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1 Introduction

Let (y1,%X1),---,(yn,Xn), Xi € IR?, y; € IR be independent observations from the linear
model
yizgaxi‘*'ui,lfiﬁn, (1)

and define the residuals corresponding to 8 as r; = r;(8) = y; — 6'x;.

In model (1), we denote by Fy the (nominal) distribution of the errors u; which are
assumed to be independent of the carriers x;. Let G be the (nominal) distribution of these
carriers and suppose that there exists Fg,xx' = A. From Fy, Gy and the independence
assumption, it is possible to compute the (nominal) joint distribution of (y;,%;), denoted
by Hp. To allow for the presence of a proportion € of outliers in the sample, we will assume

that the true joint distribution of the data lies in the contamination neighborhood
V,={H: H=(1-¢Hy,+eH, H arbitrary distribution}.

The least squares method 1s the classical procedure to estimate the vector of param-
eters 8y. However, as it is well-known, least squares estimators does not behave well
when there are outliers in the sample. In fact, only one outlier may cause inferences to
be highly unreliable. More stable methods consist in choosing the vector of parameters
that mininiizes a robust estimator of the scale of the residuals. For instance, regression

S-estimators (see Rousseeuw and Yohai, 1984) are defined as

~

8, = arg moin S.(0), (2)
where 5,(0) is a scale M-estimator computed from the residuals 7;(8), that is,
S.(0) =inf{s >0:n7"> x(r;/s) <0},
=1

for an appropriate score function y. Another possibility is to define

X [n(1-a)]
6, = wrgimin 3 (O}, 3
p=1
where the subscript (p) stands for the p-th order statistic. This is the least trimmed
squares (LTS) cstimator proposed by Rousseeuw (1984). Other regression estimators in-
cluded in this setup are 7-estimators (Yohai and Zamar, 1988) or R-estimators (Hdssjer,

1994).



More recently, Croux, Rousseeuw and Hossjer (1994) have introduced the class of GS-
estimators which is defined as in equation (2) but taking S,(8) to be a scale M-estimator
of the pairwise differences {|r{(6) — r;(8)| : 7 < j} instead of a scale M-estimator of
the residuals {r;(@)}. This approach has several advantages: (1) efficiency is higher
than in the case of simple S-estimators, (2) robustness properties are greatly preserved,
(3) computation is not very expensive for some important particular cases, and (4) the
objective function of GS-estimators does not depend on the intercept term of the model,
which can be estimated as a second stage. (See Croux, et al. (1994) for a detailed
discussion.)

The basic idea of using {|r;(8) — r;(8)| : ¢ < 5} rather than the residuals to compute
the scale 1s also promising when applied to regression methods other than S-estimators.
For example, if h, = n(n — 1)/2, a reasonable regression procedure could be

X [hn(1—a)]
0. = argmin > Al =)' i<} (4)
p=1

which is a generalized version of Rousseeuw’s LTS-estimator. It is also possible to define
generalized versions of 7- and R-estimators (see Section 4).

In this paper we provide a general method to study the robustness, under contami-
nation of the sample, of regression estimators based on differences of residuals, such as
the examples above. To measure the asymptotic stability, we consider the maxbias curve.
This curve contains most of the asymptotic robustness properties of an estimator. It was
initially defined by Huber (1964) and extensively exploited as a gauge of robustness by
Martin and Zamar (1989) for scale M-estimators, and Martin, Yohai and Zamar (1989)
for regression M-estimators with general scale.

Let T be a functional taking values on IR"*' and defined on a set of distributions
on IR"*! that is large enough to contain both the empirical distribution functions and
the neighborhood V,. The asymptotic bias of T at H, 04(T, H), is defined so that it is

invariant under regression equivariant transformations,
ba(T, H) = {[T(H) — 6o) A[T(H) — 6]}'/*.

As we will only consider regression and affine equivariant estimators, we can assume
without loss of generality that A is the identity matrix F and 8, = 0. Therefore,
b\(T,H)=0b(T,H) = ||T(H)|. The maxbias curve of T is defined as

Bry(e) = sup T, H) = sup |T(H)], (5)



that is, the maximum conceivable discrepancy between the value of the functional T at the
nominal central distribution of the data and T(H), when H ranges over the neighborhood
V. of all the possible true distributions of the data.

Several widely known one-figure summaries of the robustness of T can be computed
from By (e). For instance, the gross-error-sensitivity introduced by Hampel (1974) equals,
under regularity conditions, the derivative of the maxbias curve at zero, which was called
the contamination sensitivity by He and Simpson (1993). On the other hand, the break-
down point of T, also introduced by Hampel (1974), can be defined as

¢* =sup{e: Br(e) < co}.

