The moment problem for a Sobolev inner product

D. Barrios Rolania G. Lépez Lagomasino*
Universidad Politécnica de Madrid Universidad Carlos III de Madrid
Spain Spain

H. Pijeira Cabreral
Universidad de Matanzas
Cuba

Abstract

The concepts of definite and determinate Sobolev moment problem are introduced.
The study of these questions is reduced to the definiteness or determinacy, respectively,
of a system of classical moment problems by means of a canonical decomposition of the
moment matrix associated with a Sobolev inner product in terms of Hankel matrices.
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1. Introduction

In the past two decades, there has been a growing interest in the study of the so called
Sobolev inner products and the orthogonal polynomials defined by them. Such inner

products are of the form
d

k=0

where d € IN is a fixed nonnegative integer,
(Foh = [ f@g@ @), k=01,....d
k

and (uo, ..., td), pa 7 0, is a system of positive measures whose supports satisfy
supp(pg) C X C R, k=0,1...,d.

For a survey on recent advances of the algebraic aspect of the theory, inner products
defined with classical weights, and the so called coherent pairs of measures see [1] and [5].
Recently, some important steps have been taken in the study of the asymptotic properties
of Sobolev orthogonal polynomials defined through general measures. An account on this
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matter may be found in [4]. Nevertheless, to our knowledge, the moment theory of Sobolev
inner products has not been treated so far. The object of this paper is to fill this absence.
We consider the following question (in the sequel S-moment problem). Given

(M;%0,%1,...,2q),

where M = (ci,j)éx;.zo is an infinite matrix of real numbers, and ¥, k = 0,1,...,d, are
subsets of the real line, find a system of d + 1 positive measures (po, it1,- - -, ttg) with
supp(pr) C Xk, k=0,1,...,d, g # 0, such that

cij = (¢, 2%)s € R, 1,7 =0,1,..., (2)

takes place. In the sequel, the values ¢;; are called S-moments. When ¥, = IR, k =
0,1,...,d, we drop X from the notation and refer to the SH-moment problem (Sobolev-
Hamburger moment problem) for M.

Definition 1 We say that the S-moment problem for (M; %o, 31, ...,%4), is definite if it
has at least one solution. This problem is said to be determinate if the solution is unique.

It is easy to see that when d = 0 a necessary and sufficient condition for the corre-
sponding S-moment problem to be determinate is that: 1) M be a Hankel matrix, and 2)
that the ordinary moment problem for the sequence {¢;} of numbers given by the first row
of M be determinate. In this sense, the S-moment problem extends the classical moment
problem. Thus, in the sequel, we refer indistinctly to the (M;X) or the ({¢;}; ¥) moment
problem. We reduce the study of the S-moment problem to a system of d + 1 classical
moment problems.

Before stating the main result, let us introduce some necessary notation. Let us as-
sume that the S-moment problem (M; X, ..., YX4) has for solution the system of measures
(tt0, - - - > pta). Denote by M = (¢;;);°_, the infinite matrix whose entry at the position

(4,7) is the S-moment ¢; ; given by (2). Due to (1) and (2), we have

5 4 4y
_ 2 J: / i+j—2k . S
Cij = , , x dug(z), o6 =min{i,j,d}, 4,7=0,1,.... (3)
" ,g (i = k)G — k) sy,
o
Let M®*) = (Cf) 0 be the moment matrix associated to the measure pu;, £ =0,1,...,d,
1=
where

¥ :/ xduy,
Xk

MW |k =0,1,...,is a Hankel matrix. From (3), it follows that

s .y .y
1. J]: A ..
Cij = - - Ci i 9k 1,5=0,1,..., 4
J ]CEZ:O(Z—]{?)!(]—]C)! +7—2k ( )
with § = min{i, j,d}. Set S* = (Si’j>z‘,j:0’ with
7ﬂ —7=k, k=0 d
Sf’]: (Z—]{J)" t—]= 9 T Uy ey ) (5)
0 otherwise.



