasing arrangement of the components of the vector © = (z1, 72, ..., zy).

Definition 2.3. The vector x is said to be majorized by the vector y, denoted by & <™ y,
if

7 n n
Zm(i)ZZy(i), forj=1,....,n—1 and Zx(i):Zy(i).
i=1 i=1 i=1

i=1



Functions that preserve the ordering of majorization are said to be Schur-convex, as one

can see in the following definition.

Definition 2.4. A real valued function ¢ defined on a set A € R" is said to be Schur-convex

(Schur-concave) on A if

x <"y = ox) < (>)e(y).

For extensive and comprehensive details on the theory of majorization orders and their
applications, please refer to the excellent book of Marshall and Olkin [9].

For heterogeneous but independent exponential random variables, Kochar and Korwar
[6] proved that, for i € {2,...,n}, the distribution of the i’th normalized spacing, D}, is a

mixture of independent exponential random variables with p.d.f.

noA 2
Zj*_l J)exp =, (2.1)

where r, = (r1,...,7) is a permutation of (1,...,n). Then, following Torrado et al. [13],

(2.1) can be written as

W a0
fit) = ZA(@%’”) (W) exp <—t n—z]—|—1> ; (2.2)

B ="\, (2.3)
l=i

with m; indicates a group of indices of size n — i 4 1, and

-1

i—1 i—1
e = X (I a] [ 8 westf]
Ti—1,m; k;eHm]. /=1 u=~¢
TuEHmj
(2.4)
where Hy,; = {1,...,n} —m; and the outer summation is being taken over all permutations

of the elements of Hy,;.



The distribution of D; is also a mixture of independent exponential random variables,

with p.d.f.
M; ) . (4)
fit) =" ABY ) B e s, (2.5)
j=1

where M;, 57(,?] and A(ﬁ,(%,n) are defined as before.
Before proceeding to our main results, let us first recall two lemmas, which will be used

in the following sections.

Lemma 2.5 (Lemma 3.1. in Kochar and Kowar [6]). Let A(ﬂy(f%,n) be as defined in (2.4).
Suppose that m1 and mgy are two subsets of {1,...,n} of sizen —i+1 (1 <i <n) and that
they have all but one element in common. Denote the different element in m1 by a1 and that

i ma by az. Then

Ao, ABY n) > N, A(BY) 1), i Aay > Aay

miy? mo?

Lemma 2.6 (Chebyshev’s inequality, Theorem 1 in Mitrinovic [10]). Let a; < a2 < ... <a,

and by < by < ... < by, be two increasing sequences of real numbers. Then
n n n
0y (3 (3o0).
=1 i=1 i=1

3 Main results

Let X1,..., X, be a set of independent exponential random variables with X; having hazard
rate \;, for i = 1,...,n and Y7,...,Y, be another set of independent exponential random
variables with X; having hazard rate 0;, for i = 1,...,n. Some researchers have investigated
the effect on the survival function, the hazard rate function and other characteristics of the
time to failure of the spacings when we switch the vector A = (A1,...,\;,) to another vector
0 = (01,...,0,). Pledger and Proschan [12] proved with the help of a counterexample that,
in general, the survival function of D}, is not Schur-convex in (Ay,...,\,). Note that, from
Definition 2.4, this means that in general, if @ <™ X then C},, <& D7,. However, Kochar
and Kowar [6] proved that the survival function of D3 is Schur-convex in (A1,...,A,) and,
in general, its hazard rate is not Schur-concave, although for n = 2, the hazard rate of the

second normalized spacing is Schur-concave, i.e., if @ <™ X then C5.5 <y D3.5.



Next, we study conditions which are different to that of majorization under which nor-
malized and simple spacings are ordered in the likelihood ratio ordering. First, we need an

important result and a lemma that is a consequence of Lemma 2.5.

Theorem 3.1. Let X1,...,X, and Y7,...,Y, be two sequences of independent but not nec-

essarily identically distributed random variables. Then,
Ci:n <k Din & Cz*n <ir D;kn’
fori=1,...,n.

