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Let p be a finite positive Borel measure whose support is a compact subset
K of the real line and let I be the convex hull of K. Let r denote a rational
function with real coefficients whose poles lie in C \ I and r(c0) = 0. We
consider multipoint rational interpolants of the function

f(2) = / W@ |,

zZ—x

where some poles are fixed and others are left free. We show that if the interpo-
lation points and the fixed poles are chosen conveniently then the sequence of
multipoint rational approximants converges geometrically to f in the chordal
metric on compact subsets of C \ I.

1. INTRODUCTION

Let
o'} Cm
f(z) = Z m
m=0

be a function which is holomorphic on a neighbourhood of the point z = co.
For each given nonnegative integer n there are polynomials p, and ¢, of

*This author was supported by Direccién General de Ensenanza Superior under grant
PB 96-0120-C03-01 and by INTAS under grant 93-0219 EXT

1


Nota adhesiva
Published in: Journal of Approximation Theory, 2001, vol. 109, n. 2, p. 257-278


2 B. DE LA CALLE AND G. LOPEZ

degree at most n such that g, Z 0 and

(an _pn)(z) = O(l/zn+l), zZ — OQ.

The ratio p,/q, of any two such polynomials defines a unique rational
function 7, which is called the nth (diagonal) Padé approximant of f.
It is also possible to define the function m, as the rational function of
order at the most n which has maximal order of contact (within the class
of all such functions) with the function f at the point z = oco. Unlike
Taylor polynomials, the study of the convergence of the sequence of Padé
approximants to f encounters serious difficulties. For instance, there exist
entire functions whose sequence of Padé approximants diverges at every
point of the complex plane (see, for details, [16]). One of the first results of
general character on the convergence of such approximants was obtained
by A.A. Markov (see [12], Chapter 3, Theorem 6.1):

Let p be a finite positive Borel measure whose support, denoted by S(u),
is a compact subset of the real line R. The so-called Markov function is
the function fi(z) defined by

- dp(x) &

i) = [P, 2T\ Si),
Let I be the convex hull of S(u). Then, the sequence {m,}nen of Padé
approximants of [i converges uniformly to z inside (on compact subsets of)
the domain C \ 1.

This classical theorem admits several generalizations. It is possible to
construct rational approximants interpolating the Markov function along
a table of points. In this way, multipoint Padé approximants are obtained
and the corresponding Markov theorem for this class of interpolants may
be found in [9]. Since the set of singular points of the Markov function is
contained in the support of the measure u we can take advantage of this
fact fixing all or part of the poles of the approximant precisely on the set
S(p). These approximants are commonly called in recent years Padé-type
approximants, and Markov-type results involving them have been proved
(cf. [6], see also [1] and [3]). Finally, both types of approximation may
be combined to give multipoint Padé-type approximants (see definitions
below). In this setting we can mention references [4] and [5].

A related problem was posed by A.A. Gonchar in [6]. Let us consider

the function
5= [P o),

zZ—X

where 7 is a rational function whose poles lie in C\ I and r(co0) = 0. Now,
f is a meromorphic function on C\ I; the poles of f and their order are
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unknown and should be found by means of the approximants so, rational
functions with fixed poles no longer work and it is necessary to use ap-
proximants with free or partially free poles. In [6] Gonchar proved the
convergence of the sequence of Padé approximants to f locally uniformly
in the region obtained from C \ I by deleting the poles of r, under the
condition that the absolutely continuous part of the measure p is positive
almost everywhere in S(u). In the proof, ratio asymptotics of orthogonal
polynomials is strongly used. Later, E.A. Rakhmanov showed that conver-
gence does not hold for arbitrary positive measures p and general rational
function r (cf. [11]); this is due to the possible bad behaviour of the poles
of the approximants. Many results in rational approximation (for instance,
see [7], Lemma 1, and [8]) point out that the key ingredient to prove con-
vergence is to maintain the poles of the approximants under control. If
the coeflicients of r are required to be real then all of the poles of the
rational approximants, except for a number independent of the order of
the approximants, are in I. This fact was used by Rakhmanov to obtain
the convergence of the sequence of Padé approximants to the function f
without any restriction on the measure p (see [11]) when the coefficients of
r are real.

The aim of this paper is to extend this work of Rakhmanov to the case
of multipoint Padé-type approximants.

2. DEFINITIONS AND MAIN RESULTS

As above, let i be a finite positive Borel measure whose support, denoted
by S(u), is a compact subset of the real line R and contains infinitely
many points. Otherwise, the Markov function is a rational function. Set
A(z) = [(z — ) 'du(x). Let I be the convex hull of S(u). Let r be a
rational function with real coefficients whose poles lie in C\ I and r(c0) = 0.
The set of poles of r will be denoted by P. Set

f(z)=7(z)+7(2), 2z C\(S(w)UP);  r(z) = 5d(2)

where degsqy < d — 1, degty = d. We also assume that sy and t; have no
common factors.

