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Abstract

The strong asymptotic behaviour of orthogonal polynomials with respect to a general class of varying measures is
given for the case of the unit circle and the real line. These results are used to obtain certain asymptotic relations for
the polynomials involved in the construction of Hermite-Padé approximants of a Nikishin system of functions.
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1. Introduction

1. Let {Q,}, n€N, be a sequence of monic polynomials, deg @, =n, and {u,} a sequence of
finite positive Borel measures each of which has its support S(u,) contained in the real line R.
We say that the sequence of polynomials is orthogonal with respect to the (sequence of) varying
measures if

0= /x"Q,,(x)du,,{x}, v=0,...,n—1.

Notice that the nth polynomial only satisfies orthogonality relations with respect to the nth measure.
Under general assumptions on the measures {y,}, we aim to find the strong asymptotics of the
polynomials {Q,}. In [6] one of the authors obtained similar results but for a narrower class of
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varying measures. The object of the present extension is to cover classes of varying measures which
appear in Hermite—Padé approximation and could not be treated with the previous results. We use the
present results to study asymptotic relations between the polynomials involved in the construction of
the common denominators of the Hermite—Padé approximants corresponding to a Nikishin system of
functions. Similar relations for the more general mixed Angelesco—Nikishin systems remain unknown.

2. Let us see what these strong asymptotics results look like for measures on the unit circle. Let
p. and p finite positive Borel measures on [0,2n]. By p, — p, we denote the weak convergence
of p, to p as n tends to infinity. This means that for every continuous 2mn-periodic function f on
[0,27]

Jim [7 7@©)d0.0= [ 16)dp0)

Unless otherwise stated, the limits of integration with respect to 0 will always be 0 and 2=, thus
they will not be indicated in the following.

Let {dp,}.cn be a sequence of finite positive Borel measures on the interval [0,2m] such that
for each n€ N the support of dp, contains an infinite set of points. By df, we denote Lebesgue’s
measure on [0,27], and p, =dp,/d0, the Radon—Nykodym derivative of dp, with respect to dfl. By
N (resp. Z,R,C) we denote the set of natural (respectively, integer, real, complex) numbers.

Let {W,},cn be a sequence of polynomials such that, for each n € N, W, has degree n (deg W, =n)
and all its zeros {w,;}, 1<i<n, lie in the closed unit disk. We assume that the indexes are taken

so that if w=0 is a zero of W, of degree m then w, , =w,,= -+ =w,,, =0. Set
dpn(a) i
da,(0)= -, z=¢",
O=Tmer

A certain link is needed between the measures p, and the polynomials W,.

Definition 1. Let k € Z be a fixed integer. We say that ({dp,},{W,}, k) is admissible on [0,2n] if:
(i) There exists a finite positive Borel measure p on [0,2n] such that p, — p, n— oc.
(ii) ||do,||= [do,(0)<+o0, ¥neN.
(i) [ II% |z = wai| 2 dp(0) <M <400, z=¢", neN (this condition applies only to the case
when k is a negative integer).
(iv) lim, oo 20y (1 — [Wai|) = +o00.

Condition (ii) of admissibility guarantees that for each pair (n,m) of natural numbers we can
construct a polynomial ¢, ,(z)=2a, ,z" + - - - that is uniquely determined by the relations of orthog-
onality

o= [0 Ao @=0, j=01.m—1, z=e"

1
(pn.m(z) zdarr(e):‘ la de Pn.m =M, "xn.m>0-
2n g

Under this admissibility condition, we will obtain the next result which is an extension of Theorem 2
in [6].



Theorem 1. Let ({dp,},{W,}.k) be admissible on [0,2n). Suppose that logp' € L'[0,2n] and
liminf, ... [logp/(8)d0>[logp'(08)dl. Then

im (P;:,uvk(z)

Jim S =S.a), (1)

where the limit is uniform on each compact subset of {z: |z| > 1} and

1 w2z .
= o log p(8)d(0) ¢, =gt
S(p.z) exp{%/wﬂ og p'(0)d( )} w=e

The paper is divided as follows. In Section 2 we prove Theorem 1 and we state some results
needed for the proof of the corresponding strong asymptotics on the real line. The case of the real
line is treated in Section 3. The final Section 4 is dedicated to the study of Hermite-Padé orthogonal
polynomial corresponding to a Nikishin system of functions.

