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1. INTRODUCTION

The development of statistical inferences on structural change points has been of major
concern in the statistic and econometric literature. Among survey papers on this topic
we mention Zacks (1983), Wélfe and Schechtman (1984), Deshayes and Picard (1986),
Huskov4 and Sen (1989), Krishnaiah and Miao (1988), Csorgo and Horvdth (1988), Per-
ron (1993) and Stock (1997). There are also several monographs, like Broemeling (1982),
Broemeling and Tsurumi (1986), Hackl (1989), Hackl and Westlund (1989, 91), and
Brodsy and Darkhhansky (1994). The problem is to test whether or not a change in
the parameters of the model has occurred, and if so, to estimate when and by how much.

Much has been written about testing for structural breaks, but comparatively little
is known about estimation of the location point. Hinkley (1971), Bhattacharya (1987)
and Yao (1987) consider the maximum likelihood estimation of the break date for i.i.d.
variables with a simple shift, Picard (1985) for a Gaussian autoregressive process, and
Feder (1975) for segmented regressions. Bai (1994) estimates the unknown change point
by the method of least squares in a linear process. But these classical estimators are
sensitive to deviations from the model distribution, to outlying observations, and to model
misspecifications, which can produce disastrous effects on the estimates. Departures from
the assumed model can be solved, in part, estimating nonparametrically the underlying
regression model, as proposed by Carlstein (1988), Diimbgen (1991), Chu and Wu (1994),
and Delgado and Hidalgo (1997) among others. Alternatively, robust methods, which
are insensitive to small deviations from the assumptions, can also be applied. Bai (1995)
proposes the use of LAD estimation, which has good properties in terms of robustness
(qualitative robustness, B-robustness and maximum breakdown point). However, this
estimator is not robust in the presence of leverage, and is very inefficient under normality.
Antoch and Huskova (1997) propose an M-estimator for the location of a change in the
mean of i.i.d. variables, obtaining the best trade-off between efficiency under the true
model and robustness, but with breakdown zero if we consider stochastic regressors.

This paper generalizes the existing literature on the estimation in three aspects. First,
we study M-estimation of the break points in the context of regression models with struc-
tural change, obtaining the asymptotic behavior for the estimators of the location and size

of the break date, such as both pre-break and post-break parameters, which allows per-



forming inferences. The above mentioned estimators can be considered as particular cases
of this one. Second, most of the existing estimation procedures are constructed based on
the i.i.d. assumption which, unfortunately, often does not hold in real world analyses.
Thus, we introduce general conditions on serially dependence. At last, we discuss the
problem of robust estimation under leverage, studying the extension to T—estimators,
considered as a particular class of globally robust estimators, with maximum breakdown
point.

The rest of the paper is organized as follows. Section 2 introduces the model and regu-
larity conditions. The asymptotic properties of the M-estimators are studied in Section 3,
under two assumptions about the size of the jump, fixed and converging to zero with the
sample size. In Section 4, we discuss the extension to T—estimators, which are robust in
the presence of leverage. Section 5 shows the results of Monte Carlo experiments, which

illustrates the performance of the asymptotic approximations in practice.

2. MODEL AND ASSUMPTIONS

Let {Z; = (Y}, X:),t =1,...,T} be a sample of a R x RP-valued stochastic process de-
fined on the probability space (2, F, P). We are interested in estimating the parameter
vector £ = (ﬂ'w,ﬂlzo,To)l where 5,0 € @ C RP, j = 1,2, g # 829, and 1o € 1 C (0,1),
defined by means of the moment condition

£ =Argmin  Lim Sr (§), 1)
georxn T—oo

where

Sr(§) = Sir(By,7)+ Sar (B2, 7), (2)
[T'7]
Sl = 73 p%i-Xi9), @
) t-IT
Sr(Br) = 3 ) p(Vi-Xh). (4)
t=[T7]+1

[-] means the nearest integer, and p : R — R is a function which identifies the parameters
of the model. That is, each p function defines a particular linear predictor of Y; given
X, with changing parameters at a given moment of time 79. For instance, p(u) = u?

defines the least squares predictor, p (u) = |u| the least absolute deviation predictor, and



p(u) = 3u?I (Ju| < ¢) + |u| I (Ju| > c) is the Huber predictor, a compromise between the
two above, where I (A) is the indicator function of the event A, and c¢ is a suitable chosen
constant. Different p functions may define different parameter values, except in certain
circumstances. For instance, when the conditional distribution of Y; given X is symmetric
with respect to its mean, which is a linear combination of the X; with changing parameters
at X;, least squares, least absolute deviations and Huber predictors are identical. However,
the resulting estimators will have very different statistical properties.
Natural estimates of £, are defined as the sample analogues of (1),
&r =Argmin Sr (€), (5)
£€02xII
and can be obtained by means of an iterative procedure, using the fact that

Ty =Arg min (SlT (BIT (7) ,T) + Sop (327* () ,T)) ,

7€ll

where

a

B (1) =Argmin S;r (8,7), Vr€(0,1), j=1,2 (6)
Bgeo

which are estimating

IBj (T) :A"g;gln 'IL—Z:ZLQ SjT (IBaT) 3 .7 = 1,2

Thus, ,BjT = ,BjT (fr), for j = 1,2 and the size of the jump Ag = B¢ — By is estimated
by Ar = Bir — Bar.
Remark 1 In order to get a scale-invariant estimator, we must consider the objective

function (2)-(4), with S (€) replaced by

(77}
1 Y, — Xéﬁ)
S ) = T I ——— 3
ir (B,7) T ;1 P ( or
1 & Y, — X!3
Sor (B,7) = T Z P (t—&t—) )
t=[T7]+1 T

where &1 is the scale estimate of the error, which can be obtained either separately or
simuitaneously with £,. These estimators are called M-estimates with general scale. A
consistent and robust estimator of the scale can be obtained from a preliminary estimator

ET of §,. For instance, the median absolute deviations, defined as

1 [T77] : 1 T
ortsgind 5 el o3 5 |
g t=1

t=[T#7}+1

},t - X{/B2T! - g‘! )



assuming that £y is identified by p(u) = |u|l. In cases where we want to allow different

scales for each subsample, it can be defined

(T7r] T
.. ) - 1 s
(017, 02r) =Argmin = E ’K—X;'ﬁw’—ffl'*-f E ‘Y:—Xfﬁz:r|—02|,
TLT2 t=1 t=|TFr]+1

and o1 = G171 (t < [T77)) + d2r (t > [T7r]). By Lemma 5.1 of Yohai (1985), it can be
shown that, with a consistent estimator of the scale, the asymptotic behavior of the esti-
mates are equivalent with the scale estimated or assumed known. For simplicity henceforth,
we will consider the objective function composed by (3) and (4) instead of the previous

one.

The properties of the estimators will be derived assuming *Near Epoch Dependence’.
This class of dependence goes back to Ibramigov (1962), and has been formalized in
different ways by Billingsley (1968), McLeisch (1975), Bierens (1981), Wooldridge and
White (1988), Andrews (1988), and Potscher and Prucha (1991), among others. In order
to obtain the asymptotic properties of the estimators, it is necessary to make the following

assumptions:
A.1 Assumptions on p ()

A.1.1 Let p(-) be a convex real function twice continuously differentiable in R, with

first derivative ¢, such that

Lim p(z) = oo.

z—too
A.1.2 ¢(-) is a bounded and strictly negative (positive) function for large negative
(positive) values of its argument; ¥(u) = dy(u)/du.
A.2 Model assumptions.
Define the sequence {1, () = ¥ {u, + 6'X;) X, Vt < T} V8 € ©, and n, = 1, (8) |o=0,
Ve<T.
A.2.1 © C RP, 15 a convex set,

A.2.2 1o eI C(0,1).



A.2.3 {Zt =Y, Xs) :t < T} , is a random vector with domain in Z, L — NED
on a strong mixing base {w; : t = ...,0,1,...}, where Z is a Borel subset of RP*!.
Let F*) be the distribution function of Z; and F»}z) = (I/T) 2T F#); then
{F;z),T > 1} is tight on Z.

A.2.4 For some r > 2, {n,:t < T} is a random vector sequence of mean zero,

— NED of size —1/2 on a strong mixing base {w;:t=...,0,1,...} of size

—r/(r — 2) and Sup;<7E |n,|" < o0.

A.2.5 n,(0) is Borel measurable in Z; V6 € ©, and 9n, (9) /06’, that is continuous
in (Z:,6) € Z x © by A.1.1, satisfy that,

on, (6)
o6

Sup E [Sup

e<T )

14¢
< o,

for some £ > 0:

A.2.6 The Lim T Z E [B’qt (0)/30'] exists uniformly in (6,7) € © x I and
=
equals 'rM 0) v (8, 'r) € O x II, where

T
on, (6) ~”
M) =fim 7 Z [ae’ } @)

s positive definite matrix. For notational convenience, define M = M (6) |s=¢
A.2.7 v7 € (0,1) we assume that:
[T7]

1
Lim Var | —= 3 0| =15,
T—o0 @ VT i—1 N

where

~

T
1
S=Lim Var |—= ) 7 8
i ver [ 3o
is a finite and positive p x p matrix.

Assumptions A.1 are standard in robust estimation. The differentiability of p allow us

to express (6) by the first order conditions,

(7]

Bee [ n(b-H=0¢,
t=1

{ﬁm(’r)}

T
{B2T(T)} = {ﬂe@ / E U:(ﬁo—ﬁ)zo}»

t=[T1]+1



estimators of

(T]
{Au(n}y = (Be0 [Lim  m(B-pF)=0p,
t=1
T
{Bo(n)} = $Be® JLim > n(fh-A=0,,
t=[Tr]+1

Thus, {,BIT(T)} and {ﬁzT(T)} define the subsets such that, for fixed T, the objective

function is minimized. The convexity of p(-) implies the convexity of these subsets.

Under A.l, the subsets of ©, {8;(1)} and {85(T)}, are non empty, convex and compact.

If p() is strictly convex, these sets shrinks to an unique point (Huber, 1964). But, this

property, although would simplify the problem, rules out estimators like Hubers, which

are of interest. The same occurs with the continuous assumption of the second derivative

of p(-), that we make in A.1.1. However, in order to solve this, we obtain, in Proposition

1 below, an umniformly convergent smoothed version of the Huber score function.

In order to derive the asymptotic properties of estimator parameters, we suppose con-

vexity of the parametric space, by assumptions A.2.1 and A.2.2, that also consider the

shift location far away of the interval extremes. A.2.3 and A.2.4 are standard of weak

dependence for this case of robust regression, and A.2.5, A.2.6 and A.2.7 are covariance

stationary conditions.

Proposition 1 Given the Huber 1-function,

c, t>c
Y)y=4¢t |tl<e ,
—c, t < —c

we obtain the following sequence of twice differentiable functions,

;

1

¢ t>c+y
TP .5 P 1

AT (et om)t- (T - +em), cmmm St<ctan
br(t) =4 1, el e s

T 1 T .

FOHT (et gm)t+ (57— 5+ ) —cSt<—ct gy

—-¢ t<—c—

x

such that hr (t) converges to v (t) uniformly in t, for p > 0 and fized c.

2Ty




Thus, the asymptotic results derived for smooth % functions can apply as in Theorem 2
of Bloomfield and Steiger (1983) for LAD estimation. This is an alternative way to solve
the problem of non-differentiability of the objective function, which have been already
analyzed by others, such as Jureckova (1996), who considers this type of functions as a
sum of three functions with different degrees of smoothing, and studies the asymptotic
behavior of each one. The proposition can be extended to another non differentiable

functionals.
3. ASYMPTOTIC PROPERTIES

In order to establish the asymptotic distribution of the estimators, firstly we need to

derive their rate of consistency. This is obtained in Theorem 1 below.

Theorem 1 Assume A.1 and A.2, then
. 1 _
(ﬁﬂ* - ﬁjo) = Op (ﬁ) y J=1,2

. _ 1
(TT—To) = Op(THf\oHQ)’ (9)

where ||z|| represents the Euclidean norm of the vector x.

To obtain the previous results, we analyze the global behavior of the objective function
St (€) over the whole parameter space. To this end observe that the parameter estimator

(5) can be also defined as

£r =Argmin (St (€) — St (&), (10)
£€0?xIl

and we want to prove that ¥e > 0, 3C > 0 such that

(R e I (e e o e e R
(11)

The upper bound of 3¢ is only for notational convenience and, without loss of generality,
it corresponds to one ¢ for each of the three sets. By definition of ET in (10), St (ET) —
St (£0) <0, so the left side of (11) is upper bounded by

AU BU AUBUD

Pr{ Iy (5119 - 51 (€) <0}=Pr{ Sup (Sr (ao)—ST(s))<0},

8



where the sets A, B and D are defined as follows

a = {sico/ |pr-su]> 72} (12)
B = {,32€®/ l|BzT—,320||>\/—CT}a (13)
D = {TGII/ ||%T—To||>T—”§;—”2}. (14)

Thus, Theorem 1 is a consequence of the following result.

Theorem 2 Under A.1 and A.2, Ve > 0, 3C > 0 such that

Pr{ Sup (St (&) — St () < 0} < 3,

AUBUD

where A, B and D are defined in (12), (13) and (14) respectively.

The estimators of the regression coefficients are, as usual, VT-consistent. For the rate
of convergence of the structural break point estimator, we can consider two interesting
cases of Ag = (B9 — Bag), when Ag is constant and when it depends on the sample size,
Ao = Ar with |Ar] = 0, but T'|[Ar||* — oo, which is satisfied trivially for the constant
Ao case. From (9), we observe that the rate of convergence of 77 is Op (T‘l) when Ag
is fixed, and Op (T‘l ||/\T||_2) otherwise. Finally, we can obtain as a direct result, the
v T-consistency of the jump size estimator :\T = BIT — B2T'

As viewed before, Theorem 2 describes the global behavior of St (8,,082,7) in the
whole set ©2 x II. Next, the limiting distribution is obtained by studying the local
behavior of this objective function in a compact set determined by Theorem 2. Thus,
B, 5 = 1,2, is constrained to be in a T~!/2 neighborhood of the true parameters values,
B0, 3 = 1,2 respectively, and a similar comment applies to the estimated shift point, in a
T—! neighborhood of 74. In order to derive the asymptotic distribution, it is necessary to
obtain the rate of convergence previously, because the argmin functional, used to obtain
the location estimate, is not continuous when the minimized function is defined in an
unbounded set.

