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1 Introduction and Motivation

The nonhomogeneous Poisson process arises naturally in many applications of probability.
For example, the epoch times of a nonhomogeneous Poisson process are the times of repair of
an item which is being continuously minimally repaired. Also, the epoch times of a nonhomo-
geneous Poisson process are the consecutive record values of a sequence of independent and
identically distributed nonnegative random variables. Therefore, results which give stochas-
tic comparisons of the epoch times or of the inter-epoch times of different nonhomogeneous
Poisson processes can be useful in reliability theory and in the studies of progressive records.

Other applications of nonhomogeneous Poisson processes are described later in Section 5.

Roughly speaking, the intensity of a jump of a nonhomogeneous Poisson process at any
time ¢ depends only on ¢, and not on any other information about the past or the present of
the process. A relatively simple extension of this idea gives rise to a large number of other
useful processes. These processes will be called below nonhomogeneous birth processes. In a
nonhomogeneous birth process the intensity of a jump at any time ¢t depends only on ¢ and
on the state (that is, the number of previous jumps) of the process, but not on any other

information about the past or the present of the process.

The purpose of this paper is to describe various conditions on the parameters of pairs of
nonhomogeneous Poisson or birth processes under which the corresponding epoch or inter-

epoch times are stochastically ordered in various senses.

This paper may be contrasted with the paper of Shaked and Szekli [20, (1995)]. The
work [20] focused on the usual stochastic ordering of epoch times and inter-epoch intervals
of two point processes, whereas here we derive many results that give finer comparisons in
other stochastic ordering senses. However, whereas the results of [20] apply to general point
processes, here we derive results only for nonhomogeneous Poisson and birth processes. The
results in [20] were_rnainly applied to comparisons of replacement policies in reliability theory;
here we indicate also some other areas of applications of the new results. In fact, we show
that the new results here provide useful bounds in almost any area where birth processes
are used. Finally, the methods of proof of the present paper differ from the methods of [20]:
whereas in [20] most of the basic results were essentially proven using coupling, here we use
more analytical methods since most of the stochastic orderings that we derive are stronger

than the usual stochastic order, and the tool of coupling does not suffice for their derivation.

In this paper “increasing” and “decreasing” mean “nondecreasing” and “nonincreasing,”

respectively. For any distribution function F we denote by F = 1 — F the corresponding
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survival function. Any inverse function that we use below is understood to be the right

continuous one.

2 Nonhomogeneous Poisson and Birth Processes

A nonhomogeneous Poisson process is parameterized by its intensity (or rate) function r.

We assume that

/ " r(t)dt = oo (2.1)

this ensures that with probability 1 the process has a jump after any time point {. A
nonnegative function r which satisfies (2.1) can be interpreted as the hazard rate function

of a lifetime of an item. More explicitly, if r satisfies (2.1) and we define f by
F(t) = r(t)e o r®d = p(1)e~RO) ¢ >, (2.2)

where R(t) = fot r(u) du, then f is a probability density function of a lifetime; in fact, f is the
probability density function of the time of the first epoch of the underlying nonhomogeneous
Poisson process. For convenience, if () = oo for some ¢y then we define r(t) = oo for
t> to.

Let 0 =Ty <T) £ T, < --- be the epoch times of the nonhomogeneous Poisson process.
Denote by f, the density function of T, n > 1. Then

(R(2)"
= _— > > 1: .
0= OG220 n2 (23)
this is (3) in Baxter (1982). Note, in particular, that f; = f. It is worthwhile to mention
that in the monograph by Kamps (1995) the definition of the epoch times is extended to the

so called generalized order statistics; various extensions of (2.3) can be found there.

Let X;, =T, — Tn—1, n > 1, be the inter-epoch intervals of the nonhomogeneous Poisson

process. Denote by g, the density function of X,,, n > 1. Then g; = f and

wlt) = [T+ 0ds, 120, n22 24)

this is (7) in Baxter (1982).

The nonhomogeneous Poisson process can be generalized to what can be called a non-

homogeneous birth process. Let {Y,,n =1,2,...} be a sequence of independent absolutely
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continuous nonnegative random variables with density, distribution, and hazard rate func-

tions k,, K,, and r,, respectively. Define

Tl =st )/la (2'5)
Tn =st [Y;zlyn > Tn—l]a n Z 2, (26)

where =, denotes equality in law, and for any event A the notation [Y,|A] stands for
any random variable whose distribution is the conditional distribution of Y,, given A. The
corresponding nonhomogeneous birth process is the process {N(t), t > 0}, with the T,.’s as

epoch times, defined by
N(t) = sup{n: T, < t}, t>0.

A nonhomogeneous birth process is parameterized by a sequence {K,, n =1,2,...} of life
distributions, or, equivalently, by a sequence {r,,n = 1,2,...} of hazard rate functions.
Note that the jump intensity of a nonhomogeneous birth process at time ¢ is r,(t) where
n — 1 is the number of epochs before time t. Nonhomogeneous birth processes are called
‘relevation counting processes’ in Pellerey, Shaked and Zinn (1999). When all the r,’s are

identical, a nonhomogeneous birth process reduces to a nonhomogeneous Poisson process.

Let f, denote the probability density function of T, defined in (2.5) and (2.6). Then

h(t) = (2.7)

), t>0;
/f”‘ t>0, n>2 (2.8)

Now let X, = T, — T,,-1, n > 1, be the inter-epoch intervals of the nonhomogeneous

birth process, that is,

Xl =st )/l,
Xn st [Yn - Tn—l|Yn > Tn—l], n2 2.

Then the probability density function g, of X, is given by

gn(t)=/0k( +t)ﬂ}'(ﬁt))du, 120, 122,

where the f,,’s are defined in (2.7) and (2.8).



3 Stochastic Comparisons of Epoch Times

3.1 Nonhomogeneous Poisson processes

Consider two nonhomogeneous Poisson processes with intensity functions r and s, respec-
tively, and with associated density functions (see (2.2)) f and g, respectively, and associated
distribution functions F and G, respectively, and associated cumulative hazard functions R
and S, respectively. Let the epoch times of the first nonhomogeneous Poisson process be
denoted by 71 < Ty2 < ---, and let the epoch times of the other nonhomogeneous Poisson
process be denoted by T2} < T35, < ---.

In this subsection we derive some results which stochastically compare vectors of T} ;’s

with vectors of T ;’s.

The first result gives conditions under which the epoch times of the first process are
smaller than the epoch times of the other process in the usual stochastic order sense. Recall
that a random variable or vector X is smaller in the usual stochastic order than the random

variable or vector Y (of the same dimension) if
E¢(X) < E4(Y)

for all increasing functions ¢ for which the above expectations exist. This relationship is
usually denoted by X <, Y. If the distribution functions of X and Y are Fx and Fy,
respectively, then this relation will sometimes be denoted below by Fix < Fy. The following

result is essentially not new.

Theorem 3.1. Let F and G be distribution functions associated with two nonhomogeneous

Poisson processes as described above. Then F <g G if, and only if,
-(Tl,le,Z" --,Tl,n) Sst (T2,17T2,23"'3T2,n)3 n 2 1. (31)

Note that F' <;; G in Theorem 3.1 is equivalent to B > S. Thus Theorem 3.1 is essentially
the same as Proposition 3.9 in Shaked and Szekli (1995). Roughly speaking, inequality (3.1)
for n = 0o is denoted in Shaked and Szekli (1995) as N, >4.p N,, where N, and N, are the

underlying nonhomogeneous Poisson processes.