2. Szegd type theorem on the unit circle

The next result is an extension of a similar one which appears in [7] suitable for the type of
varying weights which we are considering. In [7] the varying weight is of the form dp/|W,(z)|?
and (i) of Definition 1 is immediate. The proof in this more general setting may be found
in [3].

Theorem 2. Let ({dp,},{W.},k) be admissible on [0,2x], then

[W(2)|?

do - dp(0), z=¢e". :
|{PJ'I'J:|-,(‘(Z)|2 p( ) Z=¢g ( )

Proof of Theorem 1. First, we notice that if we multiply , by a certain constant the corresponding
orthonormal polynomials are multiplied by the same constant and the ratio on the left-hand side of
(1) remains unaltered. Thus without loss of generality we may suppose in the following that W, is
monic. If P, is a polynomial of degree exactly equal to n, we denote as usual P’(z)=2z"P,(1/z). It
will more convenient for us to prove the equivalent relation

W' (z)

lim ———— =35§(p,z)
@) P

uniformly on each compact subset of {z: |z| <1}. In the following, we will denote {z: |z| <1} by D.
First, let us show that

{ W (z) }
q):;..r:_-k(z) nen



is uniformly bounded on each compact subset of D. In fact, since ¢}, ,(z) has no zeros in D, using
Cauchy’s fermula and Cauchy-Schwarz’s inequality we obtain for z€ D

Wre) |1 ] wh, (w)
@ ,(2)| 21 |[(w—2)e (W)
" (W)
‘/ZR/‘ w2 d”"VZn/%_uw) =

W, (w)
‘P; n+k ( W)

<—r—\5 /
inf, = |z =w| \ 2n

From Theorem 2 we have that the last integral tends to /p[0,2n]/2n as n goes to oc, since

‘ W, (w)
(P;:.n+.k(w)

[w]=1.

_‘ W,(w)
B QDn.n-lk(w) '

Thus, if K is a compact subset of D, for each £>0 and all sufficiently large n€ N

W, (z)
(pﬂ' n+£(z)

1 pl0,2m]

e Sinfyroexlz—w | 2¢

ek

as we needed to prove.
Take {W,/¢;,.«}, n€l, I'CN, a convergent subsequence whose limit is S-. We will prove
that Sy € H,(D), Sy #0, and

1 '
Sr(0) = exp{E/]ogp (())dﬂ}. (3)
In fact,
. W'(z) I o 2
i e ) Il

uniformly on each compact subset of D. On the other hand, for each ¢>0 and all sufficiently
large n, 0<r<l,

Avi =¥

Thus, taking limits, we obtain that

W, (w)

(W) dosf ) | o< p[0,2n] + 2.
(pu_u-i-.ﬁ(w) |w|=1

@nts(W)

/ IS, (W) d0.<p[0,27] + .

Since this inequality holds for each 0 <r <1, we have that S, € H,(D).



It is obvious that W~#0 in D. Hence, either Sy =0 or S;(z)#0 for all z€ D. But, denoting
D, ik :a:;},', +k @nn+x and using Jensen’s inequality, we obtain

AORYEE
‘p;.n+k(0) ai.uﬂ 2“
1 ¢1-‘:'K,a'|'+k(“"')| 1 / '
= exp{ 2ﬂ:/lmg e do + o log p,(6)d0

= exp {% flog 0/(6) dﬁ}.

W, (0)
n ﬂ+k(0)

where the second inequality holds by hypothesis.
Since the family is uniformly bounded on each compact subset, it is sufficient to prove that any
convergent subsequence tends to S(p,z). To this end, it is sufficient to show that

Re(log S/(z)) = log |87 (z)| = Re(log S(p,2))
1
= ] P(z,w) log p'(0) d0 = Re(log S(p. ),

where P(z,w) denotes Poisson’s kernel.
However, using once more Jensen’s inequality and Theorem 2, we get

W (2) 1 wrow) |
rl}glf:x}:\{ P /P(z.w) log dﬂ}

cpnn i{z) @:‘Hlk(w)
AN
, using Fatou’s Theorem (see

nn-h'c(w) ‘ nn-{»k( ) !
dpu(0)=— 6)de
B | anor> g [[5 so

Therefore

Sr0)= llmemf

> lim inf S(p, 0)>S(p.0) = exp{;—nflogp'((})de} >0,

IS @) = 11

1
,l.lemr 2—/P(z n+k( ) dGzEE/P(z,w)dp(ﬂ).

