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Abstract

It is known that the common denominator of the Hermite-Padé approximants
of a mixed Angelesco-Nikishin system shares orthogonality relations with respect to
each function in the system. It is less known that they also satisfy full orthogonality
with respect to a varying measure. This problem motivates our interest in extending
the class of varying measures with respect to which weak asymptotics of orthogonal
polynomials takes place. In particular, for the case of a Nikishin system, we prove
weak asymptotics of the corresponding varying measures.

1 Introduction

1. The denominators of interpolating rational functions satisfy orthogonality relations
with respect to a measure which depends on the set of interpolation points. This has
been the main cause of the increasing interest paid in the past two decades to the asymp-
totic properties of sequences of polynomials orthogonal with respect to so called varying
measures.

Let {Qn},n € IN, be a sequence of monic polynomials, deg @, = n, and {u,} a
sequence of finite positive Borel measures each of which has its support S(u,) contained
in the real line IR. We say that the sequence of polynomials is orthogonal with respect to
the (sequence of) varying measures if

Oz/x”Qn(m)dun(m) , v=0,...,n—1.

Notice that the n—th polynomial only satisfies orthogonality relations with respect to the
n—th measure.
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So far, most of the applications are connected with the case when du,(z) = i‘; ((Z)),
where p is a fixed measure and w,(z) is a polynomial. This situation appears in problems
of rational interpolation. The zeros of w,(z) are the interpolation points by which the
rational function is constructed. See, for example, [2], [10], and [11]. But, there are other
questions in approximation theory where the varying part has a different expression (see,
for example, [1], [3], and [9]).

The most general results have been obtained in connection with the n—th root asymp-
totic behavior of orthogonal polynomials with respect to varying measures. Here, du,(z) =
oOn(x)dp(z). Essentially, it is only required that the measure p be regular (u € Reg) and
lim,, o0 ¢ ()™ exists uniformly on S(u). See [16], also [8]. Thus, the results for n—th
root asymptotics parallel to a great extent those known for the case when the measure
remains fixed (¢, = 1).

This is by far not the situation for other types of asymptotic relations where most
results only deal with the case when duy,(z) = Zlf; ((Z)) The main objective of the present
paper is to extend the class of varying orthogonality for which weak asymptotics takes
place, derive from it other types of asymptotic properties, and apply these results in the
study of the asymptotic behavior of the common denominator of Hermite-Padé approxi-
mants of a Nikishin system of functions.

2. In the introduction, we limit ourselves to a brief description of the application which
we will consider. More details will be found in section 6.

Let us consider two finite positive Borel measure p and o such that Co(S(u)) N

Co(S(c)) = 0, where Co(-) denotes the convex hull of the set (-). Set

ey = [P0 g < [HOD0

z—1 z—1t

In the sequel, i denotes the Cauchy transform of the measure u; that is, the Markov

function for the measure. The pair of functions (fi, fo) forms what is called a Nikishin

system of two functions. Fix two natural numbers ni,ns € IN,n = n; + ne. We say that

(Rn1, Ry 2) is the n—th simultaneous Padé approximant of (f1, f2) relative to (ny, no) if
n,2

Pra P,
R,1= C;n Bnp =3 , Where

n

i degpn,l < nadegpn,Q < n,dean < n7Qn 7_é0,

 (@Qufi = Pa))(x) =0 (1) » 2 = 00,

¢« (Qufe—Pu2)(2) =0 (k) 2= 0.

It is easy to see that the common denominator (), shares orthogonality relations with
the two measures do(t) and fi(t)do(t). More precisely, one has

O:/t”Qn(t)da(t), V=0, .. —1,

and
0= /t”Qn(t)ﬂ(t)da(t) =0, na—1.

Assume that ne < ny 4+ 1. A non-trivial fact is that @, also satisfies full orthogonality
relation with respect to a varying measure. There exists a polynomial w,, degw, = no,
whose zeros lie in Co(S(u)) such that

0= [#Qu) do ()

wp,(t)

,v=0,....,.n—1.



It is also known that the polynomials w, satisfy complete orthogonality relations with
respect to a rather complicated type of varying measure

wn () [ Qp(t) do(t)
Qn(z) J t—x wy(t)

(for details see [2], [4] and [9]). We study the asymptotic behavior of the sequences {@;,}
and {w,} as well as of the varying measures with respect to which these polynomials are
orthogonal when n; = ny — oo.

In order to obtain the corresponding results on the real line, we start out with the unit
circle.
3. Let p, and p be finite positive Borel measures on [0, 27]. By pp, — p, we denote the
weak * convergence of p, to p as n tends to infinity. This means that for every continuous
real 2m-periodic function f on [0, 27]

0= [ 2"

du(z) , v=0,...,np— 1

2w 2
Jim [ £O)dpu0) = [ 16 ap(6). 1)
Unless otherwise stated, the limits of integration with respect to 6 will always be 0 and
27, thus they will not be indicated in the following.

Let p be a complex regular Borel measure on [0, 27]. Set

loll = 1p[([0, 27]) ,

where |p| denotes the positive measure given by the total variation of p. This defines a
norm on the space of all complex regular Borel measures. A sequence of complex regular
Borel measures {p,,} is said to converge in norm to p if

Jim || pn —pl=0.
With this norm, the space of complex regular Borel measures on [0, 27] is the dual space
of the space of all complex valued 27-periodic continuous functions on [0, 27r]. Thus, weak
* convergence of a sequence of complex regular Borel measures means that (1) takes place
for every complex valued 27-periodic continuous function on [0, 27]. It is well known that
any sequence of complex Borel measures uniformly bounded in norm is weak * relatively
compact. All finite positive Borel measures are regular; therefore, their difference (usually
called real or signed measure) is a complex regular measure. More details on these concepts
and results may be found, for example, in chapters 2 and 6 of [15].