The next result gives conditions under which the epoch times of the first process are
smaller than the epoch times of the other process in the multivariate hazard rate order.
Shaked and Shanthikumar have given a few equivalent definitions of this order in different

papers; see references in page 148 of Shaked and Shanthikumar [19, (1994)]. For the purpose
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of this paper we will use the definition given in (4.D.1) of [19]. There is a mistake there.
The equation there should be

77,-|1U1(u|31,s_1) > )\,~|I(u|t1) whenever INJ =0,0 < 8; <t; <ue, and 0 < s; < ue,
(3.2)

where : € TU J, and (s1,8;) and t; are possible realizations of the underlying random
vectors. Here 8; denotes a vector of dimension |I|, and similarly 8; and ¢; are defined; e
denotes a vector of 1’s of a proper dimension. The functions 7..(-|-) and Ap(-|-) are the
multivariate conditional hazard rate functions of the two random vectors that are compared;
these are defined in (4.C.2) of [19]. When the multivariate conditional hazard rate functions
of two random vectors X and Y satisfy (3.2) we will denote this by X <, Y. If the
distribution functions of X and Y are Fx and Fy, respectively, then this relation will
sometimes be denoted below by Fx <. Fy. In the univariate case the relation Fy <y, Fy is
equivalent to the requirement that F'y /Fx is an increasing function, and if the corresponding
hazard rate functions rx and ry exist then the relation Fy <jr Fy is equivalent to the
requirement that rx > ry. It is known (see Theorems 4.C.1 and 4.D.1 in [19]) that X <,
Y = X <, Y. Thus, the next result gives a stronger conclusion than Theorem 3.1, but

under a stronger assumption.

Theorem 3.2. Let F and G be distribution functions associated with two nonhomogeneous

Poisson processes as described above. Then F <y, G if, and only if,
(Tl,l, T1,2, sy Tl,n) Shr (T2,l, T2,2, ey T2,n), n Z 1.

Proof. Fix an n > 1. Let n,(-|-) be the multivariate conditional hazard rate functions
associated with (T3 ,,7)2,...,T1,,) and let )\|(|) be the multivariate conditional hazard

rate functions associated with (T21,T%2,...,T2n).

First let us obtain an explicit expression for the right hand side of (3.2). Since T;; <
T,; < -+ £ T, pas., it follows that ¢; in (3.2) can be a realization (‘history’) of observations
up to time u only if I is of the form I = {1,2,...,m} for some m > 1, or I = { (that is,

m = 0). Then we have

s(u), ifi=m+1,
)\i|1(u|t1) = where I = {1,2,...,m};
0, ifi>m+1;

here s is the hazard rate function associated with G.




Next, let us obtain an explicit expression for the left hand side of (3.2). Since T}, <
Tip < -+ < T a.s., we see that when I = {1,2,...,m} then (87,85) in (3.2) can be a
realization of observations up to time u only if J is of the form J = {m+1,m +2,...,k}

for some k > m + 1, or J = 0 (that is, K = m). Then we have

r(u), ifi=k+1;
mirua(u|sr, 85) =
0, ifi>k+1;

where I = {1,2,...,m}and J={m +1,m+2,...,k};

here r is the hazard rate function associated with F.

Suppose that F' <, G. Since i in (3.2) must satisfy i € I U J (that is, ¢+ > k), we see
that if £ > m then

mirus(u|sr, ) =r(u) > 0= Ay(ult;)  ifi=k+1;
nilluJ(Ulsl, 8;)=0= /\,~|1(u|t1) ifi>k+1;

so (3.2) holds. If £k = m (that is, J = @) then, using F <, G, we get

77i|IUJ(u|31a8J) =r(u) > s(u) = /\,-|I(u|t1) ifi=k+1;
77i|IuJ(u|31, 85)=0= /\,'|1(‘u|t1) ifi>k+1;

so (3.2) holds in this case too.

The necessity part follows from (3.2) with ¢ =1 (then I = J = 0). O

The order <y, is not closed under marginalization (though it is closed under the dynamic
conditional marginalization described in Shaked and Shanthikumar (1993)). Thus it does
not follow from Theorem 3.2 that T, <p: T3, for n > 2 under the conditions stated there.

However, in the following result it is shown that this is indeed the case.

Theorem 3.3. Let F' and G be distribution functions associated with two nonhomogeneous
Poisson processes as described above. Then F <, G if, and only if, T1n <ur Ton for all
n>1.

Proof. The survival function F,,, of Ty is given by

71,'n(t) = P(Tl,n > t) = nz—f M

= 7

e R =T.(R(t)), t>0, (3.3)




where T, is the survival function of the gamma distribution with scale parameter 1 and
shape parameter n; see, for example, Gupta and Kirmani (1988) or Kochar (1996b). The

corresponding density function f; , is given by

fia(t) = w(R()r(t), 20,

where 7, is the density function associated with T',,. The corresponding hazard rate function

TR, is given by
TFa(t) = rea(R())r(t), 120,
where rr, is the hazard rate function associated with T',. Similarly,
TR (t) = Tr.(5(2))s(t),  t20.
If F <, G then

h,.(t) = e (R(D))r(t) 2 rr.(S(2))s(t) = rRl(t), 20,

where the inequality follows from r(t) > s(t), R(t) > S(t), and the fact that the hazard rate

function of the gamma(n) distribution is increasing.

The necessity part follows from the fact that F' is the distribution function of T ; and G

is the distribution function of T3 ;. O

The next result (Theorem 3.5) gives conditions under which the epoch times of the first
process are smaller than the epoch times of the other process in the multivariate likelihood
ratio order. This order is defined as follows (see, for example, Section 4.E in [19]). Let X

and Y be two n-dimensional random vectors with density functions fx and fy, respectively.
If

fX(xl /\y1,$2/\y2,---,~’0n /\yn)fY(xl Vy1,$2Vy2,---,~’Cn Vyn)

2 fX(xlax%' .. axn)fY(ylay%' . 'ayn)

for all (zy,22,...,%a) and (y1,Y2,...,yn) in R™, then we denote X <, Y. If the distribution
functions of X and Y are Fx and Fy, respectively, then this relation will sometimes be
denoted below by Fx <|; Fy. In the univariate case the relation Fx <;, Fy is equivalent
to the requirement that fy/fx is an increasing function. It is known (see Theorems 4.E.4
in [19]) that X <; Y = X <p; Y. Thus Theorem 3.5 gives a stronger conclusion than
Theorem 3.2, but under the additional assumption (3.4). The following lemma is used in
the proof of Theorem 3.5 below. The proof of the lemma is straightforward and is therefore

omitted.




Lemma 3.4. Let F and G be two distribution functions with associated hazard rate functions
rands. If F < G, and if

s(t)

——= s increasing int > 0, (3.4)

r(t)
then F S[r G

Theorem 3.5. Let F' and G be distribution functions associated with two nonhomogeneous

Poisson processes as described above. If F <y, G, and if the hazard rate functions r and s
satisfy (3.4), then

(Tl,l,TI,Z,- . ',Tl,n) Sll‘ (TZ,I,Tz,Z,--',TZ,n), , n Z ]..

