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1. INTRODUCTION

Let P be a probability function in (R, B?) absolutely continuous with respect to the o-
finite measure p. Let f = dP /du be the corresponding Radon Nikodym derivative, which
is assumed to belong to the space L, (R%,B?, 1), with 1 < p < co. Usually, it is considered
the Lebesgue measure A and then, f = dP /d\ is the corresponding probability density
function (pdf). Given a random sample {X;,1 =1,...,n} from P, a delta estimator of f

is defined as
n

Ful@)= =3 K, (X1,

i=1

where m, = m (n) is known as smoothing sequence, and it is assumed that m,, diverges
as n — o0o. The sequence {m,}, .y is not necessarily a sequence of numbers, it could be
a sequence of matrices, partitions, functions, etc. The sequence {Ky,,, }, oy is known as
generalized kernel sequence.

This class of estimators was introduced by Whittle (1958), encompassing most of the
existing nonparametric estimators. Terrell (1984) and Terell and Scott (1992) show that
all nonparametric density estimators, which are continuous and differentiable functionals
of the empirical distribution function can be interpreted as delta estimators, at least
asymptotically.

In the case of pdf estimation fn (z) is pointwise asymptotically unbiased if

lim B [f2 @) = [66-27 @A) = 1 @),

n—00

where § is the Dirac delta generalized function with jump at zero. This is why these esti-
mators are known as delta estimators. Watson and Leadbetter (1963), Walter and Blum
(1979) and Prakasa Rao (1983) provide sufficient condition for global consistency in norm
L, ()) and pointwise consistency, assuming smoothness conditions on f. Winter (1973,
1975) studies uniform consistency and the consistency of the corresponding smooth distri-
bution function estimator. Watson and Leadbetter (1964) establish asymptotic normality.
Basawa and Prakasa Rao (1980, Chap. 11) provide results for dependent observations.
In this literature unbiasedness is achieved under restrictive smoothness conditions on the
pdf f. Universal asymptotic unbiasedness results and global rates of convergence for the
bias have not been obtained yet.

One of the main objectives of this paper is to provide fairly primitive conditions on

K, which are sufficient for the universally asymptotic unbiasedness of f; The expected



value of ﬁl is given by

e, (f;2) = / K, (2:2) f (2) p(d2).

which is a sequence of linear operators in L, (R% B¢, 1) . We say that the delta estimator
p K Y

is asymptotically unbiased (in global sense) when
nli_{r;Q llam,, (f;2) = f(x)”L,,(#) =0. (1)

Notice that the smoothing sequence {m,}, .y is a divergent sequence in a directed set!
I. The elements of such a sequence can be positive definite matrices ordered by decreasing
norm, in the usual kernel estimator of a multivariate density; the order of a polynomial,
in the orthogonal series estimators; or measurable partitions, in the histogram. Thus
{am (f; )} mer is @ net? of curves in L, (R%B?, ), which allows to define universally

asymptotic unbiasedness in a very general framework.

Definition 1 We say that the delta estimator fn is universally asymptotically unbiased

in Ly (Rd,Bd, ,u), with 1 < p < o0, iff the net of linear operators {am}men , with
Qm ¢ Lp (Rd, ]de /1') - LP (Rd> de .u)
f — am(f)=am(f;$):me(x’z)f(Z) ﬂ(dz)§

is such that Vf € L, (R¢, B¢, ),

lim Jlom (f;2) = f (@)l () = O-

This is the same as saying that the net of linear operators {am },,¢; is a linear approx-
imator of the identity or a linear approximate identity3.

Notice that when fn is asymptotically unbiased, according to definition 1, (1) holds for
any sequence {1y}, Which is an increasing sequence that diverges in I, for all probability

functions P absolutely continuous with respect to p, with f =dP /du € L, (Rd,Bd, ,u) .

1 A directed set I, is a non empty set endowed with a partial preorder <, such that if m;, mo € I, then,

there exists an m3 € I such that m; < m3 and ma < mg3.
2A net {am},, ¢ in a Banach space (B, ||]|g), is such that am = a(m) with a: I — B, where I is a

directed set. So we say that lirélI lam —allg =0, a € Biff Ve > 0, 3m (€) € I such that jjam —aflg < € for
m
alm > m(e). See e.g. Edgar and Sucheston (1992, pp 4). In our case B = L, (]Rd,Bd, 8),am = am (f;z)

and a = f(x).
3Let (B; |-l 5) a Banach space. The net {am},, ¢y of bounded linear operators am : B — B is a linear

approximator of the identity if
lim - = B.
im flam (f) — fllg =0, Vfe€

See e.g. Davis (1975, pp 346).



The rest of the paper is organized as follows. In section 2 we provide sufficient condi-
tions on the kernel function { K, (z,2)},,¢;, for universally asymptotically unbiasedness.
Section 3 provides a rate of convergence for the bias, which can be improved under dif-
ferentiability conditions on f. Section 4 presents a bias reduction technique. In section
5 we check the universal asymptotic unbiasedness sufficient conditions for for some broad
classes of nonparametric estimators. In section 6 we discuss the bias of regression delta

estimators. Proofs can be found in section 7.