Let {L,},n € N, be a sequence of monic polynomials whose zeros lie in 1.
This condition may be replaced by the slightly weaker one that all the limit
points of the zeros of L,, are in I. Let us assume that deg L,, = k(n) < n
and n — k(n) > 2d. Let us fix another family of monic polynomials

2n
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whose zeros are contained in a compact set L C C\ (IUP) and lie symmet-
rically with respect to the real line, counting multiplicities. In case that
for some ¢, wy; = 00, the corresponding factor must be omitted. Without
loss of generality we may assume that w,, and t4 are positive on S(u).

It is easy to verify, keeping in mind the definitions above, that for each
n € N there exists a unique rational function I, (f) = p,/(gn L2), where
pn and g, satisfy:

e degq, <n—k(n),degp, <n-+k(n)—1, and ¢, £ 0.
2 r_

o Lo S =0 € H(C\ (S(u) UP)), where H(A) denotes the set of all
Wn,

holomorphic functions defined on the set A C C.

G L2 f—pn, | 1

n
IL,(f) is the multipoint Padé-type approximant of f with preas-
signed poles at the zeros of the polynomial L2, which interpolates the
function f at the zeros of the polynomial w,,.
Let p, and p be finite Borel measures on C. By p, — p, n — 00, we
denote the weak* convergence of p,, to p as n tends to infinity. This means
that for every continuous function f on C

n—oo

i [ 1) dpa(a) = [ 1) dp(o).

For a given polynomial T', we denote by A7 the normalized zero count-
ing measure of T. That is

1
Ar = O .
T degT Z ¢
£&:T(§)=0

The sum is taken over all the zeros of T" and J¢ denotes the Dirac measure
concentrated at .
In the sequel, for each n, it is considered that degw, = 2n, assigning to
these polynomials 2n — deg w,, “zeros” at infinity in case that degw,, < 2n.
It is said that the sequence of polynomials {w,},en has the mea-
sure v as its asymptotic zero distribution if

A *
w, — V, T — 00.

Let {¢n }nen be a sequence of functions defined on a domain D. We will
say that the sequence {¢, }nen converges in capacity to the function ¢
on compact subsets of D if for each compact subset C' of D and for each
€ > 0, we have

lim cap{z € C : |pn(2) — p(2)| > €} =0,
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where cap (+) stands for the logarithmic capacity.

Let K be a compact subset of the real line R with cap (K) > 0; we will
say that K is regular if the domain C \ K is regular with respect to the
Dirichlet problem.

Denote Q = C\ S(u) and let 7 be a positive measure supported on €.
The Green potential of the measure 7 in Q is the function Gq(7;-)
defined by

Gq(r;2) = /gQ(z;(:) dr(¢), z€Q,

where gq(z; () is the (generalized) Green function of Q with singularity at
the point (.

Let f be a bounded function defined on K. Set ||f|lx = sup{|f(#)| :
z € K}. Finally, let us introduce the main sufficient condition to prove the
theorem below. Set w(z) = exp(— [log |z — ¢|dv(t)). We will require

lim sup [|w*™ Ln||ls/k(") < exp(—Fy), (1)

o (1)

where F,, is the modified Robin constant for w (see Section 3.2 for details
and Section 5 for remarks about this condition). The limit above relates
to the behaviour of the zeros of the polynomials L, on S(u).

We are ready for

THEOREM 2.1. Suppose that the sequence of polynomials {wy, }nen has
v as its asymptotic zero distribution. Let cap (S(n)) > 0. If either k(n) =
o(n) or (1) takes place, then

1.For all sufficiently large n, degq, = n — k(n); for such n the number
of poles of I1,,(f) in C\ I equals the number of poles of r; and the poles of
IL,(f) in C\ I tend, as n — oo, to the poles of r (in such a way that each
pole of r “attracts” exactly a number of poles equal to its order).

2.0n each compact subset K of C\ (I UP), we have

limsup || f —IL,(f)| 7" < [lexp{—Ga(v; )} .

n—oo

The combination of 1 and 2 indicates that IT,,(f) converges to f uniformly
on compact subsets of C \ I in the chordal metric. Since it is known that
lexp{—Ga(v;-)}||x < 1, we obtain geometric rate of convergence of the
multipoint Padé-type approximants to the function f.

In particular, if f = fi, we obtain
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COROLLARY 2.1. Suppose that the sequence of polynomials {wy, }nen has

v as its asymptotic zero distribution. Let cap (S(n)) > 0. If either k(n) =
o(n) or (1) takes place then, on each compact subset K of C\ I, we have
. ~ ~11/2

limsup |7 — L () [

n—oo

< llexp{=Ga(v; )} x-

This last result is closely related to those that appear in [3] or [5], though
the methods are somewhat different. We will discuss their connection later

o1.