Therefore, it is convenient to reparametrize the objective function in the following way:

AT (’U) = ST (50 + (%7%v v37}1)A> ) - ST (50);




for v = (v}, v4,vs)’ € Vy, the argument of this new function, such that
Vn={v:|v;] <N, 7=1,2,3},
is a compact set defined for every N > 0. Thus,
vi .
B; = t@j0+ﬁ1 i=12

T = T +’U3%, where P, = O (||/\g||_2) : (15)

so that considering (15), we have Py, = O (H)\TH_?) for Ay = Ar decreasing case, and
Py =1 for constant Ag.

The weak convergence results for the estimators follows taking into account that:

‘/T(B:‘ —ﬁ:') = ¥, =12,
T(Fp—1To) = 3P,

and

(91, 95, #3) =Arg min Ap (v),
vEVy

defined in a compact set. This is obtained in Theorem 3 bellow.

Theorem 3 Assume Al and A2, then,

(i)

b | o | MoiSVREE)

| (16)
Do 0 Mgy EAT0)

» )

where” 3 represents converyence in distribution, M and S are defined in (7) and
(8) respectively, and B () is a p-vector of independent Brownian motions defined in

[0,1].
(ii) Assuming Ag constant,
03 = Arg max {A{]SI/QW' (w) — %,\SJM(AO) o ]w|} , (17)

where M (8) is defined by (7) and W* (-) represents a process on Z, the integer set,

such that:
0 w=10
-1
W w={ o ow=-1-2.

v
S w=1,2,....
t=1

10



(iii) Assuming Ao =Ar =0 withT ”)\THZ — 00,

(NpMAT)? { 1
{3 = Argmax ¢ W (w) — = |w| ; , 18
where W (-) represents an independent two-sided standard Brownian motion defined

in R.

(iv) Finally, we obtain that (#,75) and ¥3 are asymptotically independent both, when

Ao 1S fized or converging to zero.

The limiting distribution for the estimated regression parameters is standard, and is
the same as if the true change point were known. For the shift estimator, we only obtain
a free-distribution under the assumption of Ag decreasing with T'. A two sided Brownian

motion is represented by

Wi (—w), w<0
W (w) = 1 (-w)
Wa (w), w>0
with {Wy (t) :t € [0,00)} and {W2(t) : t € [0,00)} being independent standard Brownian
processes. The explicit form of distribution (18) is given by:

Ft)= % + \/%\/Ze-%‘ + ge%b (—g\/f) —~ Gt + g) ® (—%\/f) , (19)

for t > 0. See, e.g., Bai (1994) or Antoch and Huskovéd (1997), and references in there.
It can be easily seen, in the local change case, that the asymptotic variance of the shift
estimators depends on the ratio
(rMAT)® (VM (F ) M)
(MpSAr) (Ve S(Fy)Ar)
1.e., depends on the distribution F' and the score function 1. The larger is the ratio, the

smaller is the asymptotic variance. Thus, the smallest variance corresponds to ¥ (z; 3) =
%)@, x € RP, B8 € ©, and f(.;8) the density function of F(.;8). If this density
were unknown, an estimator of the optimal score function could be developed and this

estimator can be used as the proper score function.

Corollary 1 Considering part (i) of Theorem 2, it is possible to derive the asymptotic

distribution of the jump size M-estimator:

S§=V2 0L T (;\T _ ,\0) 4, (M) , (20)

TD(].—TU)

defined as the generalized Bessel tied-down distribution of order p.

11



Corollary 2 The following particular cases are worth mentioning:
(i) The regressors {X,:t < T} arei.id. Then we obtain that:

M = pim LS B [hxx] - [ w)] B,
t=1

T—o0

. 1 ,
S = Lim Var lﬁ tgl ytht] =F [¢2 (ut)] E[X.X.],

and therefore,
. 1/2
mige - Bl D'/2, (21)

E [11«' (u‘)]
where D = E [ X, X{].
(#1) The regressors {X; :t < T} are functions of time trends. Let be X, = g (t/T),
where g is a bounded vector valued-function defined on (0,1) and is continuously differen-

tiable. Then

M = Lim %i B[3.XX]) = B [ (w)] Lim - S (/) o (/1Y)

T—oo =1 — Q0 T =1
T
S = ’IL_i.Té Var lLT Z v, Xe| = E [¢* (u)] 71;_1'.7& % Z (9(¢/T)g(t/T)),
t=1 =1
and therefore,
1/2
1"{—151/2 E [¢2'(ut)] D—1/2, (22)
)

T
where D =Lim £ Y (g(t/T)g(t/T)).
T—oo t=1
Using the expressions (21) and (22) in (16) and (20) we can derive the limit distribution

of the regressor coefficients and the jump size, for both cases (i) and (ii) respectively.

Corollary 3 We consider the limit distribution of the shift estimator for the two cases
of {X;:t <T}, iid. and function trends. Assuming that the jump size decreases with
T, we obtain that,

(i) For the i.i.d. case we have,

(\rMAr)®  (ArDAr) E [’«'b(ut)]2

(\rSir) — E[R(w)]
where D = E [ X X|. Therefore,

(MpDA7) T (77 — 79) =



(ii) For the trending case with the function g as in Corollary 2, we obtain that
E [1112 (ut)]
T 12
o]

a result that cannot be derived directly by Theorem 2. The proof 15 given in Appendiz 2.

(,\'Tg (To)g (TO)I /\T) TET - To) =

In order to make inferences about the parameters of the model, we need to estimate

the asymptotic variance. In particular, M, defined in (7), can be consistently estimated

by,

M= M, + M,, (23)
where,
. 1 el . ,
Moo= 39 (¥ - Bur () X)) XXy, (24)
. 1 T ) .
My = g 3 $(Ye-Barlr) X)) XeX), (25)
t=[TTT]+1

and S, defined in (8), is consistently estimated hy,
5=28+8,, (26)

such that, the estimation will depend on the serial dependence of the process. Thus, if
{n,,t > 1} is a sequence of zero mean ar;d uncorrelated random vectors, then:
1 :
§=Lim = ; E (nem)
and, therefore, its estimator will be defined by

(Tr7]

S = == 3 (¥ (Y- Bur o) X) Xe - (7)) (27)
t=1
x (¥ (Y= Bur (i2) X) Xe —mur Gr) )
S = e sz (v (Y= Bar (4 X)X = ar (77))  (28)
t=[T#r]+1

x (1!) (Yt - Bor (fT)’Xt) Xt — et (*T)),,

where:
1 (T7r] A
myr(fr) = TF > d)(Yt—ﬂlT(%T),Xt) X,
t=1

13



T

mor (fr) = TR e=[q;]+1 (4 (Y: — Bor (F1)' Xt) X

On the other hand, if {7,,t > 1} is a zero mean and serially dependent random vectors,

then o ~
5= "Ty+ ) T,
v=0 v=1
where:
1 T
. ’
Iy =,JI,/_1"7£° T ; E (ntnt—u) )

and the estimator will be defined by

[T‘f'T]—l v 1 [T‘f‘T]
= o - - _ 2 ~ ’ 7 -
51 = ;) k (l(T)) T+ t;ﬂ (w (Yt Byr (F7) Xt) X, — (TT))

~ !
X (10 (Yt - By (Fr)’ X:) X¢—mr (f'T)) (29)
[T#r]—1 v 1 [T#7] ~
+ Z k ('MT)) Tz Z (w (Yt—u - Bir (%T)lX:—u) Xi—v —Tur (7A'T))
v=1 T t=v+1
" ’

x (w (Yt—u — Byr (%T)’ Xt—v) Xe—v — ur (%T)) )

[T#r]-1 v 1 T
= - ~ ’ _ ~
S = Y k (W) 7= 2 (¥(Ye B (1) K] Xew =y (81)

v=[T#7] t=v+[T#T|+1

-~ n l ~ ’
x (¥ (Yims = Boy (72) Xo-0) X = 2y (1)) (30)

T-1 v 1 T R ., ~ )
S lk(m—))ﬁ; S (9 (¥ Bar (2r) X)X~ o (5r))

v=[T*r]+ t=v+[TFr]+1
. oy _ ) ’
X (115 (Yt - ﬁzT (TT) Xt) Xy — Mo (TT)) ’

where k() is a real-valued kernel and {(T") is a bandwidth parameter (possibly data-
dependent). This class of estimators corresponds to Parzens’s (1957) class of kernel es-
timators of the spectral density matrix at frequency zero of the random vectors {¥(Y; —
BiloXe)Xe, t < [T1o]} and {9(Y; — BhoXe) X, t > [T7o]}. It be developed by Andrews
(1990), who finds an asymptotically optimal choice of both bandwidth and kernel pa-
rameters, and applied by Andrews (1993) in tests for parameter instability under the
same weak dependence conditions we are considering here. The consistency property is

formalized in the following theorem.

14



Theorem 4 Assume A.1 and A.2, then
HM _ MH =0 and HS - SH 2,0,

where M is defined in (23), (24) and (25), and S, in (26), (27) and (28), or in (26), (29)

and (30), depending on the temporal structure of data generating process.

~4.- ON ESTIMATORS WITH BOUNDED INFLUENCE FUNCTION AND
HIGH BREAKDOWN POINT

The M-estimators discussed before protects against outlying Y:, but cannot cope with
leverage points, namely outliers in the factor space, which may have large influence on
the fit. This could be a problem when we consider stochastic regressors, with a possible
contaminated distribution. Therefore, is advisable to consider robust estimators under
possible leverage points.

The T—estimators, defined by Yohai and Zamar (1988), have the following properties:
(a) they are qualitatively robust, (b) their breakdown-point is maximum in the presence
of contamination in both axes, and (c) they are highly efficient for regression models with
normal errors. Asymptotically, a T—estimator is equivalent to an M-estimator with a score
function 3 given by a weighted average of two i functions, one corresponding to a very
robust estimate and the other to a highly efficient estimate. The weights are adaptative
and depend on the underlying error distribution.

The T—estimators are defined by the minimization of a particular residual scale esti-

mate. Thus, considering the objective function St (£) in (2), define

[T7] .
1 Y, - X3
Sy , = 5 (8,7)= LEE.LLLe 1 31
i Bor) = 653 e () @)
T Y, - x!
Sar (By,7) = S%‘(ﬁ,‘")% Z P2 (Wff)g)a (32)

t=[T'r]+1

where for 7 =1, 2, Sjr (8, 7) is the T—scale estimator pre-[T'7] and post-|[T'T| respectively,

and sy (9, 1) is the scale M-estimator defined by Huber (1981) such that,

(T7] T
9 1 Z Y: — X{B, L Yt — XiBy
2 ‘ ————eereeeveeeeeeeeee =l l), 33
oz (b:7) | T t=1 & ( sT (.@17') " T r—[TZTHl o st (B.7) ( |



with b, a constant properly defined by:

Ey [p, (ut)] =b,

2 we

® represents the standard normal distribution. For the particular case py(u) = u
obtain the sample standard deviation (least squares), and if p; = p, we have S,,; = \/l_)s"j,
the corresponding to the S-estimator (Davies, 1990).

The parameter Tegression estimators fr (1) = (B;T (1) ,B;T (T))’ work out from the

first order conditions. Then, for each 7 we obtain that,

1 [Tr] R Y, — XIE (T) Y. —_X’fj (T)
— W (B b | 2T g, [ AT X, = 0,
T ; " ( ! (T)) . sT (57* (r) )7') & ST (5T (1) vT)
1« - Y: — X{Bor (1) | Y= X{Bor (1)
= Wr (Br (7)) ¢y | 2l | gy, | 2 X, = 0,
T t—[TZT]»H " ( g ) 1 ST (ﬁT (T) :T) Ve sr (ﬁT (T) :T)

where the first derivatives are given by Proposition 17 in Appendix 2, considering ; = pf,

1=1,2, and

{T‘r] ey T t A
1 - v xBmY 1 - Y=XByp(n)
A FEA(N0g) 4 2 a (s
Wr (@T (T)) I

. . T N :
1 "/. Y,—{('@ () 1 v )’:—{f'ﬁ~ -(7)
P () g, ()

with 9, (2) = z¢; (2) and p, (z) = 2p; (2) — ¥, {z), for = 1,2. In order to obtain the
asyniptotic properties for this new estimators, we need to replace assumption A.1 and A.2

by B.1 and B.2 below:

B.1 Let p; and p, be two real functions satisfying the same properties of p in A.1 and,

additionally assume that,

(i) p:(0) =0.

(i) p;(—u) = p; (u).

(iii) 0 <wu < w implies p; (u) < p; (v).

{iv) pis even and twice continuously differentiable.

(v) Let a = sup p; (u), then 0 < a < oo. There exist a constant m such that p, (u)

is constant for |u| > m.
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(vi) If p(u) < a and 0 < u < v, then p; (1) < p; (v).
for i = 1,2, and p, also satisfies that,
(vii) 2py (u) — Y2 (1)u=0.

B.2 Assume that Z; = (Y;, X,) is an 4.1.d. random vector distributed as Z = (Y, X) €
RP*! such that,
F(Y,X)=H(X)G(Y - fX),

and it holds the following conditions:

B [I1X.X{)"*] < oo, (34)

s() (57

Assumption A.l is standard in the context of 7—estimators (see Yohai and Zamar

1+
< 00. (35)

E ‘:Sup
9e0

(1988), Assumption 1), and, for the sake of presentation, we consider the i.i.d. case,
without loss of generality. In the next theorem we obtain the asymptotic behavior for this

type of estimators.