2. SUFFICIENT CONDITIONS FOR UNIVERSAL ASYMPTOTICALLY
UNBIASEDNESS

Define the net of majorized operators of {am},,¢;

o)., (i) = / Ko (2,2)| £ () 1 (d2)

The following theorem provides conditions on the generalized kernel net { Ky, (,2)},,¢
which are sufficient to guarantee that the net {am},,; is a linear approximator of the
identity and, therefore, the delta estimator is universally asymptotically unbiased. We
say that {|a],,} .y is uniformly bounded* in L, (R¢, B¢, 1) if

me

sup [[Ledmlle, “ sup { sup |lle),, (f; I)I|LP(“)} < 0. @)

mel IUHLP(,‘)S]-

Theorem 1 Assume that

A.l. {|a],,} e @8 uniformly bounded in Ly (R%,B4, 1), 1 <p<oo.
A.2.

=0.

i o (132) =11, =l | [ K2 9009 1)

A.3. For all compact set C C R?, the measure u(C) < oo.

1Let (31, ”'”Bl) , (32, ||-|132) be two Banach spaces. We say that a linear operator a: By — B; is

bounded (equivalently continuous), if

def.
lallg,,B, = sup lla(f)iip, <oo
s, =1
A net {am},, ¢ is uniformly bounded iff
sup lamllp, 5, =sup { sup lla(f)lip, p < oo.
mel mel | 1fllg, <1

Sece e.g. Kantorovich and Akilov (1982).



A.4. For all § >0, and all compact set C C R?,

=0,
Ll»(i—‘(‘)

lim
mel

/ Ko (2,2) 16 (d2)
{z:llz~=z[|>6}

where pir, is the restriction of p to the compact set C.
Then the net sequence {am}men is a linear approximator of the identity in L, (Rd, B9, p).
The following remarks are in order

Remark 1 Assumption A.1. establishes that the net sequence {|c],,}, .o is uniformly
bounded in L, (]Rd,]Bd,,u) . This condition s fairly easy to check whenp =1 orp=2. If
p=1 and | K, (z,2)] is continuous for almost all points, then the left hand side of (2) is

equal to

sup {esssup / |Km (z,2)| ,u(dx)}.

mel zER4
If p =2 the left hand side of (2) is bounded by

sup {( [ 15 (x,Z)lzu(dx)#(dZ)f}.

See DeVore and Lorentz (1993, pp 30-84) and Dundford and Schwartz (1956) for a dis-

cussion of these results.

Remark 2 A sufficient condition, but not necessary, for A.2. is that there exist anmg € [
such that Ym > my,

am (L;z)=1 as.[y.
If 1 is a finite measure, a weaker sufficient condition for A.2. consists of assuming
[ ({x eR? }rllrer} lom (1;2) = 1] > O}) =0
sup |am (1;2)] € L, (R%,B% ),
mel

Observe that if p is a finite measure, those conditions implies A.2. (see e.g. Chung (197,
pp 100) and Billingsley (1986, pp 220)).

Remark 3 If u is a finite measure, condition A.3. holds. The Lebesgue’s measure also

satisfies A.S..

Remark 4 A sufficient condition for A.4. is that for all § > 0,

=0.
Lv(l‘)

lim

U/ (B (2,2)] 1 (d2)
me | {zllz—zl>6)

Assumption A.4. says that when m increases the support of |K,, (z,z)| concentrates on

{(z,2) : ¢ = z} and, perhaps, in other points of null measure.



Condition A.4. may be the most difficult to check. The next proposition provides a

sufficient condition for A.4.
Proposition 1 The assumption:
A.4’. For somes>1

=0,
Ll'(#)

lim || [ 1K @22 e = 21 a2

is a sufficient condition for A.4.
Proposition 2 The assumptions:
L f 2= ol (Ko (2,2) 1 (d2) = 0, a.s.[u],
2 [llz =l K (2, 2)|p(d2) < [T @), T € Ly (REBY ),
are sufficient conditions for A.4’.

Weaker sufficient conditions in propositions 1 and 2 can be obtained substituting p by

He, for every compact set C.

In order to obtain rates of convergence for the bias of delta pdf estimators, we need to

assume differentiability of the density function.
3. GLOBAL RATES OF CONVERGENCE FOR THE BIAS

When f belongs to the Sobolev’s® space W, (R, B9, \), it is fairly straightforward to
obtain global rates of convergence for the bias. The next proposition provides a bounding

condition, which is useful in order to obtain rates of convergence.

Proposition 3 If {am},,; is @ linear approzimator of the identity in L, (R%, B%, \) with
1<p< oo, and f € W, (R4, B%,)), then

llem (f;2) = F (@)L, n) S I (@) (1= am (L2))i, 0 + O (m)),

where

¢(m) = llad,, (le = 2l )l ) = |

/ |Kom (2, 2)] 12 — ]| A (d2)

Lp(N)

5For an introduction to Sobolev spaces see, e.g. Adams (1978) and Maz'ja (1985).