Proof. First note that by Lemma 3.4 we have F' <, G.
Now, the stated result is obvious for n = 1. So let n > 2. The density function of
(T3, Th2, ..., Thn) is
hia(Z1, 22, .., 2n) = r(21)r(z2) - 1(Tney) f(zn) forz; <zo< - <z
Similarly, the density function of (75,7322, ..,12,) is
hon(T1,22,...,2n) = s(x1)s(x2) - $(Tn-1)g(zn) forz; <z9 <+ < 2.

Consider now (z1,z2,...,%,) and (y1,y2,-..,Yn) such that z; < 2z < --- < z, and

Y1 <y2 L<--- < y,. We want to prove that

r(zy Ay)r(z2 Ay2) - 1(Tao1 A Yno1) f(Zn A yn)
X s(z1 Vy1)s(z2 Vy2)  $(Tnot V Yno1)9(T0 V yn)
2 r(z)r(z2) - 1(Ta1) f(Tn)s(y1)s(y2) - -~ 8(Yn-1)9(yn). (3.5)

Let E={t <n—1:z; > y}. Then (3.5) reduces to
(TIrw)s()) f@n Ayndg(@a v ya) > (T] r(@)s(v:)) f(2n)gwa),
icE ' i€E
and this follows from (3.4) and F <, G. O

Since the order <. is closed under marginalization (see Theorem 4.E.3(b) in [19]) we
get, as a corollary, that if F' <y, G and if (3.4) holds then T}, <i T2, for all n > 1. The
following theorem is a variation of this corollary. When one compares the following theorem
to the above stated corollary, it should be noticed that (3.4) implies (3.6); see a discussion
following the proof of Theorem 3.6. It should also be noticed that F' <) G implies F' <), G.
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Theorem 8.6. Let F' and G be distribution functions associated with two nonhomogeneous
Poisson processes as described above. If F <) G, and if the cumulative hazard functions R
and S satisfy

5 is tncreasing in t > 0, (3.6)

(t)

then
Tl,n Slr T2,m n 2 1. (37)
Conversely, if (3.7) holds then F <), G and (3.6) holds.

Proof. By (2.3) the density function of T} , is given by

hnl) = 1O, ez, nz

and the density function of T3, is given by

fnl) =g 20 nz

Thus,

fanlt) _ 91 (S(t))"“.

hat) — f(t) \R()

Now, if F <), G and (3.6) holds then f;,/fi is increasing and we get (3.7).

Conversely, suppose that (3.7) holds. Applying (3.7) with n = 1 we obtain F' <, G. In
order to obtain (3.6), denote H = %, h =4, and h, = % First suppose that the A,’s are
differentiable. Then, when n > 2 we have

BL(H) = B2 () [R(OH(E) + (n - DR(OE'(D)], ¢ >0.

If H is not increasing then H'(t5) < 0 for some to. Therefore, for large enough n we have
that k(o) < 0, and this contradicts (3.7). If the h,’s are not differentiable, then the above

argument can be easily modified to obtain the same result. a

Sengupta and Deshpande (1994) and Rowell and Siegrist (1998) have shown that (3.4)=
(3.6) (in fact, they treated (3.4) and (3.6) as notions of relative aging of two life distributions).
Thus the assumptions in Theorem 3.6 are weaker than the assumptions in Theorem 3.5. It
is of interest to note that (3.4) does not imply that F' <;, G. In fact, (3.4) does not even
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imply that F <p, G. In order to see this, let r be a decreasing hazard rate function such
that r(0+) > 1, for example, r(t) = ¢t7!; and let s(¢) = 1 (that is, the hazard rate function
of a standard exponential random variable). Then (3.4) holds, but r(¢) is not larger than or

equal to s(t) for all ¢t > 0.

It is also of interest to note that F' <), G does not imply (3.6). In order to see it, let F
be the uniform distribution on [0, 1], and let G be the gamma(2) distribution. Then

g(t) te!, 0<t<I;
f@®) oo, t>1;

and this is increasing in ¢; that is, F <), G. However, the corresponding %1(% is positive when
0<t<1,andis 0 when ¢t > 1. Therefore (3.6) does not hold.

The next result gives conditions under which the epoch times of the first process are
smaller than the epoch times of the other process in the multivariate mean residual life
order. Shaked and Shanthikumar (1991) have given a few equivalent definitions of this
order. Let X = (X, X3,...,X,) be a nonnegative random vector with a finite mean vector.

Consider a possible realization (‘history’) of X at time ¢t > 0, that is, an event of the form
he ={Xr=t,X7>te}, Oe<t;<te IC{1,2,...,n}; (3.8)

here X ; and #; are vectors of dimension |I|, X7 is a vector of dimension n — |I| (I denotes
the complement of I in {1,2,...,n}), and e is a vector of 1’s of a proper dimension. Given a
history h; as in (3.8), let i € I (that is, ¢ corresponds to an item that is still alive at time ¢).

Then the multivariate mean residual life, associated with z, at time ¢, is defined as follows:
l,‘|[(t|t1) = E[X, - t|X[ =t, XT > te],
where, of course, i € I,0e<t;<te,and I C {1,2,...,n}.

Let X and Y be two n-dimensional nonnegative random vectors with associated mul-
tivariate mean residual life functions l|(|) and m..(-|"), respectively. For the purpose of
this paper we will use the definition of the multivariate mean residual life order as given in
(4.F.3) of [19]. There is a mistake there. The equation there should be

l,-|IUJ(u|sI,sJ) < m,-|1(u|t1) whenever JNT1=0,0<s; <t; <ue,and 0 < 85 < ue,
(3.9)

where 1 € 1UJ, and (87,8;) and t; are possible realizations of the underlying random

vectors. When the multivariate mean residual life functions of X and Y satisfy (3.9) we
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will denote this by X <n4 Y. If the distribution functions of X and Y are Fx and Fy,
respectively, then this relation will sometimes be denoted below by Fx <mn Fy. In the
univariate case we have that X <. Y if, and only if, I{(u) < m(u) for all u > 0, where
l(u)=E[X - u|X > u] and m(u) = E[Y - u|Y > ul.

Recall that two univariate random variables X and Y, with distribution functions F' and
G, respectively, are said to be ordered in the dispersive order (denoted by X <gisp Y or
F <4isp G) if F7Y(B)— F~Y(a) < G7Y(B) -G () whenever 0 < a < # <1 (see Section 2.B

in [19]). See also Proposition 4.3 below for a simple condition which implies F <gisp G

Theorem 3.7. Let F' and G be distribution functions associated with two nonhomogeneous

Poisson processes as described above. If FF <pmn G, and if F <gisp G, then
(Tl,la Tl,2a ey Tl,n) Smrl (T2,1a T2,2a ey T2,n)a n 2 1.