Let {pn}nen be a sequence of finite positive Borel measures on the interval [0, 27] such
that for each n € IN the support of p, contains an infinite set of points. By df, we denote
Lebesgue’s measure on [0, 2], and p), = dp,/df, the Radon-Nikodym derivative of p,,
with respect to df. By IN (respectively Z, R, €), we denote the set of natural (respectively
integer, real, complex) numbers.

Let {W,}nen be a sequence of polynomials such that, for each n € IN, W, has degree
n (deg Wy, = n) and all its zeros {wy;},1 < ¢ < n, lie in the closed unit disk. We
assume that the indices are taken so that if w = 0 is a zero of W,, of multiplicity m then
Wp1 = Wp2 = ... = Wp,m = 0. Set

dpn(0) 0

dan(ﬁ):W, z=¢e

A certain link is needed between the measures p, and the polynomials W,,.



Definition 1 Let k € Z be a fized integer. We say that ({pn},{Wn}, k) is admissible on
[0, 27] if :

(i) There exists a finite positive Borel measure p on [0,2n] such that p, ——
p,n— 0.

(i1) ||onl|| = [ don(0) < 400, Vn €N .

—k
(1i1) / H |2 — wni| "2 dpa(0) < M < 400, z = ¢? | n € IN (this condition
i=1

applies only to the case when k is a negative integer).

n

() Jim 35 (01— fun) = +ov.
1=

A stronger connection is established by

Definition 2 Let k € Z be a fized integer. We say that ({pn}, {Wh}, k) is strongly ad-
missible on [0, 27| if it is admissible and additionally

(i)

(it) p' > 0 almost everywhere on [0, 27].

In [12] the definition of admissibility is introduced in analogous fashion but the com-
ponent p, of the varying measures is taken to be constant. Obviously, in that situation,
the conditions (i) in both definitions above are trivially satisfied. It is not difficult to prove
that lim,, . ||pn — p|| = 0 implies (i) of definitions 1 and 2. Condition (ii) of admissibility
guarantees that for each pair (n,m) of natural numbers we can construct a polynomial
Onm(z) = apmz™ + - - - that is uniquely determined by the relations of orthogonality

1

o ngomm(z)dan(H):O, j=0,1,....m—1, z=¢€",
T

1
o [ lenm(Pdon(0) =1, degnm =m0, anm>0.

The following results are the key to all further arguments. In their proof (see sections
2 and 3 below), special difficulties arise when the degree of the polynomial W,, exceeds
that of of ¢y, 4t (that is, for negative k). In order to handle these problems, condition
(iii) of admissibility was introduced.

Theorem 1 Let ({pn},{Wn}, k) be admissible on [0, 27], then
[Wa(2)|?
| Enmik(2)?

Theorem 2 Let ({pn},{Wn}, k) be strongly admissible on [0, 2], then

do = dp(0), z=¢€". (2)

2

lim
“Pn,n+k+m(z)‘

n—oo

uniformly in m € IN .



Let ®pm(z) = 2™ 4+ = (anm) ' onm(z) and set @ (2) = 2Py, m(1/2). For any
sequence of positive Borel measures {0, } such that [do,(0) < +o00,n € IN, the following
relations hold. They are simple reformulations of known results (notice that n is fixed).

Pm1(w) = wPpm(w) + (I)n,m—&-l(o)q);,m(w) ) (4)

®Z,m+1(w) = ‘IJZ,m(w) + @ g1 (0)wPy m(w) (5)

(an,m+1)2 = (an,m)2 + ’Son,m—kl(O)’Q ) (6)

| +1(o)\<c/|‘p”’m(z)‘2—1 o, z = e (7)
’ - | onm+1(2)? ’ ’

where C' is an absolute constant independent of n and m. For the proof of (4)-(6) see
Chapter 1 of [7], for that of (7) see Theorem 2 in [13]. Combining (4)-(7) and using
Theorem 2, we get

Theorem 3 Let ({pn},{Wn}, k) be strongly admissible on [0, 2], then

Jim @ 41(0) =0, ®

lim Smntktl g (9)
n/oo Atk ’

d

lg Zothe (@) Gnnkn(@) (10)
n—00 <I)n7n+k(w) n—0aoo Qpn,n+k(w)
o w " w

i %—H() T %KL'H() =1, |w/ <1, (11)
n—oo (I)n,n+k (’LU) n—oo SDn7n+k (w)
g (w nan+k (W

lim Lk() — lim M =0 ‘w’ > 1 (12)

=00 By (W) =0 P k(W)

where in (10) — (12) the convergence is uniform on each compact subset of the prescribed
TEGLONS.

2 Proof of Theorem 1

In all that follows z = €?, 6 € [0, 27]. We make use of the known relations

1 , 1 1 ,
— /zjidQZ — /zjalan(e)7 7] <m
2T | on.m(2)]? 27

(see Chapter 1 of [7]). From this, it follows that for each trigonometric polynomial T}, of
degree < m, we have

0)

1 [ Tl 1 :
= /Wde_ o /Tm(e)d A (0). (13)



Let A,(2) = Hi;kl(z —wy,) ifk=-1,— ; for k=0,1,2,..., we take A,(2) = 1.
From (13) and (iii) of admissibility, it follows that

W (2)]? _ [ dpa(0)
t/‘A» @nn+k()Pcw = [ Ttgp < M < oo, (14)

where M; = max(M, 0|0, 27]). From (14), we have that the sequence of signed measures
{hy} defined by

’@n,n—i—k (z)

is uniformly bounded in norm with respect to n by 2M;. Therefore, in order to prove that

> 2
() = m@w ( u |2d9‘d””(9)>

h, — 0,

it is sufficient to show that any convergent subsequence {h,}, n € I', T C IN, of such
measures tends to zero.
Let us consider the function

%@g:/szdmw% w| < 1.