Remark 5 This result is useful when lirri ¢(m) =0 holds, e.g. under A.4’. with s = 1.
me

In some cases this property may not be satisfied. However, we can use the proposition 3,

substituting the measure A by the measure A\c, where C C R? is a compact set and A is

the Lebesgue’s measure restricted to C. Also ¢ (m) must be substituted by (- (m), such

that,
}'xlm Cc(m) = hm H/]K z,2)| ||z — 2|| Ac (d2) L o) =0.
Note that [l (f;2) — £ (2)ll, ) = O (¢ (m) when,
1 (@) (1 = am (1;2))ll 5y = 2 (¢ (M), (3)

which may be achieved ensuring that Img € I such that Vm > my,
am(L;z) =1 a.s. [N,

this condition is satisfied when {am},,¢; is a net of normalized operators.
Define the normalized generalized kernel,

~ Km(z,2)
K (2,2) me (z,2) A(dz)’

and the corresponding normalized operator,

G (fi )—ﬁ"% Lo (iey>0) (&) = / B (2,2) £ (2) Mdz).

The next proposition shows that (3) holds for normalized operators.

Proposition 4 If {am},,¢; 15 net such that,

A.5.

inefn lam (L;2)] > ¢>0 as.[N,

then,
am (L;z)=1 as. ]},

and Vf € L, (Rd,]Bd,/\) ,

[@m (f;2) = £ (@)l 0y < 7 m (z,2) (f (2) = f (z)) A (d2)

~

Lp(N)

Thus, when A.5. holds, the resulting normalized operators satisfy condition A.2.. Notice

also, that Proposition 3 establishes that {a, },,; is a linear approximator of the identity
when,

=0, VfeL,(RLB4N),
Ly(3)

tig | [ 22 (1 @) - £ @) A )




which follows when {a,n},,¢; satisfies, despite of A.5., conditions A.1, A.3. and Ad. in
Theorem 1.

The next corollary states the rate of convergence for the standardized operators {Qn },,¢; -

Corollary 1 Suppose A.5. holds. If {cun},.p is a linear approzimator of the identity in
L, (R4, B4 N) with 1 < p < oo, and f € Wy (R4, B%, A}, then,

1&m (f;2) = £ (@)L, = O (M)

Therefore, pdf delta estimators of the form,

Z ~mn (I) Xl) ’
i=1

are universally unbiased in L, (R% B¢, ), with a bias O (¢ (m)) for differentiable density

3=

]?n (37) =

functions.

In general, the rate of convergence is not faster when f belongs to the Sobolev’s spaces
wy (Rd, B¢, )\) , with higher derivatives of order s > 1. But, under certain moment condi-
tions on the linear operator, it is possible to obtain rates of convergence o (¢ (m)) imposing
the nullity of some moments for the linear approximator {@m},, ¢y, as stated in the fol-

lowing theorem.

Theorem 2 Let {am},,¢; be a linear approzimator of the identity in Ly (R, B%,\) with

1 < p < 0o. Assume that there exist an mg € I such that for all m > my,

am (L;z) = 1 as.[N,

am((z—2)";2) = 0 as.[A, (4)

for all v € N% such that 0 < |v||, < 7, 7 € N, with (z—z)" = 1%, (2 — z;)"7,

j=1
vl = szl v;l. Then:

(i) If f € WS (RY, B4, X) with s €N, s > 7, then,

lam (fi2) = f @)L,y = O (M),
where,
¢r (m) = llla)m (lz = 2l () -
(ii) If f € W5 (R%, B, )\) with s €N, s > 7, then,
o (£32) = £ (@) = O, (mi 7)) as. A,

where,

¢r (miz) =|lo, (12 — =l



(iii) If f e C? (Rd) with s €N, s > 7, then,

lam (f;2) = f (@)L = O (7 (M),

where,

¢ (m) = llled,, (lz =2l -

So under the conditions of the above propositions, it is possible to obtain faster rates
of convergence, since O (¢, (m)) = o (¢ (m)) for all 7 > 1, with {(m) = ¢, (m) . This fact

is formally stated in the following lemma.
Lemma 1 Define for all 7 > 1,

¢r(m) = llem (12 = 217l 0 -
and ¢ (m) = ¢;(m).

o If lirer}[ ¢(m) =0, then,
lim ¢, (m) =0, v7>1.

o If1< 719,72 < 00, then,

Cry, (M) =0 (¢r, (M)
The same results follow for the rates ¢, (m;z), ¢ (m) in (i) (iii) of Theorem 2.

A leading example of higher order delta estimators are the higher order kernels, studied
by Singht (1979), Gasser and Miiller (1984), Gasser et al (1985), Devroye (1987), Hall
and Marron (1987) and Berlinet (1991) among others. These bias reduction techniques
have been proven very useful in semiparametric estimation problems, in order to make
compatible the convergence of the variance and bias terms in statistics which are weighted
averages of nonparametric estimators, see e.g. Robinson (1988) and Powell et al (1989);
also Delgado and Gonzalez-Manteiga (1998) for testing restrictions on nonparametric
curves.

In next section we propose a bias reduction technique for obtaining higher order delta

estimators based on local polynomials.
4. A BIAS REDUCTION TECHNIQUE.

