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ABSTRACT

STATE ESTIMATION AND TRACKING CONTROL FOR HYBRID SYSTEMS

BY GLUING THE DOMAINS

BY

Jisu KiMm

DEPARTMENT OF ELECTRICAL AND COMPUTER ENGINEERING
COLLEGE OF ENGINEERING

SEOUL NATIONAL UNIVERSITY

In this dissertation, we propose a new observer and tracking controller design
approach for a class of hybrid dynamical systems with state jumps. The hybrid
dynamical system exhibits characteristics typical of both continuous-time dynam-
ical system and discrete-time dynamical system. Therefore, it can be modeled as
differential equation of the continuous-time dynamics, difference equation of the
discrete-time dynamics, the interaction between them. Since the interaction of
continuous-time and discrete-time dynamics in a hybrid system leads to rich dy-
namical behavior and unfamiliar phenomena, several challenges are encountered
when we deal with this system.

The observer design considered in this dissertation is to construct a dynamical
system called an observer that estimates the state of a given hybrid dynamical
system (without any input), from an output of the given system. In addition, the
tracking controller design is to construct a dynamical system called a tracking

controller that makes an input for a given hybrid dynamical system (with an
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input) such that the state of the given system tracks a given reference. There many
results of the observer and tracking controller designs for the continuous-time and
discrete-time dynamical systems, but the results for the hybrid dynamical systems
are insufficient. Moreover, the results are applied to some classes of hybrid systems
(switched systems, hormone systems, powertrain systems, and so on) rather than
general hybrid dynamical systems.

The proposed idea dealing with the hybrid dynamical system is to “glue”
the jump set (a part of the domain where the jumps take place) onto its image.
Then, on the “glued” domain, the hybrid dynamical system becomes a continuous-
time dynamical system without any jumps. Especially, for some class of the
system, the continuous-time dynamical system has a smooth vector field via some
notion, “smoothing”. Furthermore, we specify this concept of gluing as a map and
investigate the essential conditions of the map.

By this map, we obtain the “glued” hybrid dynamical system (which is a
continuous-time dynamical system) and it may be possible to construct an ob-
server and/or a tracking controller through conventional methods for continuous-
time dynamical systems. From these constructions, we obtain the observer and
tracking controller for the hybrid system. Especially, the proposed observer does
not require any detection of the state jumps while many previous results does.
Furthermore, the proposed tracking controller does not need to make the state
jump whenever the jumps of the reference happen. Simulation results for exam-
ples including mechanical system with impacts and ripple generator in AC/DC

converter illustrate the effectiveness of the proposed approach.

Keywords: hybrid dynamical system, differentiable manifold, gluing, smoothing,
state estimation, nonlinear observer design, system immersion, tracking control

Student Number: 2010-23252
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Notation

(A)ij
diag(ai, ..., an)

rank(A)

sgn(x)

set of non-negative real numbers

set of positive real numbers

set of real numbers

space of n-tuples = = (x1,--- ,x,) with each z € R
subset of R™ with 1 > 0

space of m X n matrices with real entries

n X 1 column vector of all zeros

open ball at x € R™ with radius € > 0

open neighborhood of subset C € R"

set of interior points of subset C' € R"”

n X n identity matrix

m X n zero matrix

inverse of square matrix A

transpose of A € R™*"

the (7, )-th entry of A € R™*"

diagonal matrix with its ¢-th diagonal entry o; € R
rank of the matrix A

signum function of x € R;ie., -l ifx <0Oand 1 if x>0
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Chapter 1

Introduction

1.1 Research Background

A dynamical system which exhibits both continuous and discrete dynamic behav-
iors is called a hybrid system. There are many kinds of hybrid systems such as
robotic systems with impacts [SK95, [PY04) [RLS06], electric circuits with switch-
ings, tank systems [SJLS05], hormone systems [KS99, [CMS09, [CMS12|, and sev-
eral cyber-physical systems.

The modeling frameworks that involve the continuous-time dynamics, the dis-
crete events, and the interaction between them have been studied (see, e.g.,[Hen00),
LJST03, [GST0O9]). Under these frameworks, many attempts on the state estima-
tion and control problems have been made for some classes of hybrid systems such
as switched systems [GMP12, [ST14, BMDB12, BBBSV02, [SS05, BPU11], power-
train systems [BBBSVO0I], mechanical systems with impacts [BPULI, [BNMMO0,
MTO01, [TBP16, IMT16], polyhedral billiards with impacts [F'TZ13|, ripple dis-
turbance on AC/DC converters [BZLCI17| and so on [BvdWHNI13| [SvdWN14
SBvdWHI14| [RS11]. However, general results for these problems still need to be
explored.

For many existing observers, it is required that the jump times of the observer
state coincide with those of the plant state. Similarly, in many existing reference
tracking controllers, the jump times of the plant state and the reference trajectory
should coincide. If they do not coincide, then jump time mismatches occur and

the estimation or tracking errors may be large on the time intervals caused by the
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jump time mismatches.

For the coincidence of jump times, in the case of state estimation problem,
most proposed observers require the state jump time information. However, this
information is usually not given in practice. Although the observers may be able to
detect the jumps of the plant state from an output, the jump detection is another
challenge. Even if it is possible, the detection delay yields additional errors in
the state estimation. In the case of the tracking control, the reference jump time
information may be given. However, in the case when the state jumps are triggered
on particular state values, the jump time mismatch may be unavoidable because
the controller cannot instantaneously change the state to have the particular value
in general. Therefore, the coincidence of jump times is an unrealistic condition in

the state estimation and tracking control problems.

In [FTZ13l SvdWN14, BvdWHNT13| IMT16], novel methods dealing with the
jump time mismatches are suggested for the tracking control or state estimation
problems. In [FTZ13], a translating mass in a polyhedral billiard is remodeled as
a switched system by adding another reference. In [BvdWHN13|, authors propose
a new non-Euclidean distance measure which redefines the distance between two
points and takes the distance between the starting and end points of the jump as
zero. As a result, the new distance measure determines that they are “close” when
they are related by the jump even though they are not actually close. Actually,
this concept begins from the geometric approach studied in [SJLS05]. The result
gives the idea that a hybrid system with jumps of the state may be considered as
a (piecewise) continuous-time dynamical system without any jump. Furthermore,
in [BRS15], the authors propose a class of hybrid systems, which can be changed
into a dynamical system defined on some smooth manifold with boundary having

some smooth vector field.

Inspired by it, for a class of hybrid systems with the state jumps, we propose a
novel observer and controller design approach. The idea is to “glue” the jump set,
where the jumps take place, onto its image, the destinations of the jumps. Then,
the system after “gluing” becomes a continuous-time dynamical system without
any jumps of the state. Therefore, conventional observer or controller design
techniques for continuous-time systems may be applied. While many observers

T !
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1.1. Research Background 3

for hybrid systems require some assumptions or detection of the time instants
when discrete events occur, our approach does not require them (although more
stringent structural conditions on the hybrid systems may be assumed). In addi-
tion, the tracking controller also does not need to make the state jump whenever
the reference jumps occur. Finally, our concept of gluing, similar to a transforma-
tion, is more intuitive and specific than other results. To delineate the proposed

approach, let us consider a toy system given by

Ex pcosf
xr = = y
ED psinf

[0 1
i = , 0]3;::/1:1: whenx€{$€R2:(]p]>O)/\(]0|§%)}::C7
(1.1.1a)
1 0
x+:[0 1]:1:::an whenz e {reC:0=-7} =D, (1.1.1b)
y = pcos4o,

where ((1.1.1a) is the continuous-time dynamics, ((1.1.1b]) is the discrete-time dy-

namics involving jumps of the state, and ™ indicates the value of x after the jump.
Note that, in this case, there is no change in the output y when the state jumps
happen because implies (p,0) — (p,—60) at D, so that y = pcos4f =
pcos(—40) = yT for § = —m/4 € D. Thus, if the available information is only
the current output, then we cannot perceive when the discrete events arise (recall
that both p and 6 are unknown). For this reason, it seems difficult to apply the
observer design methods that are based on the detection of jumps. However, let

us consider a transformation ¢ = (¢1,(2) = ¥(z) = ¥(p,0) = (pcos4b, psin 40).

Then, the system is transformed into

(=4A¢ =1 AC  for |¢|| #£0,

(1.1.2)
y=G=[1 0¢=0¢

As we can see, the system ([1.1.2)) is an LTT system without any jumps of the

A L)) &

L



4 Chap. 1. Introduction

time [sec] time [sec]

Figure 1.1: True and estimated states of toy system ((1.1.1])

state. This is due to the fact that the representations of two points, the starting
point and its destination of each jumps, are the same in the (-coordinates, i.e.,
P(x) = (xt) for z € D. Furthermore, since the pair (A, C) is observable, we

can design a Luenberger observer
(= AL+ L(CC —y),

where A + LC is Hurwitz. Then, e, := f — ( converges to zero, and we can
reconstruct & = (&1, &2) = (p cos 0, psin é) that is an estimate of z, by a particular

inverse transformation of ¢ (x):

5 = [l
%arctan 42 if 61 >0,
b i arctan + wsgn(( )) if (; <0,
g if (1 =0and (s >0,

ool

if61:0andfg<0,

where sgn(a) is 1 if @ > 0 and —1 if @ < 0. Figure is a simulation result

showing the effectiveness of the proposed estimation strategy.

1.2 Organization and Contributions of the Dissertation

The following outlines this dissertation and briefly presents the contributions of

each chapter.

.__;rxﬁ-! _'-.‘I_':I_ -l_-ll -__.:.I'!



1.2. Organization and Contributions of the Dissertation 5

Chapter [2 Mathematical Preliminaries

As mathematical preliminaries of the dissertation, this chapter establishes the
concepts and basic facts needed to understand later chapters. The first section
reviews in some detail the differential calculus in R™. The second section recalls
some notions in differential geometry and important mathematical tools on them
such as manifold with boundary, differential structure, tangent space, vector field,
push-forward, Inverse Function Theorem, Whitney Embedding Theorem, Bound-
ary Flowout Theorem, and so on. The final section is devoted to the viability

theory in ordinary differential equation.

Chapter Reviews of Related Previous Works

This chapter reviews some previous results on the hybrid system. The first sec-
tion deals with gluing the domain of the hybrid systems [SJLS05| and smoothing
the vector field after gluing [BRS15]. Next section presents the viability theory
of hybrid system |[ALQT02]. In the third section, some results of the state es-
timation for the hybrid systems [FTZ13, MT01, MT16, BZLCI17] and the com-
mon assumption required by most conventional observers are introduced. The

final section presents some result of the tracking control for the hybrid systems

IFTZ13, SvdWN14, BvdWHN13), [SBvdWHI14] and their ideas.

Chapter Gluing Domain of Hybrid System

This chapter introduces a framework to deal with the main results of this disser-
tation and proposes a class of the hybrid systems whose the boundaries of the do-
main can be glued. The key to glue the boundaries is the quotient map. However,
since the quotient map and its image are so abstract, a more concrete map, which
is a “gluing function”, is proposed to glue the boundaries. On the framework, the
map gluing the boundaries is obtained as a map defined between two Euclidean

spaces.

Chapter State Estimation Strategy

This chapter deals with the state estimation problem of hybrid dynamical systems
with state-triggered jumps using a gluing function. By the gluing function, we
obtain some continuous-time dynamical system without any state jumps. Then,
as the toy system given in Section [1.1] we may obtain the state observer from the

.__:Ix_c L, '|'|i
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6 Chap. 1. Introduction

conventional observer design methods for the continuous-time dynamical systems
(e.g. Luenberger observers for linear systems, high-gain observer for nonlinear
systems [MT16], nonlinear observers for Lipschitz systems [KS99|, and so on).
Parts of this chapter are based on [KCS™14]. The following is a list of the contri-
butions of the chapter.

e We present the conditions of the hybrid dynamical system with an output
guaranteeing that it can be considered as a continuous-time dynamical sys-
tem with an output. In addition, from the observer of this continuous-time
dynamical system, we can obtain the state estimation of the hybrid dynam-

ical system in a graphical sense.

e We investigate some conditions such that, under the conditions, the glued
system is a linear system up to output injection or a Lipschitz continuous
system. Then, we may utilize the convention observer design methods pro-

posed in [BS04] or [KS99].

e Comparing to most previous observer design methods for the hybrid dynam-
ical system, the proposed observer design technique neither requires nor de-

pends on the information of the state jump time instant.

e As a case study, we apply the result to bouncing ball system, mechanical

system with impacts, and rippler generator system.

Chapter [6l Tracking control Strategy

This chapter addresses the tracking control problem of hybrid dynamical systems
with state-triggered jumps using a gluing function. Similar to the state estima-
tion problem, we obtain some continuous-time dynamical system without any
state jumps via the gluing function. Then, we may construct the tracking con-
troller from the conventional controller design techniques for the continuous-time
dynamical systems. Parts of this chapter are based on [KSS16|. The following is

a list of the contributions of the chapter.

e The conditions implying that the hybrid dynamical system with an input

can be changed into a continuous-time dynamical system with an input are

2] &-t]] 8
i ] 1



1.2. Organization and Contributions of the Dissertation 7

proposed. Furthermore, from the controller of the continuous-time dynam-
ical system, we may design a tracking controller for the hybrid dynamical

system.

e The conventional controllers of the hybrid dynamical systems require the
coincidence of the reference and state jumps times, while the proposed con-

troller does not.

e As a case study, we apply the result to mechanical system with impacts and

some academic examples.

Chapter [7] Conclusions
This chapter concludes this dissertation with some concluding remarks and further

issues for future research.
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Chapter 2

Mathematical Preliminaries

This chapter provides some brief mathematical background. For a full under-
standing of the chapter, the reader is referred to the books [War71l [Boo75, [Spi65)
Spi99, Mun97, Mun00), [Leel2l, (Wall6l, Hir76, [Joy09] [JdAMS82], [Aub09].

2.1 Calculus in R"

In this section, we review some facts about partial derivatives from advanced
calculus.

We assume that U C R" is an open set and f : U — R is a real-valued func-

tion. In addition, let z := (z1,...xy,) C U and f(z) := (fi(z1, ..., Zn)s oy frm(x1, ...

Now we can define the “partial derivative”.

Definition 2.1.1 (Partial derivative). The partial derivative (0f;/0x;), of fi with

respect to x; is the following limit, if it exists:

<8fi> i J1PL P R pn) = fi(P1s Py Pa)
= lim
8a;j h—0 h

If (0fi/0x;) : U — R is defined by (0f;/0x;)(p) := (0fi/0x;)p, that is, the limit
above exists at each point of U for 1 < 5 < n. O

Definition 2.1.2 (Differentiable). We say that f is differentiable at p € U if

there is a matrix 7' € R™*" such that

i [ +v) = f(p) =Tl _

v—=0p ‘?}‘

0.

9 A =TH @



10 Chap. 2. Mathematical Preliminaries

We say that the linear matrix 7' is the Jacobian of f at p and write it as df(p).
O

If df is continuous we say that f is of class C'. It is well known that f is C!
if and only if the partial derivatives (0f;/0x;) : U — R exist and are continuous.
We define inductively the notion of a function of class C": f is of class of C” if all
its partial derivatives are of class C"~!. We say that f is of class C*> or smooth
if f is of class C" for all r. Next we define a diffeomorphism.

Definition 2.1.3 (Diffeomorphism). Let A and B be open sets of R”; let g : A —
B be a one-to-one function. We say that g is a C" diffeomorphism if g and g—!
are of class C". Furthermore, we say that A is C" diffeomorphic to B. Trivially,
B is C" diffeomorphic to A also when A is C" diffeomorphic to B. d

The next theorem, known as the “Inverse Function Theorem”, is also a conve-

nient tool to investigate a local property.

Theorem 2.1.1 (Inverse Function Theorem). Let U be an open set in R™ and & :
U — R™ be a C" function. If rank(d®(p)) = n for a point p € U, i.e., the Jacobian
is nonsingular at each point p € U, then there exists an open neighborhood
V C U of p such that ®|y : V — ®(V) is a C" diffeomorphism, where ®|y is the
restriction of ® to V. O

Now we generalize the notion of differentiability to functions that are defined

on arbitrary subsets of R™.

Definition 2.1.4 (Class C"). Let S be a subset of R". Consider a function
f: 8 — R™ We say that f is class C" if f may be extended to a function
f : U — R"™ that is of class C" on a open set U of R containing S. U

The following lemma shows that f is of class C" if it is local of class C™:

Proposition 2.1.2. Let S be a subset of R™. Consider a function f : S — R™. If
for each x € S, there is an open neighborhood U, of x and a function g, : U, — R™

of class C" that agrees with f on U, NS, then f is of class C" on S. 0
We shall be particularly interested in functions defined on set that are open
in R} := {(z1,...,2,) € R" : 1y > 0} but not open in R". In this situation, we

have the following useful result:
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Proposition 2.1.3. Let S be open in R’} but not in R"; let o : S — R™ be of
class C". Let & : S — R™ be a C" extension of a. Then for z € S, the Jacobian
da(x) expends only on the function « and is independent of the extension &. We

denote the Jacobian da on S by da without ambiguity. |

2.2 Differential Geometry

In order to define the notion of topological manifold, we need the concepts of

topology, topological space, Hausdorff space, homeomorphism, and so on.

Definition 2.2.1 (Topology and Topological space). A topology on a set M is a
collection T of subsets of M, which are called open sets satisfying the following

three axioms:
(a) The empty set and M itself are open.
(b) The union of any number of open sets is open.
(c) The intersection of any finite number of open sets is open.
A set M together with a topology 7 on M is called a topological space. a

A basis of a topology T on M is a subcollection B C T such that every open
subset of M can be represented as a union of elements of B. A topological space
is said to be second countable if there is a countable basis of its topology. A
netghborhood of a point p € M is an open subset of M containing p. A Hausdorff
space is a topological space in which any two distinct points have disjoint neigh-
borhoods.

Let M7 and My be topological spaces. A map ® : M; — My is said to
be continuous if the inverse image of any open subset of My under ® is also
an open subset of M;. The map ® is called a homeomorphism, if it is bijective
and both the map ® and its inverse map ®~! are continuous. We say that M;
is homeomorphic to Msy, if there exists a homeomorphism from M;j onto M.
Furthermore, if Mj is homeomorphic to Ms, then Ms is homeomorphic to M
also, because &1 : My — M is clearly a homeomorphism when ® : M; — M,

is a homeomorphism.
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-

Figure 2.1: Manifold and coordinate chart.

Now, we introduce the notion of topological manifold.

Definition 2.2.2 (Topological manifold). A second countable Hausdorff space
M is called a topological manifold of dimension n if each point of M has a

neighborhood homeomorphic to an open set in R™. O

Roughly speaking, a manifold is a topological space that locally resembles a
real Euclidean space. For this reason, we can identify each point of a topological

manifold with a point of a real Euclidean space as follows.

Definition 2.2.3 (Coordinate chart). For a topological manifold M of dimension
n, a coordinate chart of M is a pair (U, ), where U is an open subset of M and
¢ : U — U is a homeomorphism from U to an open subset U = e(U) C R™.
By definition of a topological manifold, each point is contained in the domain of
some chart (U, ¢). Given a chart (U, ), we call the set U a coordinate domain
or a coordinate neighborhood of each of its points. The map ¢ is called a (local)
coordinate map, and the component functions (z!,---2") of ¢, defined by ¢(p) =

(x1(p),---2"(p)), are called local coordinates on U. O

Let (U,¢) and (V,¢) be coordinate systems of M with U NV # &. Then,
the homeomorphism ¢ o =t : (U NV) = ¢(U NV) is called a transition map

.__:Ix_c L, '|'|i
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from ¢ to ¢ on U N V. Two coordinate charts (U, ¢) and (V,¢) are said to be
C" related or C" compatible if both the maps ¢po ! : (UNV) = ¢(UNV)
and po ¢t : d(UNV) — (U NV) are C". Here r can be a natural number or
o0. A collection A = {(U?, ¢") : i € I'} (I is an index set) of mutually C” related
coordinate charts of M with UIU ¢ = M is called a C" atlas for M.

i€
Lemma 2.2.1. If A is an C" atlas for M, then A is contained in a unique

maximal C" atlas for M. O
From the lemma, the concept of smooth manifold can be defined as follows.

Definition 2.2.4 (Differentiable manifold). A topological manifold M together
with a maximal C" atlas for M is called a C" manifold. When r = oo, we say

that M is a smooth manifold. O

A maximal C" atlas on M gives a C" differentiable structure. Thus, we can
define the C" differentiability of maps between C” manifolds. Let M; and Mo
be C" manifolds. A map F : M; — My is said to be differentiable of C" if, for
each p € My, there exist two coordinate systems (U, ¢) of M; with x € U and
(V,¢) of Mo with F(x) € V such that ¢ o F o ¢~!is of C". From the concept
of differentiability for maps between differentiable manifolds, we introduce the

notion of diffeomorphism.

Definition 2.2.5 (Diffeomorphism). Let M; and My be C" manifolds of the
same dimension. A map F : M; — My is called a C" diffeomorphism, if it is
bijective and both F' and F~! are differentiable of C”. If there exists a diffeo-
morphism from M; onto Ms, then we say that My is C" diffeomorphic to Mo.
Trivially, My is C" diffeomorphic to M; also when M is C" diffeomorphic to
Ma. O

In many important applications of the differentiable manifolds, we will en-
counter space that would be differentiable manifold except that they have a

)

“boundary” of some sort. Simple examples of such spaces include closed inter-
vals in R and closed balls in R". To accommodate such space, we need to extend

our definition of manifolds.
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Figure 2.2: A manifold with boundary.

Definition 2.2.6 (Topological manifold with boundary). A second countable
Hausdorff space M is called a topological manifold with boundary of dimension n

if each point of M has a neighborhood homeomorphic to an open set in R’t. [J

Definition 2.2.7 (Differentiable manifold with boundary). A topological mani-
fold with boundary M is a C" n-dimensional manifold with boundary if it satis-
fies all the defining conditions of a C™ manifold, with the exception that we allow
coordinate domains to map onto open sets in R} := {(z1,...,2,) € R" : 21 > 0}.

0

Note that a map from an arbitrary subset A C R™ to R¥ is said to be C" if
in an open neighborhood of each point of A it admits an extension to a C" map
defined on an open subset of R". If U is an open subset in R}, amap F' : U — R
is C" when, for each z € U, there exists an open subset U C R” containing x and
a C" map F : U — RF that agrees with F on 0ﬂRi. Therefore, we can define the
atlas of the manifold with boundary and the differentiability of functions between
the manifolds with boundary in the sense just described.

A point p € M is called an interior point of M if there is a coordinate chart

(U, ) such that o(p) € {(z1,...,2n) € R™ : 2y > 0}. Otherwise, it called a

|

I

U
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boundary point of M. The boundary of M (the set of all its boundary points) is
denoted by OM.

Throughout the rest of this section, M is a smooth n-dimensional manifold
with boundary (unless otherwise noted) and, for a point p € M, C*°(p) denotes
the set of all smooth real-valued functions that can be defined on an open neigh-

borhood of p.

Definition 2.2.8 (Tangent vector and Tangent space). A tangent vector v, to
M at a point p € M is a linear derivation from C'*°(p) into R. In other words,
for all ¢,v € C*°(p) and «, B € R, it holds that

(a) vp(ag + Brb) = avp(¢) + Bup(¥).
(b) vp(h) = G(P)vp(¥) + P (p)vp(9)-

The tangent space to M at p € M is the set of all tangent vectors to M at p and
denoted by T, M. a

We can observe that T, M is a vector space over the field R with the vector

addition and the scalar multiplication defined as

(vp + wp)(@) := vp(d) + wp(d),
(avp)(9) = avy(9),

where vy, w, € T,M, ¢ € C*®(p), and a € R. Moreover, the dimension of T, M
is equal to that of M.

Let us consider p € M. Then there exists a smooth coordinate chart (U, ¢)
such that p € U. It is well-known that 8/9z',,...,8/02"|, € TpM defined by
0/0x"|p(¢) := 8(455’;_1) lo(p) (for ¢ € C>°(p)) form a basis for T, M. Thus, it holds
for v € T,M that v = >, v(¢i(p))9/0x?|,, which is a coordinate dependent

representation.