Proof. Tt is easy to see that D} = ¢;(D;.,) where @;(x) = (n — i+ 1)z is an increasing

™n
function. If Cj., <y Djp, then from Theorem 1.C.8. in [11] we get that C},, <; D}, and
viceversa, since ¢~ !(x) is also an increasing function. O

Lemma 3.2. Let A(B,(Z)j,n) be as defined in (2.4). Suppose that mi and mo are two subsets
of {1,...,n} of sizen—i+1 (1 <i<mn) and having all but one element in common. Denote

the different element in m1 by ay and that in ms by as. Then
B A n) = BSL ABLn) i Mgy = Aay

Proof. Let c¢q,...,c;—1 be the common elements, then from Lemma 2.5, we have

i—1
BOABD )= [ Ay + e | ABD,n) >
j=1

1—1
Moy + i | AB, ) = BOABG ),
j=1
and then, the proof is complete. 0

Now we can establish likelihood ratio ordering between simple spacings from two hetero-

geneous exponential samples. First, let us define

a) = min ol (3.6)

min 1Sm]§Ml mj ’



where Oz?(??j =Y 0,. Note that

=i
n—i+1
mln - Z 0 (7) (37)
where {9(1), e ,H(H)} denote the increasing arrangement of 6;, fori=1,...,n.
Theorem 3.3. Let X1,..., X, be independent exponential random variables such that X; has
hazard rate A;, fori=1,...,n, and Y1,...,Y, be independent exponential random variables

such that Y; has hazard rate 0;, fori=1,... ,n. If

ol > (n—i+1)A,

min

where O‘r(x?in is defined in (3.6) and nA = > \;. Then,
=1

Cin < Din,
fori=1,...,n, where D;,, and C;., are the i ’th simple spacing from X;’s and Y;’s, respec-
tively.

Proof. Observing equation (2.5), note that Cj.,, <j; D;., if and only if

M a0 @) —1p%)
fou(t) _ i S e e

fczn (t) (Z) —ta&n) 7

Z (ozm], n) om; € J

is increasing in t, where 67(23 E Ar, and am E 0r,. Therefore, differentiating this
l=i
equation with respect to t, we have to prove

(1) (g
ZZA@W Aa) ,n) B ali) e (BYh+ali)) (agg_g,g&)m (3.8)
k=1 j=1
We suppose without loss of generality that the By(f;)k’s are in increasing order. By Lemma 3.2,
' ] ()
we know that 57(7%A(ﬁ7(7?k,n)7s are in decreasing order, and it is easy to see that e %k and

<am ; Bmk) are in decreasing order also. Then, by Lemma 2.6, we have

M; M;

C ) B0 af) ) (o) 50 >

J
k=1 j:l

S ; - o L ,
<Z B A(BY)  n) e~ ) Z o) Aali) n) et (aﬁf)j ol )

k=1



o o n n—1\ «
() 8@ ) — pM.a® _ i) (6 _ o >

, -1 n TE <
@ > (" A= (n—i+ 1N
amj_<n—i>(n—i+1> ; i= =i+l
Hence, the required result follows since ar(fl)in >(n—i+Afori=1,...,n. ]

A natural question is to examine if the condition of Theorem 3.3 implies majorization

and viceversa. The following examples show that, in general, this is not the case.

Example 3.4. If & = (40,10,1) and A = (40,5.5,5.5), it is easy to check that A <™ 0,

however, for ¢ = 2, we have that

(2) _ . 2 _ _ . Y . =
®min 1§%1£M2 amj 11 <34 (TL v+ 1))\ (7’L 1+ 1)9

Note that, in this case, the normalized spacings are not ordered in the hazard rate ordering

(see example 3.2. in Kochar and Kowar[6]).

Example 3.5. If 8 = (40, 10,1) and XA = (5.5,5.5,4), for i = 2 we get

a? = 11>10=(n—i+1)X,

and A £™ 6.

Remark 3.6. Let {0(1), . ,9(,1)} denote the increasing arrangement of 6;, for i = 1,... n.

It is easy to check that

(2) (i-1) (4) (i+1) (n—1)
> fmm > > Ymn > Cmnfmnoy > %mn oy, (39)
n—1 n—1i+2 n—1+1 n—1 2

Let ¢ = n. Then from Theorem 3.3 we know that if 6,y > A then Ch.py <jr Dyon. Now,
by equation (3.9) we get that if 61y > X then Gy, <1y Djn, for i = 1,...,n. Even more, if
we fix 7, the condition affl)in > (n — i+ 1)) of Theorem 3.3 implies not only C.,, <1, Dy, but

also Cj. <y Djup, for j =1,... 1.