Let {6m},,; & linear approximator of the identity in L, (R¢,B%, ), with 1 < p < oo,
given by
Om (f;2) = /G’m (z,2) f(2) A(d=2),

9



with {|8],,},,¢; uniformly bounded. Assuming that f € Wy (R, B2, X), the objective is
to obtain a new higher order bias delta estimator, whose corresponding net of expected
values {am },,¢; achieve rates of convergence O (¢, (m)). De net {ayn},,; has generalized
kernels of the form

T-1

K (z,2) = 1—2 Z B, (@) (z—z)"| Gm(z,2),

I=1 ||, =t

with 1 < 7 < 5. The polynomial coefficients 3, are locally constant for each point z.

These coefficients are obtained by means of que moment conditions

am ((z —2)"; ) :/(z—a:)" Ko (z,2) A(d2) =0,

with 1 < |lv||; < 7 — 1. So K, (z, 2) is a higher order generalized kernel. The coefficients

{8, (z)} are deterministics. The pdf estimator is,

n

T—1
fn(x)z;ll-z 1= % 8, (Xi—2)"| G (2, X3

i=1 1=1 |yl =t

The computation of the coefficient 3, (z) is fairly easy. For each x, 3, (z) is obtained by

solving the linear system

71

/(z-z)" 1= S 8,@)(z=2)"| G (&,2) p A(dz) =0, (5)

=1 vl =t

with 1 < ||v||; € 7 — 1. Notice that (5) can be written equivalently, as,

T—1
[0 Gn@ar@) =3 ¥ 6@ [(=0)™ G @2) Mds).

1=1 flll, =t
or,
d T—1 d
O | [ =252 | =D 3 B, 0m | [[ (25 —2)"" 52
i=1 1=1 |yl =t =1

In order to guarantee a solution for the system, we need that Vm € I, the matrix

d
S@ = | 40m | ]z 252
11

1<, ||, <7 -L1Llvll, <71

must be non singular in almost every point x € R%. In principle, this is the only restriction
that has to be taken into account for choosing 7. It may be the case that such solution

does not exist.

10



5. SOME EXAMPLES

Next we check conditions A.1.-A.4. for some broad classes of nonparametric density

estimators in the next examples.
5.1. SINGULAR INTEGRAL ESTIMATORS

A relevant case are the singular integral kernels,
K (2,2) = Ky (2 — 2), (6)
with correponding linear approximator
o (fi2) = [ Knm(@=2) 1 (:)A(d2).

The pdf singular integral estimators singular is
-~ 1 —
fa(z) = ;EKmn (z - Xi),
i=

The global unbiasedness of this estimators has been considered by Devroye and Gyorfi
(1985, chap 12, sec. 8), for the measure A restricted to a finite interval. They encompass

relevant families of nonparametric estimators like:

e Kernels in L, (R¢,B%, ), that take

1 -1
with H a definite positive matrix, and the matrix are ordered by the relation to have

smaller ||H|. In the multiplicative kernel, K (u) = H?:l K; (u;) with H diagonal.

e Fourier series estimators in L, ([, 7]), 1 < p < oo, with

sin ((m + %) u)

K (u) = 27 sin (%u)

, m € N.

K, (u) is known as Dirichlet’s kernel. If p = 1 this is not uniformly bounded, but

we use:

o Fejer series estimators in Ly ([—, 7]),

Ko ) = ] (sin«m+%)u))?

2 (m+1) sin (3u)

There are many other examples, for a review see Butzer and Nessel (1971), Devroye
and Gyorfi (1985, Chap. 12, sec. 8). The next proposition provides sufficient conditions

which satisfy theorem 1 for these estimators:

11



Proposition 5 Assume that:

S.1. {Km}me C LIt (R4, B9, N).

S.2. Img € I such that [ K, (u)du =1, Ym > my.
S.3. 717112}] [ |l | Ko (u)| du = 0.

Then A.1.to A.4. holds in L, (Rd,]Bd, )\) , with 1 < p < 00, for the generalized kernels
in (6).

5.2. HISTOGRAM

A broad class of density estimators is de histogram. It is defined by means of measurable
partitions. Denote by m = {A;, A, ...} a measurable Borel partition of R4, which is
formed by non null and finite A-measure sets. Denote the set of such partitions by I,
which is ordered by the partial preorder m; < mg iff mg is more thin 6 than my. Then
I is a directed set. Sometimes we take a subset Iy C I of nested partitions. Define the
partitioning approximator by the generalized kernel,

T4(x)I4(2)
K (z,2) = e 7)
2 T5m (

with corresponding linear approximator,

Jaf(z) A(d2)
om (fi2) = L= 1 14 (2).
> (45 )

The Histogram estimator of f € L, (R4, B%, A) is,

fal@)= " (Z—%%()X—)) Ia(z).

Aem,
This is the oldest nonparametric estimators that is known, Graunt (1662) is an early
reference. It is studied by Revesz ((1971), (1972), (1973), (1974)), Tukey (1977), Scott
((1979), (1992, Chap. 3)), Freedman and Diaconis (1981), among others. Universal
consistency of the histogram has been established by Abou-Jaude (1976a, 1976b, 1976c)
and Devroye and Gyorfi (1985).

Proposition 6 A.1.to A.4. holds for the generalized kernels in (7).

6 We say 7q is thinner than my, iff every set in w9 belongs to some set of wy; that is, VA, € 7y, Ap € T2

then Ag C A1, or A2 N Ay =0.