Therefore, the maxbias curve helps us to understand the robustness properties of an esti-
mator both for small and large fractions of contamination. Unfortunately, it is sometimes
a function difficult to derive and often each estimator requires a somewhat specialized
method to compute it. So, it is useful to have general principles to perform the maxbias
curve analysis. Section 3 points out one of these general principles.

The broad set of estimators our method deals with arises as a modification of the class
of residual admissible regression estimators defined by Yohai and Zamar (1993). Roughly
speaking, this class consists of estimators for which the empirical distribution of the
absolute residuals cannot be uniformly improved -in the sense of stochastic dominance-
by using any other set of regression coefficients. It can be shown that S-, R- and r-
estimators have this property. When we compute a residual admissible estimator from the
pairwise differences of residuals, we obtain what we call a generalized residual admissible
estimator. These are the estimators our method accounts for. Once we lLiave computed
the maxbias curves of the estimators in the general class, we will solve the problem of
finding the most stable one.

The rest of the paper is organized as follows. Section 2 is devoted to introduce the
required background on residual admissible estimators. Also, a formal definition is given
for the class of generalized residual admissible estimators. Section 3 contains the main
result of the paper. Some numerical examples show the applicability of this result in
Section 4. In Section 5, we find the minimax bias estimator within the general class. The

proofs of all the results are relegated to a final appendix.



2 Generalized residual admissible estimators

Let F; g denote the distribution function of the residuals r,(6) corresponding to 8 when
H is the distribution of (y;,x;). If X and Y are independent random variables distributed
as F, let F* denote the distribution of the random variable |X — Y. So, F;{ﬂ is the
distribution of [r;(8) — 7;(8)| when ¢ # j. Finally, let Fyy | ;g denote the distribution of
|r1(8) — r2(8)| when (y1,x,) is distributed as H; and (y2, X,) is distributed as H,.

We start from estimators whose functional form is defined as
T(H) = argmoin J(Fy g), (6)

where J(F') is a functional that measures the scale of F. Both the estimators defined in
(2) and (3) are instances of these functionals when applied to the empirical distribution
function of the data.

We will suppose that J satisfies

Assumption 1 {a) If F and G are two distribution functions on [0,oc) such that
F(u) £ G(u) for every v € R, then J(F) > J(G).

(b) (n-monolonicity). Given two sequences of distribution functions on [0,00), F,, and

G, which are continvous on (0,00) and such that F,(v) — F(u) and G,(u) —

G(u), where F' and G are possibly substochastic and continuous on (0,20), with
G(oo) 21 —1 and

G(u) = F(u), for everyu >0, (7)
then
nli_’n}o J(F) > T}i_nﬁio J(GL). (8)

Moreover, if (7) holds strictly, then (8) also holds strictly.

Assumption 1(a) is a monotonicity condition which implies that if the absolute residu-
als corresponding to 8, are stochastically smaller than the absolute residuals correspond-
ing to @,, then @, will never be the only solution of (6). Assumption 1{b) of 7-monotonicity
was introduced by Yohai and Zamar (1993). Notice that if we take F,, = F'and G,, = G for
each n, then 77-monotonicity implies that if F° and G are distribution functions on [0, o),
continuous on (0,2¢) and such that G{u) > F(u) for u > 0, then J{F) > J(G). There-
fore, we can view n-monotonicity as a strict monotonicity condition for certain especial

distributions.



An estimator defined as in (6), where J satisfies Assumption 1, is called a residual
admissible estimator. This definition is slightly more restrictive than that of Yohai and
Zamar (1993) but it is suitable to cover all the relevant examples.

Following the ideas sketched in the introduction, we define the generalized residual
admissible estimators as those that come up from functionals defined as

T(H) = arg mein J(F;I,O)’ (9)
where J satisfies Assumption 1. The only difference with respect to equation (6) is
that now we apply the scale functional J to the distribution of the absolute pairwise
differences. In the following section we find out the maxbias curve of any generalized

residual admissible estimator. Sometimes it will be convenient to use the notation J*(F') =

J(F7).

3 A general method to compute maxbias curves

First, we list the assumptions required to prove our results. The nominal distributions Fj

and Gy must verify the following hypothesis:

Assumption 2 The distribution Fy of the errors has a symmetric and strictly unimodal
density fo. The distribution Go of the carriers is such that 8'x has a symmetric and
strictly unimodal density for each 8 # 0.

This hypothesis is fulfilled, for instance, when Fj is the standard normal distribution
and G| 1s the spherical multivariate normal distribution. As we will see, the applications
of Theorem 1 become simpler when the regressors are spherical. However, this condition
is not strictly necessary.

The following assumption is a regularity condition to be imposed on the scale func-

tional J. It can be easily checked for the most important examples.