Notice that S* equals the k-th power of the matrix S' and, in particular, S° is the infinite
identity matrix. In the sequel, A® denotes the transpose of (the finite or infinite) matrix A.
Considering the formal product between infinite matrices (which is well defined because
S* and (S*)! have in each row and column at most one element different from zero), from
(4) we have

M = zd: Sk (GRYE (6)
k=0

This equality is the matrix form of relations (4).
Let us return to the general problem. We have

Theorem 1 Given (M;3y,...,%,), the S-moment problem is definite (determinate) if
and only if M admits a decomposition of the form (6), where M® k =0,...,d are
Hankel matrices, S* is defined by (5), and the moment problems (M®): %) are definite
(determinate) for each k.

The paper is divided as follows. In section 2, we obtain some auxiliary results. We
show that a matrix M admits only one decomposition of type (6) if any. Then we give some
criteria which allows to determine when M can be decomposed in such form. Theorem 1 is
proved in section 3 and some corollaries are given which follow from the classical moment
theory. Section 4 is devoted to the connection between the moment matrix M and the
recurrence relation which satisfy Sobolev orthogonal polynomials.

2. Auxiliary results

In this section, our main object is to study when an infinite matrix M is decomposable
in the form (6) for some set {M® : k =0,1,...,d}, M@ +# 0, of Hankel matrices and
Sk as defined above. This question has an algebraic character. We will assume that M
is a real symmetric matrix because obviously this is a necessary condition for (6) to take
place since Hankel matrices are symmetric. The following lemma is the key to all further
considerations.

Lemma 1 Let M = (Ci,j);)j':o be an infinite symmetric matriz and M%) | k=0,1,...,d,
infinite Hankel matrices such that (6) takes place and M@ % 0. Then this is the unique
decomposition of this form of M.

Proof. Assume that M (O)LM .. M@) are also infinite Hankel matrices with respect
to which (6) takes place, M(@) £ 0. We must prove that d = &’ and M®*) = M®) | | =
0,...,d.

For definiteness, we can assume that d' < d (Lf, d < d' the proof follows the same
arguments). If d < d, we complete the matrices M (k) with zero matrices for k = d’ +
1,...,d

Notice that for any matrix A, the first k rows (and columns) of S¥ A(S*)! are identically
equal to zero. Since

d d
M = SOMO(SO) + 3 kMBI (sk) = SO O0(sO) + > sEMB (sky (7)
k=1 k=1



and

M(O) — SOM(O) (SO)t 7 M(O) — SOM(O) (SO)t
it follows that the first row of M ©) and M© coincide with the first row of M. Since M ©)
and M are Hankel matrices, we obtain that M(©) = M) From this and (7),

M — SOM(O)(SO)t _ SlM(l)(Sl)t + i SkM(k)(Sk)t _ SIM(I)(Sl)t + i SkM(k)(sk)t
k=2 k=2

The second row of 3¢, S¥FM®) (%)t and S°¢_, S¥M®) (S*)t are identically zero; there-
fore, the second row of STM® (S and STM M (St coincide with the second row of
M — SOM©)(S%)t. From this, it immediately follows that the first row of M™) is identical
to that of M™). Since these are Hankel matrices they are equal. Repeating the same
arguments, we obtain that M%) = M® ,k=0,...,d. Therefore, d < d is not possible
because then M@ = 0 #* M@ Thusd = d’ and consequently M®) = p®) ,k=0,...,d.
|

The proof of the previous lemma gives a practical method for finding the matrices
M) if one knows in advance that M is decomposable in the form (6). One needs some
necessary and sufficient condition in terms of the elements of M to determine if such a
decomposition is possible. Before proving the corresponding result (Theorem 2 below), we
need some auxiliary relations.