12



5.3. ESTIMATORS BASED ON ORTHONORMAL HILBERT SPACE BA-
SIS

Here, we consider the particular case where f € Lj (R¢, B¢, 11). This is a Hilbert space

with the inner product
(s = [ 1) 9 nlde).
We say that the set {ex(2)}7=; C L2 (R B?, 1) is an orthonormal set if (er€s) () =
Iig=s)-
The use of an orthonormal set is relevant, because if we have an orthonormal set
{ex ()}, the orthogonal projection of an arbitrary f € Ly (R% B¢, 1), onto the linear

subspace spanned by this set, can be expressed as,

k; fre) 1 - ( [1@e (Z)M(dZ)) ex (2).

Note that, if we define,

=1
m

Ky (z,2z)= Zek (z) e (2), (8)

k=1
then, the projection can be expressed as,

/ Ko (z,2) f (2) 1 (dz)

/ (Zek (c)ex (z)) f (@) udz).
k=1

Thus, we say that a sequence {e (z)} -, is an orthonormal Hilbert space basis if the se-

am (f;z)

quence of projections { am}:=1 , is a linear approximator of the identity in Lo (Rd, B¢, u);
or equivalently, iff the set {ei (2)}se, has a span which is dense in the L, (R¢ B )
space. Using the Zorn’s Lemma it can be proved that every Hilbert space has, at least,
an orthonormal Hilbert basis (see Kreyszig (1978, pp 212)).

Notice that the corresponding density estimation is just

fald) = —ZK (xX»—kan ek (2),

=1
fen = —~ ;ek (X3).

This estimator was first consider by Cencov (1962) and Bosq (1969). The literature about
density estimation by means of orthonormal basis is discussed in Devroye and Gyorfi (1985,
Chap. 12).

Establishing the approximation property is far from be obvious. A possibility is to use

Theorem 1, however even in this case the conditions are not easy to check.

13



Proposition 7 Assume that:

0.1. {ex (2)}jo, is an orthonormal set in Ly (R, B%, 1) , such that

sup Z er (z) ex (2)| f (2) e (dz) < 00,
meN Hfll,z(,, o
Ly(p
0.2. there is a ko such that er, (z) =1, a.s.[y].
0.3. For all compact set C, p(C) < o0
0.4. V6 > 0, and all compact set C,
sup | | (Z e (<) ex (z)) e — | 1 (d2) =o.
meN k=1 La(pc)

Then A.1to A.4. holds for the generalized kernel (8), and {ex (2)},—., ts an orthonormal
basis in Lo (R, B%, p) .

In the particular case that we use Fourier series, this method is equivalent to use the
result about singular integral estimators.

A useful technique in Lo (Rd,]Bd, [,L) consists of taking orthonormal polynomials. The
corresponding base is obtained by means of the Graham-Schmidt algorithm of orthonor-
malization (See Davis (1975) and Cheney (1981)), applied to a previous set of functions
that are dense in Lj (R%,B¢, 1), usually { x"}:ozl , provided that such functions belongs

to Ly (R4, B%, 11). This orthonormal basis contains polynomials like,
ek (:IJ) = ak,kxk + ak,k_lzk“l + el + ax o,

where the coefficients are obtained from the Graham Schmidt technique. Establishing
the approximation property is not obvious, but in the case of orthonormal polynomials in

Ly (R, B, 1), we can use the Christoffel-Darboux formulae,

Kn(z,2)=Y e (z)ex(2) = am,m (em+1 (z) em (2) — em () emt1 (z)) .
k=1 ‘

Om+1,m+1 T—2z

(See Davis (1975) and Cheney (1981)). This result can be used to check assumption 4

because,

[ 1K @2l = 2l @) € 228 [ ey (2) e (2) = e (@) e ()] 1),

am+l m+

14



6. ON THE BIAS OF REGRESSION CURVES

Let PX:¥ a probability function in (R4+!,B%*!) and P the marginal probability

function of X. Assume that E [|[Y[’] < oo, with 1 < p < oo, so,
gpxv (z) = Epxy [Y |X =z] € L, (RY, B4, P¥).

Given a random sample {(X;,Y;),i =1,...,n} from PX-Y | if we have an linear approx-

imator of the identity {8,,},.¢; in L, (R¢, B, PX) with,
B (fi2) = [ W (.21 () P¥ (@2),
then se can get a delta sequence estimator of the regression function as,
n (z) = ZW’"" (z; X;) Yz,
where m, = m(n) is a divergent sequence in n. By the law of iterated expectation,
E[gn(2)] = E [Wnm, (z; X:) Yi] = /W(m,Z) gpx.y (2) PX (dz) = B, (9pxv;2),
80 g () is asymptotically unbiased if,
llm Hﬁ (9px.v;z) — gpx.y (x)”l,p(PX) =0.