Definition 2.2.9 (Differential). If M and Nare smooth manifolds (with bound-
ary) and F : M — N is a smooth map, for each p € M we define a map

de : Tp./\/l — Tp(p)N,
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called the differential of F' at p, as follows. Given v € T, M, we let dF,(v) be the
derivation at F'(p) that acts on ¢ € C*°(N) by the rule

dFp(v)(¢) = v(Po F).

g

Based on the concept of tangent space, a tangent bundle on a smooth manifold

is defined as follows.

Definition 2.2.10 (Vector bundle). Given a smooth manifold M (with bound-
ary) the tangent bundle of M, denoted by T'M, is the disjoint union of the tan-
gent spaces at all points of M:

M= [] T.M.
pEM

g

The tangent bundle comes equipped with a natural projection map 7 : TM —
M, which sends each vector in T, M to the point p. A section of 7 is a continuous
right inverse for =, i.e., a continuous map ¢ : M — T'M such that w o ¢ = Id n4.

The tangent bundle T'"M has a natural topology and smooth structure that
make in into a 2n-dimensional smooth manifold. With respect to this structure,

the projection map 7 : T™M — M is smooth.

Definition 2.2.11 (Vector field). A vector field f on M is a section of the
projection map 7 : TM — M. More concretely, a vector field is a continuous
map f: M — TM, usually written p — f,, with the property that 7o f = Id
or equivalently, f, € T, M for each p € M. The vector field f is said to be smooth
if f: M — TM is smooth. a

Using a coordinate chart (U, ¢) on M, the smooth vector field f on U can be

represented as

fp) = Zﬁ(p)a—% for all p € U,
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where n real-valued functions fi, ..., f, are smooth on U. Note that we can also
define the differential of F' when M and N are C" manifolds and F is C" map.

Suppose F' : M — N is smooth and v is a vector field on M, and suppose
there happens to be a vector field w on A such that, for each p € M,

de(Up) = wF(p) .

In this case, we say the vector fields v and w are F'-related.

Definition 2.2.12 (Pushforward). Suppose M and N are smooth manifolds
(with boundary), and F : M — N is a diffeomorphism. For every smooth vector
field v a vector field on M, there exists a unique smooth vector field on A/ that

is F-related to v. We denote it by Fiv and call it the pushforward of v by F. O

We omit the proof of the existence of Fyv. Suppose that M and N are
differentiable manifold (with boundary). Given a C! map F : M — N and a
point p € M, we define the rank of F' at p to be the rank of the linear map
dF}, : TyM — Tp@y; it is the rank of the Jacobian matrix of F' in any smooth
chart.

Definition 2.2.13 (Immersion). Suppose that F' : M — N is a C!' map. If
its differential is injective at each p € M (rank F = dim M), we say that F is

immersion. When F' is smooth, it is called a smooth immersion. (|
Now we introduce the Inverse Function Theorem for differentiable manifolds.

Theorem 2.2.2. (Inverse Function Theorem for manifolds). Suppose M and N
are differentiable manifolds, and F' : M — AN is a C" map. If p € M is a point
such that dF), is invertible, then there are connected neighborhoods Uy of p and
Vo of F(p) such that F|y, : Uy — Vo is a C" diffeomorphism. O

The most important fact about immersion is the following consequence of the
inverse function theorem. It says that an immersion can be placed locally into a
particularly simple canonical form by a change of coordinates. Actually, it can
be applied to constant-rank maps, but we only deal with the case when F' is

immersion in this section.
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Theorem 2.2.3. (Rank Theorem). Suppose M and N are differentiable mani-
folds of dimensions m and n, respectively, and F : M — N is a C" immersion.
For each p € M, there exists C" charts (U, ¢) for M centered at p and (V, ¢)
for N centered at F(p) € N such that F(U) C V, in which F has a coordinate

representation of the form

F(z1,...,2m) = (z1,...,Zm,0,...,0).

O

Now we consider the special kind of immersion. To deal with this, we define

some property.

Definition 2.2.14 (Embedding). If M and N are differentiable manifolds (with
boundary), a C" embedding of M into N is a C" immersion F : M — N that is
also a topological embedding, i.e., a homeomorphism onto its image F(M) C N

in the subspace topology. O

Theorem 2.2.4. (Local embedding theorem). Suppose M and A are differen-
tiable manifolds (with boundary), and F : M — N is a C" map. Then F is a
immersion if and only if each point in M has a open neighborhood U C M such
that F|y : U — N is a C" embedding. O

Many familiar manifolds are subsets of other manifold such as a subset of R™.

Therefore, we define some manifolds, which are subsets of other smooth manifolds.

Definition 2.2.15 (Embedded submanifold). An (embedded) submanifold of the
differentiable manifold M (with boundary) is a subset S C M that is a manifold
in the subspace topology, endowed with a differential structure with respect to

which the inclusion map S < N is an embedding. O

Definition 2.2.16 (Properly embedded). An embedded submanifold S € M is
said to be properly embedded if the inclusion ¢ : S < N satisfies that, for every
compact set Y C M, the preimage :~*(Y) is compact. O

Next proposition says embedded submanifolds are modeled locally on some

standard local embedding.
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Proposition 2.2.5. Let M be a differential n-manifold (with boundary) and
S C M be an embedded k-dimensional submanifold. Then, for each p € S, there
exists a differential chart (U, ) for M such that

o(SNU) ={(x1,...,2n) € p(U) : Thg1 = Cha1y--+,Tn = Cn}s
for some constants cgy1, ..., Cq. Il

If M be a differential n-manifold with boundary, then with the subspace
topology, OM is a topological (n — 1)-dimensional manifold without boundary
and has a differential structure such that it is a properly embedded submanifold
of M. In addition, the differential structure on OM is unique.

In addition, 9M may be a union of (n — 1)-submanifold of M. To consider
some part of the boundary, which consists of the connected components of the

boundary OM, we define the following.

Definition 2.2.17 (Smooth part of boundary). For a smooth n-manifold with
boundary M, @ is a smooth part of the boundary if () is a union of connected

components of OM. O

Note that since M is a smooth (n — 1)-submanifold, @ is also a smooth
(n — 1)-submanifold of M. In addition, @ is open in M and closed in M.

In fact, we can consider an abstract smooth manifold with boundary as a
submanifold of Euclidean space. The following theorem means that every smooth
n-manifold with boundary is diffeomorphic to a properly embedded submanifold

(with or without boundary) of R?7+1,

Theorem 2.2.6. (Whitney Embedding Theorem). Every smooth n-manifold

with or without boundary admits a proper smooth embedding into R?"+1, O

When § is submanifold of M, the tangent space to & can be viewed as a
subspace of the tangent space to M. To make appropriate identifications, consider
the inclusion map ¢ : § — M. Since the inclusion map ¢ : S — M is a immersion,
at each point p € § we have an injective linear map d¢, : 7,5 — T, M. In view
of derivations, this injection works in the following way: for any vector v € T},S,

.__:Ix_c L, '|'|i
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the image vector © = dy(v) € T, M acts on differential function on M by

0(¢) = dip(v)(¥) = v(¥ 0 1) = v(Yls),

where 9 is a differential map on M. By adopting the convention of identifying 7,5
with its image under this map, we can consider T,,S as a certain linear subspace
of T, M.

Intuitively, the tangent vector v € T, M can be separated into three classes:

it tangent to the boundary, pointing inward, and pointing outward.

Definition 2.2.18 (Inward-pointing and Outward-pointing). Suppose that M
is a differentiable manifold with boundary. If p € OM, a tangent vector v €
T, M\T,0M is said to be inward-pointing if for some € > 0 there exists a C”
function v : [0,€) — M such that v(0) = p and, for ¥» € C*(p), limy o "/’%(t) =
v(¢), and it is outward-pointing if there exists a C” function 7 : (—¢,0] - M

such that v(0) = p and, for ¢ € C*°(p), lim; ~ m%(t) =v(v). O
In fact, the notion of the function v is a “curve”, which is defined as follows.

Definition 2.2.19 (Curve). If f is a vector field on a differentiable manifold
(with boundary) M, we define a integral curve of f on M to be a differential map

v:J — M and
d
d —
7(dt

where J C R is an interval and d/dt|y, is the standard coordinate basis vector in

T, R. O

) = [y for all tg € J

to

Note that J is usually an open interval, but J may have one or two endpoints.

Then, we can interpret derivatives as one-sided derivatives.

Theorem 2.2.7. (Boundary Flowout Theorem). Let M be a smooth manifold
with nonempty boundary, and let f be a smooth vector field on M that is inward-
pointing at each point of p € M. There exist a smooth function 6 : OM — RT
and a smooth embedding ® : Ps — M where Ps := {(t,p) : (p € IM) A (0 <
t <d(p))} C R x OM, such that ®(P;s) is a neighborhood of OM, and for each
p € OM the map t — ®(t,p) is an integral curve of M starting at p. O
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Now we introduce a quotient topology on some topology space and a quotient

map. In addition, using this concept, we attach manifolds along their boundaries.

Definition 2.2.20 (Quotient topology and Quotient Map). If X is a topological
space, Y is a set, and 7 : X — Y is a surjective map, the quotient topology on Y
determined by 7 is defined by declaring a subset U C Y to be open if and only
if 771(U) is open in X. If X and Y are topological spaces, a map 7 : X — Y
is called a quotient map if it is surjective and continuous and Y has the quotient

topology determined by . O

Definition 2.2.21. (Saturated set and Fiber) If 7 : X — Y is a map, a subset
U C X is said to be saturated with respect to w if U is the entire preimage of its

image: U = 7 1(n(U)). For y € Y, the fiber of over y is the preimage = '(y). O
Note that a subset of X is saturated if and only if X is a union of fibers.

Definition 2.2.22 (Quotient space). Suppose that X is a topological space and
~ is an equivalence relation on X. Let X/ ~ denote the set of equivalence class
in X, and let 7 : X — X/ ~ be the natural projection sending each point to
its equivalence class. Endowed with the quotient topology determined by m, the

space X/ ~ is called the quotient space of X determined by ~. O

For example, suppose that X and Y are topological spaces; A C Y is a closed
subset; and g : A — X is a continuous map. The relation a ~ g(a) for alla € A
generates an equivalence relation on X [[Y, whose quotient space is denoted by
X Ug Y and called an adjunction space. It is said to be formed by attaching Y to

X along g. Now we are ready to glue the boundaries of the manifolds.

Theorem 2.2.8. (Attaching smooth manifolds along their boundaries). Let M,
and My be smooth n-manifolds with nonempty boundaries, and suppose ¢ :
OMz — OM; is a diffeomorphism. Then M7 U, Ms is a topological manifold
(without boundary), and has a smooth structure such that there are properly
embedded n-submanifolds with boundary M/, M5 C My Uy My diffeomorphic
to M1 and My, respectively, and satisfying

M{UMy =My Uy My, M, N M =0OM), =M.
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Figure 2.3: Gluing and differential structures.

If M1 and My are both compact, then M; Uy My is compact. O

By the theorem, we can obtain a new smooth manifold by gluing the bound-
aries of the disjoint manifolds.

Next theorem deals with the case when the parts of the boundaries are glued.

Theorem 2.2.9. Let M7 and M be smooth n-manifolds with nonempty bound-
aries, S1 C My and Sy C OMsy are smooth parts of the respective boundaries,
and g : So — 51 is a diffeomorphism. Then M; U; M3 is a topological manifold
with boundary and can be given a smooth structure such that M; and Ms are

diffeomorphic to some n-dimensional submanifolds of M; Uy Ma. O

In fact, there are many smooth structures on M; U, M. However, they
are diffeomorphic by the following theorem. The theorem says that the glued
manifold consists of two smooth manifolds and all possible endowed structures of

the glued domain are diffeomorphic.

Theorem 2.2.10. (Determined up to diffeomorphism). Let M and N be n-
manifolds without boundary. Suppose that M is the union of two closed n-

submanifolds M; and My and A is the union of two closed n-submanifolds N

A =TH 9]
¥ el I
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and N5 such that
MiN My =0M; =0Msy and N1 NNy = ON = ON;.

If M and N are homeomorphic and, for i = 1,2, M; and N are diffeomorphic,
then M and N are diffeomorphic. O

2.3 Viability Theorems for Ordinary Differential Equa-

tions

In this section, we introduce the basic theorems of viability theory in the
simple framework of ordinary differential equation & = f(z) on a subset K of a
finite dimensional vector space. To guarantee the existence of the solutions, it is
required that, for any state x € K, the velocity is tangent in some sense to K at
x. For this, if K is smooth manifold, we can adopt the notion of the tangent space
of smooth manifold. However, on the boundary of the manifold with boundary,
the element of the tangent space may point outward from K. Therefore, we need

to characterize more generalized the set of the tangent direction.

Definition 2.3.1 (Viable function). Let K be a subset of a finite dimensional
vector space X. We shall say that a function z(-) from [0,7] to X is viable in K
on [0,T] if

z(t) € K forall t € [0,T].

0

Let us describe the dynamics of the system by a map f from some open subset
Q of X to X. We consider the initial value problem associated with the following

differential equation:

@(t) = f(a(t)) Vte[0,T] (2.3.1)

with the initial condition z(0) = xg.
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Definition 2.3.2 (Viability and Invariance). Let K be a subset of Q. We shall
say that K is locally viable under f if for any initial state xg of K, there exists
T > 0 and a viable solution on [0, 7] to differential equation starting at xo.
It is said to be (globally) viable under f if we can always take T" = oo. The subset

K is said to be invariant under f if for any initial state o of K, all solution to
differential equation ([2.3.1)) are viable in K. O

Definition 2.3.3 (Contingent cone). Let X be a normed space, K be a nonempty
subset of X and z belong to K. The contingent cone to K at x is the set

. . dK(CC-l-hU)
T, = X :1 f— -
k() {"ve t r— }

where di (y) denotes the distance of y to K, defined by

dx(y) = inf |y — 2|,
O

In other worlds, v belongs to Tk () if and only if there exists a sequence of

hy, > 0 converging to 0+ and a sequence of v, € X converging to v such that
z + hpv, € K for all n > 0.

Note that when K is a differentiable manifold, the contingent cone Tk (x)
coincides with the tangent space to K at x. In addition, when K is a differentiable
manifold with boundary and z is boundary point, the contingent cone Tk () is a
subset of the tangent space to K at .

The following lemma shows right away why this cone will play a crucial role.

Lemma 2.3.1. Let = : [0,7] — K be a differentiable viable function. Then, it
follows that
&(t) € Tk (x(t)) Vtel0,T)

O

Definition 2.3.4. Let K be a subset of 2. We say that K is a wviability domain

] 2- 1_l|
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of the map f:Q — X if

f(z) € Tg(x) VzeK.

Finally, we introduce some viability theorems.
Theorem 2.3.2. (Nagumo). Let us assume that
e K is locally compact;
e f is continuous from K to X.
Then K is locally viable under f if and only if K is a viability domain of f. [

Theorem 2.3.3. Let us consider a subset K of a finite dimensional vector space

X and a map f from K to X. We assume that

e the map f is continuous from K to X;
e there is ¢ > 0 such that |f(x)| < ¢(|z| + 1) for all z € K;

e K is a closed viability domain of f.

Then K is globally viable under f (i.e., for every initial state x € K, there exists
a viable solution on [0, oo] to differential equation (2.3.1) starting at x¢.) O
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Chapter 3

Reviews of Related Previous Works

In this section, related previous works are introduced. The considered previous
works consist of three major topics. First of all, gluing the domain and smoothing
the vector field of the hybrid system are considered in Section Secondly, the
viability theory for the hybrid system is introduced in Section Finally, as ap-
plications, previous results of state estimation and tracking control are presented
in Section [3.3] and Section respectively.

Note that there are many ways to model the hybrid dynamical systems (|L.JST03,
SJLS05, [GST09, Bro00, ALQT02]). In this chapter, to clearly represent the pre-
vious results, each section adopts a different framework. Therefore, to avoid con-
fusion, the reader should be aware that each section is processed with an inde-

pendent notation.

3.1 Gluing Manifolds and Vector Fields

This section consists of two parts. The first part focuses on gluing manifolds.
In this part, we deal with a general manifold and glue the manifolds in a topo-
logical sense. In the second part, we constructs the differential structure and the
smooth vector field on glued manifold. For this, more restrictive conditions are
required.

At first, we introduce a notion of hybridfold proposed in [SJLS05]. To study

this, at first we define a framework.

¥ by i §
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Definition 3.1.1. An n-dimensional hybrid system is a 6-tuple H = (Q, £, D, X, G, r)

where:

e Q={1,...,k} is a finite set of discrete states, where k > 1 is an integer;

E C Q x Q is a collection of edges (according to which jumps occur);

D = {D; C {i} xR : i € Q} is a collection of domains (in which continuous

state evolutions take place);

o X ={X,:i€Q} is a collection of vector fields (determining the dynamics
in these domains), such that X; is Lipschitz on Dj;

G = {G¢ : e € E} is a collection of guards (hitting which is triggering the
jumps) where G, C D; for each e = (i,j) € E,

r={re CGex Dj:e=(i,j) € E} is a collection of reset relations; a reset
relation r. is a map G(e) — Dj, with e = (4,7) € E and we write y = r.(z)

instead of (x,y) € 7e.

This definition clearly allows the hybrid system to be a wild object.

Definition 3.1.2. A (forward) hybrid time trajectory is finite or infinite sequence

of intervals 7 = {I;}X, (N may be o) such that
o [; = [r,7]] with 7, <7/ =741 for all 0 < i < N, in particular, 79 = 0;
e when N < oo, either Iy = [y, 7N] or In = [T, T )-

For 7 = {I;}¥, let () := {0,1,..., N} (possibly N = o0), and |7| := D ie(ny(Ti—
7). We say that 7 = {I;}¥ is a prefiz of 7 = {—fi}z‘io and write 7 C 7, if either
they are identical; or N is finite, N < N, I; = I; for all 0 < i < N, and Iy C Iy.
O

Next, we define a solution (execution) of the hybrid system.

Definition 3.1.3. An ezecution of H is a triple £ = (7, ¢q,x) where 7 is a hybrid
time trajectory; q : (r) — Q is a map; £ = {¢' : i € (1)} is a collection of C*
maps such that & : I; — D, and
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y € G

Figure 3.1: Hybrid system defined in Definition

o £i(t) = Xy1)(&(t)) for all i € () and for all t € I;;
e (¢(7),q(j +1)) € E for all i € (r) such that i < N;

o (&i(TZ{),fi'i_l(Ti_i_l)) € T'(q(i),q(i+1)) for all i € (1) such that ¢ < N. g

Definition 3.1.4. A hybrid system is called deterministic if for every p € D there
exists at most one maximal execution starting from p. It is called non-blocking if

for every p € D there is at least one infinite execution starting from p. O
On the definitions, we impose the following assumptions.
Assumption 3.1.1. A hybrid system H = (Q, F, D, X, G, r) satisfies that

(A1) H is deterministic and non-blocking;

(A2) each domain D; is a connected smooth n-submanifold of R? for i € Q with
piecewise smooth boundary, and the angle between any two intersecting

smooth components of the boundary is nonzero;

(A3) each guard G; ;) is a smooth (n —1)-submanifold of the boundary of corre-
sponding domain D;; The boundary of each guard is piecewise smooth (or

possibly empty);
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y € G

Figure 3.2: An example of execution

(A4) each reset r(; ;) is a diffeomorphism from its domain G; ;) onto its image,

which is on a boundary of corresponding domain Dj;

(A5) The closures of guards and their reset images can intersect only along their
boundaries, and moreover points from such intersections can be only of one
of the four following types (and furthermore, resets preserve types of the

points):

Type I: point belongs to only one set and is internal point for it

Type II: point belongs to only one set and is boundary point for it

Type III: point belongs to exactly two sets and is internal point for them

Type IV: point belongs to exactly two sets and is boundary point for them
(A6) for each edge e = (i,7) € F, on the interior of the guard G, on domain D;,

vector field X; points outside of D; and, on the interior of the reset image

re(Ge), vector field X; points inside Dj;

(A7) each vector field Xj; is a restriction to D; of some smooth vector field (also

denoted by X;) defined in the neighborhood of D; in R%; each reset Te—(i,j)

¥ oy 1
-":lx_! _'q.l.-_'| !i ;-
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extends to a map 7. defined in the neighborhood of the guard G, in D;,
such that 7. is a diffeomorphism onto its image, which is the neighborhood
of r¢e(Ge) in Dj; furthermore special consistency condition of maps fp, o
-+ 0 f1 = id, for every collection of maps fi, -, fm, fme1 = f1, such that
for each j there exists Je; € E with the property that either f; = 7¢; or

fi= fe_jl, and image of f; meets the domain of f;;1;

(A8) In vector field points inside corresponding domain on some boundary point,

then this boundary point is i the image of some reset.
A hybrid system H satisfying the assumptions is called regular. O

This assumption makes sure that everything remains satisfied when time is
reversed.

Note that a manifold is piecewise smooth if, intuitively speaking, it is the
union of finitely many smooth smooth manifold. Since each domain is embedded
into R%, it inherits from it the standard Riemann structure so the notion of
angle is defined. The non-zero angle requirement eliminates, for instance, “cusps”
in dimension two, but does not eliminate “corners”. Thus domains of hybrid
system can be disks, half-space, rectangles, cubes, etc. In fact, the non zero angle
assumption can be easily relaxed for most of the results.

Given H, define a mp ®¥ on a subset of R x D as follows. Let p € D be
arbitrary. By (A1), there exists a unique infinite execution (7,q,&) starting at
p. We will denote it by x(p). Set ®7(0,p) = p. Assume that || > 0. For any
0 <t < |7| there exists a unique j(p,t) € (7) such that ¢ € [r;,7;) (even though
there may be multiple j € (7) for which ¢ € [r;,7]]). Then define

o (t,p) = (1)

The function ® : (¢, p) — &P () is called flow. Denote by Qg C Rx D maximal
set on which flow ® (¢,p) is defined.

On the assumption, we define equivalence relation ~ on domain D = UieQ D;
generated by relation p ~ 7(p) for all edges e € FE and points p € cl(G¢). Then
denote by M the quotient space (with quotient topology), obtained by collapsing
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each equivalent class into point, i.e.,

M" =D/ ~=U;:D;
Denote by 7 : D — M the natural projection that maps each point into its
equivalent class.
Definition 3.1.5. M is called the hybridfold of the regular hybrid system H.0J
Theorem 3.1.1. Under Assumption the following statements hold:
(a) M*" is a topological manifold with boundary.
(b) Both M# and its boundary is piecewise smooth.
(c) The restriction iy (p) : int(D) — w(int(D)) is a diffeomorphism.

O

In a viewpoint of gluing manifolds, the above theorem consider more general
case than Theorem[2.2.8 because D; is the smooth manifold with piecewise smooth
boundary. However, it just guarantees that, the set after gluing can be not a
smooth manifold but a topological manifold. The idea to make a topological

manifold is based on the following lemma.
Proof. Proof can be founded in [SJLS05]. O

Lemma 3.1.2. (Gluing homeomorphisms). Suppose hy : Ay — R’} and h_ :
A_ — R” are homeomorphisms, where A4 and A_ are disjoint topological spaces.
Let Hs = h; ({0} x R"71), for s € {—,+}, and assume that there exists a
homeomorphism ¢ : Hy — H_such that hy|g, =h_og. Let A= (AL UA_)/ ~
be the quotient space, where ~ is the smallest equivalence class of z € AL U A_.
Then the map h : A — R" defined by

Mol ~) = { h_(x) ifxeA_

is a homeomorphism. O
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Figure 3.3: Gluing homeomorphisms along their “common” boundary.

Define the hybridfiow ¥H by
(¢, 7(p)) = m(®7 (¢, p)).

Note that this possibly set-valued map is defined on Q = {(¢,7(p)) : (¢,p) € Qo}.
The flow U (z) = U (¢, 2) can be set-valued. This occurs when, due to gluing,
the projections of tow disjoint executions of H overlap in the hybrid fold. This
can happen at x = m(p) € M, where p is a point of type III or IV; since p is
glued to two or more other points, the orbit through = could branch.To deal with

this situation, introduce the following notions.