Proof. Let l|(|) be the multivariate mean residual life functions associated with (71,,, 11,2,
..., T1,) and let m|(|) be the multivariate mean residual life functions associated with
(Ty1, 152, ...,T,,). Also, let [ be the univariate mean residual life function associated with
F and let m be the univariate mean residual life function associated with G. Finally, denote
the inter-epoch intervals associated with the two processes by X;; = T;; — T; j-1, ¢ = 1,2,
J = 1. From Proposition 3.10 of Shaked and Szekli (1995) it follows that X ; <g X3 for
all 7 > 1 (see also Theorem 4.1 below) and therefore

E[X, ;] < E[X,;], j>1. (3.10)

Fix an n > 1. First let us obtain an explicit expression for the right hand side of
(3.9). Since T, < T2 < -+ < Ty, ass., it follows that £7 in (3.9) can be a realization of
observations up to time u only if I is of the form I = {1,2,...,m} for some m. In such a

case we have

m(u) + 3020 L E[Xy ], ifi>m41;

j=m+1

m(u), fi=m4+1;
m¢|[(u|t1) = where I = {1,2,...,m}.

Next, let us obtain an explicit expression for the left hand side of (3.9). Since T} ; < Ty 2 <
-+« < T a.s., we see that when I = {1,2,...,m} then (8;, 87) in (3.9) can be a realization

of observations up to time u only if J is of the form J = {m + 1,m + 2,...,k} for some

11



k > m. In such a case we have
H(u), ife=k+1;
() + ik ElXus), ifi>k+ 1
where I = {1,2,...,m}and J={m+1,m +2,...,k}.

Liros(ulsr, sg) = {

Since ¢ in (3.9) must satisfy ¢ € T U J (that is, i > k), we see that if £ > m then using
(3.10) and I(u) < m(u) we get

1—-1
l,-|1UJ(u|sf,sJ)=l( ) < m(u Z E[X, ;] = myr(u |t1 ife=k+1;
j=m+1
l,|1UJ |SI,SJ =l(u Z E[X“]<m Z E[XzJ]—m,” |t1 ifi>k+1;
J=k+1 j=m+1

o (3.9) holds. If k£ = m (that is, J = Q) then

l,‘|IUJ(u|SI,SJ)=l( ) m( )—m,-|1 |t1 ifi=k+1‘

Liros(ulsr, ) = l(u Z E[X,;] £ m(u Z E[X3;) = mi(ult) ifi>k+1;
=k+1 i=k+1
o0 (3.9) holds in this case too. O

Before we close this subsection it is worthwhile to mention that if F' and G are distribution
functions associated with two nonhomogeneous Poisson processes as described above, then
<c [£4;<a] G if, and only if, T <. [<.,<su) T2n, where <, <, and <, are the
transform orders described in Section 3.C of [19]; this is Theorem 2 of Gupta and Kirmani

(1988). Using the idea of their proof we also obtain the following result.

Theorem 3.8. Let F and G be distribution functions associated with two nonhomogeneous
Poisson processes as described above. Then F <gisp G if, and only if, T\ n Zdisp T2,n for all
n>1.

Proof. Fix an n > 1, and denote by F}, and F;, the distribution functions of T} , and T5,,
respectively. Recall from (3.3) that

Fia(t) =va(F(t)) and  Fpa(t) = ¢a(G(2)),
where ¥ (u) = ['x(—log(1 — u)), u € [0,1]. Therefore,
Fra(Fia(t)) =t = (¥a(G)) 7 (da(F(1))) =t = GT(F(t)) - ¢,  t20.

Thus, from (2.B.6) in [19] it is seen that F <gp G if, and only if, 15 <disp T2,n- O
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3.2 Nonhomogeneous birth processes

Consider two nonhomogeneous birth processes. Let the first one be associated with a se-
quence {Y),, n = 1,2,...} of independent absolutely continuous nonnegative random vari-
ables with density, distribution, and hazard rate functions k, 5, K, and 5, respectively.
Let the second one be associated with a sequence {Y2,, n = 1,2,... } of independent abso-
lutely continuous nonnegative random variables with density, distribution, and hazard rate
functions k2., K2, and 72 ., respectively. For ¢ = 1,2, define the epoch times of the two

processes by

Tiy =u Yo, | (3.11)

Ti,n st [}/i,nli/i,n > Ti,n—l]a n > 23 (312)

as in (2.5) and (2.6). In this subsection we derive some extensions and analogs of the results
in the previous subsection.

The first result gives conditions under which the epoch times of the two nonhomogeneous
birth processes are ordered according to the usual stochastic order. This result may be
compared with Theorem 3.1. The following result can be proven using some general ideas

from Shaked and Szekli (1995), but we give here a simpler direct proof of it.

Theorem 3.9. Let T; . be defined as in (3.11) and (3.12). If Y1) <« Y21 and if Yy; <pr Y2,
for 7 > 2 then

(Tl,la Tl,2a ey Tl,'n) Sst (T2,la T2,2a cey T2,'n)a n 2 1. (313)
Proof. We will apply Theorem 4.B.4 in [19]. Note that for j > 2 we have
[T1;|Tis = t1, Tz =t .., Thjo1 = tjm1] =« [Yl,j|Y1,j > tioa),

and this is stochastically increasing in t;-; (see Theorem 1.A.11 in [19]). Therefore (11,1, T\ 2,
..., T1,,) is CIS (conditionally increasing in sequence, see [19, page 117]). Next note that

[T1;|Tis =t1, Tig=ta,..., Trjo1 = tjim] =a [Y1,5|[Ya; > tj-1]
<st [Ya,i|Ya,; > tic1] =at [Toj|Ton = t1, Toz = t2y ..., Tajmy = tj-1),

where the inequality, which is equivalent to

Kii(w) o _Ka(w)
Ky i(ti-1) = Ka;(ti-1)

follows from Y, ; <p Y2,;. Thus (3.13) follows from Theorem 4.B.4 in [19]. O

u 2 tj-y,
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The next result is an extension of Theorem 3.2 to nonhomogeneous birth processes.

Theorem 3.10. Let T;, be defined as in (3.11) and (3.12). If Yy ; <ur Y2; for j > 1 then
(T, Thzy .oy Tin) S (T2, o2y - -y To) for alln > 1.

Proof. The proof is similar to the proof of Theorem 3.2. Fixann > 1. Let 17|(|) be the mul-
tivariate conditional hazard rate functions associated with (71,1,7T} 2,...,T1,») and let /\|(|)

be the multivariate conditional hazard rate functions associated with (75,1, 2,2, ..., T2n)-

In order to obtain an explicit expression for the right hand side of (3.2), we first notice,
as in the proof of Theorem 3.2, that I there must be of the form I = {1,2,...,m} for some

m. Then we have

Tom+1(u), fi=m+1;
/\ill(u|t1) SR +1() where [ = {1,2,...,m}.
0, fi>m+41;

Similarly, in the left hand side of (3.2) we must have I = {1,2,...,m}and J ={m+1,m+

2,...,k} for some k > m. Then we have

rier(u), fi=k+1

Miros(ulsr, 85) =
0, ifi>k+1;

where [ = {1,2,...,m}and J={m+1,m+2,...,k}.
The rest of the proof follows the lines of the proof of Theorem 3.2. O

The next result is an extension of Theorem 3.5 to nonhomogeneous birth processes. At

a first glance condition (3.14) in the following theorem looks restrictive, however in many

applications (see Section 5 below) the hazard rate functions ry,,732,... are proportional,
and the hazard rate functions r3;,723,... are also proportional, and then (3.14) can often
be verified.