This condition universally holds if {8, },,¢; is an approximator of the identity in L, (R, B¢, PX).
However, in practice, this kind of approximator {£,, }men can be obtained when the proba-
bility PX of the regressors is known. It happens, for instance, when we have deterministic
regressors. In this case, the techniques developed in this work are also useful. Higher order
rates of convergence for the bias are also applicable when PX is the uniform distribution

. yd
in [T, [aj,b;].
For instance, in the orthonormal series regression estimator in Ly (R¢, B¢, PX) take

W, (2;2) = 3 g ek (z) ek (2), and
gn(z) = -Z (Zek (z) ex (X; )) ‘K'=Z"§k,n-ek($)-
=1 k=1

Okn = _Zek(X) Y.

i=1
Notice that if PX is unknown, then is also unknown the orthonormal Hilbert basis

{ex (I)}Zil
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7. PROOFS
7.1. PROOFS OF SECTION 2.

PROOF OF THEOREM 1.

The following theorem provides high level assumptions which ensures that net of linear
operators 1s a linear approximator of the identity. This is obtained from the Banach-

Steinhaus theorem (see e.g. Rudin (1966)).

Theorem 3 Let (B, |-||g) e Banach space and {am},,¢; @ net of linear operators such
that,

am: B — B
f — an(f).
If,

1. {@m}me 15 uniform bounded in (B, ||-||g), that is

sup ||oum || =Sup{ sup |lam (f)llB} < .
mel Iflig=1

me

2. There erists a subset G C B, dense en B, such that,
lim llam (1) = £z =0, VS €G.

Then {am},,¢1 i a linear approzimator of the identity in B. If also ||am|| < oo for

each m € I, then the conditions are necessary.

Proof.

See e.g. Kantorovich and Akilov (1982, Th.. 3, pp.. 203) and Davis (1975, pp.. 351).
|

Note that the space C, (Rd) of continuous functions with compact support is dense in
L, (R4, B4, 1), with 1 < p < 00, (see e.g. Rudin (1974, Th. 3.3.1.)). The theorem follows

applying theorem 3 and the following lemmas.

Lemma 2 Let {am},, o @ net of linear operators in L, (R%, B¢, 1) with 1 < p < oo. Then

for all m € 1 the operator norm verify,

”am"LP(,,) < “LaJmuLp(#)‘

Furthermore, the uniform boundness of {|c],,}¢; implies the uniform boundness of

{am}meu~
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Proof.
If f € L, (RY, B 1), then,
om (£52) < [ 1K @21 () w(d2) = L), (S152) 0.4
Because the norm |||, is lattice,
lom (£l gy < M) (7150 -
then Vf € L, (R, B%, 1),
lam (1), < el (15205 < Madally, - 112 -

and so Ham”L,, < ”[aJm”L,,'
[ |

The previous lemma and assumption A.1. implies that {@m},,¢; is uniformly bounded.

By theorem 3, it is sufficient to establish that,
lim [l (f;2) = f (@)l =0, Vf €Cc(RY).
Lemma 3 If the net {am}men satisfies the conditions of the theorem, for all f € C, (Rd),
tim flam (£52) — £ @),y = .

Proof.

First, notice that,

lom (F:2) £ @)l < ” JU@ = 1) n@2) (a)
+llam (132) £ () = £ @4,

Ly(n)

By (A.2.), for all f € C. (R?),

lam (£52) - £ @)l < / (f (2) ~ £ (2)) K (2:2) 1s(d2)
F1F @l llaom (L) = 1,

= |0 @-1@) Kn@ ul@s)]  +o).

L,(p)

L, (»)

Function (f (z) — f (z)) € C. (R? x R?) so then we can restrict the measure p to a com-
pact set C'. Denote such restricted measure by u-. Then,

+o0(1).
Lp(uc)

lam (f;z) = f (@)L, =

/ (f (2) = 1 (2)) Km (2,2) 1 (d2)

17



Since f is uniform continuous, for all € > 0, 36 > 0, such that, if ||z — 2|] < § then

|f () = f(2)| € ¢. Thus,

lm (f52) = F @l < || &) = F @) Ko (0, e (@) +
{z:|lz—=z||<6} Ly(ie:)
+ / (f (2) = £ (2)) Ko (3,2) pic (d2) +o(1)
{z:|lz—=]I>6} Ly (ee)
< e ]/ Ko (2,2) po(d2)|  +
Lp(l-’-c)
" / h(z,2) Km (2, 2) e (d2) +o(1),
{z:||lz—z]|>8} Ly(uc)
where h(z, 2) = (f (2) - f (z)).
The first term is arbitrarily small by A.1. and A.3.,
sup / Kom (2, 2)| e (d2) < sup ] Ko (2, 2)] e (d)
mel Ly (pe) mel Lyp(x)

/ Ko (2, 2)| - Tc (2) 1 (d2)

< sup flledmlle, g - IHellz,

= sup
mel

Lp(p)

= sup el oy - #(C)7 < o0.

The second term is o (1) because for all h(z,2) € C. (R? x R%) we have ||h||,, < oo and
then,

/ Ko (z,2) h (2, 2) e (d2)
{z:llz—=||>6}

Ly(rc)

Lyp(pc)

/ Ko (2,2)] 5 (d2)
{z:|jz—z||>6}

by A.4..
PROOF OF PROPOSITION 1.

Since |e],, is a monotone operator and the norm |||, ) is lattice,

53

IA

/ e = 2l |Kom (2, 2)] pic (d2)

/ Kom (2, 2)| e (d2)
{z:l|lz—z2||>6} Lp(pc)

Lp(uc)

IA

6% — 0.