Lemma 2 Fori,j € IN and d € {0,1,...} fized, we have

(=D Gy —k— 1) Lo
Ez%jyﬂ(@ikﬂu_kﬂ)zo, v=0,1,..., j>i. (8)

k=v
and

Dt 2% (i+j—k—d—1)

Z;@—Vﬂd—MN%%MJ—M (i+j—k—v)

(i—d—1)(j —d—1)
(i =) = v)!

Proof. Let us prove (8). Consider the polynomial

v=0,1,....d, i,j>d. (9)

pz) = (L 2) 771 = (1 2211

Taking into account the binomial formula,

j—v oy o
p(Z) _ Z(_l)n <] )Zn(l + Z)z+jf2l/fn71 —

n=0 n
Jj—v . i+j—2v—n—1 /. .
— —w—n-1
Z(_l)n (] V) Z <Z+] v n >Zm+n' (10)
n m
n=0 m=0

Since degp = i — v — 1, the coefficient corresponding to 2*~” in (10) must be equal to zero.

That is, '
— nli—v\(it+7j—2v—n—-1
= -1 .

n=0



Taking n = k — v, we obtain (8).
In order to prove (9), first let us consider the case when v = 0; that is,

i DTk (i_1k+jik) (i+é;§:z)!—l)!:(i—d—lz!g—d—l)!. -
Notice that ] . .
si(i+j.d Zk(' D oIE (”é;’;:z)!—l)!:
1 d ( 1)4 ()Fz—k+g—d) (d+1):
(d+1) T(i—k+j+1)
Fg(lerl) é(—l)d_’“ (Z) ﬁﬂ(i —k+j—d,d+1), (12)

where I'(m) = (m—1)!, m € Z, and 3(m,n) = I'(m)I'(n)/I'(m+n) are, respectively, the
usual Gamma and Beta functions. Using in (12) the integral representation of the Beta
function, we obtain

si(i+j,d) = __ zd:(—l)d_k d /1 ﬂxj_d_l(l — )z =
MY T RET ) & k) Jo i—k N
(d+1) P! k/ Jo 0
1 b oimde i [ i [ dk D\
=1 - /tz—— —1) 2k (D)) atda =
I2(d + 1)/0 €T ( ) 0 kz:%( ) k €L
1 1 x
j—d—1/1 _ _\d i—d—1 1— d ) 1
F2<d+1)/oa; (1—2) /0 {411 — p)ldtda (13)
Analogously, one proves that
(i +7,d) = L 1zfz‘*‘l*1(1 — )¢ I=d=1 ) — )| dt . (14)
TP TR Jy 0 g

Formulas (13) and (14) (after interchanging integrals in (14)) allow us to rewrite the left
hand of (11) as

Si(i —|—j, d) + Sj(’i +j, d) =

r2<dl+1) [ /0 L1 :U)ddx] [ /0 N1 t)ddt] _

rz(dlﬂ)ﬁ(j 4 d+ 1) —dd41) = LU =D =d)

which proves (9) for v = 0.




Now, let v € {1,2,...,d}. The change of parameters k = k+v,d = d+v,i =
i+v,j=j+v allow to reduce the left hand of (9) to the case just studied. That is, the
left hand of (9) equals

k=0
i—d—DIG—-d-1)! . - -
N
7!
which is equivalent to the expression on the right hand of (9). With this we conclude the
proof. |

The next result gives us conditions under which an infinite matrix M verifies (6).