Theorem 3.11. Let T;, be defined as in (3.11) and (3.12). If Yy ; <ur Ya,j, and if ryj/r1

is increasing, and if
roj+1(t) = r2,i(t) 2 rijp(t) —ry(t),  t20, (3.14)

fOT‘j Z 1) then (T1,13T1,2’- . ')Tl,n) Slr (T%I’TZ,Z)- . -)TZ,n) f07‘ all n Z 1.

14



Proof. First note that by Lemma 3.4 we have Y; ; <y Y35, 7 2 1.

Now, the stated result is obvious for n = 1. So let n > 2. The density function h;, of
(Tl,l, T1,2, e ’Tl,n) is given by
7 _kui=:)
i=1 K1 i41(xi)

Similarly, the density function hgn of (T2,1,T22,...,T2,) is given by

hin(z1,22,...,2,) = kin(z,) forz; <z <:-- Lz

n—1
hon(z1,22,...,2,) = kz'—()—kgn(mn) forr; <z <+ <z
Note that condition (3.14) can be written as
Ky ;(O)K (2
__’2’1( ) 1'_J+1( ) is increasing in t > 0. (3.15)
Kot (t)K1,;(t)
Consider now (z1,23,...,2,) and (y1,¥Y2,...,yn) such that z; < 2z, < -+ < z, and

y1 LY < -+ < y,. We want to prove that

n—1

ki n(za Aya) [ =

1=1

kz ,'(23' vV y,')
K2 1+1($1 \Y y;)

n-1 kl 1( ) . n-1 _]‘;2‘—1(%-)_
§ E Kiin(zi )kl'n( g ;[=Il 72,i+1(yi)k2'"(y")' (3.16)

Let E = {i <n—1:2z; >y} Then (3.16) reduces to

I\lt(yt) F2i($i) )
T1,:\Yi =T F1g2 = |k al\Tn A Yn k n(Zn V Yn
(g b ( )IXI 1+1(y‘l) 2 ( )K2,i+1(mi) 1 ( ) 2 ( y )

ryi(2; Kii(z:) o (s Kai(y) -
) = (g . )K1*+1( i) 2"(%)?2,#1(%))]61'"( »Fan(yn)

and this follows from the monotonicity of rq ;/ry ;, from (3.15), and from ¥} ; < Ya;. O

k2 n(mn \Y yn)

4 Stochastic Comparisons of Inter-Epoch Intervals

4.1 Nonhomogeneous Poisson processes

As in Subsection 3.1, consider two nonhomogeneous Poisson processes with intensity func-
tions r and s, respectively, and with associated density functions (see (2.2)) f and g, respec-

tively, and associated distribution functions F' and G, respectively, and associated cumulative

15



hazard functions R and S, respectively. Let T); and T3; be as defined in Subsection 3.1.
Let the inter-epoch intervals of the first nonhomogeneous Poisson process be denoted by
Xi=T,i—T,i-1,1=1,2,..., with Ty o = 0, and similarly, let the inter-epoch intervals of
the other nonhomogeneous Poisson process be denoted by X,; = Tp; — -1, 1 = 1,2,...,
with T, = 0.

In this subsection we derive some results which stochastically compare vectors of X ;’s

with vectors of X ;’s.

The first result gives conditions under which the inter-epoch intervals of the first process
are smaller than the inter-epoch intervals of the other process in the usual stochastic order

sense. It is essentially a restatement of Proposition 3.10 of Shaked and Szekli (1995).

Theorem 4.1. Let F' and G be distribution functions associated with two nonhomogeneous

Poisson processes as described above. If F' <45, G then
(X1, X125y X1n) <ot (X2, X225+ -+ Xon), n2> 1. (4.1)
Roughly speaking, inequality (4.1) for n = oo is denoted in Shaked and Szekli (1995) as

N 2400 N2, where N} and N, are the underlying nonhomogeneous Poisson processes.

A similar result which is worth mentioning is the following; it follows from Theorem 2.7

of Shaked and Szekli (1995).

Theorem 4.2. Let r and s be intensity functions associated with two nonhomogeneous Pois-

son processes as described above. If
r(u) > s(u+ ), u>0, z2>0, (4.2)

then

(XI,I,X1,2,' . ,Xl,'n) Sst (X2,1,X2,2, o ,X2,'n), n Z 1.

Note that (4.2) holds if F' <p, G and if r or s is decreasing (that is, F' or G is DFR).
Thus, Theorem 4.2 is a stronger result than Theorem 8 of Gupta and Kirmani (1988) or
Theorem 4.4 of Kochar (1996a). In fact we have the following relationship among the

conditions of Theorems 4.1 and 4.2.

Proposition 4.3. Let F and G be two “distribution functions with respective hazard rate
functions r and s. If (4.2) holds then F <4isp G.
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Proof. Condition (4.2) implies that r(u) > s(u), that is, FF <pr G. This, in turn, implies

F <4 G, and therefore F~!(a) < G~!(a) for all @ € (0,1).

Now, (4.2) therefore gives r(F~(a)) > s(G~!(a)) for all a € (0,1), which is equivalent
to F <disp G by (2B8) in [19]. O

From Proposition 4.3 it is seen that Theorem 4.2 follows from Theorem 4.1. Proposi-
tion 4.3 also strengthens a result of Bartoszewicz (1985) and of Bagai and Kochar (1986)
which is stated as Theorem 2.B.13(a) in [19]. This is so because if F' <p, G and if r or s is
decreasing then (4.2) holds.

Condition (4.2) defines what can be called a ‘shifted hazard rate order’ in the spirit of
Shanthikumar and Yao (1986) who defined a ‘shifted likelihood ratio order.” However, it
should be noticed that whereas (4.2) is the same as X <p [Y —z|Y > z] for all z > 0, where
X and Y have the hazard rates functions r and s, respectively, the condition of Shanthikumar
and Yao is the same as [X — z|X > z] < Y for all z > 0.

The next result gives conditions under which each inter-epoch of the first process is

smaller than the corresponding inter-epoch of the other process in the hazard rate order.

Theorem 4.4. Let F and G be distribution functions associated with two nonhomogeneous
Poisson processes as described above, with corresponding hazard rate functions r and s, and
with corresponding cumulative hazard functions R and S, respectively. If F <p. G, and if F
and G are logconver (that is, DFR), and if (3.4) holds, then X <hr Xon for eachn > 1.

Proof. For the purpose of this proof we denote F by Fy, G by F;, r by r1, s by r3, R by
R;, and S by R,. Let 6,-,,1 denote the survival function of X, ,, 1 = 1,2. The stated result

is obvious for n = 1, so let us fix an n > 2. Then, from (2.4) we obtain

G = [ o BT O 6+ 0ds ,-
G,,n(t)_/o ()T gy Fls +)ds, 120, i€ {12} (4.3)

Condition (3.4) means that
r;(t) is TP, (totally positive of order 2) in (z,1).

Condition (3.4) also implies that ﬁ—f% is increasing in t > 0; that is, R;(t) is TP, in (4,1).

Since a product of TP, kernels is TP, we get that

n—2
N E)

ri(t) gy 1 TP i (i),
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The assumption Fy <j, F, implies that

Fi(s+1)is TPz in (3, s) and in (¢,¢).

Finally, the logconvexity of F; and of F, means that

Fi(s+1t)is TP, in (s,t).
Thus, by Theorem 5.1 in page 123 of Karlin (1968), we get that G;,(t) is TP, in (4,t); that
iS, Xl,n Shr X2,n- O

The next result gives conditions under which the inter-epoch intervals of the first process
are smaller than the inter-epoch intervals of the other process in the multivariate likelihood

ratio order.