Lp(n)

/ llz = 2|I* | K (2, 2)] 1(d2)

thus A.4. is satisfied.
PROOF OF PROPOSITION 2.

This is an inmediate consequence of the Lebesgue’s Theorem of dominated convergence.

18



7.2. PROOFS OF SECTION 3

PROOF OF PROPOSITION 3.

By the triangle inequality,

AN

1f () —am (Fi2)ll, 09 < £ (@)= f(2)-am (L)l (s

+HIf () - am (152) = am (F52) 1,0
If (&) (1 = am (152))lI ()

+HIf (@) - am (152) = am (F;2)] 1,05y »

!

since f € W, (R%,B%,\). Using the mean value theorem argument,

f(2) f(z) + R(z,(z — z))
R(z,(z-2)) = O(llz—2]).

almost everywhere. Thus,

am (f;2) = f(z) am (1;2) + am (R(2,(2 - 7)) s 2)
and

lam (f;2) = f(z) om (1;2)] < |af,, (IR (2,(z — 2))]52)
which implies that,
llee (f32) = f(2) om (L;2)l|, (3 < M) (R (2, (2 = 2))52)M 1y -
Since |a],,, is monotone,

la)m (IR (2,(z — 2))|;2) = O (la), (lz - 2 ;7))

and taking into account that the norm ||-|| L,(» s lattice,

lem (R (2, (2 = 2))52)lL 5,9 = O (Il (2 = 2l32), 3y ) = O (¢ ()

Therefore,

lla(f;z) — f () am (L)L, () = O (C(m)).
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PROOF OF PROPOSITION 4.

Obviously,
am (1'» x) = g’:g——%% : I{lam(l;x)l>0} (GL‘) =1 as. [)\] .
Then,
(i) - f @) = |22 )] - | fO= e ) oy,

AN

¢t lom (f32) = f (2) om (15 )]
/Km (z,2) (f (2) — f (2)) A(d2)

L.

I

b

using the regularity condition.
PROOF OF COROLLARY 1.
Is an immediate consequence of Proposition 4, and 3.

PROOF OF THEOREM 2.

The proof of the theorem 2 is based on the following proposition, which permits to

apply higher order Taylor expansions to the linear operators.

Proposition 8 Let {om},,¢; be a linear approzimator of the identity in L, (R*,B?, \)
with 1 < p < o0o. Then,

(i) Assuming that f € W2 (R4, B% \) with s € N. Thus,

s—1
am(f;x)—f(x)am(l;z)——z Z %am((z—x)";x)D”f(m)

I=1 vl =t

=0(((m)),

Lp(X)

where (z — z)" = Hj;l (zj — )7, = HLI vl and

d
am ((z - 2)";7) = am (H (z — ;)" ;w)

=1

s (m) = Il (2 = 2”5 D)l ) -

(i1) Assume that f € W3 (R?,B?, \) with s € N. Thus,

s—1
am (fiz) = f(z)am (1;z) - Z Z ;1!'C¥m ((z=2)"52)| = 0((, (m;z)) as. (A

1=1 [lvll, =1

where

¢s (m;z) = |af,, (Il = zoll® ; zo)..
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(iii) Assume that f € CS (R?) with s € N. Thus,

=0 (m),

Loo(A)

an (fi2) - ) am ( }: Z am ((z-2) ,:L’) D* f (z)

=1 Hvlh"

where

¢ (m) = |lle,, (Ilz = x”s;a:)”[‘x(/\).

Proof.

If f € W (R%,B% )), then in almost every point we have a Taylor expansion,

FO=F@+Y Y 22 DF @)+ R (- 2)

1=1 |lu]l, =t

where,

lim [R, (2, (= = 2))| = o (12 = 2[*).

Therefore,

s—1
am (fiz) = f(x)am(l;x)-{-z Z %D”f(:c)am((z—z)”;x)

I=1lvfl,=t
+am (Rs (2, (z — ) ;2) .

Notice that |a],, is a monotone operator, |R;(z,(z —z))| = O (|lz — z||°), so for almost

every point,
lam (Rs (2,(2 = ));2)] < |, (IR (2, (2 = 2))52) = O ([, (12 — 2[°52)).-
Since the norm H~HLP(/\) is lattice,

lam (B @,z = 2))3 )Ly S Nedm (B (@, (2 =232l 0
= O (lla)m Iz =2l 2)l 1, x))
= 0(¢,(m).

Hence,

=0(¢s(m)) -

Lp(N)

o (£52) = £ () am (52 2 S 2D @) an( -2 2)

=1 vl =t v

Proof for the other convergence criterions is similar.

The proof of the theorem follows fairly straightforwardly from the above proposition.

There exist an mg such that for all m > my,
1D* f (z) om ((2 x)l’;x)”L,,(,\) =0
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for all v such that 1 < ||yl <7-1.

By proposition 8, for 7 < s is satisfied that,

T—1
Z Z %D"f(x)am((z_m)";x) +

iy =2 llwll, =t

+0 (Il 1z = 2752l ) -

Nem (fiz) — f(x) am (1;$)|\L,,(,\) <

Ly(N)

then,
e (£32) = £ (@) i (150, 9 = © (et (2 = 217520, 1)
Since am (1;z) = 1 a.s.[N], for all m > myg, the result follows. For the rest of the

convergence criterion is similar.
PROOF OF LEMMA 1.