Theorem 5 Under B.1 and B.2, we obtain that Theorems 2 and 3 holds for the T—estimators,
and the asymptotic distribution is given by (16}, (17} and (18) such that

71 -1
ool o[ (2]
(U] (0]

11000 = £ (H25Y] B - B (2 (3) ()] o (222850

(o) o}

() - (2) (2.
o 2 20 [ ()] ~ e 02 (2) ()]
B (2) (%))

()]
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and ag is defined by



Finally the matriz M is given by M (Xo) for Ao = 0p, and therefore,
. ut ’
M=E [% (-)J E[X.X!].
Jo

The previous theorem allows us to consider the 7—estimator as an M-estimator type

with a particular score function ¥ = v, given by (36).
6.- MONTE CARLO EXPERIMENTS

In this section, simulations are performed in order to verify some theoretical properties
of the change point estimator for a finite sample situation. First, we compare, in terms
of bias and mean square error (MSE), the performance of the Least Squares (LS), Least
Absolute Deviations (LAD) and Huber estimators under different distribution scenarios
for the error term. We also compare the sample and asymptotic distribution of tlie location
estimators, obtaining the proportion of times that the estimate is outside the asymptotic
confidence intervals at different confidence levels. Computational costs have prevented us
for including the 7-estimators in this simulation study. Nevertheless, we perforin a small
exercise to illustrate Section 4, generating a model with structural change, and analyzing

the sensitivity of the different location estimators in the presence of a solely outlier in

both, OX and OY axes.
6.1. Simulation results

Data are generated according to the following model:
Yt:].+Xt+/\TI(Tt>T0)+’U,t, t:].,,T

where 79 = 0.5, z; ~4.9.d.N (0,1) and u; ~ i.i.d.F (u), with F generated as an standard
normal, double exponential, t3, £5, 0.9N(0,1) 4+ 0.1N(0,9) and 0.75N(0,1) + 0.25N(0,9),
which will be denoted by N90 and N75 respectively. The error term is standardized in
order to get a variance equal to one in all the distribution cases. The size of the jump Ar
is considered decreasing with the sample size, at a rate such that T ||/\T||2 — o0. Thus,
for T = 100, 200 and 500, the value of Ap = 2.1892, 2.0 and 1.79527 respectively (we
fixed the value of Ar = 2 for T = 200, and the other ones were obtained considering the

dependence with T'). For each type of distribution F (u), 5000 replications are performed
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and the LS, LAD and Huber estimators are considered, in order to compare them under
these different scenarios. The computed Huber estimator is scale-invariant, considering
the MAD as the scale estimator, and the constant ¢, that defines the estimator, is equal to
1.345, corresponding to the minimax version. The programs are written in FORTRAN9(Q

Double Precision, and the IMSL routines were used for the random number generation,

| TABLES 1 AND 2 ABOUT HERE|

Respect to the point estimation performance, the results are as expected in terms of
MSE. For the standard normal case, LS is the best estimator in all the cases of T. The
same occurs for the LAD estimator under the double exponential distribution. Under
the mixed and t-distributions, the LS estimator performs comparatively rather badly, and
the other ones are very similar. Huber estimator is better than LAD estimator for the
distributions 5 and N90 in all cases of T', and the difference between them for the rest
of the cases are not meaningful.

We also report the proportion of times that the estimator is outside the asymptotic
confidence intervals constructed from the asymptotic distribution (18), where the standard
errors are estimated as indicated in Theorem 4. The asymptotic critical values ¢, are
equal to 7.69, 11.035 and 19.78 for a = 0.1, 0.05 and 0.01 respectively. Inspecting the
tables 1 to 3, we can observe that LAD estimator underestimates the tail probabilities in
all the distribution scenarios, and this problem is not be solved increasing the saniple size.
Otherwise, LS and Huber estimators approximate rather well the probabilities, obtaining
a good result for the biggest sample size. In order to gain a better understanding about
the sample distribution of the break estimator in the whole range, not only in the tails, we
estimated nonparametrically its density, considering a bandwidth a ~ T~Y/>. Although
not reported here, we obtained that the fit of the sample densities to the theoretical ones
is quite good for all the estimators, and near the sample mean, it looks that the LAD
estimators is better for the smaller sample sizes. However for T = 500 the behavior of all
the estimators is very similar.

Finally, it is worth mentioning that, in this simulation study, we have supposed that the
junp size 1s decreasing with T, and we have compared the estimated probabilities with
respect to the asymptotic distribution of the break estimator only for this case, which, as

we know, is free-distribution. However, it would Dbe of interest to compare them with the
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asymptotic distribution under the assumption of a jump size constant, as we can see in
Bai (1994) for LAD estimator. In fact, he concludes that the approximation in this case
is better than in the first one.

Although not reported here, we also considered another possible designs, with the pos-

sibility of a change in the slope too. The results does not change in a significative way.
6.2. Outlier sensitivity analysis

This exercise has been performed in order to illustrate the sensitivity that particular
break estimators has in presence of outliers in both, OY or OX axes. To this end, we

generated a sample of the following model:

Y, = 1+ X+ uy, t:].,,..,T’Tg

Yi = 24X+ uy, t=T719+1,..,T

where z; ~ 1.3.d.N (0,0.1), u; ~ 2.2.d.N (0,0.1), 79 = 0.5 and T = 30. Table 3 shows the

sample data, which is drawn in Figure 1.

| TABLE 3 AND FIGURE 1 ABOUT HERE]|

For illustrative purposes, as in Hampel (1986), we change the point corresponding to
t =22 eg., P=(284,22006), to B =(-0.80,22,0.08), an outlier in QY axis. Next,
the same point was changed to P = (0,22, 2.0), an outlier in OX axis or leverage point.
For this three sample date, we estimate, with LS, LAD, Huber and T—estimators the
break point 7 and the regression parameters pre-T%r] and post-[T#r]. This is shown

in Table 4.

| TABLE 4 ABOUT HERE|

The results are as expected. In absence of outliers, all the estimators behaves identically,
and the estimates of the break are situated in the true break point. In the presence of
an outlying observation in the error term, Py, the LS estimator results very sensitive, in
such a way that the break estimator corresponds to t = 22, the outlying observation. The
same occurs in presence of a leverage point, P, which affects in the same way to all the

estimators except the 7—estimators, the only one which prevents against observations of
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this nature. This can be observe clearly in Figures 2, 3 and 4, which draw the dependent

variable and the fit respect the variable time in the three data cases.

[FIGURES 2,3 AND 4 ABOUT HERE
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APPENDIX 1: PROOF OF THEOREMS.
In order to get more clarity in the proofs the subscript T of the estimators is omitted.
Proof of Theorem 2.

The proof of this theorem is based on Propositions 1 to 16, at the end of this proof, and
will be made simultaneously for both cases of A (fixed and decreasing); we will distinguish
aonly when needed.

We want to prove that

Pr {Afggc (St (&p) — ST (8)) > 0} < 3e. (1)

From the definition of St (), after some straightforward calculations,

[T'ro] T

1 1
Sr€)=Sr(€) = D p(M-BuX)+x Y p(Ye-FuX) ()
t=1 t={TTo]+1
1 [TTD] 1 T
—F Z p (Y, - B1X,) - T Z p (Y: — B2X:) (3)
t=1 t=[T'To]+1
1 [TTD] 1 [T‘ro]
S -sX) A S (n-BX), @
t=[T'r]+1 t=[T1]+1

where we have assumed, with no loss of generality, that 7 < 7y (the T > 7 case is similar
and can be proved by identical methods).
Because by A.1.1, p is a twice continuously differentiable function, applying the Mean

Value Theorem (MVT) up to the second term, we obtain that,

[TTo]

D +@) = ~(Bo-0)5 > m
t=1
1 1
) (810 — B1) T Z M (61 (Bro — B1)) (B10 — ﬁ])
t=1
1 T
~ (B0 — ﬁz)l T Z U
t=[Tro]+1
1 1
) (820 — B2) T Z e (82 (Bap — B2)) (B20 — B2)
t=[TTo]+1

where 0 < 81,8, < 1,7, (6) = 07, (8) /08, and we have used that [T'r] = k and [T'ro] = ko,

for notational convenience.
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ko
Next, adding and subtracting %= Y- p(u.) in (4) we obtain that
t=k+1

ko
W= —B)' 5 > m Q
t=k+1

kq
TS (B (Bro — B0) (Bro — ) ©)
t=k+1
1 &
~(Bo=-B)'= D m
t=k+1
1 1 &
~5 (B —B2)' 5= D 0 (8a (Bio = B2)) (Bro — Ba)

t=k+1

1
+3 (B1o — B1)

by the MVT up the second term, where 0 < 83,8, < 1. Observe that (8,5 — 3,) =

A+ (820 — B5), so the previous expression becomes:

4) = (5)+(6)

;1
-N= Z 7y — (Ban — Ba) Z T
t=k+1 t=k+1
1,1 &
_5/\T Z 7y (64 (Bro — B2)) A
t=k+1
1 &
—/\"-1—, Z 71 (64 (B10 — B2)) (Ba0 — B2)
t=k+1
1 L1,
—§(ﬁzo-ﬁ2) T Z 7l (84 (B1o — B2)) (Bao — B2) -
t=k+1

Gathering (2), (3) and (4) and arranging the terms, we obtain that,

Sr(€0) = S1(&) = —5 (B0 = B1) My (B0 — ) = (Bro = B)' N 7
1 / '
—5 (ﬁzo - ﬁz) Moy (ﬁzo - ﬁz) - (ﬁzo - ﬁz) Ny, (8)
1, 1 ' 1 1
-2 (30 + 560 ) Ma (Pa 5 G =)) @
- (/\I + (Bog — ﬁz)l) Ny (10)
where .
Mu=%tgl7.7t(91): Nu=%t21m,
T T
Moy = % > M (f2), Noe= % X Mo (11)
t=::+l t=:;+l
My = % > M (fs), Ny= % >
t=k+1 t=k+1
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and

0y = 61 (810 — B1) = 63(B1o — B1),02=62(820 — B2) and 84 =64 (810 — B). (12)

Finally, observe that the parameter space,

AUBuUD

[(AUB)ND|U[(AUB)N D] U [(M) nD]
= G,UG2UGs, (13)

a union of disjoint sets, where £ denotes the complementary set of E. The left side of (1)

is upper bounded by

Pr {Sup (St (€0) - Sr(6)) > 0}+Pr {Sup (St (€0) = Sr.(6)) > o}+pr {Sup (St (60) — S7.(6)) > 0} ,
G, Ga Gsa

with St (§y) — St (§) defined in (7) — (10) . Thus, it suffices to show that each of the terms
of the ebove expression is bounded by ¢ for C large enough. This is obtained below.

1°t Case: G; = [(AUB)N D]

In order to bound the probability (1) restricted in this parametric set, we need to

consider the following possible cases of g, :

o (Ba — B2) # —X

b B ={(8— B2) # —A 1820 - Buli < G }-

b.2 By = {(Ba0 = ;) # =\ 180 — Bl > S ]
® By —B2) =~—

b.3 Fy = {(Bag ~ Bo) = A, B0~ Ball < S}

ba Fy={(B0 — B2) = =M 180 — Bl > i |-

Observe that (AU B) implies |#; — Byl > 7% and/or |8y — Byl > 76? First, con-
sider |37 — B0l < 7(’:?; in this case we have B N D, because of G;. In this parametric
subset, the probability (1) will be upper bounded by

Pr {s;p @ > 0} +Pr {ﬁ;‘g ((8) + (9) + (10)) > o} ,

where the first term is asymptotically negligible by Proposition 4. Because B = Fy U Fy,

an union of disjoint sets, an upper bound for the second term is given by:

Pr{Sgp (8) > 0} + Pr{Sup (9) + (10) > o} +Pr{Sup (9) + (10) > o} . (14)

FnD FsnD
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which tends to zero for large enough C, because of each of its terms are asymptotically
negligible by Propositions 7, 9 and 11 respectively..

Next, we consider ||3, — 8ol > 70?, so that may happen BN D or BN D. First, let be
AN BN D, asubset of Gy for which the probability (1) will be less or equal than:

Pr {Sgp (M) > 0} +Pr {ﬁﬁg (8) + (9) + (10) > 0}.

By Proposition 5, the first term converges to zero for large enough C, similar as the second
one, bounded by the expression (14) as in the previous case. .
Finally, it remains the subset AN BN D. Observe that B = Fy U F3, where Fy N F3 = 0,
and then (1) is bounded by
Pr {Sup (7 > 0}+Pr {Syp (8) > 0}+Pr { Sup (9) + (10) > 0}+Pr { Sup (9) + (10) > 0} ,
A B FinD FanD
which converges to zero by Propositions 5, 6, 8 and 13 respectively.
2md Case: G; = [(AUB)N D]
Proceeding as above we have that if A, then BN D. In this case we obtain that, in this
subset, (1) is bounded by

Pr {S;_;p (7 > 0} +Pr {gﬁg (8) + (9) + (10) > 0} ,

which converges to zero by Propositions 4 and 15.
Next, if A then we have BN D or BN D. In the firs case (1) is bounded by

Pr {Sgp (7 > 0} +Pr {ggg (8) +(9) + (10) > 0},

and each of the terms converge to zero by Propositions 5 and 15 respectively. In the
second case, AN BN D, (1) will be less or equal to,

Pr {Sgp (M) > o} + Pr{Sgp (8) > 0} +Pr {ggg (9) + (10) > 0} :

which tends to zero by Propositions 5, 6 and 16.
3rd Case: G5 = [(fi N B) F‘ID]
As in the first case, observe that B = F} U F3, where F; N F3 = 0, and then (1) is
bounded by
Pr {Sz_Lp (7> 0}+Pr {Syp 8) > 0}+Pr { Sup (9) + (10) > 0}+Pr { Sup (9) + (10) > 0} ,
A B FinD FsnD
which converges to zero by Propositions 4, 6, 8 and 13 respectively.
We conclude the proof of the theorem. ||
Propositions 1 to 16 below are used for the proof of Theorem 2, and they are obtained

under the Assumptions A.1 and A.2. We assume, with no loss of generality, that 7 < 7¢.
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Proposition 1

My = TM(8:)+op(1),

Il

Mz, (1 —70) M (82) + op(1),

T
(ko——k)lw-l“ = JW(94)+OP(1).

where M () is defined by the Assumption A.2.6, and, for i =1,2 and 4, M;, and 8; given
in (11) and (12).

Proof: By Lemma 1.
Proposition 2 Vo € RP,

VTa' Ny, = (a’Sa)l/zB (),

VTa'Nye = (o/Sa)'* B(1 - 10),
T

o = (@'Se)'* B(1).
o

where, Ny, is defined in (11) for i = 1,2 and 4, and B(') is a Brownian motion process

on (0,1).
Proof: By Lemma 3.

Proposition 3 Let M (8) be the finite and positive definite matrices, by assumption

PXp?
A.2.6, with eigenvalues a;,j =1,...,p. Then, Vy € RP:

VM (0)y 2 alv]* >0,

where g =J\/.2;'n {a;}.

Proof: By the Courant Theorem,

M (@) 7 2Inf LEO Yy o g YO 1y i fa} ] = gl > 0.