Assumption 3 Let V, be the uniform distribution on the interval [n,2n]. Then

im J*[(1 = €)Fyp, 0 + €Vi] = J*[Firal,

n—oo

for each distribution H € V,.



This assumption implies that, if the scale is measured using pairwise differences of
observations, the most harmful contamination occurs when both the location and the
dispersion move away to infinity.

Next, we state the main result of the paper:

Theorem 1 Let T be a regression functional defined as in equation (9). Then, under
Assumption 1, for n = ¢(2 — ¢), and Assumptions 2 and 3, Bt (¢) = t*, where t* € IR is
such that
m(t™) = Binf J(1 =) Fyy g+ €bo] = lim J[(1 — €) Fr 0 + V3], (10)
16]|=t* ' e
V., is the uniform distribution on [n,2n], and &y is the degenerated distribution giving

probability one to zero.

When G is spherical, it is easy to prove that F;I 0 only depends on @ through the
g,

value of

|@]]. Therefore, the infimum in equation (10) is no longer needed as each direction

of 8 gives the same value of J™[(1 — ¢}F}, g + ¢6p]. We obtain the following result:

Corollary 1 Under the notation and assumptions of Theorem 1 and assuming further

that Gy is spherical, Bp(e) = ||07||, where 8~ € IR” satisfies
(1= ) Fy, g~ + €bo] = lim J[(1 — €)Fpy0 + €V7]. (11)

It is possible to give an intuitive interpretation of Corollary 1. Suppose there is a
proportion ¢ of outliers placed at (8~'x,,x,), where X, is uniformly distributed on the
interval (n87,2n60%). Then J*[(1 — €)F}, g + ¢by] is the scale of the absolute residuals
obtained when these outliers are perfectly fitted. On the other hand, lim,_.., J*[(1 —
€)Fy, 0+ €1%,] is the scale obtained when the outliers are completely ignored and n — co.

Corollary 1 says that the maxbias curve is the value of ||8*|| such that both scales coincide.

4 Examples and numerical computations

Tor the sake of simplicity, we assume in this section that Fy is the standard normal distri-
bution, hereafter denoted by @, and Gy is the spherical multivariate normal distribution.
We will apply Corollary 1 to generalized versions of S-, R- and t regression estimators. As-
sumptions of Corollary 1 can be checked under mild conditions in each case (see Lemmas

4 and 5 in the Appendix). We highlight here the wide applicability of the method.



4.1 GS-estimators

Consider the functional Ts(H) = argming S(F}, g), where S(F) is defined as
S(F)=ini{s: Erx(y/s) < b}, (12)

and y is a score function satisfying the assumptions of Lemma 4 in the appendix.

To illustrate the application of Corollary 1, define the following [unctions

g(s) = Egx(y/s),

and
h(s,€) = (1 —¢)*g(271%s) + 2¢(1 — €)g(s).
Let S) = S*[(1 — €)F, g~ + €o]. We have that

(1 =€) Enmyxmox (7"1(9‘);7“2(9.)) +2¢(1 — €)En,x (T(g;)) =,

that 1s, 57 = (1 + HQ‘HL’)I/Zh‘l(b, €)-
On the other hand, let Sy = lim,_.., S*[(1 — €)Fp,0 + €V;]. Then, it is easy to show

that ,
A b—2¢+¢
g. :21/2 -1
S ( (1< )

Imposing the condition Sy = S, and solving for |87, we get

1/2

g—-l {é—Zz-{-gE) 2
_ \ (1-¢)

which amounts to the expression lor the maxbias curve found by Croux et al. (1994).

Observe that Bg(e) goes to infinity when the numerator of the fraction in the formula
above goes to infinity or when the denominator goes to zero. Therefore, the asymptotic
breakdown point of a GS-estimator is ¢ = min{1 — (1 —b)*/2, (1 —b)'/?} which equals 1/2
when & = 0.75. If we want the corresponding scale estimator to be consistent we must
impose the Fisher-consistency condition b = Ep g x(¥1 —y2). This condition determines,
through the value of &, the breakdown point of the regression estimator.

In Table 1 we present some numerical results. First, we have considered a jump score
function x.(y) = I{ly| > a} where a > 0 is chosen so that b = 0.75. The corresponding
estimator 95 is the least quartile of differences (LQD) estimator. Another widely used

8



option is provided by the biweight Tukey score function x(y) = min{3y?/c? — 3y*/c* +
y®/c®,1}. When the tuning constant is ¢ = 0.9958 we have ¢* = 1/2. Call this estimator
TUKEYGS. We have applied (13) to obtain the maxbias curves of both estimates for
several values of the proportion of contamination. The obtained values are similar: so
the corresponding robustness properties are not very different. Also, it can be proved
that the efficiencies are alike; hence, what makes LQD preferable to TUKEYGS is its easier

computability.