Note that for ¢« = 1, Xy., = D1, = D7.,,, and from Theorem 3.3 we have

Zei > Z Ai = Y <ir Xiins
i=1 i=1
which it is well known since X1, ~ exp(A1 + -+ A,) and Y., ~ exp(61 + - - + 0y).

Corollary 3.7. Let Xq,...,X, be independent exponential random variables such that X;
has hazard rate \; for i = 1,...,n, and Y1,...,Y, be a random sample of size n from an

exponential distribution with common hazard rate 0. Then,
a) Cln <ir Di:n; ZfX < 9,

(©)
b) Dy <1 Ci:n; Zf9 < n—i+1’

fori=1,...,n.

Proof.  a) It is easy to see that oz,(fl)j = (n — i+ 1)8 for all m;, since Y1,...,Y,, have the
same hazard rate. Then, (3.8) holds since § > \ & ag,i)j =(n—i+1)0>(n—i+1)\

which is true.

b) Replacing Cj.,, by D, in Theorem 3.3, it is easy to see that D;.,, <) Cj. if Bfﬁm >
(n — i + 1)8 which is equivalent to 57(271 > (n—1i+1)0, since Y7,...,Y, have the same

hazard rate.

O]

Note that Theorem 3.5. in Kochar and Kowar [6] can be seen as a particular case of
Corollary 3.7a), when # = X. In order to illustrate the performance of the above result,
we present here some interesting special cases. Let Xi,..., X, be independent exponential
random variables such that X; has hazard rate A; for< =1,...,n, and Y7,...,Y, be a random
sample of size n from an exponential distribution with common hazard rate 6. Suppose that
AL =...= A\, = A, it follows from Corollary 3.7 that C;.,, <ip Di.p < 0 > A, which is a well

known result in the literature. Another interesting special case is the following.

Proposition 3.8. Let X,..., X, be independent exponential random variables such that

X, has hazard rate X\;, fori =1,...,n, Y1,...,Y, be a random sample of size n from an



exponential distribution with common hazard rate X,y = max {M,..,\n), and 2y, ... 2y,
be a random sample of size n from an exponential distribution with common hazard rate
Ay =min{Ay, ..., A}, Then

Cz':n Slr Dzn Slr Hi:'m

fori=1,...,n where C;.,, Dj.,, H;.,, denote the i ’th simple spacings of Y;’s, X;’s and Z;’s,

respectively.

Proof. It is easy to check that A, > A. Then due to Corollary 3.7a), it follows that
Cimn <ir Djmp, for i = 1,...,n. By (3.9), we know that ﬁx)m > (n—i+ 1)\ for all 4,

and applying again Corollary 3.7b) we get D;.,, <ip Hj.p, fori =1,...,n. ]

This result is of interest because it provides upper and lower bounds for the survival and
the hazard rate functions since the likelihood ratio order implies the usual stochastic and the

hazard rate orders. To illustrate this result, we provide the following example.

Example 3.9. Assume that ()\(1), A@2)» /\(3)) = (0.9,1.0,4.0). Figure 1 shows the conse-
quences of Proposition 3.8, where one can see the survival function of the second simple
spacing from a heterogeneous exponential random sample with hazard rate ()\(1), A@)s )\(3)) =
(0.9,1.0,4.0). This survival function is bounded by the survival function of the second simple
spacing from an exponential random sample with hazard rate A;) = 0.9 and by the survival
function of the second simple spacing from an exponential random sample with hazard rate
A@3) = 4. Even more, we can consider as the lower bound the survival function of the second

simple spacing from an exponential random sample with hazard rate A = 1.967.

Another interesting upper bound for the ¢ 'th simple spacing of X;’s when X,..., X, are

independent heterogeneous exponential random variables is the following.

Proposition 3.10. Let Xq,...,X,, be independent exponential random variables such that
X, has hazard rate A\;, fori=1,...,n, and Y1,...,Y, be a random sample of size n from an

exponential distribution with common hazard rate )\gf;-rnl)/(n — 1), Then

Di:n Slr Czn )

10
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Figure 1: The survival curves with different parameters.
fori=1,...,n where C;.,, and D;., denote the i ’th simple spacings of Y;’s and X;’s, respec-
tively.

The proof is straightforward from Corollary 3.7b) and (3.9).