7 Y v R v J
Proposition 4 Define the event
(51} = {50 |5 (B = ) e (810 = 1) = (B0 = 60 M| > 0},

then it holds that Pr {E1} < ¢ for C large enough.

Proof: For 8, € A,

Sup [(Bio = 1) M (Bro—B1)] = Op(T7),

S:L;P [(ﬂw -8y Nl:]

Il
)
a5
S
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by Propositions 1 and 2. Thus, by definition, if X; = Op (T™'), then for every ¢ > 0,
exists a constant C > 0 such that Pr {|X;| > T~'C} < ¢, therefore, the result follows for
all C. |

Proposition 5 Define the event
1
{E2} = {Sgp [—5 (Bio — B1) Mz (B1o — B1) — (Bro — ﬂl)lNlt] > 0} )
then it holds that Pr {E3} < € for C large enough.

Proof: Observe that {E;} implies the event

Sup —5 (B0 — B1) My (B1o — B1) — (Bro — 1)’ Nie >0, (15)
A 1810 = Ball
and given that (8,9 — 8;)" M1t (B1o — B;) (15) will imply that,
’
Sup |(ﬁ10 —P) ﬁN“i >Inf \/T|(ﬁ10 — By) Myt (Byg — ﬁl)l
A 1810 — Bl A 1810 — B4l
Sup | Bro =B VINu| o 3 62) + o) (81— )| "
= U >In
3| BBl A 1Bro— Bal
by Proposition 1. The symbol "=" indicates equivalence of events in probability. Using
Proposition 3 we obtain that:
1/2 2
”M(gl) ([610—[61)” > q ”fBlO_fB1“2 >QI ”,3 —,B “
1810 — Ball = BBl — 10 A
where q; is the least eigenvalue of the matrix M (6;). Thus, (16) implies the event:
- B,) VTN
Sup |re — B NI | 1o gy 4 0p(1)) VT 1810 - B3l |
A Hﬁlo - ﬁl“ A
and then, we obtain that Pr {E,} is upper bounded by
(B1o = B1) VT Ny, ( 1 )
Pr< Su >qCr=0|=1},
{ A | B — Bl ce

by Lemma 4. From here the conclusion is standard. [ |

Proposition 6 Define the event

(Bx) = {50 |5 (o — 827 Mo (- ) — (B = ) Nat| > 0},

the it holds that Pr {E3} < € for large enough C.
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Proof: By Propositions 1 and 2, the result follows as in Proposition 4. |
Proposition 7 Define the event,
(1) = { 5up |5 (5r0 = 02) M (9 = 82) = (620 = 52) M| > 0}
then it holds that Pr{Es} < ¢ for C large enough.
Proof: By Propositions 1 and 2, and Lemma 5, the result follows as in Proposition 5. ll

Proposition 8 Define the event

(55 = { sup |2 (33 + 5 820 82 ) M (34 3 (o= 80)) = (¥ + (3o = 82)) M| >0},

FinD

then it holds that Pr{E;} < € for C large enough.

Proof: Observe that, considering the subset F}, the event {F5} implies that

{ Sup TI=2GX + 5 (Bao — Ba)') Mae (32 + 3 (Bao — Ba)) — (N + (Bao — B2)") Nat] }
up 73 >0,
FAnD [l (ko — k)

and therefore,
F,nD

because the absclute value argument on the right side is strictly positive. Given Fy,

(Bao — B2) = Op(T~1/?), and then, (17) will imply that,

{Sgp (X +0p(T71/2)) PSR (TN“ 7

/2
1, 1 _iy\ (ko =K' TMy (1., 1 _1/2
of vy lop(T N+ lop(T
>Inf (2 +508(T777) T ko —k) \2 +500(T717%)

N+ Op (T—I/Z) T (ko — k)l/z
= Sup N. —_
{ s P (k) " B

TN4;

(A + (B = B2)) N a2

>2 (%A' + % (B20 — ﬁQ)I) l‘ﬁ (%)\ + % (Bao — ﬁz)) }
0 —
a7)

>Inf |2
D

(M (84) + op(1))"/? G/\’ +O0p (T—lﬂ))

by Proposition 1. In this context *=>" indicates implication of events. Let g4 be the least

eigenvalue of M (84), finite and positive definite, therefore,

s (3= on (e [ L2 5 8 1),

by Proposition 3, so that (18) implies the event

{S“p (r+ o (7)) >
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by T
{S“p (o0 0) TR

From this result, we obtain that Pr {Es} is upper bounded by

|01/2‘14 (1+op(1))|}

X T da 1
—N o122y —
{S AT 2|~ 2 o (C) ’
by Lemma 4. Standard arguments implies the result. |

Proposition 9 Define the event

(Ba = { sup |2 (3 + 5 620 = 80 ) M (74 5 (B = ) = (¥ + (8 = 500 e |

FaNnD

then it holds that Pr{Egs} < € for C large enough.

Proof: Observe that {Eg} implies the event

Sup T 2( (520 52),) My, (%/\‘*‘ % (Bag — 52)) - (/\' + (B — 52),) Ny >0
FnD | (kg — k)2 Al + 1| B2o — B2l ’

and therefore, will imply that,

{Su
FanD

by Propositions 1 and 3. Now observe that,

ga (ko — &) /2 X+ (B — Bo)II”
2 | Al + 1820 — Ball

X + (B — By) T
Al + 11820 — Ball (kg — k)1/2

Ny | > ITLf

FanD

(19)

1N+ (B2 = B2)I* = IAI* + (1820 — Ball® +2X' (Bog — B2)
such that, in F2, we must consider two possible cases for G,:
a) (Byo — Ba) > —A. Given that, A > 0, it holds that,
X (B = B2) > ~2X3 = =2 A%,
thus,
1A+ (B2 = B2) 1% > 11820 — Ball* = IMI* = (11820 — Ball + A1) (1820 = Ball = 1]} -
b) (Byy — B3) < —A. Given that (8,5 — 8,) < 0, we obtain:

X (Bag — B3) > —2(Bao — B2) (Bag — B2) = —2 B2 — ﬁz”z,

therefore,
1A+ (Bao — B2 > A% = 11820 — BalI® = (IM] + 11820 — Ball) (Al = 1820 — Ball) -
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So, considering first the case a), we obtain that (19) implies the event

N4(Bpo—By) T g (ko k)!/?

S Ny| > Inf | —————(||8 — A
{pﬁé% T+ 11820 = Ball (ko — k)72 |~ Farip (1520 = 2ol = 12D
N4 (B8 T B (C\/‘U2 ){

{pz’é% T+ 1820 = B2l (ho — B2 |~ b | 2T I

With this result, we obtain that Pr{Eg} will be less than or equal to,

Nt (B =By T wl (CW )‘}
Pr< Su Ny| > Inf A
{m% T+ 182 = B2l (ko — )72 | ~ o | 23T \ v~ 1
- 0 / 1 =0 % ,
c1/2 c cl/2
( ”’\”) T (TTnxn_l) ¢

by Lemma 3, and thus, o(1) for arbitrary large C. Following equivalent arguments for the

case b), we can also obtain an upper bound of the probability of interest, let be

N+ (By = By) T 7C/2 ( 01/2)‘}
Pr< Sup Ny| >Inf
{anD I+ 920 — Ball g — 172 | > A 2 UM =7
_ % S Y B SR
(M-97) o) \(-F)©
Tl
by Lemma 5. The result follows by standard arguments. |

Proposition 10 Define the event
{E7} = {Sgp [%/\'MMA - /\'N4¢] > 0},
then it holds that Pr {E7} < € for C large enough.
Proof: The above event implies that:
(o [T )
DL ANk~ ko)

and, since A’ My A > 0, will imply

Y T 37 (ko — A &
Sup | ——————=Ny| >In My
{D” Tk~ k)2 o | T T e
by T

{su

and thus, we obtain that Pr {E7} is less than or equal to
by T

1
Pr{ Sup |5 ——Ny| > C/2 0(—),
{ ko2 q“} c

which tends to zero for large enough C. Lemma 5 and Propositions 1 and 3 has been

used. [ |

TS Op(l))} ’
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Proposition 11 Define the event
1
(Bs) = { Sup |~ (a0 = B2 Muc (620 = 6 = (32 = B Muh = (B0 = 6 M| > 0},
3n
then it holds that Pr {Es} < ¢ for C large enough.

Proof: {Eg} imply the event

{ Sup [ T —3 (Bao — B2) Mt (Bag — Ba) — (Bag — Ba) MasX — (Byg — B2) Nat N 0}

FanD | (k — lco)l/2 1820 — Bell
(20)
Observe that (89 — B2) = —A, and therefore:
(Bao — ﬂz)' Myed = —(By — ﬂz)' Mit (Ba0 — Ba)
strictly negative. Thus, (20) will imply that:
(Boo = B3)" TNy
Su;
{Fan% 1820 = Ball (k — ko)*/?
1 ; TMa ;T My ‘ (k= ko)'2
>Inf |= - —_— - 85) — - A
FgﬁfD 9 (/@20 162) (k _ kO) (/@20 /@2) (/@20 162) (k _ kO) “/@20 _ ,@2”
(Bao — B2)" TNy (94 + op(1) [IBa0 — Bl | CV/2
= Su >Inf ,
{Faﬂll)) 1820 — Ball (k - lco)ll2 FsnD 1820 — Ball [[Al
therefore, the probability of the event {Eg} will be upper bounded by
A 1/2 1
Pr< Sup Nyt| > uC =0|=
{anD 120 = Ball (k — ko) 2 |~ C
by Lemma 3, and thus, tends to zero for arbitrary large C. |

Proposition 12 Define the event

(5o} = { $up [~3 920 = 62 Mac (8o = 82) = (B0 ' Muh = (9 ~ ) N }.
then it holds that Pr {E9} < ¢ for C large enough .

Proof: The proof is as in Proposition 11, given that the parametric space 3, belongs to,
is not used for the proof. The result is established taking into account only the equality

condition respect to A. |

Proposition 13 Define the event {Eyp} as
{ Sup [_2 (%X + % (B2 — ﬁz)’) My, (l,\' + % (B0 — ﬂz)') - (X + (B0 — ﬂz)’) N4z] > 0} )

FuriD 2

then it holds that Pr{E}o} < € for large enough C.
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Proof: The above probability is less than or equal to:
Pr {Sup [—EA'M‘“A' - A'N4,] > 0}
D 2
1 ,
+Pr { Sup [—5‘ (ﬁzo - .Bz)lMM (520 - ﬁz)l - (ﬁzn - ﬁz)l My — (ﬁzo - ﬁz)INM} > 0} '

F3nD

and the results follows by Propositions 10 and 11. |

Proposition 14 Define the event {E),} as

{5 |-2(35+ 560~ 82) Mue (35 + §(0m = 8a) ) = (¥ + (50— 62)) M| > 0}.

FifiD

then it holds that Pr {E),} < € for large enough C.
Proof: Similar to Proposition 13, an upper bound of this probability is given by:
Pr {Sgp [—%XM,“A' - A'N,“] > 0}
+Pr {Sﬁ% [—-;' (Baop — 83) Myt (Bag — Ba)' — (Bap — B2) MaeX' — (820 — 82) N4t] > 0}

and the result follows by Propositions 10 and 12.

Proposition 15 Define the event {Ej2} as

) 1 /
{Sup [— (Ba0 — B3) Noy — 5 (B30 — B2) Mat (B2 — B2)
BND

~2 (%A +5 (B - ﬁz)') My (%A +5 (B0 - ﬁz)) — (N + (B - B N4=] > 0} :

then it holds that Pr{E)s} < € for large enough C.

Proof: Observe that {E)2} implies the event

{Su;_) (Bop — B2) VTN + N + (B9 — 82) VTN
BND

1820 — B2l 1820 — 85|
> Inf

BND

2820 — Bl 1820 — Ball

for the set D, |7 — 9| < Fﬁl?’ and therefore:

ko 2
’ 1 7 ko - k ! ||a||
I = — = =
o My T z=Ek+1an(94)a T o' M(Bg)a+op(1)=0p (TH)\Hz ,
ko 1/2
, 1 ko — k 1/2 el
VTa'Ny = —=a E n, = (—) (¢/Sa)""B(1)=0Op ( ,
T S T VT ||

and thus,

X +(ﬂ20-ﬁ2)/\/— U+ 1820 = Bsll 1 1

TN = _0 + ): D,
[ A ”(Tnxnznﬁm—ﬁzn) (T + )~
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2T (%X + % (Bao — 52)1) My, (%)\ + % (Bao — 52))
1820 = Ball

2 2
_ oy [ VAL £ 1162 - B ):0 ( 1 )+O (\/Tuﬂzo—ﬂz“)
p( TN 8o —Ball ) \VT 1B —Ball /) N\ TIAP

1
= op(1)+ ﬁ”ﬂzo Bl Op (T“)‘H )

Then, by Proposition 3, (21) will imply the event

{Sup
BnD

>Inf
BnD

(ﬂ20 ) N
1820 — Bl VTN

(32 +0p(1) VT |20 = Boll + VT 1820 = Bl Op (T ||1An2)

} + op(1).
Therefore, Pr {Ej2} is less than or equal to
(Bao — Ba) Bo)' VTN,

1 1
s clarop| ) =0(L),
{ng B2 — Bell g (q2+ p(T||A||2))} (02)

by Lemma 6. Standard arguments conclude the proof. |

Proposition 16 Define the event {Eq3} as

{..?'u‘? [_2 (%)\ + % (Boo — 52)') M, (%)\ + % (Byo — 52)) ~ (N + (Ba — Ba)) N4t] > 0}

BND

then it holds that Pr {Ey3} < £ for large enough C.

Proof: {E13} implies that

{Sup [—\/T ( NMyh + 3 (Ban = B2) Mac (B — o) + N My (B3 — 62)) N+ (Bao — B)) x/TNu] >0

BnD

Observe that, in this subset,

(¥ + (820 = 62) VTNa: = (0n(1A1) + 0 ( \/_)) 1 \/_”A“) on(1),

by Proposition 2, and

VTN Mg\ = Op(\/_ IAI* )
T |IM?

\/T(ﬂzo - 52)I My (Bog — B2) = Op (\/LT) Op (m) = op(1),
VTN My, (Boo — By) =Op (;2) Op (\/T“)\“) = op(1),

T ||\ vT
by Proposition 1. Then by definition, if a random vector X, is op(1), then it holds that
Ve > 0,VC > 0, Pr {|X;| > C} < ¢, that proves the result for all C. |
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Proof of Theorem 3.