TABLE 1 ABOUT HERE

4.2 GR-estimators

Generalized estimators based on signed ranks (GR-estimators) originate from the func-

tional Tr(H) = argming R(F;I’g), where

R(I") = /Om a[Fu)][u*dF (), a(u) >0, (14)

for some positive integer k.

These estimators select the vector of parameters that minimizes a weighted average
of powers of the absolute pairwise differences of the residuals. The weights are given by
a function a(w) applied to the signed ranks of these absolute differences.

An interesting particular case is the generalized a-least trimmed absolute value (a-

GLTAV) estimator whicli is defined by taking &k =1 and
I, Iy £l—-a
a(u) = < . (13)
0, Ju/>1—-a
The corresponding estimator is
. [hn(1-a)

]
8, = arg ngn S {ri—ril s i< 7}w), (16)
p=1

where h, = n(n — 1)/2. The a-GLTS-estimator defined in equation (4) is obtained when
k=2 and a(u) is as defined n (13).
To apply Corollary 1 we have to solve for ||67|| the equation
R*(Fg-) = lim R™(Fy),

=00

where Fig« = (1 — €) I, g« +€do and [, = (1 — €)F 0 + €Vr

9



Denote Ix(c) = [5u*o(u)du, where ¢ is the standard normal density function. Let
a>1/2. Ife< (1—a)/? <1—(1—a)? there exist ¢, > 0 and ¢, > 0 such that
Fg<(ye1) =1 — a, and (1 — €)*Fj, o(2}/%c2) = 1 — o, where v = (1 + ||87]|?)/2.

We have that

R (Fg-) = /0 " o[ Fy-(w)]utd e (u) = /0 " ukdFg. (u)
e YC1
= (1=9 [ " utdFy gu(w) + 21— ¢) [ wtdF, g-(u)

= Y1 =91 — 2F Li(27%¢) + deli(c1)]: (17)

On the other hand, it can be shown applying Lemma 1 that

21/26‘2 pik
lim R*(F,) = (1 — 6)2/0 wFdFg o(u) = (1 — 6)22%_];;(62). (18)

From (17) and (18) we obtain, for € < (1 — a)'/?,

(1 — &1i(co) .
(1 —e) [ (271%¢;) + 2% eli (1)

[L+ BR(e)]? = (19)

Since Bg(e€) goes to infinity as ¢; — 0, what in turn occurs whenever € — (1 — a)/2
it follows that the breakdown point of T is €* = (1 — a)'/2,

Numerical results for both the 0.75-GLTAV and the 0.75-GLTS estimators can also
be found in Table 1. These estimators are less robust than the GS-estimators studied
above. The difference seems to be greater when the proportion of contamination is larger.
Notice also that the 0.75-GLTS estimator is more robust than the 0.75-GLTAV estimator.
In general, as the value of k increases, the robustness properties of the corresponding
estimator are better. This is not surprising since, as & — oo, the sequence approaches
the LQD estimator, which is fairly robust.

Plots of the maxbias curves of the four estimators we have studied can be found in

Figure 1.
FIGURE 1 ABOUT HERE

4.3 Gr-estimators

Let S(F) be a functional based on a score function x; that defines an S-estimator. Let

X2 be another score function and suppose that both x; and yx; satisfy the assumptions in

10



Lemma 4. Define

1/2
— ” al . ¥Yi— U2
+(F) = S(F) [prm (—5_ - ﬂ |

Then T,(H) = argming T(F;I g) is called a generalized 7-estimator. For finite samples,

we have

1/2

8, = argmin S, [E X2 (r" — 7'1‘)] ,
6 i<j Sn

where S, = 5,(0) is the scale M-estimator based on y, of the pairwise differences {|r;—7;] :

i<j}.

Yohai and Zamar (1993) proved that 7(F') is 7-monotone for each > 0. Furthermore,
if it is assumed that yo is such that f(s) = s*Epxrx2[(v1 — y2)/s] is not decreasing for
each distribution F, then both Assumptions 1(a) and 3 are fulfilled.

As in the examples above, we can apply Corollary 1 to compute the maxbias curve of
the Gr-estimator based on y; and y», that will be denoted by B.(¢). Let Bgs(e) be the
maxbias curve of the GS-estimate defined by y;. Some manipulations analogous to those

corresponding to GS-estimators allow us to show that B, (¢) satisfies
1+ B7(e) = [1 + B5(e)|H(e), (20)

where

g - L2 f‘_‘%éif)} $2c-
ho [hx (b,¢), c}

with ¢;(s) = Eex:(y/s) and
hi(s,€) = (1 — €)%gi(271%5) 4+ 2¢(1 — €)gi(s) fori=1,2.