To conclude this section, we give, for the sake of clarity, a list of the main
symbols and notation used in the paper.

I a finite positive Borel measure.

S(p) the support of u, a compact subset of R.

I the convex hull of S(u).

a(z) [ du(x)/(z — x), the Markov function of .

Q C\ S(w).

r=8q/tq a rational function with real coeflicients.

d degree of tg4.

P set of poles of r.

f=p+r a Markov-type meromorphic function.

{Ln}nen a sequence of monic polynomials whose zeros lie on I.
L a compact subset of C\ (I U7P).

{wn tnen a sequence of monic polynomials whose zeros lie on L.

IL.(f) = pn/(qn L2)
AT :

the multipoint Padé-type approximant of f.
the normalized zero counting measure of 7.

9a(z,¢) the Green function of Q.

v a probability measure supported on L.

Ga(v;-) the Green potential of v in Q.

cap (+) the logarithmic capacity.

P(r;z2) — [log |z — ¢] d7(¢), the potential of the measure 7.
w(z) exp P(v; z).

F, the equilibrium constant associated with w.

L the equilibrium measure associated with w.

3. AUXILIARY RESULTS

3.1. Some Lemmas

In the sequel, we maintain the notations introduced above. From the
definition of multipoint Padé-type approximant it is easy to prove (cf. [4],

Lemma 1 or [6], §2.3)
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LEMMA 3.1. We have

/qun(x)wd,u(x):& i=0,1,....n—k(n)—d—1 (2)

wy ()
and

(tagn Ly h)(x)

£ -0)(e) = i |

(taqn L2 h)(z) dup(z),  (3)

where h is any polynomial of degree less than or equal to n — k(n) —d and
z belongs to C\ (S(u) UP).

From now on, we will represent the polynomials w,, in the following form.
For each n € N, put w,, = u, v,, where

2k(n)+4d 2n—2k(n)—4d
up(2) = H (2 — un,i), vp(2) = H (2 = vny),
i=1 j=1

are such that their zeros lie (in each family) symmetrically with respect to
the real line, counting multiplicities. In case that for some i or j, u, ; = 0o
or v, ; = 00, the corresponding factor must be omitted. Without loss of
generality we may assume that u,, and v,, are positive on S(u). We wish to
stress that Lemmas 3.2 to 3.4 hold true for any such decomposition of w,,.
In the proof of Theorem 2.1, we select u,, and v,, conveniently according
to Lemma 3.5.

As a consequence of (2), the polynomial g, has at least n — k(n) — d
changes of sign on I (cf. [15], §3.3). Then, g, can be represented in
the form ¢, = @n,1qn2, where degg,1 > n — k(n) — d and the zeros
{Zni}, 0 =1,...,n of g1 are simple and belong to I. The polynomial
Gn,2 does not change sign on I; and deg g, 2 < d. Set

Pna(z) = / qn’l(Z)lzz(f)x;;]:&()x)vn(z) dpin (),
on () = 2250 (0) a0,

n

LEMMA 3.2. We have

(tagn,2 Lp)(f = (f))(2) = un(2) (ﬁn(Z) - pn’1(2)> , 2€C\I,(4)
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’
n

M(z)zz#’ )\n’i:/ U1 (%) Uy (T9,4) d/},n(x). )

n
In,1 2= Tp; Q1 (Tni) (T = Tni) vn(T)

)

Proof. From the definition of p, i, we obtain

o) = 001 () = 0n(2) [ A (o),
or, in an equivalent manner
o) = 2 z) = 2, [l

dn,1 N qn,l(z) Z = :E) Un(x)

dpn (). (6)
Using Hermite’s formula (3) with h = 1, we also have

Un(z) /( qml(x) dﬂn(x): Un(Z) /( (tdann)(x) dﬂ(x):

1a2) ] G o)l 301 J i) (- )
(a2 2 (7 1, (1)),

Now, (6) and (7) together give (4). Furthermore

Bt(e) = fn(e) - 2 [ LB gya) = o),

An,1 qn,l('z) Un Un)(l') (Z - [L')

due to the orthogonality relations (2) and taking account of the possible
degrees of the polynomials v, and ¢, ;. Thus degp,:1 < deggy,: and,
therefore

qn,1 Z = Tni 27 Tn,i Adn,1

)

n a )\nz . . n
u(z) = Z : with A, = lim (2 —x,,) Q(z)
—

If we now use the integral formula that defines p,, 1, we obtain (5) and the

proof of the lemma is over. |

Consider the following linear functional A,. If ¢ is a function defined on
I, then
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The next lemma is an analog of the Gauss-Jacobi quadrature formula.