Bagai and Kochar [1] proved that if X <j, Y and either F or G is DFR (decreasing failure
rate), then X <gisp Y. It is known that spacings of independent heterogeneous exponential
random variables have DFR distributions (cf. Kochar and Kowar [6]) and that the likelihood
ratio order implies the hazard rate order. Combining these observations, we have proved the

following corollary.

Corollary 3.11. Under the same assumptions as those in Theorem 3.3,
Cz':n Sdisp Di:ny
fori=1,...,n.

Consequences of Corollary 3.11 are that Var(Cj.,) < Var(D;.,) fori=1,... n.

4 Applications to multiple-outlier models

Motivated by robustness issues, studies of order statistics and spacings from (single and

multiple) outlier models have been developed during the past fifty years or so. These results

11



have enabled useful and interesting discussions on the robustness of different estimators of
parameters of a wide range of distributions. In particular, detailed robustness examination
has been carried out for the normal distribution in David and Shu [4], for the Laplace
distribution in the presence of a single outlier in Balakrishnan and Ambagaspitiya [3], and

for logistic and exponential distributions in Balakrishnan [2].

In this section, we consider the special case when X, ..., X,, are independent exponential
random variables such that X; has hazard rate A for 7 = 1,...,p and X; has hazard rate A,
for j = p+1,...,n, where two samples are independent. The simple spacings and normalized

spacings from a multiple-outlier exponential model are, respectively, defined by
Dj.p, (p, q; A, >\*) = Xin — Xi—1:n and D;kn (p, q; A, )\*) = (n — 1+ 1) D;.p (pa a; A, >\*) )

fori=1,...,n, with Xg.,, =0, g=n—p>1and p> 1.
Khaledi and Kochar [5] proved that

Dy, (n—=1,1LAN)<p D, (n-1LLAA), fori=1,...,n—1,

in a single-outlier exponential model. Wen et al. [14] established the likelihood ratio ordering

of simple spacings from a multiple-outlier exponential model, that is,
Dim (0, ;M A) <tiv Dit1on (D, s A\ As), forp>1,g>landi=1,...,n— 1.

Hu et al. [8] also investigated stochastic comparisons of simple spacings from a multiple-

outlier exponential model. They proved, for A\; < A, < Ao,

(D1:n<p7 q; )‘27 )‘*)7 cee 7-D7’L:n(p)Q; )\27 A>l<)> Slr (Dlzn(p7 q; )\17 >‘*)7 sy Dn:n(p7 q; )‘17 )\*>>7

with p,q > 2. Since the multivariate likelihood ratio order is closed under marginalization

(see Shaked and Shanthikumar[11]), it holds that, for A\; < A, < Ag,
Din(p, q; A2, M) <ix Din(p, ¢; M1, A), fori=1,...,n. (4.10)

By considering the multiple-outlier model as a special case in the independent and non
identically distributed framework, we present results on simple spacings from multiple-outlier

exponential models. Applying Theorem 3.1, we obtain also stochastic comparisons between

12



successive normalized spacings from multiple-outlier exponential models. In the following

example, we show that (4.10) is a special case of Theorem 3.3.

Example 4.1. Suppose that \; < A, < A9. Then, if o > (n — i+ 1)), where

min —

)\:ph—i—(z—p))\*’ and

. n—i+ 1A, Q> pt,
MO ) P (4.11)
m=—pA+(pP—i+1)A, if i<p+1,

we get that (4.10) holds from Theorem 3.3. Thus, if ¢ > p + 1, we have that

o> (n—i+ DA< nh >pA+ (n—p)h & A > A1

And, when ¢ < p+ 1, we get that
a > m—it DA e (m—ph+(p—i+ DA >(n—i+ 1)
As Ay > ), it is easy to see that, if i <p+1,
=DM+ @—i+Drda=n—i+ DA\ >n—i+ DA A\ > AL

Hencev Dzn(p: q; )‘27 )\*) Slr Dln(pa q; )‘17 )‘*)7 for i = 11 ceey N

Using again Theorem 3.3, we give below a similar result to (4.10) when the number of

exponential random variables with hazard rate A\; and A, can be changed.