Theorem 2 Let M = (Cz‘,j)f‘}:o be an infinite real matriz. A necessary and sufficient con-

dition in order that there exist infinite Hankel matrices M© MM . M@ satisfying
(6) s
d
Cj = Z ak(ivj)ck,i#»j*k y V'l,j € N? Za] > d7 (15)
k=0
Cij = Cji , Vi,7=0,1,...,
where
. —1)¥F 42 (i+j—k—d—1) ilj!
i) = : ) (16)

CRNd—-kNG-Kk) G-k (i+i—k)!  (i—d-DI(j-d-1)

Proof. First we prove that condition (15) is necessary. Since the Hankel matrices

MO MO M@ are symmetric, from (6) we have that M is a symmetric matrix
o
and the second part of (15) holds. Moreover, if (6) holds with M%) = (cfj) o for
k 1/’-]:
each k =0,1,...,d, then since M*) is a Hankel matrix there exists a sequence of numbers
{c];} ,p=0,1,..., such that cﬁj = c’; whenever ¢ + j = p. With this definition of the

numbers cl;, it follows from (6) that (4) takes place for all ¢; ;. In particular, for each
k=0,1,...,d fixed and 7, j > d,

k . .
Ko (itj— k)
k=Y v 1
Cki+j—k P (k‘ — y)‘ (Z +] —k— y>!Cz+j—2V ( 7)

Moreover, from (4), (9) and (16), for 7, j > d we obtain

d |
7 7!
Ci,j = Z (Z — V)! (] — V)!C;'/+jf2u =

v=0

d il 4! , (i—d-DI(G—d—1)!7T
yz::o(idl)!(jdl)!c”””[ (i = )G —v)! a




zd: il 4! ,
: Citj—2vX
= (i—d—1)!(G—d-1)

li (—1)d* i+j—2k (i+j—k—d—1)!
(k=)W d—k) (i—k)(G—Fk) (i+j—k—uv)

k=v

d k . .

L k! (i+j—k) .
Zak(l’j)z ; ; c;'/+'721/7 27]>d-
k=0 =0 (k—v)(i+j—k—v) "™

Then, using (17), we arrive to (15).
Now, we prove that condition (15) is sufficient. We may define the Hankel matrices

M("“):(c’C )Oo Ofork:O,l,...,d,Wherec’fnn:cf ifm+n:j,andc§isdeﬁned
m,n= )

as ’
k k—v . .
(-1) (]+2k—2v)(J+k—V—1)!
= . Cu,j+2k—v - (18)
=ik (j + 2k —v)!
We wish to show that (6) holds. For this purpose, take
4
M =Y SFM® skt (19)
k=0
If M = (¢i;), from (19) we obtain
PR S B | B ,j=0,1 20
Ci’j_I;)(i_k)!(j_k)!ci-‘rj—Qk y L) =U L, ( )

where 6 = min{i, j,d}. Using the expression for ci-ﬁr j—ok given by (18) and substituting in
(20), we find that

) .' k v (’L + 9 . . _ _ |
_ j—2)(i+j—k—v—1)!
IS R 4 Cuii- =
= (= k) (G —k)! vi(k —v) (t+7—v)!
S i+ —20) S (1) (i 4 —k— v —1)]
> T . SR (21)
o vli+j-v)! = (k-v)! ((-k)IG-k!
We must prove that ¢; j = ¢;; , 4,7 =0,1,... . Since M and M are symmetric matrices

(see (15) and (20)) it is sufficient to consider that i < j. If ¢ < d, we have that § =i and
(21) can be expressed as

Jli+i—20) ~ DV i+ j—k—v-1!
C'L,]—Cz]+1j20 V'Z+]*I/) g/(kj—y)' (l*k)'(]*kj)' CV7Z+]_V.

Because of (8) in Lemma 2, we obtain
Ei,j = Ci,j . (22)
If d < i, since ¢k itj—k = Ciitj—k for k < d (see (22)), from (15) and (20) we have
k o
. - k(i + § — k) )
cij = (i, 1)Chivik =Y ar(i,j) Y — Yyiioy =
= = (k—v)l(i+j—k—v)!

v=0




iiak(i 5 Bitj—k

j 1 i+j—2v —
=0 kv (k—v)(i+j—k—v)
Ed: il 5! L()F it -2%  (i+j-k-d-1)!
Si—d=-D1(j—d-1) iz (d=k)! (i~ k)G —k) (i+]—k—v)l(k—p)l 7772

Thus, from (9)

d

1! it
= =) —v)!

which is ¢; ; according to (20). [ |
A consequence of the sufficiency proof of Theorem 2 and Lemma 1 is

Corollary 1 Assume that M = (CZ'J)??:O admits a decomposition of form (6), then for

each k = 0,...,d the sequence {c?} , 4 =0,1,..., which determines the Hankel matrix
M®F) = (Cf”’”):,nzo’ where cfnm = cg‘?, if m+n = j, is given by formula (18).