LEMMA 3.3. For every polynomial P with deg P < 2n — 2k(n) — 2d,

e dinl@) _ \ (p). (®)

Proof. Let L,degL < n/, be the Lagrange polynomial which inter-
polates a given polynomial P, deg P < 2n — 2k(n) — 2d, at the points
Tni, t =1,...,n'. We have P = L + g,1 T, where T is a polynomial of
degree less than n — k(n) — d. Integrating the equation P = L + ¢, 1 T,
using (2) and (5), we obtain

’

[P@E 2 Pl [t By ),

on () im1 U1 (Zni) (2 — i) vn(z)

and the proof is complete. |

From this last result immediately follows

LEMMA 3.4. The number of positive coefficients A\ ; in (5) is at least
n—k(n) —d.

Proof. Let N be the number of positive A, ; (for a given n). Put
P(z) = [[7 (2 — #,.,4)?, where []" denotes the product over all indices i for
which A\, ; > 0. If deg P = 2N < 2n —2k(n) — 2d, formula (8) is applicable
to P, and we obtain a contradiction (the left-hand side of the formula is pos-
itive and the right-hand one is nonpositive). Consequently N > n—k(n)—d,

which proves the lemma. |

The next lemma shows that the polynomials u,, and v, may be chosen
so that the sequences inherit the asymptotic zero distribution of {wy, }nen.
Though it may be stated in more general terms we restrict our attention
to the case needed for the proof of Theorem 2.1.

LEMMA 3.5. Suppose that the sequence of polynomials {wpytnen with
degw, = n, has the measure v as its asymptotic zero distribution and
S(v) C C. Let k(n) € N be such that k(n) < n. If lim, . k(n) = o0
and lim,, oo n — k(n) = oo then, for each n € N, there exist polynomials
Up and v, such that w, = u, v,, degu, = k(n), and

X
Ay, — v, n—o0, A, — v, n— o0
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Proof. Fix a closed square @ such that the support of v is contained
in . We may assume, without loss of generality, that all the zeros of the
polynomials w,, belong to @. For each positive integer n, divide @ into
m(n) disjoint squares (not necessarily closed): Q = UT:(?)Q;‘ We suppose
that m(n) = o(k(n)), m(n) = o(n—k(n)), and lim,,_,o, m(n) = oo verifying

lim ( |Q"|> where |A| = max |a —b|.
e J—l m {a,be A}

Now, we construct u, in the following way. In each square Q7 we choose
[k(n) Aw, (Q7})] zeros of wy,, where [ -] denotes the integer part. These zeros
are the zeros of u,,, the rest of them define v,,. These polynomials w,, and
vy, do not have the degrees announced in the statement of the lemma. We
correct this later. Notice that the difference in degrees is, at most, m(n)
for each of them.

The polynomial u,, satisfies

k(n) Awn (Q?) -1< Tun (Q;L) < k(n) Awn (Q?)a j=1... 7m(n)7 (9)

where T, stands for the measure which at each zero of u,, a mass equal
to the multiplicity of the zero. From (9) we obtain

M (@) = o < oS < A, (@)
Analogously
M@ = el <@+

Let h be a continuous function on C. We may suppose that h is a real,
positive function. Denote by M the maximum of h on @ and by M;" and
mY the maximum and the minimum, respectively, of i on the closure of
Q7. Due to uniform continuity we may suppose that M —m7 < d,, where
lim,, o §, = 0. By (9), we have

/ hdA., — / hdA,,| < MP Ay, (QF) —m? Ay, (QF)
< (M7 —m}) A, (QF) + 175
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Therefore,
‘/ hdAwn—/ hdh,,| <) hdAy,, — | hdA,,
Q Q =1 |/e7} QF

< M} —m}) M, (QF) + 775 | <0+ M ——=,
= Z |:( J J) wn(QJ) k(n) — 7l+ k(n)

Jj=1
where the right-hand side tends to zero as n tends to infinity. The weak
star convergence of A, is proved in a similar way.

In order to correct the degrees of u,, and v, according to the statement,
we must only transmit from one of these polynomials to the other at most
m(n) zeros. Since m(n) = o(k(n)) and m(n) = o(n — k(n)) the new poly-
nomials preserve the weak star limit of the previous ones. The proof is com-

plete. |
The next lemma was proved by Gonchar in [7].

LEMMA 3.6. Suppose that the sequence {p,} of functions defined on the
domain D C C converges in capacity to a function ¢ on compact subsets
of D. Then the following assertions hold true:

1.If the functions p,, n € N are holomorphic in D, then the sequence
{en} converges uniformly on compact subsets of D and ¢ is holomorphic
in D (more precisely, it is equal to a holomorphic function in D except on
a set of capacity zero).