Theorem 4.5. Let F and G be distribution functions associated with two nonhomogeneous
Poisson processes as described above, with corresponding density functions f and g, and with
corresponding hazard rate functions r and s. If F <p. G, and if f and r are logconvez or g

and s are logconvez, and if (3.4) holds, then
(Xl,l,Xl,z, R ,Xl,n) <ir (X2,1,X2,2, - ,Xz,n), n2l

Proof. First note that by Lemma 3.4 we have F <;; G.

We will give the proof when f and r are logconvex; the proof when g and s are logconvex
is similar. Note that the logconvexity of f and r implies that f and r are positive over
(0,00). The result is obvious for n = 1, thus let us fix an n > 2. The density function ¢,
of (X1,1,X1,2y...,X1.) is given by

n—1

ﬁl,n(zl,...,zn)zHr(ml+---+zj)f(zl+---+zn), 2, >0, k=1,...,n. (4.4)

1=1
The density function £3, of (X3,1, X22,...,X25) is given by

n—1

ﬁgyn(zl,...,mn)zHs(z1+---+a:_,-)g(:c1+~--+:cn), x>0, k=1,...,n. (4.5)

j=1

The logconvexity of f implies that

~

flziVyi+- -tz Vy)f(@i A+ 2, Ayn) 2 flza+ -+ 2)f(11 + -+ ¥n)
(4.6)
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for all zx > 0 and y, > 0, k = 1,...,n. Similarly, the logconvexity of r implies, for
j=1,...,n—1, that

re Vit Vyr@mAn +-+ziAy) 2@+ +arip +- +y;) (47)
for all zx > 0 and yx > 0, k =1,...,j. Therefore

Un(tiAy1y o s AYn)2n(Z1 VY1, .oy Zn V Yn)
n—-1
= Hr(:cl/\y1+---+xj/\y,~)f(:c1/\y1+'--+:cn/\yn)
Jj=1
n—1 ’
x [[s@vm+-+z;Vy)gl@ Vo +- - +2aVyn)
j=1
-1

>Hs(x1Vy1+-~+ijyj)
A r(@ V42 V)

g(xlvyl++xnvyn)
f@iVyi 4+ 2. V)

n—1
(y1+ - +y;)

3

r(zi -+ z)r(y + +y;)

=1

.,

fli+- -+ z)f(y+- +ya)

2,~=1 r(y1+---+y,-)’"(‘”1+"'+$1)r(y1+---+y,~)
gy + -+ yn) s
f(y1+---+yn)f(x1+ +z)f(yi 4+ yn)

= fl,n(:cl, ceey xn)e2,n(y1, N ,yn),

where the first inequality follows from (4.6) and (4.7), and the second inequality follows from
(3.4) and from F <), G (that is, g/ f is increasing). This gives the stated result. O

In light of the conditions in Theorem 4.5 the following question is of interest: Let f be
a density function of a nonnegative random variable, and let r be the corresponding hazard
rate function. Does the logconvexity of f imply the logconvexity of r, and vice versa? It

turns out that neither is the case. First consider the hazard rate function

Here logr is linear, so it is logconvex. The corresponding density function is given by

fR)y =€, t>0,

-

and a computation of the second derivative shows that f here is strictly logconcave (see

Pellerey, Shaked and Zinn (1999)), and thus it is not logconvex. In order to see that ‘f is
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logconvex’ does not imply that ‘r is logconvex,’ consider the hazard rate function

1 1 t+2
= - = . t>0.
t+3 (t+3)?2 (t+3)2 =

r(t)

This is indeed a hazard rate function since it is nonnegative, and it integrates to co. A
straightforward computation shows that (d2/dt?)logr(t) < 0 for 0 < ¢ < 24/2—2. Therefore
r is not logconvex. The corresponding density function is

_3(t+2) t
f(t) = (t +3) eXp{3(t+3)}’ t20.

A straightforward computation gives

d&? 2t3 +10t2 + 13t + 1
—7 log f(t) = 3 —
dt t+33(+2)

and this is positive for all ¢ > 0. Thus f is logconvex.

Since the multivariate likelihood ratio order is closed under marginalization (see Theo-

rem 4.E.3(b) in [19]), we get the following result as a corollary of Theorem 4.5.

Corollary 4.6. Let F' and G be distribution functions associated with two nonhomogeneous
Poisson processes as described above, with corresponding density functions f and g, and with
corresponding hazard rate functions r and s. If F <y, G, and if f and r are logconvez or g

and s are logconvez, and if (3.4) holds, then X, n, <ir X3, for alln > 1.

The next result gives different conditions under which each inter-epoch of the first process

is smaller than the corresponding inter-epoch of the other process in the likelihood ratio order.

Theorem 4.7. Let f and g be density functions associated with two nonhomogeneous Pois-
son processes as described above, with corresponding hazard rate functions r and s, and with
corresponding cumulative hazard functions R and S, respectively. If F <y, G, and if f and
g are logconvez, and if (3.4) holds, then X, n <jr Xon for each n > 1.

Proof. First note that by Lemma 3.4 we have F < G.

For the purpose of this proof we denote f by f,, g by f2, r by r), s by ro, R by R, and
S by R,. Let g, denote the density function of X; ., = 1,2. The stated result is obvious
for n =1, so let us fix an n > 2. From (2.4) we obtain
R

Gin(t) = /:o T‘i(S)rz‘?!f;(s +t)ds, t>0,:=12.
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As in the proof of Theorem 4.4, we have that

RI*(t)
(n—2)!

The assumption F <); F; implies that

T‘,'(t) is TP2 in (i,t).

fi(s+1t) is TP, in (3,s) and in (Z,t).
Finally, the logconvexity of f; and of f; means that
fi(s +1t)is TP, in (s,1).

Thus, by Theorem 5.1 in page 123 of Karlin (1968), we get that, g; ,(t) is TP, in (¢,1); that
iS, Xl,n Slr X2,n- a

The next result gives conditions under which each inter-epoch of the first process is
smaller than the corresponding inter-epoch of the other process in the mean residual life
order. Recall that a distribution function F is said to be IMRL (increasing mean residual
life) if the mean residual life at time ¢, defined as ( [, F(u) du)/F(t), is increasing in ¢ > 0

when the ratio is well defined.

Theorem 4.8. Let F' and G be distribution functions associated with two nonhomogeneous
Poisson processes as described above, with corresponding hazard rate functions r and s, and
with corresponding cumulative hazard functions R and S, respectively. If F <,n G, and if
F and G are IMRL, and if (3.4) holds, then X; . <mn Xan for each n > 1.

Proof. As in the proof of Theorem 4.4, we denote here F' by Fy, G by F,, r by r1, s by rs,
R by Ry, and S by R,. The stated result is obvious for n = 1, so let us fix an n > 2. The
survival function G;n of Xin, ¢ = 1,2, is given in (4.3). From (1.D.3) in [19] it is seen that

the stated result is equivalent to

/ @i,n(z) dz is TPy in (Z,1);
t

that is, to
o Rp—2 o
/ ri(s) = (53 Fi(u)duds s TP, in (i, ?). (4.8)
=0 (n - 2) u=s+t
Now, from the proof of Theorem 4.4 we know that (3.4) implies that r;(s)% is TP,

in (7,8). The assumption Fy <mn F2 means that

/ Fi(uw)du is TP, in (2, 8) and in (¢, ).