Definition 3.1.6. Let X be a smooth vector field on a smooth manifold M, with
flow ¢;(p). We say that ¢ € M is X -reachable from a point p € M if ¢ = ¢(p),
for some t > 0. A set S is X-reachable from a point p if there exists a point ¢ € S
such that ¢ is X-reachable from p. O

Definition 3.1.7. A regular hybrid system H is said to be without branching if
for every point p € 9D of thy III or IV with p/ ~= {p1,...,pn}, where p; € D;_,
there exists at most on k and at most one [, 1 < k # [ < m, such that p is

X, -reachable from D;, and D, is Xj,-reachable from p;. O
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Let us define

M(t) :={y € M" : (¢t y) is defined}
J(z) :={s € R: U (s z) is defined}.

Then the following theorem represents the properties of the hybridflow.

Theorem 3.1.3. Suppose hybrid system H is regular and without branching.
Then:

(a) For each (t,z) € Q, U} (2) is a single point.

(b) For each x € MH the map t — W,(x) is continuous. Moreover, if J(z) is
not a single point, the map is smooth except at (at most) countably many

points in J(z).
(c) Each map V¥ is one-to-one.

(d) Whenever bot sides are defined,

U (2) = Uil ().

(e) For each t € R, there exists an open and dense subset of M(¢) on which ¥H

1s continuous.
O

Two continuous-time dynamical systems can be smoothly attached to one
another along their boundaries to obtain a new continuous-time system (Theorem
8.2.1 in [Hir76]). Distinct hybrid domains were attached to one another using this
construction in [BRSI5]. In this case, impose the addition assumptions on the
domains and the vector fields.

For this purposes, it is expedient to define hybrid dynamical system over a
finite disjoint union M = [[,;c; M; where M; is a connected manifold with
boundary for each j € J; M is endowed with natural (piecewise-defined) topol-
ogy and smooth structure. This is called smooth hybrid manifolds. Note that
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the dimensions of the constituent manifolds are not required to be equal. Sev-
eral differential-geometric constructions naturally generalize to such space. For
instance, the hybrid tangent bundle is the disjoint union of the tangent bundles

T M, and the hybrid boundary OM is the disjoint union of the boundaries dM;.

Definition 3.1.8. A hybrid dynamical system is specified by a tuple H = (M, F, G, R)

where:
o M =[];c;M; is a smooth hybrid manifold;
e F': M — TM is a smooth vector field;
e G C OM is an open subset of IM;
e R:G — M is a smooth map and R(G) is an open subset of M.
U

As in the before section, R and G is called the reset map and the guard,

respectively.

Assumption 3.1.2. F' is outward-pointing on G and inward-pointing on R(G).
O

Assumption 3.1.3. G is a diffeomorphism between disjoint portions of the

boundary. O

Under these conditions, we can globally smooth the hybrid transitions using
techniques from differential topology to obtain a single continuous-time dynamical
system. This provides a smooth n-dimensional generalization of the hybridfold

construction in [SJLS05].

Theorem 3.1.4. (Smoothing). Let H = (M, F,G,R) be a hybrid dynami-

cal system with M = Hje 7 M satisfying Assumptions Suppose
dim(M;) =n for all j € J and OM = G [ R(G). Then the topological quotient
M = UrM j may be endowed with the structure of a smooth manifold such that:

e the quotient projection @ : M — M restricts to a smooth embedding
M s M — M for each j € J;
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e there is a smooth vector field F' on M such that any execution x : T — M
of H descends to an integral curve of F on M via m: M — M

d _
VieT: awox(t) = F(mox(t)).

Note that the execution z : T'— M is ®(t,p) with some p € M. O

Proof. Let S C G N M; be a connected component in some domain ¢ € J, and
k € J be the index for which R(S) C Mj. The assumptions of this Theorem
ensure that Theorem may be applied to attach M; to My, to yield a new
smooth manifold M. The hybrid system defined over the domain [ [ M;U{ M :
j € J\{i,k}} and guard G\S satisfies the hypotheses of Theorem hence we
may inductively attach domains on each connected component that remains in
G\S. This yields a smooth manifold M and vector field F with the required
properties. O

3.2 Viability Condition

As shown in Section the viability condition guarantees the existence of the
system solution on the considered domain. The viability for the hybrid dynamical
system also was proposed in [ALQ™02|. This section, we introduce some viability
conditions proposed in [ALQ™T02|. In JALQT02|, the authors consider the “impulse
differential inclusion”, whose the flow map and reset map are set-valued maps, but

we consider a case of single-valued maps in this section.

Definition 3.2.1 (Impulse Differential equation). An impulse differential equa-

tion is a collection H = (X, f, J,r), consisting of
e a finite dimensional vector space X, regarded as a domain,
e amap f: X — X, regarded as a differential equation & = f(z),
e aset J C X regarded as a guard set,

e amap r: X — X, regarded as a impulse equation 27 = r(z).

SERL
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For this equation, we can define an execution similar to the case of the hybrid

dynamical system of Definition [3.1.1]

Definition 3.2.2 (Run of an impulse differential equation). A run of an impulse
differential equation, H = (X, f,J,r), is a pair, (7,£), consisting of a hybrid
time trajectory 7 (defined in Definition and a collection of C! functions
€ ={&:ie(r)} with £ : I; — X, that satisfies

e Discrete evolution: £71(r;1) = r(£(7))) for all i € (7)\{N},

e Continuous evolution: if 7; < 7/, £!(+) is a solution to the differential equa-
tion # = f(z) over the interval [r;, 7] starting at x(7;), with £i(t) ¢ J for

7

all t € [, 7]).

On the framework, we introduce the notion of viable run.

Definition 3.2.3 (Viable run). A run (r,£) of an impulse differential equation
H = (X, f,J,r) is called viable in a set K C X if £'(t) € K for all i € {7) and for
all t € 1. O

Notice that the definition of a viable run requires the state to remain in the
set K throughout the run, along continuous evolution up until and including the
state before discrete transitions. Based on the notion of a viable run, one can

define a class of sets.

Definition 3.2.4 (Viable set). A set K C X is called viable under an impulse
differential equation H = (X, f, J, R), if for all zp € K there exists an infinite run
viable in K. O

Note that an infinite run viable means that its hybrid time trajectory is in-
finite. The conditions characterizing viable sets depend on whether the set J is
open or closed. In this thesis, we just consider the case where J is closed. In this

case, we have the following.

Theorem 3.2.1. Consider an impulse differential equation H = (X, f, J,r) such
that f is locally Lipschitz and J is closed. A closed set K C X is viable under H
if and only if
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e KNJCr 1K),
o f(x) € Tx(x) Vre K\r 1(K).
g

Proof. Detailed proof can be founded in [ALQ™02)]. O

In words, the conditions of the theorem require that for any state x € K,
whenever a discrete transition has to take place (z € K N .J), a transition back
into K is possible (r(z) € K), and, whenever a discrete transition to another point
in K is not possible (r(z) ¢ K), continuous evolution that remains in K has to
be possible (encoded by the local viability condition f(x) € Tk (z) for ordinary
differential equation).

Ideally, one would like all runs to be non-Zeno. A condition for a simple case

is given below.

Proposition 3.2.2. Consider an impulse differential equation H = (X, f, J,r)
such that f is locally Lipschitz. Assume that J is closed set and J C r~1(X). In
addition, r~1(X) Nr(X) = @ and r(X) is compact. Then, for any xo € K, there

is non-Zeno and infinite runes of H. O

Proof. Detailed proof can be founded in [ALQ™02]. O

More general condition is proposed in [ALQ™02| and it is the topic of on-going

research.

3.3 State Estimation

There are some observer design techniques for the hybrid dynamical systems.
Each result has advantages in different classes of the hybrid systems such as
switched systems (JACO1, BBBSV02, [Pet05, BPULIl [ST14]), mechanical sys-
tems with impacts ([TBP16, MTO01, IMT16|), polyhedral billiards with impacts
([F'TZ13]), powertrain systems ([BBBSVO01]), hormone systems (JCMS12]), ripple
disturbance system (|[BZLCI17]) and so on.
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A common part of most existing observer design methods is that they assume
that the knowledge of the time instants when discrete events occur is obtainable.
These observers are usually composed of the continuous observer and the location
observer (the discrete mode observer). The continuous observer reconstructs the
continuous state of the hybrid system. The location observer detects discrete
events, and uses this information to switch and/or reinitialize the continuous
observer whenever discrete events happen. Therefore, all the listed observer design
techniques need an assumption or detection of the time instants when discrete
events arise. For switched systems, it seems reasonable to switch the continuous
observer whenever discrete mode is changed. However, in the case, where discrete
events just involve instantaneous jumps of the continuous state and the rule of
jumps depends only on the continuous state so that jumps of the state cannot be
detected from only the output information, it would be difficult to apply those
observer design methods without any assumption for the time instants of jumps.
Moreover, even if those hybrid observers can be constructed, delayed detection of
discrete jumps may increase the state estimation error during the delayed time.
Hence, this dissertation made an objective to develop a new approach of the state
observation, which does not require any detection of jumps. To compare with our
approach proposed in Chapter [5], we introduce some results, which are related to

examples considered in Chapter

As mentioned before, many previous observer design approaches require knowl-
edge of jump time instant. For the hybrid system having state jumps, these
observers make jump in its estimate value ([MT01, [TBP16l [CMS12, BZLCI17])
or change their observer dynamics ([FTZ13|) whenever the state jump happens.
These actions maintain or reduce the estimation error even if the discrete events
happen. Of course, it is required that the estimation error decreases when the

system state equation is governed by the continuous-time evolution.

Let us consider a mechanical system with impacts. If its constraints are
independent of time, its impacts happen with losing a fraction of its energy or
with maintaining its energy in general. This kind of passivity helps to construct

an observer (for the velocity) if there is an observer for the system without the
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impact constraints. Let us consider the following simple system:

p
o = 2 when 1 > 0
iz k‘(l’l, xg)

[xii_] _ [ x1 ] when ($1 = 0) A (1»2 < O) (3.3,1)

—T2

Yy =Ty,

where z; is a position; z2 is a velocity; y is an output; v € [0,1] is a restitution
coefficient; k is global Lipschitz. Consider an observer with a state 2 satisfying
that there exists a positive definite function V' : R — R such that with e := & —
and k>0

V(e) < —kV(e) foralle=#0

when the system (without impacts) is given as

HE
T k(z1,z2)
Yy =x1.

In this case, we can adopt this observer for the continuous-time evolution of the
hybrid system and update its estimate as 27 = (21, —yZ2) whenever the state
jump occurs. Note that this is possible when we have the knowledge of the jump
time instant. Then, since |e™| < ~v|e| < |e|, the estimation error monotonically
decreases when the state flows or jump. In addition, if the state is defined for all

continuous time ¢ > 0, the estimation error goes to zero as time goes to infinity.

SERL
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This idea can be also applied to the ripple disturbance system in [BZLCI17]:

[ [+ [0
ol =11 when —5 <0< &
b 0
[+ [
ot = | -6 when 6 = &
_bJr | b
y =rcosf+0b.

The details are in [BZLCI17]. Note that the estimation algorithm without the
knowledge of the jump time instant for the above system is also proposed in
IBZLC17], which estimates the jump time instant and uses the estimate of jump

time instead of the real jump time information.

When impacts of mechanical systems only depend on the position, the jump
time information is available because the output is the position. However, the
jump time information cannot be obtained directly from the output in general.
To overcome the problem, there some results ([BZLCI7, MT16, [KCS™14]) are
proposed.

The first idea is trivially to estimate the jump time instants using the output
(IBZLCI17T]). Then we can utilize the observer requiring the jump time informa-

tion.

The second idea is to change the hybrid dynamics system into the contin-
uous dynamical system without any discrete events ([SJLS05, [BRS15, IMT16,
KCS™14]). The observer construction idea is proposed in [KCS™14]. Motivated
this, in [MT16], the observer design technique is proposed for a class of the me-
chanical systems with impacts. Let us consider the simple mechanical system
with impacts in with v = 1 and k(z1,22) = kix1 + kexo. In this case,

by taking an auxiliary output y* := y? = 2%, we can change the system into the
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following system with ({1, (2, (3) := (v*, ¥*y*)

010 0
¢=10 0 1]|¢+ [o] ()
000 1

v =[1 0 of¢

where k£*(() is a linear commutation of (3, (2, and (3. Since k* is a global Lipschitz,
we can design a high gain observer for the above system. Then, we obtain an
estimate f for ¢ and, from f , construct an estimate & for . However, this results
is restrictive and the procedure to obtain the estimate  is ambiguous. In addition,
the estimation error £ — x does not converge to zero asymptotically because of
the jump time mismatches between the state and estimate. These problems were
already considered in [KCS™14] and Chapters of this dissertation deal with

them in detail.

3.4 Tracking Control

There are some tracking controller design techniques for the hybrid dynam-
ical systems. Each result has advantages in different classes of the hybrid sys-
tems such as switched system ([SGI12l [dBMS13| [SS05]) mechanical systems with
impacts ([BNMMO00, BNO9T]), polyhedral billiards with impacts ([ETZ13|), hor-
mone systems (JCMS09]) and so on ([RS11, [SBvdWHI4, BvdWHNT3|, [SvdWNT4),
GMP12]).

In the case of the tracking control, a reference, which a plant state should
track, may have jumps. Similar to the state estimation results, many existing
tracking control design techniques require that the plant state jump times and the
reference jump times are coincide; otherwise, jump time mismatches occur and
the tracking errors may be large on the time intervals caused by the jump time
mismatches. To compare with the estimation problem, we can easily obtain the
reference jump time instants because the reference trajectory is given in general.
However, the problem is how to make jump in the plant state. In the estimation
problem, we can make jump in the value of the estimate when we want because the
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estimate depends on the observer construction. However, in the tracking control
problem, the plant state may not be able to jump anytime since the state depends
on the given plant dynamics.

Let us consider a following hybrid system

{ T = fplz,u) when (z,u) € Cp (3.4.1)

zt = gy(x,u)  when (z,u) € D,.

The details of this framework are given in [SBvdWHI4]. In this case, a input u
may make a jump in a state x anytime since its jump constraint depends on wu.
However, its jump constraint may depend on the state x only as the following

system

{ & = fp(x,u)  whenz €C, (3.4.2)

zt = gp(x) when z € Dy,

In this case, the mismatch of the jump times of the reference and state is un-
avoidable. To overcome the this limitation, some results ([F'TZ13, [SvdWN14|
BvdWHN13| [KSS16|) permit the tracking error may be large the vicinity of the
reference jump time instants, but the error decrease except for the region.

In [F'TZ13], authors consider a tracking control problem of a translating mass
in a polyhedral billiard. Main idea is to consider the translating mass system with
impacts as a switched system through a novel concept of mirrored images of the
target mass. For that switched system, a tracking controller is proposed, which
is also modeled as a switched system and changes this switching mode whenever
the switching modes of the reference system or plant are changed.

In [SvdWNT14|, a new notion of error is proposed to clarify in which sense the
approximate trajectory is, at each instant of time, a first-order approximation of
the perturbed trajectory. This notion of error is well-defined even if the trajectory
is not continuous. Therefore, this notion of error naturally is applied to the (local)
tracking problem of hybrid systems with a time varying reference trajectory.

In [BvdWHNT3|, A new definition of the tracking error which is not sensitive
to jumps of the plant and the reference trajectory is proposed to deal with the

jump time mismatches i.e., d(r,z) = d(g(r), z) for r € D and d(r,x) = d(r, g(z))

2] &-t]] 8
i ] 1



44 Chap. 3. Reviews of Related Previous Works

for x € D where d is proposed error function; g is a jump map; D is a set where
state jumps should happen. For details of the definition, refer to [BvdWHNT13].
The proposed tracking error is a non-Euclidean distance between the plant and
reference states, where convergence of this distance measure corresponds to the
desired notion of tracking. Since this distance measure incorporates information
on the “closeness” of the reference state and plant state at each time instant, the
tracking problem can be formulated based on the time evolution of the distance
measure evaluated along trajectories of the closed-loop system. This idea is similar
to the proposed idea using “gluing function” in Chapter [d] and Chapter [0 but,
by a geometrical sense, the proposed approach is more intuitive and, by a “glued

system”, gives a more concrete way to construct a tracking controller.



Chapter 4

Gluing Domain of Hybrid System

This chapter introduces a framework to deal with the main results of this thesis
and proposes the conditions guaranteeing that the smooth manifolds with bound-
ary are glued along some part of the boundary. The key to glue the manifold is
the quotient map. However, since the quotient map and its image are so abstract,
in the final section of this chapter, a more concrete framework is proposed. On the
framework, the quotient map is obtained as a map defined between two Euclidean

spaces.

4.1 Frameworks

As shown in Chapter [3] there are many frameworks for the hybrid dynamical
systems. In this section, we introduce frameworks to define a solution of the

system, which are motivated by [SJLS05, BRS15 I(GST09].

Definition 4.1.1. A hybrid system is a 4-tuple H = (C, f, D, g) such that

@
H

with time ¢ € R>¢ and a state x where

ft,x) when x € C
g(x) when x € D

e C is flow set, which is a smooth k-manifold with boundary;

o f:R>9 xC — TC is flow map, which is a time varying vector field on C;
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e D is jump set;
e g:D— CUTD is jump map.
O

Notice that C may consist of many connected smooth manifolds with bound-
ary. The differential equation, governing the continuous-time evolution when
the state x remains in the flow set C, and the difference equation, determin-
ing the discrete event when x is in the jump set D, are given by the flow map
f:R>9 xC = TM and the jump map g : D — 9C, respectively. Note that the
continuous-time dynamics may depend on the time and state. On the other hand,
the discrete events depend only on the state, which are called as state-triggered
jumps in [BvdWHNT3J.

Next, we recall some notions for the solutions of the hybrid systems. The
following definitions come from |LJST03} [SJLS05, BRS15].

Definition 4.1.2 (Hybrid time trajectory). A hybrid time trajectory is finite or

infinite sequence of intervals 7 = {I;}¥, (N may be o) such that
e [; =[m,7]] with 7, <7/ =7;4; for all 0 < ¢ < N, in particular, 79 = 0,
e when N < oo, either Iy = [tn,7p] or In = [Tn, Th)-

For 7 = {I;}¥, let () := {0,1,..., N} (possibly N = o0), and |7| := D iy (Ti—
7). We say that 7 = {I;}¥ is a prefiz of 7 = {fi}ﬁo and write 7 C 7, if either
they are identical; or N is finite, N < N, I; = I; for all 0 < i < N, and Iy C Iy.

O

In the framework, each 7/ for i € (7) indicates the time instant of the (¢+1)-th

discrete event.

Definition 4.1.3 (Execution). An ezecution of H excited by an initial condition
1o € CUD is a pair x = (7,€) where 7 is a hybrid time trajectory and ¢ = {¢% :

i € (1)} is a collection of absolutely continuous maps & : I; —C such that

o £9(0) = o,
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Figure 4.1: An example of hybrid time trajectory 7 = {I;}5_,

° dgi(%|5) = f(s,&(s)) for all i € (1) and for almost all s € (Ti,7}),
o g(&(r])) = & (iy1) for all i € (1)\{N}.

We say that an execution x = (7,€) of H is a prefiz of another execution ¥ = (7, &)
of H and write x C X, if 7 C 7 and £%(t) = £'(t) for all i € (7) and t € I;. We say
that x is a strict prefiz of x, if x € x and x # X. An execution is called mazimal
if it is not a strict prefix of any other executions. An execution is called infinite
if either N = oo or |7| is not finite. Otherwise, it is called finite. An execution is
called Zeno if it is infinite but |7| < co. Especially, we say an execution is infinite
in t-direction when it is non-Zeno infinite execution, which means that |7| is not

finite. For each maximal execution, a state trajectory x : [0, |7r|) — C is given by
z(t) == &D(t)  for each t € [0,]7])

where i : [0, |7]) — (1) satisfies t € [7;(y), T{(t)). Note that i(¢) is uniquely defined
for each t € [0, |7]). O

Example 4.1.1. (Bouncing ball system). Let us consider a bouncing ball system

in Figure[£.2] The bouncing ball system is well-known as an example of the hybrid

2] -] 8} 3
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Figure 4.2: Bouncing ball system (restitution coefficient= 1).

dynamical system. The ball is accelerated by the gravity and external force. The
gravitational constant is p > 0. The acceleration by the external force is given
as u(t). The height and velocity of the ball are z1 and x4, respectively. Suppose
that the coefficient of restitution is 1. Then, the bouncing ball is modeled as

H = (C, f,D,g) such that

z = f(x,t) := 2 ] when = € C := {(x1,22) € R? : 21 > 0},
—p+u(t)
rt=g(x) = —x when x € D := {(z1,22) € C: (x1 = 0) A (22 < 0)}.
(4.1.1)
O

4.2 Gluing and Smoothing

For all # € D, the state jump happens as z — z7 = g(z). Let [z] := m(x)
where 7 : CUD — (CUD)/ ~ is a natural projection and = ~ g(z) for all
x € D. Note that ~ is an equivalence relation on CUD and (C U D)/ ~ is the set
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of equivalence classes in C. Then, there is not any discrete event in [x]| because
[z%] = [g(x)] = [z]. Furthermore, for some class of hybrid system, [z] can be
modeled as a solution of continuous-time dynamical system defined on a smooth

manifold (C UD)/ ~ for a smooth structure.
Assumption 4.2.1. A hybrid system H = (C, f, D, g) satisfies the followings:
e D and G := g(D) are smooth parts of dC;
e g is a diffeomorphism from D to its image G;
e DNG=0.
O

Note that the jump set D and its image G are included in the boundary of C,
dC. In addition, since D C 9C C C, the set of the equivalence classes (C UD)/ ~

is obtained as C/ ~.

Example 4.2.1. (Bouncing ball system without origin). Consider the bouncing
ball system (4.1.1]) without the origin. The system is modeled as H = (C, f, D, g)
such that

T = f(x,t) = 2 when z € C := {(z1,72) € R? : 71 > 0}\{02},
—p +u(t)
rt=g(x) = —x when z € D := {(z1,22) € C: (x1 =0) A (22 < 0)}.
(4.2.1)
Then, C/ ~ is a smooth manifold. O

In the case of the bouncing ball system of Example satisfying the first
and second assumptions, by the result of [SJLS05|, its image 7(C) = C/ ~ can
be topological manifold. However, it cannot be endowed with the structure of
C because of the origin. In general, at [z] € C/ ~, we construct its structure
by gluing the structures of 7~!([x]). However, at the origin of the bouncing ball
domain, we can obtain just one structure from {03} = 7=1([02]), which gives the
half structure at [02] although it is an interior point of the topological manifold

C/ ~. To avoid this case, we impose the third assumption.
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Figure 4.3: Gluing the domain of the bouncing ball system without the origin.

Under Assumption since the conditions of Theorem [2.2.9 are satisfied,
there exists a smooth structure A on C/ ~ so that C/ ~ with A is a smooth
k-manifold. However, its vector field may not be smooth in x. Note that there
are many smooth structures guaranteeing this and they are diffeomorphic by The-
orem [2.2.10} Using this property, among them, we may find a smooth structure
A* on C/ ~ guaranteeing that the glued vector field is smooth. The following

assumption on the flow map f guarantees the existence of the smooth structure

A*.
Assumption 4.2.2. A hybrid system H = (C, f, D, g) satisfies the followings:
e f is independent of ¢ and f is smooth;
e f is outward-pointing on D and inward-pointing on G.
O

Under the above assumption, we can apply Theorem [2.2.10] to the considered

case.

Theorem 4.2.1. (Gluing and Smoothing). Suppose that hybrid system H =
(C, [, D, g) defined in Theorem [4.1.1|satisfies Assumptions Then there

2 A=t 8t i
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Figure 4.4: The glued manifold is determined up to diffeomorphism.

exist a smooth structure A* on C/ ~ and a vector field f™ : C/ ~— T(C/ ~) on
C/ ~ with A* such that C/ ~ with A* is a smooth k-smooth manifold (with
boundary) and

dm(f(z)) = fM(7(x)) for all x € C. (4.2.2)

g

The idea of the theorem is to glue the charts of two points in 771([z]), which

generated by f.