2.If each of the functions y,, is meromorphic in D and has no more than
k < 400 poles in this domain, then the limit function o is also meromorphic
and has no more than k poles in D.

3.If each function p, is meromorphic and has no more than k < 400
poles in D and the function y is meromorphic and has exactly k poles in D,
then all ¢, n > N, also have k poles in D; the poles of p,, tend to the poles
21y .-y 2k Of @ (taking account of their orders) and the sequence {¢,} tends
to ¢ uniformly on compact subsets of the domain D' = D\ {z1,,..., 21}

3.2. Potential Theory

Let w be a positive continuous function on S(u). Set g(z) = —logw(z).
It is well known (see [14], Sections I.1 and 1.3) that among all probability
measures ¢ with support in S(u) there exists a unique probability mea-
sure f,, with support in S(u), called the extremal or equilibrium measure
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associated with w, minimizing the weighted energy

L(0) = / / (logzitl +g(2) + g(t)> do(2) do(t).

Let P(pw; z) = — [log |z — t| dju, (t) be the potential of this extremal mea-
sure and S, C S(u) its support. Under these conditions there exists a
constant F,,, called the equilibrium constant or modified Robin constant,
such that

Ppw; 2) +9(2) > Fu, z€S(u)\E, cap(E)=0, w0
10
Puw;z) +9(2) < Fy,, 2z€ Sy

Due to (10), py is also called the equilibrium measure in the presence of
the external field g. The constant F}, is determined by

Fu = Lo(po) - / o(t) dp (1)

If {wn}nen has asymptotic zero distribution v, it is easy to see that
(wy,) 1/ de8wn uniformly converges to e’i) on S(), where P(v;-) is the
potential of the probability measure v. If we take g(z) = —P(v;-), since
the support of v is contained in L C C\ (I UP), it is well known that 1,
is the balayage of v onto S(u) and S, coincides with S(x) minus a set of
capacity zero (for instance, see [14], Chapter IV, Theorem 1.10). Therefore,

P(p; 2) — P(vyz) = Fy, z€S(p)\ E, cap(E)=0. (11)
It is also known (see Theorem 5.1, Chapter II, in [14]) that
Ga(v;z) = Fy — P(pw; 2) + P(v;2), 2€Q=C\ S(u). (12)

Recall that Gq(v;-) is the Green potential of the measure v in Q. The next
lemma tells us that Green potentials behave properly with respect to an
increasing union of domains.

LEMMA 3.7. Let {K,}nen be a sequence of compact sets contained in
R such that K41 C K, for each n € N and cap (N3, K,) > 0. Let v be
a positive measure with compact support in C\ K. Then

lim e
n—oo

~Gp, (i) _ o=Gp(viz)

uniformly on compact subsets of D, where D,, = C\K,, and D =U;>,D,,.
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Proof. For each n € N, denote F,,,, and p,, , the Robin constant and
the equilibrium measure, respectively, associated with w = ef(*"); where
we consider the function w restricted to the set K,. And let F,, and p,, be
the Robin constant and the equilibrium measure, respectively, associated
with the same weight w restricted to the set N;2; K,,. In the situation of

this lemma, it is known (cf. Theorems 6.2 and 6.5, Chapter I, in [14]) that

lim Fy,,=F, and [, =, L, T — OO.
Therefore, if we denote Fy ., — P(thw,n;-) by hy, it is obtained that the

functions h,, converge to F,, — P(iy;-) uniformly on compact subsets of
D. Hence,

lim e
n—oo

—hn(z) _ ewaJrP(p,w;z)’

uniformly on compact subsets of D, since the functions h,, are uniformly
bounded on such subsets.

On the other hand, the function —P(v;-) is a subharmonic function on
D (in fact, on all C) so, for any compact subset C' of D, —P(v;-) attains
its maximum: say Mc. Then, e~ P2 € [0,eMc] ¥z € C, which implies,
using (12), that

lim e—GDn(u;z) — lim e—P(V;z) e—hn(z) — e—P(V;Z) e—Fw+P(,uw;z) _ e—GD(l/;Z)’

n—oo n—oo

uniformly on C. |

4. PROOF OF THE THEOREM

In the sequel, without loss of generality, we may assume that L is a
compact subset of C\ I. The reduction to this case may be achieved by
means of a Mobius transformation of the variable in the initial problem,
which transforms S(z) into another compact subset of R and L € C\ T
into a compact subset contained in C\ f, where 7 is the image of I by the
Mbobius transformation. This assumption implies, in particular, that for
each n the degree of w, is really 2n, and liberates our arguments from the
special treatment which otherwise we would have to give to neighbourhoods
of infinity.