Assume that {|a], }, . is a linear approximator of the identity. If lirer}[ ¢(m) =0, by
m
proposition 1,
lim flom (Igz-zii>6) (2)32) |, 2 =0 V8 >0,
Then, for m enough large, in almost every point the support of the kernel verify,
Supp (Km (2,2)) C {(z,2) e R¥: ||z —z|| < 1}.
1< 7, <72, in the Supp (K (2, 2)),

iz ==l <flz—=|™,

with strict inequality in almost every point (z, z). For those points such that z = 2 we
have the equality.

Using that |« is a monotone operator,

la)m (2 = 2™ 52) < Lo, (lz = 2| 5 2)

and noting that || || L,(x) is lattice,

0 < ¢y (m)=lllelm Ul — 2™ 2)l,
< et Uiz =™ 520 ) = Gy (m).
By an analogous argument,
0< ¢, (m) <¢(m).

so then 1ir€x}l ¢ (m) = 0 implies uIeIiCT (m)=0,v7>1.If1< 7 <7Tg < oo then
m m

C‘f‘z (m) =0 (Cﬂ (m)) .
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7.3. PROOFS OF SECTION 5

PROOF OF PROPOSITION 5.

We use theorem (1). First note that assumption S.1. implies the A.1, as a consequence

of next result.

Lemma 4 Young’s Inequality. Set K,, (u) € L, (Rd, B¢, /\), thenVf € L, (Rd,Bd,)\)
with 1 <p < o0,

e (F2 L, 00 < HEmllz, o - 1L, 0 -

Proof.

Using the integral’s Minkowsky inequality and Fubini theorem and the invariance of

b Uiy = (/ '/ ,K"‘(z‘z)l'f(z)dzpd-’”)%

(/ (/'Km (u)!‘lf(z_u),du)”dxy
/(/(le(u)J.lf(x*u)l)pdx)%du
[ 1 (/]f(w_u)lpdr)%du
[1nt | 162 Pdw>¢du

= ”Km“Ll(,\) ) ”f”z,,,(x) :

Lebesgue’s measure is invariant to translations, then,

]

IN

|
Note than A satisfies A.3.. The assumption A.4. is a consequence of S.3. For each

compact set C,

/ Ko (& — 2)| 12 — 2] Ac (dz) = / M (@ = D o - 2] dz

z€
changing the variable u = (z — 2),
= [ Km (@l du.
u€z—~C
Then,

“/ [Km (2 = 2)] ||z — 2]l Ac (du)

I

/ Ko ()] [l
z—-C

L,(Ac) Ly(Ac)

/ Ko ()]l - 11, o

] Ko ()] [[ul] - A (C)F — 0.

IN

I

23



PROOF OF PROPOSITION 6

We use the Theorem 1. First we check condition A.1.. Note that «,, is a positive

operator, so a, = |af,, . Forallm €1,

Ia(z)I4(2)
A%:n A(4)

then {[a],,}, . is uniformly bounded in L; (R?, B¢, \).

dr =esssup Z Ia(2) =1,
z€RY Aem

lamllL, () =esssup /

A.2. is immediate because, for all m €1,

am(l;m):/(z _I"‘_(;E)(i_’;(z_))dz: ZIA(:I:):I a.s. [A].

AEm Aem
The measure ) satisfies A.3.. Now we will check A.4. Let Ag be the restriction of A to

any compact set C, then,

lim / |Km (z,2)| Ac (d2)
mel /)|~ 2]|>6} Li{(Xc)
. Ix(z)I4(2)
—l AL oo an
mel {z:“x—z")(s} <§n A(A)
) f{(z:]|$—zl|>5}nA} A(dz)
< 11_’111?“ ;n( ,\(A) IA(Ii) )\C(dx)'

But for a partition ms € I thin enough, we have that for every A € ms,
sup ||z — z|| < 6.
z,2€EA
Then for all m > mg,

sup Jztz=z>0n ) M) _ A (@)
zeA M(4) X(A)

=0, VYAem.

Thus,

Z (f{{z:":c—z“;t(szf; A} A(dz)) Io(x)=0 as. [N,
AEm

and by dominated convergence,

esls A(dz
Z (f{{z.n H)\Z;S” ( ))IA(I)

A€em

lim
mel

Ac (dz) =0.

PROOF OF PROPOSITION 7.

Assumption O.1. ensures that condition A.1. holds. Note that the projection operators

{om }me; has norm

1
m 2 2

“am“lzz(u) = 5up (Z ‘(’f’ ek)Lz(#)l ) < ‘-aJmuLz(u) ’
k=1

1£1 1y S1
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We only need to check A.2. to A.4. Note that, since ex, (z) = 1, a.s. [y] , then Vm > ko,

am (l;2) =1 a.s. [y,

because 1 belongs to the space span ({ex};-,), ant its projection is just equal to itself.

Assumptions A.3. and A.4. are a consequence of O.3. and O.4., respectively.
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