Proof of Theorem[4.2.1. By Theorem for each i € {D,G}, we can find a

smooth function §; : i — RT and a smooth embedding ®; : Ps; — C where
Psi = {(t,x) : (x € i) A (0 <t < §(x))} C R x4 such that ®;(Py) is a
neighborhood of i. In addition, for each x € D the map t — P®p(t,x) is an
integral curve of —f starting at = and for each z € G the map t — ®g(t,z) is an
integral curve of f starting at x.

At first, show that C/ ~ is a topological k-manifold. To show that it locally

resembles a real Euclidean space, assume y € C/ ~. Then, there exists x € C such
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that y = 7(z).

If x is not identified with any other points, x € C\(D U G) because D and
G are closed sets in C. In this case, we can take a coordinate chart (U, ) such
that U N (DUG) = @, so that 7|y is a homeomorphism. Then, p o r|U~1 is a
homeomorphism from an open neighborhood 7(U) of y to an open neighborhood
@(U) of R

If z € DU G, without loss of generality, we can take x1 € D and x2 € G such
that 9 = g(r1) and

m(x1) = w(x2) = y.

Since D and G are closed sets in C and C is Hausdorff space, we can find coordinate

charts (Uy, ¢1) and (Us, p2) at x1 and x9, respectively, satisfying that
e UUNG = and U, ND = @,
e U1NU; =g,
e Uy C &p(Psp) and Uy C Pg(Pso).

Then, we define ¢ : U1 UU; — R x (DUG) by

¢(x) =

(=t,9(zp)) when z = Op(t,2p) € Uy,
(t,zg) when z = ®g(t, zg) € Us.

Then the restriction of ¢ to Uy or Us is a topological embedding with closed image,
from which it follows easily that ¢ is a closed map. In addition, since 7(U; UUs) is
an open and D and G are smooth (k—1)-manifolds, 7(U; UUz) is a homeomorphic
to an open set in R*. Therefore, C/ ~ is a locally Euclidean space.

Since C/ ~ is the union of the second-countable open subsets 7(C\(D U G))
and m(Pp(Psp) U Pg(Psq)), it is second countable. In addition, any two fibers in
C can be separated by saturated open subsets, so C/ ~ is Hausdorff. Therefore,
it is a topological k-manifold.

Now construct charts for a smooth structure guaranteeing (4.2.2)) as follows:

o (m(U),pom ) for y € 7(C\(DUG)) C C/ ~ where (U, ¢) is a chart of
C\(DUG) at 7~ 1(y);

2] -] 8} 3
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o (M(U1Uly),¢ oo wil\ﬂ(UluUz)) fory e 1(DUG) C C/ ~ where (¢p(U; U
Us),¢') is a chart of R x G at (0,z2) (note that Uy, Us, ¢, z2 are obtained

as above).

It is straightforward to check that they are all smoothly compatible and thus
define a smooth structure on C/ ~. Let f™(y) := dm,(f(x)) where y = 7(x)
and « ¢ D. Then, it is trivially smooth on y € 7(C\(DUG)). In addition, for
y € (D UG) with a coordinate (y1,...,yx) it holds that

0
dT('fo(xp) = 873/1 = dﬂ'ng(l“g)
)

where (zp,zg) € D x G and 7(zp) = m(xg) = y, which implies f7 is a smooth
vector field on C/ ~. O

By this theorem, for a hybrid dynamical system H satisfying Assumptions[4.2.1}-

4.2.2) we can obtain a continuous-time dynamical system on C/ ~ with a smooth

vector field f™ i.e.,
y=["(y)onC/~ (4.2.3)
such that, for a state trajectory x(t) of H starting xg,
[z(t)] = y(t) for all ¢t € [0, |7])
where y(t) is a solution to (4.2.3)) starting [zo] (which is a integral curve of f™ on
C/ ~).
4.3 Frameworks in R"” and Gluing Function

To deal with state estimation and tracking control problems in next two chap-
ters, we need to a metric to measure the estimation and tracking errors. As a
simple expedient, we consider the system whose the domain is embedded in R™, so
that we adopt the norm of Euclidean space as a metric. The following assumption
includes this and the essential parts of Assumption [£.2.1H4.2.2]

2] -] 8} 3
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Assumption 4.3.1. The hybrid system H = (C, f, D, g) satisfies that

e the flow set C is a smooth k-submanifold of R™ with boundary;

the jump set D and its image G := g(D) are smooth parts of IC;

g is a diffeomorphism from D to its image G;

e DNG=u;

the flow map f is independent of ¢;

f is outward-pointing on D and inward-pointing on G.
O

By the definition of the submanifold, we say that C C R"™ is a smooth k-
submanifold of R™ with boundary (0 < k < n) if, for each x € C, there are an
open neighborhood U of  in R™, an open subset V' of R™, and a diffeomorphism

o : U — V such that
a(UNC)={(v1,...,vn) €V :v1 > 0,041 =+ =v, =0}

Trivially, we say that D C R" is a smooth 0-submanifold of R™ with boundary
if, for each x € D, there exists an open neighborhood U of x in R™ such that
UND = {z}.

Note that since C is a smooth k-submanifold of R™ with boundary, the vector
field f can be specified as a vector of R".

When f is smooth, by Theorem we obtain a system . However,
the system is abstract. Therefore, to specify the system, we also embed the

domain C/ ~ of the system into Euclidean space via Theorem

Theorem 4.3.1. Suppose that the hybrid system H = (C, f,D,g) defined in
Theorem [4.1.1] satisfies Assumption [4.3.1] and that f is smooth. Then there exist
a smooth function ¥ : C — R?**! such that ¥(C) is a smooth k-submanifold of

R?**1 and diffeomorphic to C/ ~. In addition, there exists a smooth vector field

2] -] 8} 3
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[—3, 3] [—3,3]/ ~
Figure 4.5: Gluing the domain in Example .
fY¥:(C) — R%*+! on W(C) such that
AW, (f(z)) = fY(U(x)) for all z € C. (4.3.1)

g

Proof of Theorem[{.3.1l The proof is trivial by Theorem and By the

theorem, we obtain a proper smooth embedding s : C/ ~— R+l Then, by
using ¥ := s o7, we can obtain (4.2.3)) as a system in R%**1. Notice that f¥ is a
pushforward of f™ by a smooth embedding s. O

Example 4.3.1. Let us consider the following simple hybrid system H = (C, f, D, g)

" t=1=:f(r) whenze{reR:|z|<3}=C
vT = —x =:g(r) whenz € {3} = D.

It is easy to check that the hybrid system H satisfies Assumption [4.3.1

Via an equivalence relation ~ generated by 3 ~ —3, we can define the canon-
ical projection 7 : [—3,3] — [—3,3]/ ~ such that w(z) = [z] for all z € [-3,3]
where [z] is the equivalence class of x and [—3, 3]/ ~ is the set of all equivalent
classes (i.e., [=3,3]/ ~:= {[z] : * € [-3,3]}). Since 7 is surjective map, we can
construct the quotient topology on [—3, 3]/ ~ determined by 7. Note that, by the
definition of the quotient topology, a subset U C [—3, 3]/ ~ is open if and only if
7~1(U) is open in [~3, 3]. Consider two open sets U and Uy in [—3, 3]/ ~ defined
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Figure 4.6: Coordinate charts for the glued domain in Example

as

Uy :={[z] € [-3,3]/ ~: 0 < |z| < 3},
Us :={[z] € [-3,3]/ ~: 0 < |z| < 3}.

Then, for each i € {1,2}, we can construct a map ¢; : U; — R on U; as

such that A = {(Uy, 1), (Ua,p2)} is a C™ atlas for [—3,3]/ ~. Therefore,
[—3,3]/ ~ with A is a smooth 1-dimensional manifold. In addition, we can take

a vector field f™ on [—3,3]/ ~ as

for all [z] € U; C [-3,3]/ ~ and for all i € {1,2}

(o -1 00
where %‘{x] (p) == %;’) for all ¢ := C*°([z]).

‘%([w])

A& gk
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Note that f™ :[-3,3]/ ~— T([-3,3]/ ~) is well-defined and it is a smooth
vector field satisfying that

dm,(f(x)) = f7([3]) for all = € [-3,3].

Now we construct a smooth embedding s : [~3,3]/ ~— R* Let consider

functions py : [~3,3]/ ~— [0,1] and py : [3,3]/ ~— [0,1] such that
e p1 and py are smooth;
o pi([z]) =0 [2] & Uy
o pa[x]) =0 [2] & Uy;
e pi([z]) =1 < [z] € {[z] € [-3,3]) ~: 0 < |z| < 2};
o pa([z]) =1 [z] € {[x] € [-3,3]/ ~ 1 < |2 <3},

Note that these functions alway exist. For example, we can construct as

,

1 if 0 < || <2,
— —1/(jz|-3)? .

pl([‘x]) = 671/(|z\673)2+671/(\z\72)2 if 2 < ‘$| < 37

0 if |z| = 3,

(0 if 2] = 0,
p2([x]) == g 1/a)® ifo<|z| <1
2 : e—1/(12)2 4 e—1/(z-1)2 ’
1 if 1 <z] <3,

which are general bump functions (see Figure[d.7)). Define a function s : [—3,3]/ ~—
R* as

s([2]) := (pr([2Dpa ([2]), p2([2]) 2 ([2]), pr([2]), p2([2]))-

Since this map is an injective immersion and [—3, 3]/ ~ is compact, s : [-3, 3]/ ~—
R?* is a smooth embedding. In addition, by Lemma 6.13 in [Leel2], we find a pro-
jection m, : (21,2, x3,24) — (x1, T2, x3) is an injective immersion of s([—3, 3]/ ~)
into R3. Therefore, we can take ¥ := 7, o s o proposed in Theorem and

#;rﬁ'! _CIJI_ 1—l| -_.fJ]_ T_III-
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Figure 4.7: Examples of p; (above) and py (below).

its explicit form is obtained as

( -

T
2
6—1/(\z|e>;14::—z|1)/<|z\—1>2 (=37 | HO<|z[ <L,
i 1
[ X
a;—3|§—| if 1 <|z| <2,
1

e—1/(lz|—3)2
e—1/(lz|-3)2 f e—1/(l=]—2

z L

m_g‘%l if 2 < |z| < 3,
e—1/(lz|—3)2
U(z) =4 L e /el 1/(a-2?

0
0 if |x| =0,
_1
[ x
x— 3% if ] =1 or |z| = 2,

||
|1
[0 4 :

5 2

0 if |z| = 3. ]
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Figure 4.8: The glued domain ¥([—3,3]) in R3

UJ
By Theorem we obtain a continuous-time dynamical system on ¥(C) C

R2k+1

¢= 1Y) (4.3.2)

where
e U(C) is a smooth k-submanifold with boundary of R?+1;
o f¥:U(C) — R¥*! is a smooth vector field on ¥(C);
o AV, (f(z)) = fY(¥(x)) for all z € C;
o U(z(t)) = ((t) for all t € [0,|7|) where z(t) is a state trajectory of H and
¢(t) is a solution of with ¥(x(0)) = ¢(0).

Therefore, if we have the system and its solution, we can obtain the
execution of H through preimage of W. Thus, the property of the hybrid system
‘H may be investigated through system such as viability and stability.
Furthermore, this function can be utilized as a transformation to construct state

observer and tracking controller.
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Although the map V¥ exists under the proposed assumptions, obtaining it is
not easy because the procedure is abstract and there is no systematic method
to construct it. Therefore, we propose a relaxed condition to glue the hybrid

dynamics.

Definition 4.3.1. A function ¢ : C — R™ (m > k) is called a gluing function of
the system H = (C, f, D, g) if it satisfies the following conditions:

(G1) ¢(z) = (g(x)) for all z € D;

(G2) 9le\p is injective;

(G3) 4 is of class C;

(G4) v is a immersion;

(G5) for all U C 9(C), if »~1(U) is open, U is open in 4(C).

We call 9(C) a glued domain and denote it by C¥. O

Notice that the gluing function is one of the quotient maps and local C! whose
image is a subset of R™.

The gluing function has the essential properties (G1) and (G2) of the natural
projection. In addition, by (G3) and (G4), the gluing function is a local C*
embedding in Euclidean space. Note that, except on the glued region, its C!
structures is preserved. The condition (G5) preserves the topology of C/ ~ so

that a pathological case like Figure is excluded.

Suppose that when k < n there exists there exists a smooth map ¢ : R* —
R™* such that p(x) = 0,_ for all 2 € C where 0,,_, is a regular valutﬂ of .
Then, a tangent space at x can be characterized as ker(dre(z)). Therefore, since
f is a vector field on C, if k < n, dre(z)f(t,xz) = 0 for all (t,z2) € R>g x C. In

addition the condition (G4) can be replaced as the following condition:

e rank(dy(x)) =n for any x € C if k = n;

1Since 0,_y is a regular value of , all points x in pre-image ¢~ '(0,_x) are regular points.
This means that, for z € ¢~ (0,_%), dp(z) always has full row rank.
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Figure 4.9: An example of pathological cases where C = {(x1,z2) € R? :
(lz1] = 1) A (22 = 0)}, D = {(-1,0)}, g(z) = —=x, and § =
{(1,0)}.

e di(x)v # 0y, for each z € C and for each non-zero vector v € ker(dre(x)) if
k <n.

The above condition is independent of the local charts to check whether v is

immersion or not.

If there exists a gluing function v of H, then the state trajectory x(t) can be

expressed on the glued domain C¥ as

C(t) == Y(x(t)) € C¥. (4.3.3)

Since all the discontinuities of x(¢) are “glued" by (G1), ((¢) is continuous with
respect to t. In this sense, we call ((t) the glued trajectory of x(t) by .

We now define an inverse gluing function induced from 1. Actually, 1»~! on
¥(C) cannot be defined due to (G1). However, 1|c\p is bijective onto its image
Y(C\D) by (G2), and we have that C¥ = 9(C) = ¥(C\D) U ¢(D) = %(C\D)
because ¢(D) = (G) by (G1) and ¢¥(G) C ¥(C\D) by DN G = @. Hence, we

obtain the inverse gluing function from C¥ to C by (we abuse notation by writing
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it as 1)
PO =l p(¢) forall ¢ €Y. (4.3.4)

Example 4.3.2. (Gluing for bouncing ball system). Consider the bouncing ball
system in Example Suppose that there is no external force (i.e.,u(t) = 0)
and the mechanical energy of the ball E(z) := mpz; + %mx% remains in (4, )
where m is the mass of the ball and § > § > 0. Note that we restrict the domain
in this example because we see the change of the domain in the following figures.

Then, the bouncing ball is modeled as

& = f(x):= [ w2 ] when z € C := {(x1,72) € R? : (z1 > 0) A (0 < E(z) <)},
—-p
rt=g(x) = —x when z € D := {(x1,22) € C: (x1 =0) A (22 < 0)},
(4.3.5)

which satisfies Assumption [4.3.1
There may be many gluing functions of (4.2.1]), but there is no systematic

way to design them yet. However, the geometrical properties of the domain may

help to find them. We introduce two gluing functions.
a) Doubling in R?
The first idea is to make the corresponding angle double in the polar coordinates

proposed in [Sha09, [KCS*14]. Let v : C — R2, (z1,22) = (pcosb, psinf)
(¢1,¢2) = (pcos20, psin 26). By straightforward calculations, we have

223
_ | T
¢1(~T) 2x1xo | 7
||
- 4.3.6
x‘i’+3z1x% —3x%z2—x% ( )
3 3
dgr() = | Gl s
[z[3 [z[3

Since 91 (x) = (z2,0) = 1(g(z)) for all z € D, (G1) holds. The condition (G2)

2] -] 8} 3
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5Bﬁouncing ball domain before gluing 5 Bouncing ball domain after gluing

Eal G

Figure 4.10: Domains of the bouncing ball system before gluing C (left) and
after gluing C¥* (right) when 6= 0.1, 0 = 4, and p = 1.

and (G3) are trivially satisfied. In addition, we have that, for all x € C,

2(x§ + 28) + 62723 (2] + 23)

det(dup () = T
_ 2w +ap —afad) +6atad  2af+a3)?
- 2] TTRE TS

which guarantees (G4). Therefore, 11 is a gluing function. Thus, in a similar
fashion to (£.3.4), we can also define 17! : C¥* — C as

e+ ¢)

Urt(Q) =
' sgn(C)y/11¢l(I¢) =)

which is the function halving the corresponding angle where sgn(¢s) is 1 if (5 > 0
and —1if o < 0.
b) Dragging in R?

The gluing function 1, is intuitive, but its expression is complex. The second
gluing function has simple form. The idea is to embed the domain in R? and

to glue D and G together by dragging them onto the vertical axis. As one of
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Bouncing ball domain before gluing Bouncing ball domain after gluing
10 20
15
5 510
5
0 0
° 10
4 20
0 2 0 10
0 -10
! 5 -2 1 ¢ 0 Q

Figure 4.11: Domains of the bouncing ball system before gluing C (left) and
after gluing C¥? (right) when 6= 0.1, 0 = 4, and p = 1.

the functions realizing it, we suggest a function 99 : C — R3, & = (z1,22)
¢ = (1,2, (3) = (22, 21179,223), which is proposed as a state immersion for a
mechanical system with impacts in [MT16]. Since v2(z) = (0,0,222) = 12(g(z))
for all z € D, (G1) is satisfied. It can be easily checked that (G2) and (G3) also
hold. Finally, we have that

2$1 0
rank(dy(x)) = rank 2r9 211 =2 for all x € C.
0 4.%2

and (G4) holds. Accordingly, 19 is a gluing function. Figure illustrates the
domain C and the glued domain C¥2. The inverse gluing function of 1, is obtained

as

Py 1(¢) = for all ¢ € C¥2.

g

The above example, we glue the domain of the bouncing ball system. However,
it may be not the realization of the quotient map 7 we want. Let us consider the

pushforward of f by 9. In fact, since w9 is not a diffeomorphism, we cannot

A& gk
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define the pushforward in Definition [2:2.12] strictly. However, in a local sense,
we can consider the pushforward and, for z € D, the vector field f(x) gives two
candidates di2(x) f(z) and dya(g(x))f(g(z)) for the vector field at ¢2(x). Since

2r1 0 22129
dipo(z) f(x) = (222 214 [$2] = [222 — 2p14
0 4o o —4pxo
and
—2r1 0 2212
dipa(g(2)) f(9(@) = | =220 —21, [_le = |223 + 2pz1 |
0 —4xq o 4pxo

it follows that
dipa () f () # dipa(g()) f(g(z)),

which implies that the vector field on C¥? is not continuous.

In fact, the proposed gluing function just glues the domain in a topological
sense. Therefore, the vector field on the glued region may be not differentiable
and even it may be discontinuous. At least to guarantee the continuity of the
vector field on the glued domain, the gluing function  naturally should satisfy
that

dy(x) f(z) = dy(g(x)) f(g(x)) for all z € D, (4.3.7)

which is denoted by the wvector field matching condition. Note that there exists

a gluing function 1 : C — R?**1 satisfying the vector field matching condition
([4.3.7) under some assumptions by Theorem [4.3.1]

Example 4.3.3. (Vector field matching condition of bouncing ball system). Con-
sider the gluing functions ¢ and 9 in Example These two gluing functions
do not satisfy the vector field matching condition . However, for each case,
we can find another gluing function satisfying the vector field .

a) Doubling in R?
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Suppose that g = 1. Then, we propose another gluing function 3 := 1 0 ¢ where

x1

¢(x) =

Y

1,.3
3T5 + 129

which is obtain the following preprocessor.

At first we have that, for all z = (0,z2) € D,

v (2) = A (8(x) = [02 ;]

and

dip1(g(2)) = dib1(d(g(2))) = —di1 (d(x)),
which are verified by computation. Then, since
d(¢1 0 ¢)(@) f(z) = dip1(d(x))dd(x) f(2),

and

d(h1 0 ¢)(g(x))f(g(x)) = dip1(o(g(x)))de(g(x)) f(9(z))
= —d¢n(¢(x))de(g(x)) f(g(x)),

in order to make these two the same so that the vector matching condition (4.3.7))
holds, it is enough to have that d¢(z)f(z) = —dé(g(x))f(g(x)). Motivated by

this fact, we propose a partial differential equation for the function ¢ as

do(z) f(z) = [ 2 ] for all z € C, (4.3.8)
o

and its solution is given by

x1

P(x) = , (4.3.9)

1
ga;% + 2129

A Lt &
| & AT
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5Bﬁouncing ball domain before gluing 10 Bouncing ball domain after gluing

5 0 5 10 5 0 5 10

Figure 4.12: Domains of the bouncing ball system before gluing C (left) and
after gluing C¥* (right) when 6= 0.1, 6 = 4, and p = 1.

whose inverse ¢! : ¢(C) — C is also given by Cardano’s formula

T

6 (@) = !
{32 + VA + {322 - V@)

where Z = (21, Z2) € ¢(C) and d(z) := Z3 + (322)2. Finally, it can be shown that
3 = 11 o ¢ and ¢§1 =¢lo 12{1 are well-defined on C and on ¥3(C) = C¥3,
respectively, and 3 is a gluing function satisfying the vector field matching con-

dition (4.3.7). (Note that it satisfies the condition (G1) since g(¢(z)) = ¢(g(x))

on D so that ¢3(g(x)) = ¥1(#(9(x))) = ¥1(9(d(2))) = ¥1((x)) = ¥(x), Vo € D.)
Figure illustrates the domain C and the glued domain C¥3.

b) Dragging in R?

As shown after Example )9 does not satisfy the vector field matching con-

dition. However, motivated by this function, we can a function 1, : R? — R3,

r = (z1,12) = ¢ = ((1,¢2,G) = (22,2m129,273 + 4pw1). Since YPy(z) =
(0,0,223) = 94(g(z)) for all x € D, (G1) is satisfied. It can be easily checked

A& gk
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that (G2) and (G3) also hold. Furthermore, we obtain that

2.%'1 0
rank(d4(z)) = rank 29 211 =2 for all x € C,
4p 4dxo

which implies that (G4) holds. Finally, for all x € D, since

2x179 0
as(@)f (@) = | 223 —20m1 | = | 243
0 0
and
2x179 0
dya(g(x)) f(g(x)) = | 223 +2px1 | = | 223 |,
0 0

we obtain that

depa(z) f (x) = deba(g(x)) f(9(2))

and 14 is a gluing function satisfying the vector field matching condition (4.3.7)).
Figure illustrates the domain C and the glued domain C¥4. The inverse gluing

function is given as
for all ¢ € C¥4.

g

Now we come back the proposed frameworks. The following lemma is useful in
further chapters dealing with the state estimation and tracking control problems

of the hybrid system.

Lemma 4.3.2. Suppose there exists a gluing function ¢ of H. Then, for any
compact set M C C satisfying that M ND = & or M NG = &, it holds that

2] -] 8} 3
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Bouncing ball domain before gluing Bouncing ball domain after gluing
10 20
8 15
6
510
4
5 5
0
10 20
0 10
-10 0

Figure 4.13: Domains of the bouncing ball system before gluing C (left) and
after gluing C¥* (right) when 6= 0.1, 0 = 4, and p = 1.

is injective on M and, for all (z,y) € M x M, there exists L > 0 such that

|z —y| < Lig(z) — P(y)| (4.3.10)

O

Proof of Lemma[f.5.3. If MND = @, then M C C\D and, by (G2), ¢ is injective
on M. Next we consider the case when M NG = @. Suppose that there are
z,y € M C C\G such that = # y and ¢(x) = ¢(y). Due to (G2), at least one
should be in D. Without loss of generality, we have that x € DN (C\G) and
y € C\G. We first consider the case when y is also included in D. Then, by
(G1), it holds that ¢(g(x)) = ¥(g(y)), which implies that x = y because g and
¥ are injective on D and g(D) = G C C\D, respectively. This is a contradiction.
Secondly, consider the case when y is not included in D. Then, it follows from
(G1) that ¢(x) = ¢(2’) = ¥(y) where 2’/ := g(x) € G and 2’ # y € C\(DUG),
which is also a contradiction because z’,y € C\D and, by (G2), ¢ is injective on

C\D. Therefore, 1 is injective on M whenever M ND =g or MNG = 2.