Since 0 < H(c) < oc, for € < min{(1 — )21 — (1 —b)"/?}, where b = Egyex1(11 —
y2), it follows that the breakdown point of a Gr-estimator 1s solely characterized by x;
irrespective of ys. This second score function may be chosen in order to reach higher

efficiency.

5 Minimax bias theory

Classical robustness theory deals with minimax problems. Tn his pioneering paper, Huber
(1964) proved that the median is minimax bias (it has the minimum maxbias curve) within

the set of all the affine equivariant location estimators, for any fraction of contamination.

11



In this section we obtain a similar result for the class of generalized residual admissible
regression estimators, although in this case the minimax solution will be slightly different
depending on the proportion of contamination.

Assume in this section that Gy is a spherical distribution. It will be shown that, for
each 0 < € < 1/2, there exists 0 < o® < 1 such that the maxbias curve at € of the
functional

To(H) = argrrbinFI;;H‘g(a") (21)

is less than the maxbias curve at € of any other generalized residual admissible regression
estimator. Notice that T,.(H) is the set of regression coefficients that minimizes the
a"-quantile of the distribution of the absolute pairwise differences of residuals. The value
of the optimal quantile to be minimized for each proportion of contamination ¢ is a by-
product of the proof of Theorem 2 and will be computed later on. The proofs in this
section follow closely those by Yohal and Zamar (1993); so, the reader may want to go
through that paper for some of the details. The announced result, proved after some

lemmas in the appendix, is the following:

Theorem 2 Let T be a generalized residual admissible regression estimator based on a
scale fuctional J satisfying Assumption 1 withn = €(2 — €) and Assumption 3. Suppose
that Gy is spherical and that Assumption 2 holds. For each 0 < ¢ < 1/2, there exists
0 <a” <1 such that Bp_ (¢) < Bp(c), where Ty was defined in equation (21).

Table 2 gives the values of the optimal quantiles to be minimized for the gaussian
central model. Also, the maxbias of the minimax estimator (the minimax bias) has been
computed and compared with the minimax bias for the class of the (non-generalized)
residual admissible estimators, as reported by Yoliai and Zamar (1993). Generalized

optimal estimates are less robust, the difference being larger as ¢ increases.

TABLE 2 ABOUT HERE

On the other hand, notice that the optimal quantile does not change much with the
value of . In Figure 2, both the minimax bias and the maxbias curve of the LQD have been
plotted. Note that the robustness properties of the LQD are quite close to the optimum for
the whole class for any fraction of contamination. The existence of such a quasi-optimal
estimator for any amount of outliers is not surprising as both the LMS-estimator, for

(non-generalized) admissible residual estimators, and an appropriatedly scaled median,

12



for scale M-estimators, play a similar role (see Yohai and Zamar, 1993, and Martin and

Zamar, 1989).

FIGURE 2 ABOUT HERE

Appendix. Proofs

We need three auxiliary lemmas before proving Theorem 1.

Lemma 1 Let {c.} be a sequence of real numbers such that lim,—. ¢, = co. Let {6,}
be a convergent sequence in IRP. Finally, let V, be a distribution of (yn,x,) such that the
residuals r(0,), under V,, are uniformly distributed on the interval (c,,2¢,). If Assump-

tion 2 holds, then
(a) lim,_., F g (v)=0, foreachu>0.

VaxVn,

(b) limn_—o Fiy 1 g (1) =0, foreach u>0.

Proof:
For proving part (a), notice that

Foosn 6, () = Puo {[ri(6n) — r2(05)] < u} = ‘3/

2
o c;

te,—a

1{0 <z < ¢, }dx.

If n 1s large enough,

o ci c

2
te, — 2 U
=2 = — _—
Foov 0, (W) ../ —da T et — 5
n

that converges to zero as n — oo, for each u > 0.

To show part (b), we write

Py 0, (W) = P {{mn(6n) = m2(6,)] < u} = Proxv, {ra —u < ry Sy u}
]_ 2cn
= — Py, {ro —u<r <ry+uldr
Cn Jen

= FHO,On(fn +u) — FHO,OH(&I —u),

where £, € (cn,2¢,) (by the mean value theorem for integrals of positive continuous

functions). Since {6} converges,

lim FHO‘en(fn + u) — FHO,en(fn — u) =0,

n—oo

for each u > 0.

13



Lemma 2 Let Ay be the degenerated distribution giving probability one to the vector
0 ¢ R?*. If Assumption 2 holds,

w01 S Fy glu) = F 0,6 (1)

for each >0, 8 € R” and for each distribution H.