For each fixed n € IN, e, (w) belongs to Nevalinna’s class. In fact, denote

. - z 1 [Wa(2)[?
) = [ e E @

A _ z dpn(0)
pn(w) - /z—w |An(2)|2

It is easy to see that

_g < argﬁn(w) <

b 3

b 3

™ ~
—5 <argpn(w) <
for all n € IN. But
laff _ Re(a)

Int |a| < —
n”al ) dcos(md/2)’

whenever —g <arga < g, a € €, where In" z = max(Inz,0), x>0, d¢€(0,1).
So, for r € (0,1) and § fixed,

3 0’ / Re(ﬁn(reiel)é) r_ Re(ﬁn(o)(;)
/1n+ [On(re™)1 o' < d cos(md/2) = d cos(md/2)
W (2)]2 5 (15)
</ BT Tl d”) _ oy
6008(776/2) —  dcos(md/2)

Analogously, one proves that



;. Re(pa(0)°) (M1)°
/lnﬂpn ld’ < d cos(md/2) = dcos(md/2) (16)

From (15) and (16), it follows that
2(M;)°

. + A 5 /
fﬂ&lhn% In* | (o — ) (re”)| 48" < 0 cos(md/2) < Feo. (17)

Therefore, the functions e,(w) are in Nevanlinna’s class (uniformly with respect to n).
Thus (see p. 16 of [5]),

By (w)
n = ) N,
en(w) o) n e
where
hrq ‘m‘aX|B n(w)] < 1, hn% lmlaX|C' w(w)] <1, (18)
and Cp(w) # 0, |w| < 1. Also
16’
Ch(w) = hmexp{—/lnﬂ — Ba) (e % d@'}. (19)

Let I ¢ T C IN be such that

rlzlellr“l/ B,(w) = B(w) and 71Ll€nF1 Cp(w) = C(w)
uniformly on each compact subset of the open unit disk. Since, for each n € IN, C,,(w) is

never zero in {|w| < 1}, then either C'(w) = 0 or C(w) is never zero in that set. But (see
(17) and (19))

1 - o
inf |Cn(0)] = exp{—2 sup lim [ In*|(py — Bn)(re?)] dQI}

neN T nelN r—1

(M)’
= eXp{_Trécos(lwéﬂ)} > 0.

Therefore, C(w) never equals zero in the unit disk.

Let us prove that B(w) = 0 in {|jw| < 1}. First, we show that 3, interpolates p, at
all the zeros of W, /A,, inside {|w| < 1} according to multiplicity. Let w’ be an arbitrary
zero of W, /A, inside {|w| < 1} of multiplicity m > 0. Assume that w’ # 0. From (13) it
follows that

! 2 Wa(2)? : dpa(0) . -
/ [An(2)? (2 = W) [Pnnik(2)]? W= / (z—w)i A=) 77 b

i )31+(w—w’)m 1

(z—wh)™m z—w

Since

bl
Jj=1

then, obviously, e,(w) has a zero of order m at w = w’. On the other hand, if w’ =0 is a
zero of W, /A, of order m, then



2

2 [An(2)]? |ennin(2) 2 [An(2)]2
Since
1 oIl
z—w_jZ::l 2J +zm+1z—w’

then e, (w) has a zero of order m + 1 at w = 0.
Consider the sequence of functions

where f[ denotes the product taken only over those i’s such that wy, ; is a zero of W, /A,, of
module less than 1. For alln € I, H,(w) is analytic in {|w| < 1}, and using the maximum
principle for analytic functions considering (18), we have that |H,(w)| < 1,n € T”, in
{Jw| < 1}. Thus

W — Wnp4
Batw) < T] 8 e, ol <1,
n,i

The right hand member of this inequality tends to zero because of (iv) of the admissibility
condition (see p. 281 of [18]). Since A,, contains no more than |k| zeros of W, they have
no influence on the divergence of the limit in (iv). We have shown that B(w) = 0 and
C(w) is never zero in {|w| < 1}, hence, iler?’ en(w) = 0 uniformly on each compact subset

of {Jw| < 1}.
Now,

en(w):/ : dhn(e):i(/zlj dhn(e)) w

Z—w i—0

Thus, for each fixed i =0,1,...,

dh,(0) =0,

. 1
lim | —
nel” 2

because lirl]g en(w) = 0. The measures h,, are real; therefore, the same holds for positive
nel”

powers of z. Since any complex valued 27 periodic continuous function on [0, 27| can be
uniformly approximated by powers of z and z~!, we have proved that h, — 0, n € I.
Hence

hn — 0, neN.

If £ € IN, then A, = 1 and the proof would be over. Suppose that k is a negative
integer. In this case, since the zeros of A,(z) are in {|w| < 1} and A, is monic, the
coefficients of the trigonometric polynomial

—k
An()P = Y cni 2
i=k

are uniformly bounded,

<Co i<k, neN.

|Cn,i



For any m € Z, we have

/zm |An(2) dh, (0 chz /zm+idhn(0)—>0 as n — 00 .

Using this and the weak * convergence of p, to p, we obtain

2
lim [ 2™ L)‘Qdﬂ = hm / dpy(0) = /zm dp(0)
n—oo ‘Spn n+k( )’
for each m € Z. Thus
2
Md@iwzp(e), nelN,
’Son,n-i-k(zﬂ

as we wanted to prove.