The proof is divided into three parts. In the first we obtain a general
estimate of the size of f — II,,(f) on compact subsets of C\ I. Here we
must deal with two problems; namely, the poles of II,,(f) (zeros of g, 2)
which may lie in C\ I (and in fact some do), and the zeros of g, ; which
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have negative coefficients )\, ;. Fortunately the number of points with
these undesired properties does not depend on n as n tends to infinity. To
handle these problems we follow arguments employed in the proof of the
Theorem in [10]. The general estimate obtained in the first part allows us
to give proper bounds in part two using techniques from potential theory.
The bounds of part two provide convergence in capacity of IL,(f) to f on
compact subsets of C\ I and with the aid of Gonchar’s Lemma we conclude
the proof in part three.

1. Let w, = u,v, be any decomposition of w, as defined in the be-
ginning of Section 3.1. Let p,(2) = [~ (2 — @)%, where [][~ denotes the
product over the indices ¢ for which A, ; < 0. From Lemma 3.4 it follows
that deg p,, < 2d. Let us consider the functions

2
Dy () = Lrn2tan oy (p 11 (1)) (2), 2eC\ T

Un

For every z € C\ I, from (4) and (5), we obtain

Ba(2) = nl) [ () = 22| = a(2) () - 2 (222)].

dn,1 Z—x
Denote
(o= ) pnl2)
then, K, is a polynomial (in ) of degree less than 2d. We have
1 n 1
—K,(z;2) = P .
z—x on(z) z—x

From the preceding representation of ®,, and Lemma 3.3, we obtain (recall
that n — k(n) > 2d)

= /pn(x) dpin(2) - A, (pn(x) Zn(@) , 2€C\1I.

zZ—X

Let K be an arbitrary compact subset of C\ I. On one hand

‘ / () dpin ()

cuan [£

n

ot . 2eK, (13
P lgn2tall sy, = (13)

S(p)
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where M (K') denotes a constant which may depend on K but not on n. In
the following, in each appearance, M (K) may denote a different constant
with the same characteristics.

On the other hand, using Lemma 3.3, we obtain (notice that p,,(z,,;) =0
whenever A\, ; < 0)

vn(z a pn(Tn i
(2462 - B, 2
i=1 st

Z—Tn,;
i=1 ’
L2
= M(K) [ pu(e)dnate) < M) [ 22| guatallsgn se K
n LS (u)
(14)
Therefore, by the use of (13) and (14), we obtain

L2

[Pn(2)] < M(K) ||-= lan2talls(), =€ K, (15)
S (k)

where K is an arbitrary compact subset of C \ 1.

2. Let {K,}men be a sequence of regular compact sets contained in
I such that K41 C Ky, and S(p) = NSS_1 Ky, We may assume that
each K,, is a finite union of intervals. Let us denote by iy, m and Fy m
the equilibrium measure on the set K, and the modified Robin constant,
respectively, associated with the external field w(z) = exp P(v;z). Set
Q. = C\ K,, and let Gq,, (v; () be the corresponding Green potential. Let
m be an arbitrary natural number but fixed. In view of (2), ¢,1, n € N,
has, at most, d + 1 simple zeros in each connected component of I\ S(y).
In this way, ¢,,1 may be represented in the form ¢,; = Gn,1 by, Where
deghy, = an, < A(m), n > N, and G, 1 has all its zeros in K,,.

Now, let us consider the functions

D, (2) hy(2)

H7 (Z) 9
l ! L2 ||S(M) ”qﬂ,Q td”S(u) vn(2) pn(2)

z€ C\ Ky,.

e

From the definition of multipoint Padé-type approximant it is easily seen
that

1

H, e H(C\ K,,) and H, = (9(Z%_Qk(n)_2d_an_~_1 ),

z — 0. (16)
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We also know, due to (15), that
Ha(2)vn(2)] < M(K), 2 € K, (17)

where K is any given compact subset of C\ I, since h,, has all its zeros in
I and its degree is bounded by A(m).

Notice that
Lu

Un

lgn.2 tallse)
qn2(2) ta(z)’
(18)

L3 (z)

ha(2) [f(2) = n(f)(2)] = Hy(2) vn(2)

S(w)

L2

Un

where z belongs to C\ I. Our next goal is to prove that the sequence
- m@%@} (19)

{ n(2) N

converges to zero with a geometric rate uniformly on compact subsets of
C\ I. To this end, we estimate separately the factors

S(p)

2
n

Un,

H,(z)v,(z) and 20

S(w)

We start with the factors of the first kind. Let K be an arbitrary compact
subset of C\ I. Set 7. = {¢ € C : expGq,, (v;¢) = 1 + €}, where € is a
positive constant sufficiently small so that K and L lie in the unbounded
component of C \ .. In view of (16), for each n, the function

| Hoo(2)] [exP(Fuo,m — P(pwms 2))]20 -2 =200
is subharmonic in C \ K,,. Taking (17) into account, we obtain that

|H(2) v (2)] [exXD(Fuim — P(pa,m; 2)))?7 2R —2d=an
< M(ye) [exp(Fum — Pt m; 2))) 272k ~2d=an