Again, we will only consider the case of v3 < 0, without loss of generality because of
symmetry, and for notational convenience [v3Py] will be denoted by v3 P;.

By (7)-(10), we obtain that,

TAr (v)
kq k(]
1 1 (5
= —=v Hh—= v v E 22
2 thZIUt(l T) 1 \/Tlr=1nt ( )
ko ko
1,1 . (2] 1,
U= — — 2
+2U1T ) 7y (63 \/T) v + \/Tv, E 7, (23)

t=kg+vaPx+1

ip 3 (o) et

t=ko+1

ko
1 1,1 . U2
__A’ E 7}: (64 (A.*.—))A——L’é— E nt (64 (A'*'_,—))'UQ
2 t=ko+vaPy+1 VI 27T t=ko+uzPyr+1 T

ko kg ko
1 . L1} 1
Ngpo 2 (54 (“T%)) m=N DL mmgEh )

t=kp+v3Px+1 t=kg+vaPr+1 t=kp+vaPy+1

ko k
where for the terms (22) and (23) we have employed that E 35— EO . Next, by

t=1 =1 t=k+1
Lemma 2 and Assumption A.2.1,

— 5 (oM + 0p (1)) vy = 59 (1 = 70) M + 0p (1)) (24)
+%vi (mp'\M-i-op( )) v —l/\' (aP\M(X) +0p (1)) A (25)
_%vé (1)31}1%‘ )+ op( 1)) vg — X — ’U3P>‘M (A) +op (1)) vy (26)
1 T
vl \/— Z " v \/T t= %{-l n 1‘/— t= ku-§1ﬁ+l b (27)
ko
=Xy Uz\/— Z e, (28)

t=kg+vaP,+1 t=kg+vaPy+1

Hence, as T'— 00 :

%UQ(M(A)”-’;’H (1)>v2 = op(1),
%/\’ (M(/\) vj/}; +0p(1)) v = op(l),
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in both cases, where ) is fixed or decreasing to zero with T, because

when A decreasing : P =0 ( ! ) = o(1),

T T || Ar||?
and
when A fixed : —}% =0 (71;) = o(1).

Thus, we obtain that,

(24) + (25) + (26)

1 1 1
- —E’UIIT()M’Ul - Evé (1 —70) Mvg — EXM (A) Mz +op (1).

Next, we analyze the terms, (27) and (28). By Lemma 3,

n, = viSY?B(ro),
1 T
UQ—T > n = vSY2B(1-10),

15 & wsp (B 2o
! T Z Mt V1 T ) = %P\

and

T
1 v3 P
’ /ql/2 342
'U2_ Z nt = 'U2S B (_) = Op(l).
\/T t=ko+vaPy+1 T

And, for the remaining terms is convenient to study the cases when A decreases and is
constant, separately.

(a) When A = Ay such as T ||Ar||® — oo. For this case:

ko
“Ar Y ne= =P ApSYAW (—vg) = =W (= P MpSArus) = —W (—us),
t=ko+vs Pap+1

by the invariance principle, Lemma 3, for v3 < 0 with Py, = (/\'T.S'/\T)_1 ; we have that
W () is a Brownian motion process in R~. When v3 > 0, the above expression converges
to W (v3), which is a Brownian process defined on the positive half of the real line.

Next, by Lemma 2, M (Ar) = M for this case of A decreasing, and therefore,

1 1 -1 1AM
—EA{T’U;;P,\TM (AT) AT = _5/\’11‘MAT'U3 (/\{TSAT) = —5 AZSA: V3.
Thus:
1 1 1AM
(24) + (25) + (26) = —EvllTonl - 51/2 (1 —79) Mvy — 5/\T,TT/\T%3 + 0p(1),(29)
(27) + (28) = —v|SY2B (19) — vhS/2B (1 — 7¢) — W (—v3). (30)
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(b) When X is constant. Consider the process

0 v=20
-1
W* (v) = tg n, v=-1,-2,.. \. (31)
>m o v=12..
t=1

ko k
and let be W# (k) = 3 m,, for k < ko (taking W# (kg) = 0) and W#* (k) = 3 7,
t=k+1 t=kp+1
for k > kg. Thus, W# (k) has the same distribution as W* (k — ko), where W* (-) is
defined by (31). For k — kg = v3, v3 < 0,

ko

Y Z n = —NW*(13).
t=kg+va+1

For vz > 0, the limit distribution is also defined in (31). Therefore:

(24) + (25) + (26) — —%v’l'ronl - %v; (1 —70) Moz — %A’M (A) Avs + op(1)(32)
(27) + (28) = —vSY?B(7q) — vhSV2B (1 —19) — NW* (—v3). (33)

And the separate treatment for the cases a) and b) is concluded.

After realizing the distribution limit of the objective function above, defined on the
compact set {|v;| < M,i=1,2,3}, we obtain the weak convergence of the estimators
applying the mapping continuous theorem. Thus, #; and 75 are derived by the first order

conditions:

1
—ToMoy —SY?B(ry) = 0=4 = T—GM“SWB (1),

—(1=To) My — SY2B(1—7¢) = 0= dy= M™18Y2B (1 —1y),

while 73, under the assumption A = Ap decreasing, is obtained by considering (29) and
(30), thus:

a ' 1AM
by = Argvmm =NW (|v]) + §/\T"T/\T i
1AM
= Arguma.x AW (i ]) 2 /\T" S,\T 'U|
Using the change of variable w = (ﬁ“%)
k— ko XSk ArSAz 1
= A N M 2
Pi, (A'TMAT> T oy | [V 0 -z

XS 1
= (/\'TM/\T) Argma.x{ (Jw)) 2\w|},
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and by definition of P,

(NpMAr)®

N 1
o (k - ko) = Argmax {W (wh - 5 |w|} .

Finally, for X constant, we consider (32) and (33), therefore,

% = Argmin —NW?* (v)+-%/\’M () Aol

1
= Argmax N'W* (v) — -2—/\’M (A) Afv].
This concludes the proof of the theorem. |

Proof of Corollary 1.

By Theorem 3 we have obtained that

Bl—ﬁlo] d [M_lsl/zBr? 0

VT |7 .
By — Bao 0 L

Define the vector H = [I,,S - Ip} € RP*?. Then,

\/T(:\-—/\o)=ﬁH {31_510 ’
B2 — B2

which converges in distribution to

= M-181/2 BTQZOI 0 _ p-lgle B(ro) — 0B (1)
0 M—lsl/ngll—TO! TO (1 —To)
—
a Bessel tied down process of order p. | |

Proof of Corollary 3.

We only proof the part (ii) of Corollary 3. The rest of this corollary is obtained in a
trivial way as a direct result of Theorem 3. Trending regressors X; = g (t/T) satisfy all
necessary assumptions of Theorem 2. Then, to obtain the asymptotic distribution of the

break date estimator, we only need to consider, from Theorem 3, the limiting process of

ko kO
1 . v
v > wepr Y afa(er ) e, 69
t=ko+v3 P +1 t=ko+v3Pr+1

considering again v3 < 0. For the opposite case, the proof is similar.
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Then, we have in this case that the first term of (34) is equal to

ko ko
Moo DL b)) = AN Y %y (ke/T) (35)
t=ko+v3Prp+1 t=ko+vaPrp+1
ko

+Ar D Y (9(t/T)—g(ko/T)). (36)

t=ko+v3 Pap+1

By Lemma 3,

(35) = (Npg (r0) Sg (r0) Ar) 2 W (—usPyy) = W (—v3),

for vy < 0 with Py, = (XTS’ (T0) Sg (ro)’ )‘T)—l and

T
, 1
§ =Lim Var [ﬁ ; %] . (37)
W () is a Brownian motion process in R.

The term (36) is uniformly negligible because its variance will be an op(1). To obtain

this, observe that, an upper bound of this variance is given by

d 2 i t ok
Sup s;ix) Var (,\’T > % (T"To))

t=ko+vs P +1

2 2 ko
< Sup dg;ir) (%_%) Var (,\’T 3 11’:)

t=ko+va Prp+1
2 2
S Sup dg (.’E) N . S”ATHZ _Lz’
z || de T Azl [ Az

that is an op (1) because T ||Ar||* — oo and g (-) bounded. The first equality is obtained
by (37) and P\, = O (||)\T||_2) , and the last inequality holds for a finite constant N.
Now, we analyze the second term of (34). Observe that,

ko

1., , Uz
o 2 (¢ (7)) 2o
= Y bero@TY o) e@MewTY M (39

t=ko+vaPr+1

where 87 = 8,4 ()\T + vz/\/f) , which converges to zero because |[Ar| — @ and |ve|| < N
by definition. Thus, we have that (38) is equal to

ko

e Y P (et g (/) 02) (0 (4/T) — 9 (ha/T)) (9 (¢/T) — g (ko/T)) Ar

t=kotvaPar+1

(39)
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ko

+%/\’T Z ¥ (ue + g (t/T) 61) g (ko/T) g (ko/T)' Mz (40)
t=ko+v3zPap+1
+A7 Z b (we + g (t/T) 07) (9 (¢/T) — g (ko/T)) g (ko/T)' Ar. (41)

t=ko+vsPrp+1

and we study each of above terms.

ko * ")’ i
@)= Y luranyen) TEBED (LR,

T T T
t=ko+vaPrp+1

applying the mean value theorem, with z* € (¢t/T — ko/T’). An upper bound of this term

is given by
dg (z) ko ko+uvsPy\? ;
(Sgp H o ) T —_ TT ‘U3P)\T S’;Lp |’([) (ut) ’\”I"\T
N2 2
< K——7— 7" —= =op(1),
T2 | Ar|* Ixr

with K less than infinity because of boundness of g (-) and 9 (-). The last results holds
by T ||/\T||2 — oo and N, a finite constant.

1
2
by Lemma 2, given that g (t/T) 61 < |lg(t/T)| |6z]| — 0, because g (-) is bounded and
6r — 0 and M =Lim szl E [zz)t]. And, finally,

— 00—

(40) = SM\v3 Py, (M +0p (1)) g(70) g (7o) Ar,

dg (x) ~ ko t ko
@) < Sw|LE| Suplp@)|ldrligtre) Y (z-7
‘ ' t=ko+vaPrp+1
N C
< K|l ——— =op(1).
IAzl® T fiAr)?

Then, we have obtained that (34) converges to

1 M
—5/\7'11U3P,\T1Wg (To) g (7'0)’ /\T -W (—‘U3) = —F‘Ug -W (—‘U3)

by definition of Py, = (Arg (7o) Sg (7o)’ /\T)_l . Then, applying a similar proof for v3 > 0,
we obtain that,

. . 1M 1M
03 =>Argumm {——-W (v) + 35 |v|} —Arguma.x {W(v) ~3% |v|} .

Let be w = (M?/S%) v and, by definition, 93 = (lAc - ko) /Py Therefore,

S
P)‘T = m Argwma.x {“A—j‘ %% ('LU) +

= 5 prgmax {W (w) + L pu]
= 1P gwma.x w 2|'w ,

1M S2
353 Y
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and then,

(Mg (r0) g (o) Ar) (fc - ko) = -’5—2 Argwma.x {W (w)+ = |w|}

the result of the Corollary. [ ]
Proof of Theorem 4.

Supose, with no loss of generality, that 7 > 7. However, by Theorem 2, we know that

# =70+ Op(T~'). Then, we have,

[T#] 1 [Tro] 1 [T#] A
m:—z (Ye— B (Y X.) XuX! = = Zm(ﬂm )t Y #(Bo-5®).
t=[Trg]+1

By Theorem 2 we obtain that (ﬁl (N —ﬂlo) = Op(T~"/?) and (ﬁl () — ﬂQO) = Ao+
Op(T~%/?), and by Lemma 2,

To " Op (T_l)
To +Op(T_1)‘ To +Op(T_1)

My = M+ M+op(1) = M+op (1) = M+op(1).

For M, the result follows in a similar way. This proves the first part of the Theorem.
Now, we consider §; for the i.i.d. case. In particular, we have that, supposing again

that 7 > 79, and using the same arguments as before,

[T7o] '
& - TLTZ (7 (810 = B (1)) =z (1) ¢ (70 (B0 = By (1)) —Fur (7))

(T%]

b S (1 (B B ®) — e (1)) x (e (Bao = 51 () - 7ur ()
t=[Tra]+1
1 [TTo] _ X , 1 IT#] ) A ,
= Tz ; M (.310 - b ('?)) N (.610 - By ('?)) + = [Z] Mt (ﬂ'zo - B ('7)) Tt (ﬂzo — B ('Ar))
= t=[Trg]+1
—mur (F) myr (7)),
where
p [Tl 1 T .
Mt () = T# Z Tt (.310 - B, (T)) = _ [TXT:H] Mt (ﬂ2o -5 (T)) :

Applying the MVT in both terms of the above expression we obtain that:

(74 o T .
mr (f) = Z n + (510 -5 ('?)) T > (51 (.610 -5 (’f)))
=1
[+ , (]
+% Yo m+ (ﬂm -5 (’?)) TL% i up (52 (ﬂzu -5 (’f))) :
t=[T1]+1 t=[TTg]+1
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with 0 < §;,62 < 1. By Lemma 3 we have that the first term plus the third term
is Op (T~'/?). By Theorem 2 and Lemma 2 the second plus the fourth terms is an
Op (T~%/?) term. Therefore, ;7 (%) = Op (T~Y/%).

Next, abserve that,

8, -8
1 [T7o] A ) ; 1 [T7] . . ’
< lm X n(Bo-B@)n(b0-5®) +7 3 (B0 -8 ®)n(Bn-5 ®)
t=1 t=[Trq]+1
+0p (T1)
1 (T3]
< T Z My — S

t=1

TTD]

, [
(80 =5 ) 5 2 20 (8 (810 - B:9)) 0 (8 (10 - By (7))
, 4]
(B O 5 2 (5(5h0— 5 ) (6 (- B ) )” |
t=[T7o]+1

By Assumption A.2.7 we obtain that (42)5 0, with § = E [n,7}]. Also we have that (43)2
0, given that, by Theorem 2, (ﬁl () —ﬂm) =Op(T~Y?) and ( —70) = Op (T7Y).
Then, by Assumptions A.2.5 we have

, [T70]
(B10-5:9) 7z 3 20 (6 (8= 31 (9) ) 1 (8 (810 - B 9))

— Jon () o225 n (00 () e 00 ()] e en 0] =),

= H (%0 +0p (7772)) 22222 [, (3 -+ 00 (T7/2) ) i (Ao + 0n (T772) )] H =op(1),

and
(T7]

(B =53 7z 3 20 (5 (B0~ 52 (1)) 0 (5 (820 - B (M)

t:[T‘roH—l

+

Then, we have obtained that §; ® E [n,n!] = S, that proves the result of this Theorem.
For Sy, the proof is similar. To consider the case of weak dependence, see Andrews (1991),

who gives the neccesary conditions for consistensy estimation.
Proof of Theorem 5.