A L)) &

S |
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Next, to show (4.3.10)), it is enough to check that

mf @) =YWl
vty |z — y|
T, yeM

Suppose that there exist sequences {x;} and {y;} in M such that

o 9@ = ()

=00 |zi — yil

= 0. (4.3.11)

Since M C R" is compact, by Bolzano-Weierstrass theorem, without loss of gen-
erality, we may assume that {x;} and {y;} converge to some points 2’ and 3/’ in
M, respectively. If 2/ # ¢/, then ¢ (2’) = ¥ (y'), which contradicts to injectivity of
1 on M. Therefore, 2’ = y/. Since C is a smooth manifold with boundary, there
exists a coordinate chart (U, ¢) at 2’ € M. Then, there exists k* > 0 such that
z;,y; € U for all i > k*. Since ¢ is C1, ¢, :=po ™ is CL. Let x; := ¢~ (wpry4)
and y; := ¢ ! (yp+44). By the definition of the Jacobian,

%o (xi) — Yp(yi) + dih (9™ (2) (i — vi)

lim = lim |d L@ ))w| =0
00 ‘Xi _ yz‘ i—00 ’ ¢<p(90 ( )) l‘ )
where w; = ﬁ € R*, which can be a tangent vector of at z/. Since w; is

bounded in R¥, we can take a subsequence converging to w € R¥. Then, it follows
that di,(¢~!(2))w, which is a contradiction to the fact that ¢ is immersion by
(G4). O

Since the gluing function 1 : C — R™ is a local C' embedding, we can utilize
the Inverse Function Theorem. Then for x € C there exists an open neighborhood

U C C such that [y is injective and ¥[;* : ¢(U) — C is C.



Chapter 5

State Estimation Strategy

In this chapter, we suggest a new state estimation strategy using the gluing func-
tion, which does not require any detection of the time instants when the state

jumps.

5.1 Standing Assumptions

To deal with the state estimation problem, we need to define an output be-
cause we should estimate the state from the output. For example, an output of

the bouncing ball system in Example may be either the height x; or the

velocity xs.

Definition 5.1.1. A hybrid system H = (C, f, D, g) with an output y = h(x) is
denoted by H" := (C, f,D, g,h) where h: C — R? is an output map. O

We impose the following additional assumptions on H” under consideration.
Assumption 5.1.1. The system H" = (C, f, D, g, h) satisfies that
(E1) f is locally Lipschitz;

(E2) h is continuous and

h(z) = h(g(z)) for all z € D. (5.1.1)

71 .-':l'\-\.—= -";:'1. : !
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We impose (E1) to guarantee the existence and uniqueness of the local flow
starting at each point in C\D. Under (E3), since there is no jump in the output
value when the state jump occurs, it may be difficult to detect the state jumps
from the mere observation of the output. Therefore, the previous observers, re-
quiring the jump time information, may not be applied. We call an out-
put matching condition. Note that the bouncing ball system with the output
y = h(x) = x; satisfies the assumptions. Another example is a ripple disturbance
arising in AC/DC converters proposed in [BZLC17].

To consider the state estimation problem, we restrict an interested region
where the state trajectory remains as a compact set K C C. The following

assumptions are imposed on K.

Assumption 5.1.2. For H = (C, f, D, g), there exists a compact subset K C C
such that

(E3) g(KND)=KnNG;
(E4) f(z) € Tk(z) for x € K\D;

(E5) there are smooth maps rp : R” — R and rg : R” — R such that DX :=
KND={zx €K :rp(x) =0}, 68 =KngG={z e K :rgx) =0},
K Cc{zeR": (rp(x) <0)A(rg(x) >0)}, and

Vrp(z) - f(x) >0 for all x € DX,
Vrg(z) - f(x) >0 for all x € GK;

where 0 is a regular value of rp and rg. g

We impose (E3-4) to make K as an invariant set. Note that, DX and G¥ are
compact because K is compact and D and G are closed in C. In addition, (E5)
implies that there are two hypersurfaces in R™ such that the intersections of them

and K are DX and GX, respectively.

Example 5.1.1. (Invariant set of bouncing ball system). Consider the bouncing
ball system satisfying Assumption in Example . Suppose that u(t) =0
and let E(z) := mpx1 + ma3. Then, we can take a compact set K := {z € C :
E(zx) €[4, 0]} satisfying Assumption where 0 < § < 4. O
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The following example is a ripple generation model of a three-phase system

suggested as a practical example of hybrid system in [BZLC17].

Example 5.1.2. (Ripple disturbance). Let us consider a ripple disturbance in
AC/DC converters in Section The disturbance is modeled as a system H" =
(C, f,D,g,h) with z := (r,0,b) such as

( B .

r 0

0| =f(x):=|1| whenzeC:={z=(r0,b)ecR:(r>0A(-F<6
b 0

L :

0| =g(x):= |—-0| whenz € D:={z = (r,0,0) cC:0=§}

b b

y = h(x)=:rcosf +b.

Note that C is a smooth 3-manifold manifold with boundary and D and G = ¢(D)
are smooth parts of JC. Since, for each x € D, h(x) = rcos(§) +b = @7’ +band
h(g(xz)) = rcos(—%) +b = ?r + b, the output matching condition (E2) holds.
In addition, the other conditions in Assumption and Assumption [5.1.1] are
satisfied. Finally, for 7 > r > 0 and b > b > 0, the set K := {x = (r,0,b) € C :
(r <r<7)A(b<b<b)} satisfies Assumption O

Lemma 5.1.1. Under Assumption4.3.1] (E1), and (E3-4), the execution starting

K is infinite in ¢-direction and unique. O

Proof of Lemmal[5.1.1 It follows from Proposition 3 in [ALQ™ 02| that each max-
imal execution is non-blocking in t-direction and remains in K. Next, since g is
injective on DX and f is locally Lipschitz, its jump and flow are defined uniquely.
In addition, by assumption, we have that f(z) ¢ T¢(z) for all z € DX, which
implies that the state must jump on DX. From this, we obtain that either the
continuous-time evolution or discrete event happens at each point but not both.
Therefore, it follows that there is at most one maximal execution for each initial

condition. 0

The condition (E5) is imposed to show that the state cannot stay in D and

] 2- 1_l|
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G by flowing. Actually, this fact also comes from the final condition in Assump-
tion Nevertheless, we adopt (E5) for a brief proof.

Lemma 5.1.2. Consider H satisfying Assumption [£.3.1] (E1), and (E3-5). Let
Og(e) := {x € K : dg(z) < €} and Op(e) := {x € K : dp(z) < €}. Then,
there exists a class-IC function a such that, for sufficiently small € > 0, each state

trajectory x(t) starting on K satisfies that
z(t) ¢ Og(e) UOp(e) forall t € mo(e) := Rx>p\ U]iV:O B, (a(e))

where 7 = {I;}YY, is the hybrid time trajectory corresponding to z(t) such that
I;=[r;,7]] and x(t) € G implies that t € {r;} . O

Proof of Lemma[5.1.9 Define w(x) := Vrg(z) - f(z) for z € K. Then, by (E5),
w(z) > 0 for all z € G&X. Moreover, w(-) is uniformly continuous on K, because
rg is smooth, f is locally Lipschitz, and K is compact. Consequently, p :=
inf cgx w(z) is positive by the compactness of GX and there exists €; > 0 such

that if (z1,292) € K x K and |x1 — 23| < €1, then
w(z1) — w(zs)| < %

If z € Og(e1), by the definition, there exists zg € G such that |z — zg| < €

and, from the above equation, we have that

N =

<w(z) —w(zg) <

IS

Then, by the definition of y, it follows that w(x) > § for all z € Og(e1).

Next, since rg is smooth, it is Lipschitz on the compact set C with a Lipschitz
constant L > 0. Moreover, by (E5), it is satisfied that rg(z) > 0 if z € K\GK
and rg(r) = 0 if z € GX. From this fact, we obtain that

rg(z) = |rg(x)| = |rg(z) — rg(zg)| < Llz — xg| for all (z,zg) € K X Ggk.

Therefore, if 2 € Og(€), then rg(z) < Le. By contraposition, if rg(x) > Le, then
z ¢ Og(e).

2] -] 8} 3
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For a state trajectory z(t), let 7 be its hybrid time trajectory. Then, we
have that z(7;) € G& and rg(x(7;)) = 0 for i = 1,...,N. Let aj(e) := %e.
We first claim that, for all € < €1, z(t) escapes from Og(e) at least once before
t = 7; + a1(e). Suppose that z(t) remains in Og(e) for all t € [r;,t] where
te € |1 + ai(e), /). Then, since z(t) € Og(e) C Og(er) for t € [7;,te], it holds

that w(x(t)) > & and

te
ro(a(t)) = rgalt)) = ro(a(m) = [ wla(s)ds > St =l = Har() = Le
This implies that z(t.) ¢ Og(e), which is a contraction.
Since rg(x(t)) increases when z(t) € Og(e1), x(t) cannot return to Og(e)
again. Therefore, we obtain that z(t) ¢ Og(e) for all t € [1; + a1(e), 7]) and for

? "

all 4 =1,...,N. Since the same result can be obtained for the case when i = 0,
it follows that
N
x(t) & Og(e) forallte U[TZ + aq(€), 7).
i=0

In a similar way, there exist €2 > 0 and class-XC function a9 such that, for € < €9,

U]Zy:_(l) (13,7, — a2(e)] U (T, 00) if N < o0,
z(t) &€ Ople for all ¢
0§ Or(d ) { UL (i, 7/ — aa(e)] if N = oo.

Finally, take a(+) := max (a1(-), a2(+)) and consider € < min(ey, €2). Then, z(t) ¢
Og(€) U Op(e) for all t € 1,(€). O

From this lemma, it follows that for any K the state remains near DX U G

only at the time in the vicinity of each jump time instant.

5.2 State Estimation

For a given H", suppose that Assumption and Assumption hold
and that there exists a gluing function 1 of H. Under the vector field matching
condition , the vector field at ¢ € (D) is also uniquely defined. Then, the
vector field at ¢ € C¥ can be represented as di(x) f(x) where ¥(x) = ¢. By (G2),
for each ¢ € C¥, we can find = through the inverse gluing function ¢! in .

A L)) &

T



76 Chap. 5. State Estimation

Accordingly, for all ¢ € C¥, the vector field is obtained as

FPQ) = dw (1) fHQ)), (5.2.1)

which is a function of ¢. By the Inverse Function Theorem, 1)~ is C' on C¥\¢(D).
Therefore, f¥ is also continuous under the vector field matching condition (4.3.7)),
because f is continuous and, by (G3), dv is continuous. Similarly, we obtain the

output map on C¥ as

h(C) = h(¢p™(¢)  ¢ec?, (5.2.2)

which is also continuous because of the continuity of A and output matching
condition (5.1.1)) in (E2). Then, 9 changes H" into the following continuous-time

system:

C=fY0¢), cec?cRr™, (5.2.3a)
y=h*(C). (5.2.3b)

Let us consider a solution to starting from (p € ¥ (K). We claim that
it is unique and identical to the glued trajectory ((¢) = ¥ (z(t)) in where
x(t) is the state trajectory of H with the initial condition x¢ := ¥~1(¢y) € K.
We first have that ¢(t) is a solution to (5.2.3a), because it is satisfied that ((t) =
dy(z(t)) f(x(t)) = dy (=1 (¢(t)) f(~(¢(t))) for all t > 0. In addition, if there
is another solution ¢’(¢) to (5.2.3a)), it follows from the Inverse Function Theorem
that ¢»~1(¢’(t)) provides another state trajectory of H, which contradicts the fact
that the state trajectory starting at a point of K is unique from Lemma [5.1.1]
Note that, since the solution to starting K is unique and equal to ((t),
we denote it by ((t) for convenience. Lastly, since each execution starting at a
point of K is non-blocking in ¢-direction and remains in K, z(t) is defined on K

for all ¢ > 0, which implies that ¥(K) is invariant under f¥.

The system ([5.2.3) is a continuous-time system without any discrete events
and we call it a glued system of H" by 1. If the glued system is of the form

that admits a conventional observer design method for continuous-time systems,
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then we can design an observer and obtain an estimate ((t) for ¢(t) = i(x(t)).
Through the inverse gluing function ¢~ : C¥ — C in , we may also obtain
an estimate for 2(t). However, since the estimate ¢ (t) can be defined on R”, it may
be out of the domain C¥ of the inverse gluing function ¢! (i.e., C(t) € R™\C¥).
To deal with this, we introduce a projection map Il gy : R™ — K C C satisfying
that

Iy (x) (C) € arg /gg(r}() | — (| for all ¢ € R™. (5.2.4)

¢

Finally, let

2 (1) == ¢~ () (C(2)))- (5.2.5)

Then, Z(t) becomes an estimate for the state trajectory x(¢) on K. Obviously, the
proposed idea does not require any detection of the jumps of z(¢). The following

theorem justifies the idea.

Remark 5.2.1. There may be many projection maps satisfying (5.2.4). There-
fore, it is still a matter of choice. However, in this paper, we suppose that é (t) is

an asymptotic estimate of ((¢). In this case, whatever we choose, I1,k)(¢(t)) is

another asymptotic estimate of ((t). Therefore, we can take any of them. O

Theorem 5.2.1. Suppose that Assumption [£.3.1] and Assumptions
hold and that there exist a gluing function 1 satisfying . Also suppose that
an asymptotic observer of for all ¢(0) € ¥(K) exists in the sense that, for
each v > 0, there is T > 0 such that

’C(t)—f(t)] <7 for all ¢t > T¢.

Then, there exists an observer of H" for the state trajectory starting on K in the

sense that, for sufficiently small € > 0, there is T' > 0 such that
lx(t) — 2(t)] < e for all t € 7,(€) N (T, 0),

where x(0) € K and Z(t) is in (5.2.5)). O
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Proof of Theorem [5.2.1. We obtain that K\Op(e) is compact for all € > 0, be-
cause K is compact and Op(e) is open relative to K. From Lemma for
each (z,2') € K\Op(e) x K\Op(e), there exists Li(e) > 0 such that |z — 2| <
Li|y(x) — (2’)|. Similarly, for each (z,2") € K\Og(e) x K\Og(e€), there exists
Lo(€) > 0 such that |z — 2'| < La|y(x) — ¢(2’)|. Finally, take L := max(Ly, Lo).

Consider a sufficiently small € > 0 satisfying Op(e) N Og(e) = @ and the

condition given in Lemma By the asymptotic observer of (5.2.3), for v =
57 > 0, there is T > 0 such that

1C() = Ty ey (CO] < 1¢(E) = CO + IC(#) = Thyaey (C())| < 29 = %
for all t > T¢. Note that, from the definition of Il k), it holds that 1E(t) —
M) (C())] < 1) = C()]-

For all t € 14(€), since z(t) € K\(Op(e) UOg(e)) = K\Op(e) N K\Og(e)
and 2(t) € K = K\Op(e) UK\Og(e), it follows that (x(t),2(t)) € (K\Op(e) x
K\Op(e)) U (K\Og(€) x K\Og(€)). As a result, we obtain that |z(t) — Z(t)| <
Li|¢(t) — Hw(K)(é(t))] < L% < e for the case when (z(t),2(t)) € K\Op(e) x
K\Op(e) and that |z(t) — z(t)| < L2|((t) — Hw(K)(é(t)ﬂ < Lot < e for the case
when (z(t), 2(t)) € K\Og(e) x K\Og(e). Therefore, by taking T" := T¢, we obtain
that |x(t) — Z(t)] < € for all t € 74(e) N (T, 0). O

Example 5.2.1. (Observer design for the bouncing ball system) Consider the
bouncing ball system in Example with the output y = x1, which means that
the output is the height and the ball is accelerated only by gravity. Then, the
system is described by

= f(x)= [m] when z € C, (5.2.6)
—p
vt =g(z) = 2 when z € D,
y = h(z) =1,

where C and D are given in ([#.2.1)). Take K := {z € C : § < E(x) < §} for some
0 < 6 < 4. Note that E(x) := mpx + %m:ﬁ% and suppose that the mass m is

Sk
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1. It is trivial that the system satisfies Assumption [£.3.1] Assumption [5.1.1] and
Assumption [5.1.2] Let us take the gluing function as ¢ := 14 in Example [£.3.3]
which satisfies the vector field matching condition (4.3.7). Recall that the inverse

gluing function is given as

VG
v (() = Sen() C3—42p\/?1 for all ( € C¥.

Through the gluing function, we obtain the functions

G2
Q) = |G —6pvC |
0

h(¢) = /<1,

and the following continuous-time dynamical system,

010 0
(=10 0 1| ¢+ |—6p| V<= AC+ BV,
(5.2.7)
0 00 0
y=1a,
for ¢ € ¢(K). We propose the following observer for (5.2.7)),
C=AC+ L(Cé — %) + By, (5.2.8)

where C = [1 0 0} and A+ LC is Hurwitz. Let (. := f —(. Then, the dynamics

of (. results in

Ce = (A + LC)C&

because y? = C(¢. Therefore, (. converges to zero exponentially and, by Theorem
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[£-2.7] we obtain an estimate

&= Iy (©) = ¥71(C1 Gon ) =

I
Il
w
|
N
)
B
—~
-
o
Ne)
S~—

A simulation result is reported in Figure [5.1 U

Remark 5.2.2. In Example if p = 0, the proposed gluing function is the
same as the state immersion given in [MT16| and the observer designs are similar.

However, the proposed observer in Example is still valid even if p > 0. O

Remark 5.2.3. Most conventional observers for hybrid system employ constraint
sets in which the estimate may jump. This is necessary to catch up the state jump.
The proposed observer may have the constraint set D U G, because the inverse
gluing function ¢ ~! is not continuous on ¥ (D U G). Specifically, the proposed
estimate can jump from D to G via g or reversely jump via ¢g~' from G to D
to reduce the estimation error. The former is the common property that most

existing observers have, but the latter is novel one. O

Corollary 5.2.2. (Estimation in a graphical sense). The following statement
reinterprets Theorem [5.2.1] in a graphical sense: under the assumptions of Theo-

rem for sufficiently small €* > 0, there exists T* > 0 such that

(a) for each ¢t > T, there exists s > 0 satisfying that |(¢,z(t)) — (s, 2(s))| < €*,

(b) for each t > T, there exists s > 0 satisfying that |(s,z(s)) — (¢,Z(t))]| < €*.
U

Proof of Corollary[5.2.3. 1f x(t) has a finite number of jumps (i.e. N < c0), then
it follows from Theorem for the case where e = €* that (a) and (b) are true
by taking 7% := max(7ny + a(€*),T) and s := t. Now, we prove the case when
N = o0.

(a) Let € := min (%,a’l(%),a’l(&)) where M := sup,cx |f(x)]. If € is
sufficiently small, by Theorem there exists 7' > 0 such that |xz(t) —Z(t)] < e
for t € 74(€) N (T, 00). Trivially, it holds that T" € [r;, ) for the unique j € (7).
We set Ty, := 7']’- and show that (a) holds when T* = T,. We divide ¢t > T, into

2] -] 8} 3

'Iu
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_50 1 1 1 1 1
0 5 10 15 20 25 30

time [sec]

time [sec]

time [sec]

0 5 10 15 20 25 30
time [sec]
Figure 5.1: A simulation result of Example when p =1, zo = (2,-3),
and L = [-1.80 —0.95 —0.15]". The first three: ¢ is a state

of (5.2.7) and ¢ is an estimate of ¢ obtained from (5.2.8). C is an
approximated projection of ¢ to (k). The last two: x is a state

of (5.2.6) and 2 is an estimate of x obtained from ([5.2.9)).

- A2ty
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three cases: Case 1: t € (T, 00) N7y (€), Case 2: t € [1y, 7 + a(e€)) for i > j, and
Case 3: t € (1] — a(e), 7)) for i > j.

In Case 1, take s = t. Then, it holds that |(¢, z(t)) — (s, Z(s))| = |z(t) —z(t)| <

€ < S < €. In Case 2, take s = 7; +a(e). Then, we have that [s —¢| < a(e) < &

and

(1) = 2(s)| < |2(t) = 2(7i + a(e))| + |2(7i + a(€)) — 2(7i + af€))]
< Ma(e)+ €

IN

<

5

Therefore, it follows that [(¢,z(t)) — (s,Z(s))| < €*. Similarly, in Case 3, it is
satisfied that |(¢,2(t)) — (s,2(s))| < €* when we take s = 7; — a(e).

(b) Consider the sufficiently small €* satisfying the condition of € given in
Theorem [5.2.1] Note that Op(e*) N Og(e*) = @. As shown in the proof of
Theorem [5.2.1], by Lemma we can take Lq(e*) > 0 and La(e*) > 0 such that
|z—2'| < Li|yp(z)—(2))| for all z, 2" € K\Op(€*) and |z —2'| < La|tp(x) —p(a')]
for all z,2" € K\Og(€*).

*

Let e := min (¢*,a (), 0 (757 ), @ 1 (557)) where MY := max e |dy(z) f(2)]

ALMY
and L := 2 -max(Ljy, Ly). Then, by Theorem there exist Ty > 0 and 7' > 0

such that [¢(t) — Iy (((t)] < 2y = & for t > T¢ and |o(t) — &(t)] < e
for t € 71,(e) N (T,00). Trivially, there exists the unique j € (7) such that
max(7¢,T) € [rj,7;). We set T}, := 7] + a(e) and show that (b) holds when
T* = Ty. We divide t > T}, into three cases: Case 1: t € (Tp,00) N 74(€), Case
2: t € (Ty,00)\7a(e) and z(t) € K\Op(€*), and Case 3: t € (Tp,00)\7a(€) and
z(t) € K\Og(€*).

In Case 1, take s = ¢. Then, |(s,z(s)) — (t,2(t))| = |z(t) — Z(t)] < e < €*. In
Case 2, let s = 7= + a(e) where ¢ is the positive integer (larger than j + 1) such

that t € (7+ — a(e), 7= + ale)). Since |s —t| < 2a(e) < &, we just show that
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|z(s) — &(t)| < & for the proof of this case. Since t > T¢, it is satisfied that

() = Wyaey (C(D)] < [¢(7ix + @le)) = C(8)] + IG() — My iy (C(2))]

*

IMY £
< a(e)+2L

6*
< —.
- L
= |z(i- + a(e)) — 2(r+)| £ Ma(e) < & and
x(1+) € G, we have that x(s) € Og(e*) C K\Op(€e*). Therefore, it follows that

In addition, since |z(s) — z(7+)

*
~

|2(s) = (1) < Lalip(x(s)) = p(2(0))] < La]C(s) = Ty (C(1)] < %

In a similar way, we can prove Case 3 by setting s := 7;+ — a(e).

Finally, let T*:=max(T,,T}). Then the proof is complete. O

5.3 Observer with Linearized Error Dynamics

In this section and next section, we deal with the observer design for the glued
system. Since the glued system is a continuous-time system, we may apply con-
ventional observer design techniques proposed for the continuous-time systems.
However, most of them require the additional properties of f¥ and h¥ such as
linearity, smoothness, or Lipschitz continuity. Therefore, we investigate the con-
dition to guarantee such properties and propose the observer designs for the glued
system.

We first propose the condition for the existence of the gluing function which
guarantees that the glued system becomes a linear system with output injection.
To simplify the presentation, we only consider the case when the output dimension
is 1. The idea is related to the conventional technique proposed in [BS04, MT16].
For the system ", suppose that f and h are smooth and that there exists a
positive integer m > k such that

L;h(a:) = chh(xg)\

zy=g() for all 0 <7 < m and for all x € D.

This implies that the output trajectory is of class C" with respect to t. From

.__:Ix_c L, '|'|i

L

[

-
1

T
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the above condition, we may obtain the gluing function we desire. In fact, this
condition is restrictive, but can be relaxed by introducing an auxiliary output
y* = h*(x) := ¢(h(x)) such that ¢ : h(C) — R is injective and smooth.