Taking limits in the above inequality as » tends to 1, r<1, z=re
Chapters 11 and 17 in [8]) and the fact that Sy € H>(D) we obtain
1SHe'0)]*<p'(0),

almost everywhere with respect to Lebesgue’s measure on [0,2n].
Hence

1 ,
Re(log 5:(2)) = log [S1(2)] = 5 [ P(z,w)log S (w)d6

it

1
a[P(Z,w)logp'(G)dGzRe(logS(p,z)).

But, according to (3), we have that

1 1
Re(log Sr(0)) = log |Sr(0)l.>,a/logp’(9)d6=ﬁ /P(O,w)logp’(())d().



Therefore, using the maximum principle for harmonic functions it follows that

I
Re(log /()= ;- /P(z, w)log p'(0)d0

as we wanted to prove. From this, it follows that Im(logSy(z)) and Im(logS(p,z)) differ in a
constant value. Since Im(log S;(0))=0=Im(log S(p,0)) this constant is zero. With this we conclude
the proof of Theorem 1. O

For the analogue of Theorem 1 on the real line, we need an additional result on the unit circle.
When the varying measure is dp/|W,(z)| its proof is given in [7]. For the type of varying measures
considered here the proof appears in [3]. Therefore, we limit ourselves to its statement. First, let us
introduce another definition.

Definition 2. Let k €Z be a fixed integer. We say that ({dp,},{W,},k) is strongly admissible on
[0,2m] if it is admissible and additionally

(i) lim, _ [|p,(8) — p'(6)|d0=0,

(ii) p'>0 almost everywhere on [0, 2x].

Theorem 3. Let ({dp.},{W,}.k) be strongly admissible on [0,2x], then
"ii__ngg 45,,,_,, IIH-!(O)“_':O! (4)

‘pt 5 *
]im H‘n-—k(H) o Iim (pn.rnk(w) i

= =0, |w|>1, 5
B -—+oa @,,‘",;‘-(W} fe (pn.n{k{w) | | { )

where in (5) the convergence is uniform on each compact subset of the prescribed regions.

3. Szegé type theorem on the real line

In this section, we provide a similar result to Theorem 1 for sequences {u,},en of finite positive
Borel measures on [—1,1] whose supports contain infinitely many points.

Let {ws,}.en be a sequence of polynomials with real coefficients such that, for each ne N:
degw,, =1i,, 0<i,<2n; and w», >0 on [—1,1]. If i, <2n, let x5, , = 00 for 1 <i<2n—i,; if, addition-
ally, i, >0, then {xs,}2u—;,+1 << denotes the set of zeros of w,,. When i, =2n, then {x2,;}i <i<am
is the set of zeros of w;,.

Set dt, =dp,/wy,. If, for each ne N,

|
/ du,(x) S0,
-1 Wzn(x)

we can construct the table of polynomials {/, n}smern, such that /, , = B, ,x" + -+, B, >0, is the
mth orthonormal polynomial with respect to 7,; that is, these polynomials are uniquely determined
by having positive leading coefficients and satisfying the relations

1
/ !n.ﬁ' In.m dtn(x) e ék,m-
-1



The limits of integration with respect to x will always be —1 and 1, thus they will not be indicated.
According to the prescribed conditions w,,(cos /) is nonnegative for f € R, thus (see p. 3 of [9])
there exists an algebraic polynomial W), (w) of degree i, whose zeros lie in {|z| <1} such that

wa,(cos 8) = | Wi, ("), 0€[0,2n].

It is easy to see that the zeros of W;, are the points {1/%(x2.:)},, ; ,|<i<2,» Where ¥ denotes the
conformal mapping of C\ [—1,1] onto {|z|>1} such that ¥(oc)=00 and ¥'(c0)>0 (on [—1,1]
we extend ¥ continuously, considering the interval to have two sides as it is usually done). Take
Wy, =z"""Wj ; then, deg W,,=2n and

wa(cos 0) = |Wa,(e")*. 0€]0,2x].