Proof. In fact, if M satisfies (6) for some (M© ... M@) then (15) holds. In this case,
in the proof of Theorem 2, it was shown that M also satisfies (6) for M O, ..., M@ where

ME = (& T
M (cm’”>m,n:0 and
k k—v (- .
E ko (—1) (J+2k—-2v)(j+k—v—1)! ) o
Cm,n = G _VZZOI/!(k‘—I/)! (j+ 2k —v)! Crjtok—v » HEmEn=j.

But according to Lemma 1 the decomposition of M in form (6) is unique, thus M®*) = M®*)
and the elements of M) are given by formula (18). [ |

Remark 1 Formula (9) for v =0 indicates that

d
Z O[k(’b,]) =1
k=0

for each pair (i,7) of indices. That is, from Theorem 2, we know that it is possible to write
each entry c;; of an anti-diagonal of M as a linear combination (15) of the first d + 1
elements in this anti-diagonal whose coeffients sum one, Coiyj,Cl,i4j—1s---,Cditj—d- In
this sense these matrices generalize Hankel matrices.

3. The S-moment problem

We are ready for the study of the definiteness and determinacy of the S-moment
problem (M; ¥y, ..., %Xq).

Proof of Theorem 1. Assume that the S-moment problem is definite. As we saw in the
introduction (6) takes place with M) the moment matrix associated with the measure .
Therefore, the ordinary moment problems (M¥); %) are definite for each k = 0,...,d.



If for some k the moment problem (M (k);Ek) is indeterminate, then obviously the S-
moment problem is indeterminate because we would have two measures ,u/,lC , ,uz giving the
same moment matrix M*) without affecting relations (4) (equivalent to (6)) and thus
(2) would take place for the sets of measures (o, ..., fix, ..., ptg) and (po, ..., (42, ..., fd)-
This settles the necessity.

Conversely, if for each k = 0,...,d the moment problem (M®*);%}) is definite then
there exist measures pg, . .., (g whose moment matrices are M, ... M@ respectively.
From (6), we have that the elements ¢; j of M are related with the elements of the Hankel
matrices M ... M@ through relations (4) which imply (2). That is, the S-moment
problem is definite. Suppose that the S-moment problem is not determinate. Then there
exist two distinct systems of measures (ud,...,uk), (p3,...,p3), supp(ui) C Sk, i €
{1,2} , k = 0,...,d, whose Hankel matrices (Ml(o), cee Ml(d)) ) (MQ(O), . ,MQ(d)) are re-
lated with M through (6). According to Lemma 1, Ml(k) = MQ(k), k=0,...,d. But at
least for some k, ui # pi and supp(ui) C X, i = 1,2. This means that the moment
problem (M (k). Yk) is indeterminate. With this we conclude the proof. |

From Theorems 1 and 2, we obtain

Corollary 2 Given (M;%y,...,%q) the S-moment problem is definite (determinate) if
and only if

i) (15) holds

it) for each k =0,1,...,d, the ordinary moment problem ({c?} ; Xk) is definite (deter-

minate), where cf is given by (18).