Corollary 1 If jw, ;| <Ci1 <1, j=1,2,...,n, foralln € N, and py, — p then

[Wa(2)[?
|2

BN dp(e) .
‘Qpn,n—l—k(z) ( )

Remark 1. Condition (iv) of admissibility expresses that the zeros of the sequence
of polynomials {W,,}, n € IN, cannot tend globally very rapidly to the unit circle. If they
do tend rapidly, there is still hope for (2) if p is sufficiently weak near the accumulation
points of zeros of {W,}, n € IN, on {Jw| < 1}. In this more delicate situation, in order to
prove Theorem 1 one must use the scheme of [11] instead of the scheme of [12] which was
employed here.

3 Proof of Theorem 2

We start by proving the stronger statement

lim <
n—oo

The arguments follow closely those in the proof of Theorem 2.1 and Corollary 2.2 in [14].
We have (see (13))

Pn,n+k (2)

2
—1| dé=0. 20
(Pn,n+k+m(z) ) (20)

2 | I (2) |
OS/ _Prntk\Z) |4 dgz/M do + 27
‘Pn,n+k+m(z) 90n,n+k+m(z)
_2/ Pn, n+k ) 2/ Pn, n+k ) do
Pn, n+k+m Z Pn, n+k+m Z

In order to obtain (20), the inequalities above show that it is sufficient to prove that

hmlnf/’ Prnth(2 ) o >1 (21)

n—0oo Pn, n+k+m Z




Let f be a 2m-periodic nonnegative continuous function, and let m be a nonnegative
integer. Applying Cauchy-Schwarz’s inequality twice, we obtain

0o (0 5d9: Onntk(2) 2 Onntk+m(2) : / 0% Wi (2) > 9 id@
[ @) / ramme l e e WAOH P O
Onntk(z ) Pn, n+k+m i Wi (2) ’ !
1 ¥n, n+k ) !
1 0) db
= (27T) </ Pn, n+k+m Z ( SOn n+k f( ) )
Thus . A
(37 vt o) <
1 7] unin(®) 1| wae) [
<27T/ (pn,n—i-k—i-m('z) d9> (271'/ Son,n-i-k(z) f(e) da) ‘ (22)
On the other hand,
1 1 4
(3 ot -’
1 / /
(32 [ 110 —s1 o) < (52 [ 15— 11a0)
This inequality and condition (i) of strong admissibility give
1o\? 1 1o\
Jm (oo [w@eo)tas) = (5 [ (r©)00) ) (23)

Taking limits in (22), by use of (2) and (23), it follows that

(217T/(Jf(0)p'(9))icze)4 < lim inf (;ﬁ/ d9)2 (;ﬂ/f(@ dp<9))

By Corollary 3.3 in [14], from this inequality we get (21) and so (20) is satisfied. Notice
that this relation holds uniformly in m > 0, the key reason for this is that m occurs neither
in the second factor of the right-hand side of (22) nor in the left-hand side.

Finally, we have that

‘Pn,nJrk(z)
Onntk+m(2)

2
Onnik(2)

2
/ 1@ <
Spn,n—I—k—&-m(Z)
(2 > ORI
/ Pnn+k\Z 1 d@/ Pn, n+k +1 do.
@n,n-&-k—l—m Z Pn n+k+m Z)

10



Because of (20), the first integral on the right-hand side tends to zero and the second
remains bounded, hence the proof is complete.

4 Weak Convergence on the Unit Circle

Theorem 4 Let ({pn}, {Wn}, k) be strongly admissible on [0, 2], then

lim
n—oo

‘ Pn,n+k (2) 2
W (2)

ph(6) — 1| dd=0. (24)

Moreover, for each m € IN,

@n,n-{—k(z)spn,n—l—k—&—m(z)zm p;l(e) _

AR 9 =0. (25)

lim
n—oo

Proof. The proof of this result follows the same ideas as in Theorem 2. Here, the main

step is to show that
hmlnf— / ‘@n k(2 n(@) o > 1

n—oo 21

which is done in a similar fashion as in the proof of (21). (25) follows from (24) and (10).
For more details see Theorem 4 in [12].

From Theorem 4, we get

Theorem 5 Let ({pn}, {Whn}, k) be strongly admissible on [0,27], then for every bounded
Borel-measurable function f on [0,2x] and m € N, we have

. Son n+k(% )Spn ntk+m(2)2™ _
Jim [ 10) S o) o= [ 5(0) ao (26)
and
. Son ntk (2 )SOn ntk+m(2)2™ _
Jm [ (o) P dpu(0) = [ 1(6) db. 27

Proof. From (25), equation (26) is immediate. To prove (27) notice that

where (dp,,)s represents the singular part of dp,, with respect to Lebesgue’s measure; that
is, (dpn)s(0) = dpn(0) — pl,(0)d(6). To see this, take f =1 in (26) with m = 0 and use the

fact that
/“Pn,n—i—k(z) 2
Wh(2)

lim
n—oo

2
mmwsﬂﬁgg”d%@z%.

We arrive at
2
Pn,n+k (2)

W (2) (dpn)s(0) = 0.

11



By Cauchy-Schwarz’s inequality

|(Pn,n+k(z)80n7n+k+m(z)zm| d 0
/ T (dpn)s(6)

< < / ‘%Wn:(,;()z) 2 (dpn)s(e)>é ( /

and both integrals on the right-hand side tend to zero, thus (28) holds. Equations (28)
and (26) give (27) and so we are done.