To prove this theorem we are going to analize the abjective function Sr (§) for the

T—estimators in order to obtain a equivalent form of a particular M-estimator. We use
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Propositions 17 and 18, at the end of this proof.
The objective function is defined as:
[TT]

S0 =G5 (g 4@ 7 > (MK

t=[T7]+1

where £ = (5’1,6’2,7)1 € 02 x IT and s7 (B, 7) is such that

[T7] T
1 Y, - X! 1 Y. — X!
2 t tM1 t tM2
b/ K5 (BB 1 S (MY
T =1 st (ﬂlT) T t=[T7}+1 ST (rBiT)
For notational simplicity we express in next st (8,7) = st (). The estimator of £ is given

by:

é =Argmin St (§) =Argmin (St (§) — St (&) (46)
£eo2xIl £€02xIl

where £, = (rBlltarB;hTU)’ s Bre = Bipl (t < T'7) and By, = 510[(TT <t <TTo)+Bol (T <t <T).
Thus, the objective function evaluated in £ is as follows,
[T

Y- { i - Yt-X:, t
o = 400} S () a0} $ ()

t=1 t=[Tr]+1

1 (m — XiByol (t < [Trn)
o7 (By)

1 Y — XiB1ol ([T1] +1 Lt < [T1]) — X{BoI ((TTo] +1 <t < T)
2 ”2< o7 (B) )

with
1 T Ug
s2 — e | = b,
T(rBt) / T ;pl (ST (rB:))
Now, we approximate the objective function in (46) by the MVT up to the second term.

By Propositions 17 and 18 we obtain that,

St (€) — 51 (&) )
- -1 [:] (8= 80 sr(8) (We ()0 (28] + s (201 ) x,
1 i g;w (B2 — Bar) 51 (By) (WT (B) ¥ (’:T(fﬂt; ) s (#65;)) A
+37 %3] -6, ((WT (67) %, (:T((ﬂ;f;) +s (:;((ﬂ;f;)) e
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+on (282 xowar 20)) 01 - 510

5 resr (s (25) o6 ()

+on (2 X (90)) (8 - 20

where f, = (B1,,62)", i = (B, Ba), with B, = By, + 81 (B —By,) and B3, =

Bos + 82 (B — B2;), 0 < 61,62 < 1, and Wir = (v;7 (B) +vr (8) 37 (B)' /Dr (B)) for

7 =1,2. The cross product are zero because the indicator functions define disjoint sets.
In order to obtain a equivalent form of an M-estimator, a notational change is needed.

From now on, consider that, for § = (41, '2,93)1 €0 c R¥:

(T7] ’ [T7o) T ,
1 - (utf X, 1 ~ 65X, 1 ~ w8y X,
N 1 i A L A I i)
T (0) = i
El (M}ﬁ) +1 [Tg} by (ut+0fxt) +1 ZT: b (uc+9'Xc)
n 5o T i N 7 Tt et
[T+] ] [TTo] ’ T ;
1 uy + 087X, 1 up + 05X 1 uy + 03X,
2 12 143 t o4\t t 3
st (0) / = Z P (—)+— Z P (—— += Z 1 (—) —b.
T & st (9) T A st (6) T, & st (6)

The same for Wjr (8) , that will be given by Wjr (8) = v, (8)+77 (6) $;7 (6) /Dr (6) ;with

[T“'] ’ 7
Ut+6 Xt ’ll-t+61Xg Xt
= 2
wr® = 1Y () () mrar
[T“’O] ’ ’ ’
1 ’ up + 05X uy + 9, Xt Xt
Ter () = = Z 21/12( )( )
T st () st () / Dr(6)
T I /
1 - Ur + 93Xg up + 03Xt Xz
o, 2 (5e) (56 ) oo
T t:[;m 2\ sr (8) st (6) / Dr(8)
o (0) _ 1 [i‘r:]_i, (u:+9'1Xt) /’U«¢+9,1Xt) + 1 [’If] ,f, (ut+0§Xt) (Ug+9;Xt)
T T 2 "\ sr(0) ( ) T &7 T\ s (8) st (6)
XT: ,‘-[-, ut+9_f,Xt ’U,g-|-0:lth
T\ s (0) st(0) )’
t=[Tr]+1
and, finally, 5,7 (8) = —A;7 (8) /Dr () for j = 1,2, where,
[T"’] ’
u + 6, X
Air(0) = T Z ( - 0) t) X,
1 [ u, + 0LX 1 & e + 05X,
Ar(®) = = Y W (¥> PO (:_3) X,
T t=[T7]+1 51 (6) T t=[Tr]+1 st (6)
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[T7] ' x [T76) ;
ut+9 X Ug+9 (ut-H?th) (’ut+92X|¢
D
i ;wl( st (6) )( st (6 ) : [Tzﬂﬂwl st (6) st (6)
us + 03X£ Ug + gan
> ac ())(sTw) )

t=[T7o]+1

Then, the Taylor approximation of the objective function (47) up to the second term

results as follows:
St (&) — St (£p)
[T7]

R DCICIEDS (WT (Oap) 1 ('s';‘z%;ﬁ) ¥ (5}%35)) A

t=1

[TTo]
, 1 Ut Ut
~ (B2 = B1o) s7(0sp) 7 tleZﬂH (WT (Osz) 4 (ST (ng)) to (ST (0317))) X
) 1 T Uy Uy
— (132 —_ 1620) ST (03}3) T tz[qzm]+l (‘VT (03}2) wl (ST (Oap)) + w‘;) (ST (ng))) Xt

(T ’ /
1 1 - U + 8 Xt . ue + 6 Xt ’
+5 (81— Bro)’ (T ; (WT (6) ¥, (T(é)) + 1, (——ST——@——)) X X{
[TT] ’
61X,

+_ Z Wir (6 (%) Xt) (81 — Bra)

1 b5 1 [T7o] ([V . u + 05X, . u, + 86 Xt x.X!

+5 10)’ T > T(6) %) (W ¢2(—W)—)) Xt

1=[Tr]+1

T‘ro] g
(9.4
7 2 Wr(6 (yt;—é)t)) X (By — Bro)

t—[T‘r]+1
1 1 & Lo (U OXe s w5 Xe ,
+§ (B2 — Bap) (T tZ[TEU]H (WT( )¢ (—W) + 1y (——;;(7)'—)) XX,
1 T U + 9€3X£
tT tleZm]H Wor (8) 4, (T@)) Xt) (B2 — Bao)

where § = (9'1,9'2,0:'3)' with 8y = 6, (815 — B1) , 02 = 62 (819 — B2) and 83 = 63 (B — Ba) -
Besides, we have defined 03, = (0}, 0, 0;,)', where 0, is a p—vector with all its elements

equal to zero, and therefore,

2 7 ()

Wr (03,) = t=1 and s% (03p) / Zp (ST 02) ) b.

%éﬂ’ ()

With this, we have obtained the expression of the objective function of a particular M-

‘ﬂ»—-
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estimator:
’ 1 [T7] 1 1 (T7]
— (81 — Bio) Z N+ ~ Bio) T (% (61) + 71y (61)) (By — Bao)
t=1
[T‘ro] 1 [TTo]
— (B2 = Bro) = Z N + = B10) T Z (e (B2) + 712, (62)) (B2
t [Tr]+1 t=[T7]+1

1 T T

(B~ ) 7 Y m+§(ﬂ2—ﬂm)’% ST e (03) + vz (65)) (B2 — )

t=[T1o]+1 t=[T7o]+1

where, fori=1,2,3 and j = 1,2,

) = s @ (WrO)w (%) b2 (%))X

) (u +0.X
nie(0:) = Wir(0)v, (W) Xt,

and, for 6 = 0sp,, we have that 7, (6;) = n,.

ih (91‘)

Now, observe that to prove Theorem 2 we studied the Taylor expansion of St (£,) —

St (&) instead of St (§) — St (§,) - Then to obtain a similar form in this case we express

the objective function as

Sr (€9) ~ 570
=~ (Bi0~B2) Nau— 3 (Bro ~ B2) My (Bro — 1)
~ (810 — 2) Nut = 5 (Bro — B2 Mac (Bro — B2)

~ (Ban = Ba)' Mot = 3 (20 — 2) Mae (B0 = ).

taking into account that,

Ny = -il.- tgl M) My = _71'_ = Mt (91) + M1e (91)))
Noy = 'il" Somy Ma=% Y (9,(03) +12 (63)),
t=[T7o|+1 t=[T7o]+1
) , B :
Ny = + Z Ny My = T E ("h (62) + 7ge (62)) -
t=[T7]+1 t=[T7]+1

Noting that (8,9 — B2) = A + (B899 — B2) , we can express the term (49) by,

=N Nyt — (B1o — Ba) Nat — —)\ Mg (ﬂm Ba) M (Byo — B2) — X' Mae (Byo —

= O+ (Brp — B)) Nae —2 (%A #5608 ) Muc (3345 (60 =59
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and finally, we obtain that

(/310 ﬂl)lMlt (rBIO - /31) - (/310 - ﬂl)lNlt
(B2 — B2) Mzt (B2g — B2) — (B2o — B2)' Nat
(1A' + 5 Br0=52) ) Mue (33 + 5 Bro -5
— (A4 (Byo — B2)) Nat,

St (Eo) - St (E) =

3] MI»—AMI»—A

an expression similar to (7)-(10) in the proof of Theorem 2.

Thus, to obtain the results of Theorems 2 and 3 for this estimators, we only need
to verify the Lemmas 1 to 6 for this case, which constitute the necessary and sufficient
conditions of the mentioned Theorems. The equivalent results of Lemmas 1, 2 and 3
are obtained in Lemmas 12, 13 and 14 respectively. The rest of the Lemmas follows in
identical form.

By Theorem 3, we can obtain the asymptotic distribution for the T-estimator as a

particular case, considering that, by Lemma 14,

S=02E [%( 0)] E[X.X]],

with ¢y (u) = Wotp, (u) + ¢, (u). Following the proof of Theorem 3 for this case, we also
obtain that M () is given by M (6,) + Mz (9,\) where 65 = (05, )\',D;)', and then,

My (8y) = [Wg 03) ¥ (“t“'Xt) ] (51)

By the same way s (6,) is defined by

Al ()] - (555 0o )| o

and, given that (7o —7) = v3P\/T, which tends to zero in both cases of A {fixed or

M (6)

decreasing), we obtain (52) equals to

2l ()] -

and then, s(8) = 0o by definition.

Now, with similar arguments,

E [5y (7)) + (ro = B [pa (2552)] + (1 = 7o) E [52 (5]
W6 = i

B [ (5)] + o= B [ (2555 + 0= ro) B [ (s85)
- E{?Z(?)Lop() Wo +op (1)
£ [ ()]
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and, to derive W5 (8,), observe firstly that,

4 (0) = (r0-7)E [ 1 (“—SW) Xt] +{1-70) B [“’1 (s?el)) X‘]
- oaln (S25) x]-0s o (2) ]
an op (1) term, given that v3P5/T — 0 and the second term is equal to zero. Secondly,
o0y = 15[ () (i) oo (2500 (230
ra-m [ (357) ()

and finally,

72(0x) = (ra-7)E 2% (Ut-H\Xt (Ut+/\Xt>D)((5A)]

)
vz [ (2155) () ]

sa(e) ()2
TG

By the results {53) and (54), we obtain that,

Wa (63) = (1 — 7o) E (20, (%) (%) X,

Elv (%) ()]

= (1-7o)

because v () is a finite for all 6.
Therefore, M () will be defined by

E [Woifn (%) + s (%)] E X X{+(1 — 7o) - Pv (%L) ( U> Xt] [/ (UE+A’Xt) Xt}

and for A converging to zero, the second term of the above expression is an op(1), and

then M = M (0) will be equal to

£ (1) (2 s

This concludes the proof of the theorem. u
The following Propositions 17 and 18 correspond to the proof of Theorem 5.



Proposition 17

S ror g (o () - (G ) e @
9Sr (&) _ 1 < r: (By) e (B,)
;3,2 = —sr(B) T t [TZT]H (WT (B) ¥, (ST (;)) + (ST (;))) X, (56)
where
_[T'r]~ (B 1 T . (B
Wr (8) = %[t;; (6 B)) +%‘ ITTTIHP (5ot ) (57)
% =1 12}1 (:;Bﬁ)) * % t=[12:r]+1 12} (:;Bﬁ )

20; (2) = ¥; (2), fori=1,2.

~— -

with ¥; (2) = 29, (2) and p; (z

Proof: Taking into account the objective function St (€) defined by (44) we have that,

0Sr(§) _ o 0B (13- (nB)Y, 1 s~  (1u(B)
o, ~ O, (TZ?bCTwJ+Th3%4”(wa (%)
[TT] !
—Xist (B) — 1t (B1) Os7 (B) /0B
r 3 (50 )
—r (By) 95z (B) /9B;
Z( 2l

where 7¢ (8) = Y; — X/0 is the residual function. Now, the partial derivatives of the scale
M-estimator st (8), defined by (45), is given by

[TT]

Tt (,3 ~XisT(B) — 14 (B )OsT (6) /8,311
T Z i ( ) & @)
Tt ( —¢ (B,) 9st (B) /0B _ 0
- [;lel( #) " ’
and therefore
(T7]
1 (B
dsr(B) F 2o () X _ A (8)
Bﬂ’ [Tr] r e T n N D (,3) .
AT ) o )

Thus, inserting (59) in (58), we obtain the result (55). For (56) the proof is similar. W

Proposition 18

~—
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(o))
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5500, T, 2 2 0) o (B
where
g (8)
Wir (8) = v;r (B) + 77 (8) Dr @) (60)
forj=12,

and, finally,

A

s;7(B) = - D’TT ((g)) (64)

Jor 7 =1,2, defined by (59) for j =1, and for 7 = 2 obtained in a equivalent way.