Theorem 4.2. Let X1,..., X, follow the multiple-outlier model with parameters A1 and A,
and let Y1,...,Y, follow the multiple-outlier model with parameters Ao and M. If A\ < Ay <
As, then

i) Din (D, ¢; A2, As) <ir Dion (p + k1, ¢ — k13 A1, M), with 1 < k1 <q and
ii) Dim (D, @ A2, M) <ir Dy (p — k2, q + k2; A1, Ai), with 1 < ky < p,
whereqg=n—p>1,p>1.

Proof. We have to show that al? > (n—i+1)X and then, from Theorem 3.3 we will conclude

min

that the result follows. It is easy to see that (4.11) holds.

13



i) In this case, nA = (p + k1)A\1 + (g — k1) As, with 1 < k3 < ¢. When i > p+ 1, we get
that

) s> m—it e (n—it+ DA > (n—i+ DA e A —A)(p+k) > 0e A > AL

mwn

And when i < p 4 1, we have that

A > m—i+ D e (n—p A+ (p—i+ DA > (n—i+ X,

mwn

As Xy > A, then

a s m—itD)Ae m—i+ DA > —i+ DX A > A

man

ii) In this case, nA = (p — ko)A1 + (g + k2) A, where 1 < ko < p. As before, it is easy to

check that
) > m—it DA (n—i+ DA > (n—i+ DA (A —A)(p—kz) > 06 A, > Ay,
fori=1,...,n. ]

Wen et al. [14] obtained the following result.

Theorem 4.3 (Wen et al. [14]). Let Xi,...,X, follow the multiple-outlier model with
parameters A and Ax. If A < Xy, p>1 and ¢ > 1, then

Dzn(pvq,)\, )‘*) Slr Dl’n(p+ 17q - ]-7 >\7)\*>7 fOT"L' = ]-a ey n.

We now state the analogue of this last result as a special case of Theorem 3.3, when

A > A

Theorem 4.4. Let X1,..., X, follow the multiple-outlier model with parameters A and Ay.
IfX> XA, p>1andqg>1, then

Di:n(p — ko, q—+ ko; A, )\*) Zlr Di:n(pa q; )‘7 A*) >l Di:n(p + /{71, q— kl; A, )\*),

where 1 <k <q, 1<k <pandi=1,...,n.

14



Proof. First, we will see that D;.,(p — ka2, ¢+ k2; A\, As) =1 Diin(p, ¢; A\, M), where 1 < ko < p.

A trivial verification shows that

— — ko)A ko) Ay
)\:(P 2) -;(Q—F 2) and

pA+ (n—i+1—p)A, if i<q+1.

It follows immediately that, if i« > ¢ + 1,

D > (n—i+ 1A nd > (p—k)A+ (g + k)

S A=A)(@+ k) >0 A >\,
And, if i < ¢+ 1, then,

i ) N , —i14+1
ald) >(n—z+1))\<:>p)\+(n—z—|—1—p))\*>w(

mwmn — -

(p—k2)A+ (¢ + k’2)>\*>

@(A—A*)(nk2+(i—1)(p—k2)) >0e A >\,

To prove that Di:n(p7Q; )\7 )\*) 2l Di:n(p + klu q— kl; A, )‘*) where 1 < ky < q, we get

X:M, and
n

Xin =

(p+k1))\+(n—i+1—p—k1)/\*, ifn—i+1>p+k.

Clearly, when n — i+ 1 < p+ ky,

) > (m—it DA nd>pA+gh g A —A) >0 A > A,

min
And when n — i+ 1 > p + k1, we have

i . ¥ . —1+1
al? 2(n—z—i—l))\(:)(p+/€1)/\+(n—z+1—p—k1))\*2%(19)\4—(])\*)

man

@(A—M)(nkl—&—p(i—l)) >0 A> A

Hence, we have proved that al) > (n—i+1)A & XA > ), and from Theorem 3.3 we get

min

the desired result. O
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5 Conclusions

This article is devoted to establishing stochastic comparisons of spacings from two samples
of heterogeneous exponential random variables. In particular, we have provided sufficient
conditions under which the simple and normalized spacings are ordered according to the
likelihood ratio ordering. We also have obtained lower and upper bounds for the survival
and the hazard rate functions of simple and normalized spacings from a sample of exponential
random variables with different scale parameters.

As multiple-outlier models are a special case in the independent and non identically
distributed framework, we have applied our main results to compare simple and normalized

spacings from multiple-outlier exponential models.
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