Proof. It is sufficient to point out that according to Theorem 2, (6) and (15) are equiv-
alent. On the other hand, from Corollary 1 we have that under (6) the elements c¥ of
the first row of the Hankel matrix M®*) are given by formula (18). The rest of the proof
follows directly from Theorem 1. |

Theorem 1 is the link needed in order to translate results from the classical theory of
moments into the context of the Sobolev moment problem. Before stating some of these
consequences, let us introduce some new notation. For all n € IN, set

e k... ¢ 1 c c cee e
N S P O R
sz—l AT an—z cn sz+1 an—1
where cg‘? ,j=0,1,...,is given by (18).

Corollary 3 The SH-moment problem is definite if and only if
i) (15) holds



i) for each k € {0,1,...,d}, either
Aﬁ>0 for all n=12 ...
or for some m € IN we have

AR A5 AR >0 and A =0j=m+1m+2,....

Proof. It is immediate from Theorem 1 and the classical condition for determinacy of the
Hamburger moment problem (see [6], p. 5). [ |

The following two corollaries are also consequences of Theorem 1 and known results
for definiteness in moment theory (see [6] pp. 5-9 and [2] p. 64).

Corollary 4 A definite S-moment problem (M;X,...,%q) has a solution with
supp(ur) C [0, +00)
for some k € {0,1,...,d} if and only if either
AfL>O, (AfL>(l)>O for all n=0,1,...,
or for some m € IN we have

INBYB (Aﬁ)(1)>o, n=0.1,....m and Aﬁ:(Ag)(l):o, n=m+1,....

Corollary 5 A definite S-moment problem (M;X,...,%q) has a solution with

supp(u) C [a, 0]
for some k € {0,1,...,d} if and only if

o0 o
AL I S [(a +b)eiijg —abei; — Ciﬂ‘—?} Tit]
i,j=0 4,j=0

are two non-negative infinite quadratic forms.
Regarding determinacy, we have (see [6], p. 19)

Corollary 6 A definite S-moment problem (M;Xo,...,Xq) such that each set Xy, k =
0,...,d, is a bounded interval of the real line is determinate.

Corollary 7 A definite SH-moment problem is determinate if for each k =0,...,d

> —1/2n
> Il = oo. (23)
n=0
In particular, this is true if
o
> leaan—al 7" = co. (24)
n=d

10



Proof. From (23), we have that Carleman’s sufficient condition for determinacy of the
moment problem is satisfied for each (M (k). ¥k),k =0,...,d. Hence, according to Theorem
1, the Sobolev moment problem is determinate.

From (4), we obtain

d
B d! 2n—d)!
Cd72n—d - k;) (d _ k)' (2n _ d _ k)!CQn—Qk‘ )

n=d,d+1,....

Since the terms on the right hand of this equality are all positive, it follows that
n_ox < caon—a, k=0,...,d.

Therefore, using (24), we have that for each £k =0,...,d

s 1/2 e —1/2n
00 =3 legan—d " <Y kol

which is equivalent to what we needed to prove. |

Notice that analogous sufficient conditions for the determinacy of the SH-moment
problem may be stated in terms of any of the rows of matrix M below row d + 1.

4. S-moment matrices and recurrence relations of Sobolev orthogonal
polynomials

In the following, we assume that the S-moment problem (M;3,...,%,) is definite.
Let (po, pt1, - - -, ptg) be a solution. We also assume that supp(ug) is an infinite set for some
k € {0,1,...,d}. The n-th principal section M,, of M is formed by the S-moments

cij=(" s, i,j=0,...,n—1.

From definition (1) and the fact that U¢_jsupp(p;) contains infinitely many points, it is
obvious that (-, -)s defines a real positive definite quadratic form on the space of polyno-
mials of degree < n — 1 and thus its matrix representation M, in the basis {1,z,...,2" "'}
is a real positive definite matrix. In particular, from Sylvester’s Theorem, for each n € IN,
we have that the determinant of M,, is greater than zero for all n. Thus, for each n, the

following system of equations has a unique solution (an 0, an1,...,@nn-1) ,
n—1
> anp(at,atyg = —(a"a")s, i=0,1,....n—1.
k=0

In other words, there exists a unique monic polynomial P, of degree n,
n—1
Py(x) = 2" + Z anﬁkxk ,
k=0

such that ‘
(P, z")s =0, i=0,1,...,n—1.