Proof: Taking into accout Proposition 17 we obtain that,

#Sr(6) _ _1x~ (W N (n (/30) N (n (/30)) Xobim (B

onos, ~ T\ m )t am) ) Xer e )
(T7]
1 e (B;) ; f N

—sT (ﬁ)f Z"f’] (;T (ﬁ])) XWhr (8) (66)

t=1
(T7]

1 y T (B ) y Ty (ﬁ )
T (e () o= (o)) %o
where §;1 (8) = 8s7 (8) /88, Wir (8) = 8Wr (B) /88; and ¥, (2) = 4, (2) + 29; (2) for
i =1,2 with 1, (2) = 9y, (2) /0=

But observe that, inserting the partial derivatives of the M-escale, given by (59), we

obtain that (65) is equal to

t=1

where Tr (2) = Wr (8) ¥, (2) + T2 (2).
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For the term (66), after some algebra we obtain that,

s (8) War (8)
1T BN X
=Tl (sT w)) Dr (B)
1 i g re (61) 1 T re (Ba)\ re(Bg) | éir (B)
*‘(Tt=ITT(sTUﬂ>sT T‘_g%+,TT( ))STU” Dr (B)

(68)

with g (2) = ¥, (2) — 2% (2), and Tr (2) = Wr (8) ¥, (2) — ¥2 (2) . Then, considering
(67) and (68),

Sir (ﬁ)')
65) + + )
( -1 Zwl( 2B X, (e ) 472 (0) 32
with ;7 (8) and v7 (8) defined by (61) and (63), given that T (2) — T1 (2) = 229, (2).
The result for the another derivative is obtained in a similar way.

APPENDIX 2. LEMMATA.
Part A:

The part A of this Lemmata corresponds only to the proof of Theorems 2 and 3, for

M-estimators. We assume, with no loss of generality, that 7 < 7.

Lemma 1 Assume A.1 and A.2 (except A.2.4),

Z 7y (8) — M (0

where M (6) is defined by the Assumption A.2.6.

Sup Sup 50, (69)

rellc(0,1)0€0

Proof: By the triangular inequality,

Tr
1
SupSup | = n, (8) —TM (8 < SupSu —E 70
rell 6e8 T;n'() () fegaeg Z’h [7¢ ( )]H (70)
+ SupSup ||= Eln, ()] —TM (8)] . (71
SupSup T; . (9) ()H (m)

By assumption A.2.6, (71) — 0, while (70)2» 0by A.1.1, A.2.3 and A.2.5 applying Lemma
A3 of Andrews (1993). |

53



Lemma 2 Let ©p C © be a compact subset of RP, containing neighborhoods of 8. Con-
sider a sequence {6r,T > 1} € O such that 61 o 8o. Then, under A.1 and A.2 ( except
A.2.4),

TT
1 . P
Sup ||— )Y —TM (6 = 0.
Sup T;'Ih(r) M (o)

Proof: By the triangle inequality, the left side of the above expression is bounded by

Tr

Sup |7 3 0(0r) ~ B o) (72)
TT

+Sup |2 5" Bli (0r)] - E . (60)] (73)
T€ll =1
Tr

+Sup |2 3™ Bl (090)] - 7M (60)] (74)
TEI =1

By A.2.6, (74)— 0, while (72)2 0, by A.1.1, A.2.3 and A.2.5, because

(72) <SupSup
TEMOEG,

0,

1 TT
=3 .6) - Eli ©O)
t=1

by Lemma A.3 of Andrews (1993). It remains to examine (73): (i) by tightness condition

T
of {Fr,T > 1} we obtain that % Y P (2 ¢ C;) — 0 as j — oo, for some sequence of

t
compact sets {Cj,5 > 1} in Z, and (ii) V5 > 1:

Tr
1 . .
Sup |17 ; E 7, (07) — 0, (80)] I (2, € Cy)
< Sgg |, (61) — 0, (Bo)| = O for 67 — 6o, (75)

for a function 7, (-) defined in (2,6) € Z x ©, continuous by assumption A.1.1, and thus,
uniformly continuous in the compact set C;. So, the difference of the function, evaluated

in 7 and 8y will be asymptotically negligible under the supreme metric, as we obtain in

(75). (iii) By results (i) and (ii) :

Sup
7€

— 0,

1 TT
T Z E ["It (gT) =7 (90)]
t=1

as 8t — Bg. The lemma result follows. [

Lemma 3 Consider vp (1) = 71=T- tiil 7, such as {vr (7),T > 1} belongs to the bounded
cadlag function space in RP and is defined on II C [0,1]. Under A.1 and A.2 ( except
A.2.5),

vr (1) = SY2B (1),
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where " =" denotes weak convergence, in the D ([0,1]) space under the Skorokhod metric.
B (1) is an p-vector independent motion Brownian process. The process can be defined in

C ([0,1]), for which ezists an equivalence between the Skorokhod and Uniform metrics.

Proof: To prove this lemma we use the results of Lemma A.4 of Andrews (1993), with
the difference that the triangular arrays he used, are constant across the subscript T in
our case. Then, we have to prove that the process {vr (7),T > 1} is such that:

(i) Ya € RP, &/vr (1) = o’/S'2B (1),

(i) {vr (r),T > 1} has asymptotically independent increments.

To obtain (i), under A.2.1, A.2.2 and A.2.7, we apply Cor. 3.2 of Wooldridge and
White (1988), which utilizes the results of McLeish (1977). Noting that Cor. 3.2. yields
weak convergence of the standard partial sum process in D ([0,1]) with the Skorohod
metric and the g—4lgebra generated by it, this can be converted into weak convergence in
D ([0,1]) with the uniform metric and the c—4dlgebra generated by the closed balls under
the uniform metric. This is treated by Andrews (1993).

To obtain (ii) is enough to prove:

vr (T2) — vr (T1) (r2—71)8 0

4N 0, , VO<Ttg<T<12<1.
vr (To) 0 ToS
By Cramér-Wold device, leads to
ayvr (T2)—ajvr (1) +abvr (To) 4N (0,(T2 — T1) a} Say + ToasSaz), Yoy, as € RP.

To obtain above result, we use again Cor. 3.2 of Wooldridge and White (1988),

Trg TTo
1 1
! ! ! ! !
ayvr (T2) —ajvr (1) + agur (ro) = of—= Z 77:+02—Z7h
vT t=Tr4+1 vT t=1

= a'lSl/zB (e —71) + ahSY2B (1p)

N (0,(Te = T1) @ Say + TposSas).
And we get the desired result. ]

Lemma 4 Let v (1) be defined as in Lemma 3. Under essumptions A.1 and A.2 (except

A.2.5), we obtain that Va € RP and for any positive constant k:

Pr{ <Suf.a o lur (1) > k} =0 (H}%II) ,

where M is a positive arbitrary large constant.
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Proof: Firstly, observe that,

T<To—

Pr{ Sup o |ur (1) > k} < Pr{Sup o |vr (T)] > k},
<1

and by Lemma 3 we obtain,
o'vr (1) = (&/Se) ? B (r),

by Cramer-Wold device. Let be Y = Sup, |B ()|, a process with finite second moment,
because P {Sup,B (1) <d} = 2®(d), d > 0 and B (-) is symmetric around zero. Thus,
by Markov inequality,

_ E (Y2
Pr {Sup o |vr (1) > k} — Pr {Y > k(d/Sa) 1/2} < % (o/Se).
<1
Considering the Cauchy-Swartz inequality, (o/Sa) = ||S*/2a|| < ||S*/?|| le|| and S finite

matrix, the result follows. - |

Lemma 5 Let vr (1) be as in Lemma 8. Under the assumptions A.1 and A.2 (except
A.2.5), we obtain that Va € RP and for any positive constant k:

T<ro—% VTo—T

where M s a positive arbitrary large constant.

Proof: The proof follows as in Lemma 4, defining Y by a the absolute value of a standard

normal variable, and therefore, with a finite second moment. [ |

Lemma 6 Let vr (1) be as in Lemma 3. Under assumptions A.1 and A.2 (except A.2.5),

we obtain that Voo € RP and for any positive constant k:

Pr{d/ |vr (1) —vr(ro)| > k} = O (”]%“) .

Proof: The proof follows as in Lemma 5. |
Part B:

The part B of this Lemmata corresponds only to the proof of Theorem 5, of T —estimators.

Lemma 7 Let © a compact set in RP and [hy, hg] a closed interval with hy > 0. Then,

under the assumptions B.1 and B.2 we obtain that

(T ’ !
1 U + BiXt U + eiXt a.s.
A G B Al G
9?: e e t=1

s € [hh h2]
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Proof: As in Lemma 4.3 of Yohai (1986), the proof follows directly from Lemma 1 of
Yohai (1974). |

Lemma 8 By the assumptions B.1 and B.2 we obtain that

Sup |sr (8) — s (8) %50,
fee3

where, given 8 = (61, 65, 95)/ € 03, sr (9) and s (0) are such as,

Br(8,7,s7(8))="b and B(#,7,5(8)) = b,

with
[Tr] [Tro) T
1 ue+ X 1 u +HBXY 1 u, + WX,
BT(b,T,5)=TZP1(—'—S— tF Z Py — +T Z Pl >
t=1 t={Tr]+1 t=[TTo]+1

B(b7,s)=TE {01 (“”’s—ﬁﬁﬂ +(ro—T)E [pl (W)] +(1—T0)E [pl (MH ,

S

for b= (b} by, b4) R%, s > 0 and 7 € (0,1).

Proof: Define hy =Inf 5(8) and hg =Sup s(6), such that h; > 0 and hy < o0. By
0eo3 8e8?
Lemma 7 we obtain that

II‘Jim Sup |Br (8,7,8) — B(6,7,8)| = Q. (76)
e e?
sE [h’l; h2]

Let ¢ be such that 0 < ¢ < A;/2 and define g, (8) = B(0,7,5(8) +¢) and g3 () =
B(6,7,5(8) — €), then it holds that

g91(0) <b<ge(6).

Given that g; () and gg () are continuous function, we have that

Y1 =Iﬂ,f m (9) <b <SUP g2 (9))
gEe.’i 9693

and define 6 = Min {b—~v,,v, — b}. If (76) holds, then 3T} such that VT > Ty,

Sup |Br (6,7,5) — B(8,7,8)| < -g- (77)
6 e o3
BN S [h1/2,2h2]

Now, observe that:
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a) Given that s(8) —e > hy — h1/2 = hy /2 then s(8) — € € [h1/2,2h3], and therefore,
by (77),

S’U,p lBT (0,7’, s (0) - E) - B (0,7’,8 (0) - E)l <
€03

inequality which also holds for the Inf in 6. Then, because Inf |A — B| > |Inf (A) - Sup(B)|,

Nl oy

)

Ssupl _<_ITLf BT (0$ 7,8 (0) - E) < Ssup2; (78)
903
where
1) 1)
Ssup1 =Sup B(0,7,5(8) —€) — = and Ssup2 =Sup B(0,7,5(0) —¢) + =.
Therefore (78) takes to
Sine1 <Inf Br (8,1,5(8) —¢), (79)

e’

where Sinf1 is defined as Sgyp 1, considering the Inf instead of the Sup. However, because
Sinf1 =7, —6/2>b+6—-6/2=0b+6/2, by (79),
)
Inf Br(8,7,s(0)—¢)>b+ .
0693 2
b) Given that s(8) +¢€ < ho + hy/2 < 2hy then s(8) +¢ € [hy/2,2h] and therefore, by
(77),

Sup |Br (8,7,5(8) +¢e) —B(6,7,5(8) +¢)| <
6e03

and because of Sup|4 — B| > |Sup (A — B)| > |Sup(A) — Sup(B)|,

TS

S;upl SSUp BT (0)7-,3(0) +E) S S;up2’
€03

with

Seup1 =Sup B(G,T,s(0)+s)—g and S.,, o, =Sup B(0,7,5(6) +¢)+ .

sup
e’ e’

N o

Next observe that Sg, .0 =7, +6/2<b—-6+6/2=0b-6/2.
With the results in a) and b) we have obtained that, given ¢ > 0, 3Tp such that VT > Ty

Sup Br (6,7,5(6) +€) <b— 2 <b< b+ o <Inf Br(6,7,5(8) —¢),
€3 2 6c63

and taking into account that b = By (8,7, st (8)), the proof concludes because we have

obtained that Ve > 0, 3T such that VT > Ty
s(0) —e <sr(6) <s(f)+e,

uniformly in 8 € ©3. [ |
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Lemma 9 Under the assumptions B.1 and B.2 we obtain that, for 6, € ©,i = 1,2,3,
8= (6,,05,0) €©% and j =1,2.