< M(ve) [exp(Fum — Pljtw,m; 2))]2 72K =440 2 ey

where M (7,) has the same characteristics as M (K). Or equivalently, using
(12)
| Hoa(2)|[exXD(Fuom — P(fuo,m; 2))] 27 2H 400

M(~.) [exp(Gq,, (v; Z))]2n—2k(n)_4d (20)

< [vn(2)|  [exp(P(v; z))]2n—2k(n)—4d

Z € Ye.
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Now, we suppose that lim, . n — k(n) = oo and lim,,_, k(n) = oo (the
bounded cases are easier and are considered at the end of this section). We
choose u,, and v, degv,, = 2n — 2k(n) — 4d, with the additional property
of having v as their asymptotic zero distribution as in Lemma 3.5. Since
the degree of all the polynomials involved is even this choice may be done
in such a way that the zeros of u,, and v, lie symmetrically with respect
to the real line. From the fact that v is the asymptotic zero distribution of
{n }nen, we obtain

lim |, (z)|"/ 480 = ¢~ P(i2) (21)

n—

uniformly on compact subsets of C \ L, and using the Principle of De-
scent(see [14], Chapter 1, Theorem 6.8), we have that

lim sup v, (2)| 1/ 980 < e P52) (22)

n—oo

uniformly on compact subsets of C. Now, for sufficiently large n € N, (20)
and (21) together give

| Hoo(2)] [exP(Fuom — Ppwms 2))]20 20 =400

1 + €>2n—2k(n)—4d
» 2 € e

< M(7) (1_6

It follows from the Maximum Principle for subharmonic functions that the
same inequality holds for any z in K. Hence, using (22), we obtain that

| Hou(2) 00 (2)] = [ Hi(2)] [exD(Fupm = Pp,ms 2))]2 2K 7407 0n 50

[0 ()] [exXD(=Fup i + Plpawms )20 2H 74470 < M (5) [0 (2)] %

14e 2n—2k(n)—4d
(1 ) [exp(—Gaq,, (v; 2)) exp(P(v; Z))]Q"—Qk(n)—4d
— €

1 2\ 2n—2k(n)—4d
(I1+¢) > [exp(—Ga,, (v; Z))]2nf2k(n)74d’ e K;

< M0 (

1—ce¢
(23)
for sufficiently large n € N.
On the other hand, (recall that w(z) = exp(P(v; z)))
liz _ L% w2k(n)+4d HL% w2k(n) ||S(;L)
Un llgquy  Ilum w0 g™ mingeg {un (C) k) H44(()}
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where C is an absolute constant which may be different in each appearance.
Therefore, taking account of (1) and (21) relative to u,, we have that
2
n
Un,

1—c¢

2k(n)
<c (1 - ) foxp(— By 2444, (24)
S ()

for sufficiently large n € N.
Condition (1) implies that (see [14], Chapter III, Theorem 4.2)

*
ALn > Haw sy n — oo,

which in turn implies that

lim | L, (z)["/ de8Ln = = PlHuiz)
uniformly on compact subsets of C \ S(u). Using this fact and (22) with
u,, instead of v,,, we have that

[un (2)|[exp(P(v; z))]2k(n)+4d

un (2)]
= MU L ) fexp (P ) PR

[L3(2)]

X

1+4e 2k(n) (25)
X
1—e€

exp(P(jta; 2) — P 2))PH0+4 < M () (

[exp(P(phw; 2) — P(v; z))}%(")Hd, z e K,

for sufficiently large n € N. From (24) and (25), we obtain

L2 [un(2)] 14 e\ ok

“n n < M(K _ . (n)+4d
2| s i (155) ew-Gali)

S(p) n
(26)
4k(n
< MK 1+e€ () e . 2k(n)+4d K
< M(K) (1 lexp(—Gla,, (v; 2))] , z€K,

for sufficiently large n € N.
Using (23) and (26), taking limits, and making e tend to zero it follows

that

( ) 1/2n
Un (2
< [[exp(=Gaq,, (vi "))k, (27)

2(2)

n

lim sup H,(z)v,(z)

2
-_n
n— oo n

L
U
for each compact subset K of C\ I. From here it immediately follows that

the sequence (19) converges uniformly to zero, with geometric rate, on each
compact subset of C\ I.

S(w)

K
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If n—k(n) < B, B R, for all n € N, it is obvious that {uy }nen has v
as its asymptotic zero distribution. Then, we attain (27) by the use of (17)
and (26). Finally, we obtain (27) in the general case (regarding the size of
n — k(n)) passing to subsequences.