Assumption 5.3.1. f and h are smooth and the output dimension is 1 (¢ = 1).
In addition, there exist an injective smooth function ¢ : h(C) — R and an integer

m not smaller than the manifold dimension &k of C such that with h* = ¢ o h
(I1) Lg}h*(m) = L;}h*(acg)\xg:g(l,) for 1 <i<m and for all z € D,
(I2) there exists a smooth solution aj(h*),. .., amn(h*) to the differential equation
LPh* = am(h*) + Lyagm-1(h*) + -+ LPay (BY).
O

Theorem 5.3.1. Suppose that Assumptions [£:3.1] [5.1.1} and [(:3.1] hold. If
Y(x) == (h*(z), Lyh*(x)—ai(y")
satisfies (G2) and (G4), then ¢ is a gluing function satisfying (4.3.7). Further-

more, the glued system is

G =C+a(C)

(a1 = G + am—1(C1)
ém = am(gl)
v =9(y) = (.

O
Proof of Theorem[5.5.1] Since a1, ..., am—1, f, and h* are smooth, (G3) holds. In
addition, by (E3) and (I1), we obtain that (G1) also holds and that 1 is a gluing

function satisfying (4.3.7)). By the construction, it follows that the equations for
15, Cm—1 hold. Finally, we have that ¢, = am(¢1) using (12). 0 O

Remark 5.3.1. In Theorem the glued system is a linear systems up to

y*=h*(z)) """ 7L7}1_1h*(x)_221;1 L?_i_lai(y*”y*:h*(x))
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371:0

Figure 5.2: One-degree of freedom system having impacts.

output injection. In this case, we can design the observer for H" as

(= A{+ L(CC —y*) + aly”)

0 1 0] .
a1(y")
where A := 0 ,C:=11 0 --- 0}, aly*) = : , and
0 -~ 0 1 -
am
0 -~ 0 0 Y
A+ LC is Hurwitz. Notice that we use the auxiliary output y* = ¢(y) because
W = doh. 0

Example 5.3.1. (One-degree of freedom system with impact). Consider the
simple mechanical system with impact in Figure Suppose that the impacts is
modeled perfectly elastic and that its initial condition is in some compact set not

including the origin. In addition, the output is the position. Then, the system
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HM = (C, f,D,g,h) and interested domain K are obtained as

T = f(x):= [ 2 ] when z € C := {(z1,22) € R? : (21 > 0) A (Jz] > 0)},
—CI1

rt=g(x) = —x when z € D := {(z1,22) € C: (x1 =0) A (z2 < 0)},

Yy = h(.ﬁlﬁ) = 1,

(5.3.1)

and K := {2z € C: 6§ < M(z) := e} + 323 < 6} with 0 < § < 6, respectively,

where z; is the position and x, is the velocity.

At first, ¢(y) := y. Then, since
Lh(z) = 22 and th(xg)]xg:g(x) = —a9,

(I1) is not satisfied. To cope with this, take ¢(y) := y?, which is injective and
smooth. Then, with h* := ¢ o h, since

Lih*(xz) = x129 and th*(wg)|$g:g(z) = (—z1)(—x2),
it follows that
Lh™(z) = Lih*(2g)|z,=g(x)-
In addition, since

Lfch*(x) = —2cx? + 2235 and Lfch*(xg)]zg:g(x) = —2c(—x1)? + 2(—12)?

we obtain that

L%h*(x) - L?h*(xg) ’xgzg(x) .
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Finally, since

L:}h*(:c) = —4dcx1xo — dexixe and L";’ch*(xg)|xg:g(x) = —dc(—z1)(—x2) — de(—x1) (—x2),

(I2) holds. To summarize, we have that

th* = 2%11‘2,
L?ch* = —2cx? 4 223,
L?]’ch* = —8cx1x2

and the equation

L}n* = —dcLgh*,

holds, which implies (I12) with a; = a3 = 0 and az(y*) = —4cy*. Therefore, by
Theorem we can take 9(z) := (22, 27122, 2cx? + 273), which satisfies (G2)
and (G4), and the vector field matching condition holds. Figure depicts
the interested domain K and the glued one ¢(K). The inverse gluing function is

obtained as

VaQ

1) = for all ¢ € C¥.
v sgn((2)1 /3¢ — G orall¢

With ¢ := ¢(x), the glued system is written as

(=0
(o = (3 — 4cy
(3=0
v =G =9,
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Mechanical system domain before gluing  Mechanical system domain after gluing

10 20

8 15
6

- 10
4

5 5

0 0

10

2 4 10
5 0 5
2 0 0
" 2 - ¢ -10 -5 a

Figure 5.3: Domains of the one-degree of freedom system ([5.3.1f) before gluing
K (left) and after gluing 1 (K) using ¢ = (22, 23129, 2c22 + 223)
(right) when §=0.01, 6 =4, and ¢ = 1.

and the proposed observer is following:

{=AC+ L(CC—y*) +aly”)
010 0
) ) (5.3.2)
=10 0 1 (+L([1 0 O]C—y2>+ —dcy?
000 0

where A + LC is Hurwitz. In fact, it needs a projection map (5.2.4) to obtain &
from 6 . The process finding it is omitted here. A simulation result is shown in

Figure Note that this observer form is also proposed in [MTT6]. O

Although we relax the condition by introducing the auxiliary output, it is still

restrictive. Therefore, we propose a less restrictive condition.

5.4 Observer for Lipschitz Continuous Systems

If the glued system is Lipschitz continuous, which means f¥ and h? are Lips-
chitz continuous on the domain, we may employ an observer proposed in [KE03].

However, f¥ and h¥ are complicated functions of ¢ in general. In addition, it is



5.4. Observer for Lipschitz Continuous Systems 89

_5 L L L L
0 5 10 15 20 25

time [sec]

Figure 5.4: A simulation result of Example when ¢ = 1. The state of
(5.3.1) is = (x1,x2) and its estimate is & = (Z1,Z2) obtained
from (5.3.2) when L = [-1.8 —0.95 —0.15]".

Rk R
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tedious tasks to obtain them as the functions of ¢ from the equations and
(5-22)). Therefore, it is difficult to check their Lipschitz continuities through f¥
and h¥ and we propose the conditions guaranteeing Lipschitz continuity of the
glued system without explicitly obtaining them. We first impose some additional

conditions on f, h, and 1.

Assumption 5.4.1. Suppose that f and h are of class C! and that k = n.
Moreover, under Assumption and Assumption there exists a C? gluing
function ¢ : C — R™ satisfying the vector field matching condition (4.3.7)). U

Notice that C is a smooth n-manifold with boundary embedded in R™ and the

gluing function is a local C? embedding from R™ to R”.

Theorem 5.4.1. Under Assumption 4.3.1 Assumptions [5.1.1 and As-

sumption f¥ and hY defined in (5.2.1) and (5.2.2)) are Lipschitz contin-
uous on Y(K). O

Proof of Theorem[5.4.1. Take ¢ € C. Then, either ¢ € C\¢(D) or ¢ € C N (D)
is satisfied. At first, consider the case when ¢ € C\%(D) and take x := ¢ ~1(().
Since 9 is a local C? embedding, there exists an open neighborhood U of  in C
such that |y : U — R" is a C? diffeomorphism. Therefore, since di and f are
Ch () = A H) fF(¥~1(C)) is Ct on ¢(U). Notice that C' means there
exists an open neighborhood of the domain so that its extension is C'. Therefore,
f¥ is locally Lipschitz at ¢ € C\¢(D).

Secondly, consider the case when ¢ € (D) and take y := ¥~ 1({) and z :=
g ' (y). Then, there exist U, and Uy such that 11 := [y, and ¢g := |y, are C?
diffeomorphism. Since ¢ is interior point of C?¥, there exists an open ball V' such
that V' C (U, UU,). Let us consider (1,2 € V. Then, without loss of generality,

the one of the following three cases holds:
L4 <1a€2 S w(Ux)
® (1,0 € P(Uy).

o (1 € (Uy) and (o € ¢(Uy).
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For the first and second case, it follow from the before claim that, for some L > 0,
1£4(G) = f2(@)| < LIé - Gl (5.4.1)

Since V' is divided into two regions ¢(U,) NV and ¢ (Uy) NV by (D) and
the last case implies that (; and (s are placed at the different regions, there exists
at least one * € ¥(D) NI((1,¢2) NV, where I((1,(2) is the line segment whose
end points are (1 and (2. Note that since V is a open ball, (* is always in V. Let

x* = g~ (¢p71(¢*)). Then, for some Ly(¢), L1(¢), L2(¢) > 0,

1Y(C) = ()] < 1F9(G) — dp(a™) f )] + |dyp(g(x*)) f(g(x*)) = £4(Co)l
= |dy (1 () F (@1 (¢r)) — A (v () F (0 (¢))]
Ay (CN (5 () — Ay (G)) f (3 (G2)]
< Lo(Q) ([ M (G1) — 1 (€ + 193 1 (C7) — 5 M (G2))
< Lo(Q) (L1(Q)|¢1 = ¢ + La(Q)I¢* — o)
< Lo(¢) - max(L1(€), La(¢)) |61 — Gal-

I
)

(5.4.2)

Consequently, by (5.4.1)-(5.4.2)), f¥ is locally Lipschitz at every ¢ € (D) on C¥.
Therefore f¥ is locally Lipschitz on C¥.

Since K is compact and v is C2, 1 (K) is also compact. Therefore, it follows
that f¥ is Lipschitz continuous on (K) C C¥. In the similar way, we can show

that h¥ is also Lipschitz continuous on ¢ (K). O

By using the theorem, we propose another observer design approach for the

bouncing ball system in Example via the gluing function 3 in Example[4.3.3]

Example 5.4.1. Consider the bouncing ball system with an output (5.2.6) in
Example [5.2.1] and take a gluing function as ¢ := 13 in Example [£.3.3] Since
1 satisfies the vector field matching condition (#.3.7)), the glued system on C¥ is
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obtained as

(=120 =de (¢ () fF(¥ Q).
y=hY(C) = h(y () = /3lICIICI + &)

Note that we omit the concrete expression of f¥(¢) in (5.4.3)) because it is complex.

(5.4.3)

However, since the system trivially satisfies Assumption [5.4.1] by Theorem [5.4.1]

we obtain its Lipschitz continuity without the expression.

Now we employ the observer presented in [KE03|, which requires Lipschitz
continuities of f¥ and h¥ on (K), and a certain observability property. Let
us check the observability in the following sense: the system (5.4.3) is said to

be observable in ¥ (K), if there exists a class-KC function x such that, for all

(¢*, (%) € () x p(K),
1Y1(t) = Ya()ll(—oc0) = s(lIC" = ¢I]),

where || - ||(Zoo,0] 18 £2-norm on (—o0, 0]; Y;(t) := e7*h?¥ (¢i(t)); ¢i(t) is a solution
starting at ¢%; ¢ > 0 is a constant. Since ¥(K) is compact, according to the
results in [KE03], it is enough to check, for any ¢!, ¢? € ¢ (K) such that ¢* # (2,
two functions Y7 (-) and Ya(-) are not the same on (—oc,0]. Pick two different ¢*
and (% in ¢(K), and let #! = ¢~1(¢!) and 22 = ¢»~1(¢?). Then, x! # 2% in K\D.
It is then clear from the behavior of the bouncing ball that, for each 2* € K, its
state trajectory x(-) is defined on (—o0,0] and h(z!(-)) # h(z2(-) on (—o0,0].
Thus, at some t € (—00,0], we have Y;(t) = e?th(z!(t)) # e“th(z2(t)) = Ya(t).
Hence, the system is observable in ¢ (K).

Following the recipe of [KE03|, the observer for the system (5.4.3) is con-
structed as followsTt

1. Choose a positive integer | and construct a controllable matrix pair (F,b)

with F' € R and b € RX! where F is sufficiently stable; for our case, we

!See [KE03, [Lin99] for more details.
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have chosen

-1 0 0 V2
F=1|-2V2 =2 0 |, b=| 2
—2V/2 —4 -2 2

2. Choose design parameters Ty > 0, € > 0, and d > 0.

3. Consider a grid set (of the interval d) in ¢(K) defined as {¢ = [di,dj]" €
W(K):i€7Z,j€Z}, and let ¢!, i = 1,---, M, be the elements of the set
where M is the cardinality of the set.

4. Compute ¢* := fBTO e Ftpp? (Ci(t))dt for i = 1,---, M where (;(t) is the
solution of (5.4.3)) with the initial condition ¢'.

5. Define a function @ : R" — R™ where n is the dimension of (5.4.3)):

MG e+ g - 2]

Qz) == . —
) M e+ g - 2]

6. The observer is then now constructed as

2(t) = Fz(t) + by(t),
() = Q(=(1)),
(1) = ¢~ (Tew (C(2))).

For this, the explicit form of may not be necessary because one can
solve x;(t) starting at 1»~1(¢?) in C using and compute ¢° correspondingly,
or convert x;(t) into ;(t) by .

According to [KE03|, the estimate ((t) approximates the true glued flow ¢(¢)

with the accuracy v ~ maxj<;<ps |Q(q%) — ¢?|| in the sense that

ligSUP Ig(t) = SOl < s

and the accuracy depends on the design parameters. In fact, v can be made suffi-
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time

Figure 5.5: Real and estimated states of the bouncing ball system

ciently small by taking e and d to be small enough. Finally, #(¢) reconstructs the
true flow z(¢) on C with the estimation accuracy e ~ maxj<;<p || ~HQ(q")) —

Pp=H(¢Y)|]. For our case of (5.4.3) with (8,0) = (0.5,5), we set (Tp,e,d) =
(30,107%,0.1) which determines the observer accuracy € ~ 7.2 x 10712 and a

simulation result is illustrated in Figure |5.5 O

In addition, we also construct an observer for a simplified version of the ripple

disturbance introduced in Example [5.1.2}

Example 5.4.2. Consider a hybrid system with linear mappings given by

i = Ax when z € C,
= Jx when z € D, (5.4.4)

y=Huz,

where A =

1 0

_ _ 2.
. ],H—[1 0].c=(wer: (s>
0) A (hiz > 0) A (hgx > 0)}, D = {x € C : hyx = 0}, hy = [/3,1], and

A& gk
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he = [V/3,—1]. Take K := {x € C: 1 < |z| < 3}. The output matching condition
(E3) holds, because HJz = z1 = Hz. The other conditions in Assumption [4.3.]]
and Assumptions can be easily checked.

Intuitively, we construct a gluing function ¢ of the system ([5.4.4), which
makes the corresponding angle be tripled in polar coordinates. Then, v : C — R2,
(x1,22) = (pcosb, psinb) — (C1,¢2) = (pcos36, psin30) such that 02 ¢ C. By

straightforward calculations, we have

[ 423
Y(z) = 43
—W + 3.%'2
i $%+6$%$%—3$% —8:5?&:2
— ER |x]*
dw(.%') - Szlzrg 317‘11—6%:0%—%21
L ER []*

Trivially, (G3) is satisfied. Moreover, since C does not contain the origin, it is not
difficult to check that v satisfies (G4). Finally, (G1-2) hold because we can find
Ce and D, by taking rp(x) := —hix and rg(z) := hox.

Furthermore, for all x € D, since

() Az = dip(z) [ ] - [ ! ]

and

d(Jz) ATz = dib(Jz) [—le - [ 0 ] ,

—x
it holds that

dy(z)Az = dy(Jz)AJx,
which guarantees [£.3.7] Therefore, Assumption [5.4.1] holds.

Then, by Theorem [5.4.1} the glued system of (5.4.4) by 1 is a Lipschitz
continuous on ¥ (K). In fact, the glued system is obtained as, for all ( € C¥ =
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time [sec]

time [sec]

Figure 5.6: Real and estimated states of the system ([5.4.4))

R2\ 0o,

-3 0
y = h¥(C) = |¢[Re ( “‘“) ,

(=10 = [0 3] .
(5.4.5)

€l

where 7 is the imaginary unit. We construct an observer for the glued system

with the interested domain (k) via a similar way of Example The detail
is omitted in this case.

Then, we obtain an estimate ((¢) for ¢(¢) in the glued domain and an estimate

z(t) ==~ (Hw( K) (((t))) for x(t) in the original domain. A simulation result is

illustrated in Figure [5.6] O

Remark 5.4.1. In Example[5.1.2)with b = 0, by taking (xl, .fUQ) (rcosf,rsinf),
the ripple generator can be considered as the system with hy = [1,v/3]
and hy = [1, —v/3]. For this case, we can also develop a similar observer design

approach. O

A2 &k
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In fact, the observer designs proposed in [KEO3| require that the system is
Lipschitz continuous and have some additional properties. For example, the nu-
merical observer in [KEO3| can be applied, when the glued system is Lipschitz con-
tinuous and satisfies an observability condition defined in [KE03]. In this case,
the observability condition of the glued system can be easily checked through a
modified condition of the hybrid system.
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Chapter 6

Tracking Control Strategy

The gluing function is useful in constructing tracking controllers as well as the
state observers. In this section, we deal with the state tracking control problem.
The goal is to obtain a controller which steers the state trajectory to track a given

reference.

6.1 Standing Assumptions

To deal with the tracking control problem, we first need to define input. For
example, an input of the bouncing ball system in Example may be external

force.

Definition 6.1.1. A hybrid system H = (C, f,D,g) with an input vector field
w(x,u) is denoted by H,, := (C, f, D, g,w) such that

i
Ho

where w : C x U — TC is an input map and U is a subset of RY. O

f(z) +w(z,u) when z € C

g(x) when z € D

Assumption 6.1.1. The hybrid system H,, = (C, f, D, g,w) satisfies that
(C1) f is locally Lipschitz;

(C2) w is locally Lipschitz.

99 A 2-1H +
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Next a reference the state trajectory should track satisfies the following as-

sumption.

Assumption 6.1.2. For the hybrid system with an input H,, = (C, f, D, g,w),

the reference r(t) satisfies that

(C3) r(t) is a state trajectory of H, under the input u = u,(t) such that the
execution is infinite in ¢-direction starting some initial point rg € C where

uy : R>9 — U is piecewise continuous;
(C4) there exists a compact set R C C such that r(t) € R all ¢t > 0.
O
Since the state remains in C and may jump on D via g, it is natural that the
reference should be in C and may jump on D via g. To guarantees this, (C1)

is adopted. Now we consider a closed-loop system under the following dynamic

state-feedback controller

where 1 € R" is the controller state (or u = uc(¢,x) in a static controller case).

The closed-loop hybrid system with its state z¢ := (x,n) € R™" " is described as

jjcl = fCl(t7xcl) — f(.%') +W(.T,Uc(t,x,7’/))

] when z. € C :=C x R,

t,x,
o g Je(t,z,m)
T
:L’Zi = ge(za) = [g ] when z € Dy := D x R'c.
n
(6.1.1)
In the static controller case, the closed-loop system is obtained as
2 = falt,z) := f(x) + w(z,uc(t,x)) when x € C,
1
N\ 2t = gal@) = gla) when z € D,
because x, = x. The objective is to construct (fc,u.) making x(t) track r(t)

where z(t) is the plant state part of the state trajectory of H.

2] &-t]] 8
i ] 1
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6.2 Tracking Control

Suppose that there exists a gluing function of H satisfying the vector field
matching condition (4.3.7)) and consider vector fields on C¥. Then, if the condition

dy(z)w(z,u) = dy(g(z))w(g(x),u) for all (z,u) € D xU (6.2.1)

is satisfied, we can take the tangent vector at ¢(x) € C¥ as d(z)(f(x) +w(z,u)).
We call (6.2.1)) an input matching condition.

In addition, we obtain the glued system as, for all ¢ € C¥ c R™,

¢ =A@ (W HO) +w® () )

(6.2.2)
= fY(¢) + w¥ (¢ u)

Note that, f¥ and w? are continuous by (C1), (G3), , , and the

Inverse Function Theorem.

Next, we define a glued reference by v as
Ce(t) :=(r(t)) forallt>0. (6.2.3)

Then, ¢;(t) is continuous and it is a solution to when u = u;(t). For (6.2.2)

and (/6.2.3)), we first suppose that there is a dynamic (or static) feedback controller

of the form

u = ug (t G €, 77)

(6.2.4)

with its state n € R (or u = ud (t, ¢, ¢) if it is a static controller). In this case,

the closed-loop system becomes

{= 1200 + w?(Cud (¢, (1), ¢m))

(6.2.5)
n= fép(t? Cr(t)7<777)'

Assumption 6.2.1. For a given H,,, there exists a gluing function 9 satisfying
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(4.3.7) and (6.2.1). In addition, for the given glued reference ¢, (t) in (6.2.3)), there
is a controller (6.2.4]) such that

(C5) f& :RspxC¥ x C¥ x R™ — R"™ and uf : R>g x C¥ x C¥ x R™ — RP are

locally Lipschitz in (¢;, (,n) and piecewise continuous in ¢;

(C6) there exists V¥ x Z¥ x £ C C¥ x C¥ x R™ such that, for each solution
(C(t),n(t)) of the closed-loop system (6.2.5) starting on V¥ x &,

(C(t),n(t)) € Z¥ x R™ and u?(t, (1), C(t),n(t) e U for all t > 0;

(C7) it holds that

{ f(z) + w(z,u) ¢ Te(x) for all (z,u) € (Z2ND) x U,
f(z) +w(z,u) € Te(x) for all (z,u) € (Z2NG) xU,

where Z :=¢~1(ZY). O

From (C6), the solution is well-defined for all ¢ > 0. In addition, by (C5), the
solution is uniquely defined when it flows. Note that there is a solution trajectory
on glued domain such that the trajectory, obtained by detaching through !,
has the jumps from G to D, which cannot be a solution to the hybrid system. To

exclude this case, we impose the condition (C7).

Through the controller in Assumption [6.2.1 we design a controller for H,, as
(6.2.6)

Then, the closed-loop hybrid system of H,, with (6.2.6)) is described as H, in
6.1.1).

Theorem 6.2.1. Under Assumption and (C1-7), for each (wg, 1) € ™1 (V¥)x

£, the maximal execution of H is infinite in ¢-direction and unique. Furthermore,

suppose that, for each solution to (6.2.5) starting at (Co,70) € V¥ x € and each

2] £- 1_'_“
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v > 0, there is Ty > 0 such that
IC(t) — G(t)] <~ for all ¢ > T¢. (6.2.7)

Then, for each state trajectory xq(t) = (z(t),n(t)) of He starting at (zo,n0) €
=1 (V¥) x &€ and for each € > 0, there exists T > 0 such that |z(t) —r(t)| < € for
all t € {t > T : infgepyg |r(t) — 0] > €}. O

Proof of Theorem[6.2.1. We first show the state trajectory (z(t),n(t)) is infinite
in t-direction. Let us take (zg,70) € ¥~ 1(V¥) x €. Then, by (C6), there exists
a solution (((t),n(t)) starting at (¢ (zo),no), which is well-defined for all ¢ > 0.
Therefore, it follows from the Inverse Function Theorem of manifolds and (C7)
that (»1(¢(t)),n(t)) provides an infinite in ¢-direction execution of H, starting
at (2o, no)-

Secondly, we show that the execution is unique. Since ¥ (r(¢)) is continuous
and 1 is class of C!, it follows from (C5) that f. and wu. of are locally
Lipschitz in (z,7n) and piecewise continuous in ¢. Then, by (C1-2), it follows
that fq of is piecewise continuous in ¢ and locally Lipschitz in (z,7).
Consequently, the flow is uniquely defined before it meets (Z N D) x R™. On this
set, by (C7), it will be defined not by flowing but by jumping to the unique point
via gel.

Finally, for € > 0, find T'(¢) > 0 such that |x(t) — r(t)| < eforallt € {t > T :
infgpepug |r(t) — 0] > €}. Since (;(t) € ¥(R) for all ¢ > 0 and ¥(R) is a compact
subset of C¥, there exists v > 0 such that R$ ={Cec?: dyr)(€) < 7} is a
compact subset of C¥. Then, by (G5) and the following lemma, R := ¥~ *(R,)

is a compact subset of C.

Lemma 6.2.2. Suppose that under Assumption [£.3.1] there exists a gluing func-
tion 7. Then, v is a proper map. O

Proof of Lemma[6.2.3 Let us consider a compact subset K% C C¥. By (G5), we
have that a subset W C C¥ is closed if and only if 1»~(W) is closed in C. Since
DUG is closed in C and DUG = ¢~ (xp(DUG)), it follows that 1»(DUG) is closed

2] -] 8} 3
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in C¥. Take K’ := KY N¢(DUG). Then, K’ is compact because it is closed
subset of a compact set K.