[TT]
u + 6, X < U+ 6’ X
supig | 2% () ot re s () 2
Sup Su % (Ut-f-ﬂ X:) TE[ ('U.g'*‘g Xg)}
TGI;TDGGG;Z T &
[T ] '
T_Lt+3 Xg) (U;+9~X¢) [' (Ug-*-e Xg) (’LLt+H Xg)j'
Sup Su : —71FE |y,
vetoeen | T Z ( se©®) ) [P\Ts0
S S [TZT] Ut +H Xt X E ’th + 9 Xg
u
rétgoeeg T Vs st ( -7
[T"'] ’ / '
+ 8, Xt) (ut-i-ﬂ»Xt) [ (uz+0.X,) (ut-i-ﬂ Xt) }
SupS i i X, — 1E |, i
rehaces | T Z ( PR A ACANIT)
| [TT] , / / '
1 ‘LL:+9-X¢) (’U.t+9‘Xt) (Ug'*'H»Xg) (Ut'*‘gng)}
S S — f1 . L] L] _ E b, 1
rettoeas | T 2 & ( st (0) se®) )\ 5 (0)
[TT] ’ ! 2 ' ! 2
1 . ut+6iXt) (uL-i-@-Xg) . (ut+9AX¢) (u¢+9-Xg)
Su Su — Iy L] —1E v, 1 i
renoeen | T 2"( s7(0) ) ANEIO) 50)

Proof: We only consider the result (80) because the other ones are obtained in a similar

way. Observe that the left side of (80) is upper bounded by
[T7]

1 ATEN.¢ oo 01X
. S (tTt) XX, -7E [wj (-% X Xy

t=1

Sup Sup
Tell
6, e©
s€[s(8) —e,8(0)+¢

(87)
because of Lemma 8. By Lemma A.3 of Andrews (1993) we obtain that (87)—7” 0, given
that for j = 1,2

7] u + 0 X, , e
Plsp | L () 1) | <
by assumptions B.1 (v, (-) are bounded) and B.2 (E[X.X}] < c0). -]
Lemma 10 By assumptions B.1 and B.2 we obtain that
Sup |\Wr (8) —W (8)| 50, (88)

geco’
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and for j=1,2,

Sup |Wr (6) — W; (8)]| > 0, (89)
where
o 2 () o2 (5] 1 - (25
E (5 ()] oo B (S [0~ o (55
and
W; (0) =, 0)+(0) 20

Proof: The result (88) follows by (80) and (81) of Lemma 9. To show (89) we need

several previous results. By (83) and (84) in Lemma 9 we obtain that

[T‘r] V) y)

1 Ut+9‘Xt) l: (ut"'gixt) :I p
SupSup || = S 0, [ A X, —7E |0 ([ —E) X, || B o, (90
e o 4 T; ( a7 (0) ‘ ? s(0) i 0
Supsa l”z"@(uw+ﬂzxt)x_m[a(wz)x] 50, (@
retisees |T = °\“sr(0) ) A0 : '

by (85) and (86) of Lermma 9,

[T]

+9 Xt) (ut+9/X¢) [ <Ut +91Xt) ('U.t +0/Xt)]
SupSu 2 1 —7FE |, : L
retioeen || T Z ( st (0) N5 (0) 5 (0)

ut+9 Xt) (Ut-l-g:Xg) [-' (Ug +0:Xt) (u;+9§Xt)]
SupSu —TE ¥,
rentocen || T Z ( st (6) st (6) T\ s(0) s(0)

such that, these last two results together with (88) imply that,

[TT] 7 /
+0iX u + X - fu+ X us + 0- X,
swsw |15 T () (Ut -5 [F () ()| 2o
rettocos | T Z T ( s1(0) 5(0) 5 (0)
for T(z) = W (0) ¥, (2) — U2 (2), and then,
Sup |lyr (6) =¥ ()| B0, (92)
gee?

where
= o[ () (S - [ () (2
- () (2.

Next, by (83) and (84) we have that,

Sup |57 (8) — 45 (0)| 5 0, (93)
fe@?
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for 7 = 1,2 where

A (9) oy A ()
1 (6’) —W and 82 (0) =— D (0)
with
_ Ug + 6"1Xt
o = el (G K
_ _ / Ut +912Xt _ / Ut +9:13Xt
A2 (6) - (TO T) E l}f)l ( s (6’) Xf' + (1 TO) E 11‘)1 s (6’) Xt 1
and
- (7 +911Xg ~ (17} +912Xg, -~ ’LL;+6'-;X;,
= f —_— — - = - — ot T TeTtE
D@ =71E [1,)] ( 5(0) )]+(To T)E[¢1( 5) +(1—70) E |¥, 5 0) .
(94)
And, finally we obtain that, by (84)
Sup ”’YjT(g) - (9)” Z 0, (95)
feo?
for 5 = 1,2 where
y u, 4607 X, Uy 9’\ X
278 [, (™) (*45) X4
2 (TD _ T) E [wz (utj&a}){;) (ur:(%g)X:) le| +92 (1 _ 7_0) E [wz (m-:(ig)XL) (u;i—(ﬂgz)XL) th|
Y2 (9) = D (6’) *
Then, taking into account (92), (93), (94) and (95) the proof is concluded. |
Lemma 11 By assumptions B.1 and B.2 we obtain that
1 s u 1 ks U
— ==X, - == . —‘) X/ Bo.
} 7T 2 ¥ (o) 7T 2 Vs (5%7) %

Proof: By Lemma 8, the result follows as in Lemma 5.1 of Yohai (1985), taking into

account that, for this case, the part (i) holds by invariance principle of Donsker. ]

Lemma 12 Under B.1 and B.2

[T7]
= D (e (8:) +152 (6:) — 7 (M (8) + M; (9))

t=1

Sup Sup 20, (96)

Tellgeo?

where

M;(6) = F [m ©) v, (%(Z)i‘-) xt] .
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Proof: By triangular inequality (96) upper bounded by

TT
fggﬂiiég T [Z] (712 (8:) + 170 (8:)) — 7 (M (8) + M; (9))
1 (r7]
< fgg(i%g 7 ; 7, (6:) —TM (9) (97)
[T7]
+ f‘ggiigg 7 ; flje (8:) — TM; (6) (98)

(97)2 0 by (80) and (88), in Lemmas 9 and 10 respectively, while {(98)% 0 by (83), in
Lemma 9 and (89), in Lemma 10. [ |

Lemma 13 Under B.1, B.2, and the conditions of Lemma 2, given that 8r T? 8y,
o o]
b7,6, € O3,

[T7]
T Z (Ut (0:) + i?jt (eTi)) —7(M (6o) + M; (60))

=1

Sup LN 0,

TeN

fori=1,2,3, and j = 1,2, where
. + 05, X + 05, X
(o) = B[ (W@ u, (B0e) 4, (1)) ),

5 (80) (60)
, up + 05 X
M;(80)=E [WJ- (80) ¥, (#) X,J .
Proof: By Lemma 12, the proof is as in Lemma 2. |

(7]
Lemma 14 Consider vy (1) = VIT 5. m,, such that {vp(7),T > 1} belongs to the
=1
bounded cadlag functions space in RP and is defined in I1 C [0,1]. Under B.1 and B.2, it
holds the result of Lemma 3.

Proof: By Lemma 8, Sup |st () — 5 (8)| - 0, and for 8 = (05,0’ D') =03, € R%, we
0

P! Yp!

obtain that s (0) RN 09, with og such that

By Lemma 11, we have that

WZ“()&MWEM(JL

are asymptotically equivalent to

RSO RIES SR

t=1
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respectively, and therefore

(T7]

v L "W‘Z‘”“( )%

where =" denotes asymptotic equivalence, with

()= (2) 00 (2),

Then by the invarianza principle of Donsker and Slutzky theorems we obtain that

\/_Z%( )X = SY2B (1),

with § = 03E [y (ut)] E [X,X{]. The rest of the proof is similar to Lemma 3. [
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APPENDIX 3: TABLES AND FIGURES

TABLE 1

Bias and mean squared for LS, LAD and Huber estimators of structural break point, based on 5000 replications of the
model YV; = 1+ Xy + AT (1 > 7o) + ug, with 7, =¢/T, t =1,...,T, T = 100,200 and 500, with A = 2.189, 2.0 and 1.795
respectively. Several distribution for u; are considered: standard normal, double exponential, ¢3, t5 and two mixed standard
normal distribution, N90 and N75, with a 10% and 25% of a normal distribution with variance equal to 9 respectively. The
values corresponding to Bias and MSE must be divided by 100.

PoINT ESTIMATION T=100 T=200 T=300
MoODEL ESTIMATOR Bias MSE Bias MSE Bias MSE
LS 0.292 2.252 0.418 0.426 0.656 0.312
N(0,1) LAD 0.390 3.819 0.379 0.738 0.544 0.593
Huber 0.180 2.395 0.418 0.453 0.583 0.356
LS —0.364 2.166 —0.062 0.900 —0.037 0.318
texp(lul) | LAD —0.018 0.987 —0.005 0.351 —0.173 0.138
Huber -0.026 2.166 —0.058 0.534 -0.273 0.198
LS —1.544 2.972 —0.144 1.527 0.042 0.443
% LAD —0.306 0.590 —0.084 0.263 0.229 0.089
Huber —0.474 0.653 0.084 0.307 0.192 0.104
LS -1.000 2.119 —0.189 0.954 0.214 0.311
ts LAD —0.246 1.610 —0.065 0.669 0.359 0.254
Huber —0.136 1.283 0.114 0.527 0.296 0.237
LS -0.156 1.943 —0.525 0.958 —0.028 0.326
N9O LAD —0.070 1.339 —0.085 0.621 —0.014 0.217
Huber —0.184 1.099 0.027 0.535 -0.025 0.160
LS 0.820 2.039 -0.267 0.949 -0.005 0.032
NT5 LAD —0.384 0.777 —0.144 0.362 —-0.067 0.012
Huber -0.122 1.013 —0.228 0.447 —-0.012 0.014
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TABLE 2

Interval estimation for LS, LAD and Huber estimators of structural break point, based on 5000 replications of the model

Y: = 14+ Xp + Arl(1y > 70) + ue, with 7¢ = ¢/T, t = 1,...,T, T = 100,200 and 500, with Ar = 2.189, 2.0 and 1.795

respectively. Several distribution for u, are considered: standard normal, double exponential, t3, t5 and two mixed standard

normal distribution, N90 and N75, with a 10% and 25% of a normal distribution with variance equal to 9 respectively. The

values corresponding to Bias and MSE must be divided by 100.

INTERVAL ESTIMATION T=100 T=200 T=500
MODEL ESTIMATOR || a=0.1 | a=005 | a=001 || a=01|a=005 | a=001| a=0.1|a=0.05| a=0.01
LS 0.158 0.091 0.036 0.130 0.074 0.018 0.121 0.065 0.016
N(0,1) LAD 0.120 0.073 0.026 0.088 0.044 0.009 0.088 0.046 0.009
Huber 0.157 0.096 0.037 0.127 0.073 0.018 0.122 0.067 0.016
LS 0.145 0.093 0.031 0.125 0.070 0.022 0.114 0.062 0.018
lexp(jul) | LAD 0.068 0.034 0.007 0.056 0.028 0.004 0.067 0.030 0.006
Huber 0.148 0.086 0.026 0.118 0.067 0.018 0.114 | 0.061 0.016
LS 0.149 0.087 0.032 0.125 0.075 0.025 0.111 0.064 0.016
t3 LAD 0.052 0.021 0.004 0.058 0.022 0.003 0.057 | 0.024 0.004
| Huber 0.140 0.078 0.02 0.119 0.067 0.016 0.115 0.062 0.014
LS 0.144 0.084 0.027 0.127 0.071 0.018 0.116 0.063 0.016
ts LAD 0.079 0.038 0.012 0.066 0.034 0.008 0.071 0.032 0.006
Huber 0.138 0.080 0.023 0.126 0.067 0.017 0.116 0.064 0.018
LS 0.140 0.081 0.029 0.136 0.080 0.021 0.114 0.066 0.015
N90 LAD 0.076 0.039 0.009 0.078 0.034 0.006 0.070 0.034 0.005
Huber 0.144 0.084 0.026 0.135 0.078 0.023 0.113 0.061 0.016
LS 0.147 0.085 0.032 0.133 0.077 0.021 0.111 0.065 0.018
N75 LAD 0.061 0.094 0.064 0.064 0.030 0.005 0.061 0.028 0.003
Huber 0.151 0.084 0.028 0.133 0.075 0.021 0.113 0.062 0.015
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TABLE 3 AND FIGURE 1

Sample data corresponding to the model Y; =1+ X, + I (t > T'ry) + u; where z, ~ .i.d. N (0,0.1), u¢ ~ ..d.N (0,0.1),
7o = 0.5 and T = 30.

Time Y X Time Y X Time Y X
1 1.03 -0.30 11 0.83 -0.14 21 2.08 -0.27
2 0.67 -0.21 12 1.45 -0.00 22 2.84 0.08
3 0.17 -0.16 13 0.87 043 23 3.17 0.54
4 1.27 0.06 14 098 0.17 24 1.24 -041
5 0.87 -0.06 15 1.47 0.08 25 2.50 0.45
6 1.59 0.33 16 157 -0.14 26 241 0.30
7 1.43 -0.04 17 1.39 -0.28 27 1.34 -0.43
8 098 -0.08 18 231 0.26 28 1.07 -0.48
9 0.57 -0.04 19 1.89 0.20 29 230 032
10 1.06 0.07 20 218 0.17 30 247 -0.37

Y
00 08 18 24
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TABLE 4

LS, LAD, Huber and T— estimator of the break, [T#r|, and the regresion parameters pre-break and post-break for the

model ¥; =1+ X; + I (t > T'1p) + u; where z; ~i.i.d.N (0,0.1), u; ~£.i.d.N (0,0.1), 7o = 0.5 and T' = 30.

SAMPLE DATA WITH P

PARAMETER LS LAD | HuBER | T—EST.
Break 15 15 15 15
Constant pre-break | 0.99 1.05 1.02 1.03
Constant post-break | 2.05 1.89 1.90 1.90

Slope pre-break 0.97 1.62 117 1.44

Slope post—break 1.34 1.59 1.51 1.56
SAMPLE DATA WITH P,

PARAMETER LS LAD | HuBER | T—EST

Break 22 15 15 15

Constant pre-break | 1.16 1.06 1.02 1.03
Constant post-break | 2.07 1.89 1.87 1.89
Slope pre-break 0.60 1.62 1.18 1.40
Slope post-break 1.38 1.59 1.50 1.35

SAMPLE DATA WITH Py

PARAMETER LS LAD | HuBER | T—EST
Break 22 22 22 15
Constant pre-break | 1.26 1.25 1.22 1.03
Constant post-break | 2.07 1.92 1.91 1.89
Slope pre-break —0.36 | —0.50 | —0.42 1.40

Slope post-break 1.38 1.64 1.51 1.55
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FIGURE 2

Dependent variable and fit respect to the time for the LS, LAD, Huber and 7— estimators. The modelis ¥; =1+ X, +
I(t > Trg) + u, where o, ~ i.i.d.N (0,0.1), u; ~ 1.i.d. N (0,0.1), 79 = 0.5 and T' = 30, and the sample data corresponds to

P. The dotted vertical line corresponds to the location break estimate.
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FIGURE 3

Dependent variable and fit respect to the time for the LS, LAD, Huber and 7— estimators. The model is Y; =1+ X, +
I(t>Trg) + us where x; ~ 1.i.d.N (0,0.1), u¢ ~ .i.d.N (0,0.1), 7o = 0.5 and T = 30, and the sample data corresponds to

P,. The dotted vertical line corresponds to the location break estimate.
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FIGURE 4

Dependent variable and fit respect to the time for the LS, LAD, Huber and 7— estimators. The model is ¥; =1+ X; +
I(t>Trg) + uy where z¢ ~ 1.2.d. N (0,0.1), u¢ ~ ¢.2.d. N (0,0.1), 79 = 0.5 and T = 30, and the sample data corresponds to

P;. The dotted vertical line corresponds to the location break estimate.
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