1
2

(dpn)s(9)> ,

2
Pnnt+k+m (Z) m

Wn(z)

5 Ratio and Weak Convergence on the Real Line

In this section, we provide similar results to those above for sequences { i, }nen of finite
positive Borel measures on [—1, 1] whose supports contain infinitely many points.
Let {wap tnen be a sequence of polynomials with real coefficients such that, for each
n € IN: degws, = in,0 < i, < 2n; and wy, > 0 on [—1,1]. If i, < 2n, let z9,,; = oo for
1 <i < 2n —1iy; if, additionally, 4,, > 0, then {25, ; }2n—i,+1<i<2n, denotes the set of zeros
of way,. When i,, = 2n, then {2, ;}1<i<2n, is the set of zeros of way,.
diyn

Set dr, = —. If, for each n € IN,
W2n,

<+,

/ b dpn(x)

—1 wan(x)

we can construct the table of polynomials {l, m}nmen, where Iy () = Bpma™ + -+,
Bn,m > 0, is the m-th orthonormal polynomial with respect to 7,,; that is, these polynomials
are uniquely determined by having positive leading coefficients and satisfying the relations

/_ 11 o (2) b (2) dia(2) = S -

The limits of integration with respect to z will always be —1 and 1, thus they will not be
indicated.
According to the prescribed conditions way,(cos @) is nonnegative for 6 € IR, thus (see
p. 3 of [17]) there exists an algebraic polynomial W3, (w) of degree i,, whose zeros lie in
{Jw| < 1} such that
wan (cos B) = |Wa, ()2, 6 €0,2n].

It is easy to see that the zeros of W, are the points

U (w2n,) 2n—in+1<i<2n

where ¥(x) = z + V22 — 1 is conformal mapping of C \ [~1,1] onto {|Jw| > 1} such
that U(co) = oo and ¥'(c0) > 0 (on [—1,1] we extend ¥ continuously, considering the
interval to have two sides as it is usually done). Take Wa,(w) = w?* "W} (w) ; then,
deg Wy, = 2n and

W (cosB) = [Wan(e))?, 6 €0,27].

12



The polynomials I, ,,, are closely related to the polynomials (2, 2, orthonormal with
respect to the measure o9, defined by

dpiy (cos 6 i
dogn(0) = drp(cos @) = M , z=¢€".

That is, o9, (E) = 7,({cos0; § € E}) whenever E C [0,7] or E C [m,27]. Thus, writing
oon(0) = 02, ({0 <t < 6}), we have

(0) = Gr(cosb) 0<6<m,
72T —Gp(cosh), w<0<2r,

x
where Gy, (z) = / dry(t), © € [-1,1], at every point § where o9, is continuous; and so,
-1

almost everywhere in [0, 27]. Furthermore,

i (05 0)

b, (0) = |sin 0| G, (cos ) = |sin 6| Won(@)[2

= |sin 6| 7/ (cos6),

whenever either side exists (thus almost everywhere). Notice that ¢/ > 0 almost every-
where on [0, 27] if and only if 7/ > 0 almost everywhere on [—1, 1], where

_J 7(cosb), 0<6<m,
o(0) = { —7(cosb) , T<60<2r.

For n fixed, we can use the well-known formula (see Theorem V.1.4 of [6])

$2n,2m (’LU) + ¢§n,2m(w)
W [27(1+ By 2 (0))

l2n,2m

1
P2n,2m and z = —(w + 1/w). If Loy om =
Q2n 2m 2 2n,2m
can be written as follows

where @9, 9, = , the previous relation

DPop2m(w) + D3, 5, (W)

L T) = . 30
Consequently, using (29) and (30), for k£ € Z fixed and n + k > 0, we have
©5 w
\/ +q> 0 1+ Sn.2n+2k+2(W)
i1 (2 _ 1 2n,2n+2k ©an 2n+2k+2(W) Pon 2n+2k+2(W) (31)
k(T ) w \/ + ®opont24+2(0) Pan,2n+2k (W) 14 Pon,2n ok (W)
<P2n,2n+2k(w)
14 (ID;n,Zn+2k+2(w)
Ly ntky1(2) 1 14+ @onongok(0)  Pongntorra(w) DPop 2nt2kr2(w) (32)
Lonik(@) 20 1+ Poponioki2(0)  Ponanton(w) 1+ D3, 2n426(W)
DPop ontak(w)

We define dp,,(0) = du,(cos @) as above.
Definition 3 Let k € Z be fized, we say that ({n}, {wan}, k) is strongly admissible on
the interval [—1,1] if ({pn},{Wan}, k) is strongly admissible on [0, 27].
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From the construction above, it is easy to see that this reduces to ({pn}, {wan}, k)
satisfying the following conditions

(I) There exists a finite positive Borel measure p on [—1,1] such that u, —
U, n— oo, and

(IT) y' > 0 almost everywhere.

(III) |||l = [ dmn(x) < +00, m€N.

—k
(V) /i_l_[lu_ Ton,i

(thig condition applies only to the case when k is a negative integer).

‘ 2n 1
(V) nh—%o Z <1 - |\I/()> = 400 .

L |V dpn(z) < M < +00, n € N, where
n,i

=0if Ton,i = O
Ton,

Under these conditions one gets

Theorem 6 Let ({un}, {wan}, 2k) be strongly admissible on the interval [—1,1], then

Lnn
lim , ht1(2)

Lo nngkri(z) 1
== lim —————~=-VY(x), zecC\[-1,1], 33

noo Ly (@) 2

where the limit holds uniformly on each compact subset of €\ [—1,1], and

lim Okl o (34)

n—00 nntk

Proof. The proof of (33) is immediate using (31), (32), (8), (10) and (12), while (34)
is a direct consequence of (33).

The next two results are proved exactly the same way as Theorems 8 and 9 in [12]
respectively. At certain points one must substitute the result used from [12] by the corre-
sponding one proved in the sections above. Therefore, we simply state them.