Proof:

By Assumption 2, the distribution of the residuals r;(6) is symmetric and strictly

unimodal. From this fact and given that r; and ry are independent,

FHoxfi',B (u) = /PHD{T‘Q —u<r <rg+ u}dFﬁ‘g(rg)

< /PHD{—u <r < u}dFﬁ‘g(rz) = Iy g(u).

Lemma 3 Let J be a functional satisfying Assumption 1{b) for some n > 0. Define for
cacht > 0,
m(t) = inl JY[(1 = €)F), g+ cbol.

16))=¢
If Assumption 2 holds,
{a) There exists 6, € R? such that |6 = ¢, and m(t) = J*[(1 - €)F; g + €bo].
{b) m(t) is strictly increasing.

Proof:

Since {0 : ||6] =t} is a compact set, to prove part (a) it is enough to show that the
function f(8) = J=[(1 — ¢)F, g + ¢&| is continuous. Let {6,} be a sequence in IR such
that lim, .. #, = 8. We have that

JM—eFy 9, Tebol = J(1—€F, g +eFy gl

= '][(1 - C)QF}}O.Bn + 2“(1 - E)FHDXAD.On + 62];12\0,671]’

14



where Ay stands for the distribution that gives probability one to the vector 0. By
Assumption 1(b),

lim J*[(1 — &)F

n—0co Hy,

gn -+ 650]

J[(1 - C)QF;{O'g +2(l—€)Fy a0+ 62F* )
= J[(1 —€)Fy, g + €bo]-

To prove part (b), consider t; > t; > 0. By part (a), there exists 8; € IR” such that
m(ty) = J*[(1 — €)Fy g, + €o]. Under Assumption 2, Lemma A.3 of Yohai and Zamar
(1993) holds. Therefore, both Fyy g(u) and F 9( u) are strictly increasing as functions
of A. Then, for each u > 0,

)

(1—¢)° H 0, (u) + 2¢(1 _6)FHoon,91(“)+6 .0 (u
)+ Ao (t2/t1)61 (u)

< (1 _— 6) F* t /tl)g ( ) + 26(1 - E)FHoon,(tz/tl (
Applying this inequality and Assumption 1(b),
m(ty) > J[(1 —¢)F Ho(t2/41)0; + €bo] > m(ts),

but J*[(1 — €)F;, (y)8: T €bo] > m(t2) by definition of m(t). It follows that m(t) is

strictly increasing.

Proof of Theorem 1

First, we prove that Brp(e) < t*. Let 6 € IR? be such that ||| = ¢ > t=. It is enough
to show that there is no H € V, such that = arg ming J™(fY, g). We will actually show
that for every H € 1, J*(F 0) > J (Fy o).

Applying Lemma 2, we haxe that for each H € V, and u > 0,

I glu) < (1~ 6)2FH0xH019(u) +2e(1=e)F, . 5+ 2 60(u). (22)
Therefore, by inequality (22) and Assumption 1(a),
J*(Fy,é) > J[(1 - E)FHO,Q + €bo). (23)

By the definition of the function m(¢), Lemma 3(b), and condition (10), given that t > t*,

JU@1 - 6)FH0,9 + ebo] > m(t) > m(t*) = Um J*[(1 — €)Fy, 0 + €Va]. (24)

n—oo

15



Finally, by Assumption 3,

lim J7[(1 = €)Fiy0 + €Vi] > J*[Fir). (25)

TM—+00

Putting together the inequalities (23), (24), and (23) it follows that

J*(F. 5) > J"(Fuo), for each H € V..

Now, we establish the converse inequality, Bp(€) > t*. Given 0 < { < t*, by Lemma
3 there exists 8, € IR? such that ||6;|]| = ¢ and

m(t) = J[(1 - €)F,; g + €bo].

Define the following sequence of contaminating distributions: H, = b(yn Xn)s Where y, =
6;x, and x, is uniformly distributed on the interval (n6,,2n8,). Given 3 € IRP, the

following distributional equality,
(8: — B)'xn = Uln(t* — 8'6,).2n(t* — 8'6,)], (26)

holds under H. Set H, = (1 — ¢)Hy + efl,. Suppose that sup, |T(H,)|| < t in order
to find a contradiction. Under this assumption, there exists a convergent suhsequence,

denoted by {T(H,)}, such that
lim T, = lim T(H,) = 8, where 18| ={ < 1.
Ti=—OQ T—

Using Lemma 1, it i1s not difficult to show the following two facts:

nlirg FHoxi{.T"(“) =0, (27)
and

Am Fpopp (w) =0, (28)
for each v > 0. For instance, to show (27), we apply (26) to deduce that ry(T,) =
(8. — T,)'x, is uniformly distributed on the interval (e,,2c.), where ¢, = n(t* — T},6,)
goes to infinity since lim, ., T, = 8 and éIH, < it < t%. We can apply Lemma 1(b) with
V., = H,y 8, =T, to obtain (27). The equality (28) is proved similarly.