11



Then {P,},n=0,1,..., is the sequence of (monic) orthogonal polynomials with respect
to the inner product given by (1).

Let ||Pj||% = (P}, Pj)s, 7 =0,1,.... We introduce the sequence {p,}, n =0,1,..., of
orthonormal polynomials

o P(2)

n=0,1,....

Obviously, the polynomial zp,_1(z) can be expressed in the form

2pn-1(z) = zn:<zpn_1,pj>spj(Z) ,  n>1 (25)

=

[e=]

(zp0,po)s  (zp1,p0)s (zp2,po)s
(zpo,p1)s  (zp1,p1)s (zp2,p1)s

D= (zp1,p2)s  (2p2,D2)s

(26)

and Dy,,m = 1,2,..., be the m-th principal section of D. By D! we denote the transpose
of D,,. For each z € € such that p,,(z) = 0, relations (25) can be expressed in matrix

form as
(Dfn — zlp)om(2) =0

where
'Um(z)t = (p0(2)7p1(2)7 s apm—l(z)) .

Thus, the zeros of p,, are the eigenvalues of D,,,. That is
0(Dp) ={z : pm(z) =0}. (27)

For each n = 1,2,..., M,, is a symmetric positive definite matrix; therefore, there
exists a unique Cholesky factorization

M, =T,T:. (28)

(see [3]), where T, is a lower triangular matrix of order n. It is well known and easy to
verify that T}, is the n-th principal section of T}, 1. Thus, T}, is the n-th principal section
of an infinite lower triangular matrix 71" given by

70,0
T1,0 Ti1

T — , (29)
Ti0 Tl e Tig

7i; €R,4,7=0,1,... and 73, >0,7=0,1,....

12



Theorem 3 For each n =1,2,..., we have

po(2) 1
z z
T, pl? ) = ) , for all z (. (30)
pnfl(z) Z"1

and
Dy =T, ' M} (T, 1),

where M), is the n-th principal section of the infinite matriz

€o,1 €02
M = C1,1 C12

which is obtained eliminating the first column from M.

m
Proof. Let 2™ = Zﬁmkpk(z) , m=0,1,... . Notice that 3,,,, > 0, forallm =0,1,....
k=0
Then '
. . i ‘7
cij=(2"2)s=>_> BBk Pr)s

k=07r=0
where (pg,pr)s = 0k, k,7=0,1,.... Thus
min{s,5}
cij= Y. BirBik-
k=0
On the other hand, from (28) and (29), we obtain
min{s,5}

Cij= Y. TikTik-
k=0

Thus, because of the uniqueness of the factorization (28), we have that 8,y =7 , 9,k =
0,1,.... That is,

i
zZ:ZTLkpk(z), i=0,1,...,
k=0

which is equivalent to (30).
Set

7
pilz) =Y iz, i=0,1,....
h=0

From (30), we have

70,0
71,0 1,1
—1 El El
Tn . .
Tn—1,0 Tn—-1,1 " Tn—1mn-1
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Therefore, for any fixed j = 0,1, ...,
: 1
zpj(z) = Z %,’Tzr—ir .
r=0

Let n > 4,j. The entry (4, 7) of D,, which is given by (zp;,p;)s satisfies
i J i g
Pir2pi)s = . > YinVia (2" 2 s = D0 in Vit -
h=07=0 h=07r=0
Therefore, it is the (4, j) entry of matrix T, *M! (T,; 1) for any n > 4,5 . [ ]
An immediate consequence of Theorem 3 is
Corollary 8 Let z, € o(D,,) and Dyw, = zyw, with ||w,|| = 1. Then

2n = (M, (T ) wn, (T57) wn) -

n
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