Given k € Z and n € IN such that n+k —1 > 0, as in the general theory of orthogonal
polynomials, one proves that the polynomial [, 1 satisfies the three-term relation

x ln,nJrk ((L’) = Qnk,1 ln,n+k+1(x) + Qn,k,0 ln,nJrk (1’) + Qan k,—1 ln,nJrkfl(w) .
With this notation, we have

Theorem 7 Let ({un}, {wan}, 2k — 2) be strongly admissible on the interval [—1,1], then

. . 1 .
lim app1= lim a,p—1== and lim a,r0=0. (35)
n—oo vy n—oo vy 2 n—oo vy

14



Theorem 8 Let ({pn}, {wan}, 2k) be strongly admissible on the interval [—1,1] for each
k € Z and let T,, denote the n-th Chebyshev polynomial, i.e., T,,(cos@) = cosnf. Then,
for every m € N and every bounded Borel-measurable function f on [—1,1], we have

. n n+k ) n n+l<:+m( ) dx
TLILHOIO/f wan () /f Vi_a? (36)
and ) (@ ) 4
. ln n+k n,n+k+m T X
Jm [ g s =0T e

The only condition of strong admissibility in which & is involved is (IV'). If the zeros
of wa, are bounded away from [—1, 1] then for all 2k that property holds.

6 Applications

In order to fully understand the interest of this application, we must first explain the con-
nection between the systems of orthogonal polynomials with respect to varying measures
which we are about to consider and Hermite-Padé approximation of Nikishin systems of
functions. In [9] (see also [1]), the more general construction of mixed Angelesco-Nikishin
systems (or generalized Nikishin systems) is studied and the n-th root asymptotic behav-
ior of their Hermite-Padé approximants is given. We adopt the notation introduced in
[9] and use some of the new orthogonality relations revealed in that paper. Nevertheless,
we restrict our attention to purely Nikishin systems because our present methods do not
cover the generalized case. Theorem 9 below is useful for obtaining strong (or Szegé-type)
asymptotics of Nikishin systems.

Let F7 and F3 be two nonintersecting segments of the real line, o1 and o9 two finite

positive Borel measures such that S(o1) C F1, S(02) C Fo. We define a new measure
(o1,02) "
doo(t
d{o1,09)(x) = / —
(01,09)(2) po—
This measure (o1, 02), obviously has constant sign on its support F}.
For a system of segments Fi, Fs, ..., Fp,, such that FyNFry1 =0, k=1,2,...,m—1,
and finite, positive Borel measures 01,09, ...,0m, S(ox) C Fx, k=1,2,...,m, we define
inductively the measures

doi(z) = 69(x) doy ()

(01,09,...,0k41) = (01,{(092, ..., 0k41)), k=2,....m—1.

Thus, on F}, we have defined m finite Borel measures each one with constant sign. Set
s1=(o1) =01, s2=1(01,02) , «-+ , S ={(01,02,...,0m) .

The system of functions (f1, fa,..., fm), where

fk(z):ék(z):/cw, k=1,....m

Z—X

defines what is called a Nikishin system.

15



Consider a multi-index n = (n1,n2,...,ny,) € IN™. There exists a polynomials @,, that
satisfies the conditions

1 38
(ank_Pn,k)(Z):O<an+1>a z—o00, k=1,...,m, (38)
where P, j is a polynomial. The rational functions
Pk
Rn’k:él,; , k=1,....,m,
are the Hermite-Padé approximants (or simultaneous Padé approximants) of the system
(f1,--., fm) relative to the multi-index n.
From (38), it follows that
:/:E”Qn(x)dsk(x) , v=0,....nz—1, k=1,....m. (39)
Define the functions of second kind
@n(@) C k=1,...,m
z—x
From (39), it follows that
Qn _
P, dsk( ), k=1,...,m, (40)
where ¢ is any polynomial of degree < nj. Therefore,
1
Using (41) (see (38)) and the obvious identity
Qn( /dsk /Qn Qn Qn :
z—x z—x
we obtain formulas for the numerators of the Hermite-Padé approximants
z):/Qn(Z)_Qn(x)dsk(x), k=1,...,m, (42)
z—x
and for the remainder term
1 (@Qna)(x)
fe(z) — Rug / dsip(x), k=1,...,m, 43
() = Rusl®) = e [ o dsu(a) (43)
where ¢ is any polynomial of degree < ny.
In the sequel, we assume that the multi-index n = (ny, ..., n,,) satisfies
j<k = np<n;j+1. (44)

For each multi-index n (with property (44)), we define inductively the following functions

\Iln,kfl (.TJ)

Z—X

U, 0(2) = Qn(z) | mn,k(z):/ dop(z), k=1,....m.  (45)

16



Foreach j=0,....,m—1land k=j5+1,...,m, we define the measure

S‘]i = <Uj+17' . 'a0k> .
We have
Lemma 1 For each j =0,...,m —1, the functions ¥, ; satisfy
Oz/x”‘lln,jdsi(sv), v=0,....ny—1, k=j+1,....m. (46)

For j = 0, (46) coincides with (39). The proof may be carried out by induction
showing that if the statement is true for j € {0,...,m — 2} then it also holds for j+ 1 (for
details see Proposition 1 in [9]).

Taking k = j + 1, s},, = 041 and (46) indicates that

O:/x”\I’n,j(x)dajH(:c), v=0,...,nj41 -1, j=0,....m—1. (47)

From (47), it follows that W, ;j(z) has at least n;;; changes of sign on Fji;. Denote by
Qn,; the monic polynomial whose zeros are the zeros of ¥, ;_; on Fj (counting their
order). According to (47), deg Qn r > ny . Denote Qy m4+1 = 1. Set

m
Nmkzznj, k:zl,...,m.
j=k

Lemma 2 Fork=1,...,m

dog(z)
Qnir1(z)’

For k = m, (48) reduces to (47) with j = m — 1. For the rest of the indicated values
of k, the formula may be proved by induction for decreasing values of the index k (for
details, see Proposition 2 in [9]).