By (27) and (28),

im Fy, o ()= (1— €)*F p(u), foreachu20, (29)

n—oo Hox Hy.
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and
im Fpwg,o(u) = (1 — ¢)*Fy,xn,0(u), for each u > 0. (30)

By (29), (30) and given that J is n-monotone for n = €(1 — ¢),

lim J*(Fy, ) > lim J*(Fa,o). (31)

n—oo n=—00

Since ¢t < t*, and using condition (10),

lim J*(F,0) = lim J[(1 — ) Fp, 0 + €V,] = m(t7)

n=—00 n—=00

> m(t)y=J(1 - &) Fy. 8, T €, (32)

as we chose 8, in the required direction to get the last equality.
Observe that, under H,, we have that (8,) = 8/x,, — )%, = 0 and therefore

nl—l-»r& FanHn,O,(“) = (1 - 6)2 ;Io,ez(u) - 26(1 o E)FHOXoner(u) + EZF-;oye (u)

t

Again, as J is n-monotone for 7 = ¢(1 — ¢),

lim J*(Fy, g,) = J7 (1= )Fy g +cFy g]=J7[1~e)F, g +cbl.  (33)

n—co !

Joining (31), (32) and (33), it follows that,

lim J°(Iy ) > lim J'(Fy g.).

Nn—0o00

Therefore, if n is large enough, J*(Fy; 1 ) > J*(I}; g ). This last inequality is a con-
tradiction since T, = arg ming J*(FHH,O)‘

For every t < ¢* we have found a sequence of distributions {H,} in the neighborhood
V% such that sup, ||T(H,)|| > ¢. The second part of the result follows immediately from

this fact.

Both Lemma 4 and Lemma 5 are devoted to check that GS- and GR-estimators satisfy

the assumptions of Theorem 1.

Lemma 4 If the score function x is even, monotone on [0,00), bounded, continuous at
0 with 0 = x(0) < x(o0) = 1 and with at most a finite number of discontinuities, then
S(F) satisfies Assumption 1, for each n > 0, and Assumption 3.

17



Proof:

Let F and G be a pair of distribution functions on [0,00) such that F'(u) < G(u)
for each u > 0. There exist two random variables X and Y distributed as F and G
respectively such that X > Y and, hence, x(X/s) > x(Y/s) for each s > 0. It follows
that

S(F)=inf{s > 0: Ex(X/s) < b} >inf{s > 0: Ex(Y/s) < b} = S(G).

Assumption 1(a) holds.
Yohai and Zamar (1993), Lemma 5.1, proved that S(H) is n-monotone for each n > 0.
Therefore Assumption 1(b) also holds.

Finally, to check Assumption 3, notice that s, = lim,_., S*[(1 — €)F + €V}] satisfies

(1 _e)'-’/_zx(i) JF(y) +2e(1 — &) + & < b. (34)

Seo

On the other hand, if sp = S*[(1 — ¢)F + ¢G] was such that

(l—e)Q/COX(£)dF(y)+26(l—e)+62<b,

-0 So

then there would exist s < sg such that

(1 —e)Q/CO \ (3) dF(y) +2¢(1 — ¢) /Co \ (i) dF 1y 0 (u)

—0o0 § —00 Sn
2 - e /ll 2
+e X | — ) dFgxgo(u) < b,
- Sn

which contradicts the definition of sg. It follows that

(1— e)'-’/_“: N (1) dF(y) +2(1 — ) + & > b,

S0

By inequality (34), we must have s, > so and therefore Assumption 3 also holds.

Lemma 5 Let o > 1/2. Suppose that a(u) is continuous on [0,1 — o], a(u) = 0 if
l—a<u<l,anda(u)>01i0<u<1—a. Then R(F) satisfles Assumption I, for
7 < a, and Assumption 3. 3

Proof:

18



Assumption 1(a) holds since it amounts to the conclusion of Lemma A.4 of Yohai and
Zamar (1993).