3. Following standard arguments, from (18) and (27), it is not difficult
to prove convergence in capacity of the sequence II,,(f) to f on compact
subsets of C\ I (cf. proof of Theorem 1 in [11]). The poles of the function
I, (f) in C\ I are the zeros of ¢, 2 and their number does not exceed d.
The number of poles of f in C \ I is exactly equal to d, and part 1 of
the statement of Theorem 2.1 now follows from Lemma 3.6. Therefore, on
every compact set K C C\ (I UP) the function g, 2tq can be uniformly
bounded below for sufficiently large n. Thus, from (18) and (27), we have
that

limsup | f — I (f)[/*" < |l exp(~Ga,, (v ) k. (28)

n—oo

where K is any compact subset of C\ (IUP) and m is an arbitrary natural
number. Therefore, with the aid of Lemma 3.7, we obtain part 2 of the
statement of Theorem 2.1 for compact subsets of C\ (IUP). Since f—IL,(f)
is holomorphic in a neighbourhood of z = oo and takes the value O there,
we have, by the Maximum Principle, that (28) holds true for arbitrary
compact subsets in C\ (I UP), which completes the proof if (1) takes place
and lim,, o, k(n) = oo.

Now, we assume that k(n) = o(n). Let K be an arbitrary compact set of
C\I. Let a = min,cx cer |2 — (| and B = max.cg(u)cer |z —¢|. f z € K
and we use (21) and (22) with u,, instead of v, we have that

[F2A |un(2)]
s A minges () [un(C)]

|un(2)|
[L3(2)]

L2

Un

<

)

(6)”““”( | exp(—P(v; )l + ¢ >2k<n>+4d

a mingeg(,) |exp(—P(v;())| — €
for all sufficiently large n € N. Therefore, if k(n) = o(n), we obtain

1/2n 1/2n

<1

— Y

2

-_n

Un

L3 (2)

lim sup

n—oo

S(w) K

where K is any compact subset of C\ I. Now, the proof is analogous to
the previous one using this last result, instead of (26).

Finally, if only condition (1) takes place we attain the result passing to
subsequences.
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5. REMARKS

As we said above, condition (1) implies (assuming lim,,_, k(n) = o)
that

*
AL, — Hw, 1 — 0.

If the set S(u) is regular with respect to the Dirichlet problem in Q both
conditions are equivalent (see Lemmas 3 and 4 in [5]) but, in general,
the reciprocal statement is not true. To see this, let us consider the set
[—2,2] U {3} and the Chebyshev polynomials T,,(z) = 2™ + ... for [-2,2].
Let p be the measure on [—2,2] U {3} which restricted to [—2, 2] equals the
Lebesgue measure and has mass 1 at z = 3. We take u,, = v, = 1, for all
n € N. The Chebyshev polynomials 7}, verify

limsup ||/ o < cap ([-2,2)) = 1. (29)

n—oo

This fact is equivalent (see [2], Theorem 1) to
AT,L L’ Moaw n — oo, (30)

where dp,, is the equilibrium measure of [—2, 2], which is the same measure
that the equilibrium measure of [—2, 2]U{3}, since both sets differ in a set of
capacity zero. In turn, any one of the conditions (29) and (30) is equivalent
to

lim |7, (2)["/™ = exp(goy[_2,2)(2: ),
n—oo

uniformly on compact subsets of C\ [—2,2]. In particular

lim |7,,(3)]"/" = exp(gon(—2,2(3;00)) > 1. (31)

n—oo

On the other hand, condition (1), for the polynomials T,,, reads

72172]U{3} < cap ([_2a 2] U {3}) = 17

lim sup ||Tn\|[11
n—oo

which contradicts (31). However, it is easy, in this case, to construct a

family of polynomials that satisfies (1). It is sufficient to take L, (z) =

T,.(2) (z—3). In general, there always exist families of polynomials verifying

(1), for instance, Chebyshev and Fekete (weighted) polynomials (see [14],
Chapter 3).

Regarding the relationship between Corollary 2.1 and Theorem 2 in [5],

neither of the results is contained in the other. In contrast with [5], we do

not require that either S(u) be regular or that the measure p be regular
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(see [5] for definition). However, our condition on the polynomials L, is
stronger and we do not obtain the exact rate of convergence.

If, in Corollary 2.1, the polynomials w,, are taken to be equal to 1, we may
compare this result and Theorem 2’ in [3]. In case that S(u) is a regular
compact set, both results are equivalent; otherwise, our requirement (1)
is stronger than the one that appears in [3], but we let lim, .o k(n)/n
be equal to 1, which is not allowed in [3]. The case lim, o k(n)/n =1
corresponds to the case when “almost” all the poles of II,, (i) are fixed. In
this situation the construction of the Padé-type approximants has the least
computational cost since the zeros of L,, are given.
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