Using (48), we have that deg @, > N, . Using (45), (48), and Cauchy’s integral
formula, it is easy to deduce that if for some k, deg @, r > N, i, then deg Q, x—1 > Np 1.
Since ¥, 0 = Qp, and deg @y, < |n| = Ny, 1, we obtain (for details, see Proposition 3 in [9])

0= /:Bl’\l'mk_l(x) v=0,... Ny —1. (48)

Lemma 3 For each k = 1,...,m, the polynomial Q1 has exactly Ny simple zeros on
the interval Fy, and deg Q1 = Ny k. In particular, Qn1 = Qn.

Set Qno = 1. For each k =1,...,m, (48) may be rewritten as follows

Qnk—1(2)Vy p1(7)
Qn,k’(x)

doy ()
|Qnk—1(2)Qnpr1 ()|’

v=0,...,Np—1.

(49)
On the other hand, for &k = 1,...,m, Q\I[”k’j_l is holomorphic in € \ F}, and (recall that
Qn,m—i—l = 1)

Tail) (L)
Qrini(z) O \Gmat) e

0= /ﬂf"Qn,k(@
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This follows from (47) for j = k — 1, formulas (45), and the fact that degQn, ry1 =
Nit+1 (N1 = 0). In particular,

Qanal®) (1) o

Qn,k+1(z) z

Let I" be any contour surrounding the interval Fj such that Fj1, and z lie outside I'.
For kK = m, I" surrounds F}, and z lies outside this curve. From Cauchy’s integral formula
and (45), we obtain

Qni(2)Vnk(2) 1 [ Qui(QWnk(C) d¢

Qn,k—i—l(z) - 2mi r Qn,k—i—l (C) z2—C

“riha, k+1<<><z—c> (= o)
_/ n,k— 1 dO’k() Qn,k( ) dC
27i r Qni+1(Q)(z =) ¢ —

Qn (1) ¥n k—1(t) dog(t)
Qn k+1(t) z—t

We can rewrite the equality above in the more symmetric form

Qn,k(z)an,k(z) _
) Qn,kﬂ(z) (50)
/ Qi) Qup—1(H) ¥y k-1 (2) doy(t) b1 m
z—t Qn,k(t> Qn,k’fl(t)Qn,kJrl(t) ’ Y .
Set
Qe (2) T 1 (2) do(z) i
o 2 n,k—1 n,k—1 k .
— (/Qn,kz(a:)| Onr(@) - (x)kaH(:U”) ., k=1,....m.
Take K
Km():l, Knk:#]i’ k:1,...,m.
Define

Qn,kfl (2)\Iln,k71 (Z)
Qn,k(z)

With this notation, ¢, j is orthonormal with respect to the varying measure

2
An.k = ﬁn,an,k ; Fn,k(z) = K’nqkfl y k= 1, Loe,me.

Fy ik (x)dog ()
|Qn,k71(x)Qn,k+1(x)‘ '

From the statement of the following result, it is obvious that the main tool in its
proof is Theorem 8. Because of the change in notation in this section, in order to avoid
confusion, we wish to emphasize what the different indices in Theorem 8 mean in relation
with their use in the present situation. In Theorem 8, n € IN is not a multi-index, it
controls the connection between the orthonormal polynomial, the measure with respect
to which it satisfies orthogonality relations, and together with k the relation between the
degree of [, 4+t and way, (we take m = 0 in Theorem 8, which has nothing to do with the
m functions in the Nikishin system).
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The first important observation is that in Theorem 8 there is no need that the index n
covers the whole sequence of natural numbers. If the conditions of strong admissibility are
satisfied for n € A C N then the statement is valid taking limit as n — oo for n € A. Next,
notice that degws, < 2n. Thus, the degree of the orthonormal polynomials can increase
to infinity much faster than degws,. Moreover, one can even take wo, = 1, for all n, so
that their degrees may not tend to infinity at all. On the other hand,

degwa, — 2degly pik < 2n—2(n+ k) < 2/k|,

where k is a fixed integer, so as n tends to infinity this difference of degrees must remain
bounded above. This restriction is essential in the method by which we reached Theorem
8 (moreover, it is in the matter of things). In proving Theorem 1, which is the cornerstone
of this paper, we pass over to the left hand of (13) as much of W), as relation (12) allows.
Then, at the end of the proof, we are able to deal with what was left behind thanks to
the fact that deg A,, remains bounded as n tends to infinity.

Finally, it is easy to see that Theorem 8 remains valid if for each n € A, the sign of wa,
on the interval of orthogonality F' = [a, b] is fixed (positive or negative depending on n).
The only changes in the expressions (35) and (36) is that on the left hand you must place
|war, ()| instead of way,(x), and on the right you substitute v'1 — 22 by /(b — z)(z — a).

We are ready for

Theorem 9 Let A be a sequence of multi-indices such that (44) takes place, ng_1 — ng <

C,k=2,...,m, where C is a constant independent of n € A, and n;y — oo as n varies
over A. Assume that for each k = 1,...,m,0;, > 0 almost everywhere on Fj,. Then, for
each k =1,...,m, and every bounded Borel measureable function f on Fj = |ay, bg]
2
. G 1o () ) 1 b da
hm/fx : F,i(x)o a;dx:—/ flz 51
MO G @@ O =2 O ey ®Y
and
2
. a k(x) 1 /bk dz
lim T : F,(x)dop(z) = — T . (52
Y ATt e Y e s R

Proof. It will be carried out by induction on the index k (according to its meaning
in Theorem 9) and using Theorem 8. For each k € {1,...,m} the role of p, is carried by
F, rdoy, that of wey, is taken by @, r—1Qn k+1, and l,, 41 is ¢, - The multi-indices n will
run over the sequence A.