The polynomials /, , are closely related to the polynomials ¢, ., orthonormal with respect to the
measure o,, defined by
du,(cos ) .
day (@) =d1,(cos )= ——=, z=c¢"
[Wa(2)?
That is, doy,(E)=dt,({cosf; @€ E}) whenever E C[0,n] or £ C [r,2n]. Thus, writting ¢,,(6) =
do,, ({0 <r<80}), we have

G,(cosf), 0<0<m,
—G,(cosf), m<0<2m,

6314(0) = {

where G,(x)= [*, d1,(¢), x€[—1,1], at every point 0 where o, is continuous; and so, almost
everywhere in [0,27n]. Furthermore,

G’;H(f)) :| sin 0| G,,(COS 0} =|sin 8] I#H(COS 9) =|Sil’l OI ';L(cgs 9)1

W2n(ei”)|2

whenever either side exists (thus almost everywhere). Notice that ¢’ >0 almost everywhere if 7/ >0
almost everywhere, where

o _ | t(cos ), 0<f<n,
o(ly= { —1(cos ), n<O<2n.

For n fixed, we can use the well-known formula (see Theorem V.1.4 of [4])

(pznjm(z) + (,95“_2”;(2)

) = T T 00 (0)) :

where Dy, 20, = @an.2m/%20.2m and x = %{Z + 1/z).
We denote dp,(0)=du,(cos ) and dp(0) =du(cos ) as above. Notice that, since log |sin(6)| €
L'[0,2n],log(p'(6)) belongs to L'[0,2n] whenever log(x'(x)) belongs to L'[—1,1]

Definition 3. Let k € Z be fixed, we say that ({u,}, {w2.}, k) is strongly admissible on the interval
[—1.1] if ({pa}s {Wa.}.k) is strongly admissible on [0,2m].



From the construction above, it is easy to see that this reduces to ({u,}, {wa}, k) satisfying
(I) There exists a finite positive Borel measure u on [—1,1] such that u, — u, n— oo, and

tim [ 4, | dx=0.

(IT) p'>0 almost everywhere.

(TI) ||dz,|| = [ dta(x)<+o0, neN.

avy [ H: 1 — (x/x2,0)| 7" dpn(x) <M <400, neN, where x/x;,; =0 if x5,; =00 (this condition
applies only to the case when k is a negative integer).

1
V) limy e 0% (1 = oo—— ) =+00.
( ) H E;_ | g”(xzu,f)[ ) +Oo

Under these conditions one gets

Theorem 4. Let ({u,}, {wa}, 2k — 1) be strongly admissible on the interval [—1,1]. Suppose that
logu € L'[—1,1] and liminf, .., [logu,(x)dx=> [logu/(x)dx. Then

lim !i.ué—k(x)
n=o0 [¥(x)]* wa,(x)

where the limit is uniform on each compact subset of C\[—1,1] and

I 2
By (x)= E[S(#(COS 6), ¥(x))I', (7)

B 2n Y(x) — ¥Y(x2;)
2= 1T ey

i=l

Proof. We have the equality w;,(x)= W,(z) W1,(z), where x = cos0 and z=e¢". This is equiva-
lent to wa,(x) = Wa,(z) Wa,(1/z). Therefore z% w,,(x) = Wa,(z) W3 (2), |z]=1, x= %{z +(1/z)). By
analytic continuation, we have

2" wa(x)=Wa(z) Wa(z), x=3iz+(1/z)), zeC.
Using this relation and (6), we obtain

2n,2026(5)
I:zuw.-(-") _ ¢§n.z,i+zk(z) (1+ :‘:.’n.:n-n{-‘-] )2
wa(x) 2% Wa(z) W3(2) 20(1 + @3,2,424(0))’

|z| > 1.

Let us rewrite this formula in the more convenient form.

L.ax) Wi (¥(x))

[P wa(x) Wa(¥(x))
Notice that

( P2, 20 24(2) )

2n(1 + @a,2,+2(0))’

— { Pmamsnlz) §2
___(":_,;“'w;{:l )

2> 1. ®)

2n

1
Wy (Y(x)) = ¥(x)— ;
!;1[ ( w(xhu'))
Therefore,
W5, (¥(x))

=B"n s
WPy )



where (¥(x) — ¥(x2,:))/(1 — V(x2,.)¥(x))=1/¥(x) if x,; =0c. Taking limits in (8) as n tends
to oo, using (1), (4), and (5) we arrive to (7). The proof is complete. [

4. Application

Let us explain the connection between the systems of orthogonal polynomials with respect to
varying measures and Hermite-Padé approximation of Nikishin systems of functions. In [1-5], the
more general construction of mixed Angelesco—Nikishin systems (or generalized Nikishin systems)
is studied and the nth root asymptotic behavior of their Hermite—Padé approximants is given. We
adopt the notation introduced in [5] and use some of the new orthogonality relations which those
authors have revealed.