=s+t
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Finally, the assumption that F; is IMRL means that
/ Fi(u)du  is TP, in (s,?).
u=s+1¢

Thus (4.8) follows from Theorem 5.1 in page 123 of Karlin (1968). O

4.2 Nonhomogeneous birth processes

In this subsection, as in Subsection 3.2, we consider two nonhomogeneous birth processes.
Let the first one be associated with a sequence {Yjn, n = 1,2,...} of independent abso-
lutely continuous nonnegative random variables, and let the second one be associated with
a sequence {Y2 ., n = 1,2,...} of independent absolutely continuous nonnegative random
variables. The notation of Subsection 3.2 will be used here. In particular, the epoch times
T;n associated with the two processes are defined in (3.11) and (3.12). The associated

inter-epoch intervals will be defined as

Xt',l st Yi,l, (4-9)
Xi,'n st D/i,'n - Ti,'n—l |)/1','n > Ti,'n—l], n2> 2’ (410)

The density function ¢, of (X1,1,X1,2,.-.,X1,») is an extension of (4.4) and is given by

J n
bn(T1,... 20 r”(zx)Kfiil%le;)l)kln(z:w:), 2z 20, k=1,...,n

=1

(4.11)

The density function ¢, , of (X2,1, X22,...,X2.) is an extension of (4.5) and is given by

n—1 ] K2 (E_ $l) n
lan(z1, ... 22) = [ 72 A= ) >0 k=1,....
2,n(Z1 Tn) 1 rz;(gl:w)K”H(zl ) 2 (lz:;x:) Tk n

(4.12)

In this subsection we derive some extensions and analogs of the results in the previous

subsection.

The first result gives conditions under which the epoch times of the two nonhomogeneous
birth processes are ordered according to the usual stochastic order. This result may be
compared with Theorem 4.2. The following result can be shown to follow from Theorem 2.7

in Shaked and Szekli (1995), however, we provide here a simple direct proof of it.
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Theorem 4.9. Let X;, be defined as in (4.9) and (4.10). If Y11 <& Y21 and if
r,i(u) 2 ra(u + ), u>0,z>0,7>2, (4.13)
then
(X1, X125+ s X10) Sot (X2, X222, ., X2n), n > 1. (4.14)

Proof. The result is obvious when n =1. Sofixann > 2. Let z}, > zx 2 0, k= 1,2,...,n.

Now, for j = 2,...,n we have

i i1
[Xx,j|X1,1 =Zy,...,X1,j-1 = Tjo1) Sst [Yu - E zr|Y1,; > E wk],
k=1 k=1
j-1 j-1
! 1 [ [
[X2,j|X2.l =Z,...,X5-1= f”j—l] st [Y2.J‘ - Ti|Ye,; > z ,fk]
k=1 k=1

Denote z = 33~} z4 and 2/ = 1;11 z}. It is not hard to see that (4.13) implies that

[Yi; — 2|Y1; > 2] <a [Yay — #|Ya; > 2] whenever 2/ > 2 >0, j > 2 (4.15)
(in fact, (4.13) and (4.15) are equivalent). Thus the stated result follows from Theorem 4.B.3
in [19]. O
As a corollary (see a comment following Theorem 4.2) we see that if ¥;; < Y21, and if
Yi; <u Yo, 7 22, and if Yy or Yz ; are DFR, j > 2, then (4.14) holds.
The next result is an extension of Theorem 4.5.

Theorem 4.10. Let X;, be defined as in (4.9) and (4.10). IfY1; <ur Y2, and if ry j/r1; is
increasing, and if (3.14) holds, and ifry j, i—’f—‘i—l and ky; orra;, Rl%i_l and ks j are logconvez
for all 7 > 1, then

(X1,1,X1,2y -, Xim) Sie (X2, X225+, X)), n 21

The proof of Theorem 4.10 is a straightforward extension of the proof of Theorem 4.5,
using (4.11) and (4.12) rather than (4.4) and (4.5); we omit the details.

It is worth mentioning that o is logconvex if, and only if, r; j41 — i ; is increasing,.
LI+ :

5 Some Applications

In this section we describe some applications of the results of Sections 3 and 4. The list of
applications that we provide below is far from exhaustive, and is given only as an indication
of the applicability of the mathematical results. In fact, the results of Sections 3 and 4

provide useful bounds in almost any area where birth processes are used.
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5.1 Comparisons of generalized Yule birth processes

A Yule (or a linear) birth process is a birth process with jump intensity from state n to state
n+1 of the form (n+1)A, where A > 0. Let us consider a generalization N; = {N,(t), t > 0}
of the Yule process in which the jump intensity at time ¢, given that n jumps have occurred
already, is of the form (n + 1)A(¢). Let Ny = {N,(¢),t > 0} be another generalized Yule
process with the corresponding jump intensity (n + 1)n(¢).

The generalized Yule process is a nonhomogeneous birth process. Thus, if the distribution
functions F and G, that are associated with the failure rate functions A and 7, satisfy F <, G
(that is, A(u) > n(u) for all u > 0), then, by Theorem 3.9 or 3.10, it is seen that at any
time t, there are stochastically at least as many jumps in N, as there are in N, (this is an
intuitively clear result that can also be proven directly). If, in addition to A(u) > n(u) (note
that then (3.14) holds too), we also have that /) is increasing, then by Theorem 3.11 the
vectors of the first n jumps are ordered in the multivariate likelihood ratio order, and sharper

inequalities hold (see, for example, (5.1) below).

If A and 7 satisfy (4.13), that is, A(u) > n(u + z) for all z > 0 and u > 0, then by Theo-
rem 4.9 all the times between births in N; are stochastically smaller than the corresponding

times between births in N,.

A generalized Yule process may model the spread of a disease, where n is the number of
infectives, and A(t) is the rate in which infectives pass the disease to new individuals at time
t; this rate, in general, depends on the calendar time ¢ — for example, it may change with
the seasons of the year (Bailey, 1975). Consider now two generalized Yule processes, with
rates A(t) and 7(t), which model the spread of a disease under two different health measures
that are expected to control the spread. The stochastic inequalities described above can
direct a health official as to how to fight the spread of a disease, if the official can select

between the two measures that control the spread with respective rates A(t) and n(¢).