Yohai and Zamar (1993), Theorem 5.2, proved that R(F) is 7-monotone for n < a.
As it is required that n = €¢(1 — ¢€), we will be able to compute the maxbias curve for
€ < 1—(1—a)2 This is not a real restriction as the breakdown point of these estimators
is always less than or equal to 1 — (1 — )'/2,

Finally, Assumption 3 follows straightforwardly from the fact that Assumption 1(a)

holds even for substochastic distributions and applying n-monotonicity.
The following two lemmas are needed to prove the minimax result of Section 5.
Lemma 6 Let H = (1 —€)Hy + €Ag. Define
167(| = sup{||6]| : Fjg(u) = (1 - €)*Fg o(u), for each u > 0}. (35)

Then, under Assumption 2,
(a) 0 < |67 < oo, for each 0 < €< 1/2.
(b) There exists w* > 0 such that,

g g-(w7) = (1 = " F, o) (36)

Proof:

It can be obtained by followin the proofs of Lenumas A.2 and A.3 of Yohai and Zamar

(1993), rewritting the details when necessary.

The following lemma is perhaps interesting by itself. It gives a general lower bound

for the maxbias curve of any generalized residual admissible estimator.

Lemuma 7 Let ||0*|| be as defined in equation (35). Let T be a regression estimator
defined as in (9). Under Assumption 1(b), for n = €(1 — €), and Assumptions 2 and 3,
and assuming further that Gy is spherical, Bp(e) > |67
Proof:
By Corollary 1, Bp(¢) = [|8]], where 8 is such that
J[F; gl = Tl —e)Fy g« + cbo] = Jim J(1 = €) Frpo + €V4]

= lim J[(I1- )2 Fr o+ 26(1 — €) Friyxvio + € Fv,xviy 0]
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This fact implies that there exists @ > 0 such that

e g(@) = (1 — €)' F, (@), (37)

since if F;-}ﬂ(u) = (1 — €)*Fy; o(u) for each u > 0, then J'[FEI,G] < limp o J[(1 —
€)Fu, 0+ €V;] by Assumption 1(b). Notice that by Lemma 1(a) and (b),

r;h—vngo(] —€)*Fp o(u) +2e(1 — €) Fryxv,, 0(u) + € Fy xv0(u) = (1 — e)zF;ID’O(u).
Lets assume that ||#]| < ||6*||. By the definition of 8%, equation (33),
F;}'G(ﬁ) > FEI.G.(&) Z (1 - 6)2FHU‘0(1‘2),
which is a contradiction with equation (37). As ||| < ||67]| leads to a contradiction,

6] > |67| holds.

Proof of Theorem 2:

Let o = (1 — €)*Fryxn,.0(w™), where u* > 0 was defined in Lemma 6(b). By Lemma
7, 1t is enough to show that | Ty (H)| < ||67|| for each H € V.. On the contrary, suppose
that there exists H = (1 — ¢)Ho + eH* such that 8 = T,-(H) and ||6]| > [|67]]. Let
A =18]|/]67]] > 1 and define 8 = A8~. Since ||8] = |8]|, applying Lemmas 2 and 6(b)

we have that,

]‘}}ve(u-) = (1- 6)21“;10'9(1L-) + 2¢(1 — f)]’HUxH,ﬂ(u') + egF}'{_xH_’g(u')
< (1- e)zF;Dﬂ(u’) +2c(1 =)y A 0)+ ¢
= (1- e)gF}'IO‘é(u') + 2¢(1 — E)FHOon.g (u™) + ¢
< (1= ey, ge(u™) +26e(L — €)1y 5 g-(w7) + €
= (1 =€) Fryxmoo(v™) = a
Therefore,
F};LH‘G(Q‘) >ut (38)

On the other hand, Fiy, g o(u™) > (1 — €)* Fyyxh,0(w™) = o and, hence,

From (38) and (39),

which is a contradiction with 8 = T,-(H). Therefore || T4-(H)|| < (/67
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epsilon | 0.05 0.10 0.15 0.20 0.25 0.30
LQD 0.539 095 1.34 1.83 2.51 3.56
TUKEYGS | 0.60 096 1.36 1.88 2.60 3.73
a-GLTS | 0.60 0.98 1.42 2.02 290 4.37
a-GLTAV | 0.61 1.02 1.52 2.24 3.38 5.49

Table 1: Maxbias curves of several robust regression estimates based on pairwise differ-

ences of residuals.
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epsilon | 0.05 0.0 0.15 0.20
Quantile | 0.27 0.32 0.33 0.34
B(¢) |0.59 094 1.32 1.78
B(e) |049 077 1.05 1.37

Table 2: Optimal quantiles and minimax bias values in the class of generalized residual
admissible estimators, B~(¢). For comparison purposes, the minimax bias values for the

class of (non-generalized) residual admissible estimator, B(e), are also included.
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Figure 1: Maxbias curves of (a) LQD-estimator (solid line), (b) TUKEYGS-estimator (dot-
ted line), (c) 0.75-GLTS-estimator (dashed line) and (d) 0.75-GLTAV-estimator (dotted-
dashed line).
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Figure 2: Minimax bias values (solid line) and maxbias curve of the LQD-estimator {dashed

line)