Now show that ¢~}(K’) N D is compact. Let us consider an open cover
Uaea{Ua} of =1 (K")ND . Then, we construct a collection of open sets Upe4{Va}

as follows:
o Z, :=UyN(C\G) (it is an open set in C because G is closed in C);

o V, :=Z,UW, forall @ € A where W, is an open neighborhood of g(U,ND)
satisfying that W, N DN G = g(U, N D);

Note that W, always exists because G is a smooth part of dC. In addition, since
Y1 (p(V,)) = Vi, by (G5), ¥(V,,) is open in C¥. Thus, Usea{t(V,)} is an open
cover of K’'. Therefore, since K" are compact, there exists a finite set B C A such
that Uaep{t)(Va)} is a finite open cover of K’. Then, it follows that Uyep{Va}
is a finite open cover of ¢y ~}(K’) N'D. By the definition of V,, and W,, we obtain
that Uaep{U,} is a finite open cover of 9 ~1(K’) N D. Therefore, ¢y ~1(K') N D is
compact. Similarly, we can show that ¢~} (K’) NG is also compact.

Since Dy := ¢~ H(K')ND and G := 1~ (K') NG are compact, we can take
an € > 0 such that

OKNOK =

where OF :={z € K : dp, (2) < ¢} and OF := {z € K : dg,.(z) < €}. Since OF
and Of are open in K, K? := K\OJ and K9 := K\Of are closed. In addition
KPUKY = K. Since ¢|;p is a C' embedding, )(KP) is a closed subset of the
compact set K%, so that ¢)(KP) is compact. Similarly, we have that ¢)(K9) is a
compact. Since 1| and 1| g are C* embeddings and their images are compact,
we obtain that K9 and KP are compact. Therefore, we have that K = K? U KY

is compact. O

It follows from (/6.2.7)) that, for x(¢), there exists ¢; such that x(t) and r(t) are
included in the compact set R all ¢ > ¢1. Since DN G = & and R, is compact,
we can take €* > 0 such that Op(e*) N Og(e*) = & where

e Op(e) :={z € R, dp(z) < e}
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e Op(e) :={zr € R,y :dg(z) < €}.

Then, it follows that R, = (R, \Op(€))U(R,\Og(€)) if € < €*. Let 6 := min(e, €*).
Then, by Lemma it holds that w‘R'y\OD((S) is injective and there exists L1 > 0
such that

|1 — @o| < Lafth(x1) — ¥ (x2)]

for (z1,22) € Ry\Op(d) x R, \Op(d). Likewise, ¥|r.\0,(s) is injective and there
exists Ly > 0 such that

|21 — w2 < Lafth(w1) — Y(x2)]

for (z1,22) € Ry\Og(6) x R,\Og(6). Let L := max(Ly, Ly). By (6.2.7)), there
exists T > t; > 0 such that |[¢(z(t)) — ¢ (¢)| < mln( 7) for all ¢ > T'. Moreover,
it is satisfied that r(t) € R,\(Op(e) U Og(e)) = (R\Op(e)) N (R,\Og(€)) C
(R,\Op(0)) N (R,\Og(6)) when infpepug |7(t) — 6] > €. Since z(t) € R, =
(R\Op(9)) U (R,\Og(6)), the one of the following conditions holds:

o (z(t),r(t)) € R\Op(d) X Ry\Op(d) and [x(t) — r(t)] < Lafy(x(t)) —

o (z(t),r(t)) € Ry\Og(9) x Ry\Og(d) and |a(t) — r(t)]
P(r(t))] < 6.

IA

Lol (2(t)) —

Therefore, it holds that |z(t) —r(t)] < 0 < efor t € {t > T : infgepyg |r(t) — 0] >

€}

Remark 6.2.1. Sufficient conditions for the asymptotic tracking controller of the
glued system are well-known. For example, the condition relying on Lyapunov

function is that there exist C! function V : C¥ x C¥ x R™ — R>p, functions

A L)) &
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a1, a9 € K, and scalar ¢ < 0 such that

a1([¢ = Gl) < V(2) < a2(lC = Gf)

FAG) + (G u®)
AV (2) | F2(C) + w?(Cul (¢, G Cm)) | < eV (2)
FE(# Gy o)

for all z := (¢, ¢, n) € C¥Y x C¥ x R™ and for all ¢ > 0. O

Example 6.2.1. Consider H,, given by

0 1 0
T = x + uw=: Az + Bu when z € {z € R?: |z;| <7} =: C,
00 1
[—1 0
= ]x::Jx whenz e {z €C:2y =7} =D,
0 1

where x = (z1,22). Note that the system satisfies Assumption and As-
sumption The reference to be considered is a state trajectory starting from
ro = (0,5) under u = u;(t) where u,(t) is piecewise continuous and fot up(s)ds <1
for all ¢ > 0. It implies that r(t) =: (r1(t),r2(t)) € [—m, 7| x [4,6] for all ¢ > 0.
Therefore, Assumption holds.

Finding a suitable gluing function for the system is based on the insight of
making the set C like a rolled paper in R3. For this purpose, we take v : C — R3,
(x1,x2) — (cosxy,sinxy, x9). It is easily checked that 1 is of class C" and satisfies

(G1-3) and (Gb). In addition, we have that

—sinx; O
rank (d¢(z)) = rank cosz; Of | =2forallzelC,
0 1

which implies that (G4) also holds. Therefore, v is a gluing function of H. More-

2] -] 8} 3
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over, since

dy(z)Az = (0, —22,0) = dy(Jz)AJx for all z € D,
dy(z)B = (0,0,1) = dy(Jx)B for all z € D,

the condition (6.2.1]) holds and we obtain a continuous glued system ([6.2.2) as

C1 = —(2G3,
(= GG,
é?) = u,

where ¢ = (¢1,(2,(3) € C¥. Note that a glued reference (,(t) = (r(t)) is a

solution to the above system when u = u,(t).

For the system and the reference, we propose a static tracking controller sat-

isfying (C5) as
Ug(ta Cra C) = ur(t) - CQCrl + <1Cr2 - k(CZS - Cr3)

with C(O) = Vw = {C € cv 2(1 - ClCrl - CQCrZ) + (C3 - Cr3)2 < 4} where £ > 0.
Take z = (21, 22, 23) := (1 — C1¢e1 — (262, (oG — (G2, G5 — Gi) and V(z) := 2T 2.
In fact, z2; = 1 — cos(x; — 1) and zo = sin(x; — r1). Therefore, it follows that

22 + 22 = 221 and V(2) = 221 + 22. Then, from the dynamics of z

21 = 2223,
,7;’2 = (1 — 21)23,

Z"3 = —Z9 — k2’3,

we have that V = —2kz§. Since V is non-increasing as t increases, we obtain
that z3(t) = [(3(t) — G3(t)| < /V(2(0)) < 2. Moreover, since |(3(t) — 5| < 1,
it follows that ((t) € {¢ € C¥ : [¢s — 5] < 3} = Z¥ and (C6) holds. For
Z = (2Y) = [~7, 7] x[2,8], (C7) trivially holds. Therefore, Assumption
is satisfied. In addition, by LaSalle’s theorem, 22,23 — 0 and 23 = 21(2—21) — 0
as t — oo. Since V(z(t)) < V(2(0)) < 4 = V|,—_(20,0), we obtain that z; — 0.
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time [sec]

time [sec]

Figure 6.1: State and reference trajectories of H, in Examples under
(6.2.8) when zp = (—2,6), ro = (0,5), uy(t) = —sint, and k = 1.

Therefore, it is concluded that |¢(t) — (:(¢)] — 0 as t — oco. Figure shows a

simulation result under

u = uc(t,r,z) = ul (t,9(r), ¥(z))

= uy(t) —sin (z1 — 1) — k(22 — 19)

(6.2.8)

with the initial condition zg belonging to V = ¢~ '(V¥) = {(x1,22) € C :
—2cos(z1 — r1(0)) + (z2 — r9(0))? < 2}. O

6.3 Using Discontinuous Feedback to Counteract Dy-

namics Jumps

In fact, finding gluing functions of H,, satisfying (6.2.1) may not be a trivial
task. If (6.2.1) does not hold, the system in the glued domain may have dis-
continuous vector fields under a continuous feedback control (even though state

jumps disappear), and may be regarded as a (state-triggered) switched system.

A& gk
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Nevertheless, there is a possibility to counteract the discontinuity by feedback

control in some cases. This possibility is exploited in this section.

Consider the plant of which the flow map is modeled by an input affine form,
f(@) 4+ w(z,u) =:a(z) + b(z)u

where a and b are locally Lipschitz. Then, the condition (6.2.1) holds when the

conditions

dy(z)a(z)
dy(x)b(z)

¥(g(x))a(g(x)) forall x € D, (6.3.1)

d
dy(g(x))b(g(z)) for all z € D, (6.3.2)

hold. In general, the gluing function satisfying both (6.3.1)) and (6.3.2)) is difficult
to find. Furthermore, it may not exist. However, the condition (6.2.1) may be

relaxed through a feedback. Suppose that there exist C! functions y(x) : C —
RP*P and k(z) : C — RP such that, for z € C, y(z) is invertible and

dyp(z)a(z) + dy(z)b(z)y(2)k(x) = dy(g(z))alg(x)) + di(z)b(x)(z)k(g9(x))
(6.3.3)

dyp(2)b(z)y(x) = dip(g(2))b(g(2))y(g(x))- (6.3.4)

We call (6.3.3) and (6.3.4]) relazed vector field matching condition and relazed

mput matching condition, respectively. Under these conditions, we obtain that

dy () f(z,u) = dip(z)a(z) + dy (2)b(x)u
= dy(z)a(x) + dv(z)b(z)y(2)k(2) + di(2)b(a)y(x) (v(x) " u — k(z)).

Via ¢p~1 in (#.3.4]), the glued system is described as

FP(Cu) = al, (C) + b (O (v Y (Qu — K¥Y(C)), (6.3.5)
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where

ag, (¢) = dp(¥~1(¢))ald ™ (€)) + Y (O (©),
by (¢) := dyp (=1 ())b( (O (Q),
£Y(¢) == k(¥ Q)
Y (¢) =y Q)

Y =)

By (G3), (6.3.3)—(6.3.4), and Lemma aq,fy and b$ are continuous. On the
other hand, y~%(¢) and x¥(¢) may have discontinuities for ¢ € (D) by the def-

inition (4.3.4]), which cause discontinuities in (6.3.5). However, such discontinu-

ities can be canceled by the discontinuous feedback
u ="+ kY (C).
After these operations, we obtain the (feedback) continuous form
{=al,(Q)+bY(Qv for ¢ €C¥. (6.3.6)

Note that ¢,(¢) is a solution to when v = v 7Y( (1)) (ur(t) — kY (G (1)) =:

vp(t). Since aj’f,y and bfyp are continuous, we may proceed as in the previous section

to find a tracking controller ( YooY ) for (6.3.6) with the resulting closed-loop

System

C_.:r = al;g'y(gr) + bﬁ(gr)vr(t)y
é = afw(() + bifb(g)vgj(tv Gy Cim),
0= fE G Gm):

Then, a tracking controller (f¢,u.) for H,, is obtained as follows:

felt,z,m) = fE (1 (r(t)), $(@). ),

(6.3.7)
te(t, 2,m) i= (@) (0 (Y (r(8), (@), m) + 5(2))
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Remark 6.3.1. For (6.3.7]), we can also apply Theorem by taking uy (t, ¢y Com) =

() (vép (t, ¢, C&,m)+K%(C)). In this case, u? may not be locally Lipschitz because
of k¥(¢) and v¥(¢). However, the condition on u¢ in (C3) can be replaced by
the condition on vé/) that vg) i R>o x C¥ x C¥ x R"™ — RP are locally Lipschitz in

(¢, ¢, m) and piecewise continuous in ¢. O

Example 6.3.1. Consider a second-order hybrid system with the state x =

(1, 22)
PO LS 0 "
az a2 b
=: Ax + Bu when z € C = {z € R%: (1 > 0) A (Jz| > 0)},
(6.3.8)
rt =2 whenz e D={zx €C: (r1 =0)A(z2 <0)},

where a12 > 0 and b # 0. Notice that the system satisfies Assumption and

Assumption Suppose that the reference r(t) satisfies Assumption .
We first consider the following system in R? whose behavior is the same as

, for which a gluing function is sought for. Indeed, with z = (z,p), the

system is defined as

_ - A0 B -
= f(z)+b(Z)u= T w  whenz €C:=Cx{-1,1},
0 0 0
(6.3.9)
T =g(z) = -7 when # € D:=D x {—1,1}.

Note that the first 2-elements of the state trajectory of and the state
trajectory of coincide. We say that the system is a twins systemﬂ for
(6.3.8]).

We take the reference 7(t) := (r(t), pc(t)), which is a state trajectory of

when 7 := (rg, 1) and u = u;(¢). This system and reference also satisfy Assump-

In [PekI4], a projection-based modeling having a similar role to the glued system of the

twins system is proposed for unilaterally constrained Hamiltonian systems.
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tion [4:31] and Assumptiond6.1.1H6.1.2 For this system, we can take a gluing
function 9 (z) = pxr. Moreover, the condition ([6.3.1])) holds because, for z € D,

@@ = [pr «] | 0o = ap
and
aulg@)a@) = [t 2] |" ] (0) = ape

However, the condition (6.3.2)) does not hold, because, for # € D, di)(Z)b(z) = pB
and di(g(z))b(g(z)) = —pB are not the same.

Take v(z) := p (and k(Z) := 0). Note that v(z) is continuously differentiable

and non-zero for T € C. Then, since

B

@ (@)b(@) (@) = [pl | || p=B

and

W GE@DE@)(9@) = |-pl —a] || (-p)=B

0

for & € D, the relaxed input matching condition (6.3.4]) is satisfied.

We obtain that cﬁ(C) = AC due to pr = (. In addition, since the inverse
gluing function in (4.3.4) is obtained as

G
HC) =segn(Q) |G| for ¢ = (G, G) €CY =R\0y,
1

we have that v¥(¢) = sgn(¢) and lﬁ(() = B, where sgn(¢) is ¢1/|C1] if ¢1 # 0
and (2/|(2| otherwise. Moreover, since (vw(g‘))Q = 1, we obtain that y~%(¢) =
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7P (¢) = sgn(¢). Then, the vector field (6.3.5) on the glued domain is derived as
¢ = AC + Bsgn(Q)u for ¢ € C¥,

which can be seen as a (state-triggered) switched system, because sgn(() is piece-
wise continuous on C¥. However, since sgn(() is invertible on C?, its discontinu-

ity can be canceled by input. Since (A, B) is controllable, we can make a state

tracking control law for as
’Ugj(t, Crs C) = KC(< - Cr) + vr(t) for ’C(O) - Cr(0)| <e

where A + BK, is Hurwitz and € is designed as a function of ry and A + BK,
to guarantee that ((t) # 02 for all ¢ > 0. Then, through (6.3.7)), we can find the

local tracking control law for (6.3.9))

u = uc(t, )
= y(Z)0¢ (t, Y (7 (1)), ¥(T))
= po¢ (t, p:(t)r(t), px) (6.3.10)
=p

(Ke(pz — pe(t)r(t)) + pe(t)ur(t))
c(x = pe(t)r(t)p) + pe(t)ur(t)p

I
=

with the constraint that [p(0)z(0) —p:(0)r(0)| = |xo—ro| < e. For the simulation,

we take
01 0 -3 if mod(t,10) € |0,4),
A= B=||,r0=1(0,6), u(t) = i mod(t, 10) € [0.4)
00 1 —2 otherwise,
(6.3.11)
and illustrate the result in Figure O

Remark 6.3.2. In Example u 6.3.1} the system (6 can represent the bouncing

ball system when
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Figure 6.3: (a) and (b) depict reference and plant state trajectories and (c)

shows reference input u,(¢) and control input wu(t) for (6.3.11])
where 2o = (3,8) and the control law is (6.3.10) with K. =
[—0.6, — 1.55].
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where v is the control acceleration and p is the gravity constant. In this case, the

controller form is similar to the one proposed in [FTZ13]. O

Example 6.3.2. Consider H,, with an input given by

m%—i—l
1

0
—i—[]u::a(x)—i—bu Whenxe{x€R2:|x1\§g}::C,

v = —x = g(x) Whenxe{xEC:xI:g}::D,
(6.3.12)
where z = (21,22), U = {u € R : |u| < M}, and M > 0 is sufficiently large.
Note that Assumption [4.3.T]and Assumption [6.1.1] hold. Suppose that a reference
r(t) =: (r1(t),r2(t)) satisfies Assumption and 72(t) does not converge to

Zero.

Intuitively, we wanted to glue the set D to G like a Mobius strip in R?; that
is, it is like the rolled paper but the point (7/2,x2) is glued to (—7/2, —x2) not
to (—m/2,x2). However, this work may be rather complicated. Instead, we first
consider the following twins system for to find a simple gluing function.
Indeed, with Z = (x, p), the system is defined as

z3+1 0
T =a(z)+bu:= 0 +|1|u whenzeC :=C x {-1,1},
(6.3.13)
0 0
Tt =g(z) = -2 when z € D:=D x {—1,1},

in which, the initial condition is Zy = (g, 1). Note that the first 2-elements of
the state trajectory to (6.3.13) and the state trajectory to (6.3.12)) coincide.

Note that the reference 7#(t) := (r(t),p.(t)) is a state trajectory to (6.3.13])
when the initial condition is 7o := (rp, 1) and v = u,(t). For (6.3.13)), we can take
a gluing function ¢(z) = (cos(z1 — §p),sin(x1 — §p), pr2). Then, the vector field
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matching condition (6.3.1]) holds because, for all z = (z1,x2,p) € D,

—sin(z1 — §p) 0 x| |z
dy(z)a(z) = | cos(z1 —5p) 0 =

1

0 p %

5+
0
i 0
[ sin(—z1 +3p) 0 x| [(—22)?+1
0 = 0
0 —p % 0

= | cos(—z1 + §p)

= dy(g(z))a(g(z)) (6.3.14)

However, the input matching condition (6.3.2]) does not hold, since

0
dy(z)b= |0| and dy(g(z))b= | 0 | for all € D.
p

-D

So, let us take v(Z) := p. Note that v(z) is of class C'! and non zero for z € C.
Since it holds that

0
dyp(z)by(z) = | 0 | = dy(g(2))bv(9(T)) (6.3.15)

for all # € D, (6.3.4) is satisfied. Then, because (3 = x3, by (6.3.14) and (6.3.15)),

we obtain that

(GG +1) 0
a’(Q)=| ¢(Z+1) | and 8%(C) = |0
0 1

where ¥(z) =: ¢ = ((1,(2,(3). Fortunately, we can find a tracking controller for
(@’,by) as

Wt Gry €) = 0p(t) = (CaCrr — C1Gra) (3 + Gr3) — K

where (¢ = (Ce1,Ce2,Ce3) == ¢ — ¢ and k > 0. Let us take z = (21, 29, 23) :=
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(1= G161 = €262, G261 = €162, G — Gr3) and V(2) = 2T z. Then, it follows from
Barbalat’s lemma that |(.(¢)| — 0 as ¢ — oo and, when [¢(Zo) — ¢(70)| < 2, the

controller for (6.3.13]) is given by
u = et 7, 7) = @)y (8, Y (7), ¥(7)): (6.3.16)

A simulation result is illustrated in Figure [6.5 U

6.4 Output Tracking Controller for Normal Form

In this section, we consider a output tracking control problem for a class of
hybrid systems. To deal with the problem, we define a hybrid system with input

and output.

Definition 6.4.1. A hybrid system H = (C, f,D,g) with input and output is
denoted by H" := (C, f, D, g,w, h) such that

f(@)+w(@)u  whenz el
HE L 2t = g(a) when = € D
h

where h : C — R is an output map and w : C — TC is an input map. OJ

To simplify the presentation, we only consider the case of the single input and
single output system. In addition, we assume that the flow is an input affine.

Under the basic Assumption we impose the flow, input, and output map.

Assumption 6.4.1. The flow map f, input map w, and output map h are smooth.
Furthermore, w : C — TC is not outward-pointing and not inward-pointing on

DUG. g

The main idea of this section is to find a normal form via an auxiliary output.
The introduction of the auxiliary output to consider the hybrid dynamical system

as the continuous-time dynamical system are proposed in Section [5.3[and [MT16].

Assumption 6.4.2. For H", there exist a smooth map ¢ : R — R and a positive
integer p, 1 < p < n, such that with h* =¢poh



120 Chap. 6. Tracking control
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Figure 6.5: (a) and (b) depict the first 2-elements of the state and reference
trajectories and (c) shows the control and reference inputs of

(6.3.13) under (6.3.16) when xzo = (1,1), ro = (0,0), u,-(t) = 1,
and k = 1.
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o LwL}_lh*(x) =0foralli=1,...p—1 and for all Vz € C;

3 LwL?_lh*(x) # 0 for all z € C;

o L?h*(w) = chh*(xg)|xg:g(x) forall i =0,...,p and for all x € D.

Note that y* = ¢(y) can be regarded as an auxiliary output. The first
and second conditions come from the definition of the relative degree p of the
system. The third condition guarantees that the auxiliary output trajectory
y*(t) = h*(x(t)) is differentiable up to p-th order with respect to t. Let { =
Ts(z) :== (h(x),... ,L’}flh*(x)). By the definition, this map is C'' and immersion.

It is well-known that, if p = n, then for every x € C, a neighborhood N of
x exists such that the map T'(z) = Ta(x), restricted to N, is a diffeomorphism
on N. Moreover, when p < n, for every x € C, a neighborhood N of z in C and

continuously differentiable functions ¢1(x),. .., ¢n—p(x) exists such that

i
ox

w(x)=0for1<i<n-—p, VzeN
and the map T'(x) = (T1(z), T2(x)), restricted to N, is a diffecomorphism on N

where T1(z) := (¢1(x), ..., on—p(x)).

Assumption 6.4.3. If p = n, then Th(x) is injective on C\D. If p < n, then
T'(x) is injective on C\D. O

Suppose that Assumption [£.3.1] and Assumptions hold. Similar to
the change of variables, via z = (1, () := T(x), the system H" = (C, f, D, g,w, h)

2] -] 8} 3

'Iu



122 Chap. 6. Tracking control

is changed into

n = fo(n.¢)
| ) (1.0) € T(C)
(=AL+ BC[th*(SU) + Lo LY h*(z)u)
e1(g(x))
nt = :
(n,¢) € T(D)
Pn—p(g(x))
(t=¢
y* = p(h(z)) = C(
where
0 1 0 0] 0]
0 0 1 0 0
Ac = ch = 7Cc 1 0 0 0 .
1xp
0 1 0
0O ... ... 0 O 1
- = pxp - - pxl
For the system, the state feedback control
1 .
[—Lih"(2) + v] (6.4.1)

U= T
Lol h*(x)

converts the external (continuous-time) dynamics into a chain of p integrator,
y(®) = v, and makes the remaining internal hybrid dynamics unobservable from

the auxiliary output.

Let us consider a output reference y,(t) which is bounded and differentiable
up to p-order. Then, y!(t) := ¢(y,(t)) is also differentiable up to p-order and it

is an output to the system

é = AcGr + By (2 (6.4.2)
y* = CCCT (643)

Under the feedback (6.4.1)), we can construct an output tracking dynamic

2] -] 8} 3

'Iu
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controller as

e = Acxe + Bev + L(Cexe — y*)

(6.4.4)
v = K(ajc - Cr) + y:(p) (t)

where L and K are designed to make that A. + B.K and A. + LC. are Hurwitz.
Then the closed-loop system H" with (6.4.2)) is

";/ = fO(na C)
¢ = Al + Bo(K(ze — &) + 57 (#)
. , T(C
& = A + By (1) ) 1O
Te = Acxe + BC(K(IC - Cr) + y:(p) (t)) + Lcc(xc - g)
e1(g(z))

nt = :

en=pl9(2)) (.0) € T(D).
(t=¢
Cr = gr
xj‘ =at

y* = ¢(h(z)) = Ccl

T T
Let e = [ej eﬂ = {CTT —¢T ) - (T] . Since ¢, ¢, z. do not jump when-

ever the discrete events of the system occur, the dynamics of the error e is ob-

tained as the continuous-time dynamics

ér = Acer + BoK (e, — €5)
€, = Ace, + LCe,.