A comparison of a generalized Yule process N; (with intensities ry ,(t) = (n+1)A(t)) with
a standard Yule process N, (with intensities ram(t) = (n+1)n, independent of ¢) can provide
computable upper or lower bounds on various probabilistic quantities of interest that are asso-
ciated with N;. This is based on the fact that the inter-epoch intervals X5 ,, X22,...,X21,...
of the standard Yule process N, are independent exponential random variables with rates
n,27,...,n17,..., and the epoch times T, ,, are sums of these independent X3 ;’s. For example,
suppose that we have under study a genef;a.lized Yule process N; as above, and suppose that
A(t) is bounded from below by a constant n (that is, A(t) > n for all £ > 0). Define N, as the

24



standard Yule process with the associated rate 5. Then by Theorems 3.9 or 3.10, and 4.9 we
get (Tha,.. . Tim) Sat (T23,.-.,T20) and (X1, -, X1n) <ot (X2,1,-..,X2,), and therefore
E¢(Ty,...,T1n) L E¢(Tyy,...,Tay) and Ed( X1, .-, X1n) < Ed(X21,. .., Xa,n) for any
increasing function ¢ for which the expectations exist. For example,
ETyw <ETpn=n7') iL
i=1

Another example is provided by Theorem 4.1 of Bunge and Nagaraja (1992). The authors
give there an explicit expression for the expected value of the waiting time until the nth record
occurs when the arrival process is a standard Yule process. If in a particular application
the arrival process is a generalized (rather than standard) Yule process, and its associated
rate A(t) is bounded from below, then the explicit expression in Theorem 4.1 of Bunge
and Nagaraja (1992) provides an upper bound for the expected value of the waiting time
until the nth record occurs. Another reference in which one can find explicit expressions
of probabilistic quantities of interest that are associated with a standard Yule process is
the paper by Brown, Ross, and Shorrock (1975). When the rate A(t) that is associated
with the generalized Yule process is bounded from below or from above, then these explicit
expressions can bound the corresponding probabilistic quantities that are associated with
the generalized Yule process. In fact, Brown, Ross, and Shorrock (1975) study a Yule process
with immigration (that is, the intensity is of the form (n + 1)n + 6); this process can bound
a nonhomogeneous birth process with intensities of the form r,(t) = (n + 1)A(t) + u(t).

Consider now again the generalized Yule process N; with intensities ry ,(t) = (n+1)A(2),
and the standard Yule process N, with intensities ro ,(t) = (n+1)7, that we described above.
If, in addition to A(t) > 7, we also have that A(t) is decreasing, then 7/A(t) is increasing,
and by Theorem 3.11 we have (T ;,...,T1n) <ir (T2,1,-.-,T2,). Then, for example, we have

E[¢(Tl,l’- . "Tl,_'n)|t? < Tl,i < t}, 1= 1,... ,n]
<E[¢(Tan, - Ton)|td < Toi <t i=1,...,n] (5.1)

for all increasing functions ¢, whenever t{ < t!, ¢ = 1,...,n (see Theorem 4.E.1 in [19]).
Such an inequality does not follow, in general, from the weaker condition (T1,1,...,T1,n) <st

(T2, .., o). See below, in the next paragraph, a possible practical application of (5.1).

When A(t) > 7, and A(t) is decreasing, then all the conditions of Theorem 4.10 hold.

In order to see it we first note that (3.14) obviously holds because A(t) > n. If k; de-

notes the exponential density with rate jn then it is easy to verify that r ;, ?I:—"ﬁ and k, ;
»J
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are all logconvex. Thus, from Theorem 4.10 we obtain (X1,...,X14) <ir (X2,15--+,X2,n),
where X, ,..., X, are independent exponential random variables as described above. This
stochastic inequality is useful in a situation where benefits are derived at any inter-epoch
time interval. For example, suppose that the benefit from a realization (z,...,z,) of
(X115, X1n) is ¢(21,. .., Z,), but the benefits are derived only during an initial period of
length to in any inter-epoch interval. Then the expected benefit from the first n inter-epoch
intervals of the generalized Yule process is E[d)(Xl'l, e ,Xl,n)le,i <tg,1=1,... ,n] , pro-
vided the expectation exists. When ¢ is increasing then this expectation is bounded from
above by E[d)(Xg’l, e ,Xg'n)i.Xg'i <tg,t=1,... ,n]; this follows from (Xj,1,...,X1n) <ir

(X2,1,-..,X2,n) and from Theorem 4.E.1 in [19]. The latter expectation is not hard to

compute because X3 ,..., X, are independent exponential random variables.

5.2 Comparisons of load-sharing models

Consider n items that share a load L,(t) at time . A common model (see Schechner (1984))
is to assume that the failure rate of each item then is L,(t)/n. After i items have already
failed, each of the remaining n — i items has a load of Ly(t)/(n — 7). If we denote ry;(t) =
Li(t)/(n — 1+ 1), then it is seen that the failure times T} ; < T} 2 < -+ < T} are the epoch

times of a nonhomogeneous birth process. Let L, be a second load shared by n similar items.

If Ly(u) > La(u) for all u > 0, then, by Theorem 3.9 or 3.10, it is seen that at any time
t, there are stochastically at least as many failures in the first model as there are in the
second (this is an intuitively clear result that can also be proven directly). If, in addition to
Li(u) > La(u) (note that then (3.14) holds too), we also have that L,/ L, is increasing, then
by Theorem 3.11 the vectors of the n failure times are ordered in the multivariate likelihood

ratio order, and sharper inequalities hold.

If Ly(u) > Lo(u+z) for all z > 0 and u > 0, then, by Theorem 4.9, all the times between
failures in the first model are stochastically smaller than the corresponding times between

failures in the second model.

If the load L, is constant then some probabilistic quantities of interest can be computed
explicitly. Thus, when L,(t) is bounded from below or from above, we can use the load-
sharing model associated with L; in order to bound some probabilistic quantities of interest
involving the model associated with L,(t). For example, Equation (4.9) of Phoenix (1978)
gives an explicit expression for the mean of a single member in a load-sharing model with
a constant Ly. If Ly(u) > L, for all u > 0 then, using Theorems 3.9, 3.10 and 4.9, we see
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that (4.9) of Phoenix (1978) provides an upper bound on the corresponding expectation in

the model associated with L;.

A load-sharing model with a constant L often describes the strength of a bundle of fibers.
If the load on the bundle varies with time (for example, the load may be different during the

day than during the night) then the general model, in which L depends on ¢, applies.

5.3 Comparisons of benefits between times of minimal repair

The repair times of an item that is continuously minimally repaired are the epoch times of
a nonhomogeneous Poisson process whose intensity function is the hazard rate function of
the lifetime distribution of the item; see, for example, Shaked and Szekli (1995).

Suppose that a manager has to decide which of two items that are continuously minimally
repaired is to be used. The selected item (which may be, for example, a computer, a car, or
an airplane) can then be used until its next failure. If we denote by X a generic intrafailure
interval, then it can be assumed that the benefit derived from the item is an increasing
function ¢(X) of the interval (see, for example, a discussion in page 1093 of Shaked and
Szekli (1995)). If the choice of the manager is between the :th interval of either of the two
items, then Theorems 4.1-4.7 can direct the manager in his choice. For example, if the
item is going to be used for the whole duration of the intrafailure interval, then under the
conditions of Theorems 4.1 or 4.2 we have E[¢(X, ;)] £ E[¢(X2,)], and thus the second item
is preferable. If the item can be used only after some fixed burn-in time xq, then under the
conditions of Theorem 4.4 we have E[¢(X; ; — a:o)|X1,,- > zo] < E[p(X5,; — .’l?o)le'i > x|, for
any fixed o, and thus again the second item is preferable (by (1.B.5) in [19]). Finally, if the
item is going to be used only for a fixed subinterval, [z, z1] say, of the intrafailure interval,
then under the conditions of Theorems 4.5 or 4.7 we have E[¢(X,;; — a:o)|a:o <X;<zi] £
E[¢(X2: — z0) I:l:o < X,; < 7], for any fixed z¢ < z;, and thus the second item is preferable
(by (1.C.4) in [19]).
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