Let F, and F> be two nonintersecting segments of the real line, 6, and ¢, two finite positive
Borel measures such that S(a,) CF,, S(0,) CF,. We define a new measure (a,,0;)

d(g,0:)(x)= /(iiz_(fT) do(x) = d>(x)doy(x).

This measure (g,,0,), obviously has constant sign on its support F,.
For a system of segments F,, F»,..., F,, such that FNF,., =0, k=1,2,...,m — 1, and finite,
positive Borel measures ¢, 63,...,0,, S(6;)CF,, k=1,2,...,m, we define inductively the measures

(o1, 62y..s041) = (01, (02, .. 041))y, k=2,...,m— 1.

Thus, on F;, we have defined m finite Borel measures each one with constant sign. Set
si=lg )=ty =00 00)s 85 =10 Oy O b

The system of functions ( f}, f3,..., f), Where

f@=ir= [, k=t

X

defines what is called a Nikishin system.

Consider a multi-index n=(n, ny,...,n, )€ N". There exists a polynomials O, that satisfies the
conditions

0, #0. degQu<n=m -+ +m,

0.5 — LX) = o( 9)

eyl z—o00, k=1,...,m,

where P, is a polynomial. The rational functions
-Pu.ﬂ.'
QH ’

constitute the Hermite—Padé approximants (or simultaneous Padé approximants) of the system
(f1y..., f) relative to the multi-index n. From (9), it follows that

Ru,i‘= k=l,...,m,

0= /x"Q,.(x)ds*(x), v=0,...,ny, k=1,...,m. (10)



In the sequel, we assume that the multi-index n=(n,,..., n, ) satisfies
J<k = ng<n;+ 1. (11)

For each multi-index »n (with property (11)), we define inductively the following functions:

)
V() =0.2),  Yule)= ]—%daﬂ(x), et (12)
For each j=0,....m—1 and k=j + 1,...,m, we define the measure
S{Z(Jj_,_],_._,ﬂ';.).
We have

Lemma 1. For each j=0,...,m — 1, the functions ¥, ; satisfy
0= fx‘“?’,,\;dsf{x}, VE=0y aves Py =T g sl (13)

For j=0, (13) coincides with (10). The proof may be carried out by induction showing that if the
statement is true for j € {0,...,m — 2} then it also holds for j + 1 (for details see Proposition |
in [3]). |

Taking k=j+ 1, s/,, =0;., and (13) indicates that

0= fx"?’,,‘_,-(x)da_m(x), v=0,...,n;4, =1, j=0,....m—1. (14)

From (14), it follows that ¥, ,(z) has at least n;,, changes of sign on F.,. Denote by O, the monic
polynomial whose zeros are the zeros of ¥,; , on F; (counting their multiplicities). According to
(14), deg O, =n;. Denote Q,,,,, = 1. Set

le.izzn__a‘-. k=1,...,m.
j=k

Lemma 2. For k=1,....m

doy(x)
0= ftp,, B, Mg 5
X'z )Qn&il(x) v A (15)

For k =m, (15) reduces to (14) with j =m—1. For the rest of the indicated values of &, the formula
may be proved by induction for decreasing values of the index k (for details, see Proposition 2 in [5]).

Using (15), we have that deg Q, ; =N, ;. From (12), (15), and Cauchy’s integral formula, it is
easy to dccluce that if for some k, degQ,; >N, , then degQ,; >N, ; . Since ¥,,=0,, and
deg O, <|n|=N,,, we obtain (for details, see Proposition 3 in [5])

Lemma 3. For each k=1,...,m, the polynomial Q,; has exactly N, simple zeros on the interval
F, and deg Q, ; =N, ;. In particular, Q, = Q,.

10



Set Q,0=1. For each k=1,...,m, (15) may be rewritten as follows:

v O i1 (X) ¥ i—1(x) doy(x)
0= | x'0,.:0 , v=0,...,N,.— L.
fr ) O,.x(x) 1Ok 1)@k 11(x)) ‘ ‘
Denote
Q-1 (%) ¥ri—1(x) doy(x) )“"3
K= 2 , k=1,..., .
= (feum 0 |10 (00 "

Take

KH.U: ]9 Knk = KKHJ s k= 1,..‘,m.
Define

nKk— q‘ﬂ'. -
q;:.kzxn.kQu,h Eﬂ.k(z):Ki,ﬁ-_l ‘Q : Ié?k(z; ](Z) s k=1,...,m.