From the above dynamics, we have that e — 0 as time goes to infinity. Conse-

quently, it follows that |yf(t) — ¢(y(t))| — 0.
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However, if p < n, then there is the internal dynamics of the system

’f’ = f0(77, C) (777 C) € T(C)
e1(g(x)) p1(9(T~1(2)))
nt = : = : (n,¢) € T(D).
n—p(9(x)) n—p(9(T71(2)))

where T71(2) := (T|e\p)~'(2). To prevent the diverge of the internal state, we

need to impose the additional assumption on this dynamics.

Assumption 6.4.4. For any C” bounded input function u,(t) € R” remaining

on T»(C), the execution of the hybrid dynamics

1 = fo(n,un(t)) (1, uy (1)) € T(C)

is bounded. O

Under this assumption, the internal state 1 does not blow up and the closed-
loop system is well-defined for all ¢ > 0. Therefore, we have that |y} (¢)—¢(y(t))| —
0 ast— oo.

Note that, as ¢ = oo, [y2(t) — 6(u()] = [6()(t) — B(y()] — 0 does not
always imply |y-(t) — y(t)] — 0 because ¢ may not be a homeomorphism. If
¢ restricted to h(C) is a homeomorphic to its image ¢(h(C)), we obtain that
lyr(t) — y(t)| — 0 as time goes to infinity. However, it is not general because of

the third condition of Assumption When ¢ = 0, the condition means that

o(h(z)) = ¢(h(g(x))) for all z € D.

From the above condition, at least to guarantee the injectivity of ¢ on C, it is
necessary that
h(z) = h(g(z)) for all z € D,
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which means that the output trajectory is continuous with respect to ¢.

Example 6.4.1. Let us consider a simple hybrid system ’Hfj
-2

i=Fz+4+ | 1| +Wu=:f(z)+w(x)u whenze{zecR3:|z3|<1}=C

whenz e {z €C:23=1} =:D.

where
1 2 0 -1 1 4
Fi=|-1 -1 1| ,W:=1]1]|,G= 1 -2 ,Hz[l 1 1}~
0 0 0 0 -1

It is easy to check that Assumption and Assumption hold. Let ¢(y) :=
y. Then, it follows that, for all x € C,

Loh*(z) = HW =0

which implies the first condition of Assumption [6.4.2] with p = 2. Furthermore, it
holds that, for all z € C,

LoLgh*(z) = HFW =1



126 Chap. 6. Tracking control
which implies the second condition of Assumption [6.4.2] Finally, since, for 2 € D,

h*(x):Hl’le—i-xg—i-l

—2
Lip*(x)=H(Fr— |1 |)=HFr=x29—1

L?ch*(x):HF(Fx— 1|)=—z1—22—1

and

h*<3«"g)|x9=g(x) =HGr=xz1+x0+1
-2
Lih*(2g)|sy=g(e) = HFGz — | 1 |) = HFGx = 29 — 1
1
)
Lih*(2g)|yymg(e) = HF(FGz — | 1 |) = HF?Gx = —x; — 35— 1
1

the third condition of Assumption [6.4.2] is also satisfied. Therefore, Assump-

tion [6.4.2] hold.

Take n = ¢(z) := x3. Then it follows that

-1
(:L‘)Z[O 0 1] 1 | =0forall zeC.
0

92,
ox

T T
Moreover, since T'(x) := [gp(m) Hx FHzx } = [xg 1+ T2+ 23 T — asg]

is injective on C, Assumption holds. By the change of variables via z =
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[ ¢1 G]T = T(z), the system is changed into

n=1 when n € [—1,1]
(=20
lo=-C+u
nt=-n when n € {1}.
=G
(5 =G

In this case, the flow set T(C) = {(n,(1,¢2) € R® : n € [-1,1]} and jump set
T(D) = {(n,¢1,¢2) € R® : p = 1} only depend on n. The internal dynamics is
obtained as
n=1 whenne|[-1,1]
nt =-n whenn e {1}

which trivially satisfies Assumption [6.4.4]
Let us consider an output reference y,(t), which is bounded and C? function.

In addition, take (, := (yr,¥r). Then, we can construct an output tracking

controller in (6.4.4) as

0
Te+ ] U+L([1 0:|37c_y>

0 1
e = Acxe+ Bev + L (Cexe — y) = [0 0

V= K(xc - Cr) + yr(t)a

where A, + LC. and A. + B.K are Hurwitz. Note that, since T is injective on

R3, we have that |y(t) — y,(t)| converges to zero as time goes to infinity. O
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Chapter 7

Conclusions

In this chapter, we summarizes the whole contents of the dissertation that have
been addressed so far, and provides some future works. We have dealt with three

kinds of problems for hybrid dynamical system as listed below.

e Gluing boundaries and smoothing vector field
We considered a hybrid dynamical system whose domain is a smooth man-
ifold with boundary and discrete-time dynamics happens on the boundary.
In this situation, we proposed the idea eliminating this discrete-time dy-
namics by gluing the boundaries. Through this idea, the hybrid dynamical
system may become to a continuous-time dynamical system. The problems
were how to glue the boundaries of the domain and how to specify the glued
domain and the continuous-time dynamics on the glued domain. At first, we
glued the boundaries using the quotient map. In addition, by the Boundary
Flowout Theorem, we obtained the glued domain and smooth vector field.
However, the process was so complex and the glued domain was abstract,
we introduced a notion of gluing function which is intuitive because it just

glues the domain on Euclidean space in a topological sense.

e State estimation problem for hybrid dynamical system
We considered the state estimation problem of hybrid dynamical systems
with state-triggered jumps using a gluing function. Via the gluing function,
we might change the hybrid dynamical system into some continuous-time

dynamical system without any state jumps and design the state observer

129 M1l
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from conventional observer design methods for the continuous-time dynam-
ical systems such as Luenberger observers, high-gain observer, and so on.
From an estimate of these observer, we constructed a state estimate of the
hybrid dynamical system. Most previous observer design approaches for
the hybrid dynamical systems require knowledge of the state jump time in-

stants, but the proposed observer design technique does not.

e Tracking control problem for hybrid dynamical system
We also considered the state tracking control problem of hybrid dynamical
systems with state-triggered jumps using a gluing function. By similar way
to the estimation problem, we might obtain some continuous-time dynam-
ical system without any state jumps from a given hybrid dynamical sys-
tem. Then, via conventional tracking controller design techniques for the
continuous-time dynamical systems, we constructed a tracking controller for
the hybrid dynamical system. Many previous tracking controller of the hy-
brid dynamical systems should make the state jump whenever the reference

jumps occur while the proposed tracking controller need not do.

Some further issues for future research related to the topics of this dissertation

are listed as follows.

e Under some condition, the gluing function always exists but not easily ob-
tainable. Therefore, the problems of determining gluing functions system-

atically needs further research.

e In the estimation problem, we embed the glued domain in some Euclidean
space and construct observer in the Euclidean space. Therefore, a state
estimate may not be in the glued domain where the inverse gluing function
is well-defined. To solve this problem, we employ a projection map but it is
restrictive. The state estimation approach not using the projection map is

the topic of on-going research.

e In fact, we use the gluing function as a transformation to consider the hybrid
dynamical system as a continuous-time dynamical system, so we may apply
this approach in the opposite direction. i.e., the concept of “detecting”

5 "
.__:Ix_c L, 1_'. i

| &1
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needs to be considered because it may change a complex continuous-time

dynamical system into a simple hybrid dynamical system.



2 AT e

SECHRIL hATIOMAL LIMIVERSTY



BIBLIOGRAPHY

IACO1]

[ALQT02]

[Aub09]

[BBBSVOI]

[BBBSV02]

[BMDB12)

[BNMMOO]

A. Alessandri and P. Coletta. Design of Luenberger observers for
a class of hybrid linear systems. In Hybrid Systems: Computation
and Control, vol. 2034 of LNCS, Springer-Verlag Berlin Heidelberg,
pages 7-18, 2001.

J. P. Aubin, J. Lygeros, M. Quincampoix, S. Sastry, and N. Seube.
Impulse differential inclusions: a viability approach to hybrid sys-

tems. IEEE Transactions on Automatic Control, 47(1):2-20, 2002.

J.P. Aubin. Viability theory. Springer Science & Business Media,
20009.

A. Balluchi, L. Benvenuti, M. D. Di Benedetto, and A. L.
Sangiovanni-Vincentelli. A hybrid observer for the driveline dy-
namics. In Proceedings of European Control Conference, pages 618—

623, 2001.

A. Balluchi, L. Benvenuti, M.D. Di Benedetto, and A.L.
Sangiovanni-Vincentelli. Design of observers for hybrid systems.
In Hybrid Systems: Computation and Control, vol. 2289 of LNCS,
Springer-Verlag Berlin Heidelberg, pages 76-89, 2002.

N. Barhoumi, F. Mashli, M. Djemai, and K. Busawon. Observer
design for some classes of uniformly observable nonlinear hybrid

systems. Nonlinear Analysis: Hybrid Systems, 6(4):917-929, 2012.

B. Brogliato, S. Niculescu, and M. Monteiro-Marques. On tracking

133 A 21l &l



134

[BNO97]

[Boo75|

[BPU11]

[Bro00]

[BRS15]

[BSO04]

[BvdWHN13|

[BZLC17]

[CMS09]

BIBLIOGRAPHY

control of a class of complementary-slackness hybrid mechanical

systems. Systems € Control Letters, 39(4):255-266, 2000.

B. Brogliato, S. I. Niculescu, and P. Orhant. On the control of
finite-dimensional mechanical systems with unilateral constraints.

IEEE Transactions on Automatic Control, 42(2):200-215, 1997.

W. M. Boothby. An introduction to differential manifolds and Rie-

mannian geometry. Academic Press, New York, 1975.

F. J. Bejarano, A. Pisano, and E. Usai. Finite-time converging
jump observer for switched linear systems with unknown inputs.

Nonlinear Analysis: Hybrid Systems, 5(2):174-188, 2011.

B. Brogliato. Impacts in mechanical systems: analysis and mod-

elling. Springer Science & Business Media, 2000.

S. Burden, S. Revzen, and S. Sastry. Model reduction near peri-
odic orbits of hybrid dynamical systems. IFEFE Transactions on
Automatic Control, 60(10):2626-2639, 2015.

J. Back and J. H. Seo. Immersion of nonlinear systems into linear
systems up to output injection: characteristic equation approach.
International Journal of Control, 77(8):723-734, 2004.

J. J. B. Biemond, N. van de Wouw, W. P. M. H. Heemels,
and H. Nijmeijer. Tracking control for hybrid systems with

state-triggered jumps. IEEE Transactions on Automatic Control,

58(4):876-890, 2013.

A. Bisoffi, L. Zaccarian, M. Da Lio, and D. Carnevale. Hybrid
cancellation of ripple disturbances arising in AC/DC converters.

Automatica, 77:344-352, 2017.

A. Churilov, A. Medvedev, and A. Shepeljavyi. Mathematical
model of non-basal testosterone regulation in the male by pulse

modulated feedback. Automatica, 45(1):78-85, 2009.



BIBLIOGRAPHY 135

[CMS12]

[dBMS13]

[FTZ13|

[GMP12]

[GSTO9]

[Hen00]

[Hir76|

[JdMS2]

[Joy09)]

[KCSt14]

A. Churilov, A. Medvedev, and A. Shepeljavyi. A state observer
for continuous oscillating systems under intrinsic pulse-modulated

feedback. Automatica, 48(6):1117-1122, 2012.

M. di Bernardo, U. Montanaro, and S. Santini. Hybrid model ref-
erence adaptive control of piecewise affine systems. IFEE Trans-

actions on Automatic Control, 58(2):304-316, 2013.

F. Forni, A. R. Teel, and L. Zaccarian. Follow the bouncing ball:
global results on tracking and state estimation with impacts. IEEE

Transactions on Automatic Control, 58(6):1470-1485, 2013.

S. Galeani, L.. Menini, and A. Potini. Robust trajectory tracking
for a class of hybrid systems: An internal model principle approach.

IEEE Transactions on Automatic Control, 57(2):344-359, 2012.

R. Goebel, R. Sanfelice, and A. R. Teel. Hybrid dynamical systems.
IEEE Control Systems Magazine, 29(2):29-93, 2009.

T. A. Henzinger. The theory of hybrid automata. Springer Berlin
Heidelberg, 2000.

M. W. Hirsch. Differential topology. Springer-Verlag, New York,
1976.

J. Palis Jr. and W. de Melo. Geometric theory of dynamical sys-
tems. Springer Verlag, New York, 1982.

D. Joyce. On manifolds with corners. arXiv preprint

arXw:0910.5518, 2009.

J. Kim, H. Cho, A. Shamsuarov, H. Shim, and J. H. Seo. State
estimation strategy without jump detection for hybrid systems us-
ing gluing function. In Proceedings of the 53rd IEEE Conference
on Decision and Control, pages 139-144, 2014.



136

[KEO3]

[KS99]

[KSS16]

[Leel2]

[Lin99]

[LISt03

[MTO1]

[MT16]

[Mun97]
[Mun00]

[Pek14]

BIBLIOGRAPHY

G. Kreisselmeier and R. Engel. Nonlinear observers for autonomous
Lipschitz continuous systems. I[IEEE Transactions on Automatic
Control, 48(3):451-464, 2003.

J. Keener and J. Sneyd. Mathematical Physiology. Springer Science
& Business Media, 1999.

J. Kim, H. Shim, and J. H. Seo. Tracking control for hybrid systems
with state jumps using gluing function. In Proceedings of the 55th
IEEE Conference on Decision and Control, pages 3006-3011, 2016.

J. M. Lee. Introduction to smooth manifolds. Springer-Verlag, New
York, 2012.

A. Linnemann. Convergent Ritz approximations of the set of stabi-

lizing controllers. Systems €& Control Letters, 36(2):151-156, 1999.

J. Lygeros, K. H. Johansson, S. N. Simi¢, J. Zhang, and S. Sastry.
Dynamical properties of hybrid automata. IEEE Transactions on

Automatic Control, 48(1):2-17, 2003.

L. Menini and A. Tornambé. Velocity observers for linear mechani-
cal systems subject to single non-smooth impacts. Systems & Con-

trol Letters, 43(3):193-202, 2001.

L. Menini and A. Tornambé. State immersion observers for me-
chanical systems with impacts. In Proceedings of the 55th IEEFE
Conference on Decision and Control, pages 7117-7122, 2016.

J. R. Munkres. Analysis on manifolds. Westview Press, 1997.
J. R. Munkres. Topology. Prentice Hall, Inc., 2000.

D. Pekarek. Projection-based modeling and simulation of nons-
mooth Hamiltonian mechanics. In Proceedings of the 53rd IEEE
Conference on Decision and Control, pages 6037-6043, 2014.

] 2- 1_l|



BIBLIOGRAPHY 137

[Pet05)

[PY04]

[RLS06]

[RS11]

[SBvdWH14]

[SG12]

[Sha09]

[SJLSO05]

S. Pettersson. Observer design for switched systems using mul-
tiple quadratic Lyapunov functions. In Proceedings of the 2005
IEEE International Symposium on Intelligent Control € the 13th
Mediterranean Conference on Control and Automation, pages 262—

267, 2005.

P. R. Pagilla and B. Yu. An experimental study of planar impact of
a robot manipulator. IEEE/ASME Transactions on Mechatronics,
9(1):123-128, 2004.

R. Ronsse, P. Lefévre, and R. Sepulchre. Sensorless stabilization
of bounce juggling. IEEE Transactions on robotics, 22(1):147-1509,
2006.

M. Robles and R. G. Sanfelice. Hybrid controllers for tracking
of impulsive reference state trajectories: a hybrid exosystem ap-
proach. In Proceedings 14th International Conference on Hybrid

Systems Control €& Computation, pages 231-240, 2011.

R. G. Sanfelice, J. J. B. Biemond, N. van de Wouw, and W. P. M. H.
Heemels. An embedding approach for the design of state-feedback
tracking controllers for references with jumps. International Jour-

nal of Robust €& Nonlinear Control, 24(11):1585-1608, 2014.

Q. Sang and T. Gang. Adaptive control of piecewise linear systems:
the state tracking case. IEEE Transactions on Automatic Control,

57(2):522-528, 2012.

A. Shamsuarov. Smooth gluing of jumping dynamics of hybrid sys-
tems and its application to state estimation problem. Master’s The-

sis, Seoul National University, 2009.

S. N. Simi¢, K. H. Johansson, J. Lygeros, and S. Sastry. Towards
a geometric theory of hybrid systems. Dynamics of Continuous,

Discrete € Impulsive Systems, Series B, 12(5):649-987, 2005.

] 2- 1_l|



138

[SK95]

[Spi65]

[Spi9g)]

SS05]

[ST14]

[SvdWN14]

[TBP16]

[Wall6]

[War71]

BIBLIOGRAPHY

W. J. Schwind and D. E. Koditschek. Control of forward velocity
for a simplified planar hopping robot. In Proceedings of IEEE In-
ternational Conference on Robot and Automation, pages 691-696,

1995.

M. Spivak. Calculus on Manifolds, Volume One. New York: WA
Benjamin, 1965.

M. Spivak. A comprehensive introduction to differential geometry,

Volume One. Publish or Persh, Inc., Houston, Texas, 1999.

K. Sakurama and T. Sugie. Trajectory tracking control of bi-
modal piecewise affine systems. International Journal of Control,

78(16):1314-1326, 2005.

H. Shim and A. Tanwani. Hybrid-type observer design based on a
sufficient condition for observability in switched nonlinear systems.

Automatica, 24(6):1064-1089, 2014.

A. Saccon, N. van de Wouw, and H. Nijmeijer. Sensitivity analysis
of hybrid systems with state jumps with application to trajectory
tracking. In Proceedings of the 53rd IEEE Conference on Decision
and Control, pages 3065-3070, 2014.

A. Tanwani, B. Brogliato, and C. Prieur. Observer design for uni-
laterally constrained Lagrangian systems: A passivity-based ap-
proach. IEEE Transactions on Automatic Control, 61(9):2386—
2401, 2016.

C. T. C. Wall. Differential topology. Cambridge University Press,
2016.

F. W. Warner. Foundations of differentiable manifolds and Lie

groups. Scott, Foresman and Company, Glenview, Illinois, 1971.



A = B
A

STATE ESTIMATION AND TRACKING CONTROL FOR HYBRID
SYSTEMS BY GLUING THE DOMAINS

s 9o ARL B solnels xage]
ARAS 24 8 23 Alo]

H =72 slo| By = 54 A]AH (hybrid dynamical system) o] off 8 A e 4~
7 o

Zs)
F74 (state estimation) I} & Ao} 7] (tracking controller) A A A& 71 Q)
t}. SlolBElE & Al~"H2 uli ¥k A (differential equation) &2 R EHE =
AL A17F 593} (continuous-time dynamics) 3} 22 ®H4 4] (difference equation)
o7 »ndlFE = o] Ak A|7F 5 Y8} (discrete-time dynamics) ©] 3 A|AH o]t
AtH o 7 stolBPt FA AIAHL AL AZF T AT o]k AJ7F FHTe] 4
T gEHe)7] wfiell, 2 540] Bitete] thR7] JE Ao A A drk

2 =3odA oFEe dEEs £ EA"R Foid Aladle] BElE] HHe)
AXZT 28 FERE Z85to] i A2EY AefdsE FH5k= Aoy, 5%
Ao)7] AA AT Fo Al2E BEE] AH e} AAIZE A AEE 7HA|
A AEfHTE Fol R Y FE A F (reference trajectory) &2 FE3HA TF=+=
Aol Qe AT Aolth A% A7 FURe e A% A7 54 A2Y

(continuous-time dynamical system) 3} o]2F AJ7F 98-S Zh= o4k AIZF 54
Al2Hl (discrete-time dynamical system) ol ts]A+= 4
7] A e B2 A7 LA QAT StolHE|E FA AlxHlof Tl
o A} lueh, A5 ATES duEd deluds $H A~de o
F71RG A X = A|2H (swithced system) o] U AA] s 22 ndl sl9]E ol
Al2~®l (powertrain system) 5 S% 3fo]HE|E F& A|2HS thF 3 QITh

2 =FollAe WA stolBE e T4 A2"HS A tF7] f3 =259 (glu-
ing) o] &k 7] 4TS e AT gol REFle i o] A 5
o] WA= Al2H” (hybrid system with state-triggered jumps) o tha}od, o] 7]
= Aladle] AR 49 e Fol stolHels T3 Alxdo] A
ol4F AIZF FHTHE A AT webA], StolHElE FA AAHS A& A F
| =

2dlog RAFD 5 A o 2, 5 Alxde] tisiA 2 2R

_l

r

o
v

139 A 2-t]



| (differential manifold)

) 7112 $F (smooth function) @ TH=

+ 7]% (smoothing) &

9}

140

ol
L

g

] & 24 (differential topology) 53

_<|)/‘|

=r}.

u| & thoka) 9} WEl GO 2 o] 7] )

[e]
(Euclidean space) ol w7

=

sto] o] 7|54 A

oAl = vl thFAIL}E W ET (vector field)

=

|

Sk
of

A

Y

o
3

4719

=
T

9/]

=
| -

S} (embedding) & Z A A]Hl

AZF Ak, wheba] 7]

T

f ey

o

5

3
Qr

T

4
L5

ek stol

o

o
=

2]

71&ol A8t

B

mm

719 ek

Tl

7} o] 24 of7]

=
=

Al A
¥ 1 2010-23252

]

npA o 2 FEo] Sl 714l Ala’lolu AC/DC W
=

A

o
j -
3}
h



2 AT e

SECHRIL hATIOMAL LIMIVERSTY



	1 Introduction
	1.1 Research Background  
	1.2 Organization and Contributions of the Dissertation  

	2 Mathematical Preliminaries
	2.1 Calculus in Rn  
	2.2 Differential Geometry 
	2.3 Viability Theorems for Ordinary Differential Equations 

	3 Reviews of Related Previous Works
	3.1 Gluing Manifolds and Vector Fields 
	3.2 Viability Condition 
	3.3 State Estimation 
	3.4 Tracking Control  

	4 Gluing Domain of Hybrid System
	4.1 Frameworks 
	4.2 Gluing and Smoothing 
	4.3 Frameworks in Rn and Gluing Function 

	5 State Estimation Strategy
	5.1 Standing Assumptions 
	5.2 State Estimation
	5.3 Observer with Linearized Error Dynamics  
	5.4 Observer for Lipschitz Continuous Systems 

	6 Tracking Control Strategy
	6.1 Standing Assumptions 
	6.2 Tracking Control  
	6.3 Using Discontinuous Feedback to Counteract Dynamics Jumps 
	6.4 Output Tracking Controller for Normal Form  

	7 Conclusions
	BIBLIOGRAPHY
	국문초록


<startpage>14
1 Introduction 1
 1.1 Research Background   1
 1.2 Organization and Contributions of the Dissertation   4
2 Mathematical Preliminaries 9
 2.1 Calculus in Rn   9
 2.2 Differential Geometry  11
 2.3 Viability Theorems for Ordinary Differential Equations  23
3 Reviews of Related Previous Works 27
 3.1 Gluing Manifolds and Vector Fields  27
 3.2 Viability Condition  36
 3.3 State Estimation  38
 3.4 Tracking Control   42
4 Gluing Domain of Hybrid System 45
 4.1 Frameworks  45
 4.2 Gluing and Smoothing  48
 4.3 Frameworks in Rn and Gluing Function  53
5 State Estimation Strategy 71
 5.1 Standing Assumptions  71
 5.2 State Estimation 75
 5.3 Observer with Linearized Error Dynamics   83
 5.4 Observer for Lipschitz Continuous Systems  88
6 Tracking Control Strategy 99
 6.1 Standing Assumptions  99
 6.2 Tracking Control   101
 6.3 Using Discontinuous Feedback to Counteract Dynamics Jumps  108
 6.4 Output Tracking Controller for Normal Form   119
7 Conclusions 129
BIBLIOGRAPHY 133
국문초록 139
</body>