Taking into consideration that the zeros of @, —1@Qy 1 remain uniformly bounded away
from Fj, (inside Fj_1 U Fj41 which does not intersect Fj) it is easy to check that all the
conditions of strong admissibility from (III) to (V) are fulfilled. Moreover (N,,+1 = 0),
fork=2,...,m

deg Qnx—1Qnk+1 —2deg Qni = Ny p—1+ Nyps1 — 2Ny =ng—1 —ng < C',

while
deg Qn 0Qn2 —2degQn1 = Np2 —2Np1 = —ny — Ny 1 <0,

Thus the difference between the degree of the denominator and the numerator of the

2
. . @, . . . .
rational function OO, o (51)-(52) remains uniformly bounded as required.
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Conditions (I)-(II) will be checked step by step as we carry out the induction process.
For k = 1,F,1(z) = 1 and the conditions (I)-(II) are immediate, taking as limit the
measure o1, because Fj, 1(x)do1(z) = do(z) remains fixed. Since gy, 1 is orthonormal with
respect to do1(z)/|Qn.0(2)Qn2(x)| (recall that Q0 = 1) then (51) and (52) follow directly
from (35) and (36) respectively (taking into consideration the remarks made before the
statement of this theorem). Assume that (51) and (52) take place for some k — 1, where
k€ {2,...,m}, and let us prove that then they also hold for k.

To this end, it is sufficient to show that condition (I)-(II) of strong admissibility take
place. More precisely, we must show that there exists a finite positive Borel measure ¢ on
F), such that F, y(z)doy(x) — do(x) as n runs over the sequence of multi-indices A and

limy / | Fpo(@)oh(2) — o (2)|dx .

Such a measure is easy to find if we prove that the sequence of functions {F, ;} converges
uniformly on F}, to a strictly positive continuous function as n varies over A.

In (50) substitute k by k — 1, multiply either sides by K2 k1 and take the modulus.
We obtain (notice that K, 1 = kp g—1Kn k—2)

1 G2 (OCr @] (53)

Using (52) for k — 1, taking f(t) = (2 —t)~1, we obtain for each z € €\ Fj,_; the pointwise
limit

‘/ an 1 (1) Fop—1(t)dog_1(t)

. 1 G 1 (t) 1 e 1 dt
1 | g P O = 2 [T e N
54
The integrals on the left hand of (54) define a sequence of analytic functions in €\ Fj_;
which is uniformly bounded on each compact subset K of €\ Fj_; by m, where
d(K, Fy_1) denotes the distance between the non-intersecting compact sets K and Fj_1.
Therefore, the limit in (54) is uniform on K. In particular, it is uniform on Fj. It is well
known and easy to verify using Cauchy’s integral formula that

1 fbe-1 1 dt 1
; ~/flk1 z—1 \/(bk,1 — t)(t — ak,l) N \/(Z — bk,l)(z — ak,l) ’ (55)

where the square root is taken so that v/(z — bx_1)(z — ax_1) > 0 for z = z > by_1.
From (53), (54), and (55) it follows that

1
V1@ =be-1) (@ —ap-1)]

uniformly on Fj, which is what we wanted to prove. Conditions (I)-(II) follow taking
do(z) = \/|(xfbk,11)(a:fak,1)\dgk(x)' With this, the proof of Theorem 9 is complete.
From Lemma 3 and the fact that Fy_y N Fy = ) = Fx N Fi.q, for each n € A and

3 Qn, — \Iln, — . el . . L.
k€ {1,...,m}, the function Qn,k:an kan,;Jrl has a constant sign on Fj. If it is positive,

711,1311\ Foi(z) =

from (50), we have

Qnk(2)Vy 1(2) _ / k() Qi1 ()W k1 (2) doy(t)
Qn,k:+1(z) z—1 Qn,k(t) Qn,kfl(t)Qn,kH»l(t)
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Qnk—1(t) W k-1(1)
Qn,k(t)

do(t)
’Qn,k—l (t)QnJH-l (t) | '

B / %,k(t)
z—1
If negative,

Qup(2)Wn(2) _ / 2o (1) = Qo1 ()W 1 (1) doy (t)

Qn,k+1(z) z—t Qn,k(t) Qn,k—l(t)Qn,k+1(t)
_ / Qn k— 1( ) n kfl(t) dgk(t)
z —t Qn k(1) |Qnk—1(t)Qng41(t)]

Normalize ¥, ; according to the following rule. In the first case above, take 1, =

KTQL i ¥n.k, in the second 1)y, k = — 2 1 Un k- In either cases, multiplying either sides of the

two previous formulas by K k, we obtain

(56)

Qn i (2)n1(2) _ / a5 (t) do(t)

Qn k+1(2) z—1 Fri(t )|an 1(t)Qn k1 (t)]

Corollary 2 Assume that the conditions of Theorem 9 take place, then for each k €

{1,...,m}
hm an Hwn,]

(57)

1
j=k \/(Z—bj)(z—aj)

where the limit is uniform on each compact subset of €\ (U;”:ij) and for each k the

square Toot is taken so that \/(z — by)(z — ag) > 0 for z = x > by.

Proof. From (56),

M q"ﬂ do; (t)
Qn k(2 Hd’w H H/ \Qng 1(t)Qnj1(t)]

] —k QTLJ"FI

Using Theorem 9, for f(t) = (z — t)~!, we obtain pointwise convergence for each z €
C\ (U;":ij) . In the proof of Theorem 9, we showed that for each j € {1,...,m — 1}

fixed, this limit is uniform in €\ Fj. The same arguments are valid for j = m (we didn’t
need to consider this case in the proof of that result). Therefore, (57) immediately follows
and the proof is complete.
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