With this notation, g, ; is orthonormal with respect to the varying measure
F,i(x)dai(x)
Q0 k=1 () Qi1 (¥)]
In Theorem 5 there is no need that the index » cover the whole sequence of natural numbers. If the
conditions of strong admissibility are satisfied for n € 4 C N then the statement is valid taking limit
as n— oo for n € A. Next, notice that degw,, <2n. Thus, the degree of the orthonormal polynomials

can increase to infinity much faster than degw,,. Moreover, one can even take w,, =1, for all n, so
that their degrees may not tend to infinity at all. On the other hand,

(16)

degw,, —2degl, ., <2n — 2(n+ k) <2|k|,

where & is a fixed integer, so as n tends to infinity this difference of degrees must remain bounded
above.

In addition, it is easy to see that Theorem 4 remains valid if for each n€ A, the sign of w,,
on the interval of orthogonality 7 = [a,b] is fixed (positive or negative depending on n). The only
change in the expression (7) is that in the left hand one must add a new factor 4, =+ 1 depending
on the sign of ws,(x). In order to consider this fact in the next theorem we define the numbers 4, ;
as +1 if O, 1(x)Q,.,+1(x) is positive on F;, and —1 if negative.

In [3] it was proved.

Lemma 4. Let A be a sequence of multi-indexes such that (11) takes place, ny_, — n; <C,
k=2,....m, where C is a constant independent of n€ A, and n)— oc as n varies over A. As-
sume that for each k=1,...,m, 6, >0 almost everywhere on F,. Then, for each k=1,...,m

’!1‘:“'% F;J.k(x) = fﬂ'(x )!

uniformly on F,, where
‘ 1
NH=l filx)=

, k=2,....m.
\/!(-’C — b )(x — ak—l)l "

1"



For k =1,...,m, we denote ¥, the conformal mapping of C\F; onto {|z|> 1} such that ¥ (oc0)= 00
and ¥/(c0)>0. Finally, M, , denotes degQ, s 10,., and

My

Q:L.ﬁ'ul(x)Qn.ﬁwl(x): H(x - xﬂ,k.f)-

Now, we are ready for

Theorem 5. Let A be a sequence of multi-indexes such that (11) takes place, ny | — n; <C,
k=2,...,m, where C is a constant independent of n€ A, and ny — oc as n varies over A. Assume
that for each k=1,...,m, log(c;) € L'(F.). Then, for each k=1,...,m

4 nk H.m 'Krfm - “ l " B
lim 2248 0nn(x) % [M4..0=1] 225U, Hi T, (17)

ned  Quii(x) K2, =k g

where the limit is uniform on each compact subset of C\(U]_, F;) and

My

A"-k(x) = j'n.k ‘Px—(x)"‘ s H

i=1

lPk(x_} = llvk{xu.ﬂ'.l)
| — (i) %x)

Proof. From Lemma 4 it is easy to see that the varying measures (16) verify the strong admis-
sibility condition because the functions F,; converge to f; uniformly on F,. On the other hand,
log(fyo,) € L'(F) since f; is a strictly positive continuous function on the interval F,. From this
and the uniform convergence of F,; to f;, it is obtained that all the functions F,; are bounded from
below by a positive constant independent of n € A. Hence, log(F, ,0;)€ L'(F,) and log(F, ;) tends
to log( f;) uniformly on F; as n€ A. Then, the condition

liminf [ log(Fx(x) 0,(x)) dx > f log( fi(x) o}(x)) dx
ned JF Fi
also takes place.

Notice that deg(Qﬁ_,,.) — deg Onix—1deg Qi1 =2Noi — Nyj—y — Npkyr =0y — ng_y, ng=0. The
numbers n; — n; ; depend on n but they remain bounded so, it has no relevance in order to

calculate the limit. Therefore, using (7) for j=1,....m, we obtain
o Qﬁ _,:(x) Ki'f._; = 1 ' 2
2 : . j =1 "'Bn, = is '.‘P --, 18
N G ()0 ) KZ,y 0 B 1= 201 H)] (e

where the limit is uniform on each compact subset of C\F, and

M,

v (X) = 'lu'(xn, I)
Bn - & 7"1 > &
Ly H 1— 'Ilf(xu‘j,f)qj!(x)

If we multiply the expressions (18) for j=k,...,m, we obtain the result stated. []
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